TOWERS OF 2-COVERS OF HYPERELLIPTIC CURVES

NILS BRUIN AND E. VICTOR FLYNN

ABSTRACT. In this article, we give a way of constructing an unramified Galois-
cover of a hyperelliptic curve. The geometric Galois-group is an elementary
abelian 2-group. The construction does not make use of the embedding of the
curve in its Jacobian and it readily displays all subcovers. We show that the
cover we construct is isomorphic to the pullback along the multiplication-by-2
map of an embedding of the curve in its Jacobian.

We show that the constructed cover has an abundance of elliptic and hy-
perelliptic subcovers. This makes this cover especially suited for covering tech-
niques employed for determining the rational points on curves. Especially the
hyperelliptic subcovers give a chance for applying the method iteratively, thus
creating towers of elementary abelian 2-covers of hyperelliptic curves.

As an application, we determine the rational points on the genus 2 curve
arising from the question whether the sum of the first n fourth powers can
ever be a square. For this curve, a simple covering step fails, but a second step
succeeds.

1. INTRODUCTION

The motivation for the techniques we develop in this paper is the problem of
finding sharp bounds on the number of rational points on an algebraic curve over a
number field. An important instrument for that is a method conceived by Chabauty
[6] based on p-adic analytic intersections in the Jacobian of the curve. For this
method to succeed, one should have that the Mordell-Weil rank of the Jacobian is
small compared to its dimension.

If Chabauty’s method does not apply directly to a curve C, or is too difficult
to apply, one may try to construct a finite set of curves that cover the original
curve, such that each rational point of C' lifts to a rational point on one of the
covers, a so-called covering collection. It then suffices to find the rational points on
each of the covering curves. Chabauty’s method may apply to each of those covers
independently.

The covering curves will in general be of much higher genus than the original
curve. Folklore suggests that Mordell-Weil ranks of simple abelian varieties tend to
be moderate. Thus, if the Jacobian of the covering curve consists of few, high di-
mensional simple factors, then one would generally expect that Chabauty’s method
should be applicable.

At the other end of the spectrum, things look grim at first. Suppose we have a
curve C over a number field K with rkJac(C)(K) > genus(C') and a cover D such
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that Jac(D) is isogenous over K to Jac(C)® E1 ®- - - ® E,, where the E; are elliptic
curves over K. We have that D covers each FE;. If there is a truly non-trivial point
P € C(K) that lifts to P € D(K), then there is no reason for the image of P in
any of the E;(K) to be a torsion point. If all the E; have positive Mordell-Weil
rank, then the cover D/C is essentially useless from the point of view of Chabauty’s
method. One encounters this situation if one considers a hyperelliptic curve C' of
genus 2 with Jac(C)[2] pointwise defined over K and D a pullback of an embedding
of C in Jac(C') along multiplication by two. For hyperelliptic curves of higher genus
with full rational 2-torsion, the situation is similar.

In this paper, we show that D covers other hyperelliptic curves C’ besides C.
If one knows C'(K) then one can find D(K) by examining the fibers of D above
C'(K). We propose to repeat the construction used to obtain D from C, but now
for C’. We thus obtain a finite set of covers D’/C’ such that the rational points of
C' are covered by those of the D’. The curves C’ may be more suitable for covering
methods (and if it is not, then one may consider further covering steps).

Furthermore, the construction in this paper gives a very explicit description of
the simple factors of Jac(D) as Weil-restrictions of Jacobians of hyperelliptic curves.
This makes Jac(D) computationally reasonably accessible.

Note the complementary nature of both techniques. In general one would expect
that one 2-covering step should suffice if the 2-torsion has a high degree field of
definition. On the other hand, if the 2-torsion is defined over a small field, then a
second covering step is probably feasible.

Whether we can actually carry out the necessary computations depends on
whether we can find a finite index subgroup of the Mordell-Weil groups of the
relevant abelian varieties. Unfortunately, the known methods for that are only
conjecturally effective.

As an example of utilising towers of covers to find the rational points on hyper-
elliptic curves, we prove

Theorem 1.1. The rational points on
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It follows that the only integral points have x € {0, 1co}. We obtain an alterna-
tive proof to [11], that the sum of the first  powers is not a square for z > 1.

2. PRELIMINARIES

Let K be a number field. We write K for its algebraic closure and Gal(K) =
Gal(K/K) for the Galois group of K over K. Let M be a Gal(K)-module. For
i =0,1, we write H'(K, M) = H'(Gal(K), M) for the Galois-cohomology groups
of M. Following [12, Theorem X.1.1(c)] we write

K(S,m)={be K*/K*™ :ord,(b) =0 mod m for all v ¢ S}

and we extend the notation to semi-simple commutative algebras over K component-
wise, where v ¢ S should be interpreted as “v is a prime not above a prime in S”.

A curve C/K is a smooth, complete, absolutely irreducible variety of dimension 1
over K. Let D and C be two curves. We call D/C a cover if there is a non-constant
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morphism D — C' defined over K. We consider the choice of the morphism to be
fixed if we refer to the cover D/C.

The group Aut(D) is the group of degree 1 maps D — D defined over K. Let
D/C be a cover with the morphism ¢ : D — C. The group Aut(D/C) C Aut(D)
consists of ¢ € Aut(D) such that ¢ o) = ¢. If #Aut(D/C) = deg(¢) then D/C' is
a Galois cover.

A curve D’ over K that is isomorphic to D over K, is called a twist of D. We
write Twistx (D) for the set of K-isomorphism classes that contain a twist of D.

Theorem 2.1. Let D be a curve over a number field K. We have
Twistx (D) = H' (K, Aut(D)).

See [12, Theorem X.2.2].

