CYCLES OF COVERS

E. V. FLYNN AND J. WUNDERLE

ABSTRACT. We initially consider an example of Flynn and Redmond, which gives an infinite family of curves
to which Chabauty’s Theorem is not applicable, and which even resist solution by one application of a certain
bielliptic covering technique. In this article, we shall consider a general context, of which this family is a
special case, and in this general situation we shall prove that repeated application of bielliptic covers always
results in a sequence of genus 2 curves which cycle after a finite number of repetitions. We shall also give
an example which is resistant to repeated applications of the technique.

1. INTRODUCTION

We begin with the following result (a variation of the result and argument used in Lemma 2.2.1 of [2]; see

also the covering ideas in [8] for general context), which we shall use later.

Lemma 1. Let C : dY? = F(X) = F1(X)Fy(X) be defined over a number field K, with Fy(X), Fa(X)
each defined over L (a finite extension of K ), with disc(F) # 0, and with Fy(X), F5(X) not both of odd
degree. Then there exists a finite set D = {d1,...,dn} C L such that, for all (Xo,Yy) € C(K) there exist
d; € D, V1, Vo € L satisfying d;V{ = F1(Xo), (d/d;)VE = Fa(Xo).

Proof We first multiply both sides of C by a member of Z so that d, F,C are defined over Ok, the ring
of integers of K, and Fy, F, are defined over Oy, the ring of integers of L. Let R € O] be the resultant
of F1(X) and F5(X), and let p(X),q(X) € Op[X] be such that p(X)F1(X) + ¢(X)F2(X) = R. Also
let F1(X) = Fi(1/X)X9e8' (M) Fy(X) = Fy(1/X) X498 (F2) ¢ 0,[X], where each deg/(F;) = degree(F})
or degree(F;) 4+ 1, when degree(F;) is even or odd, respectively. Let R € Oj5 be the resultant of Fi(X)
and ﬁg(X ). For any prime ideal p of Oy, let v, denote the corresponding discrete valuation, normalised so
that vy (L*) = Z. Let S denote the set of places of L for which v,(d) = v, (R) = v, (R) = 0, together with all
places of L at infinity. Then S is finite and so the set L(S,2) = {z € L*/(L*)?: vy(z) is even, for all p & S}
is also finite (see VIII.1.6 and X.1.2 of [13]); say that D = {d1,...,dn} is a set of representatives for L(S,2).

Let (Xo,Yy) € C(K) and let p ¢ S. Either v,(Xo) > 0 or vp(1/Xo) = —vp(Xo) > 0; we first consider the
case when v, (Xo) > 0. Then v, (F1(Xo)), vy (F2(X0)), vp(p(X0)),vp(q(Xo)) > 0 and we cannot have both
vp(F1(X0)) > 0 and vy (F(Xp)) > 0 (since this would give v, (R) = vy (p(Xo)F1(Xo) + ¢(Xo)F2(Xo)) > 0,
contradicting the fact that v, (R) = 0). The equation for C gives v, (d) + 2v, (Yo) = vp (F1(X0)) +vp (F2(X0)).
Since vy (d) = 0 and since at least one of v, (F1 (X)) = 0 or v, (F2(Xo)) = 0, it follows that both v, (F1 (X))
and v, (F2(Xo)) are even. For the case when v,(1/X() > 0, the same argument, applied to Fy, Fy, shows
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that both v, (F1(1/X,)) and 'Up(ﬁQ(]./Xo)) are even, and so again v, (F1(Xo)) = v, (ﬁl(l/Xo)X(()ieg/(Fl)) and
vp(F2(Xo)) = vp(ﬁg(l/Xo)Xglegl(Fz)) are both even. In both cases, we have shown both v, (F;(Xy)) and
vy (F2(X0)) to be even for all p € S, so that Fy(Xo)(L*)? € L(S,2), giving that d;V? = F1(Xp) for some
d; € D, Vi € L*. The equation of C then gives that (d/d;)Vi = Fa(Xy), where Vo = Yy/V1, as required. [

We say that a curve of genus 2 is bielliptic if it is a double cover of an elliptic curve. Let C: Y? = F(X)
be any hyperelliptic curve of genus > 2, defined over a number field K. Let L be the splitting field of F'(X),
and use a map of the form (X,Y) — ((aX + 3)/(vX +0),Y/(vX 4+ 6)¥) to map three of the Weierstrass
points to infinty, (0,0) and (1,0), so that C is birationally equivalent over L to a curve of the form Y? =
XX -1)(X —a1)...(X —ap), where n > 3 is odd.

Corollary 1. Let C : Y2 = F(X) = X(X — 1)(X —a1)...(X — an), be a curve of genus > 2, defined
over a number field L, where F(X) has nonzero discriminant and n > 3 is odd. Then there exists a finite
extension M of L such that, for any (Xo,Yy) € C(L), there exist Vo, Wy € M such that V@ = Xo(Xo — 1)
and such that (To, Wy), where Ty = Vo/Xo, gives an M-rational point on the bielliptic genus 2 curve:
W?2=—(T? - 1)(a1T? + 1 —ay)(axT? + 1 — as).

