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The phenomenonof hysteresis,associatedwith multiple stable solution behaviours,hasbeen predicted and observedin
the Lorenz equationswhen r and a are large.

1. Much of the recentliteratureon chaosin dynam- transitionscanbeintermittent.
ical systemshasbeenconcernedwith pointingout the All thesephenomena,and particularlyhysteresis,
behaviouralsimilarity of manydifferent typesof canbeexplainedon the basisof a suitablenon-mono-
models.The transitionto aperiodicmotion via the tonedifferenceequation[11], suchasthat relating
(Feigenbaum)period-doublingcascadeoccursin dif- successivemaximaof Z constructedby Lorenz [12],
ferenceequations[1], differentialequations[2] and which exhibitsa pronouncedcusp.In turn,this can
fluid experiments[3]. The phenomenonof intermit- bereadilyunderstoodasbeingdue to theoccurrence
tency [4] hasalso beenwidely observedin the above of a homodinicorbit in the system[13]: asr passes
typesof system[5], which arguespersuasivelythat it throughthe valueat which thehomoclinic “explosion”
is a “universal” kind of behaviour.To a lesserextent, takesplace,a strangeinvariant setof trajectoriesis
hysteresis(representingtheconcurrentexistenceof produced,includingan infinite numberof periodic
differentstabletrajectoriesin dynamicalsystems)is orbits [14,151.It may bebetterto think of period-
also commonlyobserved[6], andindeedmight be doublingwindowsasbeing a resultof theexistence
expectedin any systemwhich canbehaveintermit- of homocinicity in a system(which“produces”the
tently: for example,the Rösslerequationsexhibit orbitswhich arethen “absorbed”by the period.
hysteresis,period-doubling,andintermittencyin doublingwindow) ratherthan asbeingprimarily due
variousrangesof their parameterspace[7]. to successivebifurcationsof a parentperiodicorbit.

Thisview is derivedfrom thatof Sparrow,asexpressed
2. Thebest-knowndynamicalsystem,the Lorenz in his forthcomingbook [15].

equationsX=—oX+ aY, Y(r_Z)X_ Y,Z=XY
— bZ,is known to exhibit period-doubling[8] and 3. The “Lorenzmap”relatingsuccessivemaxima
intermittency [9], andonemight reasonablyexpect ofZ on the strangeattractorshouldbe a curve crossed
hysteresisas well; indeed,it iswell-known [10] that with a Cantorset;that Lorenz observeda single-valued
for the “standard”valuesa= 10,b = 8/3,the non- functionis directlydue to the strongcontractionrate
trivial fixed points (Z = r — 1, ...) coexist (stably) of phasevolumes.In turn,this canbe consideredas
with thestrangeattractorfor 24.06~r ~ 24.74,and beingdueto the largevalueof ain hiscomputation.
hencehysteresisOccursin this range:for higherr, We havetakenadvantageof this observationtocon-
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structa Lorenzmapanalytically whena andr are The form of this differenceequationis shownin fig.
bothlarge.The constructionusesthe techniqueof 1; asalso foundby Lorenz [17] for decreasingb (so
singularperturbationanalysisasappliedto relaxa- also S -+ 0), thereare multiple cuspssuperimposedon
tion-typeoscillations[16]. Specificallywe definep a cuspless“envelope”curve;theseareof “thickness’
= rio, S = b/a, and analysetheequationsin the limit exp[—0(1/5)], andspaced0(52/3)apart.
p ‘~ 0(1),5 ~ 1; at leadingorder one obtainsa corn- Fig. 2 showsthe result of a numericalsolutionof
plicateddifferenceequationrelatingM~~1toM~, the equations.All the interestingdynamictransitions
whererM~isthenthmaximumofZ on a trajectory: occurwhena cuspapproximatelyoverliesthe inter-
in its simplestform (andfor 1M0 — (1 + 1/4p)I ~ ~) sectionof the 45°line with theenvelopecurve.This
this differenceequationcanbe written parametrically happensat a sequenceof valuesp = p5, S = 1, 2,
as when the first, second,etc. cuspoverliesthe fixed

r ~2/3 2/3 1 pointof theenvelopecurve,at a sequenceof values
M~= (1 + 1/4p)I 1 + 2 ~ j, M~= C5. The valuesp5 (andalsoC5) are 0(52/3)

L (1 + 4p)
113 apart,and interestingbehaviouris when p — p~j

= 0(5) (otherwisethedifferenceequationhas a simple
M~~

1= 2 — kIAi(—~)l~exp(—X5
2/3~), (I) fixed point, correspondingto a periodicsolution of

where the Lorenz system).PuttingM~= C
5 + 5ji,~,M~~1

= C ÷Sp p = p + 5~wherex is an 0(1)con-
k = 4~1+ 1’4 ~ex ~—2~’1+ 4 ~1/2 — ln 21 ~‘ n+1’ s

‘~ I P.’ P L L\ stant,one derivesthe locally approximatecanonical
X [(1 + 4p)

1/2 — 1] —‘} differenceequation

j3=25/[(l +4p)112 — 1], Pn+l =~+ ic(j.t~—~2lnIp~I), (2)
where~ f2 are 0(1)constants.To the sameorder of

A = 22/3/{(1 + 4p)113 [(1 + 4p)112 — 1] } . approximationgivenby (1),

Phi

Phi

a 0 ___________________________________________________
0 I ThetaThela Fig. 2. Difference map obtained from a direct numerical inte-

Fig. 1. Form of the difference equation from a slightly more gration of the Lorenz equationsat the sameparameter values
accurateversion of (1), at parameter valuesa = 100,r = 160, as fig. 1. The full height of the cuspsisnot seenbecauseof
b = 1: the first ten cuspshave been indicated. HereM~= 1 their narrowness.There are obviousquantitative discrepancies,
+O,Mn+i = 1 + ~. but we wish to point out the qualitativesimilarity.
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Table 1
= , ~2= 21/3(1 + 4p)l/