Recall that ¢ € H'(K, Aut(D)) is represented by a 1-cocycle Gal(K) — Aut(D),
denoted by o +— &,. A 1-cocycle satisfies &,, = %, 0 &, for any o, 7 € Gal(K).

Let £ = (0 — &,) € HY(K, Aut(D)). Using &, we define a new Gal(K)-action
on D(K). Let P € D(K) and o € Gal(K). Then the new action is given by
7*P = £-1(°P). Tt is easily checked that °™*P = “*(7*P). The set D(K) equipped
with this new action is again the set of K-points of an algebraic curve over K. This
is the curve D twisted by £&. We denote this new curve by & * D. This construction
gives a natural set-theoretic bijection ¢¢ : D(K) — & * D(K). It is induced by an
isomorphism ¢ of curves defined over K. Of course, if ¢ is non-trivial then 1 is
not defined over K. If 1)¢ is represented by a coboundary, which means that there
is a ¢ € Aut(D) such that & = %Y~ o), then e =+ and £ x D = D.

3. CHABAUTY METHODS

3.1. The original idea. Let K be a number field and let C' be an algebraic curve
over K of genus g > 1. We know that C'(K) is finite, but all the known proofs
are ineffective. The known proofs do give a bound on the size of C(K) but usually
those bounds are not attained.

If C(K,) is empty for some completion K, of K at a prime p then the subset
C(K) is empty too. The first problem is effectively decidable. Unfortunately, the
Hasse principle, which states the converse, does not hold for all curves of positive
genus.

We will assume that, if C(K) is empty then we have a way of showing so, for
instance, by local means. Otherwise, we have Py € C(K). Then, by the Abel-
Jacobi map P — [P — Py], we can view C as a subvariety of J = Jac(C) over
K.

In fact, for ¢ > 2 we do not need that assumption. We can use the canonical
divisor w for P +— [(29—2)P—w]. The image of C' will be singular, which complicates
the argument below, though. Furthermore, it may be hard to represent Jac(C)(K).

Let p be a prime of K over a finite rational prime p. The set C'(K) is contained
in J(K) and in C(K,) C J(K,). Let J(K) denote the p-adic topological closure
of J(K) C J(K,). Then C(K) C C(K,) N J(K). The latter is the intersection of
two p-adic analytic varieties. Therefore, we have analytic methods at our disposal
to bound the size of the intersection. In particular, one can show that it is finite if
dim(J(K)) < dim(J(Ky)). This is always the case if rk(J(K)) < g.

In practice, if rk(J(K)) < g, one can often find a prime p such that #C(K) =
#(C(Kp)NJ(K)). Thus, if we know a subset of C'(K') that attains this size bound,
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then we know C(K) itself. See [6] for the first mention of this idea and [7] for a
more modern treatment. See [9] and [14] for detailed descriptions for application
to specific curves.

3.2. Subcovers. In order to carry out the construction suggested in Section 3.1,
we have to know J(K), or at least a subgroup of finite index. In practice this is one
of the most difficult steps. Furthermore, these computations become rapidly more
cumbersome with growing genus g. So, while from the theoretical point of view,
large genus is good because that leaves room for the Mordell-Weil rank of J being
large while still satisfying rk(J(K)) < genus(C'), it is bad for actually carrying out
the computations.

Suppose that C is a cover of another curve E¥ over K. That means there is a
nonconstant morphism 7 : C — E over K. Then n(C(K)) C E(K). If E(K) is
known and finite, then we only have to search the finite set 7—!(E(K)) for rational
points to determine C'(K).

In particular, if F is an elliptic curve of (provable) rank 0 or a curve of genus
0 with no rational points (which, by the Hasse principle, can be shown by local
means), then this construction gives a particular easy way of finding C'(K).

A slightly more difficult case occurs if there is a subcover 7 : C' — E over K
that is only defined over some extension L of K. Let A be the Weil restriction
%L/K(Jac(E)) in the sense of [1, §7.6]. Then, by definition, Mory,(C, Jac(E)) =~
Morg (C, A). Therefore, the non-constant map C' — Jac(C) =% Jac(E) induces a
non-constant map 7’ : C — A. We can now try to determine 7'(C)(K) using the
same techniques as in Section 3.1 and then use that C is a cover of 7/(C).

In carrying out this process, we have to determine (something close to) A(K).
However, this is isomorphic to Jac(E)(L). So, in this special case, we can get
information on the Mordell-Weil group of an abelian variety of dimension [L :
K] - genus(E) by analysing the Mordell-Weil group of the genus(E)-dimensional
Jacobian of E over a degree [L : K] extension of the base field of A. Thus, we
interchange geometric dimensions for arithmetic degree. Given the present state of
knowledge of number fields, this is desirable from a computational point of view.

Instead of translating information about F(L) into information about A(K), we
might also go the other way and formulate our problem directly in terms of FE.
Suppose that C' covers a curve S over K and that there is a cover ¢ : E — S over L
such that ® : C — S factors as ¢ o w over L. Note that, by choosing S = P!, there
is an abundance of maps ®, ¢ that satisfy this criterion. Since ®(C(K)) C S(K)
and m(C(K)) C E(L), we see that if we can determine {P € E(L) : ¢(P) € S(K)}
and it is finite, then we can obtain C(K) with a finite amount of work. If F is a
genus 1 curve then this set is computationally quite accessible. See [2] and [3] for
details.

4. COVERING TECHNIQUES

It may happen that the methods described in 3.1 do not apply. As pointed out
in [14], one may try to construct a set {Ds} of covers of C such that the images of
D;(K) together cover C(K). We call such a set a covering collection. If one can
find all Ds(K), possibly with methods that failed on C, then one obtains C'(K) by
taking the union of the images of Ds(K). Obviously, it is desirable to construct
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finite covering collections. An unramified Galois cover of C' gives rise to a finite
covering collection.