Proof Let D and D’ be the finite sets of Lemma 1 for the cases when Fj(X) = X(X — 1), F5(X) = (X —
a1)...(X —ap) and F1(X) = X(X —a1)(X — a2), F5(X) = (X — 1)(X — a3)...(X — a,), respectively.
Let M be the finite extension of L such that all members of D, D’ are in (M*)2. Let (Xo,Yy) € C(L); by
Lemma 1, there exist Vo € M, Zy € M such that Vi = Xo(Xo —1) and Z2 = Xo(Xo —a1)(Xo —az). Letting
To = Vo/Xo gives Xg = 1/(1 —T¢) and so: 23 = —(a1T¢ + 1 — a1)(axTg + 1 — a2)/(T¢ — 1)3. Letting
Wo = Zo(Tg — 1)? gives that (T, Wy) lies on the required curve. O

The above shows that Falting’s Theorem for bielliptic genus 2 curves implies Falting’s Theorem for all
hyperelliptic curves (for similar ideas in a more general context, see [1]). This provides some motivation for
investigating bielliptic genus 2 curves, particularly from the point of view of potential explicit methods.

We briefly recall the main steps of a bielliptic genus 2 example in [12], which we shall later place in a more
general context. In [12] the authors consider the family of bielliptic genus 2 curves C : Y2 = (X% +p)(X*+p?)
over QQ, where p = 7 mod 8 is prime, and observe that it is sufficient to find all points (with X, Y, € Q and
Y1,Ys € Q(4), conjugate over Q) on

(1) Yy =0162(X" +p%), Y2 =06(X%+p)(X%+pi), Y7 =6(X?+p)(X?—pi),

for finitely many choices of d;,d2. Here, 61,02 € Q(i)*/(Q(i)*)? are conjugate over Q. This can be seen,
using Lemma 1, as follows. Taking Fy(X) = (X2 + p)(X? + pi), Fo(X) = X2 — pi, we see from Lemma 1
that there exists a finite set D such that, for any (X,Y) € C(Q), there exist d2 € D,Y; € Q(i) satisfying
Y2 = 62(X2% 4 p)(X? + pi) (here, &y is the recipricol of the d; in Lemma 1). Since X € Q, taking conjugates,
from Q(i) to Q, of both sides gives Y2 = §; (X2 +p)(X? —pi), where Y1, Y are conjugate over Q, as are dy, d1.
Multiplying these last two equations gives Y = 6162(X* + p?), where Yy = Y1Y2/(X2 + p).

We can also (using the ideas in Section 2 of [12]) perform the following reduction of the number of d1, d2

by exploiting an isogeny ¢ : £ x Y — J, where J is the Jacobian of C, and £%, & are the elliptic curves
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Y2 = (z +p)(a® +p?), Y2 = (1 + pz)(1 + p*x), respectively. We can take ¢ = (¢%)* + (¢°)*, where
% :C — &% (X,Y) — (X2Y) and ¢* : C — £° : (X,Y) — (1/X2%Y/X?). Further, we may use the
injective homomorphism

poJ(@Q)/6((E x £°)(Q) — Q/(Q")? x Qi)*/(Q(i)*)* x Q(i)*/(Q(i)*)?

[0 (X5, Y] = (TG + )™, TL(XF = i)™, T1;(XF +pi)a),

where the left hand [ ] denotes divisor class modulo linear equivalence. We recall Lemma 4 in [12], that

(2)

im g C {[1,1,1],[2,1 44,1 —4]}. Following [12], we let co™, 00~ denote the points on the non-singular curve
that lie over the singular point at infinity on C, and note that when (X, Y;) is either of co™, 00™, then the
above expressions Xj2 +p, XJ2 — pt, ng + pi should all be taken to have value 1. Now, let P = (X,Y) € C(Q).
Then [P — co™t] € J(Q), which is mapped by u to [X? + p, X2 — pi, X2 + pi]. Our knowledge of im x then
gives that [X2-+p, X2~ pi, X2+ p1] = [1,1,1] or [2,1+4, 1~ 4] in @*/(Q")2 x Q)" /(Q()*)? x Q)" /(Q0)* )2
Therefore, [(X* + p?), (X2 +p) (X2 —pi), (X2 + p)(X2+pi)] = [1,1,1] or [(144)(1 —i),2(1 +i),2(1 —i)] =
[2,1—4,1+4] in Q*/(Q*)2 x Q(i)*/(Q(i)*)? x Q(7)*/(Q(7)*)2. This means that, in (1), we need only consider
[0192,01,02] = [1,1,1] or [2,1 — ¢,1 + 4], which gives us the desired reduction in the number of 41, d2 which
need to be considered (that is, we now have fewer cases to consider than if we had followed only the proof
of Lemma 1).

