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Abstract

In the first part of this thesis, we show that the universal cover of a complex
elliptic curve has a natural categorical L., , axiomatisation, extending work
of Gavrilovich and answering a question of Zilber. Following Zilber [Zil02a],
we approach this via the model-theoretic criterion of excellence; this reduces
the categoricity problem to the validity of certain versions of the Mordell-Weil
theorem and of Kummer theory lifted to fields arising from certain independent
configurations of algebraically closed fields, an example of such a field being
Q(L1, La) where Ly and Ly are algebraically closed and linearly disjoint over Q.
We show that these lifted theorems do indeed hold, and conclude the categoricity
via a direct algebraic argument.

In the second part of this thesis, we consider another locus of interaction
between model theory and number theory, the Conjecture on Intersections with
Tori. We show that it can be viewed as a conjecture of Schanuel type, for raising
to non-standard integer powers. We then use this idea to prove a constrained
version of the conjecture, via results on the truth of the Schanuel conjecture for
raising to generic powers in exponential fields.
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0.1. OVERVIEW 1

0.1 Overview

This thesis aims to contribute to the model theoretic study of complex analytic
structure. In keeping with the basic philosophy of the model theoretic approach
to mathematics, this proceeds by considering certain narrowly defined parts of
the wider theory and studying them in isolation. For example, we might isolate
the field structure (C;+,-) on the complex numbers; in so doing, we forget
about every other aspect of the complex numbers as we may usually think
about them, in a way strongly analoguous to the passage from the complex
analytic topology on C to the much coarser Zariski topology. The complex field
is a canonical example of a model-theoretically tractable structure - its theory
is uncountably categorical, and in particular stable, has quantifier elimination

in the field language, and is decidable.

Now consider adding a little more complex analytic structure, for example
the complex exponential map. The resulting structure Cexp, := (C;+, -, exp)
encodes the interaction of complex exponentiation with algebraic geometry, and
nothing more. However, it is already severely non-tractable from the point of
view of traditional finitary first-order logic - it interprets arithmetic, and so its
first-order theory is certainly neither decidable nor stable. Nonetheless, it is the
thesis of Boris Zilber that Ceyp,, amongst other structures arising from complex
analysis, should be treatable with the methods of stability theory - or even with
categoricity theory. The existence of a countably infinite definable set, such as
the kernel of exp, is a characteristic feature of (non-compact) complex analytic
structure, and this already contradicts categoricity of the first-order theory. So

we see that we must look beyond the confines of traditional first-order logic.

Zilber’s approach is to look to infinitary logics, such as L, ,, which extends
usual first-order logic by allowing countably infinite conjunctions and disjunc-
tions, or Ly, (@) which further adds a quantifier for ”there exist countably
many”. Analogues of first-order classification theory have been partially devel-

oped for these logics, chiefly by Shelah. In particular, Shelah isolated sufficient
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and (at least under certain set theoretic hypotheses) necessary conditions for
categoricity in uncountable cardinalities. Chief among these is the condition
of "excellence”. A key idea in non-elementary classification theory is that un-
countable models are built up from their countable elementary submodels, and
so can be classified by looking at how these countable submodels are arranged.
Excellence is a condition implying severe constraints on what configurations
of countable submodels can occur; roughly, it states that any finite system of
independently placed countable elementary submodels has a unique least inde-

pendent amalgam.

Using these ideas, Zilber finds [Zil05a] an L, .,(Q)-theory in the vocabu-
lary of exponential fields, the theory of pseudo-exponentiation, which has unique
models in all uncountable powers and whose unique model of cardinality con-
tinuum is not known not to be isomorphic to Ceyp. In proving this categoricity,
he effectively shows that it reduces to proving categoricity of a substantially

weaker theory: that of the universal cover of the multiplicative group.

The complex exponential map is the universal group covering map exp :
C — C* of C*, by which we mean that it satisfies the following universal
property: for any group cover p : G — C* with G a connected topological
group, where a group cover is a covering map of topological spaces which is
also a group homomorphism, there exists a unique group cover § : C — G such
that exp = po 6. In the structure Cyp,, the domain and codomain of this map
exp are identified. If instead we separate them out as two sorts, it is natural
to consider the domain as simply a group, while the codomain should retain
the full field-algebraic structure. The resulting structure ((C;+); (C; +, -); exp)
is a weak reduct of Cexp, which in fact is quite simple from the point of view
of first-order model theory - its first order theory Tg,, is superstable, and has
quantifier elimination once division-by-m maps are added to the covering sort.
However, ker(exp) 2 Z is countably infinite, and so Tg,, is not uncountably
categorical. Working in L, ., this is not a problem, as we can add an axiom

(ker(exp) = Z) fixing the isomorphism type of the kernel. Indeed, the class of



0.1. OVERVIEW 3

models of T, U {(ker(exp) = Z)} turns out to be uncountably categorical; the
proof is in [Zil06, BZ07, Zil05b], and we will have more to say about it.
The property of uncountable categoricity in these cases splits naturally into

three properties:

(A) Existence of a prime model, i.e. a countable model Cy which embeds ele-

mentarily into any model.

(B) Homogeneity for countable submodels: if C' < C" with C' and C’ countable
models, then whenever C' embeds elementarily into an uncountable model

M, C'" embeds elementarily into M over C.
(C) Excellence.

Since a model of cardinality X; is the direct limit of a chain of countable sub-
models and elementary embeddings, (A) and (B) suffice to prove X;-categoricity
by a back-and-forth argument.

We have been considering complex exponentiation as the universal covering
map of the multiplicative group G,,. This is a rather special case of a universal
cover of a complex variety. In his thesis [Gav06], Misha Gavrilovich considers the
model theory of the universal cover of an arbitrary projective complex variety,
with a structure taking into account both the algebraic structure on the variety
and some homotopy theoretic information. In certain cases, in particular for
abelian varieties, he finds an L, ,-axiomatisation in a countable vocabulary
which satisfies (B). The class of models extending a fixed countable model is
therefore W;-categorical.

In the case of a 1-dimensional abelian variety, i.e. an elliptic curve E, he finds
that this structure reduces to a structure (C; E(C);exp) analogous to the two-
sorted structure of complex exponentiation considered above. Here exp is now
the universal group cover exp : C — E(C), the covering sort C is considered in
a weak linear language - namely as an End(E)-module where End(E) is the ring
of algebraic endomorphisms of E - and E(C) is considered with the full algebraic

structure, i.e. with a predicate for every Zariski kg-closed subset of E™ where
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ko < C is the field of definition of E. The L, , theory in question is again just
the first-order theory along with an axiom (ker(exp) 2 Z?) specifying the kernel
of exp. Gavrilovich finds not only that this theory is model homogeneous, but
that (perhaps after a mild extension of the theory) there is a prime model. So

he proves N;-categoricity in this case.

We might hope that full uncountable categoricity holds, firstly because this
would provide further evidence for Zilber’s thesis that non-elementary stability
theory is relevant to the study of natural objects of complex analysis, secondly
because we would like to be able to conclude that we have found a categorical
axiomatisation of (C;E(C);exp) without assuming the continuum hypothesis,
and thirdly because it would pave the way to a study of the Weierstrass map of
an elliptic curve in analogy with Zilber’s study of C.yp, discussed above. What
we lack for this, then, is the excellence condition. As the main result of the
first Part of the present work, we prove (chapters 1-4) this excellence condition
and deduce uncountable categoricity of this theory of the universal cover of an
elliptic curve E, under the assumptions that E is defined over a number field

and has no complex multiplication.

Our methods are essentially algebraic and arithmetic in nature. In fact,
we opt to give a fully self-contained proof of the categoricity result without
direct appeal to the general model theoretic theory of excellence. The approach
mirrors the proof referred to above for the case of the multiplicative group,
and in fact we give a uniform proof which works both for the multiplicative
group and for elliptic curves. The main differences between these two cases
are firstly that the necessary Kummer theory is rather more subtle for elliptic
curves, and secondly that the non-trivial Galois cohomology of elliptic curves
adds some complications. Chapter 1 opens with a more detailed introduction

to the categoricity statement and its proof.

The second Part of this thesis concerns itself with another aspect of the
model theoretic study of exponentiation. We talked above about the structure

Cexp and about pseudo-exponentiation. A crucial idea behind that work is that
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it might be possible to regard C.yp, as being a Hrushovski-Fraissé amalgam with

respect to the predimension function on finite tuples of elements:

0P () == trd(Z, exp(T)) — ldg(T).

This means firstly that 6°*P is always non-negative on C, and secondly that if

A is a subset and the relativised predimension

85P(Z) := trd(7, exp(T)/A) — 1dg(T/A)

is always non-negative on C, then any quantifier free formula over A consistent

with 65" being non-negative is realised in C over A.

The first condition, that /P is always non-negative, is precisely Schanuel’s

famous conjecture on the transcendence theory of complex exponentiation.

Now let K < C be an arbitrary subfield, and consider the structure CK :=
((C;+, (k)ker); (C; 4, -); exp), intermediate in expressive power between Cexp
and the universal cover of G,,,, which retains the K-vector space structure on the
cover rather than just the group structure. The image under exp of the graph of
multiplication by k € K is the graph of the many-valued analytic operation of
raising to power k, so we think of C¥ as the structure of raising to K-powers. In
[Zi103], Zilber again considers that such structures might be Hrushovski-Fraissé
amalgams with respect to embeddings respecting a predimension function; in

this case, slightly simplifying his analysis, we can consider the function:

§5(Z) := ldg (F/ ker) + trd(exp(z)) — 1do(7/ ker),

defined on the cover sort, where ker := ker(exp).

We will refer to the condition

vz.65 () >0
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as the K-powers Schanuel inequality.

In contrast to the case of Cexp, for some values of K it is actually possible to
prove that CX satisfies the K-powers Schanuel inequality and is a Hrushovski-
Fraissé amalgam with respect to 6. Indeed, a consequence of the main result
Theorem 1.3 of [BKWO08] (which is also Theorem 7.1.3 of this thesis) is that for
A € R” exponentially algebraically independent in Cexp; 52 g non-negative
on C. Meanwhile, Zilber showed ([Zil02b, Theorem 5] and [Zil03, Fact 3]) using
results of Khovanskii that the corresponding existential closedness holds for any
K C R for which the K-powers Schanuel inequality holds.

Also in contrast to the case of Cexp, there is no obvious obstruction to CcKE
having a tame first-order theory. Moreover, the general theory of Hrushovski
constructions indicates that if the K-powers Schanuel inequality and the existen-
tial closedness are first-order axiomatisable, then the theory they axiomatise will
be near-model-complete and superstable. Consider the problem of axiomatising
the K-powers Schanuel inequality. We would like to be able to say, for each d,
“f 1dg (T/ ker) + trd(exp(Z)) < d, then 1dg(Z/ker) < d”. Now ldg(Z/ker) < d
iff exp(Z) is contained in an algebraic subgroup of G?, of dimension < d. For
d < n, there are infinitely many such subgroups, and they do not form a de-
finable family. So some sort of finiteness condition is needed so the right hand
side of the implication can be written as a finite disjunction over subgroups.

Motivated by this problem, Zilber formulated the Conjecture on Intersection

with Tori:

Conjecture (CIT). Let W be a subvariety of G, defined over Q. There exists a
finite set T(W) of algebraic subgroups of GI, such that if T < G}, is an algebraic

subgroup and S is an irreducible component of T N W such that
codim(S) < codim(T") + codim(W)

(where codim(V) := codimgn (V) = n — dim(V')), then S C T" for some T' €
T(W).
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In [Zil03] he concludes the axiomatisability of the K-powers Schanuel in-
equality, leading to the result that CON) has superstable near-model-complete
theory, under the assumption of the CIT. In fact, in a later preprint [Zil04] he
performs a finer analysis which leads to an unconditional proof. Nonetheless,
the CIT and related conjectures remain of great interest. Some progress towards
it has been made in recent work by number theorists and arithmetic geometers
- Bombieri, Masser, Zannier, Habegger and collaborators - who came indepen-
dently to consider essentially the same conjecture [BMZ99, BMZ07]. Work from
this direction continues; however, the full conjecture appears out of reach for

now.

The CIT can itself be seen as a Schanuel conjecture for powers. We give
precise statements and proofs for this in Chapter 6. Roughly, the idea is to find
a structure in which the family of algebraic subgroups of G}, which correspond
to kernels of integer matrices acting by raising to powers, is a definable family.
The most direct and unsubtle way to do this is simply to take the ring of integers
7 as a sort, along with its action on G,,. Taking a (fairly) saturated model and
considering linear independence with respect to the interpretation *Z of this
sort then takes into account varying families of subgroups, and in this way we
find that the CIT corresponds to a *Z-powers Schanuel conjecture of roughly

the same form as those above.

This suggests a model-theoretic approach to attacking the CIT. If we can find
an expansion of a field in which there is a definable set P containing the integers
and for which raising to P-powers is uniformly definable, i.e. (z,p) — 2P is
definable, then a Schanuel inequality for P-powers in arbitrary models will have
CIT consequences, since in elementary extensions the interpretation of P will
effectively contain non-standard integers. In one well-known example of this due
to Zilber and Poizat, Ax’s theorem can be seen to imply a Schanuel inequality
for raising to constant powers in a differential field, yielding a ”function-field

version” of the CIT known as the Weak CIT.

Another version of this idea is presented in Chapter 7, this time using the
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real exponential field Reyp, rather than a differential field. Exponentiation allows
powers to be defined uniformly, and Theorem 7.1.3 mentioned above (which in
fact ultimately derives from Ax’s theorem), combined with celebrated results
of Wilkie on the model theory of Reyp, provides certain versions of the powers
Schanuel inequality for non-standard real powers. Along with some analysis of
a Diophantine type, we can deduce some limited approximations to CIT on the
reals, Theorems 7.2.2 and 7.2.3 with which the thesis closes. These methods

can surely be pushed further, and I hope to explore this in future work.

0.2 Outline of this thesis

In Chapter 1, we give a more technical and less model-theoretic introduction to
the categoricity result which is the focus of Chapters 1-4, and then set up some
assumptions, conventions and notations for Part I; we then discuss independent
systems of algebraically closed fields, making definitions and drawing some basic
results for use throughout the proof of the categoricity result. In Chapter 2, we
consider the group structure of F(k) for certain relevant fields k. In Chapter 3,
we obtain some results on Kummer theory for elliptic curves over independent
systems. Chapter 4 brings together these results to prove our main categoricity
theorems.

The remaining chapters describe other work, related to varying extents to
that of Chapters 1-4. Chapter 5 shows how results important to categoricity
serve to analyse a natural topological structure on covers of semi-abelian curves.
In Chapters 6 and 7, which form a Part of their own, we change tack to discuss
Zilber’s Conjecture on Intersections with Tori and its relation to Schanuel con-
jectures for non-standard integer powers. Chapter 6 gives precise statements of
these connections, and Chapter 7 then uses this idea to tackle some restricted
parts of the CIT.

Finally, the Appendices contain various lemmas and Facts which it seemed

best to relegate to them.



