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H I G H L I G H T S

� A simple mathematical model.
� Spatial oscillations in groundwater contaminants.
� Microbial competition between fermenters and respiring heterotrophs plays the key role.
� Self-sustained temporal oscillations plus spatial diffusion can give travelling waves.
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a b s t r a c t

Spatial oscillations in groundwater contaminant concentrations can be successfully explained by
consideration of a competitive microbial community in conditions of poor nutrient supply, in which
the effects of spatial diffusion of the nutrient sources are included. In previous work we showed that the
microbial competition itself allowed oscillations to occur, and, in common with other reaction–diffusion
systems, the addition of spatial diffusion transforms these temporal oscillations into travelling waves,
sometimes chaotic. We therefore suggest that irregular chemical profiles sometimes found in con-
taminant plume borehole profiles may be a consequence of this competition.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Groundwater contaminant concentration profiles have been
observed to oscillate spatially (Broholm et al., 1998; Jones et al.,
1999; Smits et al., 2009). In recent work, Fowler et al. (2014) suggested
that one mechanismwhereby such oscillatory profiles could occur was
through a competitive interaction between respiring heterotrophic
and fermentative bacteria. In conditions of limited nutrient supply,
self-sustained oscillations in both microbe species and nutrient carbon
source can occur in a Continuous Stirred Tank Reactor (CSTR) model,
and Fowler et al. (2014) suggest that when this model is studied in a
spatially inhomogeneous medium, the effects of diffusion may cause
oscillatory waves to occur, corresponding to the spatial oscillations
which are actually seen. The purpose of the present paper is to
demonstrate that this is true.

An extensively studied site of groundwater contamination is the
Rexco site in Mansfield, UK, where the ammoniacal waste liquor from

a coal carbonisation plant, which operated from the early 1930s to
1970s (Smits et al., 2009), has penetrated some 18m into unsaturated
sandstone, forming a contaminant plume of about 25 m depth. In the
course of a large field investigation (Broholm et al., 1998; Jones et al.,
1999), groundwater and soil samples were taken from a series of
boreholes and the minerals in the aquifer were characterised. The
results from borehole BH102 (data collected May 2003) are shown in
Fig. 1. Data for each contaminant was recorded along 25 cm intervals
beginning 18m underground at the top of the saturated zone, so that
we can see a vertical section through the contaminant plume. The
interpretation of data such as these follows standard explanations of
redox zonation by sequential depletion of terminal electron acceptors
(TEAs) (e.g. Chapelle, 2001). The most striking feature of the data is the
nitrate spike at 19 m depth, suggestive of coupled nitrification–
denitrification, presumably at the lower margin of the oxic zone,
though oxygen data are not available. The steady decrease of nitrate
from 19m to 22.5 m indicates denitrification in the absence of oxygen,
with a depletion at 22.75 m in a sharp front. The dominant TEA
process in this region is not evident from the data, but dissimilatory
iron reduction or sulphate reduction are plausible candidates. Our
interest is in the zone below this front (from 23m depth), where
concentrations of the electron donors' organic carbon and ammonium
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appear to show out-of-phase spatial oscillations. While only a single
period of these oscillations is visible, the important feature is the
coherence of the data points within this period; the signal does not
appear noisy. Other borehole profiles from the same site also show
similar coherent oscillations (Smits et al., 2009). Although oscillations
in chemical reactions can occur, for example in the Belousov–
Zhabotinskii reaction (e.g., Murray, 2002), we have sought vainly in
models of nitrification for processes which might oscillate. Instead, we
suggested (Fowler et al., 2014) that the cause of spatial oscillations
might lie in competition between microbial populations. While
microbial competition is commonly thought of as providing for
competitive exclusion (Smith and Waltman, 1995), we showed
(Fowler et al., 2014) that in a simple model of microbial competition
oscillations could occur.

We wish to emphasise that while our interest in spatial
oscillations is motivated by Fig. 1, our concern is not to explain
that particular data set, but simply to ask the question whether
realistic mathematical models of microbial growth are consistent
with such oscillations. The model described in the following
section should be divorced from any direct connection with Fig. 1.