We can resolve the case [0102,01,02] = [1,1,1], if we can find all (X,Y)) € Dy(Q) or we can find all
(X,Y;) € D;(Q(i)) with X € Q (for j = 1,2), where

(3) Do: Y¢ = (X" +p?), Di: Y= (X?+p)(X?+pi), Dy: Yi=(X?+p)(X?~—pi).
We now note that (X,Y) — (X2, XY) maps each D; to &;, where:
(4) Eo: yi=a(@*+p?), & v =a(x+p)(x+pi), E: yi=x(x+p)(z—pi).

In order to find all (z,y1) € £1(Q(4)) with z € Q, set y; = W+Si, where W, S € Q. Taking imaginary and real
parts of (W + Si)? = z(x+p)(x+pi) gives two equations 2W S = pz? +xp? and W2 — 5% = 23+ px?. Solving
the first of these equations for W, substituting this into the second equation, and letting t = S%/(z(z + p)),

gives 4tz = p? — 4t%, a curve of genus 0 in ¢, z, which can be parametrised by:

5) HZ)=(Z+2p)/4, x(2)= _im_

This gives a Q-rational point on the genus 2 curve S% = t(2)q(z(Z)) = Z(Z + 4p)(Z? — 8p?)/(64(Z + 2p)),
and taking S = 8(Z + 2p)S then gives

(6) C': 8% =2(Z +2p)(Z + 4p)(Z* — 8p?).

Note that right hand side is the product of Z2 — 8p?, Z + 2p, Z(Z + 4p), which are linearly dependent, since
(Z2 — 8p%) + 4p(Z + 2p) — Z(Z + 4p) = 0; therefore, by Lemma 14.1.1 of [6], the curve C’ is bielliptic. In
order to resolve the case [0102,d1,d2] = [1,1,1] it is sufficient to find either £ (Q) or C’'(Q). Note however
(as shown immediately after (21) in [12]) that £ (Q) has rank 1, and so & does not allow us to reduce to a

finite number of possibilities. Therefore, to deal with this case, it is necessary to compute C'(Q).
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Similarly, in order to resolve the case [01d2,01,02] = [2,1 — 4,1 + ], it is sufficient to find all Q-rational

points on the elliptic curve y2 = 2x(z? 4 p?) or the genus 2 curve:
(7) S? = Z(2% + 4pZ — 4p°)(Z° — 4pZ — 4p°).

Note again that the right hand side is the product of the linearly dependent Z, Z2+4pZ —4p?, Z% — 4pZ — 4p?
and so this curve is also bielliptic. Again note that (as shown immediately after (23) in [12]) the elliptic curve
y2 = 2z(2% + p?) has rank 1, and so, to deal with this case, it is necessary to compute the Q-rational points
on the curve (7). In summary, it is sufficient to find all Q-rational points on the genus 2 curves in (6),(7),

when we hope to apply following result of Chabauty [7].

Theorem 1. Let C be a curve of genus g defined over a number field K, whose Jacobian has Mordell-Weil
rank < g —1. Then C has only finitely many K -rational points.

This is a weaker result than Faltings’ Theorem [9]; however, when applicable, Chabauty’s method can
often be used to give good bounds for the number of points on a curve. However (see Lemma 4 of [12]), the
original genus 2 curve C : Y2 = (X2 + p)(X* + p?) (where p = 7 mod 8 is prime) has Jacobian J, with the
rank of J(Q) at least 1, and bounded above by 2, via 2-descent, and we are not able to apply Chabauty’s
method directly to C. Using the above method, it is alternatively sufficient to find all Q-rational points on
the genus 2 curves (6),(7). However, it is also shown (see Lemma 10 of [12], where the above curve (7) is
denoted Cs 2) that the 2-Selmer bound on the rank of J(Q) is 2 for the curve (7). On the other hand, it
is shown in [12] (Theorem 2) that the above method works for Y2 = (X2 + 2p)(X? + 3p)(X? + 4p), where
p =7 mod 8 is prime.

A feature of the above method is that we have started with a bielliptic genus 2 curve and derived a finite
set of new bielliptic genus 2 curves such that finding all Q-rational points on these new curves is sufficient
for finding C(Q). In principle, this method might again be applied to these new genus 2 curves.

The natural more general context, of which the above example is a special case, is when our starting curve
is of the form Y? = Fy(X)F,(X)F,(X), defined over a number field K, where F; (X), F»(X) are defined over
some K (v/d) and are conjugate, and Fo(X) is a linear combination of Fy(X), F5(X). As we shall see, the
method which naturally generalises the above example, produces a new set of bielliptic genus 2 curves of this
same type, and so there is the potential for the repeated application of the method. It turns out that some
finesse will be required with the generalisation of the elliptic curves in (4), as a naive generalisation does
not provide an x-coordinate defined over Q. This article has several aims: first, we shall provide explicit
formulas for the application of this covering method in our more general context (which should assist others
who wish to apply the method); second, we shall show that the resulting genus 2 curves eventually cycle;
third, we shall give an example which resists arbitrarily many repeated applications of the method (answering
a question raised on p.395 of [12]). As a fringe benefit, we shall also develop some explicit formulas related to
maps between genus 2 curves with bielliptic Jacobians, and elliptic curves. See also [3],[4] for some general

background and framework.
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2. DETAILED DESCRIPTION OF THE METHOD