Part 1

Categoricity Results for
Exponential Maps of
1-Dimensional Algebraic

Groups






Chapter 1

Introduction and

Preliminaries

1.1 Introduction

Let E be an elliptic curve over C. Considered as a complex Lie group, E(C)
is isomorphic to a complex torus C/A, for some lattice A = Z2. If a € E(C),
for n € N there are therefore n? possible choices of n-division point a,, € E(C),
na, = a. A division system above a is a system (a,)nen of agreeing choices ay,
of an n-division point of a, agreeing in the sense that a,,, is an m-division point
of a,, (Vm,n € N). A choice of a division system above a corresponds to a path
in a finite-branching tree of countable depth, so there are continuum many such

choices.

Denote by V = V(C) the group of all division systems above points of E(C),

with the obvious group structure

Equivalently, V is the inverse limit of copies of the group E(C) with respect to

11
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the multiplication-by-m maps [m]:

V(C) =

Ja—

lim ([m] : E(C) — E(C)).
N
V is a divisible abelian group. Define 7 as the map picking out the point above
which a division system lies, 7 : V — E; (an)pn — a1.
We denote by T the kernel of 7, the group of all division systems above 0;

these consist entirely of torsion elements of E. The set of all division systems

above a € E(C) is a coset of T'.

Now, E(C) comes equipped with the complex topology. Some division sys-
tems (ay, ), converge to 0 € E(C) in the limit n — oo, the others do not converge.
Let us consider the set V,, C V of those division systems which do converge.
This set is most easily understood by considering the complex Lie exponential
map. There exists a complex analytic homomorphism exp and a lattice A < C

such that we have an exact sequence

Now any o € C induces the division system (exp(<)),. Since exp is a local
homeomorphism at the identity, the convergent division systems are precisely

those of this form.

So Vi is a divisible subgroup of V, and VoyoNT = A = Z2; in particular, there

are only countably many convergent division systems above a given a € E(C).

In this way, the complex topology has picked out a small class of distin-
guished division systems. Now forget the complex analytic structure, and con-
sider C just as a field, and E(C) just as an algebraic group, leaving the choice
of the distinguished set V, < V of division systems as the only trace of the
analytic structure. We ask: how does this choice of V,, < V interact with the
algebraic structure? Can we give a description of a “purely algebraic” nature

which determines the situation up to isomorphism?
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To simplify some aspects of the discussion, let us assume that E is defined
over Q. Let us also assume that E has no complex multiplication. With some
minor modifications which will be discussed in the body of the text, our results
go through for E defined over an arbitrary number field; the restriction on
complex multiplication, on the other hand, will remain throughout (this is a
limitation of the present work, and probably is not a necessary restriction - see
Section 4.5).

To formalise the question, consider the two-sorted structure (C; V,p,; ), where
the first sort is the complex field (C;+,-), the second sort is V4, considered as
a Q-vector space (Van;+, (¢-)qeq), and 7 is the restriction 7y, : Van — E(C).
This choice of language means that a second structure (K;V';#’) is isomor-
phic to (C; Vay;m) iff there is a field isomorphism ¢ : C — K and a group
isomorphism 7 : V,, — V' such that 7’ o7 = o o 7.

If (K;V';7") 2 (C; Vi ), it follows:

(I) K is isomorphic as a field to C
(IT) V' is a divisible torsion-free abelian group
(III) =’ : V' — E(K) is a surjective homomorphism
(IV) ker(n') = Z? as groups.

We can ask whether these necessary conditions are also sufficient, i.e. whether
this description (I)-(IV) of the structure (C; Vay,; ) suffices to determine it up
to isomorphism.

Before we answer this question, let us rephrase it in a more intuitive and
manageable form by noting that we can work entirely in V. Let (K;V';n')
satisfy (I)-(IV). By (I), we lose nothing by assuming K = C. Let V < V be the

group of division systems on E(C) induced by V' and 7’ - explicitly:
V= {(@"("/n))n |V €V} < V.

Then (C; V';7') 2 (C; V; 7t|v).
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Let us refer to divisible subgroups V' < V such that #(V) = E(C) and
VNT =Z2 as standard subgroups V < V. So we see that any structure sat-

isfying (I)-(IV) is isomorphic to (C;V;@|y) for some standard V < V, and

1%

conversely any such satisfies (I)-(IV). Now for standard V' < V, (C; Van; 7)
(C; V;#ly) iff there exists a field automorphism o € Aut(C) such that o(V,y,) =

V, where we define o on V by o((an)n) := (6(an))n.

So we see that describing the isomorphism type of the structure (C; Vyy; )
is equivalent to describing the orbit of V,, in V under the action of Aut(C). In
particular, (I)-(IV) describe (C; Vyy,; 7) uniquely up to isomorphism iff the set of
standard V < V forms a single orbit under the action of Aut(C). We will find
that this is indeed the case (under our simplifying assumption that E is defined

over Q - more generally, there are finitely many orbits).

This has a purely arithmetic aspect: if we replace everywhere in the above
discussion C with Q, we are left with questions about the action of Gal(Q/Q)
on E(Q), which turn out to correspond to well-known results of Serre on Galois
representations, of Bashmakov on Kummer theory for elliptic curves, and of
Mordell-Weil on the structure of E(F) for F a finitely generated extension of
Q. This part of the story was worked out by Gavrilovich in his thesis [Gav06].

To get up from Q to C, however, we require ideas of an essentially different

character.

In terms of mathematical logic, to ask whether (I)-(IV) determine (C; Vyy; )
uniquely up to isomorphism is to ask whether they comprise a categorical ax-
iomatisation. We can express (II)-(IV) as an axiom in the infinitary formal
language L, ., which allows countably infinite conjunctions; if we add to this
the first order condition that K is an algebraically closed field of characteristic
0, we obtain an infinitary sentence ¢ which, together with the condition that
K is of cardinality continuum, is equivalent to (I)-(IV). So in model theoretic
terms, our question is that of categoricity in cardinality continuum of the L,
sentence o. As discussed in the introduction to the thesis, Shelah gave [She83a]

[She83b] abstract conditions for such categoricity. Key to this is the condition
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of “excellence”, which roughly states that any system of independently placed
countable models has a unique least independent amalgam.

Specialising these ideas to our context, we find that we must generalise the
arithmetic results to cases where the base field is a compositum of algebraically
closed fields placed in a certain independent configuration (L~ in Definition 1.3.1
below). In particular, we require structure theorems in the style of Mordell-Weil
for the groups of F-rational points of E for F' a finitely generated extension of
a such a field, and a version of Kummer theory which works for such bases.

The sufficiency and, in a certain sense, necessity of these conditions for
categoricity was expounded by Zilber in [Zil02a]. The contribution of the present
work is to show that these conditions do indeed hold. The proofs, and proper
statements, are contained in Chapters 1-3. We also give, in Chapter 4, a self-

contained, purely algebraic proof of categoricity from them.

1.2 Setup and notation

We now begin the formal presentation of the results sketched above.

We work in characteristic 0 except where otherwise stated.

C denotes a large algebraically closed characteristic 0 field; unless otherwise
specified, all fields are assumed to be subfields of C.

G is either the multiplicative group G, or an elliptic curve E defined over a
number field ky. We write the group structure additively. In the case G = G,,,
we let ky := Q. In the case that G = E is an elliptic curve, we assume that
the elliptic curve has no complex multiplication, i.e. that End(G), the ring of
algebraic endomorphisms (i.e. of endomorphisms with closed graph), contains
only the obvious multiplication-by-m endomorphisms [m]; i.e. End(G) = Z.

The remainder of this section sets some notation and mentions some basic
facts. This is mostly all standard or obvious, or else was already explained in
the introduction. The hurried reader is advised to skim the remainder of this

section, and return as necessary.
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G, = ker([m]) < G(C) denotes the absolute m-torsion. G := U, Gy, is the
full torsion group, and for [ a prime, G~ := U, G~ is the [-power torsion.

As discussed above, for K algebraically closed containing kg, we define
V(K) = @N;I([m] : G(K) — G(K)), the inverse limit of copies of G(K) with
respect to the multiplication-by-m maps [m]; we define 7, : V(K ) — G(K) to

be the corresponding maps, so
[m] o 7?rnm = ’ﬁ-na

and let 7 := 7.

A field automorphism o € Aut(K/ky) acts on G(K) and hence on V(K):
o((am)men) := (0(am)men)-

Set

T := ker(7) = Im([™/n] : G — G);

n|lm
we consider T' with the profinite topology induced by this inverse limit.

Similarly, for [ a prime we define the [-adic Tate module

ﬂ = 1&1 ([lmin] : Glm — Gln)7

n<m

considered as a profinite group and as a Z;-module.

Fact 1.2.1. G,,, 2 (%/,,2)?, whered =1 if G =G,, and d =2 if G = E.

It follows that T =~ 74 and T, = zg.

Definition 1.2.1. For k a field containing kg such that G < G(k), define the

k/k- Kummer-Tate pairing:

()R Gal(k/k) x G(k) — T

: (0,a) — oca—a (any a € 771(a)).

Since G < G(k), (-, ~>E/k is well-defined and bilinear. For any a € G(k),

oo
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k/k . .
(-,a>o<< is continuous.

For a tuple @ € G(k)™, we write (-, @) Oo/ ¥ for the map defined co-ordinatewise,

ot Gal(k/k) — T
Lo e (e

We set some notation and conventions for talking about places:

Definition 1.2.2.

e A place is a partial ring homomorphism of fields 7 : K — k which is
maximally defined, i.e. is such that O, := dom(7) < K is a valuation ring
in K. 7 is then the residue map of the valued field K, and we denote
by m, := ker,, I'; := KX/OWX, and v, : K* — T'; the corresponding

maximal ideal, value group, and valuation.

o If t < K, we write m : K — k if n] k = idg. Such a place is sometimes
known as a (partial) specialisation of K to k, though we will not use this

terminology.

e A place 7 : K — k induces a total map on the projective spaces, 7 :
P*(K) — P"(k), defined on homogeneous co-ordinates by m([ag : ... :
an]) = [w(ag/apr) i ... : w(an/apr)], where M is such that v, (apr) is least

among (vr(a;));.

o If £t < K and V < P" is a projective variety defined over k, 7 restricts to

a total map 7 : V(K) — V (k).

For subfields F, F’ of an algebraically closed field K, F'V F' is the definable
closure in K of F'U F”, i.e. the perfect closure of the compositum of F' and F”.
FAF :=FNF'. FVais the definable closure in K of F U {ay,...,an}.

If AC G(C) and ky < k < C, by k(A) we mean the field generated over
k by the elements of A, i.e. by the co-ordinates of the elements of A in some

ko-closed affine subvariety of G. To be concrete, we could consider G,, as the
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plane affine variety zy = 1, and E as the projective closure of a plane curve
y? = f(z) with f € ko[X] cubic. The model-theoretic reader may like to think
of G as an imaginary sort (once parameters are added for kp), in which case
(the perfect closure of) k(A) is the trace on the field sort of dcl®/(k U A).

Similarly, by G(k) we mean those points of G(C) which can be taken with
co-ordinates in k; for perfect k, this is the fixed set of the action of Aut(C/k)
on G(C) (or equivalently of the action of Gal(k/k) on G(k) C G(C)), which is
precisely the trace on the sort G of dcl®?(k).

(From a model-theoretic point of view, the reason for referencing the field
sort all the time is that it has elimination of imaginaries and so Galois theory
works there.)

For A a set, A<“ is the set of all finite tuples from A, i.e. A< =[],y A™.
We use the same notation for A a definable set.

If G is an abelian group and I' < G is a subgroup, pureHull, (I') is the
relatively divisible subgroup {y € G | 3m € N. my € T'}. If G is torsion-free,
a tuple 7 € G™ is simple iff 7 is a Z-basis for pureHull (()). For arbitrary

abelian G, ¥ € G" is simple iff 7/Tor(G) is simple in the torsion-free abelian

group G/ Tor(G)-

1.3 Independent systems of algebraically closed
fields

Independent systems of algebraically closed fields will play a key roéle in our
arguments. The concept of an independent system of models was first isolated
by Shelah in his work on classification theory for models of an L, . theory
([She83al, [She83b]). Here we deal with a specialisation of these ideas to the
rather particular case of the theory ACF,, of algebraically closed fields of a fixed
characteristic. The remarks in [Hru06, Section 3] are relevant here, and our

presentation owes something to that work.
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Definition 1.3.1. Write N for {0,...,N —1}.
A system (Lg|s € N) of algebraically closed subfields of an algebraically

closed field C is called an independent N -system iff
(i) for all s,¢t: if s C¢ then Ly < Ly;
(ii) for all s,¢: Ly is algebraically independent from L; over Lgqy;

(iii) for all s:

Ly = acl(| (L))

i€Ss

The system is finitary iff each Ly is of finite transcendence degree over Ly.

Given an independent N-system (L;)s, we define: Ly := Ly iy, Lij) =
L(ijy ete, and L™ = del™ (U, (L))

We further define Ag;; to be an (arbitrary) transcendence basis of Ly;; over

L(;)7 and let XS = Uies(x{i})'
Remarks 1.3.1. e )\, is a transcendence basis of L, over L.
e Since Aynt = As N A, we can reconstruct the system from (X(i))i.

e It is also possible to give a definition of an independent system without

assumption (iii); see [She90, XI1.2.1].

1.3.1 Independent systems and places

In this subsection, we prove in Lemma 1.3.3 that an independent N-system
(Ls)s can be “collapsed” by a place down to L) in a certain controlled fashion.
For example, for N = 4, picturing the system as a tetrahedron we show that it
can be collapsed to the triangle at its base in such a way that the faces of the
tetrahedron map to the corresponding edges of the triangle, and moreover that
the definable closure of the faces maps to the definable closure of the edges.
We make use of the Newton-Puiseux theorem and the following generalisa-

tion to arbitrary characteristic:
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Fact 1.3.1 (Raynor [Ray68], cited in [Ked01]). Let L be an algebraically closed
field of characteristic p. Let L((t9)) be the field of generalised power series in
t with coefficients in L and rational exponents, and let L{{t}} < L((t9)) be the

subfield consisting of those power series with support S satisfying:

e (p=0) there exists m € N such that mS C Z;

o (p #0) there exists m € N such that mS C Z[%] = {mp®lm, s € Z}.

Then L{{t}} is an algebraically closed field.

Lemma 1.3.2. Let L be an algebraically closed subfield of an algebraically closed
field C; suppose L contains algebraically closed subfields k;, i € {1,...n}; let A €
C be transcendental over L; let K := acl(L()\)) > L, and let K} := acl®(k;()\)).

Further, let kg < L be a perfect subfield, and let kf, := k.

Then for any place 7 : K —, L such that 7(\) € (1,50 ki,

m(\/ k) =\ k.

i>0 i>0

Proof. Since replacing A with A — () does not alter K or k}, and A — w()) is

also transcendental over L, we may assume that 7(\) = 0.

Let L{{A}} be the field of generalised Puiseux series, as defined in Fact 1.3.1.

Let ' : L{{\}} — L be the standard power series residue map.

7' agrees with  on L()\), so by the Conjugation Theorem [EP05, 3.2.15] we

may embed K into L{{A}} in such a way that 7 agrees with 7’.

