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Abstract Several hematological diseases are characterised by oscillations of
various blood cell populations. Two of these are a variant of chronic mye-
logenous leukemia (CML) and cyclical neutropenia (CN). These oscillations
typically have long periods ranging from 20 to 60 days, despite the fact that
the stem cell cycling time is thought to be of the order of 2–3 days. Clinical
data from humans and laboratory data from the grey collie animal model of
CN is suggestive of the idea that these long period oscillations may also con-
tain higher frequency spiky oscillations. We show how such oscillations can be
understood in the context of slow periodic stem cell oscillations, by analysing a
two component differential-delay equation model of stem cell and neutrophil
populations.

Keywords Stem cells · Chronic myelogenous leukemia · Cyclical neutropenia ·
Blood cell oscillations · Differential delay equations

For Karl Hadeler, on his 70th birthday, leader, teacher, colleague and friend.

C. Colijn (B)
Department of Mathematics and Centre for Nonlinear Dynamics, McGill University,
3655 Promenade Sir William Osler, Montreal, QC, Canada H3G 1Y6
e-mail: ccolijn@gmail.com

A. C. Fowler
Mathematical Institute,
24–29 St. Giles’, Oxford OX1 3LB, UK

M. C. Mackey
Departments of Physiology, Physics and Mathematics, Centre for Nonlinear Dynamics,
McGill University, 3655 Promenade Sir William Osler, Montreal, QC, Canada H3G 1Y6



500 C. Colijn et al.

1 Introduction

There are several hematological diseases in which there are significant oscil-
lations in blood cell numbers [11]. While some aspects of the oscillations are
understood by biologists and modellers to result from destabilizations of the
delayed feedback regulations that control cell numbers, the precise nature and
origin of some of the oscillations remains unclear. This is in part due to the
fact that the hematopoietic stem cells, from which all blood cells originate, are
not easily accessible (nor even easy to define), and so the dynamics of the stem
cells remain ‘hidden’. Knowledge of the effects of changes in the dynamics of
the stem cell compartment can be monitored indirectly through counts of the
numbers of circulating white, red and platelet cells.

Colijn and Mackey [4] presented a model of blood cell production that con-
tains the hematopoietic stem cells and three cell lines: the white, red and platelet
cells, together with regulating negative feedback loops. In Colijn and Mackey
[4,5], this model was fitted to observed clinical data for oscillating white blood
cell, reticulocyte and platelet numbers. These data came from cases of cyclical
neutropenia (CN) and periodic chronic myelogenous leukemia (PCML).

In the course of these simulations and comparisons, it appeared that there
were high frequency oscillations riding on top of a dominant, lower-frequency
oscillation in both the simulations and also the laboratory and clinical data.
Because the nature of oscillations in the circulating cell numbers has implica-
tions for several diseases as well as for the dynamics of the less observable stem
cells, the issue arises as to whether the observed high frequency spikes are man-
ifestations of noise, or are genuine artifacts of the dynamics of the system. In
this paper we examine the thesis that they are indicators of dynamical behavior.

The outline of this paper is as follows. First, in Sect. 2 we examine the avail-
able data to describe the nature of these high-frequency oscillations. Section 3
briefly presents the model of Colijn and Mackey [4,5]. Then in Sect. 4 we use
this model to understand the theoretical basis for these oscillations. The paper
concludes with a short discussion in Sect. 5.

2 Spiky data in blood cell oscillations

We have data available from two different diseases: Cyclical neutropenia in
both the grey collie animal model and in humans, and periodic chronic mye-
logenous leukemia in humans. These data are in general oscillatory, and often
show the high frequency osillations we will examine in this paper. In this section
we present and discuss these data.

We have CN data from a group of grey collie dogs and from 27 neutropenic
human patients. The human patients, who were diagnosed with severe idiopathic
neutropenia, cyclical neutropenia or congenital neutropenia, were participants
in a clinical trial of granulocyte-colony stimulating factor (G-CSF) [6]. Their
data have been previously analysed [12]. For these patients, the sampling times
were too sparse to show the high-frequency oscillations investigated here. We



High frequency spikes in long period blood cell oscillations 501

therefore focus on the dog data for cyclical neutropenia, and on human data
for periodic chronic myelogenous leukemia.

