SEPARATING WORDS AND TRACE RECONSTRUCTION
ZACHARY CHASE

ABSTRACT. We prove that for any distinct x,y € {0,1}", there is a deterministic finite
automaton with 5(711/ 3) states that accepts @ but not y. This improves Robson’s 1989
bound of 5(712/ %). Using a similar complex analytic technique, we improve the upper bound
on worst case trace reconstruction, showing that any unknown string z € {0,1}" can be
reconstructed with high probability from exp(é(nl/ %)) independently generated traces.

1. INTRODUCTION

Telling two strings apart using a small collection of tools or a limited amount of data is
a basic problem of the sciences. In this paper, we study two such problems and initiate the
exploitation of the fruitful connection between them and a third closely related problem.

The separating words problem asks for the smallest deterministic finite automaton needed
to separate two given 0-1 strings of length n, in the worst case as a function of n. Specifically,
for distinct z,y € {0,1}", let f,(z,y) denote the smallest positive integer m such that there
exists a deterministic finite automaton with m states that accepts x but not y (one easily
has fo(z,y) = faly,2)). Defining f(n) = max,zyc(o1}» fn(z,y), the “separating words
problem” is to determine the asymptotic behavior of f(n). An easy example [14] shows
f(n) = Qlogn), which is the best lower bound known to date. Goralcik and Koubek [14]
in 1986 proved an upper bound of f(n) = o(n), and Robson [25] in 1989 proved an upper
bound of f(n) = O(n?51log*®n). Our first contribution is breaking the longstanding O(n2/5)
barrier and improving the upper bound to 6(n1/ 3).

Theorem 1. For any distinct x,y € {0,1}", there is a deterministic finite automaton with
O(n'?log" n) states that accepts x but not y.

Motivated by the study of reconstructing DNA, the trace reconstruction problem asks to
determine an unknown string x € {0, 1}" from many traces of x. Specifically, a trace of z is
obtained by deleting each bit of x with probability ¢, independently, and concatenating the
remaining string. For example, a trace of 11001 could be 101, obtained by deleting the second
and third bits. The trace reconstruction question asks for the minimum 7" = T'(n) such that
any = € {0,1}" can be reconstructed with probability at least 0.99 from 7" independently
generated traces of x. For a more precise statement of the problem, see Section 3.

Holenstein, Mitzenmacher, Panigrahy, and Wieder [17] established an upper bound, that
exp(O(n'/?)) traces suffice. Nazarov and Peres [23] and De, O’Donnell, and Servedio [11]
simultaneously obtained the (previous) best upper bound known, that exp(O(n'/?)) traces
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suffice. Batu et. al. [3] proved a lower bound of n, which was improved to (n**) by Holden

and Lyons [15], which was then improved to (n3/2) by the author [7]. There has been a
surge of interest in the trace reconstruction problem in the last four years — see, e.g. [24],
[16], [1], [2], [10], [9], [4], [21], [19], [22].

Our second contribution is an improvement to the upper bound, to exp(é(nl/ %)).

Theorem 2. For any deletion probability ¢ € (0,1) and any 6 > 0, there exists C > 0 so
that any unkown string x € {0,1}"™ can be reconstructed with probability at least 1 — § from
exp(Cn'/®log® n) independent traces of x.

Here is an outline of the paper. In Section 2, we explain the connections between the
separating words problem, trace reconstruction, and a third closely related problem. In
Section 3, we rigorously define the separating words problem and the trace reconstruction
problem. In Section 4, we set our notation for the paper. In Section 5, we sketch the proofs
Theorems 1 and 2. In Section 6, we prove Theorems 1 and 2 assuming two complex analytic
theorems, that we then prove in Section 7, modulo a technical lemma that we prove in the
Appendix.

2. CONNECTIONS

The catalyst behind the development of the technical methods used to establish Theorems
1 and 2 was the exploration of the deep connections between the separating words problem,
trace reconstruction, and a third problem, which we now mention.

What is the minimum & such that for any distinct z,y € {0, 1}", there is some w € {0, 1}*
appearing a different number of times in x and y as a subsequence (i.e., a not-necessarily-
contiguous substring)? The best upper bound known to date is k = O(y/n), due to Krasikov
and Roditty [18], and the best lower bound is e?(V8™  due to Dudik and Schulman [13].
This problem is referred to as the “reconstruction from subsequences” problem, or as the
“k-deck” problem.

The connections between the k-deck problem, trace reconstruction, and the separating
words problem are abundant, but have not seemed to have been mentioned, or exploited,
before in the literature'. Even at a basic level, there are intriguing similarities between the
three problems. For example, for seemingly completely different reasons, pairs z,y € {0, 1}"
without “padding” (i.e., pairs for which there is some small ¢ with z; # y;) can be separated
by a DFA with few states, and can be distinguished with high probability from few traces.
More importantly, the proof of the exp(O(n'/3)) upper bound for trace reconstruction is
an analytic version of the proof of the upper bound of O(y/n) for the k-deck problem (both
proofs use a form of “single bit statistics”); and a number theoretic version of the proof yields
an 5(nl/ %) bound for the separating words problem (explained in Section 5). Additionally,
currently, very self-similar strings, such as the Thue-Morse sequence (and its complement,
each with some padding), are strings we do not know how to handle in any of the three
problems.

IThe connections between the k-deck problem and trace reconstruction have been mentioned in the
literature.



In this paper, we exploit the connection between the three problems by using another
proof of the O(y/n) upper bound for the k-deck problem, by Scott [26]. Specifically, we
reverse an implication of his, noting the basic fact that if two sets A, B C [n] have a different
small moment (i.e., there is some small m € Z=° with > _,a™ # >, 5 0™), then there
is some small prime p and some residue i € [p| with [{a € A : @ = i mod p}| # |[{b €
B : b = imod p}|. We then develop new complex analytic methods, building upon the
complex analytic methods previously used in the k-deck problem and the trace reconstruction
problem, to improve the upper bound on the separating words problem by showing that any
distinct well-separated sets A, B C [n| have a different small moment (see Theorem 2).
Complex analytic methods have not previously been used to attack the separating words
problem.

Our complex analytic arguments are then further built upon to improve the upper bound
on the trace reconstruction problem, using also the observation (discovered independently
in [8] and in [22]) that (weighted) substring counts can be reconstructed from few traces.

We hope this paper will initiate further research into the connections between the three
mentioned problems, leading to further progress on each.

3. FORMAL PROBLEM STATEMENTS

3.1. The Separating Words Problem.

A deterministic finite automaton (DFA) M is a 4-tuple (Q, 0, ¢1, F') consisting of a finite
set @, a function ¢ : @ x {0,1} — @, an element ¢; € @, and a subset FF C Q). We call
elements ¢ € ) “states”. We call ¢; the “initial state” and the elements of F' the “accept
states”. We say M accepts © = x1,...,x, € {0,1}" if and only if the sequence defined by
= q1,7"ip1 = 0(ry, ;) for 1 <i < mn, has r,.1 € F.