Now for i > 0, k;{{ \}} < L{{A\}}, the subfield of power series with co-
efficients from k;, is algebraically closed and contains k;(\), so contains kj.

Similarly, k( = ko < ko{{\}}.
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Now

w(\ K) < 7O/ (6{{A1)

< W’((\_/ ki){{\}})
= \/kl

O

Lemma 1.3.3. Suppose (Ls)scn is a finitary independent N-system of alge-
braically closed fields. Let C' be a perfect subfield of L.

Then there exists a place ™ : Ln —r, L) such that m(C'V ;54 Lay) =
CVViso Lo,

Furthermore, for anyb € (Ly™ )", 7 can be chosen such that w(b) € (L) ™)".

Proof. Let Ao be a basis for Loy over Ly.

Let fi j(Ao) € L(o)[Ao] be the non-zero coefficients of a minimal polynomial
in Lg)[Xo][X] for b; over Lgy(Xo). Let @ € Ly such that f; ;(@) # 0 for all 4, j.

Inductively, we may assume that \g = Xg)\o, correspondingly @ = @’a, and
that we have 7' : L'y —r,, L) such that w'(Xg) =a and 7' (C'V V-, Liy) =
CV V0 L,), where for s 0, L, := acl(LS\{O}(X:))).

Apply Lemma 1.3.2 to obtain 7" : Ly —, Ly with m(A\g) = a and 7"(C' Vv

Viso L) =CVV,s L’(i); the composition 7 := 7’ on’ is then as required. [

1.3.2 N-uniqueness

Unassuming though it may seem, the following lemma plays a crucial role:

Lemma 1.3.4. Let N > 2; let (Ls)s, be a finitary independent N-system of
algebraically closed fields. For i € N, let oy € Aut(L;)) and suppose they
agree on intersections, o)L, = 0G) Ly, -

Then the o(;y are consistent, i.e. |J; o(;) extends to on € Aut(Ly).
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Proof. As a consequence of 1.3.3 with C = (), we have that

L(O) N \/ L(z) = \/ L(07i) =: B.
i>0 i>0

That the lemma follows from this was noted in a more general context in
[Hru06, Section 3]; we give a proof here. If N = 2, the result is clear, so suppose
N > 2. For s C N\ {0}, let L’ := Lgyyo. (L))s is then a finitary independent
(N — 1)-system; by induction, |J;., 0@ extends to o’ € Aut(\/,5 L(;)). Now
o’ agrees with o(g) on the intersection B of their domains, and Ly = acl(B).
By Galois theory, specifically [Lan02, VI Thm 1.12], it follows that ¢’ and o (g,

are consistent, and extend to oy as required. O

Remark 1.3.2. In fact, Lemma 1.3.4 is known to hold in much greater generality
- [dPKMO06, 1.6(2)] proves that n-uniqueness holds over a model in arbitrary
stable theories, which implies Lemma 1.3.4. The model theoretic notion of
a coheir substitutes ([dPKMO06, 1.5(2)]) for the specialisation argument used

above.



Chapter 2

Local freeness

2.1 Statement

In this chapter, we prove:

Theorem 2.1.1. In each of the following situations, G(k)/H 18 locally free as

an abelian group:

(i) k=K (Gw), where k' is a finitely generated extension of ko, and H = G .

(i) k > k' is a finitely generated regular extension of a field k' > ko, and

H=G(¥).

(111) (Ls)scn is a finitary independent N-system of algebraically closed fields,
N > 1, k is a finitely generated extension of L™, and H := ¥;G(L;).

(Section B.3 contains the basic definitions and results on local freeness.)

Remark 2.1.1. For the case G = G,,, essentially the same statement was proved
in [Zil06, BZ07]. The presentation here in this case differs substantially from

that in [Zil06] for part (i), and cosmetically from that in [BZ07] for (ii) and (iii).

23
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2.2 Proof of Theorem 2.1.1(i)

For k > kg, we have the embedding
o Gal(k(Goo)/k)—— Aut(Go) ,

where Aut(G) is the group of automorphisms of the abelian group Guo.

Theorem 2.2.1. There exists m such that every automorphism of G which

fixes Gy, is induced by some field automorphism fixing ko; i.e.
6. (Gal(ko(Goo)/ko)) > Aut(Goo /Gn)

Proof. For G = E, this is a theorem of Serre - see Corollary B.1.1.1.
For G = G,,, it is a standard result of the theory of cyclotomic extensions

that this holds with m = 0 [Lan02, VI.3.1]. O

Corollary 2.2.1.1. Let k be a finitely generated extension of kqg. Then there

exists m such that

Proof. Let F := kNko(Gs). F is an algebraic subextension of a finitely gen-
erated extension, and so F' is finite over kg. So F' < ko(Gy) for some t € N. By

Theorem 2.2.1, there exists mg such that
la.. (Gal(ko(Goo)/ko)) = Aut(Goo/Gmy)-
Let m :=lem(myg,t). Then

(6o (Gal(k(Goo)/k)) =l (Gal(ko(Goo)/F))
2l (Gal(ko(Goo) /Ko (G1)))

> Aut(Goo /Gon).-
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O

Theorem 2.2.2. Let k be a finitely generated extension of ky. Then G(k)/G(k)me

is free, and is finitely generated if G = E.

Proof. G = E: this is the Mordell-Weil theorem [Lan83, Theorem 6:1].

G = G,,: This is part of [Zil06, Lemma 2.1] - the following is a reproduction
of the proof there.

Let k' := kNQ. k > k' is then a regular extension, so by Proposition 2.1.1(ii)
we may assume that k = k.

k is then a number field; let Oy be its ring of integers. By Dirichlet’s Unit
theorem, O is finitely generated. Recall that Oy is a Dedekind domain and
the fractional ideals, Id(Oy), form a free abelian group with generators the prime

ideals. 6(x) := xOy, provides an exact sequence
O kX —L 1d(Oy) -

It follows from elementary results on free abelian groups that k> is free

modulo torsion, as required. O

Theorem 2.2.3. Let k be a finitely generated extension of kg. Then CF(G=))/q

is free.
Proof. This argument uses ideas from the argument in [Lan78, V:5].

Claim 2.2.3.1. Let n € N. There exists m such that
m - pureHullg )y (G(E(GR))) < G(k(Gr)) + Goo- (2.1)
Proof. By Corollary 2.2.1.1, let m be such that
6o (Gal(k(Goo)/k(GR))) > Aut(Goo/Gim).-

We assume, by doubling m if necessary, that 2|m.
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Let p! := 1), Gres pu? = Iy G, where [ ranges over the primes. So

Goo = ' x 1?2, and we have a corresponding isomorphism
0 : End(u!) x End(u2) —— End(Go) -

Let a; == m + 1 € Z(Aut(ul)), let ay := 2 € Z(Aut(u?)), and let
a = O(a1,az). Note then that o € Z(Aut(Go/Grm)). So say 7 €
Gal(k(G)/k(Gy)) induces «. 7 is central in Gal(k(G)/k(Gy)) since
« is central.

We will use the Kummer pairing

<'7 > : Gal(k(Goo)/k(Gn)) X pureHuHG(k(Gw)) (G(k(Gn))) — G

$(0,Q) = 0(Q) - Q
Let Q € pureHullg (.. )) (G(k(Gr))), and let o € Gal(k(Goo)/k(Gr))

{0,0(1,m) (7,Q)) = 0(1,m)((07Q — 0Q) — (TQ = Q))
=0(1,m)(T —1){0,Q)
=0(1,m)(a—-1)(0,Q)
= 0(1,m)0(m, 1) (0, Q)
=m(0,Q)
= {o,mQ).

This holds for any o, so mQ —60(1,m) (1, Q) € k(G,). But (1,Q) € G, so
mQ € k(G,) + G as required. O

Now G(k(G)) = U,, G(k(Gy)). For each n, k(G,,) is finitely generated over
ko, so by Theorem 2.2.2 C#(Gn))/ o, < Gk(Gx))/ s free. By the Claim, there
exists m depending on n such that the pure hull of *(Gn))/o —in Gk(G=))/
is contained in 1/, - ©*(Gn))/¢ and so is free.

G(k(G<))/ is therefore the union of a chain of pure free subgroups, and



2.3. PROOF OF THEOREM 2.1.1(1I) 27

hence is locally free.

It follows from Pontryagin’s Theorem (B.3.1) that G(*(G=))/q s free. O

2.3 Proof of Theorem 2.1.1(ii

Theorem (2.1.1(ii)). Let k > k' be a finitely generated regular extension of a
field k' > ko. Then ©®)/g .y is locally free.

Proof. For G = E, it follows from the function field version of the Mordell-Weil
theorem, which is due to Lang-Néron [Lan83, Theorem 6:2], that G(k)/@,(k/)
is finitely generated, and so certainly locally free. To justify the application
of this theorem, note that E is defined over the constant field &/, and any
homomorphism over k of elliptic curves over k' is actually over kNacl(k’) = ¥/,
so the k/k'-trace of E is just id : E — E.

For G = G,,, we appeal to the theory of normalisation and divisors. The
proof is parallel to the proof of Theorem 2.2.2 above. First suppose that k' is
algebraically closed. There exists a projective normal variety X such that k is
isomorphic over k' to the function field &¥'(X) [Mum88, III:8 Theorems 3 and
4]. The theory of Weil divisors then applies. To each prime divisor Y C X, we
have the valuation vy : k'(X)* — Z. For any f € k'(X), vy(f) = 0 for all
but finitely many Y. Let D be the free abelian group generated by the prime
divisors, and let div : &' (X)* — D; f +— Syvy (f)Y. If vy (f) =0 forall Y, f
is regular on the complete variety X and hence is constant, i.e. f € k&'*. So we
have an exact sequence:

B (X)) -1 D

It follows that ¥/, « = k/(X)X/k,x is free. This concludes in the case that
k' is algebraically closed. For the general case, say k = k/(T) > k' is a regular
extension, and note that the the embedding k' < k’(Z) induces an embedding

k/alg

kx/k/x < (E)X/k,algx, and the latter is free by the previous argument. In
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particular, it is locally free as required. O

2.4 Proof of Theorem 2.1.1(iii)

Lemma 2.4.1. Let K > L be algebraically closed fields, and let m : K —p, L be
a place. Let kg < K be a perfect subfield such that w(ko) < ko. Let k1 > ko be
a finite extension.

Then there exists a finite extension k' > kyi, with k' < L(ky), such that

n(K) < K.

Proof. We may assume that ki /kq is Galois.

For ¢ > 1, define k;11 := k; V 7k;.

Normality of a finite field extension implies [EP05, 3.2.16(2)] normality of
the corresponding extension of residue fields; it follows inductively that for all
i > 0, the extensions k;;1/k; and 7k;11/7k; are Galois.

Now [kito : kiv1] < [mkiz1 : wki] < [kiy1 : k). So after some n, the degrees

reach their minimum level, say
d = [mkpyo : Thnt1] = [knao : knt1] = [Thntt : 7kn] = [kna @ k).

By the fundamental inequality of valuation theory [EP05, 3.3.4],
(I) any o € Gal(kpa1/kn) preserves Oy Nkpiq;
(I1) any o € Gal(kpt2/kn+1) preserves Or N kyyo.

Now wk,11 = (nky)(73) say, some 3 € kyy1. Let = B1,0s,...,0s be the
kn-conjugates of 5. By (I), 8; € O, for all i. Reducing the minimum polynomial
IL;(x — 3;), we see that s = d and the (7k,, )-conjugates of 73 are precisely (73;);.

Now suppose for a contradiction that o € Gal(kpi2/knt1) \ {id}. knyo =
knt1(wB), so o(nf) = wf3; some i > 1.

Now B —7fB € mzNkpy1, but o(B—7f) =L —onf=0—m0; ¢ mz Nkpiq.
This contradicts (II).
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Sod=1, and so 7k, < k. O

Lemma 2.4.2. Suppose k is a field of characteristic 0 such that Goo < G(k), L
is an algebraically closed subfield of k, L = acl(k N L), and there exists a place
7k —p L such that m(k) C (kN L).

Then

(i) For allm €N,

mG(kL) N G(k) = mG(k) + (G(k) N G(L)).

(i)
pureHullg .1y (G(k)) = pureHullg sy (1) (G(K)) -

Proof. Let C :=knN L.

(i) The D direction follows from divisibility of G(L).

For the other direction: let o« € G(kL) such that © := ma € G(k); we

show that x € mG(k) + G(C).

Define
(va) : Gal(k/k) — Gm

; T —  T(a) — .

But L is Galois over C' and C' = kN L, so we have an exact sequence:

1 —— Gal(k/kL) — Gal(k/k) — Gal(L/C) —— 1 ;

o (-, ) induces a well-defined homomorphism

6 : Gal(L/C) — Gpn

: o —  (7,a)

where 7[;= 0.
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This now becomes a question of Galois cohomology. See Section B.2 for

relevant definitions.

Claim 2.4.2.1. 0 is a continuous L/C-1-cocycle.

Proof. 0 is a 1-cocycle since Goo < G(kN L).
Let T := 071(0) =1 (Gal(k/k(a))) = Gal(L/L Nk(a)).
LNnk(e) > LNk = C is an algebraic subextension of a finitely

generated extension, so is a finite extension. So I is an open subgroup

of Gal(L/C); it follows that € is continuous. O

Claim 2.4.2.2. There exists ay, € G(L) such that

Vo € Gal(L/C). 0(0) = (0,aL) == ocap —ar.

Proof.

e G = G,,: By Hilbert 90, Fact B.2.1, 6 is a L/C-1-coboundary;

in other words, there exists a, € G(L) as required.

e G = E: By Fact B.2.2, there exists a C-torsor T such that for any
B € T(L), (-,f) is L/C-cohomologous to 6. So say o’ € E(L)
is such that (-,5") + (-,a/) = 0. Let 8 := ' + o’ € T(L); then
(.6) = 0.

Now for all o € Gal(k/k),

so 3 — a € T(k), witnessing k/k-triviality of T.
Now 7(k) C k,s0 v :=n(8—a) € T(kNL)=T(C), witnessing
L/C-triviality of T.
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So ar, =3 —~v € G(L) is as required.

Now for all o € Gal(k/k),

so a — ay, € G(k).

mar = ma—m(a—ayp) € G(k), and so x = m(a—ar)+mar € mG(k)+

G(k) N G(L)

(ii) Let a € pureHullg(,r) (G(k)); say ma € G(k). By (i), ma € mG(k) +
G(k) N G(L); G(L) is divisible and G, < G(L), so it follows that o €
G(k) +G(L).

O

Theorem (2.1.1(iii)). Let (Ls)scn be a finitary independent N -system of alge-
braically closed fields, N > 1.
Let H := ZZ-G(L(Z')).

Then for any finitely generated extension L~(3) > L™,

S @)y

s a locally free abelian group.

Proof. A finitely generated separable field extension decomposes into a finite
extension followed by a finitely generated regular extension, so by Theorem

2.1.1(ii) and Lemma B.3.2, we may suppose that L=(3) > L~ is a finite exten-

sion.
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We proceed by induction on N. The case N = 1 is immediate, since a finite
extension of an algebraically closed field is trivial. So suppose N > 1.