We shall consider curves of genus 2, defined over a number field K, of the form

(8) C:Y? = Fy(X)F(X)F(X),
where
(9) Fi(X)=a1 X? + 01X +¢1, Fo(X) = as X%+ by X +¢a, Fo(X) = k1 Fi(X) + ko Fa(X),

with aj,a2 # 0 and such that Fy(X)F;(X)F>(X) has no repeated roots. We suppose moreover that
Fi(X), F>(X) are either both defined over K or are defined over a quadratic extension K(v/d) of K and
are conjugate over K, and that Fy(X) is defined over K and is non-constant (we allow the possibility
that Fy(X) is linear). In order to consider these two cases together, we allow d = 1 to cover the case
where F;(X) and F5(X) are defined over K.

Let 7(X) be the following involution, which swaps the roots of each of F;(X) and Fy(X) (and there-
fore Fy(X) since this is a linear combination of F;(X) and F5(X)), and let M, be its associated matrix:

(arca —azer) X + (bica — c1ba) _ <a102 —azcr biex — C1b2>

10 X) = 9
( ) T( ) (agbl — albg)X + (a261 — alcz) a2b1 — a1b2 ag2C1 — a1C2

The eigenvalues of M, are ++/R, where R is the resultant of F;(X) and F,(X) with respect to X. Provided

that a;by — bias # 0, we can take as corresponding nonzero eigenvectors:
[s1, 82] = [a1b2 — azby, arca —azer — VR, [t1,t2] = [a1bs — agb1, aicz — azer + V),

satisfying [s1, so] M,y = V'R [s1, s0] and [ty, to] M, = —V/R [t1,ts]. When aijby—bias = 0 and bycy—ciby # 0 we
can instead take: [s1, 2] = [a1ca—cra9 +VR,bico— baca), [t1, to] = [a1ca —craa— VR, bico— bac1]. When both
expressions are zero, then we can take [s1, s2] = [1,0], [t1, t2] = [0, 1] as our eigenvectors. Since composition of
fractional linear transformations gives the same result as matrix multiplication of the corresponding matrices,
it follows that o(X) = (51X + s2)/(t1 X + t2) is negated by replacing X with 7(X). Note also that o(X) is
defined over the quartic number field K (\/&, \/E), but that the combined action vd — —vd, VR — —V/R,
swaps F1(X) and F5(X), negates the numerator and denominator of ¢(X) and so leaves it unchanged.

Therefore o(X) is defined over K(vdR). We summarise this in the following lemma.

Lemma 2. Let C be as in (8) and 7 as in (10), and define R to be the resultant of F1(X) and Fy2(X) with
respect to X ; as usual, Fi(X),Fy(X) are defined over K(v/d) and are conjugate over K. The following
function o(X) is defined over K(vdR) and is negated by T [that is, o(T(X)) = —o(X)], so that o(X)? is
mvariant under T.

Case 1: a1bs — bras # 0,

(a1by — brag) X + arco — age; — VR
(a1by — bras) X + ajcy — ase; + VR
Case 2: a1bs —bias =0 and bycg — c1by # 0,

(arco — cras + VR)X + bicy — byey

(a1ca — cras — VR)X + bicy — bacy .
Case 3: a1bg — byaz =0 and bycy — c1by =0,

o(X) =

o(X) =

o(X)=X.
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If we replace X by o~ 1(T) in the equation of C and multiply both sides by R(a1bs — a2by)®(T — 1)%, our
curve C becomes:
(YVR(arbs — ash1)* (T = 1)?)° = RFy, (T?)F1,(T?) Fy, (T?),
where

Fio(z) =201 R(x + 1) + (—2a1a9¢; + 2a3cy + azb? — blalbz)\/ﬁ(x -1,
(11) Fop(x) = 2aR(z + 1) + (—2a2¢y + 2a0a1¢0 — a1b? + byashy )V R(z — 1),
Foo(2) = k1F12(x) + ko Fop (2).
Therefore ¢% : (X,Y) + (x,y) = (0(X)?, YVR(a1by — azby)?(o(X) — 1)?) maps C to the elliptic curve
(12) £ y? = RFy, () F1y(x) Fog ().
Similarly, ¢° : (X,Y) — (z,y) = (1/0(X)?, YVR(a1bs — asb1)3(0(X) — 1)3/o(X)?) maps C to
(13) E¥: y? = Re’Fo,(1/2) Fio(1/z) Foy(1/2).

Letting A = £% x €%, we have ¢ = (¢%)* + (¢°)* : A — J, where J is the Jacobian of C. We define A(K) to
be the pairs [P, P'], where P € £%(K (VdR)), P’ € E*(K(v/dR)) are conjugate over K.