2.1 Cyclical neutropenia in the grey collie

Our dog data were supplied by Prof. David C. Dale (University of Washing-
ton School of Medicine, Seattle). The dogs (grey collies) are all neutropenic,
and were kept in temperature-controlled environments. Blood specimens were
drawn daily. The dogs underwent a variety of treatments, and at times were not
treated at all; thus we have data for treated dogs as well as untreated, neutrope-
nic, dogs. Some of these data have been previously analysed by Haurie et al.
[13].

However, there are 14 places in the dog data where we observe what appears
to be a high-frequency oscillation in the neutrophils (white blood cells), on
top of the dominant, slower oscillation typical of cyclical neutropenia. These
points occurred primarily when the dogs were being treated with G-CSF. G-
CSF is a naturally occurring cytokine known to increase neutrophil numbers
through an inhibition of apoptosis [2,17,20,24,25], but whose overall effect on
the hematological system is not fully characterised.

In Fig. 1, we have plotted the neutrophil counts in grey collies where a visual
inspection has identified high-frequency oscillations imposed on top of the
15–20 day period oscillations characteristic of CN in these animals [13]. In
Fig. 2 we show the leukocyte counts for patients with PCML (see Sect. 2.2). The
behavior we are interested in here is typified by the plot labelled ‘dog 113 3’,
which clearly shows high frequency oscillations at the peak of the neutrophil
count but not at the nadir.

The observation that the data may show higher-frequency variations, primar-
ily near the top of the oscillations, suggests analysing the data by comparing it
with functions of the form

y = M + A cos(ωt + φ) + κA cos

[
1
2
ωt + φe

]
cos(fωt). (2.1)

Here, M represents the mean of the function, the A cos(ωt + φ) term rep-
resents the dominant frequency (e.g. the 20 day oscillation for neutropenia, or
longer for PCML), and the last term represents an envelope at a lower fre-
quency surrounding a higher frequency oscillation. Thus f > 1 is the ratio of
the fast to slow frequencies, and ω is the dominant frequency. A graph of this
function, with f = 5.5 and κ = 0.6 is shown in Fig. 3. The choice φe = φ/2
ensures that the maximum amplitude of the envelope oscillation occurs when
the dominant cycle is at its maximum.

The qualitative similarity between the graph in Fig. 3 and the data shown in
Figs. 1 and 2 is encouraging, but the similarity is best quantified through fre-
quency analysis. Since the data are not evenly sampled, the Lomb periodogram
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Fig. 1 Grey collie data where high-frequency oscillations are shown. Plots show neutrophil num-
bers in units of ×108 cells kg−1, versus time in days
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Fig. 2 Human patient data for periodic chronic myelogenous leukemia showing the high-frequency
oscillations that occur when sampling is frequent, labeled by the authors of the published studies.
Plots show neutrophil numbers in units of ×109 cells kg−1, versus time in days. Note the high
frequency oscillations in the Vodopick, Gatti and Iizuka data

may be used to find dominant frequencies and their relative strengths [18].1 We
therefore perform a frequency analysis, using the Lomb periodogram, of both
the data sets and of simulated data sets generated from Eq. (2.1).

1 The Lomb periodogram was originally developed for astrophysical data analysis, and is analogous
to a Fourier periodogram but was developed for data that are unevenly sampled in time.
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Fig. 3 The graph of the function of Eq. (2.1) with f = 5.5 and κ = 0.6

Figure 4 shows the Lomb periodograms of the data given in Fig. 1. The
broken lines show the various significance levels; a level of 0.01 is taken to
indicate significant periodicity. Note that a large peak at a very low frequency
indicates that there is overall upward or downward drift in the data. An impor-
tant feature of these plots is that in almost all cases, there is a secondary peak
in the Lomb periodogram at twice the main frequency. While this has been
documented in cyclical neutropenia previously [14], this was in untreated CN
and was attributed to the characteristic ‘second bump’ in classic CN neutrophil
data. In our data, this characteristic second bump is not visible, yet the Lomb
periodogram frequently displays a peak at twice the dominant frequency. We
also see an additional peak above that. Thus, the data are not composed simply
of a superposition of the main frequency and twice the main frequency.