The model systemwhich we studied earlier represented a fairly
general system in which two competing microbial populations
used two different carbon sources, provided typically by hydrolysis
from an organic carbon feed. A population of heterotrophs could
utilise either source, but preferred the simpler, broken down
carbon, which itself was provided by the action of fermenters on
the complex source. The resulting activator–inhibitor system led to
pronounced oscillations in conditions of relative starvation.

In this short note, we show that the same model kinetics, when
incorporated in a spatial domain with the effects of spatial
diffusion added, allow spatial oscillations to occur, with a wave-
length comparable to that which is seen in Fig. 1, although we
emphasise again that a direct application is not intended.

2. Activation-inhibition system

2.1. The model

The interactions between respiring heterotrophic bacteria (H)
and fermentative bacteria (F), consuming complex (Cn) and simple

(C1) organic carbon are given by the model (Fowler et al., 2014)

∂H
∂t

¼ rnCnH
CnþKn

þ r1C1H
C1þK1

�dHH;

∂F
∂t

¼ rFCnF
CnþKF

�dFF;

∂Cn

∂t
¼ � rFCnF

YFnðCnþKF Þ
� rnCnH
YnðCnþKnÞ

þSþD
∂2Cn

∂z2
;

∂C1

∂t
¼ rFCnF
YF1ðCnþKF Þ

� r1C1H
Y1ðC1þK1Þ

þD
∂2C1

∂z2
; ð2:1Þ

which differs from our earlier model by the inclusion of diffusion
terms for the soil carbon concentrations in a one-dimensional
spatial domain �1ozo1.

Diffusive transport is assumed here because we are concerned
with the vertical structure of the profile. In fact, transport in
groundwater plumes is essentially by horizontal advection, and is
measured by the size of the (reduced) Péclet number, which has a
typical value somewhat larger than one.1 However, such advection
simply causes the vertical diffusive term to be relative to a
uniformly advected horizontal spatial coordinate, with respect to
which (2.1) provides the appropriate model.

Units for H, F, Cn, and C1 are mgCOD l�1. Fermenters activate
respiring heterotrophs as they break down complex carbon and
produce simple organic carbon. The respiring heterotrophic bac-
teria that consume the complex organic carbon inhibit the
fermenters. S denotes the constant source of complex organic
carbon and ri denotes reaction uptake rates. We have used simple
Monod uptake terms with maximal uptake rates ri, half-saturation
constants Ki, yield coefficients Yi, and linear death rates with
coefficients di, for the bacteria. We have ignored an additional
source term for complex carbon released upon death by organic
material, involving a conversion ratio ζ, which is noted in Fowler
et al. (2014) can lead to chaotic oscillations if ζa0.

Typically, organic carbon would be supplied through advection
from upstream, diffusion from the plume centre, or by hydrolysis.
The latter would provide a source term in the equation, and
following Fowler et al. (2014), we take this source S to be constant.

2.2. Non-dimensionalisation

We non-dimensionalise the equations in the same way as
Fowler et al. (2014), additionally choosing an appropriate length
scale:

H¼ S
dH

h; F ¼ S
dF
f ; C1 ¼

K1dH
r1

c; Cn ¼
KFdF
rF

s;

t � t0 ¼
ffiffiffiffiffiffiffi
Kn

rFS

s
; z� l¼

ffiffiffiffiffiffiffiffi
Dt0

p
: ð2:2Þ

Parameter values are listed in Table 1; these are as given by Fowler
et al. (2014), with the additional choice of a diffusion coefficient
D of � 10�9 m2 s�1. Most of the parameter values are taken from
Langergraber et al. (2009).

