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Summary: We consider the Navier-Stokes equations for compressible, barotropic
flow in two space dimensions. We introduce useful tools from the theory of Orlicz spaces.
Then we prove the existence of globally defined finite energy weak solutions for the
pressure satisfying p(o) = aglogd(l + o) for large p. Here d > 1 and a > 0. This result
fills the gap between the isentropic flow (where the existence of solutions was already
established) and the isothermic flow (where the existence is still an open problem).



1 Introduction

The Navier-Stokes equations for compressible, barotropic flow in two space dimen-
sions can be written in the form:

% + div (pu) = 0, (L.1)
8 — —
% +div (o ® @) + Vp(o) = pAd + (A + p)V(div @) + of, (1.2)

where the density o = o(t, z) and the velocity @ = [u'(t, z), u?(t, )] are functions of the
time ¢ € (0,T) and the spatial coordinate = € Q where Q C R? is a bounded regular
domain, f = [fX(t,z), f2(t,z)] is a given external force and p(p) is the pressure. The
viscosity coefficients 1 and A satisfy

>0, A4+p>0.

We prescribe the initial conditions for the density and the momentum:
0(0) =00, (eu’)(0)=¢', i=12 (1.3)
together with the no-slip boundary conditions for the velocity:
ullog =0, i=1,2. (1.4)

The problem (1.1) — (1.4) was studied by many authors (e.g. [6], [2] in 3D, [9] in 2D
where ) is supposed to be a power of p etc.). One can find in [6] the global existence
result for the pressure function p € C'[0, o0) satisfying the condition (in 2D)

3
iminf 22 50 for 4> 2.
z—oo 27 2
This result includes the case of isentropic fluid where p(z) = az?, a > 0, for v > 3/2. If
we use the technique introduced in [2] in our two-dimensional case, we will obtain the
global existence result for the pressure of the form p(z) = az?, a > 0, where v > 1. Thus,
we can cover all physical interesting cases of isentropic fluid in two space dimensions.
However, the case of isothermal flow where p(z) = az, a > 0, remains still open.
The motivation of this article is to fill the gap in global existence results between
isothermal and isentropic fluid, in particular, we shall assume that
p € CH0,00), pis convex, non-decreasing and there exist numbers
d (1.5)
d>1,a > 0,29 > 1such that p(z) =azlog®(z), for all z> z,



If we formally multiply (1.6) by @ and integrate by parts, we obtain the energy inequality
(using also (1.1))

t
" +/ / |V + (A + ) |div @2 dz < E(0) (1.7)
0 JQ

E(t) = Elo, @(t) = / L da:—|—//20/z P(5) 45 dor da (1.8)
ro= [ e [ [ 70

{z€Q: 0o () >0}

where

and

If o > 2y then we can compute

/j/:pl(s)dsd(f:/:)(g—

_, /g adlog? (o) 4+ alogh (o)
20

g

) do = Q/g plfra) do —p(eo) + p(z0) =

do — aglog®(o) + azplog®(z0) =

— T alog(g) — o (7 08" () + alog(an) ) + azolog’ ).
Motivated by this relation, we introduce the concept of finite energy weak solutions (see
[2] and [6]) of the problem (1.1), (1.6), (1.4) (let us note that the definition of the function
space Ly joga+1(,)(€2) can be found in the next section).

Definition: We shall say that g, 4 is finite energy weak solution of the problem (1.1),
(1.6) and (1.4) if the following four conditions are satisfied:
o 0>0, € L0, T;L, pga+1 (), ul € L2(0,T; Wy* (), i = 1,2;
e the energy (1.8) satisfies the energy inequality (1.7) for a.a. t € (0,T);
e the equations (1.1), (1.6) are satisfied in D’((0,T) x €2); moreover, (1.1) holds in
D'((0,T) x R?) provided p, @ were prolonged to be zero on R? — Q;
e the equation (1.1) is satisfied in the sense of renormalized solutions, it means that

b(o): + div (b(e)@) + (b'(0)e — b(e))div & =0 (1.9)

halde 51 D0 T > O) far anv A COL(TR) aieh +hat



In the following, we shall introduce that the initial data oo, ¢°, ¢ = 1,2, satisfy compati-
bility conditions of the form:

cL}Q), i=1,2.
(1.10)

00 € Ly 10ga+1(5) (), 00 > 0, ¢‘(z) = 0 whenever go(z) = 0,

Our main result reads as follows:

Theorem 1: Assume Q C R? is a bounded domain of the class C*TY, v > 0. Let
the data oo, ¢* satisfy the compatibility conditions (1.10) and let the pressure p satisfies
(1.5).

Then given T > 0 arbitrary, there exists a finite energy weak solution g, u of the
problem (1.1), (1.6), (1.4) satisfying the initial conditions (1.3).

Remark: As we shall see, the definition of the finite energy weak solutions implies

o€ C(I0,TH L5 () and g € C(0.TE Lk, ) ()
(let us note that the precise definitions of this functions spaces are given in the next

sections), and, consequently, the initial conditions (1.3) make sense. Moreover, by virtue
of (1.10), we see that E(0) < oo.

At first, in the next two sections, we shall introduce useful tools for the proof of
Theorem 1.

2 Excursion to the theory of Orlicz spaces

In this section, we recall several definitions and well known results concerning Orlicz
spaces (see [4] for details). We shall assume that €2 is a bounded domain.

Let ¢ be a Young function. We will denote by L4(€2) the Orlicz space corresponding
to the Young function ¢, it means: a measurable function v is in L4 () if and only if the
Luxembourg norm of u is finite, i. e.

||u||¢:inf{k>0; /Qqﬁ(|u(k$)|> dz < 1} < 0.

Let us denote by E4(€2) the closure of the set of all bounded measurable functions on
Q with respect to the Luxembourg norm || - || ,. Then the space Ey(€2) is separable and

Ly (2) = (E4(Q))", where ¢ is the complementary function to ¢.

Defnitions Tet S0 Teot 11e donote bv T, . &, (O) +he Orlicy aenace conerated bv +the



Remark: The space E4(Q2) corresponding to the space Ly g4, (€2), resp. Le(g)(€2), will

be denoted by E, 5za(y)(€2), Tesp Ec(g) (€2). It holds Ly 1ggay) (€2) = Ey15ga(y) (2),

( Ee(ﬁ) (Q)) "= Ly log/# (y) (Q) and ( Lylogd (v) (Q)) "= Le(l/d) (Q)

Definition: Let d € (—00,00). Let us denote by Ly 44, (£2) the Orlicz space generated
by the Young function ¢ satisfying for sufficiently large y, say, for y > ¢4, the formula

o(y) = y2log*(y).