The relevant question is now whether surrogate data, created with the aid of
Eq. (2.1), can mimic the observed Lomb periodograms, especially for the dog
data shown in Fig. 1 where the high frequency oscillation occurs quite regularly.

The approximate waveform in Eq. (2.1) (or a simplified variant without the
phases) can be written in terms of the frequencies

A cos(ωt) + κA cos

[
1
2
ωt

]
cos(fωt)

= A cos(ωt + φ) + κA
2

cos

[
−1

2
ωt + fωt

]
+ κA

2
cos

[
1
2
ωt + fωt

]
(2.2)

so that if the second peak is to be at twice the main peak, we find f = 2.5 by
setting − 1

2ω + fω = 2ω. However, f may be higher, because with the fixed (and
somewhat low) sampling rate, a peak at 2ω appears in the Lomb periodogram
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Fig. 4 The corresponding Lomb periodograms of the data shown in Fig. 1. The horizontal axis is
the frequency in days−1 and the vertical axis is the power of the corresponding frequency. Dashed
lines show significance levels as indicated in the legend

even when f = 5. This is due to the fact that there is a maximum frequency that
the periodogram can detect at a given sampling rate, together with the fact that
a function of period T is also periodic with period nT for integer n.

We created a surrogate data set using Eq. (2.1) in the following way. First,
the dominant frequency of each data set is found using the Lomb periodogram.
Using that frequency as a starting value (and reasonable estimates for the mean



506 C. Colijn et al.

and phase), a nonlinear fit procedure is carried out to match the data to a func-
tion of the form of Eq. (2.1). The fit was performed with Matlab’s nlinfit
function, which uses the Gauss–Newton algorithm with Levenberg–Marquardt
modifications. The resulting function is then sampled at the same times that
the data are sampled to create the surrogate data. The corresponding Lomb
periodograms of the surrogate data, compared to the Lomb periodograms of
the original data, are shown in Fig. 5. In this figure, the frequency scale f is
always approximately 2.5.

From the figure, note that many of the secondary peaks are aligned in the
Lomb periodograms of the surrogate and real data. However, it is natural that
not all the features of the real data are matched by this relatively simple com-
parison; for example, from the analytically determined Fourier transform of
Eq. (2.1), only three peaks will appear in the frequency spectrum of the surro-
gate data, where the real data have more complex frequency compositions. This
can be due to time-dependent physiological parameters, random fluctuations,
the presence of other harmonics in the dynamics (which in real life are more
complex than those in the model), etc. However the matching of the frequency
spectra of the real and the surrogate data lends credibility to the notion that the
data consistently have higher frequency oscillations, occurring mainly at the top
of the dominant oscillation in the neutrophils. It is this hypothesis that we will ex-
plore, from the perspective of the dynamics of the model, in the rest of this paper.

2.2 Oscillations in human periodic chronic myelogenous leukemia

We also have data from several patients with a periodic form of leukemia (peri-
odic chronic myelogenous leukemia or PCML), previously analysed by Fortin
and Mackey [8], showing rapid variation in leukocyte numbers during periods
when the sampling rate was relatively high. Furthermore, high frequency oscil-
lations were seen in model simulations [4] that were fitted to the PCML data
using a simulated annealing algorithm.

Figure 2 shows white blood cell count data for PCML patients. Note that
in the data published by Iizuka, Delobel, Gatti, and Vodopick, when sampling
times are more frequent, high frequency variation is seen. (The references for
the PCML data are: [3,7,10,15,16,19,21–23,26] .)