For distinct =,y € {0,1}", let f,(x,y) denote the smallest positive integer m such that
there exists a deterministic finite automaton with m states that accepts x but not y. De-
fine f(n) := maxyzyc(o1}r fn(z,y). The “separating words problem” is to determine the
asymptotic behavior of f(n).

3.2. Trace Reconstruction.

Fix § € (0,1) and ¢ € (0,1). For strings w,z, let f(w;x) denote the number of times
w appears as a subsequence in z; that is, f(w;z) equals the number of strictly increasing
tuples (4o, ..., ¢u—1) such that ;, = w; for 0 < j < |w| — 1. For each z € {0,1}", let
denote the probability distribution on {0, 1} given by p,(w) = (1 —q)I*lg" " f(w; z). Let
uX denote the product measure on ({0,1}=")T induced by .

Take n > 1. We say we can reconstruct any string x € {0, 1}" from T traces if there exists
a function F : ({0,1}=")7 — {0, 1}" satisfying

Ppi, g F(O . UT) =a] > 16

for each x € {0,1}" (where the U7 denote the T independently generated traces).



The trace reconstruction problem is to determine the smallest value T = T'(n, g, d) for
which we can reconstruct any string z € {0,1}" from T traces. The most common (and
natural) regime is having a fixed ¢ and ¢, and asking for the asymptotics of 7" as a function
of n (going to infinity).

4. NOTATION

For a positive integer n, we write [n| for {1,...,n}. We write ~ as shorthand for =
(1 +0(1)). In our inequalities, C' and c¢ refer to (large and small, respectively) absolute
constants that sometimes change from line to line. For functions f and g, we say f = 9] (g) if
|| < Clg|log® |g| for some constant C. We say a set A C [n] is d-separated if a,a’ € A, a # o
implies [a—a'| > d. For aset A C [n], a prime p, and aresidue i € [p|,let A;, ={a € A:a =
i (mod p)}. For a string z = zy,...,7, € {0,1}" and a (sub)string w = wy,...,w; € {0,1}},
let pos,(z) :=={je{l,....n—1+1} : 25141 = wy for all 1 < k <[} denote the set of all
(starting) positions at which w occurs as a substring in .

For strings w, z, we sometimes write 1., ., —., as shorthand for H|w| ", vimwe Let D =
{zeC:|z| < 1} The symbol E, denotes the expectation under the probability distribution

over traces generated by the strlng z. For a trace U we define U =2 for j > |U |; this is

simply to make “U] = 0" and “UJ =17 each false. We use 0° := 1. For a function f and a
set F, denote ||f||g := max,cg | f(2)].

5. SKETCHES OF PROOFS

5.1. Separating Words. In this subsection, we sketch an argument of an O(n'/2) upper
bound for the separating words problem, and then how to generalize that argument to obtain
O(n'/3).

For any two distinct strings =,y € {0,1}", the sets pos,(z) and pos,(y) are of course
different. A natural way, therefore, to try to separate different strings z,y is to find a small
prime p and a residue i € [p] so that |pos;(x);,| # |pos;(y)i,|; if we can find such a p and 4,
then since there will be a prime g of size ¢ = O(log n) with |[pos; (z);,| Z |pos;(y)ip| (mod q),
there will be a deterministic finite automaton with 2pg = O(plogn) states that accepts one
string but not the other (see Lemma 2). We are thus led to the following problem.

Problem 5.1. For given n, determine the minimum k such that for any distinct A, B C [n],
there is some prime p < k and some i € [p] for which |A;,| # |Bi,|-

Problem 5.1 has been considered in [26] and in [27]? (and possibly other places) and was
essentially solved in each. We present a simple solution, also discovered in [27].

Claim 5.1. For any distinct A, B C [n], there is some prime p = O(y/nlogn) and some
€ [p] for which |A;,| # | Byl

Proof. (Sketch) Fix distinct A, B C [n]. Suppose k is such that |A;,| = |B;,| for all primes
p < k and all i € [p]. For a prime p, let ®,(x) denote the p cyclotomic polynomial,

of degree p — 1. Then since ) 7, 14(j)e*™5 = > i 1B(j)€2m%j for all p < k and all

2In the latter reference, they look for an integer m < k and some i € [m] for which |A; ;| # | Bi.m|, which
is of course more economical. We decided to restrict to primes for aesthetic reasons.
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a € [p], the polynomials ®,(z), for p <k, divide 377, (14(j) — 15(j))2’ =: f(x). Therefore,
[I,<x ®p(x) divides f(z). Since A # B, f is not identically 0 and thus must have degree

at least > i (p— 1) ~ 3 f;k Since the degree of f is obviously at most n, we must have

15; - < 3n. The result follows. O

A natural idea to improve this 5(\/5) bound for the separating words problem is to
consider the sets pos,, () and pos,,(y) for longer w. The length of w is actually not important
in terms of its “cost” to the number of states needed, just as long as it is at most p, where
we will be considering |pos,,(z);,| and |pos, (y):,| (see Lemma 2). One immediate benefit
of considering longer w is that the sets pos,(z) and pos,(y) are smaller than pos,(x) and
pos; (y); indeed, for example, it can be shown without much difficulty that for any distinct
z,y € {0,1}", there is some w of length n'/? such that pos, () and pos, (y) are distinct sets
of size at most n?/3. Thus, to get a bound of 5(n1/ 3), it suffices to show the following.

Problem 5.2. For any distinct A, B C [n] of sizes |A|,|B| < n?/3, there is some prime
p = O(n'/3) and some i € [p] such that |4;,| # | Bi,|.

As in the proof sketch above, this problem is equivalent to a statement about a product
of cyclotomic polynomials dividing a sparse polynomial of small degree (see the last page of
[27]). We were not able to solve Problem 5.2. However, we make the additional observation
that we can take w so that pos,(x) and pos,(y) are well-separated sets. Indeed, if w has
length 2n'/3 and has no period of length at most n'/3, then pos,(x) and pos,(y) are n'/3-
separated sets. Lemmas 1 and 2 of [25] show that such w are common enough to ensure
there is a choice with pos, (x) # pos, (y). Our main theorem is the following®.

Theorem 3. Let A, B be distinct subsets of [n] that are each n'/3-separated. Then there is
some prime p = O(n'/3) and some i € [p] so that |A;,| # | Bi,l.

