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A STUDY OF THE EFFECT OF MODE TRUNCATION
ON AN EXACT PERIODIC SOLUTION OF AN INFINITE SET OF LORENZ EQUATIONS
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A setof complexLorenzequationswith aninfinite numberof z-componentsis shownto haveanexactperiodicsolu-
tion. Sufficientconditionsfor theinstabilityof this solutionhavebeenfoundandtheeffectof truncationof thez-compo-
nentsis considered.It is shownthat in certaincasestruncationhaslittle effectbutin othersthestability criterion is radi-
callyaltered.

In appliedmathematics,possibletransitionsto chaoticregimesin theunderlyingequationsofmotionareusual-
ly studiedby reducingtheseequationsto a finite set of ODEs.This procedureinvolvesexpandingthe dependent
variablesof the underlyingPDEsasa Fourierserieswith time dependentamplitudes,substitutingand thentrun-
cating at a finite numberof modes.Lorenz [1] usedthis methodto derivehisnow famousequationsfrom the
Navier—Stokesequationsfor two-dimensionalconvection.The modeexpansionand truncationmethodcanbe
opento questionif the further inclusionof highermodesproducesradicallydifferentbehaviourin thebifurcation
sequence.In most casesonly numericalintegrationof thehigherdimensionalsetsof ODEsin which moremodes
havebeenincludedwifi saywhetherconvergenceto a particularset of transitionshasoccurred.

One setof equations,however,hasbeenderivedby variousauthorswithoutusingthe Fourierexpansionand
truncationmethod

(la)

c’=(r—X)�~Zn —aY, r=r1+ir2, a= 1 —ie, (ib)

n =1

~ b~,7~>O,n=l,...,00. (Ic)

Eqs. (1) area complexinfinite versionof the Lorenz equationswith an.infinite numberof Z-componentsand
complexrandabutrealr1,r2,a,e,b~and’y~.

With thevalidity of truncationin mind, our intentionis to studyeqs.(1) asmodel setof infinite equations
from which wecanderivea considerableamountof analyticalinformation,to seewhethercertainstability crite-
ria of thefmitely truncatedversionsof (I) differ markedlyfrom thoseof the infmite set.This, of course,depends
stronglyon the form of b~and~ asfunctionsof awhich is the numberof Z-components.Ourstudywill be
from the mathematicalviewpoint and sowewill considervariousformsofb~and‘y,. Eqs.(1) dohaveaphysical
basishowever.Fora singleZ-componentvariousrealandcomplexversionshavebeenderivedusingsecularpertur-
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bationtheoryfor the two-layer [2,3] andEadymodels[4,5] of baroclinicinstability andalsoin the laser[6,3].
Foraninfinite numberof Z-componentstheyhavebeenderivedfor thetwo-layermodel [7—9]andthe Eady
model [4]. The differencebetweenthesingleandinfinite setsderivesfrom theuseof side wall boundarycondi-
tionsin thebaroclinicmodels.The infinite setarisesoutof correctuseof theseboundaryconditionsbutto apply
themit is necessaryto Fourierexpandin the cross-streamvariable.The equationsasawholeoccurout of there-
moval of seculartermsin amultiple scalesapproachwith X being a slowly varyingwaveenvelopein all caseswith
the dot referringto a slow timevariable.In the two-layerand Eadymodels,theforms of bn and7,~asfunctions
of the numberof cross-streamFouriercomponentsareverycomplicated.We shall considerthesespecificallylater
asspecialcases.Ourmain concernis to study(1) asa generalset of mathematicalequationswith restrictionson
y,~,b,~(>0) only in sofar that certainseriesmustconverge.

The mathematicalpropertiesof(1) at the first bifurcationarevery similar to the singleZ-componentcase.
Fowler et al. [10] studiedthis casebothanalyticallyand numerically.In contrastto the realLorenz equations
(single Z-component)thesingleZ-componentcomplexequationsdo not show a transitionto chaos(a> b + 1)
whenr1 is raisedthrougha criticalvalue. Instead,the origin undergoesa supercriticalHopf bifurcationto a limit
cycle, theanalytic form of which canbe foundexactly.This limit cycle is stablefor all valuesofr1 whena
<b + 1 butbifurcatessubcriticallyto a two-toruswhena> b + 1 at somehighervalueof r1.For r2, e 1, no
further bifurcationswere foundbutin the limit r2 -~ 0, the torusundergoesperioddoubling to chaoticmotion. It
is in this limit that thecomplexversionreducesto the realequations.Themain conclusionof ref. [10] wasthat
complexificationof the coefficientsturns fixed pointsinto limit cycles,limit cyclesinto tori and suppressesthe
chaosinto a very smallregionof parameterspace.In analogywith the resultsof ref. [101,eqs.(1) haveonly one
fixed point: X = Y= Zn = 0, which liesat theorigin in phasespace.No other fixed pointsoccurunlesse + = 0
whichis a highly pathologicalcondition. It is alsothe conditionwhich is neededto scaleout the imaginaryparts
in (1)by a phaserotationto reducetheequationsto real form.Thereforewewill alwaysassumethate + r2 r�r 0.
A studyof the stability of theorigin showsthat thestability matrix occursin block diagonalform andthe charac-
teristic equationis