Figure 6 shows the Lomb periodograms of the PCML data. Here, we do not
see any obvious consistent behavior in the Lomb periodograms other than the
main frequency of the oscillations. However, this is almost certainly because
for most of the cycles in the data, the sampling times were too sparse to pick
up any higher frequency oscillation, so that these higher frequencies were not
sufficiently regular to appear in the Lomb periodogram.

3 A mathematical model of stem cell/neutrophil dynamics

Few would dispute that the data in Figs. 1 and 2 indicate periodic behavior,
with periods of order 10 days for the dogs and 50 days for the humans with
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Fig. 5 Lomb periodograms of both real and surrogate data showing alignment of most secondary
peaks. The horizontal axis is the frequency in days−1 and the vertical axis is the power of the
corresponding frequency. Dashed lines show significance levels as indicated in the legend

PCML. It is equally clear that the data are not precisely periodic, principally
through time variation of the fluctuation amplitude. The fact that despite this,
the periodicity is so marked, suggests that we should pay equal attention to the
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Fig. 6 Lomb periodograms of the PCML data from Fig. 2. The horizontal axis is the frequency
in days−1 and the vertical axis is the power of the corresponding frequency. Dashed lines show
significance levels as indicated in the legend

relatively large amplitude excursions from the periodic signal which occur on
a more rapid time scale. This is seen, for example, in the data for dog 113–3 in
Fig. 1. Note that where these high frequency fluctuations are seen, it is mostly
when the neutrophils are at a maximum. Our object in the following sections
is therefore to examine whether a mathematical model of stem cell oscillations
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which can produce long period oscillations also has the capability of predicting
high frequency fluctuations, and in particular whether these can be localised on
the peaks of the neutrophil oscillations.

The starting point of our study is the mathematical model presented by Colijn
and Mackey [4,5] for the combined dynamics of stem cells, neutrophils, platelets
and red blood cells. The dimensional version of the model is given by

dQ
dt

= −β(Q)Q − (κN(N) + κR(R) + κP(P))Q + 2e−γSτSβ(QτS)QτS ,

dN
dt

= −γNN + AN κN(NτN )QτN ,

dP
dt

= −γPP + AP
{
κP(PτPM)QτPM − e−γPτPSκP(PτPM+τPS)QτPM+τPS

}
,

dR
dt

= −γRR + AR
{
κR(RτRM)QτRM − e−γRτRSκR(RτRM+τRS)QτRM+τRS

}
,

(3.1)

where we have used the notation xτ ≡ x(t − τ), and

β(Q) = k0
θ s

2

θ s
2 + Qs ,

κN(N) = f0
θn

1

θn
1 + Nn ,

κP(P) = κ̄p

1 + KpPm ,

κR(R) = κ̄r

1 + KrRr .

(3.2)

Colijn and Mackey [4] develop this model in detail, and thus it will not be derived
here. Essentially, the pluripotential hematopoietic stem cells Q can proliferate
or they can differentiate into the three peripheral cell lines. Thus, in the model,
they re-enter the proliferative phase at a rate β(Q), or differentiate at rates
κN(N), κR(R) and κP(P). All of these involve negative feedbacks that take the
form of Hill functions. The feedback functions have delayed arguments, due to
the several days required for cells to proliferate or mature. Table 1 contains a
list and description of the delays. Figure 7 shows a schematic diagram of the
model.

In dimensionless form, these equations are

q̇ = −q
[
b1h1(q) + b2h2(n) + b3h3(p) + b4h4(r)

] + b1λ1q1h1(q1),
ṅ = −γnn + Anb2qτn h2

(
nτn

)
,

ṗ = −γpp + Apb3

{
qτp1 h3

(
pτp1

) − λ3qτp2 h3
(
pτp2

)}
,

ṙ = −γrr + Arb4
{
qτr1 h4

(
rτr1

) − λ4qτr2 h4
(
rτr2

)}
.