Let L := L(O)v and let P := L(l) R L(Nfl)- Let H' := Ei>0G(L(i))7 SO
H=H +G(L).

We proceed to show that €~ )/ is locally free. So let b € G(L~(B))<¥;

we have to show that

pureHull ¢ - @) (< E/H>)

is free.
Let A be a transcendence basis for L over Ly.

By Lemma 1.3.3, there exists a place m : Ly — L such that 7(P(X)) C

(PN L)(X), and 7(3,5) C G™(L).

By Lemma 2.4.1, there exists a finite extension k of P())(3,b) such that

m(k) Ckand kL = L™ (f3).

k is a finitely generated extension of P, so it follows from the induction

hypothesis that )/, is locally free.

Now

pureHullg 1)1 g(r) (<E> )/H < pureHullg ;) (<E,7T(5)>)/H

Indeed, suppose « € G(k) + G(L), say o = a + ap, and ma € <B> IfG=FE,
7 is total, and so we have immediately that o — 7(a) = ay — w(ay) € G(k). If
G = Gy, we have to watch for finiteness - but indeed, m(ma) and hence 7(«)
are in Gy, and so w(ay) = 7(a — ar) = w(a) — ar, € G,,(k), and so again

a—7(a) =a, —m(ag) € Gy (k).

We use below the easy fact that for C' < B abelian groups and a divisi-
ble subgroup A < B containing the torsion subgroup of B, PuweHulz(C)/ - —

pureHull 5 /4 (C/ A).

Now by Lemma 2.4.2(ii):
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pureHull G(L,(B))/H (< §/H>> _ pureHullg ;- 5, (<b>)/H
= p“reHu“mk>+G<L>(<5>)/H

< pureHullg ) (<5,7T(5)>)/H

- F/G(L)7

where

F = pureHulloqy (3r®)) /.,

which is finitely generated by local freeness of G(k)/ H-
So pureHullG(Lf(B))/ (<E/H>) is a subgroup of a quotient of a finitely
H
generated group, and so is finitely generated, and in particular is free as required.

O

Question 2.4.1. For N = 1, and G = E, G(Lf(ﬁ))/H is not just locally free
but actually finitely generated - this is part of the Lang-Néron theorem, as
in the proof of Theorem 2.1.1(ii) above. Local freeness is all we require for
the application in Chapter 4, but it is natural to ask: is G(Lf(@)/ g finitely
generated for N > 17 It seems that a more subtle analysis than the one we have
given would be required to answer this question.

For the multiplicative group, (=~ (B))/ g certainly won’t be finitely generated
in general. But in the N = 1 case, it is free rather than merely locally free.

Again, it is natural to ask whether this holds for N > 1.



34

CHAPTER 2. LOCAL FREENESS



Chapter 3

Kummer theory

3.1 Canonical bases in algebraically closed fields

All fields mentioned in this section are considered as subfields of a fixed alge-
braically closed field C of characteristic p, which may be 0. We need not make
the common assumption that the fields be ”small” relative to C. We make oc-
casional use of model theoretic terminology, for the sake of neatness; we are

referring then to the theory of C, i.e. ACF,.

Definition 3.1.1. Let F be a perfect field, and let F'(@) be a finitely generated
extension.
Aut®(F) is the group of field automorphisms of F which are consistent with

fixing @, i.e.
Awt?(F) := {0 € Aut(F)|37 € Aut(F(a)/a). o = 7| r}.

The locus of @ over F is the intersection locus(a/F) of all F-closed subsets
of A™ containing a.

By the DCC for the F-Zariski topology, locus(a/F) is itself F-closed.

Define the canonical base of (the type of) @ over F', Cb(a/F) < F, to be the

perfect closure of the minimal field of definition of locus(a/F).

35
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Remark 3.1.1. (i) Cb(a/F) is therefore the perfect closure of a finitely gen-
erated extension of the prime field - see [Lan72, Theorem II1.7] and the

subsequent discussion, or (iii) of this remark.

(ii) The above definition makes sense in particular when @ € acl(F’), in which

case V is finite.

(iii) In model-theoretic terms, tp(a/F’) is not necessarily stationary. So Cb(a/F)
is the canonical base in the sense of [Pil96, 7.1.16] (which is denoted there
by Cby). It is precisely the definable closure of a canonical parameter for

locus(a/F).

Lemma 3.1.1. Let F < C be a perfect field, let a € C<% be a tuple. Let
V :=locus(a/F).

Let 0 : F' — F be partial elementary. Then the following are equivalent:
(i) o fizes Cb(a/F);
(i) V=V,
(iii) o(tp(a/F)) =tp(a/F) (where o acts formula-by-formula on the type);
(iv) o extends to a partial elementary map o : F(a) — F(a) fixing a.

Therefore
Aut?(F) = Aut(F/ Ch(a/F)).

Proof. (i) <= (i1) By definitions.

(19) = (i4) We have V = V7. By quantifier elimination, it suffices to
show that if W C A" is a (-definable closed subset and (@, f) € W,
then (a,o(f)) € W. But indeed, (a, f) € W iff V.C W(f) iff Vo C W (f)°
iff V. C Wi(o(f))iff (@ o(f)) € W.

(iii) = (ii) a € V7, soV C V7, similarly, V° C V.

(#91) <= (iv) By definitions.



3.1. CANONICAL BASES IN ALGEBRAICALLY CLOSED FIELDS 37

We apply these ideas to prove in the following Proposition that a tuple over
L~ of an independent system is essentially based in a number field; the proof is

a matter of cascading finite bases down through the system to Q.

Proposition 3.1.2. Let N > 0, and let (Ls)scn be a finitary independent N -
system of characteristic 0 algebraically closed fields. Let Cy := L™ if N > 1; let
C() = k()(Goo) ZfN == 0

Let @ € C<%, and define k := Cy(a). Then there exists a number field F
such that any o € Gal(Q/F) extends to some o' € Aut(k/@) which restricts to

an automorphism of k.

Proof. If N =0, we are done by setting F' := kq(Cb(a/Cp)).
Now suppose N > 1.

Let b; € L(<ZS” be such that Cb(a/Cy) = del(|J; b;)-

Suppose that we have defined b, € L for all ¢ s.t. [t| = n. For each such
t, let St := {s < t||s| = n — 1}, and let BZ € L3¥ for s € S* be such that

Cb(be/ Ve (Ls) = del(U,e 0 (B))- Let by := U, 11y (O

s)
Let F := Cb(by/Q).
Let 0 € Gal(Q/F). Then by Lemma 3.1.1, o extends to Ly fixing by.

Suppose by induction that we have extended o to agreeing partial elementary

maps o, : Ly — Ly for |s| < n — 1 with o, fixing b.

Let t C N such that |[t| = n. Let o} := [J,c g+ (0s), which is partial elementary
by Lemma 1.3.4 applied to the independent system (Ls|s < ¢). o} fixes BZ for

all s € St, so extends to oy : L; — L, fixing b;.

At stage N — 1 we obtain partial elementary oy :=\/,; 0(;) : Co — Cp fixing
U, bi, which then extends to o’ € Aut(Cy(a)/a). O
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3.2 Bashmakov’s theorem over independent sys-

tems

Theorem 3.2.1. Let N > 0 and let (Ls)scn be a finitary independent system of

algebraically closed subfields of C. Let H := X;eNG(L;y) if N > 0; let H := G
if N =0.

Leta € G(C)™ let k := ko(H,a), and suppose @ is simple in G(k).
Then the left image of the k/k-Kummer-Tate pairing,

Rk pn.

oo T

7 .= (Gal(k/k), )

is of finite index in T™.

If G = G,,,, Theorem 3.2.1 holds by classical Kummer theory, even without

the assumptions on k.

So suppose G = E.

The number field case of Theorem 3.2.1, i.e. the case N =0 and @ € G(Q)",
is a result due to Bashmakov which makes essential use of Serre’s theorem B.1.1
on the image of the absolute automorphism group of a number field on the
automorphism groups of the Tate modules. For the general case, we first apply
Proposition 3.1.2 to show that the situation is “finitely based”, providing a

number field to which Serre’s theorem will apply:

Lemma 3.2.2. There exists a number field ky > ko such that Z is Aut(Q/k)-

mvariant.

Proof. Let F be as in Lemma 3.1.2, and let ky := ko(F). Let o € Gal(k/k),
and let 7 € Aut(Q/ky).

By choice of F, 7 extends to 7/ € Aut(k/ko(a)) such that 7/ restricts to an
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automorphism of k. So 0™ = r'or’~! € Gal(k/k), and

N
<O’T ,E> =7or’ 'a-a (some arbitrary @ € 7 1(@))

(since 7' 'a € 77 1(a))

O

Theorem 3.2.1 follows by the arguments used in the proof of Bashmakov’s
theorem with Lemma 3.2.2 allowing the use of Serre’s theorem. For complete-
ness, and because the specificity of our situation simplifies some of the argu-
ments, we give this proof below, adapting the proof presented in [Lan78] and
hopefully not introducing too many errors.

For | a prime and s € N, define Aut(7;/Ejs) to be the kernel of the natural
reduction map Aut(7;) — Aut(Es).

For s € N and [ a prime, let Z; resp. Z; be the projections of Z to E} resp.

T". Note that Z;~ is a closed subgroup and hence a Z;-submodule of T}".

Fact 3.2.3. 1. If s and t are coprime, then Aut(Fy) = Aut(Es) x Aut(E}).
If further s'|s and t'|t, then Aut(Eg;/Esy) = Aut(Es/Ey) x Aut(FEy/Ey).

2. Forl prime andt' >t > s € N, the restriction map [g,,: Aut(Ey [ Eps) —
Aut(Ey /Ejs) is surjective.
3. So fort,s €N, [g,: Aut(Fo/Es) — Aut(E;/Ey N Es) is surjective.

So by Lemma 3.2.2 and Fact B.1.1, for all but finitely many primes [, Z;
is invariant under Aut(E;) = GLa(%/iz), and for the remaining finitely many

primes [ there is s = s; € N such that Z;~ is Aut(7;/E;s)-invariant.

Fact 3.2.4. Let ! be a prime.

1. The only endomorphisms of E; which are Aut(E;)-invariant are the scalars;

i.e. EndAut(El)(El) = Z/lz
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2. for any s € N, Endave(r, /B, (T1) = Zy.
3. If N is a closed subgroup of T]* such that m(N) = EJ', then N =T}".

Lemma 3.2.5. Let S be a simple R-module. Then the submodules of S™ are

precisely those of the form
{2 \ Zimi o = 0},

where 1; j € Endg(S).

Proof. We show by induction that such a submodule N < S™ is the graph of an
R-linear map 7 : S¢ — S"~? from some d of the co-ordinates to the rest - since
such a map is easily given by a matrix with entries from Endg(S), the lemma
follows.

This is clear for n = 1. Suppose it holds for n, let N < S"*! be a sub-
R-module. Let m : N — S™ be the projection map. By induction, im(x) is
the graph of an R-linear map 7. If ker(r) = S, n provides the map S+ —
S7=d. Else, by simplicity ker(m) = {0}, and so N is the graph of an R-module
homomorphism 7’ : im(w) — S. So N is the graph of § : §¢ — Sn=d+l, 3 s

(n, ' (z, nx)). O
Proof of Theorem 3.2.1.

Step I Let [ be one of the all but finitely many primes such that Z; is Aut(E;)-

invariant. Suppose that Z; # E}*.

E) is simple as a Z[Aut(E;)]-module, so by Fact 3.2.4(i) and the Lemma 3.2.5,

for some n; € %/;z = Endaut(z,)(E£r) not all zero,
V¢ e Zy. ¥ni¢; = 0.
But then if I3; = a;, 8 := Xn;3; is fixed by all ¢ € Gal(k/k):

o(B) — B =3Xn(c(B;) — Bi) =0,
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Step 11

Step III

since o(f5;) — Bi € Z;. So € G(k) \ (@), contradicting simplicity of a.

So Z; = EJ', so by Fact 3.2.4(iii)

Zloc == Tln

Now let [ be one of the finitely many remaining primes for which we only

have that Zj~ is Aut(7}/E;s)-invariant for some s.

Define the divisible hulls X := Zj ®z, Q; and V; := T} ®7z, Q;. Note that
X; is an R := Q;[Aut(T;/E;-)]-submodule of V™.

V] is simple as an R-module and (by Fact 3.2.4(ii)) Endg(V;) = Q.

So again, if X; # V;" then X is contained in a proper subgroup of form
{Zn;x; = 0}, n; € Q; not all 0. Clearing denominators, we may suppose
n; € Zy; say not all n; are 0 mod [? - then letting n} := m:(n;) € %/yiz we
see that

VC € Zpe. Sni¢ = 0,

which contradicts simplicity as above.

So X; = V", and so Z;~ is of finite index in T}*.

We have shown that Zj~ is equal to 7}* for all but finitely many primes,
and is of finite index in 7}* for the others. Since the corresponding exten-
sions are of coprime order and hence disjoint, we see that Z = I[; Zj <

IL T =T™. So Z is of finite index in T, as required.
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Chapter 4

Categoricity results

In this chapter, we give purely algebraic statements and proofs of the main
categoricity results, as discussed in Section 1.1, and draw as corollaries the
model theoretic statements outlined in Section 0.1. The proofs here are in
essence stripped down versions of those in the theory of Quasi-Minimal Excel-

lence [Zil05b].

4.1 Orbits of standard V < 1%

Let K be an algebraically closed extension of k.
Definition 4.1.1. A divisible subgroup V < V(K) is standard iff
o 7(V)=G(K)
e V N T is isomorphic as an abelian group to Z%, where d = 1 if G = G,,
and d=2if G =E.

The automorphism group Aut(K/ky) acts on the set of standard V < V:
Theorem 4.1.1 below, which is in effect the main theorem of this Part, analyses
the orbits of this action.

We say that standard V;,Vy < V(K) are Aut(K/ko)-conjugate iff there
exists o € Aut(K/ko) such that Vo = o(V7).

43
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Assumptions are as in Section 1.2; in particular, note that we are assuming
no complex multiplication and that kg is a number field.

We now give the full statement of our main theorem describing the orbits,
although the second part of the statement uses definitions made in Section 4.3

below.

Theorem 4.1.1. The action of Aut(K/ko) on the set of standard V < V is
transitive if G = G,,, and has finitely many orbits if G = E.
Moreover, in the latter case the orbit is determined by the algebraic type over

ko of “mMN/ L, for m such that |g_: Gal(Q/ko) — Aut(FEa/Ey) -

The proof of Theorem 4.1.1 proceeds in two steps. First, in Theorem 4.2.3,
we prove that standard V < V which coincide on T are conjugate. This re-
duces the problem to that of analysing the orbits on T'; Theorem 4.3.2 then

characterises these orbits.

4.2 Categoricity over T
We deduce from Theorem 3.2.1 and Theorem 2.1.1 the following key lemma:

Lemma 4.2.1. Let N >0 and let (Ls)scn be a finitary independent system of
countable algebraically closed subfields of C. Let H := ¥;enG(L;)) if N > 0;
let H:= G if N =0.