Definition: Let ¢ be a Young function. Let us denote by WL4(Q2) and W E4(2) the
set of all functions u € Ly(Q2), and u € E4(2), respectively, such that all distributional
derivatives Oz, u, i = 1,2, are elements of the spaces Ly (2), and E4(€2), respectively.

Remark: WLy(Q2) and WE () are Banach spaces with norm [lully,, = [Jully +

10z, ull 4 + [|0z,ull - The space W Ey(£2) is separable. If  be a domain with Lipschitz
boundary then

C®(Q) = WE4(Q), (2.1)

where the closure is taken with respect to the norm of the space W E4(2). The spaces
WL, (2) and WE4(Q) are called Sobolev-Orlicz spaces (see [4], chapter 7).

3 Auxiliary results

In this section, we shall prove several useful lemmas.
Lemma 3.1: Let Q be a bounded domain, let b be a mapping from R? to R and
£[1¢1D*b(¢)| < C < 00 (for |a| < 2, a is multiindex).

Then for d > 0 there exists a constant Dg such that for all g € L, log(@+1) (3) (Q)

1 (F718) % 0ll gy < Dallall, ogiasss - (3.1)

where g is prolonged to be 0 on R? — Q, F denotes the Fourier transform and * denotes
the convolution.

Proof: Lemma 3.1 has the same assumptions as the standard Mikhlin multiplier the-
orem, see [1], Theorem 6.1.6. As in [1], we can show that F~'b* is bounded mapping
as

F o : LAR?) —» LA(R?),  F 'bx:LY(R?) — L'°(R?), (3.2)



Q.E.D.
Lemma 3.2: Let Q be a bounded domain, let b be a mapping from R? to R and
€11 D*b(¢)| < C < 00 (for |a| < 2, a is multiindex).
Then for 3 > 0 there exists a constant Dg such that for all g € Lg(g)(92)

< Dgllg]| (3-3)

| (f_lb) *9”6( e(8)

a71)
where g is prolonged to be 0 on R? — ().
Proof: Let g € L) (), h€e L 541 () and let us extend g, h to be 0 on R — Q.

) ylog 7 (y)
Then, by virtue of the Lemma, 3.1,

/ (F_lb*g) hdz
Q

/R j F'o(z —y)h(z)dz g(y)dy| < Dg|hl|  4a )”gHe(ﬂ)’
2 2 Y

log 2 (y

which, combined with the definition of the Orlicz norm of the Orlicz space (see [4],
Definition 3.6.1), gives (3.3).

Q.E.D.

Lemma 3.3: Let €2 be a bounded domain, let ¢, ¢1 and ¢2 be Young functions and let
there exist numbers ¢ > 0, k > 0, yo > 0, zo > 0 such that for all y > yq, z > 29

Yz
¢ (7) < ¢1(y) + d2(2) + &,
then there is a number m such that for all measurable f; and fs

[f1fally < mllfallg, I f2llg,-

Proof: See [7], Theorem 10.4.

Let Q be a bounded domain. By virtue of Lemma 3.3, the following inequalities
hold:

o Letd>0,8>0andy=d— % > 0. Then there exists a constant a such that

||f1f2||y]og7(y) < a”fl”ylogd(y)||f2||e(g)- (3.4)



e Let d > 0. Then there exists a constant a such that

1l ogayy < allFill o sogaagy I F2ll (3.6)

e Letd >0 and let 8 > 2/d. Then there exists a constant a such that
||f1f2||L2 < a||f1||y2 1Ogd(y)||f2||e(g)- (3.7)

e Leta>0,8>0,7v>0and (a—7)(B8—) > ~2 Then there exists a constant a such
that

||f1f2||e(7) < a||f1||e(a)||f2||e(3)- (3.8)

e Letd >0 and let 8 > 2/d. Then there exists a constant a such that

1ol 1oy < @ll illugayll ol (3.9)

Lemma 3.4: Let Q C R? be a bounded domain with the Lipschitz boundary. Then
W1’2 (Q) — Le(2) (Q),
and
WH2(Q) < L) (), for B < 2.
Proof: See [8] and [4] (Lemma 7.4.1).

Lemma 3.5: Let Q C R? be a bounded domain with the Lipschitz boundary. Let h,,
be a sequence of functions such that

1
hn — h weakly star in L°°(0,T; Ly 1ga(,)(€2))  withd > 5" (3.10)

Let Z C Ec(1/4)(€2) be dense in E.(1/4)(£2) and assume that the functions

r



and
hn — h in C([0,T); W~ H2(Q)). (3.13)

Remark: Here, the convergence with respect to the weak star topology in (3.12) means
that

t— / hy (t)g dz converges uniformly to t — / h(t)gdz
Q Q

for any g € E.(1/4)(©)-

Proof: The set Z is dense in E(1,4)(£2) which is a separable space. Thus, there exists a

sequence ¥; € 2, j =1,2,..., ||1pj||e(1/d) =1,
o Bea/a)()
Ee(1/a) () = span {;}52 "7 (3.14)
Because of (3.10), there exists a constant m such that
ess sup ”hn(t)Hylogd(y) <m, n=12.... (3.15)

te[0,T]

Let t € [0,T], n € N and let € > 0. Then by virtue of the definition of the Orlicz norm
of the Orlicz space Ly 54a(,)(§2) (see [4], Remark 3.12.8), there exists a g € E¢(1/4)(€),
||g||e(1/d) =1 such that

Vo)l gy < /th(t)gd:c-i-a (3.16)

Because of (3.11), (3.14) and (3.15), we can find the sequence t — ¢ such that

lim | h,(tg)gde = /

Jm | [ h(gda. and /th(tk)gdasg||hn(tk)||ylogd(y)§m.

(3.17)

Substituting (3.17) in (3.16), we have ||hy(t) m + €. As ¢ > 0 is arbitrary, we

obtain (using also (3.10))

”ylog‘i(y) <

sup ||hn(t)

te[0,T] sm and - sup ”h(t)”ylogd(y) s m.