The resulting dimensionless model is given by

ελht ¼
δhs
1þγs

þ hc
1þαc

�h;

εf t ¼
sf

1þβs
� f ;

st ¼ ε σ� sf
YFnð1þβsÞ�

δhs
Ynð1þγsÞ

� �
þszz;
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Fig. 1. The data from the Rexco site, borehole 102, May 2003, showing concentrations
of NHþ

4 (mg l�1), NO�
3 (mg l�1), Hþ (nmol l�1) and CH2O (10�5 mol l�1). Note that the

zero concentration is offset from the left hand axis, and both Hþ and NO�
3 go to zero at

a reaction front at depth 22.75m. Oscillations in concentration profiles are observed
from 22.5 m. The data was kindly provided by David Lerner and Arne Hüttmann at the
Groundwater Protection and Restoration Group, University of Sheffield.

1 A typical example is for a horizontal flow of U¼10 m year�1, over a
horizontal distance L� 1 km and vertical extent h� 10 m; if the transverse
dispersion coefficient is D� 10�9 m2 s�1, then the reduced Péclet number is
Pe¼Uh2=LD� 30.
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ct ¼ εμ
sf

YF1ð1þβsÞ�
hc

Y1ð1þαcÞ

� �
þczz; ð2:3Þ

where the dimensionless parameters are defined by

α¼ dH
r1

; β¼ dF
rF
; γ ¼ KFdF

KnrF
; δ¼ rnKFdF

rFKndH
;

ε¼ 1
dFt0

; λ¼ dF
dH

; μ¼ r1KFdF
rFK1dH

; σ ¼ 1: ð2:4Þ

Typical parameter values are listed in Table 2.
If the diffusion terms are neglected, these equations have

solutions consisting of self-sustained oscillations. An example is
shown in Fig. 2. The profile of s is similar to a sawtooth oscillation.
The bacteria profiles are spiky in nature and become more spiky
with small values of ε, which represents starvation in the system.

The issue of boundary and initial conditions requires some
consideration. On an infinite domain, we seek to prescribe s and c
at z¼ 71. Our thesis is predicated on the idea that a pre-existing
quiescent state is activated by the arrival of a plume (at, we
suppose, z¼0), and then initiates spontaneous oscillations which
propagate outwards from the plume centre.

Since we presume that the parameters are such that oscilla-
tions occur, the only sensible boundary conditions to apply at 71
are those corresponding to the unstable steady state of the system.
Defining

δn ¼ δ

1�βþγ
; ð2:5Þ

and assuming that

βo1; δno1; αo 1
1�δn

; ð2:6Þ

then the steady state of the system is

s¼ sn ¼ 1
1�β

; c¼ cn ¼ 1�δn

1�αþαδn
;

f ¼ f n ¼ YnYF1YFnð1�δnÞ
δnY1YFnþð1�δnÞYnYF1

;

h¼ hn ¼ Y1YnYFn

δnY1YFnþð1�δnÞYnYF1
; ð2:7Þ

and suitable boundary conditions are

c-cn; h-hn as z-71: ð2:8Þ

Table 1
Values of the constants as estimated by Fowler
et al. (2014).

Symbol Typical value

dF 0.02 d�1

dH 0.2 d�1

D 10�9 m2 s�1

Kn 2 mgCOD l�1

K1 4 mgCOD l�1

KF 28 mgCOD l�1

l 0.25 m
rn 2.4 d�1

r1 2.4 d�1

rF 1.5 d�1

S 0:37� 10�4 mgCOD l�1 d�1

t0 0:71� 103 d
Yn 0.63
Y1 0.63
YFn 0.053
YF 1 18

Table 2
Typical values of the dimensionless parameters.

Parameter Typical value

α 0.08
β 0.013
γ 0.18
δ 2.2
ε 0.07
λ 0.1
μ 1.1

Fig. 2. Solution of (2.3) with the diffusion terms neglected, and the following parameter values: ε¼ 0:3, δ¼ 0:5, μ¼ λ¼ YF ¼ Yn ¼ Y1 ¼ YH ¼ 1, α¼ β¼ γ ¼ 0:1.