Let @ € G(C)™ be linearly independent over H, let k be a finitely generated
extension of ko(H,a).

Let Z be the left image of the k/k-Kummer-Tate pairing,

Rk < pn

oo

7 .= (Gal(k/k), )

Then

(i) Z is of finite index in T™.
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(ii) If V < V is standard, A :=V N T, then
Z 4+ A" =T

(111) There exists m € N such that if @' is an m-division point of a, then for all

n € N all n-division points of @ are Gal(k/k(@'))-conjugate.

Proof. (i) @ is linearly independent over H, and Goo < H < G(k). So the

quotient map restricts to an isomorphism:

pureHullq;,(k)/Goo (<E/Gw>) — pureHullg(k)/H (<E/H>>

EiQiai/Goo — EilZiai/H

By Theorem 2.1.1, %)/} is locally free. So say @’ € G(k)" is such that
@/q.. is a basis for pureHullg(k)/G ((*/c.)). @ = Ad + z for some
integral matrix A € Mat,, ,,(Z) and some z € G%, and A is invertible as a

rational matrix.

Now (-, o)E/k is linear on the right, and G C G(k), so

oo

(Gal(k/k), @)/ = A (Gal(k/k), @)L

Now @' is simple in G(k), so by Theorem 3.2.1, the latter is of finite index
in T". A has Smith normal form PBQ with P and @ invertible integer

matrices and B diagonal with no entry 0, so

<Ga1(l_f/k)@>i/k = PBQ <Gal(l_c/k),a’>i/k - B <Ga1(l?:/k),a’>io/k ’

which is of finite index in T™.

(ii) Z is a finite index closed subgroup of T, so contains mT™ for some m € N.

Define
H:TﬂGm;Cr—mi'<C>.
m
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ker & = mT, so it suffices to show that 8(A) = E,,; but indeed, this follows

from surjectivity of @[y .

(iii) Again, let m be such that mT™ < Z. The result is then immediate from

definitions.

Remark 4.2.1. Versions of Lemma 4.2.1(iii) have occured in the literature, some-
times under the name of “the Thumbtack Lemma” (e.g. [Bal04]). In particular,

it appears in [Zil06] and [BZ07] for the case of G = Gy,.

Definition 4.2.1. For V < V(C) standard and D < G(C) divisible, define
Vip:=Vn ﬁ'*l(D).

Lemma 4.2.2. Let H be as in the statement of Lemma 4.2.1.
Let D < G(C) be a divisible extension of H such that P/ is of finite rank.
Let Vi, Vy < V(C) be standard.

Suppose o € Aut(C/H) and
c(Vilp) = Valp .

Let D' := G(acl(ko(D))).

Then there exists o' € Aut(C/H) such that o'|p= olp and

o Vilp) = Valpr -

Proof. Say D = pureHullg ¢y (<Ha>) with d linearly independent over H.

D// g is of countable Q-linear dimension, so by back-and-forth it suffices to
show that if d € D'\ D and D := pureHullg ¢y (<H8d>), then there exists
o1 € Aut(C/H) such that o1[p=o[p and o1 (Vi[p,) = Valp,)-

Let d := dd. Let &, = ayoq € #~1(dd) N V{**!, and let @) = Gaas €

# Yo (dd)) NVt where @y = oa; € V.
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Now ag = oca; + ( for some ( € T. Let A .=V, NT = Vo NT. By Lemma
4.2.1 with k := ko(H,d ),

1. —\ F/k n+1l _ gmn+1
Gal(k/k),d ) 4 A"t =17+,

oo

In particular, looking at the last variable, we have

<Ga1(/;/k),a’>':k N{0} x T+ {0} x A = {0} x T.
So say 7 € Gal(k/k) and A € A are such that 7(@;) = @; and
C=(rar—aq1)+ A=7(a1 + \) — ay.
Solet o1 :=0coT;
o1(@1 (a1 + A)) = @z(ocar + ) = aaas,

S0 o7 is as required. O

Theorem 4.2.3. Let K be an algebraically closed field extending ko. Let
Vi, Vo <V = V(K) be standard. Suppose Vi NT =VoNT.
Then there exists o € Aut(K/ko(Goo)) such that o(Vy) = Va.

Proof. By Lemma 4.2.2 with D := H := G, there exists 0_; € Gal(Q/ko(Gwo))
such that o_1(Vilg @) = Valg@)-

So we may assume that Vi[g@)= Valg@)-

Let (\;)ier be a transcendence basis of K. For s C I, let L, := aclK({)\i|i IS
s}). We define, by structural induction on the partial order of finite subsets of
I, an agreeing system of automorphisms o, € Aut(L,/Q) for s Cg, I.

Let oy := idg.

Next, suppose s is a singleton, s = {i}. Let a € G(Ls) \ G(Q). Choose
arbitrarily a; € V; N 77 1(a). G is an absolutely irreducible curve, so, for all n,

#(*/n) =g 7(*?/n); therefore 7(c1) = g for some 7 € Aut(L,/Q). By Lemma
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4.2.2 with H := G(Q) and D := (Ha)g, T extends to o € Aut(L;/Q) such that
os(Vilc,) = ValL,.
Now suppose |s| > 2, and suppose inductively that we have defined for each

t C s an automorphism oy € Aut(L;/Q), such that
vVt Cs.0v(Vilz,) = Valr,

and

Vt,t' Cs. (tCt = oy =0}lL,).

(L¢)tcs is a finitary independent system of algebraically closed fields. By
lemma 1.3.4, there exists o/, € Aut(L,/Q) extending Uscs ot

o'(Vilg) = Valpm, so, by Lemma 4.2.2 with D := H := L™, there exists
ol € Aut(Ls/L™) such that o7/ (oL (Vi]L,)) = Valr.. Let o5 := 0¥ o ol; then o,
extends oy for t C s, and o4(Vilp,) = ValrL..

This concludes the inductive definition of (0s)sc, 1. Let o :=J os be

sCrinl

the direct limit. Then o € Aut(K/Q) and o(V;) = Va, as required. O

4.3 Orbitson T

Suppose for the following fact and definition that we are in the case G = E.

Let jt,, < Q* denote the group of mth roots of unity.

Fact 4.3.1. For each m € N, there is an Aut(Q/ko)-invariant non-degenerate

alternating bilinear pairing wy, : B2, — pm, called the Weil pairing.

Definition 4.3.1. Let #m/4 be the primitive mth roots of unity quotiented by

the equivalence relation which identifies ¢ with (~1. For A < T, A = Z2, define
Wi (A) 1= wm(mn(N)/

where )\ is a Z-basis of A. This is well-defined by bilinearity of w,, and the fact

that X is well-defined up to action of GLo(Z).
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¢1/4 is conjugate over ko to ¢2/4, written /4 =, /1, iff ¢; is Gal(Q/ko)-

conjugate to either (5 or C2_1.

Theorem 4.3.2. Let V1, V5 < V(K) be standard; let A; :=V;NT.

If G = G,,, the A; are Gal(Q/Q)-conjugate.

If G =E, let m be as in Corollary B.1.1.1, and let \; € A? be a Z-basis for
A;. Then Ay and Ay are Gal(Q/ko)-conjugate iff

wm(Al) Eko U}m(Ag)

Proof. If G = Gy, this follows from the fact (see Theorem 2.2.1) that every
group automorphism of G, is induced by an element of Gal(Q(Gw)/Q). Indeed,
say A; generates A;. For each n, m,()\;) generates G,,, so there is a unique group
automorphism 7, € Aut(G),) such that 7, (7, (A1)) = m(A2). Then the limit
7=, Tn € Aut(G) is induced by some o € Gal(Q(G)/Q); o then maps
A1 to Az, and hence Ay to As as required.

Suppose now G = E.

If 0(Ay) = o(As), and A; is a Z-basis for Ay, then Xy := o()\;) is a Z-basis

for As. Then by Galois-invariance of w,,, and definitions,

o (wm(Ar)) = wm(otrmC)/,

— Wm (Tm (XZ))/:E

= wm(A2)

For the converse, it remains to show that if w;,(A1) = w;,(A2), then Ay
and Ay are conjugate. Let \; be respective bases such that w,,(m,(\)) =
Wy (T (X2)). This implies that ,,()\;) are in the same orbit of the action of
SLo(%/,nz) on G,y,. Since the natural map SLy(Z) — SLa(%/,,z) is a surjection
[Shi94, Lemma 1.38], there exist bases X; such that wm(X’l) =T (X;)

By Corollary B.1.1.1 and the argument used in the multiplicative group case

above, Xll is then conjugate to X;, and hence A; is conjugate to As. O
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Proof of Theorem 4.1.1. By Theorem 4.2.3; the orbit under Aut(K/ko) of a
standard V < V is determined by the orbit of V NT. By Theorem 4.3.2, there
are only finitely many such orbits, classified as stated if G = E, and there is

only one orbit if G = G,,. O

Remark 4.3.1. If kg = Q, then all elements of ), are conjugate over ko, and so

there is only one orbit.

4.4 Categoricity

In this section we rephrase the algebraic results above in model theoretic terms,
where they become statements of categoricity of certain theories in the infinitary
logic L, ., as previewed in Section 0.1. We essentially follow [Zil02a].

Our language has two sorts, V and G. On V we place the language of Q-
vector spaces, (+, (¢)qeq). On G we place the natural language over ko, which
consists of a predicate for each kg-closed subvariety. Finally, we have in our
language a function exp : V — G.

We define a first-order theory T in this language to be the theory axioma-

tised by:

(I) G satisfies the complete first order theory of G(K) in the natural language,

for K an algebraically closed extension of ko;
(IT) V satisfies the theory of Q-vector spaces;

(ITI) exp is a surjective group homomorphism.

Remark 4.4.1. Tt is proved in [Zil02a] that T is complete and has quantifier
elimination. Note that <V(K);G(K);fr> is a model.

Let d:=1if G =G,, and d := 2 if G = E. Consider the L, ., axiom:
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3\ € ker(exp). ((— \/ YiniA; = 0)

nezd

AV € ker(exp). \/ YiniAi = ()
nezd

(ker(exp) = Z%)

For the multiplicative group and certain elliptic curves, in particular if kg = Q,
Tg U {ker(exp) = Z4} is uncountably categorical. In general, it will have finitely
many models in each transcendence degree, corresponding to the finitely many
orbits of Theorem 4.1.1, and we need a further axiom to ensure categoricity.
Let exp : V — G(K) be a model of Tg U {ker(exp) = Z?}, let A be a basis of
ker(exp), let m be as in Corollary B.1.1.1, and let f be the minimal polynomial

over ko for wy,(exp(A\/m)) € uf,. Consider the Ly, ., axiom:

3X € ker(exp)?. (ker(exp) = (X) A f(wpm (exp(Y 1)) = 0). (Weil,, (1))

Note that this can indeed be expressed by a L, .-sentence in our lan-
guage: ker(exp) = () can be expressed as in the axiom (ker(exp) = Z9),
and f (wm(exp(%))) = 0 can be expressed since the field K is (-interpretable
with ko as distinguished points (Fact A.2.1), and w,, : G* — K is then an

invariant map with finite domain and hence is (-definable.

The algebraic analysis of Theorem 4.1.1 translates straightforwardly into a

categoricity result:
Theorem 4.4.1. TgU{(ker(exp) = Z9), (Weil,,,(f))} is uncountably categorical.

Proof. Let (V; G;exp) be an uncountable model. By Fact A.2.1, G =2 G(K) for
some algebraically closed field K of the same cardinality as GG, so G is determined

up to isomorphism by the cardinality.

It remains to show that for a fixed algebraically closed K > kg, any two
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models (V1; G(K);exp;) and (Va; G(K); exp,) are isomorphic. Let

i)

Then V/ < V is standard and (Vi; G(K); exp;) is isomorphic to <VZ-’; G(K); ﬁ'[Vl/>.

ve %} < V(K).

By (Weil,,(f)) and Theorem 4.1.1, there exists ¢ € Aut(K/kg) such that

o(V{) = VJ; o induces an isomorphism of the structures as required. O

4.5 Limitations and extensions

In this informal section, we briefly discuss some known, suspected, or otherwise
hypothesised generalisations of these results.

We have assumed that E has no complex multiplication. This should not
be a necessary assumption - if everywhere “abelian group” is read as “End(E)-
module” and “Q-linearly independent” as “End(E) ®z Q-linearly independent”,
most parts of our treatment can be seen to go through. The Kummer theory is
known to work nicely, indeed more smoothly as there is no longer the compli-
cation of needing Serre’s theorem to apply. Gavrilovich has already performed
the necessary analysis for the analogue of Theorem 4.3.2 in his thesis - again,
there are finitely many orbits. So the generalisation to arbitrary elliptic curves
over number fields should be straightforward, but remains to be done.

We have been assuming characteristic 0 throughout. In the case of the
multiplicative group, the analogue of Theorem 4.2.3 holds also in characteristic
p > 0; since in this case G has no p torsion, “standard” kernel has to mean
Z[%]. The proof of this result is in [BZ07]; there are few departures from the
proof given here in characteristic 0 for the multiplicative group. (We could
easily have included this case in our presentation here, but I didn’t want to
have to introduce further notational intricacies.) So perhaps it would make
sense to try to generalise the elliptic curve case of Theorem 4.2.3 to positive
characteristic. Note that already in the multiplicative group case, the analogue

of Theorem 4.3.2 fails drastically - the torsion group G is precisely G(]Fpalg),
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and so it is far from true that every group automorphism of G, is induced
by an algebraic automorphism. In this way, it is not hard to see that there are
infinitely many orbits of standard V' on T'. Via the Weil pairing, the same will be
true of an elliptic curve over a finite field. The best we can do, then, is to obtain
categoricity over the torsion in the sense of Theorem 4.2.3. As mentioned, this
has been done for the multiplicative group, but remains open for elliptic curves.

Another obvious direction in which to generalise is in dimension. We have
restricted ourselves to semi-abelian curves; what of semi-abelian varieties in
general? Distressingly, there has been no firm substantial progress on this since
Gavrilovich’s thesis work, so I refer the reader to [Gav06, IV.7.4,1V.5.4.2,1V.6].
But let me also remark that I have hopes that the methods of this thesis will

prove to be useful in the higher dimensional case.
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Chapter 5

Universal covers of
1-dimensional algebraic
groups as topological

structures

In this isolated and rather technical chapter, we describe and elucidate the struc-
ture of a natural coarse topological structure on covers with standard kernel.
Although we will not formally discuss this aspect, these structures are examples

of Analytic Zariski Structures as defined by Zilber.

There is not much novelty or surprise in the results of this chapter. For
the case of the multiplicative group in characteristic 0, essentially the same
conclusions were drawn in the thesis [Smi07] of Lucy Smith; we generalise this
here to elliptic curves in characteristic 0 and to the multiplicative group in
arbitrary characteristic. Meanwhile, the thesis [Gav06] of Misha Gavrilovich
contains a thorough analysis of the analytic Zariski topology on universal covers

of complex abelian varieties, which turns out to be the same as the topological

%)
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structure we study here. The difference between that work and the present
is one of approach - Gavrilovich starts with the complex analytic picture and
uses theorems of complex analysis to derive consequences of algebraic character,
whereas here we start with the pure algebra. In particular, the N = 1 case of
4.2.1, and its corollary Lemma 5.1.1e below, is the crucial fact which allows our
analysis to proceed; conversely, for abelian varieties this fact falls out ([Gav06,
I11.1.3.4]) of Gavrilovich’s analysis.