(3.3)
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Fig. 7 Schematic
representation of the model

Table 1 Delays in the model

Delay Description

τS Stem cell proliferation time
τN Leukocyte maturation time
τRM Erythrocyte maturation time
τRS Erythrocyte aging time to senescence
τRsum τRM + τRS
τPM Platelet maturation time
τPS Platelet aging time to senescence
τPsum τPM + τPS

The variables are q, stem cell population; n, neutrophil population; p, platelet
population; and r, red blood cell population: an overdot denotes differentiation
with respect to t. Subscripts on these variables, such as q1 and qτn indicated
delayed arguments, with the subscript indicating the delay; thus q1 ≡ q(t − 1),
and so on. The functions hi are Hill-type controlling functions, and specifically

h1(q) = 1
1 + qs1

, h2(n) = 1
1 + ns2

,

h3(p) = 1
1 + ps3

, h4(r) = 1
1 + rs4

.
(3.4)

Typical operating values of the parameters in normal circumstances are given
in Table 2. Neutropenic oscillations are simulated (c.f. Colijn and Mackey [5])
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Table 2 Definitions and typical values of the dimensionless parameters of the model

Symbol Definition Typical value

b1 τsk0 22.4
b2 τsf0 1.1
b3 τSκ̄P 3.3
b4 τSκ̄R 3.3
s1 s 4
s2 n 1
s3 m 1.3
s4 r 7
λ1 2e−γSτS 1.6
λ3 e−γPτPS 0.9
λ4 e−γRτRS 0.24
γn τSγN 6.7
γr τSγR 0.003
γp τSγP 0.42
An ANθ2/θ1 700

Ap APθ2K1/m
P 58

Ar ARθ2K1/r
R 1.1

τn τNM/τS 1.25
τp1 τPM/τS 2.5
τp2 τPsum/τS 5.9
τr1 τRM/τS 2.1
τr2 τRsum/τS 45

if An is reduced (range: 50–250), b1 is reduced (range: 6–15), and b2 increased
slightly (range: 1–3).

4 Spiky oscillations

The framework for our analysis is the result of Fowler and Mackey [9], who
showed that long period oscillations (that is to say, long compared with stem
cell cycling time, here scaled to be one) would occur if the net reproduction
rate was small, which in the present context means λ1 − 1 is small. Although
the value λ1 − 1 = 0.6 hardly appears small, we shall proceed formally as if
it were. The resulting narrative will therefore have a qualitative applicability,
rather than quantitative accuracy.

4.1 Long period oscillations

We will begin by supposing that p and r are essentially steady. Because Apb3/γp
is large, then p ∼ Apb3qh3(p)/γp, and this suggests that h3(p) will be small.
Similar reasoning suggests that h4(r) will be small. So we begin by neglecting
these terms in the first equation of (3.3).

Our basic ansatz for the long period relaxation oscillations is that q varies
slowly with t during two phases of the oscillation, between which fast transitions
occur (see [9]). In contrast, n changes on a time scale t ∼ 1/γn ∼ 0.15 which is
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small, so that we can expect n to relax to a quasi-steady state n̄ in which

n̄ ≈ Anb2qτn h2(n̄)

γn
. (4.1)

Since
Anb2

γn
is large, we may take

h2(n) ≈ n−s2 , (4.2)

and thus

n̄ ≈
(

Anb2qτn

γn

)1/(1+s2)

. (4.3)

Hence q satisfies the approximate equation

q̇ ≈ −q

[
b1h1(q) + β

qs2/(1+s2)
τn

]
+ b1λ1q1h(q1), (4.4)

where

β = b1/(1+s2)
2

(
γn

An

)s2/(1+s2)

, (4.5)

and is small.
Now if q varies slowly, q̇ must be small, which requires λ1 ≈ 1 and β � 1.

We may then carry out a Taylor series expansion of the delayed terms about
the current time, and this gives us, to leading order (replacing λ1 by 1 in the
denominator),

q̇ ≈ (λ1 − 1)G(q) − βq1/(1+s2)

1 + G′(q)
, (4.6)

where we define

G(q) = b1qh1(q). (4.7)

Our ansatz that q varies slowly is thus justified if the expression in (4.6) is
reasonably small.