Although Theorem 2 is also equivalent to a question about a product of cyclotomic poly-
nomials dividing a certain type of polynomial, we were not able to make progress through
number theoretic arguments. Rather, we reverse the argument of Scott [26], by noting that if
there is some small m so that the m"™-moments of A and B differ, i.e. Y, a™ # >, 5™,
then there is some small p and some i € [p| so that |A4; | # | B;p|. The benefit of considering
the moments problem is that it is more susceptible to complex analytic techniques. Borwein,
Erdélyi, and Kés [6] use complex analytic techniques to show that for any distinct A, B C [n],
there is some m < Cy/n with >~ _, a™ # >, 5 b™. They gave two proofs. One was to find
a polynomial p of degree at most C'v/n such that |p(0)| > |p(1)| + - - + [p(n)|; another was
to show that any polynomial p of degree n with |p(0)] = 1 and coefficients bounded by 1
in absolute value must be at least exp(—C'y/n) at some point close to 1. We were able to
greatly expand upon this second proof to handle sparser polynomials, which we encounter
due to the fact that our sets A, B are n'/3-separated.

5.2. Trace Reconstruction.
We suppose the deletion probability, ¢, is equal to % for this section.

3See page 7 for a more specific formulation.



To obtain the upper bound of exp(O(n'/3)), one first notes that it suffices to distinguish
between any two distinct strings =,y € {0, 1}" (see [23] for details). Then, the main idea is
to count the number of traces with a 1 at a certain index j (depending on z and y); there is
some choice j such that the count for x will differ substantially enough from the count for ,
in expectation. To establish the existence of such a j, it suffices to show that the polynomial

Z;S [ — y]2" is not too small for some z close to 1 on the unit circle. The sufficiency
stems from the identity

n—1 n—1
, 1
(1) Eo |> 15_,(22 - 1)]] =35> mh,
j=0 k=0

valid for any complex number z € C, where U denotes a random trace of z.

Two recent papers on trace reconstruction, [8] and [22], made the observation that, from
not too many traces of a given x € {0, 1}", one can determine the number of times a given
string w appears as a contiguous substring of x. The identity allowing one to do this is
significantly more nontrivial than (1). For example, setting z = 1 in (1) merely recovers the
easy fact that the expected number of 1s in a trace of x is equal to half of the number of 1s
in z; however, the following identity, counting the number of contiguous 01’s appearing in
x, is far from obvious at first sight:

E;

Z lﬁjozolﬁh:l(—l)“_”_ll = Z#{O <k<n—2:x, =024 =1}

0<jo<ji<n—1

In this paper, we weight the various jy’s differently, in analogy to (1):

-1 -1 n—1 /1-1
E, Z (H 1(7]'2:%) (22 o 1)j0 <H<_1)ji_ji_l_l> - 2_l Z (H 1$k+iwi> Zk’

0<jo<-+<g1—1<n—1 \i=0 i=1 k=0

valid for any [ > 1, any w = wy,...,w;_; € {0,1}}, and any z € C. See Proposition 6.2 for
a generalization and a proof.

What we capitalize on is that, for suitable choices of w, the polynomial ZZ;& (Hi;(l) 1z, +i:wi> 2"

is far sparser than Zz;é lmkzlzk . See Theorem 5.

6. PROOFS OF MAIN THEOREMS

Let P* be the collection of all polynomials* p(z) = 1 — ez + Z?:W ¢;z with 1 < d <
n*, e € {0,1}, and |c;| < 1 for each j. We prove the following two complex analytic theorems

in the appendix. We assume them to be true for the rest of the present section.

Theorem 4. For any p € (0, 1), there is some Cy > 0 so that for alln > 2 and all p € P¥,
it holds that

max |p(x)| > exp(—Cin*log® n).
z€[l—n—21 1]

We will be applying Theorem 4 with p = %

4Throughout the paper, we omit floor functions when they don’t meaningfully affect anything.
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Theorem 5. For any p € (0,1), there is some Cy > 0 so that for anyn > 2 and any p € PH,
it holds that ‘
max [p(e”)| > exp(—Cyn* log® n).
|0]<n—2w

We will be applying Theorem 5 with pu = %

6.1. Proof of Theorem 1. The idea of the proof (assuming Theorem 4) is as follows. As
sketched in Section 5 (and as we will rigorously prove soon), it suffices to show that any
distinct n'/3-separated sets A, B C [n] have some different small moment. The sets A, B
having a different small moment is equivalent to the polynomial p(z) := Y, 2" =3 _pa"
not being divisible by a large power of x — 1, which is roughly equivalent to p(z) not being
uniformly too small in some interval [1 — ¢, 1]. And we know by Theorem 4 that this is true.

We will use part of Lemma 5.4 of [6], stated below.
Lemma 1. Suppose f(x) = " a;a’ has a; € C,la;| <1 for each j. If (x —1)* divides
f(x), then Max;_ ;o |f(x)] < (n+1)(§)"

Proposition 6.1. There exists an absolute constant C' > 0 so that for all n > 1 and all
p(z) € Pa'3 . the polynomial (z — 1)Len 108’ nl goes not divide p(z).

Proof. Take C' > 0 large. Take p(x) € a3, Suppose for the sake of contradiction that
(z — 1)l n divided p(z). Then, by Lemma 1 and Theorem 4,

(n + 1)(E)Cn1/3log5n >

max X
9 me[lf%n—2/3 log® n,1] |p( )l

> max iy
T ze[1-n—2/310g% n,1] |p( )|

_ 1/3 1465
Z e Cin log n’

which is a contradiction if C' is large enough. U

Theorem 6. Let A, B be distinct subsets of [n] that are each n'/3-separated. Then there is

some non-negative integer m = O(n'/*log’ n) such that >, 4 a™ # > 5 b™.

Proof. Let f(x) = Y77 ge;o7, where ¢; := 1a(j) — 1p(j). Let f(z) = %, where 7 is
maximal with respect to €p,...,€6._1 = 0. We may assume without loss of generality that
f(O) — 1. Then the fact that A, B are n'/3-separated implies f(w) e P/ By Proposition
6.1, (z — 1)O"*legn qoes not divide f(z) and thus does not divide f(z). This means that
there is some k& < Cn'/?log’n — 1, k > 0, so that f*)(1) # 0. Take a minimal such k. If
k = 0, we're of course done. Otherwise, since f(™ (1) = >0 =1) ... (4 —m+ )¢ for
m > 1, it’s easy to inductively see that > ., j™ = >, pj™ for all 0 <m <k —1 and then

ZjeAjk%Zjijk' ]

Theorem 2. Let A, B be distinct subsets of [n] that are each n'/3-separated. Then there is
some prime p € [1C'n'/31log® n,C'n'/*log® n] and some i € [p] so that |A;,| # |Biy|. Here,
C" > 0 is an absolute constant.



Proof. By Theorem 6, take m = O(n'/?log’n) such that Y., ,a™ # Y, pb™ Since
1> pen @™ = e b < nn™ < exp(O(n'/3log® n)), by basic estimates on the prime count-
ing function there is some prime p € [1C'n'log®n, C'n'/3log® n] such that Y, ,a™ #

Y pep V™ (mod p). Noting that ) _, a™ = SP 0| Aipli™ (mod p) and D opep b = S| Biyli™
(mod p), we see that there is some i € [p| for which |4, ,| # |Bip| (mod p). O

With our main technical theorem proven, we now establish the improved upper bound for
the separating words problem.