In particular then, we define a topological structure which is the analogue
in positive characteristic of a natural topological reduct of the complex analytic

structure on the universal cover of G,,(C), and which is rather tractable.

5.1 Setup
We work in one of the following 3 contexts:
(I) G = Gyp; char 0; kg :=Q; R:=7Z; Tker :=Z
(II) G = Gyy; char p > 0; ko :=Fp; R :=Z[1/p]; Tker := Z[1/p]

(III) G = E, an elliptic curve defined over a number field kg; R := End(E);
chr = Zz

A cover with standard kernel is then a 2-sorted structure (V; G(K); 7) where
V has the structure of a R-module, K is algebraically closed and G(K) is con-

sidered in the natural language over kg, and

O chr V ul G(K) O .

We collect some properties which hold in these contexts:
Lemma 5.1.1. (a) [m]: G' — G' is open and closed.

(b) R is a Noetherian ring, and A is finitely generated as a R module. kg =
Q@® R is a field. If n € R, kern C G, := ker[m] for some m € N.
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(c) Let H < G* be a proper algebraic subgroup. Then H < ker(n) for some
0 #1n:G' — G* represented by some E € Mat,+(R).

(d) Let n : G* — G* represented by some E € Mats(R). Let X Co G*
irreducible. Let Y be any irreducible component of n=1(X). Then n(Y) =
X.

(e) Let K > ko be algebraically closed; let X C Gt be closed and irreducible
in the K-Zariski topology, and suppose X s not contained in any proper
algebraic subgroup of Gt. Then there exists m € N such that any irreducible
component X' of [m]~1(X) has the property that for all t € N, [t]71(X’) is

1rreducible.
Proof. (a) This follows from [m] being finite and étale.
(b) Standard.
(¢) See Lemma 6.2.1.

(d) By (a), n(Yy) = X for some irreducible component Yy of n7(X). But the
isomorphisms z — x+( for ¢ € kern act transitively on the set of irreducible

components, so (YY) = n(Yy) = X for any irreducible component Y.

(e) Let @ € X be generic over K. By (c), @ is kg-linearly independent over
G(K). By (d), for any m the irreducible components of [m]~!(X) are in
bijective correspondence with the K-conjugacy classes of [m]~1(@). The
result therefore follows from the N = 1 case of Lemma 4.2.1 when that

holds.

We proved Lemma 4.2.1 only under the assumptions of characteristic 0
and no complex multiplication; however, the proof of the N = 1 case goes
through in the current more general context. For the multiplicative group
in positive characteristic, this is proved as the n = 1 case of [BZ07, The-
orem 3], with essentially the same proof as the characteristic 0 case. For

elliptic curves with complex multiplication, one can note that the complex
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multiplication case of Theorem 3.2.1 follows as in Chapter 3 using the com-
plex multiplication case of Bashmakov’s theorem, and conclude the N =1

case of Lemma 4.2.1 from Lang-Néron as before.

O
Definition 5.1.1. X C G" is unfurled iff [t]~1(X) is irreducible for all ¢ € N.
Definition 5.1.2. For V a kg-vector space, perhaps with extra structure:

(i) a definable kg-linear map is a map 0 : V° — V! defined by a matrix

A c Matt75(kE);

(ii) a definable affine kg-linear map is a the composition of a definable kg-

linear map with a translation;
(iii) a definable kg-linear subspace is the kernel of a definable kg-linear map;

(iv) a definable kg-linear coset is a coset of a definable kg-linear subspace.

5.2 Ty

Definition 5.2.1. Given a set S, a topological structure on S consists of a

topology on each S™ such that
(i) The co-ordinate projection maps pr : S™ — S™ are continuous;

(ii) The inclusion maps

L: 8™ = 8" (21, Zm) (T, Tony Cn 1y - -+ 5 Cn)

are continuous.
(iii) The diagonal A C S? is closed.
A topological structure is a set S with a topological structure on it.

Remark 5.2.1. e The ”co-ordinate projection maps” in (i) should be under-

stood to include the co-ordinate permutation maps : S™ — S™.
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o It follows from the axioms (i)-(iii) that fibres C(x,c) of closed sets are
closed, cartesian products C; x Cy of closed sets are closed, and that a

singleton set {s} C S™, being a fibre of A™, is closed.

Fix an algebraically closed field K > kg. We consider G(K) as a topological
structure by equipping each G™(K) with the K-Zariski topology.

Let G(K) := @N;‘([m} : G(K) — G(K)) be the inverse limit of copies
of G(K) with respect to the multiplication-by-m maps [m] (a “proalgebraic

group”); let #,, : G(K) — G(K) be the corresponding maps, so
[m] © frnm = Tn-

We define a topological structure on G(K) by equipping G(K)" with the
inverse limit topology, i.e. the coarsest topology such that all 7, : @(K =
G"(K) are continuous. We denote this topological structure on G(K ) by Tiny-

Since G(K) is an R-module and [m] is an R-module homomorphism, the
inverse limit G(K ) also acquires the structure of an R-module; namely, for
neR,

U(ai)z‘eN = (Uai)ieN-

Note that n € R is continuous for the topology on G(K ), and the graph of
n is closed in G(K)2.

Remark 5.2.2. e 7, is open and closed.

e kp-linear maps are continuous.

5.3 Analytic Zariski topology on covers with stan-
dard kernel

Let 7 : V — G(K) be a cover with standard kernel A := ker(m) = I'ye,. Let
mn(x) := w(%£); we can define as above a topological structure Ti,, on V' by

taking as a sub-basis of closed subsets of V* all pullbacks of K-Zariski closed
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subsets of G'(K) under m,,. Equivalently, T},, is the restriction topological
structure induced by the canonical embedding of (V, 7, G(K)) into (V, %, G(K)).

We wish also to consider a finer topological structure on V:

Definition 5.3.1. The topological structure T, is that which has as sub-basis
of closed sets the collection S of sets of the form

(r; Y (X)NL) + A, (5.1)

n

where X C. G'(K) is K-Zariski closed, L is a definable kg-linear coset in V1,
and A is an arbitrary subset of Af.

We call elements of S sub-basic closed, and finite unions of them basic closed.

Note that A* C V? has the discrete topology in Tyy,; we will see later that
Tan is the coarsest topological structure which refines i, induces the discrete
topology on Af, and for which all definable kg-linear maps are continuous.

Call a finite union of sets of the form 5.1 a basic closed set. We also define

a more technically useful sub-basis:

Definition 5.3.2. A fundamental closed set is one of form

where X Cq G!(K) is unfurled, and 6 : V¢ — V' is a definable affine kp-linear
embedding.

Define S’ to be the collection of all sets of the form

F+A,

where A C A and F is a fundamental closed set.

Call elements of S’ sub-basic’ closed, and finite unions of them basic’ closed.

The following theorem reveals the structure of T,,, and shows it to be really

quite simple.
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Theorem 5.3.1.  (I) Let 0 : V® — V' be a definable affine kg-linear map.

Then 0 is continuous.

(II) The basic’ closed sets are precisely the basic closed sets; in particular, S’

forms a sub-basis of closed sets for Tyy,.

(III) T, is the coarsest topological structure which refines Tiny, induces the
discrete topology on A, and for which all definable affine kg-linear maps

are continuous.
(IV) Fundamental closed sets are irreducible.
(V) There is no infinite descending chain of fundamental closed sets.
(VI) The fundamental closed sets are precisely the irreducible closed sets.
Proof. We work in Ty, throughout.

Lemma 5.3.2. Any S € S is a finite union of sets of the form

N (X) N (L + A), (5.2)

n

where X Cq Gt is closed, A C A, and L is a definable kg-linear coset.

Proof.

(m X)L+ A= [ (@ (X)N L)+ (AnT, ()
CeGy,

=UJ U m'@+anl+a)

CEGL acANT 1 (¢)

= | mxX+OnE@+AnTHQ),

CeG,

where G!, is the n-torsion subgroup of G*. O

Proof of I. Translations x — x + -y are easily seen to be continuous, so we may

assume that 6 is a definable kg-linear map.
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It suffices to show that the inverse image under € of any sub-basic closed set
is closed.

By Lemma 5.3.2, it suffices to show that 6~ (7,1 (X)) and 7' (U, c 4 (L+))
are closed for any X, A, L.

Now # has matrix representation 7' = m~'E for some m € N and some
E € Mat, s(R). Write  both for the definable linear map V* — V* represented
by E and for the definable map G* — G?! represented by E. By definitions,
NTp = Tl

Then 0~ (7, 1(X)) = [m](7,; L (n71(X))) = 7L (n71(X)), which is closed.

Now L = ker(n’) + v say, some definable kg-linear map n’ : V! — V"
represented by E’ € Mat,(kg). Let A’ := n/(A) C 7'/, say, and let o/ :=
7). Then Uy e a(L +a) = '~ (4" ).

Let 6 := 1/ 0 §; we want to show that 8’~1(A’ + /) is closed.

Let N := (/. +9/) Nim(#). If N = 0, there is nothing to prove. Else, N
is a coset of M := A"/, Nim(¢'), say N = M + v.

Now M is a sub-R-module of the finitely generated R-module *'/,,, so, by
Noetherianity of R, M is finitely generated as an R-module; say M = (fi) 5.
Let ji’ be such that 7 = 0'(i’). Since Q ® A! is a kg-subspace, we may take
1, € Q@ AL So M’ = (ii') y € A/ for some m'.

Now x — 0'(x) + v; M’ — N is a surjection; so say A” C M', ¢/(A") +v =

(A" ++)Nim(#’), and let v/ € §=1(v). Then

9/—1(AI + ’y/) — ker(el) + A// + V/

= (J ker(®) + v/ +¢+ (A" =) nAY,

CEZ,,

t
Am’

where Z,, is a set of representatives for %, which is finite. So §/71(A’ ++)

is a finite union of sub-basic, and so closed as required. O
Lemma 5.3.3.

(i) Let 0 be a definable kg-linear embedding. Then 0 is a homeomorphism.
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(ii) §' C S.

Proof. By linear algebra, there exists a definable kg-linear map ¢ such that
Glim(0)= 6= (i) then follows from the previous lemma. For (ii): say ¢ = "/,

and let L :=im(0); then

O

Lemma 5.3.4. Any set of form C := 7, 1(X) N L, where X is closed and L is

a kg-linear coset, is a finite union of fundamental closed sets.

Proof. We may assume that X is irreducible, X C m,(L), and L is a minimal

definable kg coset such that X C 7, (L).

L = im(0) for some definable affine kg-linear embedding 6 : V* — V!, say
="m+7. S0 C= 9(71-771711(77_1()() — Tnm(7)))-

Let Y be an irreducible component of n~1(X).

Claim 5.3.4.1. Y is not contained in any coset of a proper algebraic subgroup

of G*.

Proof. Else, by Lemma 5.1.1c, Y C ker(n) 4+ g, say. Let L' := ker(n’) +
v C V*, where mpm(v) =¢g. Then Y C 7wy, (L).
But by Lemma 5.1.1d, X = n(Y) C n(mnm (L") = 7, (0(L")), contra-

dicting minimality of L. O
So we are done by Lemma 5.1.1e. O
IT is now immediate.

Proof of III. In light of I and 5.3.2, it suffices to show:
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Lemma 5.3.5. Let L C V! be a definable affine kg-linear coset, and let A C Al.
Then L+ A is a finite union of sets of form 0~Y(A’), with 6 : Vt — V* definable

affine kg-linear and A’ C AS.

Proof. Say L = ker(¢))+a with ¢ an kg-linear map. Then L+ A = ¢~ 1(¢(A))+

a. ¢(A) C A/, for some m; the result follows easily. O
O

Lemma 5.3.6. A finite intersection of sub-basic is basic.

Proof. This is straightforward from Lemma 5.3.2. O

Proof of IV. Let F be fundamental. By 5.3.3(i), we may assume F = 7~ (X))
for some unfurled X.

By the preceding lemma, it suffices to show that F' is not a finite union of
sub-basic proper subsets of F. If S is sub-basic then 7(S) is closed, so it suffices
to show that if S C F' is sub-basic and 7(S) = X, then S = F.

Say S = (m,,}(Y)NL)+ A and n(S) = X.

Since X = m(F) is unfurled,

Tm () = T (F).

Suppose L C V. Then X = n(F) = n(S) C w(L), so X is in a proper
subcoset of Gt. But this contradicts F' being unfurled.
So
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Proof of V. By Noetherianity of the class of definable kg-linear cosets, in suf-
fices to show that there is no infinite strictly descending chain (F;) of fun-
damental closed such that the F; share a common least containing definable
kp-linear coset L. But indeed, we would then have F; = 6(m; ! (X;)) where
0 is a definable affine kg-linear embedding with L = im(#). So since 6 is a
homeomorphism by Lemma 5.3.3(i), we may assume F; = 7, 1(X;). As above,

dim(7(F;y1)) < dim(7w(F;)), so we contradict finiteness of dim(w(F7y)). O

Proof of VI. Let C be irreducible closed. By II,

C =B

where B; is basic’.

C is irreducible, so C' is contained in an irreducible component F; of Bj.
By the definition of basic’, F; is fundamental closed. Let B} := By N F;. By
Lemma 5.3.6 and 5.3.3(ii), B} is basic’.

So

CCFhN(B=Byn()B:

i>1 i>2
Let F5 be the irreducible component of B containing C'.
Continuing, we construct a descending chain (F;);en of fundamental closed
subsets, such that C = (), F;. By V, C =, F; = F; for some t € N. So C'is

fundamental, as required. O
O

Remark 5.3.1. Note that it is not true that any closed set is basic closed, i.e.
the basic closed sets do not form a topology. Furthermore, 7 is not a closed

map, although the image of basic closed is closed.



66

CHAPTER 5. COVERS AS TOPOLOGICAL STRUCTURES



Part 11

Schanuel Conjectures for

Powers and the CIT
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Chapter 6

CIT and Nonstandard

Endomorphisms

This chapter represents joint work with Boris Zilber.

The Conjecture on Intersections with Tori, as conjectured by Zilber [Zil02b,
Conjecture 1], Conjecture 6.1.1 below, states that there are essentially only
finitely many ways in which a fixed subvariety of G, can have an unusually

large intersection with an algebraic subgroup of GJ,.

In this chapter we show, Theorem 6.3.1 below, that the CIT is equivalent
to a certain dimension inequality regarding non-standard integer powers. We
refer to this as a “Schanuel conjecture” for non-standard integer powers, as
introduced in Section 0.1. A precise statement of this Schanuel conjecture will

be given in the course of this chapter, but we give a rough statement here:

Consider complex exponentiation exp : C — C* in the language which has
the field structure on C* and has a sort for Z acting by multiplication on the
cover C. The CIT holds iff whenever (*C;*Z; *exp) is an elementary extension,

for all T € *C<¥

ld«g(Z/ ker(*exp)) + trd(*exp(z/C)) — ldg(T/ ker(*exp)) > 0, (6.1)

69
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where *Q is the quotient field of *Z.