Fig. 3. Waterfall plot of h with parameter values: σ ¼ 1, ε¼ 0:3, δ¼ 0:5,
μ¼ λ¼D¼ YF ¼ Yn ¼ Y1 ¼ YH ¼ 1, α¼ β¼ γ ¼ 0:3, Δt ¼ 0:5 and Δz¼ 0:25. Initial
values are at the unstable steady state, with a superimposed top hat profile for s,
as described in (2.9) and (2.10).
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Initial emplacement of a plume is then represented by taking
initial conditions

f ¼ f n; h¼ hn; c¼ cn at t ¼ 0; ð2:9Þ
together with a top hat initial profile for s

s¼
s0 jzjoz0
sn jzj4z0

at t ¼ 0;

(
ð2:10Þ

and we would typically take z0 ¼ Oð1Þ, s0 ≫1.

2.3. Results

The model in (2.3) was solved by the method of lines in the
positive half of the domain. The result was then reflected across
the z-axis producing the symmetrical solution.

Figs. 3–5 show the results of a numerical solution of the
equations using the initial and boundary conditions given in
(2.9) and (2.10), respectively.

Fig. 3 shows the evolution of the heterotrophic bacteria. The
initial emplacement of an enrichment of s causes a rapid increase
locally in h and an equally rapid decline, similar to the spiky
oscillations in Fig. 2. However, just as in the temporal oscillations,
there continue to be subsequent spikes, but the effect of diffusion
is to cause a spreading of the oscillatory behaviour, so that at any
particular time, h exhibits spatial oscillations. A sequence of
snapshots of h and s at different times is shown in Fig. 4.

Fig. 5 shows the corresponding waterfall plot for the complex
carbon s. The behaviour is similar, although as we expect the
oscillations are less abrupt. An interesting feature, seen in both
Figs. 3 and 5, is that while there is net propagation of the profiles
outwards, the oscillatory peaks are actually formed by propagation
of growing waves inwards from the far field. It may be noted that
although the waterfall plots have an appearance that is suggestive
of a large-scale order, due to the temporal behaviour being
dominated by the stable limit cycle that obtains for a single set
of populations, the individual snapshots are suggestive of more
irregular spatial oscillations. Details of whether in fact the waves

Fig. 4. A sequence of snapshots at the indicated dimensionless times of the evolving h (dashed lines) and s (solid lines) values. Parameter values are as in Fig. 3.
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are a manifestation of chaotic or quasi-periodic behaviour are of
interest, but will be pursued elsewhere.

While the model system we have studied is motivated by the
apparent oscillations seen in Fig. 1, we emphasise again that it is
not designed to simulate the actual data of that figure, rather we
are simply endeavouring to answer the question as to whether
realistic microbiological population models will allow the occur-
rence of such oscillations. Despite the fact that our aim is not to
simulate Fig. 1, one feature of that figure bears further scrutiny,
and that is the apparent wavelength of the oscillation. If our
heterotroph-fermenter model provided vastly different wave-
lengths to those in the figure, it would provide a genuine cause
for concern; therefore it is of interest to compare these wave-
lengths. The spatial wavelength of the oscillations observed in the
snapshots of numerical solutions are of the order of 5–10 dimen-
sionless units, which corresponds, with a length scale l¼0.25 m
(see Table 1), to a dimensional wavelength of 1.25–2.5 m. This is
roughly comparable to the 1 m wavelength suggested by the CH2O
data in Fig. 1, and to the 2 m wavelength suggested by the NH4

data, and at least indicates a consistency in the model. Considering
the definition of l in (2.2), the principal uncertainty in the
wavelength lies in the constituents of the time scale t0, which in
particular involves the uncertain supply term S; however, note
from (2.4) that we can also define