If this is the case, then the relaxation oscillations can be graphically por-
trayed with reference to Fig. 8, which shows the graph of the function G(q) with
values b1 = 10, s1 = 4. When oscillations occur, they consist of slow branches
AB and CD, when q varies as indicated by the arrows. At the points B and D,
G′(q) = −1, and there are rapid transitions BC and DA which connect the two
slow branches. Note that the denominator 1 + G′(q) of (4.6) is positive except
when q is between B and D. The issue of whether oscillations occur is thus
controlled by the numerator of (4.6). When q is large enough, this numerator
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Fig. 8 The function
G(q) = b1qh1(q) for values
b1 = 10, s1 = 4. Also shown
are the unit slope transition
lines 6.476 − q and 3.093 − q
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has a unique zero, and oscillations occur when it lies between B and D. The
reason for this is illustrated in Fig. 9, which shows the graph of q′ versus q for
three different values of An (other parameters being fixed). When An is large,
β is small, and there is a large positive zero of q′, which corresponds to a stable
steady state. As An is decreased, β increases, and this zero moves progressively
to the left, until in the central panel of Fig. 9 it lies between B and D of Fig. 8.
It is in this case that an oscillation occurs. Referring to Figs. 8 and 9, we see that
when An = 15, q̇ > 0 for q < qB, and q̇ < 0 for q > qD; thus q moves slowly
towards B and D in these respective regions, and when q reaches either point,
there is a rapid jump along the transition lines in Fig. 8 towards the other slow
region.

The conclusion of our discussion concerning long period q oscillations is that
as the neutrophil production rate An decreases, the healthy steady state for q
becomes unstable, providing also that the stem cell renewal rate λ is sufficiently
small. In the following section, we revisit the dynamics of the neutrophil popu-
lation n, bearing these observations in mind. Note that the slow variation of q
is formally justified, from (4.6), if λ − 1 � 1 and β � 1. The latter of these is
reasonable, but for λ = 1.6 it is marginal. Figure 9 shows that the assumption is
just about tenable.
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4.2 Excitable transients

We return to the equation describing the neutrophil population n:

ṅ = −γnn + Anb2qτn h2
(
nτn

)
. (4.8)

Because n varies on a rapid time scale, the discussion concerning slow oscilla-
tions of q should remain valid even if n varies in time, providing n̄ is defined in
that discussion by its local average

n̄ = 1
T

t∫
t−T

n dt, (4.9)

where we take T to be much larger than 1/γn, but much less than the time over
which q varies. It is evident from (4.8) that n̄ is defined very similarly to its
definition in (4.1) (the two are the same if we assume

h2(n) = h2(n̄)), (4.10)

so in fact exactly the same discussion applies. For simplicity, we will take (4.10)
to be the case, so that (4.1) applies.

Now, given that q varies slowly in time (except during the fast transitions
— but even these are slower than the neutrophil time scale), we see that (4.8) is
a first order delay-recruitment equation for n with a delayed negative feedback
term. It is well known that the (unique positive) steady state of such equations
can be oscillatorily unstable if the delay is large enough. Denoting [as in (4.9)]
the quasi-steady state as n̄, we ascertain its stability by putting n = n̄ + N,
linearising the resultant equation for N, and seeking solutions of the form
N ∝ exp(σ t). The result of this is that σ is given by

σ = �

τn
, � = −α − e−� , (4.11)

where
α = γnτn,  = Anτnb2|h′

2(n̄)|q. (4.12)

The transcendental equation for � in (4.11) has an infinite number of roots,
almost all of them in the left hand complex � plane. When α and  are positive,
as here, instability first occurs when  > 1(α), where 1(α) is a positive,
monotone increasing function of α given by

� = −α tan �, � ∈
(π

2
, π

)
,

1 = �

sin �
; (4.13)
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� is the frequency of the incipient oscillation at the instability threshold. As
α → 0, � → π/2 and 1 → π/2, while as α → ∞, � → π and