”ylogd(y) = +E[0,T]

Let ¢ € A =span {¢; };’11 . Then, we can use Arzela-Ascoli theorem to deduce that

[ hatypds = [ h(tywda. (3.18)



Thus

sup /(hn(t,x)—h(t,x))gdfc < sup /(hn(t,x)—h(t, x))(g — ) dz| +

tel0,T] |/ Q2 te[0,T] |/ Q

4 swp | [ (ha(t,) = e )eds| <+ sup | [ (hlt,n) (e, ) da
tefo,7] |/ te[o,7] 1/

which, combined with (3.18), gives (3.12).
Finally, (3.13) is equivalent to the statement

sup sup / (hn(t) — h(t))y dz| — 0.
t€[0,T]| N9l yy1,2=179Q
(0]
Because of Lemma 3.4, we have the compact imbedding
WH(Q) = Leg1/4) (),
thus, there exists a function ((t) € Le(1/4)(€2),

”C(t)He(l/d) S C, (319)

such that

sup sup /(hn(t) — h(t))ydz| = sup
t€[0,T]| 19l 1,2=1/€Q te[0,T]
0]

/Q (ha(t) — B()C() de]

Thus

sup sup /(hn(t) — h(t))ydz| < sup
tE[O,T] ”'(»b”Wl,?:l Q tE[O,T]
(0]

sup /Q (hn(t) — h(£))C(s) dz

s€[0,T]

(3.20)
Using the estimate (3.19) and (Ly10g4())* = Le(1/a), we deduce that there exists a func-
tion £ € Le(1/4)(£2) such that

sup /Q (hn(t) — h())((s) der = /Q (ha(t) — h(t))€ dz

s€[0,T]

which, combined with (3.20) and (3.12), gives (3.13).
Q.ED.



Let the functions

t— / hn(t)y dz are uniformly bounded and uniformly continuous on [0, T]
Q

for any v € D(Q2). Then

ha = b in C (10, T); L 5% () (3.22).

Proof: Similar to the proof of Lemma 3.5.
Lemma 3.7: Let v,, w, be two sequences,
vp — v weakly in LP(R?), w, — w weakly in LY(R?)

where 1/p+1/q=1/r < 1.
Then

VR jlwn] — wa R j[vn] — vRi jlw] — wR; j[v] weakly in L (R?)
where R; ; are defined by their Fourier symbol

Rigld =7~ <\§|2

) xu, 4,j=1,2. (3.23)

Proof: See [2], Lemma 3.4.
Lemma 3.8: Let v,, w, be two sequences,
vp(z) = wp(z) =0 inR® —Q,

vp, — v weakly star in Leg) (), w, —w weakly star in Ly joga(,(€2).

Let 1
y=d——-—-1>0.
p

Then

UnRij[wn] — wn Ry j[vn] = vRy jlw] — wR; ;[v]  weakly star in Ly iogr (y) (€2)



||Ri,j[v]||e( ) < c(p)||v||e(p), for p > 0. (3.25)

_P_
I
Let us introduce the cut-off operator

—k for z € (—o0, —k,
Qr(z) =1 = for z € (—k, k),

k for z € [k, 00).
thus, using (3.24), we see
”R’LJ[Qk(wn) - wn]” 1 < c”Qk(wn) - wn” B+1 =
ylog? (y) ylog B (y)
= clixgy, si @k(wa) —wa) | 5un - (3.26)
Y= ylog 7 (y)

As wp, are bounded in L, ,ga(,(€2) uniformly in n, we see that there exists a constant c
independent of n such that

/wndajgc, for alln € N,
Q

thus, there exists a function r : (0,00) — (0, 00) such that

lim r(k) =0, p{ze€Q: w,(z) >k} <r(k), foralln €N, (3.27)

k— o0

Now, we can use (3.4) to deduce

1,5 (@) =) | s < el Qu(w0) = Wl gD sl ) <

ylog (v)

< csup [Jwn|| (3.28)

ylogd(y) ||X[wn2k] ||e(%) < C”X[wnzk] ||e(%)

By virtue of the definition of the Luxembourg norm and using (3.27), we easily observe

sl < (57 (5)) 329)

where ¢ is the Young function corresponding to the space L o2 )(Q) Thus, the right
Y

hand side in (3.29) tends to 0 for ¥ — oo uniformly in n. Summing up the results (3.26)
— (3.29), there exists a function ¢ : (0,00) — (0, 00) such that

lim ¢(k) =0



Consequently,

IRij1Qk(w) —wl]| 1 <cllQc(w)—w|| s <q(k) (3.31)
ylogh (y) ylog B (y)

where Qi (w) stands for a weak limit of Qg (wy,).
Finally, we write

(o0 R[] = waRsfon] | — [Reslw] = wReslo]] =

= ( [oaRe1Qx(wa)] = Qulwn)Rislon]] = [R4{Qk(w)] — Qu(w)Riglo]] ) +
+ [onRaglwn — Qu(wa)] = (wn = Qu(wa))Rasfval] +

+ [URi,j [Qr(w) — w] — (Qr(w) — w)Ry 5 [’U]]

where the firts term on the right-hand side converges to zero in D’(2) because of Lemma
3.7 and the rest is uniformly small for large k in view of the estimates (3.30) and (3.31)
together with (3.24) and (3.25). Thus Lemma 3.8 have been proved.

Q.E.D.
Lemma 3.9: Let z >y > 0. Let d > 1. Then

z1og?(1 + 2) — ylog?(1 + ) > (z — y) log?(1 + z — y).

Proof: Let us define g(t) = tlog?(1 +1) for t € [0, 00). Then g is convex, g(0) = 0. Thus
z z
zlog?(1 + 2) — ylog?(1 +y) = / g'(t)dt > / g t—y)dt = (z—y)log*(1+ 2z — ).
y y

Q.E.D.