In fact, we will find it convenient to work in a language which doesn’t explic-
itly mention an exponential map. Furthermore, we give statements and results
in a slightly greater generality, allowing an elliptic curve and its endomorphisms

to replace the role of the multiplicative group and integer powers.

6.1 The CIT for G,, and elliptic curves

Definition 6.1.1. Let W and W’ be subvarieties of a smooth algebraic variety

V. We say that W and W’ intersect atypically iff
codimy (W NW') < codimy (W) + codimy (W),

where codimy (U) := dim (V) —dim(U); an atypical component of WNW' is then
an irreducible component S of WNW’ witnessing atypicality of the intersection,

i.e. which is such that
codimy (S) < codimy (W) + codimy (W').

Remark 6.1.1. By the Dimension Theorem, in the context of Definition 6.1.1,

since V is smooth, we have
codimy (W N W') < codimy (W) + codimy (W').

Let G be either the multiplicative group G,, or an elliptic curve E, defined

over ko > Q.

Conjecture 6.1.1 (CIT). Let W be a subvariety of G™ defined over ky. There
exists a finite set (W) of algebraic subgroups of G™ such that if T < G" is an
algebraic subgroup and S is an atypical component of TN W, then S C T’ for
some T" € 7(W).

By abuse of acronym, we refer to this conjecture as the CIT even if G # G,,.
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Note that the algebraic subgroups in the statement of the conjecture are not
assumed to be connected.

In this chapter, we show that Conjecture 6.1.1 is equivalent to a Schanuel
conjecture for non-standard endomorphismes.

We also consider the following apparently stronger variant form of the con-

jecture, which differs only in that it allows W to be defined with parameters:

Conjecture 6.1.2 (CIT'). Let W be a subvariety of G™, defined over some
extension k > ko. There exists a finite set (W) of algebraic subgroups of G™

such that if T < G"™ is an algebraic subgroup and S is an atypical component of

TNW, then S CT' for someT' € 7(W).

This variant form appears in [BMZ07, p27]; its equivalence to Conjecture 6.1.1

will be proved in the course of the proof of Theorem 6.3.1 below.

6.2 Setup

Let G be either the multiplicative group G,,, or an elliptic curve E, defined over
ko > Q.

Let R := End(G) be the ring of algebraic endomorphisms of G; let kg :=
R®;Q. If G =G, kg 2 Q; if G = E, kg is isomorphic either to Q or to
a quadratic imaginary field. Assume that all the endomorphisms r € R are
defined over k.

We shall consider G in a language which has a sort R for R = End(G), so
elementary extensions contain “non-standard endomorphisms”.

We first fix a standard model. Let F' > kg be an algebraically closed field
of infinite transcendence degree (for example F' = C), and let (G(F); R) be
the two sorted structure where G(F') is taken in the natural language over kg
(see Section A.2), R is taken in the ring language, and the language includes
a function - : R x G(F) — G(F) interpreted as the action of R on G(F). We
write R for the second sort considered as a definable set.

We will also consider elementary extensions (*G;*R) of (G(F); R).
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R has field of fractions kg, so let *kg be the field of fractions of *R. Let

Tor«x resp. Torg be the *R- resp. R-torsion of *G, i.e.
Tor«z (*G) := {z € *G|Tr € *R. rx = 0},

and similarly for Torg(*G).

Then *g/Tor*R(*g) is a *kg-vector space. For T € *G™ and A C *G, define

- (z/A) :=1d-1, (9(T)/H(A)),

where ¢ : *G — *g/Tor*R(*g) is the quotient map and ld-y, denotes *kg-linear
dimension. Define ldr analogously.

Equivalently, say T € *G" is *R-linearly independent iff

and define 1d«% (T) to be the cardinality of any maximal *R-linearly independent
subtuple of Z. Similarly for R.
Given a tuple ¢ € G™, by an algebraic coset over ¢ we mean a fibre H(¢) C

G™ for some algebraic subgroup H < G™"T™,

Lemma 6.2.1. Let H < G™ be an algebraic subgroup, d := dim(H). Then
there exists an algebraic homomorphism 6 € Hom(G",G"~?) 2 Mat,,_q.,(R)

such that H < ker 8 and dim(ker §) = d.

Proof. For some co-ordinate projection pr : G — G% to d of the co-ordinates,
pr(H) = G? and ker pr < H is finite. So say N € N is such that N ker pr = {0}.
Then NH is the graph of a homomorphism : G¢ — G* %, so NH = ker 6 for a

homomorphism 0 : G* — G"~¢. O

Lemma 6.2.2. Leta € G™ and ¢ € G™. Then ldg(a/c) is the dimension of

the smallest algebraic coset over ¢ containing @.
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Proof. We may assume that ¢ is R-linearly independent. Let H(¢) be the small-
est coset over ¢ containing @. Then dim(H) = dim(H (¢)) + m and ldg(ac) =
ldg(@/c) + m, and H is the smallest subgroup containing @c.

So it suffices to prove the lemma in the case that ¢ = (. So let H be the
smallest subgroup containing @. By Lemma 6.2.1, H < ker M for some M €
Mat; ,,(R) with R-linearly independent rows, and dim(H) = dim(ker M) = n—t.

So dim(H) > 1dg(a@). The converse inequality is clear. O

6.3 CIT as a Schanuel conjecture for non-stan-
dard endomorphisms

Theorem 6.3.1. Let F' be an algebraically closed field of characteristic 0 and
infinite transcendence degree. Let G be either the multiplicative group or an
elliptic curve, defined over ko < F, and let R := End(G).

Then Conjecture 6.1.1 holds for G iff for any elementary extension (*G;*R)
of (G(F); R), for any tuple a € *G<*,

0(a) :=1d~r(a) + trd(F(a)/F) —1dg(a) > 0 (6.2)

Proof. We show that the following are all equivalent:
(i) Va € *G<*. 6(a) :=ld-r(a) + trd(F (a)/F) —1dr(@) > 0
(ii) Va € *G<¥. 6(a/G(F)) :=ldg (a/G(F))+trd(F(a)/F)-1dgr(a/G(F)) > 0

(iii) Let W be an algebraic subvariety of G™ defined over F'. Then there exists a
finite set 75 (W) of proper algebraic subgroups such that if C is an algebraic
subgroup with dim C' < codim W, then CNW C |J7§(W).

(iv) CIT’, Conjecture 6.1.2
(v) CIT, Conjecture 6.1.1

We prove (i1) = (i) = (i4i) — (iv) = (v) = (i9):
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(ii) = (i): It suffices to show that for any @,
ld- (@/G(F)) —1dgr(a/G(F)) <1d-z(a) —1dr(a).
For this, it suffices to show that if ¢¢ € G(F)'*" then
ld-r(a/cc) —1dg(a/ce) < ld-g(a/c) —1dgr(a/c).

By Steinitz exchange, this fails iff rc € (@c) , for some r € R and yet for
all 7' € *R, r'c ¢ (ac).». But ¢ € G(F), so this contradicts (G(F); R)

being elementarily embedded in (*G;*R).

(i) = (iii): First note that for any n-tuple Z in the sort G and any ¢ < n, the
condition 1dg (%) < n — t is first-order expressible in the language (G;R),
by saying that there exists M € Mat; ,(R) with R-linearly independent

rows such that Mz = 0.

Suppose (iii) is false for some W. Then by Lemma 6.2.2, the following

type over F' is consistent:

T € W Aldr(T) < codim W

A (A =i--0)

meN \TeR"

So for some elementary extension (*G;*R), the type is realised by some

a € *G". But then

ld«r (@) + trd(a/F) — ldg(a) < codim W + dim W —n = 0.

(iii) = (iv): Let W be an algebraic subvariety of G™ defined over k > k.
Since F is of infinite transcendence degree, we may suppose k < F. We

may suppose that W is (absolutely) irreducible.

Now it suffices to show that for each ¢ < dim(W') there exists a finite
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set (W) of proper subgroups of G™ such that if H is a subgroup with
dim(H) < codim(W)+¢ then any irreducible component S C HNW with
dim(S) > ¢ is contained in some H' € 7(W). Indeed, we can then take

T(W) == U, (W). So fix t < dim(W).

Let Pr be the finite set of co-ordinate projection maps pr : G* — G’
to t-tuples of co-ordinates such that pr(W) is Zariski dense in G*. Since

t < dim(W) and dim(G) = 1, Pr is non-empty.

Let @ € G'(F') be generic - such exists since F is of infinite transcendence

degree.
Note that for any pr € Pr, we have @ € pr(W) and so W Npr—1(a) # 0.
Let (W) := U

orepr 6 (W N pr=t(a)) where each 7§(W Npr~1(a@)) is as

given by (iii). We clain that 7:(W) is as required.

So let H < G™ be an algebraic subgroup such that dim(H) < codim(W)+
t. Suppose S is an irreducible component of H "W with dim S > t. Then
pr(9) is dense for some pr € Pr, and so S’ := SNpr—t(a) # 0. Let
W' =W npr(a) # 0.

Since @ is generic and W, S are irreducible, we have

dim W' = dim W — ¢

dim $’ = dim S — ¢,

So dimH < codimW’'. But S C HN W', so &' CC Jr§(W'); S is

irreducible, so S C H’ for some H' € 75t(W') C 7 (W).

So (W) is as required.
(iv) = (v): Clear.

(v) = (ii): Suppose @ € *G™ and 6(a/G(F)) < 0. We may assume that @

is R-linearly independent over G(F').



76

CHAPTER 6. CIT AND NONSTANDARD ENDOMORPHISMS

Let W be the locus of @ over F' in G, i.e. the intersection of all F-closed

subsets containing @.

We may represent W as W = V(¢) for some ko-closed V' C G"*™ and
some ¢ € G(F)™. We may assume that ¢ is such that ld-g(a/c) =
ld«z(@/G(F)). We may also assume that ¢ is R-linearly independent
(since ¢ € (¢')p for some R-linearly independent ¢'). By appropriate
choice of V', we may also assume that ¢ is generic in the projection pr(V),
so dim(V) = dim(W) + dim(e).

Let 7(V') be as given by (v).

Suppose H(¢) C G is a proper algebraic coset over ¢ such that dim(H (¢)) <
codimgn (W) and H(¢)NW # 0, say b € H(¢)NW. Say S is a component

of HNV containing (b,¢). Then

codimgnsm (S) < (n + m) — dim(e)
= (n+m) — (dim(V) — dim(W))
= codimgn+m (V') + dim(W)
< codimgn+n (V) + codimgn (H (2))

= codimgn+m (V) + codimgn+m (H),

the last equality holding since ¢ is R-linearly independent. So b € H'(¢)
for one of the H' € (V).

So the type

T € W Aldr(Z/¢) < codim W

AN\ N\ FE=7Te-T=0)

m (7,7 )ERm+m

is inconsistent; but @ realises it. Contradiction.

O

Remark 6.3.1. The inequality (6.1) corresponds precisely to the inequality (6.2)
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with G = G,, and F' = C; obvious modifications to the proof of Theorem 6.3.1
therefore suffice to show the equivalence of the CIT to the statement in terms

of (6.1) given in the introduction to the chapter.
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Chapter 7

Schanuel Conjectures for

Raising to Powers and the

CIT

7.1 A Schanuel inequality for generic powers in
exponential fields

The material in this section forms part of joint work with Jonathan Kirby and

Alex Wilkie, [BKWO08].

Definition 7.1.1. Field extensions K and L of a field F' are said to be linearly
disjoint over F, K 1y L, iff any tuple k of elements of K is linearly independent

over L iff it is linearly independent over F'.
Lemma 7.1.1. (i) K lp Liff L Lp K
(ii) K L L iff for any tuple k from K, 1dr (k) = ldg(k)
(iii) If k is algebraically independent over L > F, then F(k) Lp L.
Proof. (i) Standard.

79
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(ii) kis an L-linear basis iff it is an F-linear basis.

(iii) This is [Lan02, Proposition VIIT 3.3].

O

Lemma 7.1.2. Suppose K L L. Then for any tuple T from any field extension
of KL and any A C L,

ldy (Z/L) —1dp(z/L) < 1dg (T/A) — 1dp(T/A)

Proof. Say | € L is a finite tuple s.t. 1dg(Z/lA) = 1dg(Z/L) and ldp(ZT/IA) =
ldp(Z/L).

Now:

1y (Z/A) — g (T/1A) = g (1/A) — dg(1/TA)  (by addition formula)
=1dp(l/A) —1dk(I/TA) (by Lemma 7.1.1(ii))
> ldp(l/A) = 1dp(l/ZA)

=1dp(Z/A) —1dr(Z/lA) (by addition formula)

O

Definition 7.1.1. An exponential field (K;+, -, exp) is a field equipped with a
homomorphism exp : K — K* from the additive group to the multiplicative
group.

An exponential polynomial f: K™ — K is a function of the form

flzr, .. xn) = g(x1, ..., zn,exp(x1), ..., exp(zn)),

where g is a polynomial. An exponential polynomial map F : K™ — K™ is a map
of the form F(Z) = (f1(Z), ..., fm(T)) where f; are exponential polynomials. It

is defined over A C K iff the corresponding polynomials are defined over A. The
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formal derivative % : K" — K™ of F(x1,...,x,) is defined in the obvious way

. .. . dexp(z)
by formal differentiation of polynomial maps, the rule —7"~=

= exp(x), and the
chain rule. The Jacobian of an exponential polynomial map F': K" — K™ at
a point @ € K™ is the matrix Jacg(F') € Maty, ,(K) with ith column g—i(ﬁ). A
non-singular zero of an exponential polynomial map F is a tuple @ € K™ such
that F(a) = 0 and Jacz(F) is non-singular.

The exponential closure (or étale closure) of a subset A C K, ecl(A), is
the set of all z € K such that for some tuple 7 € K<“ and some exponential
polynomial map F' defined over A, zy is a non-singular zero of F'.

A tuple p € K™ is ecl-independent, or exponentially algebraically indepen-

dent, over C' C K iff for all 4,

Di ¢ eCI(C U {ph sy Pi—15,Pig1y - apn})

The following is the main theorem of [BKWO08].

Theorem 7.1.3. Let (K;+,-,exp) be an exponential field, let C < K be ecl-
closed, and let p € K™ be tuple ecl-independent over C. Then for any tuple T
from K:

ldg ) (Z/ ker) 4 trd(exp(Z)/C) — 1dg(T/ ker) > 0,

where ker is the kernel of exp.

Proof. Define:
0(T) = trd(Z, exp(T)) — ldo(Z),

0c(T) :=9(7/C) = trd(7, exp(z)/C) — 1do(T/C),
de(T) := min{dc(27)|Z a tuple from C},
ecle(A) :=ecl(C U A).

In [Kir08], Kirby shows that d¢ is the dimension function of a pregeometry

cle on K, and that eclg = cle.
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So we have:

(i) pis ”self-sufficient” in Cexp with respect to d¢, i.e. for any tuple T € K<¢:

6c(P,T) 2 6c(P)-

(ii) p is algebraically independent over C.