l¼
ffiffiffiffiffiffiffi
D
εdF

s
; ð2:11Þ

so that we expect the wavelength to be associated primarily with
the value of ε, and more particularly with the period of the
oscillations which occur in the spatially homogeneous case. This
dependence has been studied by Fowler (2014), who shows that
the dimensionless period of the oscillation is of order 1=ε2, but
also that the bacterial populations reach minima of
O½expf�Oð1=ε2Þg�. Such small minima suggest effective extinction
of the bacteria, and replacement in the community by competitors.
Roughly speaking, oscillations occur for ε≲1 but quickly become
untenable as ε is reduced. The suggestion is then that the period
and consequent wavelength of the oscillations will be relatively
robust over the fairly narrow range where starvation occurs. The
word starvation is used here as a proxy for resource limitation.
And, of course, starvation is precisely the mechanism in a plume
whereby the successive TEAs are brought into play. The interesting

question of the interaction between the depletion of TEAs and the
formation of spatial oscillations awaits further study.

3. Conclusions

A basic principle of reaction–diffusion theory is that when a
spatially homogeneous reacting system exhibits limit cycle oscilla-
tions, then when placed in a medium where the reactants can
diffuse, travelling waves result (Fowler, 2011, pp. 41 ff.; Murray,
2002; Kopell and Howard, 1973; Keener, 1980), and this principle
has been used effectively to explain periodic waves in the
Belousov–Zhabotinskii reaction, wave propagation in nerve cells,
and also chaotic waves in predator–prey systems quite similar to
the set-up considered here (Sherratt et al., 1995).

Thus, motivated by this guiding principle, and also by the
admittedly limited but nevertheless compelling evidence of plots
such as that in Fig. 1, which seem to imply spatial oscillations in
soil chemistry profiles, we began the search for an oscillatory
reactive mechanism. We have yet to discover a soil chemical
reaction set which oscillates, but we did find that by shifting the
focus to the interactions between microbes, we could identify a
simple competitive microbial model which does oscillate (and
does so robustly). Our presumption then was that with the
inclusion of suitable diffusion terms for the mobile constituents
(i.e.,the nutrients), spatial oscillations in the form of travelling
waves would occur, and indeed this is what we have found: this is
the principal conclusion of the present paper.

In our interpretation of Fig. 4, the z-axis would represent a
vertical borehole profile, with z¼0 representing the centre of a
groundwater plume, and (analogously to Fig. 1) depth increasing
with z. One conclusion of interest is that although the reaction
kinetics are periodic, the outward propagating waves appear
irregular; the same thing was found by Sherratt et al. (1995).
Another, which we are hesitant to emphasise, is that if one
compares Figs. 4 to 1, the second panel at t¼33, dimensionally
corresponding to 66 years, shows a waveform in s over a distance
z� 20 from the centre of the plume, corresponding to 5 m, which
is surprisingly similar to the ammonium profile in Fig. 1. We do not
read explanation into this similarity, but the confluence of time
and space scale is reassuring even if not suggestive (recall that the
plant operated from the 1930s until 1970, while 66 years before
the borehole sampling date of 2003 is 1937).

Two further features of the results are of note. At a reaction
front, such as that exhibited at 22.75 m depth in Fig. 1, we would
expect the reactant concentrations to go to zero (Hagan et al.,
1985), but the oscillating CH2O and NHþ

4 profiles do not show this.
Neither in fact does the ammonium go to zero at the higher level
nitrate spike at 19 m, which we might expect on the basis of the
simple nitrification reaction

NHþ
4 þ2O2-NO�

3 þH2Oþ2Hþ : ð2:12Þ
These observations are consistent with our results, in which
spatial oscillations propagate into a background field of non-zero
ambient concentration.

A second feature of interest is that although the purely
temporal oscillations are periodic, the resulting spatial travelling
waves are less regular. The waterfall plots of s and h are suggestive
of quasi-periodic motion in space and time, but this is not obvious
in the snapshots of the spatial concentrations, which at face value
indicate a more noisy profile, as also found by Sherratt et al.
(1995). We therefore suggest that even irregular oscillatory soil
chemical profiles may reflect an underlying mechanism of oscilla-
tion in microbial populations, possibly associated with depletion
of the relevant terminal electron acceptor, and are not simply the
result of noise in field measurement.

Fig. 5. Waterfall profile for s, parameters as in Fig. 3.
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