Recall that, for a string x = xy,...,z, € {0,1}" and a (sub)string w = wy,...,w; €
{0,1}, we defined pos,(z) ={j € {1,...,n — 1+ 1} : ;1 = wy for all 1 <k <[},

Lemma 2. Let m,n be positive integers, i € [m] a residue mod m, q a prime number, a € [q]
a residue mod q, and w € {0, 1} a string of length | < m. Then there is a determinsitic finite
automaton with 2mgq states that accepts a string x € {0,1}" if and only if |{j € pos,(z) :
j=1i (mod m)} =a (mod q).

Proof. Write w = wy, ..., w;. We assume [ > 1; a minor modification to the following yields
the result for [ = 1. We interpret indices of w mod m, which we may, since | < m. Let the
states of the DFA be Z,, x {0,1} x Z,. The initial state is (1,0,0). If j # ¢ (mod m) and
e € {0,1}, set 6((4,0,5),¢) = (j +1,0,s). If j =i (mod m), set 6((5,0,s),w;) = (j+1,1,5)
and 0((5,0,5),1 —wy) = (j+1,0,s). If j Zi+1—1 (modm), set 6((j,1,s), wj_it1) =
(7+1,1,s) and 6((4,1,5),1 —wj_js1) = (j + 1,0,s). Finally, if j =i+ 1 —1 (mod m), set
(4, 1,8),w) = (j+1,0,s+ 1) and §((j,1,s),1 —w;) = (j + 1,0,s). The accept states are
Ly, x {0,1} x {a}. O

We are now ready to prove Theorem 1, restated below.

Theorem 1. For any distinct x,y € {0,1}", there is a deterministic finite automaton with
O(n'/3log" n) states that accepts x but not y.

Proof. Let xy,...,x, and y1,...,y, be two distinct strings in {0, 1}". If z; # y; for some
i < 2n'/3, then we are of course done, so we may suppose otherwise. Let i > 2n'/? be the
first index with x; # y;. Let w' = z;_5,1/5.1,...,7;_1 be a (sub)string of length 2n'/® — 1.
By Lemma 1 and Lemma 2 of [25], there is some choice w € {w'0,w'1} for which A :=
pos,, () is n'/3-separated and B := pos,,(y) is n'/3-separated. Clearly A # B, so Corollary
2 implies there is some prime p € [$C"n'/?1log®n, C'n!/3log® n] and some i € [p] for which
|A; p| # |Bip|. Since |A;,| and |B;,| are at most n, there is some prime ¢ = O(logn) for
which |A;,| # |Bi,| (mod g). Since |w| = 2n'/3 < p, by Lemma 2 there is a deterministic
finite automaton with 2pg = O(n'/3log” n) states that accepts  but not . O

6.2. Proof of Theorem 2. Fix ¢ € (0,1), and let p = 1 — ¢q. Our starting point is the
following identity (see Section 5 for an introduction to it).



Proposition 6.2. For any x € {0,1}*,1 > 1,w € {0,1}}, and z,...,2z_1 € C, we have

-1 -1
-1 20 — 4y Zi =4 \pa—1
Em P Z 1(~]j:w0 (H 1ﬁj+A1+...+Ai:wi> ( D )J <H(T) >

0<j<n—1 i=1 i=1
Ag,, A1 >1

-1 -1
— Z (H 1961%:%‘) Zgo (H zgﬂk¢11> .

ko<--<kj—1 =0 =1

Proof. By basic combinatorics, the left hand side is
k ki —ko—1\ (ko — k1 — 1 kiq—Fkio—1
7SS e ()T (R (e
AT ek, YOSiSIEI\J 1 2 -1

qkl—1+1_(j+A1+"'+Al71+1)

20 —4v\; A1 —4d\ap1 Rl-1 —4\A, ;-1
ARG

ij+A1+~-'+Azf1+1

X

ko i ko—j ki —ko—1 A1—1_ki1—ko—1—(A1—1)
= Z 1 T, =W; (;(j)(zo—qu J) (Z( Al—l >(21—q) q

<i<l-1
ko<---<kj_1 vosisi A1
kiy— ko —1
- - Aj_1—1 _ki_1—kj_o—1—(A;_1—1
X o X E (211 — q)R1 7 gh-1hie (A1)
A —1
Ay
2: ko k1—ko—1 ki_1—ki_o—1
= 1 xki:wi ZOOZII 0 . o Zlill =2 .
VO<i<l—1
ko<-<kj_1

O

Proposition 6.3. For any distinct v,y € {0,1}", if x; = y; for all 0 < i < 2n'/®> — 1, then
there are w € {0,1}2""" and z € {" : || < n=*3} such that

Z[lmkﬂzwi — Ly imwi) 26| > exp(—=Cn'/*log® n).
k
Proof. Let i > 2n'/®> — 1 be the first index with z; # 3. Let w' = Ti_ont/541s- - Tizl-
Lemmas 1 and 2 of [25] imply that there is some choice w € {w'0,w’1} such that the indices
k for which x; = w; for all 0 < i < 2n'/5 — 1 are n'/5-separated, and such that the
indices k for which y,; = w; for all 0 < i < 2n'/® — 1 are n'/5-separated. Therefore, if
p(2) == Y i llepimw — Lyers—uw,)2¥, then 61% € P.'® for some ¢ € {—1,1} and 0 < m < n.
Thus, by Theorem 5, there is some 6 € [—n~2/>, n=2/%] such that exp(—Con'/®log’n) <
2| = |p(e™?)]. Take 2 = €™, 0

In a previous version of this paper, we used Proposition 6.2 with 21,...,2_; = 0 and 2
chosen according to Proposition 6.3 to prove Theorem 2, which only worked for ¢ < 1/2,
for if ¢ > 1/2, then (—q/p)*~* would be too large in magnitude (for A; ~ n), leading to
too large a variance to well-enough approximate >, (Lo, —uw; — Ly, i=wi|26 With few traces.