(iii) Q(p) is linearly disjoint from C over Q (by Lemma 7.1.1 iii).

Lemma 7.1.4. For any tuples p,T:

(a) trd(exp(p)/C,exp(T)) < 1dg(p/C, Z)

(b) trd(z/C,p) < ldg) (T/C)

Proof. (a) Say pi,...,p: are Q-linearly independent over (C,Z), and for
i > t, p; is in the Q-linear span of (C,T,p1,...,p:). Then for i > ¢,
exp(p;) is in the algebraic closure of (C,exp(Z),exp(p1),...,exp(pt)).

So trd(exp(p)/C,exp(p)) <t =ldg(p/C,T).

(b) Similar, since if z; is in the Q(p)-linear span of (z1,...,z:,C) then x;

is in the algebraic closure of (C,Dp).
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Now for any tuple T from C we have:

n= ¢ (p)
< dc (7, P) (by 1)
= trd(Z, exp(Z), p, exp(p)/C) — ldg(Z,p/C)
< trd(exp(7), exp(p)/C) + trd(7, p/C) — 1dg(T,p/C)

= trd(exp(p)/C, exp(T)) + trd(exp(z)/C)
+trd(z/C,p) + trd(p/C)
—ldg(p/C, ) — 1dg(z/C)

= trd(exp(p)/C, exp(7)) — 1do(p/C, T)
+trd(Z/C, D)

+trd(exp(F)/C) — dg(z/C) + trd(5/C)

IN

0
+1dg@) (7/C)

+ trd(exp(Z)/C) — 1dg(z/C) + trd(p/C)

But by (ii), trd(p/C) = n, so

0 < trd(exp(T)/C) + ldQ(ﬁ) (T/C) — ldQ(f/C)

< trd(exp(z)/C) + ldge) (T/ ker) — 1dg(Z/ ker) (by (iii) and Lemma 7.1.2)

As required. O

Remark 7.1.1. In the case that the exponential field is a model of the theory
of Rexp, which is the case which will be of relevance below, the use of [Kir08]
in the proof of Theorem 7.1.3 can be replaced by more specific arguments - see

the proof of [BKWO08, Proposition 2.1] for this.
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7.2 Towards Real CIT

As we saw in Chapter 6, the CIT is equivalent to a Schanuel inequality for
non-standard integer powers, (6.1). Theorem 7.1.3 provides such an inequality
for particular rings of non-standard powers, namely those generated by expo-
nentially algebraically independent powers. This applies in particular to models
of the theory of real exponentiation. In this context, a non-standard integer is
just an infinite element of an elementary extension of the real exponential field
Rexp, which is easily seen to be ecl-independent over R. This already provides
a CIT-style result on the reals for families of tori parameterised by a single
integer, Theorem 7.2.2 below. For arbitrarily many powers, the implication of
Theorem 7.1.3 is that any failure of CIT on the reals, for a given variety W
over the reals, must be due to some finitely many fixed exponential-algebraic

dependencies on the integer powers involved - Theorem 7.2.3 makes this precise.

Fact 7.2.1 ([Wil96]). Let R be a model of the theory of the real exponential
field Rexp,. Then R is an o-minimal structure, and the pregeometry of definable
closure, dcl, coincides with the exponential algebraic closure operator ecl defined

above.
First, we give the result for a one-integer-parameter family of subtori:

Theorem 7.2.2. Let V C A” be an affine algebraic variety of dimension d
defined over R. Let M = M(X) = (m; ;(X));; € Matgi1 ,(Z[X]).
Then there exists a finite set (T;); of non-zero n-tuples of integers such that

for all N € Z, if the rows of M(N) are Q-linearly independent then

W@ (7 VAP =T) = /7 =),

9

where TV = (HjiU;ni’j(N))ie{l,...,d+1}~

Proof. Consider the following collection of formulae with free variables (7, t) in

Rexp:
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(i) exp(T) € V

(iv) for each M € N: |t| > M
(v) for eachm € (Z"\ {0}): m-zT:=X;m; -x; #0

Suppose this were a consistent type, say realised by (@, 7) in an elementary
extension *R > Rexp. By (iv) and Archimedeanity of R, 7 ¢ R. By (ii) and
(iii), ldg(r) (@) < (n —d). By (i), trd(@/R) < d. By (v), ldg(@) = n.

So

ldg(r) (@) + trd(exp(a)/R) —1dg(@) < 0,

contradicting Theorem 7.1.3 applied to *R with C' := R < *R (which is an
ecl-closed subset by Fact 7.2.1).
So (i)-(v) are inconsistent. By the compactness theorem for first-order logic,

there exists M € N and a finite collection (77;); of n-tuples of integers such that
¥(z,t) € R. ([(i)-(iii) hold for (z,t)] — (Jt| < M v \/z™ =1)).

So let (72;); := (M;); U ((ma,5(t));)tef-nm.....my, and we are done. O

Next, we give a stronger multivariate version of Theorem 7.2.2, stating that
any failure of Real CIT must be due to exponential relations between the integer
powers involved.

Recall that the (o-minimal) dimension of a tuple @ in an o-minimal structure
R over a subset C C R, dim(a/C), is the dimension of @ over C' with respect
to the pregeometry dcl. The dimension of a definable set X C R"™ defined over
C C R, dim(X), is the maximal value of dim(a/C) for @ € X(*R) for *R = R

is an elementary extension.
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Theorem 7.2.3. Let V. C A" be an affine algebraic variety of dimension d
defined over R. Let s € N. Let M = (m; ;(X)):; € Matgr1.,(Z[X]), X an
s-tuple.

Then there exists a finite set (m;); of non-zero n-tuples of integers, and an
Rexp-definable set X C R"™ with dim(X) < s such that for all N € Z*, if the

rows of M(N) are Q-linearly independent then either N € X, or

vZ € (RX)". (e VATMN =T) - \/7™ =1).

Proof. In fact, we prove the stronger statement where N ranges over R®.

Suppose the statement is false. Then the following type in (Z, ) is consistent:
(i) exp(z) e V
(i) Mp)z=0

(iii) the rows of M (V) are linearly independent over the field (this is one for-

mula)
(iv) 7 is in no definable set over R of dimension less than s
(v) z is Q-linearly independent

and so is realised in some elementary extension *Rexp of Rexp by (@,7) say.
By (i), trd(exp(a)/R) < d. By (ii) and (iii), ldge (@) <n —d—1. By (v),
ldg(@) = n. But by (iv), 7 is ecl-independent over R, which is ecl-closed by

Lemma 7.2.1. So we have a contradiction to Theorem 7.1.3. O



Appendix A

Algebraic varieties as first

order structures

This section aims to be a concise account of some well-known facts about the
model theory of algebraic geometry, for which there appear to be no clear ref-

erences.

A.1 Interpretations

All interpretations will be (-interpretations. An A-interpretable set of a struc-
ture is a set of the form D/ ~ where D is an A-definable set and ~ is an

A-definable equivalence relation.

Notation A.1.1. If A and B are first order structures, I" : A ~~ B denotes an
interpretation of B in .A. We denote I : I — T'(I) the associated bijections of
(-interpretable sets I of B with associated (-interpretable sets T'(I) of A, which
we may also think of as forming a map T' : B — A°. In particular we have
a bijection I' : B — ['(B) of the universe of B with a (-interpretable set of A.
We also denote by I' the associated topological homomorphism I' : Aut(A4) —
Aut(B).
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Note the contravariance: T o A = AoT.
Recall

Definition A.1.1. A self-interpretation is an interpretation I' : A ~ A such
that the associated bijection I' : A — ['(A) is (-definable in A.

A bi-interpretation between A and B is a pair of interpretations I' : A ~ B
and A : B ~» A such that AoT and I" o A are self-interpretations. We denote

such a bi-interpretation by

I': AewB:A.

Remark A.1.1. Although the clearest formulation is in terms of structures as
above, bi-interpretation can be seen to be a property of the corresponding pair

of complete theories.

Definition A.1.2. In the context of a bi-interpretation I' : A «~ B : A, we

define dcl®? on the disjoint union of A°? and B*Y:

a€dcd®(a,b) iff ae€dcdf(a(b))
bede®(a@b) iff bedcz(A),b)
We extend this to infinite sets by finite character, as usual.
Lemma A.1.1.
(i) b € delgl(b) iff T(b) € del{(T'(b))
(i1) dcl® is a closure relation on A% B¢9.

(iii) If I is a (-interpretable set of B and C is dcl®®-closed, then T(I NC) =
rance.

Remark A.1.2. We could make the corresponding definitions and statements for

acl®d.
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A.2 Algebraic varieties in their natural language

Let G be an infinite abstract algebraic variety defined over a field k. Let K > k
be algebraically closed. We consider G(K) as a structure G in the language
which has a predicate for each Zariski closed k-definable subset, and call this
the natural language for the variety.

Let T': K* ~» G be an interpretation of G in ¥, where K is the structure
on K of an algebraically closed field expanded with distinguished constants for
k. T' corresponds to a choice of open cover of G by finitely many k-definable
affine varieties with k-definable transition maps.

G has all the structure induced from ¥ via T; i.e. for any n, X C G" is -
definable in G iff T(X) C T'(G™) is (-interpretable in K*. Note that this implies
that for any sort S = "/ of G°¢, X C S is (-interpretable in G iff T'(X) C T'(S)

is (-interpretable in IC¥. It also implies that G has quantifier elimination.

Fact A.2.1. G is bi-interpretable with ICF,
T:KF e G A,

Proof. Let f : G — K be a non-constant rational function defined over k.
K’ :=im f C K is cofinite in K. Let A be the quotient of the domain of f by
the equivalence relation f(x) = f(y). A is 0-definable in G, and f induces a
bijection 0 : A — K’ which is (-definable in KC*.

Now consider the equivalence relation on A2,
(a,b) ~ (a',b') < 0(a) +0(b) =0(a") + (V).

This is (-definable in K*, and hence in G. Let F := 4°/_, and define ¢ : F —
K; @b/ s a+b. Then ¢ is (-definable in K and is a bijection. Pulling
the ICF structure on K back to F via ¢, F becomes an isomorphic copy of KF
interpretable in G.

Let A : G ~ KF be the corresponding interpretation; ' o A = ¢, so AoT is
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a self-interpretation.

It remains to check that I'oA is a self-interpretation; but indeed, the bijection
FoA:T(G) — ([ o AoT)(G) is (-definable in K¥ since ¢ is; the graph of this
is precisely the image under T' of the graph of Aol : G — (A o T')(G), and so

this map is part of the structure induced on G via T'.
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Miscellany

B.1 Galois representations

We quote here some standard results which are used in a number of places in
the text.

Let E be an elliptic curve over a number field kg.

Suppose E has no complex multiplication, End(E) & Z.

A Galois automorphism o € Gal(Q/kq) induces automorphisms of each E,,
which commute with the maps [m], and hence induces group automorphisms of

T and T;. This gives a continuous [-adic representation:
o1 Gal(Q/ko) — Autz, (7).
The following fact, which is effectively the foundation on which our argument
is built, is highly non-trivial.

Fact B.1.1 ([Ser72]). For each primel, im(p;) < Autyg, (T}) is an open subgroup.

Equality holds for all but finitely many primes.

We sometimes find it useful to use an alternative statement, concerning

group automorphisms of F.:
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Corollary B.1.1.1. There exists m € N such that any group automorphism of

E fixing E,, is induced by some algebraic automorphism fixing ko; i.e.
e Gal(Q/ko) — Aut(Euo/Em) -

Proof. Let l; be one of the finitely many primes such that im(p;) is a proper
open subgroup of Aut(7;). Each im(p;,), being open, contains the kernel of

some reduction Aut(7};) — Aut(E;~ ). So
rElgc : Gal(@/kg)  — Allt(El?o /El:u) s

and for the other primes [, the image is the whole of Aut(Ej~). Let m := IL;{]";

the desired surjection follows by composition with the isomorphism

11, Aut(Eloo) = Aut(EOO).

B.2 Galois cohomology and torsors

We include here a brief account of the material on Galois cohomology we need

in the proof of Lemma 2.4.2.

Definition B.2.1. Let G be a commutative algebraic group defined over a field
k.

o A continuous k/k-1-cocycle is a map 0 : Gal(k/k) — G(k) satisfying
Vo, € Gal(k/k). 0(o1) = 0(c) + o0(T)

and which is continuous with respect to the Krull topology on Gal(k/k)
and the discrete topology on G(k). The continuous k/k-1-cocycles form
an abelian group C* = C'(Gal(k/k),G(k)) with addition (0 + ¢')(c) =
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0(c) +6'(o).

e The k/k-1-coboundaries comprise the subgroup
B! = BY(Gal(k/k),G(k)) := {< -,a > |a € G(k)} < C*,

where < 0, >:= o — a.

e The first k/k cohomology group, H' = H'(Gal(k/k)), is the quotient
group 01/31. Two 1-cocycles in C'! with the same image in H' are said

to be “cohomologous”.

Fact B.2.1 (Hilbert 90). For the multiplicative group, all continuous 1-cocycles

are 1-coboundaries; i.e. for any field k,
H(Gal(k/k), G (B)) = 0.

For an elliptic curve, G = E, the cohomology need not be trivial. It can
be studied in terms of torsors. We follow [Sil86, X.3] for this material; the
reader may look there for justifications. The model-theoretic reader may also

find useful the model theoretic presentation of these ideas in [Pil97].
Definition B.2.2.

e A k-torsor of an elliptic curve E over k (also known as a principal homo-
geneous space for E) is a projective curve T over k and a simply transitive

action of E on T defined over k,

TxE—-T

(B, ) = B+ .

e We write 8 — a for the unique v € T such that v+ o = .

e Two k-torsors T, T’ for E are equivalent, T = T, iff they are k-definably

isomorphic as torsors, i.e. iff there exists a k-definable bijection § : T — T’



94 APPENDIX B. MISCELLANY
such that

V8 eT.VaeE. 0(8+a) =0(8) + a.

T is said to be trivial iff T = E.

WC(E/E) is the set of equivalence classes of k-torsors. It is called the
Weil-Chatelet group - the group structure is defined via the bijection in
Fact B.2.2 below.

e Given a k-torsor T and a point 3 € T(k),

(.8 : Gal(k/k) — E(R)

is a continuous k/k-1-cocycle.
Fact B.2.2. The map

9 : WC(E/k) — HYGal(k/k),E(k))
S O (-, 8) (any B € T(k))

is a bijection.

B.3 Free and locally free abelian groups

Definition B.3.1. A torsion-free abelian group is locally free iff every finite

rank subgroup is free.

Fact B.3.1 (Pontryagin). A countable torsion-free abelian group is locally free
iff it is free.

Lemma B.3.2. For torsion-free abelian groups, the properties of freeness and
local freeness are preserved under taking extensions and subgroups. In other

words, given an exact sequence of torsion-free abelian groups

0 A C B 0,
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C is (locally) free if both A and B are (locally) free, and A is (locally) free if C

is (locally) free.

Proof. For the case of freeness, this is standard and easily proven. The case of

local freeness follows by restricting to finite rank subgroups. O
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