Theorem 4.1 (Wetherell). Let ¢ : D — C be an unramified Galois cover over a
number field K. Then there is a finite set {{x D} of twists of D, unramified outside
the primes of bad reduction of the cover D/C, such that

C(K) = J (£ * ) (£ = D(K)).

Proof. We repeat the proof from [14] to fix notation. Suppose we have a point

P € D(K) with ¢(P) € C(K). Let 0 € Gal(K). Then
¢(“P) = °¢("P) = °(¢(P)) = ¢(P).
We see that Gal(K) permutes the K-points of the fiber of ¢ above ¢(P). Since
D/C is Galois, it follows that there is a & € Aut(D/C) such that °P = &, (P).
Since
§or(P) = 7P = °("P) = (& (P)) = % ("P) = %: 0 &:(P),

we see that € = (0 — &,) € HY(K,Aut(D/C)). The cocycle representing & is a
coboundary (i.e., £ is trivial) if there is a ¢ € Aut(D/C) (or ¢ € Aut(D) if we
are interested in twists of D alone as opposed to twists of the cover D/C) such
that &, = %=1 for all ¢ € Gal(K). In that case we see that % (°P) = (P).
Therefore, ¥(P) € D(K). If ¢ € Aut(D/C), then ¢ o 1) = ¢ and thus that there is
a rational point in the fiber of ¢ above ¢(P).

Furthermore, if ¢ : D — C has good reduction at a prime p of K, then & is
unramified at p. Let S be a finite set of primes containing the primes of bad
reduction of D/C and the primes at infinity. Following [12], We write

HY(K,Aut(D/C); S)

for the classes of cocycles that are unramified outside S. This is a finite set. We
have that ¢¢(P) € £ x D(K). Furthermore, { x ¢ = ¢ o ¢§_1 is defined over K.
Therefore, £ * D/C is again a cover over K. Furthermore, we see that the rational
point 1¢(P) maps to ¢(P) under £ x ¢. This proves that C'(K) is covered by the
rational points of a finite number of twists of D. O

This construction is easiest to carry out if Aut(D/C) is abelian. Furthermore,
in order to keep the computations on the covers manageable, it is desirable that
Aut(D/C) has many subgroups. This makes unramified elementary abelian 2-
covers a natural choice for initial investigation.

5. ELEMENTARY 2-COVERS OF Pl, UNRAMIFIED OUTSIDE A FIXED SET

As we show in Lemma 5.5, an unramified elementary abelian 2-cover of a hyper-
elliptic curve is an elementary abelian 2-cover of P'. We study the latter objects
first.

We show that there is a unique maximal curve Cy over K with a prescribed
ramification locus V', Galois and with an automorphism group of exponent 2. Fur-
thermore, we show that this curve can be defined over the field of definition of the
ramification locus and we will determine its twists. By choice of coordinates, we
can assume that oo is not in the ramification locus. However, the description of
Cy is easier if co € V and in fact, if co ¢ V', our approach will be to first construct
Cvu{eoy and then identify Cy as a subcover.
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Definition 5.1. A cover D/C is called an elementary abelian 2-cover if deg(D/C) =
2" and Aut(D/C) ~ F3.

Lemma 5.2. Let D/P' be an elementary abelian 2-cover of degree 2¢ and let W
be the locus of P! above which D /P! is ramified. We have

genus(D) = 2" 2(deg(W) — 4) + 1.
Proof. Apply Riemann-Hurwitz [12, Theorem I1.5.9]. O

Lemma 5.3. Let C' be an elementary abelian 2-cover of P! over an algebraically
closed field K of characteristic 0. Then D is a fibre-product of double covers of P*.

Proof. We prove this by induction on deg(C) = 2™. For n = 1 the statement is
obviously true. Suppose now that the statement is true for n — 1. The group
Aut(C/P) has 2" — 1 subgroups of index 2 and the same number of subgroups
of order 2. The index 2 subgroups correspond to double covers and the order
2 subgroups correspond to degree 27! subcovers. Pick one of the degree 27!
subcovers C7. By induction, C; is a fibre product of double covers. The curve C
has 2"~! — 1 degree 2 subcovers. Therefore, there is a degree 2 subcover Cy of
C that is not a subcover of Cy. That means that the fibre product C; xp1 Cs is
a proper cover of C;. On the other hand, C covers both C; and Cs, so it covers
Cy xp1 Cy. From the degrees it follows that they are equal. g

Lemma 5.3 shows that double covers are the building blocks of elementary abelian
2-covers. The geometry of a double cover of P! is entirely determined by its rami-
fication locus. We define some notation for such double covers.

Let the weight of a vector v of an Fy vector space with basis, be the number of
non-zero coordinates of v.

Definition 5.4. Let V' be a 0-dimensional locus over an algebraically closed field
K. We write

V := {even-weight vectors in the Fa-vectorspace with basis V(K)}.

For non-zero v € V, let C, be the double cover of P! that is ramified exactly at
the points occurring in the support of v.
Let x be a coordinate on P1. If {t;,...,t,_ 1,00} = V then we can identify V
with the Fy-vector space on tq,...,t,—1 and we have
n—1
K(Cy) = K@)/ — [[ @ - t)")
i=1
If oo ¢ V and {t1,...,t,} =V then we have
R(Cy) = K@)/ — [J (@ — ™).
i=1
In either case, let v, w € V be independent vectors. By multiplying the relations
for y2 and y2, we find
(vim? = [ = 0" i+
i=1
It follows that K (x,yyyw) =~ K(Cyiw). Thus, the fibre product Cy, xp1 Cy covers
Cyiw. It follows that a curve that covers Cy,,...,Cy covers all Cy, with v €
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(vi,...,v.). Lemma 5.3 shows that elementary abelian 2-covers of P!, unramified
outside V, are in bijective correspondence with subspaces of V. Let W C V be a
subspace with basis vy, ...,v,. We write

CW = Ovl Xp1 - Xp1 Cvr-

Lemma 5.5. Let K be an algebraically closed field of characteristic 0. Let C/P!
be a double cover over K and let D/C' be an unramified elementary abelian 2-cover
over K. Then D/P' is an elementary abelian 2-cover.