Lemma 3.10: Let Q C R? be a bounded domain and let d > 0. Then there exists a
constant Dy such that for all g € L2 15g-a(,)(€2)

Milglll, 2,y =< Pallgllyz 1054y, (3.32)

where A;, i = 1,2, are defined by their Fourier symbol



Proof: We shall prove Lemma 3.10 in two steps.
(1) Let ®; be a Young function satisfying ®4(y) = y>log~%(y) for y > yo and

1 (I)_l
/0 ;13/(28) ds < o0. (3.34)

At first, we shall prove the inequality

Milglll 2,y < e(d) Milglllw L, - (3.35)

2
d+2

To this end, we will use imbedding theorems for Sobolev-Orlicz spaces (see [4], Section
7.2). By virtue of (3.34), we can define the Sobolev conjugate ®} by the formula

(@) (y) = /O y 7@”8);2 ) gs.

Then, using [4], Theorem 7.2.3, we get

1 A:[g]]

a1 < (D Ailglllwr,,- (3.36)

Let us define an auxiliary function & : [0, 00) — [0, 00) by the formula

£(z) = {\/Elog%z for z > 2,
(®4)"" (2) for z < 2o,

where zg is chosen so that
Bq(®;(2)) = 2 < ®g(&(2)) for all z > 2.

Thus, ®;'(2) < £(2) and consequently

* (@) (5) * £(s)
o S| Gpdsset

(Q)Z)_l (2) = logd% z forz> 2z

0

which implies
d+2
exp (yﬁ) <®i(y+c) fory>log't 2,

in particular

4ilgll, 5 ) < (@Il Ailg)

_2
a+2

0 (3.37)



To this end, let us introduce the operator R; ; = 05, A;, i, j = 1,2, defined by the formula
(3.23). The operator R; ; satisfies the assumptions of the standard Mikhlin multiplier
theorem, see [1], Theorem 6.1.6. Thus, we can show (compare with [1] and the proof of
our Lemma 3.1) that R; ; is bounded mapping as

Ri;:LP(R?) - LP(R?), p>1, Ri;:L'(R*) — L'°(R?),

where L'>(R?) is one of the Lorentz spaces (we have u € L'*°(R?) if and only if
sup, om(o,u) < oo where m(o,u) = p{z : |u(z)| > o}).

Then, by virtue of [3], Theorem B.2, we have (3.38).

Finally, combining (3.35) and (3.38), we get (3.32). Thus Lemma 3.10 has been
proved.

Q.E.D.

4 Proof of Theorem 1

A starting point of our proof of Theorem 1 will be the following lemma:

Lemma 4.1: Let Q C R? be a bounded domain with C**" boundary and let 8 > 4.
Let § > 0 and let the pressure p satisfies (1.5). Then, given initial data o, ¢ satisfying
the compatibility conditions (1.10), there exists p5 € L*®(0,T;L?(Q)), 05 > 0, uf €
L2(0,T; Wy*(Q)), i = 1,2, such that

(05): + div (05is) =0 in D'((0,T) x ), (4.1)

(estis)s + div (esuss) + (p(os) +065) = nuj + (A+ u)(div s)a,

%

i=1,2, inD'((0,T)x Q), (4.2)
isla = 0, (4.3)
05(0) = 00, (osuj)(0) =gq;, i =1,2. (4.4)

Moreover, g5 € LP1((0,T) x Q) and the equation (1.9) holds in D’ ((0, T) x R?) provided
05, s were prolonged to be zero on R? — Q, for any continuously differentiable function
b such that b’ is uniformly bounded.

Moreover, ps, is satisfy the estimates:

<
tes[%?T] ||Q6(t)”ylog(d+1’(y) < (00, 9); (45)



||ﬁ6||L2(O,T;Wé’2(Q)) S C(Q()a @ (48)

where the constant c is independent of § > 0.
Finally, the energy Es(t) given by the formula

Qs 5
Es(t) = Elps, ts](t) = / —0s |U5| da:—i—// / / —19g dz
Z0 Q -
satisfies the energy inequality
! 2 2
+/ / w|Vis|” + (A + p) [div d5|° dz < Es(0) (4.9)
0 Ja

mo= [ e [ [T

{z€Q: 0o (z)>0}

Y
— o dx.
/9,3—190

Remark: We can prove the global existence of solutions to the Navier-Stokes equations
provided we have good apriori estimates. If we add the artificial pressure term 59? , We

can derive the apriori estimate g5 € L°°(0,T,L°(Q)). This estimate is better than the
apriori estimate obtained from the pressure term p(gs) and we can use results of [6] or
[2] to prove the global existence result for the modified system (with artificial pressure

59?).

Proof of Lemma 4.1 : See either [6], chapter 7.5, or [2], chapters 2 and 3. Our
assumptions are nearly the same as in [2]. Thus we can use the approximation scheme
developed in [2] to prove Lemma 4.1 (compare with [2], Proposition 3.1).

Q.E.D.

The idea of the proof of Theorem 1 is now simple: To pass to the limits for § — 0
in (4.1) - (4.4).

4.1 On the integrability of the density

We first derive an estimate of the density g5 to make possible passing to the limit
in the term § g? as 0 — 0. We shall prove the following lemma:

Lemma 4.2: Letd >1 and 0 < 0 < min(1l.d — 1). Let v € D(0.T) and & € D().



Proof: Let us consider the operators A;, i = 1,2, defined by (3.33). Note, that
0z, Ai[v] = v and, by virtue of the classical Mikhlin multiplier theorem (see [1], The-
orem 6.1.6):

||Ai[v]||W1,s(Q) < c(s)||v||Ls(R2), 1 < s < oo, in particular, (4.10)

||AZ[U]||LOO(Q) S C(S)”,UHLs(RQ) for s > 2.

Similarly, according to Lemma 3.2, we have

| A ]|l o < c(y)||v||Le qyy forallv e Lg,)(R2), v> 0. (4.11)
. )( ) (n ()

(5

Next, let us define the operators R; j, 1,5 = 1,2, by (3.23), thus R; ;[v] = 0z, A;[v]
and we have the estimates (3.24) and (3.25).
Using renormalized continuity equation (1.9) for b(y) = log?(1 4 y), we obtain

(loga(l + Q&))t + div (loge(l + 05)ts)+

+ (0 log? =1 (1 + o5) —log?(1 + 95)) diviis=0 inD'((0,T) x R?). (4.12)

05
1+ 05

Let us consider the functions
i(t, ) = P (t)p(z)Ai[log’ (1 + 05)], i = 1,2, where ¢ € D(0,T), ¢ € D(),

where, as always, o5 is prolonged by zero outside 2.
By virtue of (4.5), we get

sup | log? (1 + os (M)l

) < cleo; D), (4.13)
te[0,T]