9
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The idea of Shyam Narayanan was to choose 21, ..., 21 close to 1 so that (%)Ai*1 would
no longer be too large in magnitude, while also keeping the right hand side of Proposition
6.2 not too small. The following corollary, due to him, establishes the existence of such
ZlyeeeyRl—1-

Corollary 6.1. For any distinct x,y € {0,1}", if x; = y; for all 0 < i < 2n'/®> — 1, then
there are w € {0,1}2""° 29 € {e? - |0] < n ™25}, 21, ... 2901y € [1 — 2p, 1] such that, for
[ :=2n'/?,

ko ,k1—ko—1 ki—1—ki—2—1 107 1/5 140
g Loy, =w; — Ly, =wil20° 21 7 > exp(—C'n'/?log® n).
ko< <k

Proof. Let w and zy be those guaranteed by Proposition 6.3. Let
—1
n ki—1—ko—(1—1
f(21) - (2n1/5) Z [11"1%:“’1 - 1yk —wz]zgo o )'
ko<--<kj_1

Note that f is a polynomial in z; with each coefficient trivially upper bounded by 1 in
absolute value. Therefore, by Theorem 5.1 of [6],

n C
> c1/(2p) 2
(s ) ms 17l = (50 ) LFOI/ ) exp(- 22

i o e1/(2p) .
1/57 .5 2
- <2n1/5> ((2n1/5) exp(=Cn'llog n)> exp(—Q—p)

> exp(—C'n'/?log® n).

The corollary follows by taking a z; realizing this maximum and then setting zo,..., 2,1 =
21 ]

Proof of Theorem 2. Take distinct z,y € {0,1}*. If 2; # y; for some i < 2n'/° — 1,
then, by Lemma 4.1 of [24], x and y can be distinguished with high probability with
exp(O(n'/1%)) < exp(C"n'/?log® n) traces. So suppose otherwise. Let w, 2, 21, . . ., Zop1/5_;

Zi

be those guaranteed by Corollary 6.1. Since zi,...,29,15_; € [1 — 2p,1], each of p_q,

1 <i < 2n'/5—1, is between —1 and 1, and so the expression in brackets in Proposition
6.2 has magnitude upper bounded by n|2zy — 1\”22”1/5, which by [23], is upper bounded by
nexp( 475 )2%n e . Therefore, since the expression in brackets in Proposition 6.2 is a function
of just “the observed traces, by Corollary 6.1 and a standard Hoeffding inequality argument
(see [23] for details; note the pigeonhole is not necessary), we see exp(C”'n'/®log®n) traces
suffice to distinguish between x and y. As explained in [23], this suffices to establish Theorem
2. O

7. PROOFS OF THEOREMS 4 AND 5

We may of course assume n is large.
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Let a = n~2* and r = a='/2. Let r, € [r] be such that

T

Tx 1 1
R - €[20,21];
ZlogQ(j—i—?)) .Z log?(j + 3) [ )

j=1 j=ra+1
such an r, clearly exists. Let

g=+1 if1<j5<r,

€ = — ifr, +1<j<r
Let A\, € (1,2) be such that

T /\a
Z -2 2(; =L
= J*log”(j +3)
Let \
dj - 2—a
j*log™(j + 3)
Define

h(z) = Ao Z e;d; 2
=1

where A, € (1,2) is such that A(1) = 1. Define
h(z) = (1 —a'")h(z).

Define E, to be the ellipse with foci at 1 —a and 1 — a + %a and with major axis [1 —a —
£,1—a+ 3. Let

327 . A
O{ — ela’ﬁ — e—za’
and denote
I :{ZE(C'arg(a_Z):t}
t . ”— ﬁ

for ¢t > 0. Note that Ij is the line segment connecting o and 3 and I, = {e : |0] < a} is the
set on which we wish to lower bound p at some point. Let
a—z a

G, = C: — -,

eCiagt =) e G

be the open region bounded by 1,/ and 1,.

We needed our choice of h to satisfy (i) [h(e?™®)| < 1 — c|t| for |t| > a'/? (up to logs), (ii)
|h(e?™*)| > 1 — Ca? for |t| ~ a, and (iii) h(0D) C D. Some thought shows that a polynomial
with positive coefficients will not work. A summation by parts argument shows (i) holds,
regardless of the values of ¢;. We had roughly half of the ¢;’s be —1 so that (ii) holds.
However, due to our required normalization that k(1) is basically 1, the negative coefficients

make it so that A might not map into the unit disk. Luckily, though, h, and thus h, does
map into the unit disk. We prove that in the appendix.

Lemma 3. For any t € [—m, 7], h(e") € D.

11



Lemma 4. There are absolute constants cy, c5,Cg > 0 such that the following hold for a>0
small enough. First, h(e*™) € G, for |t| < cqa. Second, |h(e*™)] < 1 — C5 02Ty (a 5 for

t € [Z 4\ [-Ceal/?, Coal/?].
Proof. Take |t| < a. Then,

p2rit " 2,2 .2 3-3
—)\ 14 2mit) — 2n°t°9° 4+ O(t
E 210g ; 3( j 7*+ O(t*5%))

Jj=1 J
Y Z #(1 + 2mitj — 27257 + O(t°5%)).
o 7P log?(j +3)
By our choice of 7, h(e*™) =1— 4§ +ei for § := clt2—|—a10—|—0( L2 -) and € := cot + O (L £y,

log? r
where ¢, ¢y are bounded positive constants that are bounded away from 0. By multiplying

the denominator by its conjugate, we have
a 1—94§ y .
arg ((61 — 5(+ ) :Leezza) = arg ( [ —(1—6+e€i)] [(1—0—e)—e"] )
The ratio of the imaginary part to the real part of the term inside arg(-) is
2(1 — 6 — cos(a)) sin(a)
—cos?(a) + 2(1 — §) cos(a) — (1 — )2 +sin?(a) — €2’

Writing cos(a) = 1 — $a® + O(a*) and sin(a) = a + O(a®), and using § = O(a?), the above
simplifies to

a® — 2ad + O(a*)

a?—e2+0(a®)
If |t| < cqa, then, as 6 = ¢1t* + a'® + O(lf;?;z ),€ = cot + O( L2 -), the inverse tangent of the
above is at least 7; the arctangent is at most a, since, by Lemma 3, h(e*™) lies in the unit
disk (alternatively, one may note 2ad > €?).

We now establish the second part of the lemma. Take some m < r (for now). By
summation by parts, for any z € C, we have

(2) Zm: )\azj _ Ao 2721 7 + 2A /m (Zjﬁx Zj) (log(l‘ + 3) + m
~ j2log’(j+3)  m2log’(m+3) "/ 23log’(x + 3)

)dx.