Proof. By Lemma 5.3 it is sufficient to show the lemma for double covers D/C. We
have that K (D) ~ K(C)(y/f) for some function f € K(C). Since D is unramified
over C, we have that f has an even order everywhere. Equivalently, (f) = 2N for
some N € Div’(D), so [N] € Pic(D)[2].

For any g € K(C) we have K (D) ~ K(C)(\/g2f) and (fg%) = 2(N + (g)). Note
that C is a hyperelliptic curve and that the 2-torsion of Pic’(C) can be represented
by linear combinations of the branch points of the double cover. Therefore, we
can assume that N is supported entirely on branch points. It follows that for
o € Aut(C)/P! we have that (°f) = (f), but then f is a lift of a function on P!, so
it follows that K (D) is the composite of two quadratic extensions of P O

Lemma 5.6. Let K be an algebraically closed field of characteristic 0 and let V' be
a 0-dimensional locus of P! over K. Choose a coordinate x on P*. Let {t1,...,t,}
be the part of V' away from oo.

o There is a mazimal elementary abelian 2-cover Cy of P', unramified outside
V.
e We have deg(Cy /P') = 2dee(V)—1
Lety? =z —t; fori=1,...,n.
e Ifoo €V then
K(Cv) = K(@)(y1,-- -+ Yn)-
o Ifoo ¢V then

F(CV) = F(x)({yzyj 11, € {17 e vn}})

Proof. By Lemma 5.3, if we can find a cover that has all degree 2 covers, unramified
outside V as subcovers, then this curve covers any fibre product of such curves and
thus any elementary abelian 2-cover unramified outside V.

First, assume that co € V. Let vq,...,v, be a basis of V and define

CV = Cv1 Xp1 - Xp1 Cvn-

Then, as remarked above, Cy covers all elementary 2-covers, unramified outside oo
and V. By choosing the standard basis, we see that K(Cy) = K(z)(y1,- .-, Yn)-
Since y1, . . ., y, are linearly independent over K (x), it follows that K(Cy/) is indeed
a field of degree 2" over K ().

If oo ¢ V then K (Cy) is the subfield of K (C{acuv) of functions that are unram-
ified at co. This subfield is generated by {y;y; : i,5 € {1,...,n}}. We have that
K (Cfooyuv) is of relative degree 2 over K (Cy), so we have deg(Cy /Pt) = 2d°&(V)—1,
This proves the lemma. ([l

We now investigate what arithmetic structures can be supported by Cy. Suppose
that V is a O-dimensional locus of P! defined over a number field K. We classify
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the Gal(K)-module structures supported by K (Cy) such that K (z) C K(Cy) with
its usual Galois action is a sub-Galois-module. Choose a coordinate on P! over
K. Let {t1,...,t,} C P(K) be the part of V away from oco. Define F(z) =
(x—t1)-(x—t;) € K[z].

First, we assume that co € V. Note that the Galois-action on the functions y;
given by y? = (x —t;) is already largely determined, since

2
( . ) _ o)y
Yo () T —1ts0)
When we multiply y; with appropriate scalar values &Y 2 we may assume that

“Yi = Yo(i)- Expressing K(Cy ) using these functions, we have

Is=0w; — (@ —t;):i=1,...,n); K(Cv)=K@)ys ..., yal/Is

where
§=(61,....60) €K x---xK .

The latter is a Galois-module under

“(Ooys -+ 00m)) = (7(61), ..., %(0n)).
The ideal I is Galois-invariant precisely if %0; = d,(;), i.e., if § is Galois-invariant.

Lemma 5.7. Let K be a number field. Let F(x) € K(x] be a square-free monic
polynomial. Let K be the algebraic closure of K and ty,...,t, € K the roots of F
in K. For o € Gal(K), write °t; = t,(;. Let
A=K x---xK
| S —

n

be the Galois-module with

“(Oo1) - 00m)) = (°(01),-..,%(6n)).
Let A = K[z]/F(z). We have
HY(K, A7) = A%,
Proof. Let F(x) = Fy(x)--- F.(x) be the factorisation of F' into monic irreducible
polynomials over K and let K; = KJz|/F;(z). Then A = K; & --- & K, and
each of the K(¢;) is isomorphic to some K;. Suppose we have § € H(K, A7) and
o € Gal(K) with o(i¢) = i¢. Then %; = §;. It follows that §; € K(¢;). On the other

hand, if o(i) = j then 6; = %; € “K(t;). Therefore, the value of §; is completely
determined by d;. This establishes the isomorphism. (I

Lemma 5.8. Let K be a number field. Let V be a 0-dimensional locus of P!
over K with oo € V. Then the mazimal elementary abelian 2-cover Cy of P!
unramified outside V' can be defined over K. Choose a coordinate x on P! over K.
Let {t1,...,t,} CPYK) be the finite part of V. Define F(x) = (x —t1)---(x —t,)
and A = Klz]/F(x). We have

HY(K,Cy) ~ A*/A*2.