D=

where the constant c¢(go, ) does not depend on 6. Consequently, by virtue of (4.11)
Aillog®(1+ g5)] € C([0, T]; WLe(,1,1(92)),

in particular, using the definition of the space E4(2), we get

Aillog? (1 + g5)] € C(0, T]; WE,(5(€)), for 0 < 8 < ﬁ

Now, (2.1) justifies the choice of ¢; as test functions for the equation (4.2) to obtain

T p



T
+ ,u/ ¢/ 8mj¢8$juf5./4i[log6(1+Qa)]dq:dt+
0 Q
T .
+ ,u/ w/ gbamjuf;’Ri,j[logg(l + 05)] dz dt +
0 Q
T
+ Ot ) / ¥ / 0. & div s Aiflog” (1 + 05)] d dt +
0 Q
T
s ) [ [ gdiv (@) 1og (1 + 05) ot +
0 Q

T T
+ / 1/)/ qﬁg(suf;Ri’j[loga(l + os)u}] dz dt —/ 8t1/)/ qﬁg(suf;Ai[loge(l + 05)] dx dt +
0 Q 0 Q

T
+/ 1/)/ posu’A; [<Hlog0_1(1+g5) 05 —10g9(1+95)) div ﬁ,;} dz dt—
0 Q 1+ 05

T 10
_/0 lp/ﬂamiqb(p(%)mgg) A; [log? (1 + 05)] dxdt:kzzlfk

where the integrals I1 — I;p may be treated as follows:
(i) Using Lemma 3.4, (3.4) (4.10), (4.5), (4.8) and (4.13), we have

| = <

T
/ ¢/ Og; ¢ g(suf;uf;.Ai [log9(1 + 05)] dxdt
0 Q

T
< [ sl g 4D’ (1 + 05)] . <

T
SCA sl g |1 Tall oy 1Tl 108° (1 + €5 5t <

(ii) Similarly, by virtue of Lemma 3.4, (3.4), (3.25), (4.5), (4.8) and (4.13), we obtain

T B
MFg/wAyw%%mw%%+wwuag
0

T
i, 6
< [ el ogug IResllos” (1 + el

AT

dt <
)=

=



(iii) In view of (4.10), (4.8) and (4.13), it holds

T
= | [ [ 00,00, usAlog’ (1 + 9] dudt] < c.
0 Q
(iv) Furthermore, (3.25), (4.8) and (4.13) imply
T .
14| = H'/ ¢/ ¢3sz3Ri,j[10g9(1+Q6)] dzdt] <ec.
0 Q

(v) Similarly as in (iii):

T
[Is| = |(A+ ,u)/ w/ Oz, ¢ div @5 A;[log? (1 + g5)]dz dt| < c.
0 Q

(vi) Using (4.8) and (4.13), we obtain

Ig| = <

T
(A—i—u)/o @b/ngdiv (i15) log® (1 + gs) dz dt

S G
< C”u(s“LQ(O,T;Wla?(Q)) tes[%PT] | log” (1 + Qé(t))”e(%) <c.

I

(vii) By virtue of (3.5), it holds

T
| 17| S/ tb/9¢95ug72i,j[log9(1+Qa)u§]dxdtg
0

T
<o [ sl ogon s [ Resllog? (L + ooyl .

d+1/2

In view of (3.25) and (3.8), we can estimate

IIRi,j[10g9(1+96)uf§]|le( ) < C||10g9(1+95)uf§||e( ) S

d+1/2 d—1/2

. .
< c[[log” (1 + 95)”6(ﬁ)”ug”e(2)7
consequently (4.15) implies

rT

(4.15)



provided 6 < d — 1.
(viii) Similarly as in (i), we have

T
Is) = / By /Q bost Aillog® (1 + 05)] dz | <
0

T
i 6
< [ sl sgarsss g | Adlog? (1 + o)l dt <

T
S C/O‘ ||Q5||y10gd+1(y)||ﬁ5||e(2)|| 10g9(1 + Q5)||e( )dt S .

=

(ix) By virtue of (3.5), we get

T
= [0 [ desuiAi] (6108721 + 03) 1 2 ~log®(1-+ ) div 3] dodt| <
o Q 1+ 0s
(4.16)
< T Al (10?11 905 101 div @, d¢
<c 0||95“5”ylogd+1/2<y)H [( og”( +96)1+95 — log”( +Q<s)) iv U5] o) &

Using (3.9) and Lemma 3.10, we obtain

H.A,' [( log?~1(1 + o5) 10_525 —log? (1 + Qa))div ﬁ5i|

e(2d2+1)

0os
1+ 05

<[ (rog?2(1 + 05) —log” (1 + 05) ) div s

<
y? log—2d+1(y)

0os
1+ 05

< clllog? (1 + 00), 5 1y
which, combined with (4.16), yields |Io| < c.
(x) By virtue of (1.5), (4.5), (4.6), (4.10) and (4.13), we have

|I10| = /OTw/QamiqS (p(ga) +5g§) A; [log9(1 + 95)] drdt| <

T
<e / lpCes) + 521 [ Aillog (1 + 25)]ll o < c.

M 1 o 17 ¢ 1 1 e 7 , 1 1 . 7 " / 4 4 a4\



Thus Lemma 4.2 has been proved.

Q.E.D.
Let 6 € (0,min(1,d —1)). Let ¢ € D(0,T) and ¢ € D(12). Put
M ={zeQ: ¢(x) # 0} x{t € (0,T) : ¢(t) # 0}.
Then, by virtue of Lemma 4.2, it holds
//M (59? log? (1 + ps)dzdt < ¢ (4.17)

where ¢ does not depend on 9.
Let us define the set

J ={(z,t) € M : ps(x,t) <k} fork>0andd € (0,1).
In view of (4.5), there exists a constant s € (0,00) such that for all § € (0,1) and k£ > 0

p(M—J79) < (4.18)

i
-

Sc// 5g'gdxdt§c/ 5Q§dxdt+c// 5g§d$dt§
M J? M—J?