(2)

The rootsof eqs.(2) areA = _bn and

X=~{—(a+a)±[(a+a)
2 +4a(r—a)]~’2}. (3)

The valueof ri(ric) at which the origin becomesunstableis givenby Re(X) 0.We fInd

= 1 + (e — ar
2)(e+r2)/(a + 1)2 (4)

and the frequencyof the critically stableeigenmodesis (w = Im A at = nc)givenby

(5)

Wheneithere = r2 = 0 ore +.r2 = 0, thenc~= 0 andnc = 1 which is theresultfoundby Lorenz [I] for hisreal
equations.Sincew = Im(X) = 0 in thatcase,no complexconjugateeigenvaluesoccurandaHopfbifurcationis
notpossible.However,in the complexcase,w ~ 0 andaHopfbifurcationis possibleyieldinga smallamplitude
limit cycle of frequencyw aboutthe origin. It is usuallyvery rarefor alimit cycle solution to befound exactly,
but in ref. [10] anexactperiodicsolution for thecomplexsingleZ-componentversionof (1)wasfound.Follow-
ing ref. [10] but excludingthe algebra,anexactperiodicsolution of (1) for all Z-componentsis givenby

X = A exp(iwt), Y= a~(a + iw)A exp(iwt), Z,~= y,~~ IA 2, (6a)
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Al2 = (r
1 — ric)(E ~,~j-ç1)1, (6b)

wherew andnc are givenby (4) and(5). Firstly, this is only a valid solutionif the sumin (6b)converges.Hence,
if bn ~B and

7n flG asn -~ oo, then werequireG<B — 1. Secondly,this transitionfrom theorigin to thelimit
cycle solution given in (6) is a supercriticalHopfbifurcationas(6b) shows.Thirdly,whene = = 0 ore + r

2= 0,
thenw = 0; nc = 1 andthe solution(6) becomesa continuumof fixed points.This continuumof fixed points re-
placesthe two fixed pointsof the realLorenz equations[1] becausethe complexnatureof X and Y (evenwhen
e = r2 = 0) allowsthesetwo pointsto be rotatedto form a circle of fixed points.The fortunateoccurrenceof an
exactperiodicsolutionin the form given in (6) allows usto investigatethe stabilityof this solutionby transform-
ing to a framerotatingwith frequencyw:

X’~xexp(iwt), Y=yexp(iwt), z~ Z,~. (7)

The newequationsare

~=—(a+iw)x+ay, *__(n_~zn)xn_(a+iw)Y, ~ (8)

Apart from the origin,which is unstablewhenr1 > nc,(8)has fixed pointsatx =A ,y = (1 + iwa~)A; Zn

= ‘y,~b,~IA 2 Perturbingabouttheselatterfixed pointswe find that the characteristicequationtakestheform

—aN—A a 0 0 0 0... 0...

P —L-A 0 0 -A -A ... -A

0 0 _aN*_A a 0 0 0

0 0 P~ _L*_A —A —A ... —A

— —— 0, (9)

~~y1AN* ~j1A ~y1AN ~y1A —b1—A 0 ... 0

~7n~4N* ~nA ~‘y~AN ~-y~A 0 _bn_A

La+iw, N-1+iwa~, Pr_A2(E7nb~1). (10)

Usingthe factthatLN = F, we find by good fortune,thatweare ableto evaluatethe infinite determinantin
(9) to give