The above applies when a;by —byas # 0. In the case when aiby —byas = 0 and bicy — c1b2 # 0, everything
is as above, except that we start with the formula for o, as in the second case of Lemma 2. In the case
when a1by — byas = 0 and byca — c1bs = 0, then by = by = 0 (otherwise there would be repeated roots
in the right hand side of C, contradicting the fact that C is of genus 2), and so we already have that C is
of the form Y? = G(X?) = 73X°% + ro X* + 71 X2 + ro; in this case, we have our simplified situation that
the maps (X,Y) — (z,y9) = (X2,Y) and (X,Y) — (z,y) = (1/X?,Y/X?) are, respectively, from C to
E% i rs X3 +1ro X2+ X +rgand % : 1o X3 + 1 X2 + 10X + 15

We now return to our main motivation: that of finding C(K), for C of the form (8). Let S be the set
of primes of K at which the reduction of C is singular, and the primes above 2. Using Lemma 1, as in
the discussion immediately after (1), it is sufficient to find all points (with X,Yy € Q and Y;,Ys € Q(V/d),

conjugate over Q) on
(14) Do : Y =0102F1 (X)Fa(X), Dy:YP = 06Fo(X)Fo(X), Dy: Yy =8Fy(X)F(X).

for finitely many choices of 81,8, namely 6;,d, € Q(v/d)(S,2), with 81,8, conjugate over Q. In the case
where there exists a known Py € C(K) we could if we wished, as in the discussion immediately before and
after (2), reduce the number of §;,d> by exploiting an isogeny ¢ : A = £ x £ — J, and generalising the
map of (2); however, we shall not concern ourselves with this refinement.

For the moment, we shall restrict ourselves to the case §; = o = 1. Note that later we shall be able
to recover the case for general d1,ds, by replacing, for j = 1,2, each a;,b;,¢;,k; by 6ja;,0;b;,8;¢;,k;/0;,
respectively.

Our initial aim is, for j = 1,2, to find a 2-to-1 map (X,Y;) — (u,;) from the above genus 1 curves to
elliptic curves in the form qﬁ? = (quadratic in v over K)-(linear in v over K (v/d)). Furthermore, we wish the

map X — u to be defined over K. If we were to imitate the previous section, we would apply X — = = o(X)?
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to map to the z-coordinate of an elliptic curve. However, this map (which was K-rational for the special case
when o(X) = X) will not be K-rational in general, and so we require a finesse not immediately apparent

from the example in the last section.

Lemma 3. Let C be as in (8), let R,0(X) as in Lemma 2, and x = o(X)?. Define v by:
1 vV
v — \/ﬁx + v+ dR

——, so that x =

z—1 v—VdR

Then X — v is a K-rational map.

Proof Recall from Lemma 2 that o(X), and hence x = o(X)?, is defined over K(vdR). Furthermore, we

rewrite the formulas in Lemma 2 (in the typical case — the other cases being similar) as:

\/E((leg — blag)X + \/E(alcg — GQCl) — R
\/E((leg - blag)X + \/E(alcg - GQCl) + .R7

and note that expressions such as a;bs —bjas are of the form Vd k for some k € K (since aq, ag are conjugate,

(15) o(X) =

as are by, by and c1,c3). We see that vVdR — —VdR swaps the numerator and denominator of o(X) and
negates them. Hence vdR — —V/dR sends (X) to 1/0(X) and so sends o(X)? to 1/0(X)?; that is, z is
sent to 1/x. Hence i—fi is negated by VdR — —V/dR, and so v = \/ﬁi—i is left invariant, giving that v is
defined over K, as required. O
We begin by replacing X with o=!(T) in Fy(X), Fi(X), F»(X) of (9), and obtain
Fup(T) = 201 R(T? + 1) + (—2a1as¢1 + 2a3cy + asb? — brayby)VR(T? — 1),
(a1bz — azb1)?(T —1)2

2@2R(T2 + 1) + (—2&%01 + 2&2&102 - alb% + bgazbl)\/ R(T2 - 1)
(16) For(T) = : 5 ,
(G,lbg — agbl) (T — 1)

FOT(T) = lelT(T) + kQFQT(T).

Take Dy : Y2 = Fy(X)F»(X), and substitute X = 0~ 1(T) so that the curve becomes Y? = Fyr(T)Faor(T),
as above. Multiplying both sides by (2Td(a1by — azb1)?/(T + 1)2)2 puts D; in the form

(17) y? = (2Td(arbs — ashy)? /(T +1)?)° For(T) Far (T),

where

_ 2 _ 2
(18) v = 2Td(a1b2 agbl) ZU(X)d(ale azbl)

(T +1)2 N (0(X)+1)?
The right hand side of (17), after simplifying, has only even powers of T. Replacing T2 by x and then
replacing x by (v + VdR)(v — vV dR), as in (15), we see that (17) becomes:

(19) vt = Q(v)L(v)M (v),

where

(v) =v*—dR,

('U) = 2(]610,1 + kQCLQ)’U + (klAl + kQAQ)\/;L

M(Q}) = 2a9v + (—2&%01 + 2aq1asc0 — alb% + bgazbl)\/a,
A = —2aia9c] + 2(1%62 + azb% — blalbg,
A2 = 72(1%61 + 2(12@162 — alb% + b2a2b1.
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The 2-to-1 map (X,Y7) — (v,y1) from D; to (19) is given by
o VR 1, Mot
Note that the quadratic Q(v) and the linear L(v) are defined over K, and the linear M (v) is defined
over K(V/d).
In order to put the curve (19) into the form square = cubic, we take the root vy of L(v), namely:

(k1A1 + ko As)Vd

2(k1a1 + kaas)

1

and map it to infinity, by changing variable to u = ;=-. Substituting the inverse map v = vo + L into (19)

Vo = —

and multiplying both sides by 4(k1a; + kgaz)?u? gives

1 1 1
2 __ 2. 4 - _ _
(20) Y1 = 4(k1ar + kaaz)u Q(vo+u)L<Uo+u)M(Uo+u),
where
1
(21) P = 2y1(k1a1 + k‘QCLz)ug, U = .
vV — Vo

In detail, (20) gives

(22) &Y = Qo(u)Lo(u),
where
(23)

Qo(u) = d(ale — agbl)Q(kgb% + 2k1b1koby — 4&161]{% —4a1k1coks — 4](1%0,262 + k‘%b% - 4c1k1k‘2a2)u2

+4\/&(/€1(l1 + k2a2)(2klala261 — 2]91(1%62 — klagb% + k1b1a1b2 — k2b2a2b1
—2koasayco + kgalb% + 201k2a§)u + 4(k1a1 + k2a2)2,

Lg(u) = —2\/3](:1 (a1b2 — a2b1)2u + 4a2(k1a1 + k‘gag).
The map (X,Y7) — (u,t1) is a 2-to-1 map from the genus 1 curve D; to the elliptic curve &, and the map
X — u is defined over K. Similarly, the curve Dy (which is the conjugate of D7) maps to &, the conjugate
of £ . Recall that we want to determine all (X,Y;) € D;(K(v/d)) such that X € K. It is sufficient to find
all (u, 1) € & (K (V/d)) such that u € K. The problem of finding all (u,1)s) € & (K (v/d)) such that u € K,
is equivalent, since & and & are conjugate, and so we can just focus on &;.

So far, we have taken d to be such that F;, F5 are defined over K (\/&) without specifying the representative
in K*/(K*)2. We now fix V/d to be k; — ka so that d = (k1 — ko)?. Then (23) can be expressed as:

(24) Qo(u) = au® +bu+c, Lo(u) =ny(u)+ ng(u)\/g, where ni(u) = i1u + ia, no(u) = jru+ Jo,

where a, b, ¢, i1, i2, j1, jo € K and v/d are given by:

a = (k‘l — k2)2(a1b2 — a2b1)2
(k}%b% + 2k1b1koby — 4@161]{5% — 4a1kicoks — 4](5%&2(22 + k%b% — 401k1k‘2&2),
b= 4(/451 — k2)(k1a1 + /452&2)
(2k1a1a201 — 2]431@%02 — k1a2b% —+ klblalbg — kaQCLle — 2]’62&20‘,102 -+ kgalbg -+ 201](72&%),
Cc = 4(k1a1 + k2a2)2, il = —(kl — k2)2(a1b2 — a2b1)2, ig = 2(@1 + ag)(klal + ]ﬂgag),
J1= —(k1+ka)(arba — aghy)?, ja = 2(—ay + ag)(kray + kaag)/ (k1 — k2), Vd = ki — ks

We shall now find a new bielliptic genus 2 curve, defined over K, with the property that any such (u,);)

(25)

gives rise to a K-rational point on the genus 2 curve. This genus 2 curve will turn out to have a 2-to-1 map

to the elliptic curve £, with the map to u being K-rational. Let 1)1 = W +SV/d, with W, S € K, so that (22)
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becomes (W + Svd)? = Qo(u)(n1(u) + n2(u)vd). Equating the coefficient of v/d and the K-rational part,
gives two equations in W, S.

(26) 2W'S = Qo(u)na(u), W?+dS? = Qo(u)n(u).

We can use the first equation to eliminate, say, W, using W = Qo (u)nz(u)/(25) and substitute this into the

second equation, to give

% +dS? — Qo(w)ni (u) = 0.

Letting t = S?/Qo(u), we see that t,u satisfy

(27)

(28) no(u)? + 4dt? — 4tn(u) = 0.

This describes a genus 0 curve in ¢, 4 which can be parametrised, using the parameter Z = t/(jiu + j2), as
3) wZ) = _A:Z;ZQZZ’A)Q—+4§?ZZ+_J’{2’ )= 4352(;2—]14;; Jj)ﬁ ’
provided that j; # 0. In the special case when j; = 0, we can instead take Z = t as our parameter, giving
the parametrisation u(2) = (4dZ% — 4isZ + j3)/(4i12) and t(Z) = Z.