< cOkP p(Q) + ¢d //M X(M_Jg)gg dz dt. (4.19)

We can estimate

/0 ' /Q Wpd ol da dt

Let us denote by ® the Young function corresponding to the Orlicz space Le( 1 )(Q X
(0,T)). Then, using (3.5), (4.17) and (4.18), we get

A 8
5//M X a5 dz dt < cllxM_Jg ||e(%)5||g5 1108 ) <

co(o () [ st s apasai<c(o () amy

Combining (4.20) with (4.19), we derive the estimate

T N
/ / wgbégg dz dt| < cdkPp(Q) + ¢ ((I)‘l <_>)
0o Ja s




The right hand side of (4.21) tends to zero as k — 0o, therefore, passing to the limit for
k — oo in (4.21), we infer

T
li g =
51_1)1(1)/0 /QQMS(SQ& dzdt =0

5gf =0 inD'((0,T) x Q). (4.22)

which means that

4.2 The limit passage

As ps satisfies equation (4.1), we infer, by virtue of the estimate (4.5), Lemma 3.5,

05— 0 in C([0, T L5k (@) and g5 — in C(0,TEW2(Q),  (4.23)

next, the estimate (4.8) yields
@5 — @ weakly in L%(0,T; W5>(Q)) (4.24)
and, combining (4.23), (4.24) with (4.7), (4.2), (3.6) and Lemma 3.5, we infer

osts — o in C([0,T7; L;Tolg(efflm(y) (Q)) and gsils — oit in C([0, T); W™ 12(Q2)), (4.25)

finally, (4.24) and (4.25) yield
gguf;ug — ou'w’ weakly in L'((0,T) x Q), i, =1,2, (4.26)

passing to subsequences as the case may be.
By virtue of (4.5) and (1.5), there exists a constant ¢ such that for all 6 > 0

”p(95) ||LOO(O,T;Ly]og(y) () <

thus

p(05) — p(0) weakly star in L°(0,T’; Ly 16g(y)(£2))- (4.27)
In view of (4.22), we get
508 = 0in L},,((0,T) x Q). (4.28)

Finally, using (4.23) and (4.25), we see that the limits p, o satisfy the initial con-
ditions



in D'((0,T) x R?),

(ou®)y + div (ou'd) + (ZTQ)) = pAu’ + (A + p)(div @), i=1,2, (4.30)

T

in D'((0,T) x Q). Thus the only thing to complete the proof of Theorem 1 is to show

p(e) = p(o)- (4.31)
Let us introduce a family of functions (see [2])
Ty(2) = kT(%) forz€R, k=1,2,3,...
where T € C*(R) is chosen so that
T(z)=zforz<1, T(z)=2forz>3, T concave.

Then, since s, s is a renormalized solution of the continuity equation (4.1) in
D'((0,T) x R?), we have

Tk(gg)t + div (Tk(g(;)’l_j(s) + (T]::(Q(;)Q(; - Tk(Qé)) div ’l_j(s =0in D’((O, T) X RZ). (432)

Passing to the limit for 6 — 0+ we obtain (using Lemma 3.6)

0:Tr(0) + div (T (0)@) + (T} (0)0 — Tr(0)) div @ = 0 in D'((0,T) x R?) (4.33)

where

(Ty(05) 05 — Tr(0s)) div s — (Ty(0)e — Tr(0)) div @ weakly in L*((0,T) x Q) (4.34)

and

Ti(05) = Ti(e) in C([0, T]; LY 57°**(€2)) for all 8 > 0. (4.35)

4.3 The effective viscous flux

We introduce the quantity p(g) — (A + 2u)div @ called usually the effective viscous
flux. Here we shall prove the result analogous to the result in [2] (see Lemma 4.2).

Lemma 4.3: Let pg, iis be the sequence of approximate solutions, the existence of



Then r
i [0 / & (p(05) — (\ + 21)div ii5) Te(o5) do dt =

6—)0+

/ lb/ — (A +2p)div u)Tk( ) dx dt

for any ¢ € D(0,T), ¢ € D(Q

Proof: Let us consider the functions of the form

(Pz'(tﬂx) = w(t)¢($)Az[Tk(Q5)], 1= 1725 where 7,0 € D(07T)7 ¢ € D(Q)a

where, as always, g5 is prolonged by zero outside 2. By virtue of (4.11)
Ai[Tr(05)] € C([0, T]; W Le(y (2)), for g € (0,1),
in particular, using the definition of the space E.g)(£2), we get
AilTk(05)] € C([0, T); W E¢() (€2)), for 8 € (0,1), ¢t € [0,T.
Now, (2.1) justifies the choice of ¢; as test functions for the equation (4.2) to obtain

(using also (4.32), (3.24), (3.25) and the assumption d > 1)

/ iﬁ/ p(os) + 595 (A + 2p)div 11'5) Tx(05) dzdt = (4.36)

T
— [0 [ 0u (04 mdiv (@) — ples) — 507) AilTi(en)] dodt +
0 Q
T ) T ‘
+,u/0 1[)/9(8%(15) w3 Tk (05) dxdt—u/o 7,0/9 (8$j¢) usR; ;[ Tr(0s)] dz dt +
T T
tu / y /Q (90, 6) O, ul As[Ti(05)] dz dlt — / " /Q bosu AilTi (o)) da dt +
T .
+ / " / bosus Al (! (08) 05 — Ti(03))div i) dz dt —
0 Q
T i .
- / ¢/ (8wj¢) osusut A; [Ty (0s)) dz dt +
0 Q

T - .
+ [ [ b (Tl Raslbond] - destiRisTe(es)]) doa,

e e



o being set zero outside (2.
Similarly as in (4.36), we can deduce (using also (4.33)):

/ zj)/ (A + 2p)div u) Tk (o) dz dt = (4.37)

- /OT Y /Q azi¢((A + p)div (1) — p(Q)) A;i [T (0)] da dt +

T T
cu [ v [ )@zt = [ v [ (0.,6) wRi;Tile)drat +

T T
+p,/0 1/)/9(8,3].@5) Oz, u Ai[Tk(g)]dazdt—/O zpt/qugu A;i [Ty (0)] dx dt +

T
* /0 Qﬁ/ﬂgbguiAi[(Té(g)g — Tk (0))div @] dz dt —

- / w/ (0z,¢) ou*v? Ai[T (o)) d dt +
0 Q

+ /()Tq’b/ﬂuz (T(Q)'Ri’j[gbguj] — ¢QujRi,j[Tk(Q)]) de dt.