Let S be a finite set of primes containing the primes above 2,00 and the primes of
bad reduction of V.. Then H*(K,Cy;S) ~ A(S,2).
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Proof. In the discussion above we have established that any Galois-module isomor-
phic to K(Cy) as a field, is isomorphic to K (z)[y1,...,yn]/Is, where § € A* C
K" x---x K according to Lemma 5.7. Over K (z), the fields K (z)[y1, . .., yn]/Is
and K (2)[y1,- .., yn]/Is are isomorphic by y; — +/6!/0; y;. Consequently, the two
curves are isomorphic over K exactly when §/6" € A*2. This also shows that a twist
§ becomes trivial over an extension L of K exactly if § € (A ® L)*?. The twists of
Cy unramified outside S are exactly the twists that become trivial over a base field
extension unramified outside S. This implies that H (K, Cy; S) ~ A(S, 2). O

It remains to describe H!(K,CYy) if oo ¢ V. If there is a rational degree 1 point
in V' then we can simply move it to co and apply Lemma 5.8. Joe Wetherell pointed
out to us that a similar argument should hold if there is an odd degree point in V.

Since we are mainly interested in constructing covering collections, it is no real
restriction for us to assume Cy (K) # 0.

Lemma 5.9. Let K be a number field. Let V be a 0-dimensional locus of P!.
Then the mazximal elementary abelian 2-cover Cy of P! unramified outside V' can
be defined over K. Choose x on P! such that co ¢ V. Let F(x) be the monic
polynomial that vanishes exactly at V and define A = Kx]/F(x). We have

HY(K,Cy) D> A*JK*A*2,

Furthermore, if Py € § x Cy(K) then § € A*/K*A*2. Let S contain the primes
above 2,00 and the primes of bad reduction of V.U {oco}. The map

A(S,2) — Hl(K7 Cy;S)N A”‘/K*A*2
18 surjective.

Proof. Let W = V U {oo}. By Lemma 5.8, we have that Cy is defined over K.
By definition, Cy, is a subcover over K. Aut(Cy /Cy) ~ Fy is a normal subgroup
of Aut(Cyy /P). The involution 7 € Aut(Cy /Cy) is the only involution that has
exactly the points above co as fixed points. Consequently, 7 is defined over K and
so is (T)\Cw =~ Cy. We have

0— Aut(CW/Cv) — Aut(Cw/IPl) — Aut(CV/IPl) — 0
and, consequently,
HY(K,Aut(Cw /Cy)) — HY(K, Aut(Cyw /P")) — H' (K, Aut(Cy /P)).

Since Cyy has degree 2 over Cy we have that HY(K, Aut(Cw /Cy) = K*/K*2.
Combined with Lemma 5.8, we see that A*/K*A*? is a part of H!(K, Aut(Cy /P1)).

It remains to prove that all twists of Cy /P! with a rational point Py are in
the same class of H'(K, Aut(Cy /P!))/(A*/K* A*?). Note that for points P;, P, €
Cy (K ) mapping to the same x € P(K), the cocycles o — Py and o +— P, differ
by a coboundary because Cy /P! is abelian Galois. Therefore, if we have two twists
of Cy /P! having a rational point above a fixed x, then these twists are isomorphic
over K.

We take the twist of Cyy that has a rational point above z(Py). The correspond-
ing twist of C'y has a rational point above z(FPp) too. But then this curve must be
isomorphic to § x Cy/.

Finally, it is straightforward to check that A(S,2) — A*/K*A*? surjects onto
the the elements that become trivial upon base field extension unramified outside
S. O
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Lemma 5.10. Let V be a 0-dimensional locus of P! of degree at least 2 defined
over a number field K. Let x be a coordinate on P* over K such that oo ¢ V. The

functions y1, ..., yn give rise to a smooth projective model of § x Cy defined by
Js = ((t = tn) (0} — 8553) — (t5 — 1) (Sryit — i) =i, kL€ {1, ),
where for any distinct i,j € {1,...,n} we have

o ti0iy; — tid;y;
0iy7 — 0;y3

The group Aut(Cy /P) is generated by the involutions 7; : y; — —y;, subject to the
relation 71 0 --- o7, = id.

Proof. Let W =V U {oo}. The map Cy — P*~! given by (z,y1,...,9n) — (y1 :
-+« : yp) maps § *x Oy onto the locus of Js, denoted by C’. This shows that Js
indeed defines a curve covered by Cyy. It is a simple verification that C’ C P"~1 is
indeed smooth.

Since C” is a subcover of § * Cy /P!, we have that C' = G\J * Cy for some
subgroup G' C Aut(§*Cyy /P!). The involutions 7; : y; — —y; generate Aut(Cyy /Pt)
and it follows that C’ = (11 0 -+ - o7, )\Cw . Therefore, 7y, ..., 7, induce non-trivial
automorphisms of C’/P!. Since 7; has fixed points above x = t;, we see that C" is
ramified above V' and thus is covered by ¢’ * Cy,. On the other hand, ¢ * Cy is a
double cover of both § * Cy and C’. It follows that C' = ¢ * Cy = § x Cy,. O

Note that both the subgroups of Aut(Cy /P!) and the subspaces of V as in
Definition 5.4 classify the subcovers of Cy,. Both are Fa-vector spaces. As we
have seen, an element v of V corresponds to a function y, on Cy . Consider the
following pairing on V x Aut(Cy /P!). We take (v,7) = 1 if y, o7 = —y, and
(v,7) =01if yy o7 = yy. It is easy to check that this is a non-degenerate bilinear
pairing and thus that V can be identified with the dual space of Aut(Cy /P1). Let
W = (v1,...,V,) CV be a subspace of dimension r. Write

Wt = {1 € Aut(Cy /P : (W, 1) = 0}.

Then Cyy = WH\Cy, where C)y is as defined above.

Note that V is a Gal(K)-module, both as the dual space of the Gal(K)-module
Aut(§ * Cy /P!) and as a vector space over the Gal(K)-set V(K). It is easy to see
that these structures are compatible. Consequently, W C V is Gal(K)-stable if and
only if W+ is. If this is the case, then Cyy can be defined over K as well. We write
& x Cyy for the corresponding quotient of § x Cy over K.