A(A[(A+o+l)2 +q
2] +A2(A+2a)(A+a+1)E ~~}=o~ (11)

whereq2 = (2w — e)2andweare assumingwithout loss of generalitythatA is real.Wecandeducethreethings
immediately.Firstly the A = 0 root derivesfrom thephaseinvarianceof eqs.(1) which givesriseto thelimit cycle
andhasbeendiscussedin detail in ref. [10]. Secondly,no positiverealvaluesof A exist sinceeachterm in (11)
is positivedefinitewhenA >0. Thirdly, no further zerorootsoccursince~ ‘y,~b;’ is finite andpositive. If
the limit cycle is to becomeunstable,it must thenbethroughacomplexconjugatepair of roots A = AR ±ifl
crossingthe imaginaryaxis. Takingrealandimaginarypartsof (11)whenA = ±i~lwefind
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DA2S=Q, DA2R=P, S=~ ~ , R=~ , (12)
n=1b2+f~2 n1 b~+cl2

where

Q2&22(a+l)(3a+l)+[2a(a+l)—&][(a+l)2+q2—122], (13a)

P = —~22(3a+ l)[(a + 1)2 + q2 — ~2] + 2~22(a+ l)[~72 — 2a(a+ 1)], (13b)

D [2a(a+1)—&l2J2+~22(3a+1)2. (13c)

SinceA2, ~Z2,R,S,D>0 then wemusthaveF, Q>0. This is violatedif a~ 1 whichmeansthatno roots
> 0 exist. The limit cycle is thereforestablefor all n

1 >ni~whena ~ 1.
Whena> 1, it is possibleto find certainsufficientconditionsfor instability.The algebrais straightforwardbut

long, sowe shalljust summarisethe results.Firstly, sinceA
2 is proportionalton

1 we canconsidersolutionsof
(12) in termsof largeand smallA

2 with theselimits beingequivalentto largeandsmalln
1.Withoutspecific forms

of ‘y~andb~wecannotsumtheseriesin (12) but insteadwe considersolutions~22of eachseparatelyasfunc-
tions ofA

2 andcall them~2~jA2) and ~22~(A2).Forinstability, theremustbea coincidentsolution of both
equationsand sowe musthave = for at leastonevalueof A2.

Thereare two rangesof q2 to consider.When

0<q2 <(a + 1)2(a — 1)/(3a+ 1), (14)

thenno boundsoccuron f22, butwhen

q2>(a+ 1)2(a— 1)/(3a+1), (15)

then

c12>q2(3a+ 1)/(a—l)—(o+ 1)2. (16)

However,for both rangesofq2,wecanshow that&~(0)>~2~(0)for allq andsoa sufficient conditionfoninsta-
bility is that ~l.~(A2)> &2~(A2)asA2 —~°°. If this is satisfiedthenthetwo curvesmustintersectat leastonceor
an odd numberof times. From (12)and (13)we seethatA2 -~ °° as -~ °° and in thislimit

D-~74, P”-(a—1)~24, ~ (17)

which reduceseqs.(12) to

(a — 1), A2S[&2~(A2)] 1. (18)

Any sufficientconditionfor instability will now ultimatelydependon how R andSbehavein the limit ~l2
-~ oc. Firstly we considera finite truncationof the sumsRandS. Let usassumethatwe truncateafterNmodes.
R and Snow takethe asymptoticform

N N

R~’~~l2~ ‘Ynbn, S’~F2 ~ 7 (~2~+oc) (19)
n1 n1

and this givesimmediatelythat a sufficientconditionfor instability is

~>(~ynbn)(~ in) + 1. (20)

If only a singlez-componentistakenin theoriginal equationsthen(20) reducesto a> b + 1,a resultalreadyob-
tamedby Lorenz [1] for hisequations.
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Fortheinfinite set of equationsit is necessaryto deducehowR andSbehaveas functionsof &~by usingthe
Euler—McLaurinsummationformula. Foranyfinite truncation,R andSbehaveas~7—2for large~2but maynot
necessarilybehavelike this for aninfinite numberof modes.In particular,if R andSdo notbehavethe sameas
one anotherfor large~2in theinfinite case,thenthe stability criterionmaybe radically changed,if it existsat all.
In order to studythe asymptoticbehaviourof R andSfor an infinite numberof modes,wewill considertwo
casesin orderto illustrate thispoint.

(i) bn boundedasn -~- 00~If 7n andbn are suchthat~7nbn and~ convergethen theEuler—McLaurinsum-
mationformulashowsthat

R ~~—2 ~ inbn, 5~2 ~ (~2±oc) (21)
n’~1 n1

and theinstability criterionis givenby (20)with the partialsumsreplacedby infinite sums.Thus for this case,
thereis no qualitativedifferencebetweentruncationatlargeN and theinfinite system.A physicalexamplein this
first categoryis theform of Tn andb~for thetwo-layermodel for baroclinicinstability.We fmd in this casethat

= 2m2(n—~)2 b = 2ir2(n—~)2 (22)