In either case, since t = S?/Qq(u), we see that there exists Z € K such that S? = t(Z2)Qo(u(2)), giving

a genus 2 curve in Z, S, which is defined over K. Furthermore, the above shows that any K (\/&)-rational
point on (22) with u € K, gives rise to a K-rational point on the genus 2 curve S? = t(2)Qo(u(Z)).
Also note that if (Z,9) is a K-rational point on the genus 2 curve S? = t(Z2)Qo(u(Z2)), then (Z,S) —
(w(Z), Qo(u(Z))n2(u(Z))/(2S) + SVd) gives a map to a point (u,1) on (22) [using the facts that W =
Qo(u)na(u)/(28) and ¢ = W + SV/d], so that S? = t(Z)Qo(u(Z)) is bielliptic. This produces the new
bielliptic genus 2 curve, and completes one cycle of the process.

Letting S = Sa(4j12%d — 4Ziy + j1)?/Z our genus 2 curve S? = t(Z)Qo(u(Z)) becomes (for the typical
case when j; # 0):

(30) S? = Go(2)G1(2)Go(2),

where
G1(Z) = 4bj1dZ? — 8adjs 2% + 8ais Z — 4bi1 Z — 2ajs + bj1 + (451dZ2 — 4i1 Z + j1)Vb? — dac,
(31)  Ga(Z) =4bj1dZ? — 8adjs 2% + 8ais Z — 4bi1 Z — 2ajs + bjy — (451dZ2 — 4i1 Z + j1)VB? — dac,
Go(Z) = alizjy —irj2)(451dZ% — 41 Z + j1).
Note also that

Gal2) = A1) G (2) - Gut2),

so that our new genus 2 curve has the same properties as our starting genus 2 curve: it is of the form
S? = Go(Z2)G1(2)G2(Z), where Gy, G1, G satisty the conditions of (9). Note that the field of definition of
G1, Gy is now K (v/b2 — 4ac), rather than K (v/d). If we now substitute (25) into (31), let X = Z and let Y’
denote

§R(b% —4dayco + b% — 4agco — 2b1by + 4aqco + 4(1201)
8(]43%(1)% — 4[1101) + k%(b% — 4&202) + lekg(blbg — 20,102 — 2a201)) (kl — k2)2(a2b1 — a1b2)4(k1a1 —+ k2a2)3’

then our genus 2 curve (30) becomes:

(32) C' 1 Y? = Go(X)G1(X)G2(X),
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where
(33) G1(X) = a| X? + V)X + ¢}, G2(X) = ab X + bhX + c), Go(X) = k| G1(X) + KyG2(X),

and where

34
( )a'l = (1/2 = 4(k1 — kg)z(b% — 2b2b1 + 4(1102 + 4(1261 — 4CQQ2 —+ b% — 4610,1),
bll 4(k‘1 — k‘g)(b% —4ciaq + 4egas — b% + 4\/§), bIQ = 4(/451 — k‘g)(b% —4ciaq + 4esag — b% — 4\/?),
C’l 0/2 e b% — 2bsb1 + 4ajco + dasey — 4desas + b% —4ciaq,
k/l = %(kl + kg)(azbl — a1b2)2R2 — iR(CLgbl — a1b2)2\/§(—4a1k‘101 + 2a1k1co — 2a1kaco + 2ask1cq
—2askacy + biky — bikiba + biboks + 4askaco — b3ks),
ky = L(ki+ ka2)(azby — a1b2)*R? + 1 R(azby — a1b2)?VR(—4arkicy + 2ar1kica — 2a1kaca + 2azkicy
—2askocy + b%kl — b1k1by + biboks + daskoco — b%kg).

The above applies to the case d; = d2 = 1; note that our new G, Gy are each defined over K (\/ﬁ) rather
than K (v/d). We can recover the equation for general 6y, d, in the manner described after (14). We are now
in a position to describe the method explicitly.
Method 1. Let C be as in (8). In order to find C(K) it is sufficient, for each § € K(v/d)(S,2), either to find
all K rational points on the genus 1 curve Dy in (14) or all K-rational points on the genus 2 curve obtained
from C’ in (32),(33),(34) by replacing, for j = 1,2, each a;,b;,¢;,k; by d;a,,0;b;,8,¢;,k;/d;, respectively.
We attempt the second of these by hoping that the rank of Mordell-Weil group (over K) of the Jacobian
is at most 1, and applying Chabauty techniques, such as those in [10]. We initially attempt to compute
the rank via 2-descent; there are also refinements which have recently been developed (for example, see [5])
which attempt to find the rank even when there are members of the Shafarevich-Tate group.

We have now obtained a finite set of new genus 2 curves, all defined over K, with the property that if we
can find all of their K-rational points then we can do the same for C. Furthermore, since all of these new

genus 2 curves are of the same type as C, there is the potential for the method to be repeatedly applied.