Quickly note that, for z =1, (2) gives

(3) 1= A + 2\, / Lo (log(@ + 3) + 535) dx
mlog®(m + 3) z3log?(x + 3) '

Trivially, for any z € dD, we have

@ o 2o a
m2log®(m +3)| ~ mlog*(m +3)
Note that, for any x > 1,
1 — gl
) T = <t!
(5) ;"’ 1—2z | 1—2 =

12



for all z = ¢*™ with ¢ € (0, 3]. For z = €™ with ¢ € (0,3m™!), (5) and (3) imply

(
™ (D i<a 27) (log(z + 3) + z—+3)
2 /1 )

d
z3log®(z 4 3 v

<

o /3t_1 || (log(x + 3) + HS)dx—i—Z)\ /m t7! (log(z + 3) + Hg)dx
i 23 log®(x 4 3) R - z3log®(x + 3)

m (x| —t~ log(x + 3) + A
o o, [ =) (oste+9) 4 585),  h

34-1 r3log®(x + 3) mlog”(m + 3)
Observe |z] — ¢! > 1z for > 3t~'. Therefore,

zAa/m (m_t1)'(10g(“3)+$_“’)dxz&/m 1

————dz
1 z3log” (z + 3) 1 22 log?(z + 3)

Ao |
Z —dz
log“(m +3) Jy—1 x
Aot Ao
3log®(m+3) mlog®(m+ 3)
Combining (2), (4), (6), and (7), we conclude that, for any ¢ > 3m 1,

Z )\ eQW@]t B )\at n )\a
421og?(j + 3) 3log’(m +3)  mlog*(m +3)

(5)

By symmetry, we see
B i T\ et Alt| Ao

 3log®(m+3)  mlog*(m+3)

‘il(e%it) = T 2 o S
— j?log™(j +3)

for any ¢t € [-1/2,1/2] \ [-3m~*,3m™]. For m = r,, if [t| > Csa'/?, for say Cs = 100, then
certainly [t| > 3m ™!, and so we have

(9) Z A Lol P N
e Plog?(i+3)| = Tlog¥(a )’
for some absolute ¢ > 0. We can crudely bound
: g2t 4 1
(10) Z 2] Sl 20, —1) 9.
A 72 log? (7 +3)| T log*(am!)

Combining (9) and (10), we obtain

r A € e2miti
7% log”(j + 3)

Cs7 2, 1\
= log“(a=1)

13



for |t| > Cer™!, with ¢, > 0 small and Cg large enough. Now, since

Tx T

- A A
A= B —— —‘1
=2 j2log*(j + 3) 2 7 log”(j + 3)

j=1 Jj= r+1j

=1-2
Z 2log j+3)

j=rat1
192 2
- log?(a=1) r.
20
- rlog®(a=1)’

we see

S Agege?t |t]

2 oG] = ol
for [t| > Cer~!, provided Cj is large enough. Since 1 — a'® < 1, we are done. O

Let m = c4_1n2”, J1 = cgln*“m 10g4 n, and Jo = m — J.

Lemma 5. Let u(z) = C — 2% for some ¢ € OD and some d < n*. Then, for any 6 € [0,1),
we have H;’i}ll P(h(e*™ 5 ))| < exp(Cn*log® n).

Proof. First note that

(11) |u(h(62m‘9))| > 1— |h(627ri6)|d > 1— (1 . alO)d > alO‘

Define g(t) = 2log |u(h(e2”(”%)))\. For notational ease, we assume J = 0; the argument
about to come works for all § € [0,1). Since (11) implies g is C', by the mean value theorem

we have
Ja—1 . Ja/m Jo—1 (j+1)/m ‘
1 j ) j
—> 9 (_) _/ g(t)dt| = Z/ (g(t) —yg (_)) "
m = m Ji/m — i /m -
j=J1 1 =~
J2=1 0 a(j4+1)/m .
= max ! Zdt
: Z / " ( 9 <y>|> —
1 Jo—1
< - /
(12) =2 N gl!%ﬂ I (v)].
j=J1 m—=7—=

Since w +— log |u(h(w))| is harmonic and log |u(h(0))| = log |u(0)| = 0, we have

/0 g(t)dt = 2/0 log |u(h(e*™))|dt = 0,

A AT

[u(h(e*™))] < 2
14

and therefore

(13)

Since

Q
—
S

IA



for each t, we have

Ji/m
/ g(t)dt| +
0

By (12), (13), and (14), we have

(14) Qﬂlgﬁﬂ4<20(h (L~%0h)ngob§”

o/m m nt

1 2 j log°n 1 e
—> g(=)|<C +— max_|g'(t)].
mj:J1 m nk m = Lpcitl

Multiplying through by m, changing C' slightly, and exponentiating, we obtain

Jo—1 1 Jo—1
15 ’ 2T ‘ <exp | Cn*log’n + — max |¢' ()| | .
(15) }l < exp g m]hiqdﬂw(ﬂ

Note

& luta(empe]|

=tlo

/
tg) = -
) = ugae
We first show
0

2mit\\ |2
(16) = u(h(em )P
for each to € [0,1]. Let d; = Aye;d; so that h(e2™t) = (1 — a©) > i d;e?™" Then,

‘u (h(e%”)) ‘2 = (1 —a™ (Z d; e2m]t> —

77 ¢

< 500d

t=to

2

(17) (1—a"

d
E:d¥”” —2Re | (1 —a® %(E:dﬁmﬁ +1.

The derivative of the first term of (17) is

a7d-1
(18) (1— a10)2dd ’“j 2mijt Z legjzzw(jl _j2>€2m(jrj2)t'
Ji,J2=1
Since
> ldj| = X < 1+4a'?
j=1
and

> ildi| <4,
j=1
we can upper bound (18) by
d(1 + 4a?)24=D(1 4 44'/?)4,
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which is upper bounded by 250d (say), since d < a~'/2. As the second term of (17) is
2(1 - alo)dz Z @1 s C’i;'d COoS (27"(]1 +eee ]d)t) )
1<, gasr
the derivative of the second term of (17) is

—2(1-a")C > 20(i+ e+ ja)dy, - dyysin (27 + -+ Ga)t)

1<j1,-..jas<r
which is also upper bounded by (crudely) 250d. We've thus shown (16).
Recall [u(h(e?™))| > 1 — |h(e?™)|4. For j € [J1,Js] C [Csa'?m, (1 — Csa'/?)m], we use
(by Lemma 4)
min(L,1— 1)

[h(e*™ )| <1 - s
log*n

to obtain
Jo—1

1

500d

I 3
—7 (1 . (1 B C5mmii’21ni%))d>

Up to a factor of 2, we may deal only with j € [J1,F]. Let J, = cs'd 'mlog®n. Note

that j < J, implies c5, Lo < d7 ' and j > J, implies Oy 2 d='. Thus, using
(1 —2)?<1—gad for x < %, we have
min(Jy, 2 Ji, 2
1 o) 500d 500d ) 1
. 2 < Z 2
moI (1-a- a 5Csmta—d
j=h ( C5mlog n) 2C5m10g2n
4 min(Jx,3)
~2000mlog™n Z 1
B cid J?

j=h
< 2000m log* n2
cid Ji
(19) < Cn*.
Finally, since there is some ¢ > 0 such that (1 —z)! <1 —cforalll € Nand z € [I7}1],
using the notation Z?:a x; =01if a > b, we see

m/2 m/2
1 500d 500d
_ 5 < Z c?
mo. . \d m
J=m1n(J*:%)+1 <1 - (1 - C5m10g2n) ) j=m1n(J*,%)+l
< Cd
(20) < Cn*.
Combining (19) and (20), we obtain
Jo—1
il p
Y max, [g/(1)] < On”.
j Jp m—=m
Plugging this upper bound into (15) yields the desired result. O
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Let Q" denote all polynomials of the form (z — «)(z — 8)p(z) for p € P~

Corollary 7.1. Foranyq € Qf andé € [0,1), [T;¢0,,-1y la(h(e 2mile 2))| < exp(Cn*log’n).