‘~ [(n—~)2—m2][(n—~)2ir2+~a~] ‘ n (n—~)2ir2+~a2

In this caseit is possibleto evaluatethe infinite sumsforR andS in (12)by usingFourier series.The fmal result
is mosteasilyexpressedin theform

i~Z= 2p2(1 —M2)~~1 R — ~ (1 —p2)m2ir2 [i 4a.i tanh(ap/2)] (23)
(ap)2 + 4m2ir2 (aJ1)2 + 4m2ir2

This integrationwas first performedby Smith [9] for thetwo layerproblemwith realvariablesonly i.e. e n
2

= 0 whichimplies thatw = 0 andthelimit cycle reducesto fixed points.He did notconsideranyother formsof

‘In orbn .Wecanseethat,aspredicted,RandS do indeedbehaveasç~—
2for large~2.In passing,it is interesting

to pointout that thepartial sumsfor the ~ andb~of(22)do not tend to the samelimit for largevaluesofa and
m asthe analyticalform of the infinite sumexpressedin (23)sinceR (partial) a4 butR(infinite) ‘-‘ a3 asa
-~ 00

(ii) bn unboundedasn -~ oc. Thereare severalcaseswe couldconsider,butthey canbesummarisedby taking
theexampleof b~‘~ a and ‘In ‘~ ~ (p >0) asn -÷o~.Thisestablishestheconvergenceof the infinite sumin the
periodicsolution (6). If p>2, then it maybeverified by the summationformulathatR,S ~ as ~2-* and
sotruncationmakesverylittle difference.andthe stability criterionis againgivenby (20)withNreplacedby in-
fmity. An exampleof this is theEadymodel for baroclinicinstability [4] in which

(2mS
0/ah)(a

2—m2ir2)(l —O~tanhO) 1
‘In i 2 2 2 0 = (2n — 1)irS

0a , b,~= 0 tanh0. (24)
[(n-i) -m J

In this caseb~ a andy,~‘~ n
4 asa -~ 00 andsop= 4. Truncationis thereforeestablishedfor thismodel asa

procedurewhichwifi notmateriallyaffectthe instability criterion.
If however,0<p ~ 2 thenthe summationformulashowsthatthe partialsumsdo not convergeuniformly

withfl. We find for thep 1 and2 casesthatin the &2 —~ 00 limit

p = 2: R~O(~22log~&~), S‘~ O(~l~), (25a)
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p 1: R~-~O(~2’), S’~O(~22log~~7). (25b)

In bothcases,using(18), we fmd that for fixed a> 1,

~2~(A2)>~2~(A2) asA2-+co (26)

and so no instability canoccurasA2 (or n
1)-± 00. This is in contrastto thetruncatedcasefor which a stability

criterion in the form of (20)alwaysexists.Weconcludein this casethat it is notvalid to truncatetheequations.
Finally we note that therestill remainsthepossibility of multiple intersectionsof the and curves.For

a final instability (stability)therewould needto be an odd (even)numberof intersectionswhich wouldproduce
closed“windows” of instability alongthen1 -axis.A numericalcheckon thetwo-layer formulaeshowedno evi-
denceof thesewindows.

We shouldlike to point outthatour studyof the infinite complexLorenzequationshashadatwo-fold motiva-
tion. Firstly we haveusedthemas a test-caseset of equationswhichhavean exactsolution to testthe validity of
truncationprocedures.Secondly,we haveshownanalyticallythat truncationdoesnot alterthecharacteristicsof
theEadyandtwo-layermodelsmentionedabove.PedloskyandFrenzen[7] numericallyintegratedthe realver-
sion of the infinite Lorenzequationsfor up to 24modes.Ouranalyticalconclusionsthereforeconfirm that trun-
cationis avalid procedurein the neighbourhoodof the instability of (in this case)the continuumot fixed points.
However,this analysispredictsnothingaboutbehaviourat otherbifurcationpointssuchaspossibletransitions
from periodicor quasi-periodicsolutionsto chaos.Forthe specific caseof the two-layermodelthesehavebeen
studiednumericallyin ref. [7] but it wouldbe interestingto also performa numericalinvestigationwithvarious
otherformsof ‘In andbn for both theuniform andnon-uniformcases.

Finally we notethatManley andTrève [11] andTrêve [12] using a methodof Foiasand Prodi [13] have

shown that alower boundon the numberof modesin a Fourierexpansionisneededin Bénardconvectionin or-
derto obtainqualitatively correctapproximatesolutionsof theNavier—Stokesequations.

We gladly acknowledgebothguidanceandconversationswithProfessorJ.T.Stuart.M.B. would like to thank
theSERC for the awardof a studentship.
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