3 (3) Valuesofr
5 for a = 300, b = 1; is 0.68 and 0.63 fors = 1,

(1 + 4p)
213 2 respectively.

evaluatedat p = p
5. (The invalidity of(2) when!-

1n+1 r(1) r(2) r(3) r(4)

~ 1 doesnotmateriallyaffectthe dynamics.) —

2 240.5 223.6 233.6 229.4

4. The derivationof the Lorenz mapis carriedout 3 271.5 252.6 266.5 261.1

in detailelsewhere[18], asis the derivationandanal-
ysisof (2) [19]. Herewe sketchsometypical results.
We call thetroughbetweenthesthcuspand the (s solutionbehaviourare possible,andtransitionbe-
+ 1)th cuspthesthtrough,7’~.Foreachcuspnumber, tweenthemis hysteretic.
we identify thecorrespondingrs = op

5 for whichthe Computationof K showsthat K increaseswith a,
cuspoverliesthefixed pointof theenvelopeequation. so it is plausibleto expectintermittencyto occurfor
Generally{r5} is an increasingsequence.Foreach lower a,hysteresisfor high a.The expressionfor K

valueof s,thereis avaluer~’~suchthat for r<r~, in (3) doesnot reveala dependenceon a (at fixedp),
thereis a stable fixed point (andanunstable but onecanperhapsseefrom (1) that a moreaccurate
one);at~ thesecoalesce(asaddle-nodebifurcation), expressionfor K will revealsucha dependence.More
andif g <0.2178...the resultantmotionis “probably” obviously,K is the (local) slopeof the envelopecurve
chaotic(in 7’s). (This stemsfrom the fact that when [e.g.compareK in (3) with dMn+iIdMn in (1)], and
therelation~ = f(p,~)givenby (2) has two coales- increasingK with asimply indicatesthat this envelope
centfixed points,let us say /1 = bLc~it turnsoutthat becomes“steeper”asa increases:or, in termsof figs.
theminimumvaheoff for p>0 [at ~u= ~2,i.e. fmin 1 and2, thetroughsbecomeshallowerasa increases;
= ~ + ,c&~(l — In fl)] isgreateror less than

1~cdepend- this,incidentally,is in accordwith Lorenz’s map,
ingon whether1/(1 — K) + ln[K/(1 — K)] 15 greater whereonly the first troughis observedat a = 10.
or lessthan 0, andthesecorrespondto ~ being Therangeof r over which transitionoccursis a
greateror lessthan ~/(1 + ~), where~e1= e~, X 0(5) = 0(1);however,dueto variousfactorsof
i.e.K greateror less than0.2178... - If g iS greater “order unity” which are actuallyquite substantial,
than0.2178...,thenthe minimumoff in p>0 is the numericalrangeis somewhatlargerthanthis. For
greaterthanthe valueoff at jig, andsowhenthe example,table 1 showsvaluesr~’~for s= 2,3 at a
saddle-nodebifutcation takesplace,trajectoriesmove = 300, b= 1. On thebasisof these,we would predict
towards~.i> 0, in which region they thenremain.) the resultsshownin table2,which also showsresults

On the otherhand,for sufficientlyhighr (but takenfrom a directnumericalsolution of the equa.
nearr

5), thereis a stablel’~fixed point;this becomes
unstable(to a two-cycle)asr decreasesthroughr~.
ForK <0.2178...r~

3~> ~ andasr decreasesbe- Table 2
(3) . s Comparison of predicted and observedbehaviour for a = 300,

lowr
5 , a period-doublingwindow ensues.However, b = 1. Here f.p. = fixed point, ap.m. = aperiodic motion p.d.w.

if K >0.2178.,then~ > ~ andfor T~’~> r = period-doublingwindow.

>~ thereexistconcurrentfixed points(i.e. peri-
odic orbitsof thedifferential equations).As r de- Predicted Observed

creasesbelowr~
3~a period-doublingroute towards

(4) r < 223.6 T
1 f.p. 220 225

chaosensues;at a lowervaluers ,stableaperiodic 223.6-÷ 229.4 Ti f.p. Ti 2 ap.m. 230

motionvisits 7’~_~and 7’s; finally, at a valuer~
2~(if 229.4—‘233.6 T

1 f.p. T2’p.d.w. 239 (1’2 two-cycle)

K >0.2178...)(whenthechaoticT~trajectoryin- 233.6-+ 240.5 Ti f.p. T2 f.p. 240, 246

cludesthestablemanifold of the unstable7’~_~fixed r <252.6 T2 f.p. 250
point),the I’~motionbecomesunstable,and theT5_1 252.6 -+ 261.1 T2 f.p. T23 apm. 260

stablefixed point is (almost)globally attracting.Con- 261.1 266.5 T2 f.p. T3 p.dw. 270 (T3 two-cycle)

sequently,whenic >0.2178...thereis anintervalr~
2~ 266.5—p271.5 T

2 f.p. T3 f.p. unavailable
(1) . . r < 287.0 (—r~) T3 f.p. 280

<r <r5 in which two differentstable(non-constant) __________________________________________________
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Fig. 3. Phaseplotsof stableT

1 and T2 limit cyclesatr = 240,o= 300,b = 1. The inner (T1) cyclehasone crossingofX = 0 be-
tweenmaximaof Z, andhencegives theapple-shapedcurveon theX—Zplot.The other(T2) hastwo crossings,sothat X, Yare
(mostly) one-signed.It hasa symmetricalcounterpartwith X, Y< 0. Notetheclose approachof bothlimit cyclesto theZ-axis.
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