6. HYPERELLIPTIC SUBCOVERS

Note that, since Aut(Cy /P!) has exponent 2, we have that Cy is an unramified
cover of any subcover that is ramified above all of V. In particular, if V is the
ramification locus of a hyperelliptic curve, then we have an alternative geometric
description of Cly .

Let C be a hyperelliptic curve of genus g over a number field K with a point
Py € C(K). Write > : P — P for the hyperelliptic involution. We fix C' as a
double cover of P! = (7)\C. Via the Abel-Jacobi map tp, : C — Jac(C) defined
by P — [P — By], we can view C as a subvariety of Jac(C). The involution
D +— [Py — Py] — D on Jac(C) restricts to - on C' C Jac(C).
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The multiplication-by-two map [2] : Jac(C) — Jac(C) is unramified and of degree
229. Let [2]71(¢p, (C)) be the pullback of tp,(C) along [2]. Since it is an unramified
cover of the smooth variety ¢p,(C) ~ C, it is smooth itself. By [10, Proposition
9.1] it is connected.

We have Aut([2]71(tp,C)/C) = Jac(C)[2], so [2] (¢, C)/C is an unramified
elementary abelian 2-cover. By Lemma 5.5 we have that [2]7!(¢p,C)/P! is an
elementary abelian 2-cover of degree 229!, unramified outside the ramification-
locus V' of C/P2.

Lemma 6.1. Let C/P' be a hyperelliptic curve over a number field K. Let V C
P! be the ramification locus of C/P'. If Py € C(K), then there is a ép, €
HY (K, Aut(Cy /P)) such that §p, * Cy ~ [2]71up,C.

In accordance with the notation introduced in Lemmas 5.8 and 5.9, we can as-
sume dp, € A*/A*2 ifoo €V and dp, € A*/A*QK* otherwise.

Proof. Since [2]71(1p,(C)) is geometrically connected and, via [2]71(cp,(C)) —
C — P! is an elementary abelian 2-cover of P! of degree 2g + 1 and unramified
outside V, we have that [2]7!(¢p,(C)) is isomorphic to Cy over K. Since both
curves are defined over K, they are twists. This implies the existence of ép,. Note
that [2]71(¢p, (C)) passes through 0 € Jac(C) and thus has a rational point. From
Lemmas 5.8 and 5.9 it follows that dp, can be taken as stated. O

The curve Cy gives rise to a covering collection of a hyperelliptic curve that is
particularly rich in subcovers. Let C' be a hyperelliptic curve over a number field
K defined by

C:y*=F(x)
with F' a square-free polynomial with integral coefficients and of degree at least 5.
Let V be the ramification locus of the double cover C/P!.

Let S contain all primes where 2Disc(F’) is not a unit. According to Lemma 5.6,
there is a twist of Cy that covers C'. By Theorem 4.1, the twists of Cy unramified
outside S contain a covering collection of Cy . Since we only need to include curves
with rational points, Lemmas 5.8 and 5.9 give that we only need to consider the
twists represented by the finite set A(S,2), where A = K[z]/F(z). Note that the
set of twists to be considered can be reduced even further by observing that we
only need to consider twists that induce the trivial twist of C.

We recall that, if C’ is a subcover of Cy over K, we write & * C' for the corre-
sponding twist of C’ that is a subcover of §*C', considered over the field of definition
of C'.

A first set of hyperelliptic subcovers can be obtained by splitting V into two
disjoint loci of even degree. One may need a field extension for this. We obtain
F(z) = Ri(z)Ra(x), where R;(x) is defined over a finite extension L of K. We get
the subcovers

b y% = Ry(x), Es: y% = Rao(x)

(S*Ov

P TN
J*El C 5*E2

N
]P)l
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We can now determine the rational points on § * Cy if we can find the L-rational
points on either § x E; or § x E that have a K rational image on P! as suggested
in Section 3.2. See [3] for a description how one may proceed if the curve E; or Fs
under consideration is of genus 1.

A second level of hyperelliptic subcovers can be accessed in the following way.
Assume that F(x) factors as F'(z) = Q(z)R(x)Ro(x), where deg(Q) = 2 and deg(R)
is odd. If the degree of F' is odd, we can also choose that R represents a locus
that contains oo, so in that situation we can also allow R to be of even degree
as a polynomial. Note further that we may need a field extension to realise this
factorisation. However, this construction is also useful if it exists over K, so for
simplicity, we restrict to that case here.

Let Q(x) = (x — ¢1)(z — ¢q2). Here, either ¢1,¢2 € K or g1, g2 are quadratic over
K and conjugate. We consider

Q y3 = Q(a),
B yi = (v —q)R(2),
By : y3 = (z—q2)R().
Note that from the discussion in Section 5, it follows that the subcover § * C’ of

§ x C, corresponding to 0 * Fq Xp1 0 * Fa, is defined over K. and covers ¢ * (). We
have

(5*0\/
W
§*C’
PR TN

0xFE1  0xQ 0x* By

\ # /

Note that ¢ * @ is a genus 0 curve. Therefore, either § * Q(K) is empty, which
we can determine by local means according to the Hasse principle, or we can
parametrise P! — § % Q over K and express ¢ * C' as a double cover of a P!.
We can then re-apply the construction to get a covering collection of C”.

7. AN EXAMPLE

As an application of the techniques described in Section 5 we consider the fol-
lowing problem.

Question 7.1. Is there an n > 1 such that the sum of the first n fourth powers is
a square?

This question can be answered by determining the integral solutions to

This has been done by Schéffer [11]. using techniques for finding integral points on
special genus 1 curves. We will determine all rational points. It turns out there are
quite a few rational, non-integral solutions. As a result, we obtain a new, perhaps
somewhat more systematic and insightful (although less elementary) proof than in
[11].
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We work with a slightly modified model by mapping (n,y) — (
This gives us the slightly more attractive model

C:y*=30x(x — 1)(z +1)(z* — 5z + 1) = F(x).