Now, we shall prove that the integrals on the right-hand side of (4.36) converge for
d — 0 to their counterparts in (4.37).
Now, (4.11), (3.25), (4.34) and (4.35) imply

AlTi(0)]  ATe(@)] in C((0,T) x ), (4.38)
RijlTe(os)] = RagTi(@)) in C(0, THLIYH(@) fory € (0,1)  (4.39)

and

Ail(Ty(05) 05 — Ti(05))div ds] — Ai[(Ty.(0)0 — Tr(0))div ]
weakly in L2(0, T; WH2(Q)). (4.40)

With the relations (4.23) — (4.28), (4.38) — (4.40) in mind, it is easy to see that it is
enough to show

| o [ s (TeleRasfbesid) - desudRislTules)l) dode »  (441)
0 Q

(T _
N 'i/m/ N r 11 n . [ —— \1\ q 1,



Lemma 3.8, together with (4.42) and (4.35), gives

Ti(06)Rijlbosuf] — posulRij[Ti(0s)] — Ti(0)Rijlpou’] — pouRi [Tk (o)]

in L2(0, T; W~ 12(Q2)) which, combined with (4.24), implies (4.41) and the proof of Lemma
4.3 is finished.

Q.E.D.

4.4 The amplitude of oscillations

The main result of this part is following (compare with [2], Lemma 4.3):
Lemma 4.4: There exists a constant ¢ independent of k such that

hg?)ip | T%(05) — Tk(9)||y2 log?(y) s¢

where || - ||y2 loge (3) is the Luxembourg norm in the Orlicz space Ly ((0,T) x Q) generated
by the Young function ¢(y) = y?log?(1 +y).

Proof: By the convexity of functions z — p(z) and z — —Tk(z), we obtain

1i;i%1ip/0 /Qp(g(s)Tk(Qa)—@Tk(g)dxdt= (4.43)

~limsup / /Q (p(0s) — p(0)) (Tu(os) — Ti(e)) dwdt +

+/OT/Q<@—10(9)) (Ti(0) — Tr(0)) dz dt >

> limsup / /Q (p(2s) — p(e)) (Te(es) — Te(0)) de dt.

By virtue of Lemma 3.9, we have

(zlog?(1+2) =y log" (1 +9))(Ti(2) = Ti(y)) > |Te(2) — Ta(y)|” log™ (1 + Tii(2) — T(y)])

for all z,y > 0, consequently, (1.5) implies

(p(2) = P())(Ti(2) = Te(y)) > a|Ti(2) = Tily)|* log™ (1 + |Tie(2) — Ta(y)))



> limsup || Tk (05) — Tk(0)||?

. (4.44)
50+ y? log?(y)

On the other hand,

T
lim sup/ / div 45Tk (0s5) — div @ T (o) dzdt =
=0+ Jo JQ

T
limsup/ / (Tk(g5) — Ti(0) + Tr(0) — Tk(g)) div U5 dxdt <
-0+ Jo JQ

< 281;1) [div @s]| 12 ((0,7)x ) 1ig%1}rp 1Tk (25) — T (@)l 20,7y ) <

) 1.
< clim sup [[T4(05) — Ti(0)l 2 gy < €+ 5 msup || Te(os) — Ti(o) (4.45)

5—0+ 5—0+ y2log?(y)

where we used also (3.7) and the Young inequality in the final step.
The relations (4.44), (4.45) combined with Lemma 4.3 yield the desired conclusion.

Q.E.D.

4.5 The renormalized solutions

We are going to use the conclusion of Lemma 4.4 to show the following result (com-
pare [2], Lemma 4.4):

Lemma 4.5: The limit functions g, @ solve (4.29) in the sense of renormalized solution,
ie.,
0b(e) + div (b(e)d) + (v'(e)e — b(e))div i =0 (4.46)

holds in D'((0, T) x R?) provided g, i@ are set zero outside Q for any b € C*(R) satisfying
b'(z) =0 for all z € R large enough, say, z > M (4.47)

where the constant M may vary for different functions b.

Proof: As in [5], Lemma 2.3, we can regularize equation (4.33) to obtain

0¢Sm[Tk ()] + div (Sm [Tk (0)]E) + Sm (T} (0)e — Tk (o)) div @] = rm (4.48)

where S,,,[v] = 9, ¥v are the standard smoothing operators and r,,, — 0 in L((0, T') x R?)
as m — oo for any fixed k.
Now, we are allowed to multiply (4.48) by b' (S, [Tk(0)])- Letting m — oo we deduce



Our next goal will be passing £ — oo in (4.49).
By virtue of (3.4), we have

6—0+
< Hminf{lx;, s glle( ) 1Tk(28) = 2slly 1ogat1(y) for v € (0,d +1). (4.50)

As g5 are bounded in L, oea+1(,)(€2) uniformly in d, we see that there exists a function
r :(0,00) = (0,00) such that

klggo r(k) =0, and p{(z,t)€ (0,T)xQ|os(z,t) >k} <r(k), foré e (0,1). (4.51)

By virtue of the definition of the Luxembourg norm and using (4.51), we easily observe
that for any w > 0 it holds

gyl < (gb—l (%))_1: wk), T g (k) =0, (452)

where ¢ is the Young function corresponding to the space Le( )((0, T) x Q).

1
w

The relations (4.50) and (4.52) (for w = d + 1 —~ > 0) imply that

Ti(0) = 0 as k — 0o in Ly1og7()((0,T) x §2) for any v € (0,d + 1).

Thus (4.49) will imply (4.46) provided we show

V' (Tx(0)) | (Tk(o) — T}(0)0) div ﬂ'} — 0in LY((0,T) x Q) as k — oo. (4.53)

To this end, let us denote

Jk,M = {(t,x) S (O,T) X QlTk(g) < M},

where M is the constant related to b by (4.47). One has

[,

< sup \b’(z)|.//7' ”‘(Tk(g)—Té(g)g)divﬂ" de dt <

V'(T(0) | T(0) — Ti(e)o) div i | dardt <




. . /!
< ¢ lim inf [Tk (s) — Tk (es) sl L2 (g, p)- (4.54)

Now, using (3.7) and (4.52) we see
1T (25) = Ti(05) 051l 2 (s, ey = X, 51y (Ti(25) = Ti26)05) Il 2 s, ) <
/
< ||X[952k]||e(%+1)||Tk(96) ~Tiles)osllz ,, a, Thn) <

2+d

< @0, (W) Tielos) = Ti(es)eslls ;. u (inr (4.55)

and, since T}, (2)z < Ti(2),

1% (05) — T,Q(Q(S)Q<s||,;y2 vy Tean) S 2T o (n) <

< 20Ti(05) = T2 sy + 21T5(0) = Te@ o100y + AT, o 50y <
< 2| Ti2s) ~ Te(0)ll o rogay + 21Te(@) ~ k(@) o pogayy + 2Mu(Q),  (4.56)

and, by virtue of Lemma 4.4 and (4.56), one gets

lim sup || Tk (05) — Ti(es)0slly, ,, , (1,00 S 4C+2Mp(Q)
§—0+ y© log®(y) ’

which, together with (4.54), (4.55) and (4.52), completes the proof of (4.53). Thus,
Lemma 4.5 has been proved.