3. PROOF OoF CYCLING

We shall focus on the case §; = § = 1 and show that repeated applications of this case lead to cycling. For
simplicity, we replace X,Y by X, Y, respectively, so that C’' : Y2 = Go(X)G1(X)G2(X), where Go, G1,Gs
are as in (33),(34), which describe the coefficients of C’ in terms of the coeflicients of our original curve C
in (8). We can find the result of a second application, simply by a recursive substitution of (34), where each
aj,bj, cj, kj in the right hand side is replaced by a’,b’, ¢}, k', respectively, and with the same substitution
performed on the expression for R, the resultant of F}(X) and F5(X). After performing this substituting,

and then a minor adjustment to the variables X, Y (multiplying each by a constant) gives the following nice

form for the result of two applications.

(35) C":Y? = Ho(X)H,(X)Ha(X),
where

Hl(X) = X2 + (—b% + b2b1 - 2(1102 - 2(1201 + 4010,1)X + R,
(36) HQ(X) = X2 + (—402(12 — b2b1 + b% + 2(1102 + 2a201)X + R,

Ho(X) =k{Hi(X)+ kjHy(X), with k/ = R(azb, — a1bs)?k;, for j = 1,2.
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If we again substitute recursively to repeat the process from C to C”, again followed by a minor adjustment

to the variables X,Y (multiplying each by a constant) gives the following for the result of four applications.
(37) C"":Y? = RHo(X)H,(X)Ha(X),

which is a quadratic twist of C”. This twist is removed after two further applications, giving the following

result.

Theorem 2. Let C be as in (8) and C' be as in (32). On repeated application, the process eventually cycles;

in particular """ is the same curve, up to a K -rational linear change in variable, as C".

Of course, we should really regard each curve Y? = F(X) as a member of the family of twists Y2 = §F(X)
for 6 € K(S,2). From this point of view, the family containing C"” is the same as that containing C”, and
so we have cycles of length 2 (rather than 4) on these families of curves.

Since the case d; = do = 1 must always be included in any attempt to apply Method 1, any curve C for
which Chabauty’s Theorem is repeatedly not applicable (and for which the genus 1 curves Dy have infinitely
many K-rational points), and if this continues until cycling occurs, then such a curve will defy the method
entirely, however many times it is repeated. In the following example, we shall include two interesting cases
which defy repeated applications of the method: in one case, the version of the method with 2-Selmer bounds,
and in the other case, the version which uses the actual ranks.

Example 1. Let C: Y? = (X2 + n)(X* + n?) be as in Section 1, but where n € Z\{0} need not be prime.
Then repeatedly applying the process of the last section gives the following genus 2 curves C',C”,C"",C"" = C;

the corresponding genus 1 curve Dy at each stage is on each line.
C': Y?=X(X+2n)(X+4n)(X?2—-8n?), D): YZ=X*+n?

c”: Y2 =(X?2-n)(X*+n?), DJ: YE=X(X+2n)(X+4n),
C": Y2=X(X—-2n)(X —4n)(X? —-8n?), Dy : Yi=X*+n?
e V2= (X2+n)(X*+n?), DJ": YZ=X(X-2n)(X—4n).

For n = 31, it can be checked in Magma [15] that each of the genus 1 curves is an elliptic curve of rank 1
and the 2-Selmer bound on the Jacobian of each genus 2 curve is at least 2, and so C defies arbitrarily
many repeated applications of Method 1, although note that a second descent shows that J'(Q) has rank 0,
where J' is the Jacobian of C’, giving a member of the Shafarevich-Tate group. A stronger example is the
case n = 2415, when each of the genus 1 curves is an elliptic curve of rank at least 1, and the rank is at
least 2 for the Jacobian of each genus 2 curve. Therefore C defies the stronger version of Method 1. In each
case, the generators are small and easy to find; the only exception is for J’, the Jacobian of C’, when one first
uses the fact that J'(Q) has the same rank as that of £(Q(i)) for & : y? = 2415z(x + 1)(x + i), which has
the obvious Q(7)-rational point (f%, % + %i). Another independent point: (719%5 — %i, 7% + %z)
was found using programs made available by Denis Simon in [14].

It should also be noted that, in principle, these techniques can be applied to any starting genus 2 curve
C:Y? = F(X), even if not bielliptic, and indeed any hyperelliptic curve of genus at least 2. After extending
the ground field K, if necessary, there will factors Fo(X), F1(X), Fo(X) of F(X) such that F;(X) and Fy(X)
are defined over some K (v/d) and are conjugate, and such that Fo(X) is defined over K. We only lack the

condition that Fy(X) is a linear combination of Fy(X), Fy(X). Nevertheless, we can still apply resultants, as
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usual, to say that any (X,Y) € C(K) must satisfy Dy : Y = 62 Fp(X) Fo(X) for some Y; € K(v/d) and some

§ € K(v/d)(S,2). One can then apply the method in the last section to obtain the corresponding genus 2

curves, which will now be bielliptic; applying Method 1 repeatedly will then give cycling, as before.

The authors thank Nils Bruin, Tim Dokchitser and Tom Fisher for helpful discussions.
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