Proof. Take q € Qy; say q(z) = (2 — a)(z — B)p(z) for p € Pt. For j € {1,...,J; — 1} and
for j € {Jy,...,m — 2}, by Lemma 3 we can bound |¢(h(e*™# 2))| < 4n, to obtain

(21) H lq(h(e 2mi ))| < (4n)J1 Ltm—Ja=1 < o Cntlog®n
JE{ 15 J2—1}
By applying Lemma 5 to u(z) := a — z and to u(z) :=  — 2z and multiplying the results, we
see
Jo—1

(22) H |u 27rzj""s | <e Cn* log? n

Jj=J
where u(2) 1= (z —a)(z— ). Let p(z) € {1,1— 2%} be the truncation of p to terms of degree
less than n*. Then, since Lemma 4 gives

min (L +6,1— (L +6))

|h(e2’”%)| <1-—cs <1-dn"log’n

logn

for j e {J1,...,Jo — 1}, we see
(23) ’p (h(e%rz%)) _5(}1(62#@%))‘ < ne—c’logzn < e—cloan.
Lemma 5 implies

Jo—1 s .
(24) H ’p 271-1” | < pCnttlog®n.

j=h
The estimates (23) and (24) combine to give

Jo—1 .
(25) H |p 27rz]+ | < eC'n”lOgsn.

Jj=J51
Combining (21), (22), and (25), the proof is complete. O

Proposition 7.1. For any q € Q,,, it holds that
max |¢(w)| > exp(—Cnlog® n)

wEF,

and

max [g(w)| > exp(—Cnlog n).
welg

Proof. Let g(z) = H;”:_Ol q(h(e 2mmz))_ For z = e*™ with, without loss of generality, 6 €
[0, %), we have by Lemma 4 and Corollary 7.1

o) < (macla(w ) TT la(he o) < (maxla(wl ) exp(Crtog* )

. weG,
J g{ovm_l}
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Thus, (max,eq, |¢(w)])? exp(Cn#log® n) > max.eop |9(2)| > |9(0)] = 1, where the last in-
equality used the maximum modulus principle (clearly g is analytic). The same proof applies

to E, in place of (G,. [

7.1. Proof of Theorem 4.

The following lemma was proven® in [6] (see Corollary 5.3):

Lemma 6. For everyn > 1, p € P4, anda > 0, we have (max, 5 |p(z)])2 < oL maxge—aa [P(2)].
Proof of Theorem 4. Using Proposition 7.1 and Lemma 6, we obtain
e, p(z)] = max |p(z)]
39
> 6_4a exp(—Cn* log® n)
> exp(—C’'n*log’ n).
This completes the proof of Theorem 4. 0J

7.2. Proof of Theorem 5.
The following lemma was proven in [5] (see Lemma 4.3).

Lemma 7. Suppose g is an analytic function in the open region bounded by Iy and I, and
suppose g is continuous on the closed region between Iy and I,. Then,

1/2 1/2
< .
e o()] < (maxlo(2) ) (max o))

ZGIG/Q

Proof of Theorem 5. Take f € P, and let g(z) = (2 — a)(z — B)f(z). A straightforward
geometric argument yields

l9(2)] <

for z € Iy. Letting L = ||g]||7,, Lemma 7 then gives
max |g(z)| < (3Ln2*)Y/2,

ZGIa/g

(z—a)(z—B)| _

< 3n*
1—|z| ~ sin(a) — "

Since we then have
max |g(z)| < max(L, (3Ln2“)1/2),

ZEIG/QULL

the maximum modulus principle implies
max l9(2)| < max(L, (3Ln*")'/?).
z€lq
By Proposition 7.1, we conclude
exp(—Cn*log’ n) < max (L, (3Ln2“)1/2) :

SThey state Lemma 6 for p € S; they define S to be the set of all analytic functions f on the (open) unit
disk such that |f(z)| < = for each z € D. Tt is clear P* C S for each n.

1—-|z|
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Thus,
1 L Cuts
7, = ZHQHIG =7 > exp(—C'n*log” n),
as desired. 0

8. APPENDIX: PROOF OF LEMMA 3
We thank Fedor Nazarov for a simpler proof of Lemma 3, which we include below.

Claim 8.1. Let F be a compact family of (uniformly) bounded Lipschitz functions on [0,1]
such that f01/2 f< f11/2 f for every f € F. Then there exists R,e > 0 so that if m > M and
m, € ((3 —e)m, (3 + €)m), it holds for all f € F that

o S ()< 2w ()

Proof. By compactness, there exists € > 0 so that for all v € (% — €, % +¢€) and all f € F, we
have

1) /07f</71f—e-

Quickly note that

m

Sl el Qe [T 3 e
m log?(j +3)  log*(m + 3) mj)| = m L log®(m + 3)

=1 T = 1ogB (m+3)
log log(m + 3)
log®(m + 3)
1
- 0(log2(m + 3))
as m — 00. As (26) is equivalent to
log?(m + 3) <= 1 J log’(m +3) 1 J
D D il ()<= P il ()

by the above quick note it suffices to prove

1 MM . 1 m .
> S <— > -3
j=1 ]:m*+1

say (for m large enough and m, € ((3 — €)m, (5 + €),m)). But the LHS becomes arbitrarily

close to Om*/ ™ f(), and the RHS becomes arbitrarily close to fnlh m (L) —£, so we're done

by (27). O
. 2

Let f(z) =1 —3 <%) for x € (0,1] and f(0) = 0. Letf.(x) = ¢~ *f(cx) for ¢ > 0

and fo(x) = g—i. We will apply Claim 8.1 to the family F := {f.(z) : ¢ € [0,C]}, for a

suitable absolute C' > 0. An easy computation shows that F is a compact family of bounded
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Lipschitz functions. The condition that fol/ 2 fe < f11/2 fe for every ¢ € [0, C] is equivalent to

Jy fla)dx < f;a f(x) for all @ > 0, which is equivalent to
/b sin x 2da; - /2b sin de
0 x b x
for all b > 0, which is easily verified.