Lemma 7.2. The Mordell-Weil rank of Jac(C) over Q is 3. We have Jac(C)(Q) ~
73 @ (Z)27)3.

Proof. A 2-descent as described in [5] and implemented by Michael Stoll ([13]) in
MAGMA gives an upper bound of 3 for the rank. The rational points oo, (%, %),
(1,2), (5,60) generate a free rank 3 subgroup of Jac(C)(Q). Therefore, the rank

is exactly 3. (I

1-n? 30(1—n)3 /"

So, directly applying Chabauty’s method to C' as in Section 3.1 will not be
successful. We construct a covering collection of C by considering twists of the
maximal elementary abelian 2-cover of P!, unramified outside F(z). We apply the
ideas explained in Section 6.

Let o> —5a+1 =0 and let L = Q(a). The curve C is a double cover of P!,
ramified above V' = {tg,t1,...,t5,00} = {00,0,1,—1,0,5 — a}. We consider the
coverings & x Cy /P! defined by

Sy? = 30x =: P|(x)

Syz = w—1 =: Py(x)

0xCy : Sy = z+1 =: P3(x)
Sa(yso+ays1)? = z—a =: Py(x)

S5(ao+ (B —a)ys1)? = xz—(5—a) =:Ps5(x)

where d5 = normy,,g(d4) and Gal(Q/Q) acts trivially on Y1,Y2,Y3, Y4,0, Ya,1 and

§ = (81,02, 03,04) € A(S,2) C (Q°/Q")? x (Q*/Q")* x (Q*/Q")* x L*/(L*)*.
Notice that the identification of § with elements of H'(K, Aut(Cy /P')) is shifted
by 30 with respect to the identification in Lemma 5.8

The subcovers of § xCy of degree 2 are naturally indexed by the non-zero vectors
in F = V), the dual vector space of Aut(Cy /P!) as explained in Section 5.

Let Ps(z) = x — 5+ a and let d5 = norm(d,)/d5. For v € F3 we define

5 5
dxCy: <H52’> Y2 = HPZV
i=1 i=1

The cover ¢ * Cy /P! is ramified at infinity precisely if v; = 1 for an odd number
of values for 7. If v4 # vs, then Cy is not defined over Q., but only over Q(«).
Naturally, the curve 0 * C(g,0,0,1,1)+v is conjugate to § * Cy.

Let 1 = (1,1,1,1,1). We have 6 * Cy = C precisely if §;d263n0orm(d4) € (Q*)?,
so Cy is an unramified cover of C.

Let S contain the primes above 2,3, 5,7, 00. Since Disc(F) = 2193115873 we see
that {6+ Cy : 6 € A*(S,2); normy,q(d) € (Q*)?} forms a covering collection for C.
Note that Q(S,2) = (—1,2,3,5,7) and that L(S,2) = (-1,2,2,3,3 —a,a — 2,7).
It is therefore sufficient to determine the rational points on ¢ * Cy, for those values
of ¢.

First we determine which twists of Cy have rational points everywhere locally.
This is a straightforward but tedious procedure. Note that #A(S,2) = 2+5+7,
Also if one restricts to those twists that restrict to the trivial twist of C, then this
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TABLE 1. Productive twists of Cy

1] oo (1,30, 30, 10a:)

21 0 (-1,-1,1,—a)

31 6 (5,5,7, —1 + 6cv)

41 1/2 (15,—2,6,2 — 4a)

5| —1/8 | (=15,-2,14, -2 — 160)
6| 1/3 (10,-6,3,2 — )

7| 5 (6,1,6, )

8| 1 (30,-5,2,1 — a)

9

—1 | (~30,-2,105,—1 — a)

TABLE 2. Indices of genus 1 subcovers of Cy,

j \Z field of definition
11(1,1,1,0,0) Q
2 1(1,0,0,1,1) Q
3 1(0,1,0,1,1) Q
4 1(0,0,1,1,1) Q
5 1(1,1,0,1,1) Q
6 | (1,0,1,1,1) Q
7 1(0,1,1,1,1) Q
8 1(0,1,1,1,0) Q)
9 |(1,0,1,1,0) Q(w)
10 | (1,1,0,1,0) Q)
11| (1,1,1,1,0) Q(a)

is too large a set to simply enumerate. However, if one proves that a subcover
has no points locally, then all twists that restrict to that subcover have no points
locally either. By combining this information, one can cut down considerably on
the amount of work. Additionally, one can use that one only has to consider those
twists corresponding to the 2-Selmer group of Jac(C) over K. This follows from
the fact that Aut(Cy/C) = Jac(C)[2] in a natural way.

Using either technique, one finds that only the twists with known rational points
have points everywhere locally. See Table 1.

Suppose we have a subcover E of 6() « Cy such that E has only a finite number
of rational points over its field of definition. If we explicitly know these points, then
we can find the rational points on 6 x Cy by lifting these points. Alternatively,
since we are really only interested in C'(Q), we can map these points down to P!
and see if they lift to rational points on C. Attractive candidates for E are genus 1
curves. From Lemma 5.2 we can deduce that any genus 1 subcover covers a degree
2 genus 1 subcover. We can therefore restrict our attention to the genus 1 curves
E; = Cy, where the v; run through the weight 3 and 4 vectors of V = 5 according
to Table 2.
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TABLE 3. Rank bounds for the Mordell-Weil group of 6 * E;

ij=1 2 3 4 5 6 7|8 9 10 11
1 111211172 2 0 2
2 1111111721 1 0
3 21212 2 2|2 2 3 2
4 1 21112 1]1 1 2 0
5 122 2 1 2 112 2 3 0
6 111211111 1 O
7 111212 1721 1 2
8 010101121 0 1
9 201012111 1 1

Note that each of 6(*)  F; has a point over its field of definition, coming from
the rational point on 6 % Cy indicated in Table 1. These curves are therefore
isomorphic to their Jacobians. Using all 2-isogeny descents available to us, we
obtain the rank bounds in Table 3. It is interesting to note that for these curves
the 2-isogeny Selmer ranks are remarkably often not sharp, as can be exposed by
choosing another 2-isogeny. The bounds in Table 3 are easily proved sharp by a
simple search for points.