1 ≈ α + π2

2α
. (4.14)

From Table 2, α ≈ 8.3 and is large, so that (4.14) is appropriate. From (4.12)
and (4.14) we thus have instability if

Anb2|h′
2|q

γn
>∼ 1 + π2

2α2 . (4.15)

From (3.4), we have

|h′
2| = s2h2ns2

n(1 + ns2)
, (4.16)

and (4.15) and (4.16), together with (4.1), then imply that (4.15) can be written
as

s2Anb2q
γn

>∼
(

1 + π2

2α2

)
Anb2q

γn

(
1 + 1

ns2

)
. (4.17)

At leading order, since n � 1 (compare (4.2)), this gives the instability criterion
as

s2 >∼ 1 + π2

2α2 . (4.18)

A more accurate expression is obtained if we retain the term in 1/ns2 in
(4.17). Using (4.3) for n, we find that (4.17) takes the form

q >∼
γn

Anb2

[ (
1 + (π2/2α2)

)
s2 − 1 − (π2/2α2)

](1+s2)/s2

, (4.19)

and bearing in mind (4.18), this can be equivalently accurately represented by

q >∼
γn

Anb2

[
s2

s2 − 1 − (π2/2α2)

](1+s2)/s2

. (4.20)

With the choice of parameters in Table 2, we have s2 = 1, so that the quasi-
steady state is stable – but only just. Since s2 is close to the threshold (4.18),
we sense that if q is large enough, then oscillations of n may occur through
excitation of the quasi-steady state n̄. This is exactly what happens at the fast
transitions of q, and it suggests that for sufficiently large q, a transient oscilla-
tion in n may occur. This is essentially what is seen in parts of Figs. 1 and 2,
particularly in some of the dog data, e. g., dogs 101–1, 113–2, 113–3, 127–3 and
128–1.
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4.3 Stable oscillations

The choice s2 = 1 was taken from Bernard et al. [1]. However, there is little to
say that a value greater than one is inappropriate. If s2 >∼ 1, then a genuine Hopf
bifurcation will occur for large enough q. In this case, we expect the jump at a
fast q transition to initiate oscillations, but it is less likely that such oscillations
will be stable at the minimum values of q. Mostly, we do see oscillations at the
peak amplitudes of the q oscillations, for example in the data of dogs 127–1
and 118–2. Given that the long period oscillations have far from steady ampli-
tudes, it is not surprising that the high frequency oscillations have significant
fluctuations.

The parameter s2 in the model is critical. If s2 is greater than one, but not
close to one, then the threshold q for oscillations is small, and we expect per-
manent high frequency oscillations. For s2 close to one, this threshold increases,
and yields the intermittent high frequency oscillations which we seem to see.
For s2 < 1, we expect the high frequency oscillations to be absent. This appears
consistent with numerical solutions of the model.

4.4 Numerical results

We have solved Eq. (3.3) numerically using a Runge–Kutta fourth order method.
In the derivation of the model, the loss terms in the equations for p and r do
not apply until t > τp2 and t > τr2, respectively (before these times, the loss
terms depend on the initial conditions). In solving the problem numerically, it
is simplest to accommodate this by taking the loss terms to be zero for these
early times, which prevents the possibility of p and r becoming negative.

At the standard parameter values of Table 2, the full solution of (3.3) tends
to a stable steady state q∗, n∗, p∗, r∗ as t → ∞, with

q∗ = 3.27, n∗ = 18.9, p∗ = 21.1, r∗ = 7.37. (4.21)