Proof of Lemma 3. The proof of Lemma 4 shows that h(e’) € D if t € [—m, 7] \ [— =, =],

say, so assume [¢| < 5. First note that

‘Im[ﬁ(e“)]

= Xa Z doj Sln(]t)
j=1

< Ao Y djjlt|
j=1
< 2|t.
Also,

Re[h(e™)] = A Z €;d; cos(jt)
j=1
2t2

~ j
>\, di 1 = 22—
= Zejdj< 2>

J=1
12~ - -2
:1_§t)\az€j.] dj
j=1

1 o~
>1— §t2)\a(21)

> 0.

j=1

Finally,

Tx

~ 1 j - 1 j
+)\a7a4t6 T 9,. ' - - T 9, . T - )
[z O 2 3
where we used )
cosz — 1+ % B

is by Claim 8.1 at most

- & 1 1 . 1 1 2
X —— 5 - =] - — =z 5|
[Z log*(j + 3) (12 2) j_z; log®(j + 3) (92 2)]

J=1
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which is at most 1 — 10¢2 by our choice of r,. Combining everything, we see

e = (Refite)))” + (mfa(e))
< (1 —108%)° + 4¢?
<1-6t?
<1,
as desired. 0

9. ACKNOWLEDGMENTS

[ would like to thank Omer Tamuz for introducing me to the wonderful trace reconstruction
problem. I also thank Shyam Narayanan for providing an extension of Theorem 2 to all
q € (0,1), and Fedor Nazarov for a shorter proof of Lemma 3.

REFERENCES

[1] F. Ban, X. Chen, A. Freilich, R. Servedio, and S. Sinha. Beyond trace reconstruction: population
recovery from the deletion channel. ArXiv e-prints, April 2019, 1904.05532.

[2] Frank Ban, Xi Chen, Rocco A. Servedio, and Sandip Sinha. Efficient average-case population recovery
in the presence of insertions and deletions. In APPROX/RANDOM 2019, volume 145 of LIPIcs, pages
44:1-44:18. Schloss Dagstuhl-Leibniz-Zentrum fiir Informatik, 2019.

[3] T. Batu, S. Kannan, S. Khanna, and A. McGregor. Reconstructing strings from random traces. In
Proceedings of the Fifteenth Annual ACM-SIAM Symposium on Discrete Algorithms, pages 910-918.
ACM, New York, 2004.

[4] Joshua Brakensiek, Ray Li, and Bruce Spang. Coded trace reconstruction in a constant number of
traces.CoRR, abs/1908.03996, 2019.

[5] P. Borwein and T. Erdélyi. Littlewood-type problems on subarcs of the unit circle. Indiana Univ. Math.
J., 46(4):1323-1346, 1997.

[6] P. Borwein, T. Erdélyi, and G. Kés. Littlewood-type problems on [0, 1]. Proc. London Math. Soc. (3),
79(1):22-46, 1999.

[7] Z. Chase. New Lower Bounds for Trace Reconstruction. To appear in Annales Institute Henri Poincare:
Probability and Statistics, May 2019, 1905.03031.

[8] X. Chen, A. De, C. Lee, R. Servedio, S. Sinha. Polynomial-time trace reconstruction in the smoothed
complexity model. ArXiv e-prints, August 2020, 2008.12386.

[9] M. Cheraghchi, R. Gabrys, O. Milenkovic, J. Ribeiro. Coded Trace Reconstruction. In IEEE Transac-
tions on Information Theory, doi: 10.1109/TTT.2020.2996377.

[10] S. Davies, M. Racz, and C. Rashtchian. Reconstructing trees from traces. ArXiv e-prints, February
2019, 1902.05101.

[11] A. De, R. O’Donnell, and R. A. Servedio. Optimal mean-based algorithms for trace reconstruction. In
STOC’17—Proceedings of the 49th Annual ACM SIGACT Symposium on Theory of Computing, pages
1047-1056. ACM, New York, 2017.

[12] E.D. Demaine, S. Eisenstat, J. Shallit, D.A. Wilson, Remarks on Separating Words, Holzer, M. (ed.)
DCFS 2011. LNCS, vol. 6808, 147-157, 2011.

[13] M. Dudik and L. Schulman, Reconstruction from subsequences, Journal of Combinatorial Theory, Series
A, wvol. 103, no. 2, pp. 337-348, 2003.

[14] P. Goralcik and V. Koubek, On discerning words by automata, 13th Internat. Colloguium on Automate
Languages and Programming, Lecture Notes Comput. Sci. 226 (Springer, Berlin, 1986) 116-122, 1986.

[15] N. Holden and R. Lyons. Lower bounds for trace reconstruction. To appear in Annals of Applied Prob-
ability, 2019.

21



[16] N. Holden, R. Pemantle, Y. Peres, A. Zhai. Subpolynomial trace reconstruction for random strings
and arbitrary deletion probability. In Proceedings of the 31st Conference On Learning Theory, PMLR
75:1799-1840, 2018.

[17] T. Holenstein, M. Mitzenmacher, R. Panigrahy, and U. Wieder. Trace reconstruction with constant
deletion probability and related results. In Proceedings of the Nineteenth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 389-398. ACM, New York, 2008.

[18] 1. Krasikov and Y. Roditty, On a reconstruction problem for sequences, J. Combin. Theory Ser. A 77,
344-348 1997.

[19] A. Krishnamurthy, A. Mazumdar, A. McGregor, S. Pal. Trace reconstruction: generalized and param-
eterized. ArXiv e-prints, April 2019, 1904.09618.

[20] A. McGregor, E. Price, and S. Vorotnikova. Trace reconstruction revisited. In Proceedings of the 22nd
Annual European Symposium on Algorithms, pages 689-700, 2014.

[21] S. Narayanan. Population recovery from the deletion channel: Nearly matching trace reconstruction
bounds. CoRR, abs/2004.06828, 2020.

[22] S. Narayanan, M. Ren. Circular Trace Reconstruction. ArXiv e-prints, September 2020, 2009.01346.

[23] F. Nazarov and Y. Peres. Trace reconstruction with exp(O(n'/?)) samples. In STOC’17— Proceedings
of the 49th Annual ACM SIGACT Symposium on Theory of Computing, pages 1042-1046. ACM, New
York, 2017.

[24] Y. Peres and A. Zhai. Average-case reconstruction for the deletion channel: subpolynomially many
traces suffice. In 58th Annual IEEE Symposium on Foundations of Computer Science—FOCS 2017,
pages 228-239. IEEE Computer Soc., Los Alamitos, CA, 2017. MR3734232

[25] J. M. Robson, Separating strings with small automata, Information Processing Letters, 30 (4): 209-214,
1989.

[26] A. Scott, Reconstructing sequences, Discrete Mathematics, 175 (1):231-238, 1997.

[27] M. N. Vyaly1 and R. A. Gimadeev, On separating words by the occurrences of subwords, Diskretn. Anal.
Issled. Oper., 21(1):3-14, 2014.

MATHEMATICAL INSTITUTE, ANDREW WILES BUILDING, RADCLIFFE OBSERVATORY QUARTER, WOOD-

STOCK RoAD, OXFORD OX2 6GG, UK
E-mail address: zachary.chase@maths.ox.ac.uk

22