Q.E.D.

4.6 Strong convergence of the density

We are going to complete the proof of Theorem 1. To this end, we introduce a family
of functions L, € C'(R):

I [ zlog(2) for 0 <z <k,
k() = zlog(k)—l—szzT’;—gs)ds for z > k.

Seeing that L can be written as

Ly (Z) = Brz + bi (Z) (4.57)



Similarly, by virtue of Lemma 4.5 and (4.29),
Oy Lk (0) + div (Lg(0)@) + Tx(0)div @ =0 in D'((0,T) x R?). (4.59)

In view of (4.58), (4.5) and Lemma 3.5, we can assume

Li(0s) = Li(0) in C([0, T]; L*7w¢%%  (Q)) and in C([0,T|; W™ 123(Q)).  (4.60)

ylogdtl(y)

Taking the difference of (4.58) and (4.59) and integrating with respect to ¢, we get

/Q (Lies) — Lu(0)) (1) da =

t
4 / / (Li(03)ils — Li(0)@) - Y + (Tu(o)div @ — Ti(0s)div ifs)g da dt
0 Q

for any ¢ € D(Q). Passing to the limit for 6 — 0 and making use of (4.24) and (4.60),
one obtains

/Q(m — Li(0)(t)¢dz = (4.61)

t t
- / / (Lk(g) - Lk(g)) @-Védrdt+ lim / /(Tk(g)div @ — Tio(0s)div @5)¢ du dt
0 Jo 020+ Jo Ja
for any ¢ € D(Q). As the velocity components u?, i = 1,2 belong to L*(0, T’ Wé’Z(Q)),
it holds .
||
dist[z, 09]

Let us consider a sequence of functions ¢,, € D(2) such that

e L%(0, T; L*(Q)). (4.62)

0 < ¢m <1, ¢ppp(x) =1 for all z such that dist[z, Q] > and

1
m
|Vom(z)| < 2m for all z € Q.

Taking functions ¢, as test functions in (4.61), passing to the limit for m — oo and
making use of (4.62), one derives

t t
/(Lk(g) — Li(o))(t)dw = / / Ty (o)div @dw df — lim / / Ty (05)div 5 dar dit.

Q 0 Ja 020+ Jo Jo
(4.63)

Observe that the term Ly (90) — L (o) is bounded in view of (4.57).
At this stage, the main idea is to let k¥ — oo in (4.63). By virtue of (4.5), we can

assume



since, making of use (3.4), (4.52) and (4.5),

124(0) = 0108l e 0,752 10y ) < i sup 1Z(20) = 25108 (e6)lly 1050 0) <

< cqq—~(k) sup tes[uO?T] llos(t )||y10gd+1(y) —0ask — 0.

Similarly, we obtain
Li(0) — olog(p) in L*°(0, T} Lylog'y(y)(Q)) for any v € (1, d). (4.65)

Finally, by virtue of Lemma 4.3 and the monotonicity of the pressure (cf. (4.43) and
(4.44)), we can estimate the right hand side of (4.63):

//Tk )div @ dzdt — lim / /T,C 0s)div s dzdt <
6—0+

Ti.(0) — Ti(0))div @ dz dt. (4.66)
<[/

By virtue of Lemma 4.4 and (4.52), the right-hand side of (4.66) tends to zero as k — oo.
Now, we can pass to the limit for ¥ — oo in (4.63) to conclude

/leog(g) — plog(p)dz (t) =0 for a.e. t € [0,T]. (4.67)

Because of the convexity of the function z — zlogz, we have
olog(p) > plog(o) a.e. in (0,T) x Q
which, combined with (4.67), gives
olog(o) = plog(o) a.e. in (0,T) x Q. (4.68)

By virtue of (4.5), we can assume

0+ 0 0+ 0 e
( 5 6) 10g< 5 5) — w weakly star in L%°(0,T; L, 154 (,) (€2))

where, in view of convexity, w > plog p. Thus, using convexity and (4.68),

1 1 + o+ 0
0§7m==§mk%um%+§9bﬁgf—<g7f@)k%<—jfﬁ>—+ng@)—

weakly star in L°°(0, T'; Ly 15g4 () (€2))- As glog(o) —w < 0, we have weak star convergence



Now, we are able to prove that even the sequence ps converge in measure to g. To
this end, let us fix ¢ > 0. Then

u,{(t,l') € (O’T) xQ |Q5($,t) - Q(:C,t)| > 0'} <

Sf(k)+ﬂ{(tvm) €0,T)xQ: 05 <k&o<k& |os(x,t) — o(z,1)| 20'} (4.69)

where 7(k) tends to zero for £ — oo independently of § (cf. (4.51)). The second term on
the right-hand side of (4.69) tends to zero for 6 — 0 and fixed k since hs — 0 in measure
and

1
hs > 8—k\9—95|2 for o < k and g5 < k,

consequently, the sequence ps tends to ¢ in measure.
The convergence in measure and the convergence of L!-norms, in particular

||96||L1((0,T)XQ) = /995 dt—*/QthZ ||Q||L1((O,T)XQ)3 (4.70)

imply strong convergence of the sequence g5 in L'((0,7T) x Q). In particular, it implies
(4.31).

By virtue of (4.24), (4.25) and (4.70), we can pass in (4.9) to the limit for 6 — 0 and
we can derive the energy inequality (1.7) (using also convexity of the functions behind
the integral in (1.8)).

Thus Theorem 1 has been proved.
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