To represent the effect of a disease such as neutropenia, we choose to examine
lower values of the parameters b1 and An, and higher values of b2. Experiment-
ing with different values of these and other parameters reveals that the model
(3.3) has a bewildering variety of behaviors, and many of the features in the
data of Figs. 1 and 2 can be found in the numerical solutions. It is noteworthy
in the solutions that neutrophil oscillations tend to be irregular for an initial
transient period of some 50 days (presumably because of the long erythrocyte
life time τr2). This is such a long period that it is reasonable to suppose that
external physiological influences will cause the dynamics to remain in a tran-
sient state. Indeed, it is evident in Figs. 1 and 2 that the time series are indeed
non-stationary. This will not be revealed in the eventual oscillatory solutions
we obtain, since no injection of long time secular influences is included. As one
particular (and not particularly optimal) example, Fig. 10 shows examples of q
and n obtained with An = 200, b1 = 8 and b2 = 1.4, and other parameters
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Fig. 10 Oscillatory behavior of q and n at parameter values An = 200, b1 = 8, b2 = 1.4, b3=3.3 and
the others as in Table 2. The output is given in dimensional units, using a time scale τS = 2.8 days,
a stem cell scale θ2 = 0.5 × 106 cells kg−1, and a neutrophil time scale θ1 = 0.36 × 108 cells kg−1.
The units of time are days, those of q 106 cells kg−1, those of n 108 cells kg−1. A dimensionless
time step of 0.01 was used, but reasonable results are obtained with a time step of 0.1

as standard. This figure shows the behavior we have described. The neutrophil
population tracks the long period oscillation of the stem cells, and a higher
frequency oscillation is excited at the peak of the oscillations.

5 Discussion

The data we have analysed show consistent high frequency neutrophil oscil-
lations, primarily at the peak of the neutrophil cycle. The Lomb periodogram
analysis of surrogate data with these features confirms this observation. Our
analysis shows that under reasonable assumptions about the parameters, the
stem cell oscillations induced by a decrease in An can lead to transient neu-
trophil oscillations when q is large enough. This is precisely the phenomenon
observed in the data.

One of the features of many numerical solutions which is marginally apparent
in Fig. 10 is that there can be fast oscillations at the bottom of the q oscillation.
Although not evident in Fig. 10, these can cause an extended oscillatory mini-
mum of q, and resulting high frequency neutrophil oscillations when q is low.
Mostly the data do not suggest such features, although there is a hint of them
in the data of dog 118–1 and dog 127–3. They arise because of a property of the
long period stem cell oscillation. In the transition from the slow phase CD of
Fig. 8, the fast transient joins the constant value of q at D to that at A. In Fowler
and Mackey [9], this fast transient is described by the approximate equation

q̇ = G(q1) − G(q), (5.1)

where G(q) is given by (4.7). The approach to the next slow phase is gener-
ally oscillatory, and whether these fast oscillations are seen depends on the
sharpness of the transition, and the rapidity of the decay of the oscillation. In
Fig. 10, only a few oscillations occur, but for other parameter values, there can



518 C. Colijn et al.

be a number of these, and then the neutrophils follow suit. The parameter s2
is closely linked to the nature of the oscillations. It is equal to 1 in our model,
but if it were much larger than 1, we would expect stable oscillations in the
neutrophils. If it were (as is likely) close to 1 then our analytical results predict
that this would lead to the kind of intermittent high frequency oscillation seen
here. Our discussion of the nature of the solutions above focusses on q and n,
and assumes that r and p play a passive role. Actually, p satisfies an equation
similar to n, and a similar discussion can be made for it. Like n, it appears to
follow the slow q oscillation, but has more rapid oscillatory dynamics of its own.

The red blood cells r are distinguished by their very slow relaxation time
(small γr) and large lifetime (large τr2). Even at 400 days in the simulation, r is
still relaxing transiently. The values of p for the simulation of Fig. 10 are large,
between 10 and 50, so that h3 is small, but then so are h2 and h4. Actually, the
model only makes sense if all three blood cell types are involved in the control
of stem cell regulation, and this implies that h2, h3 and h4 really should be the
same size. The only real justification for considering only n is that all these
controllers should act in a similar way.

We are able to account for the observed intermittent high frequency oscilla-
tions with dynamical considerations of the mathematical model. It is therefore
likely that there is some contribution to the high frequency oscillations from
the dynamics of the system itself, and that they do not simply result from noise
and the fluctuation of biological parameters.
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