Inspection of Table 3 shows that 6(9) x Cy cover an elliptic curve of rank 0 for
1 # 3,7. Each of those curves only has 2-torsion, which is easy to determine. These
points only give rise to rational points on C' that are already listed.

For 6(7) % Cy we determine the Q(«) rational points on §(7) x Ey that map to a
Q-rational point. Note that ((5, 1), (0,0), (1,0)) generates a subgroup of odd index
in 67 % Ey(Q(c)). A standard computation as explained in [3] shows, using an
argument at 37, shows that (5" x Eg(Q(a))) = {00,1,0,—1,5}. We see that also
the rational points of 6(7) x Cy- lead only to already listed rational points of C.

The only case left is 63 % Cy,. An inspection of Table 3 shows that no elliptic
curve covered by 63 x Oy satisfies the rank criterion for a Chabauty-argument.
Since Jac(Cy ) is isogenous to the direct sum of all elliptic curves covered by it, we
see that in fact a genuine Chabauty-argument on 63 % Cy would fail.

Consider the genus 2 subcover D : 6 x Eg xp1 7(6() % Ey) of 6 xCy,. Note that
D is a quotient of §*) x Cy by a Gal(Q/Q)-stable subgroup of Aut(6® % Cy, /P).
Therefore, D is defined over Q. Furthermore, it is a double cover of the genus 0
curve Q : Ty2 = 22 — 5z + 1. We have

E; : 5(6a—1)y? = 30z(z+1)(z—«)
D. Ey : 5(29—-6a)y3 = 30z(z+1)(z+a—5)
: Q Y3 = 22 —bx+1
7
Yo = Gx?(’/;-?ﬁ)

We parametrise @ by

w? — 14u + 21 u? — 21
u? 4+ 14u 421" w2+ 1du+21

(xvyO) = ( )

We find that
(y1 + 12)? = 62(z + 1)(4z — 1 + 2u).
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Let w = %. We have

D w? = 42u(u® — 14u + 21)(u? + 14u + 21).

Obviously, the representation of D as a double cover of @ is not unique. The
automorphism u — %1 of Q/P! changes D/Q. In fact, it sends D to w? = 2u(u? —
14u + 21)(u? + 14u + 21), which shows that the quadratic twist by 21 of D is in
fact trivial.

Naturally, the Mordell-Weil rank of Jac(D) is equal to the Mordell-Weil rank
of 63) x Ey over Q(«). Therefore, a Chabauty argument on D directly will be as
successful as on 63 x Ey. However, D itself is a hyperelliptic curve, so we can
reapply the covering techniques we have developed to D.

Rather than bore the reader with an indigestible amount of detail, we will quickly
record the essential information necessary to reconstruct the computations. A
transcript of the computations is available electronically from [4].

Let D’ denote the maximal unramified elementary abelian 2-cover of D. We
have B = Qu]/(42u(u? — 14u + 21)(u® + 14u + 21)) = Q & Q(V7) ® Q(v/7) and
HY(Q,Aut(D’'/Q)) = B*/(B*)?. The only twists of D’ covering D that have local
points everywhere have a known rational point. They are

u(P) ‘ (SP
00 (1,24 + 9V7,24 + 9V/7)
0 (1, =7 —=2V/7,7—2/7)
—7 | (=6, —77— 297, —21 — 8/7)
21 (2,35 4+ 13V/7,7 — 2V/7).
For u(P) = 0, 00, we have that 6p * D' covers the curve w? = (u? — 14u + 21)(u® +

14w + 21). It is isomorphic to an elliptic curve of rank 0 with 4 rational points.
For u(P) = 21 we have that dp * D’ covers

Fi: (24— 9VTw? = (u—T7—2V7)(u— 7+ 2V7)(u+ 7 - 2V7).

The points (21 —8v/7, 70 —26/7), (7+21/7,0) and (7—21/7,0) generate a subgroup
of odd finite index in the Mordell-Weil group. It is of rank 1, which is smaller
than [Q(+/7 : Q]. A Chabauty-argument at 19 shows that u(F(Q(v/7)) N Q(Q) =
{00, 21}.

For u(P) = —7 we have that §p x D’ covers

Fy: (126 — 48VT)w? = (u — 7 — 2V7)(u — T+ 2V7)(u + 7 — 2V7).

The points (7,14 + 6v/2), (7 + 2v/7,0) and (7 — 21/7,0) generate a subgroup of
odd index in the Mordell-Weil group. A Chabauty-argument at 19 and 5 shows
that u(F2(Q(v/7)) N Q(Q) = {oc, T}

Taken together, we see that u(D(Q)) = {0,00,—7,21}. These points map to
z(D(Q)) = {-1,6,—2}. The point = —2 does not lift to a rational point on C,
while the other points lift to rational points already listed. We have proved

Theorem 7.3. Let
C:y?=30x(x — 1)(x+1)(z* — 5z +1).
We have x(C(Q)) = {0, 0,6, %, f%, %,5, 1,—-1}
Note that these values map to {—1,0, fg, 1, f%, %, f%, 00, f%} Consequently,
we find that only the sum of the first 0 or 1 fourth powers is a square.
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