UNIVERSITY OF OXFORD

THESIS SUBMITTED IN PARTIAL FULFILMENT OF THE
REQUIREMENTS FOR THE DEGREE OF DOCTOR OF
PHILOSOPHY

The computation of Greeks with
multilevel Monte Carlo

MiCcHAELMAS TERM 2013

Author: College:
Sylvestre Burgos Lady Margaret Hall

May 20, 2014






Acknowledgements

First and foremost I wish to express my deepest gratitude to my supervisor, Prof.
Mike Giles for being unfailingly supportive and for being an inspiration. Without
his expertise, his dedication and outstanding guidance this thesis would never have
been possible.

I am extremely grateful to the Man Group plc for their financial backing and for
providing me with such an amazing work environment at the Oxford-Man Institute.

Special thanks go to William Chesters for his understanding and stimulation in
the final stages of my thesis.

Thanks to the University of Oxford, Lady Margaret Hall, the common rooms
and clubs for making these years so unique and enriching.

Thanks to the many unsung heroes of free software without whom I wouldn’t
have had the tools for writing this thesis.

On a more personal level, I would also like to mention the very special people
I have the privilege to know both in Oxford and across the globe. I am greatly
indebted to all of them for their kindness, their joviality, their wisdom and for all
the things I have learnt from them. Although not mentioned individually, they will
recognise themselves. To all of them: “Thanks for being part of my life”.

Finally I want to thank my family for their love and for always supporting me
in times of doubt. All I have and will accomplish is only possible thanks to them,

the importance of their sacrifices could never be overstated. This work is for them.






The computation of Greeks with multilevel Monte Carlo

A thesis submitted in partial fulfilment of the requirements

for the degree of Doctor of Philosophy.
Sylvestre Burgos
Lady Margaret Hall

Michaelmas Term 2013

Abstract

In mathematical finance, the sensitivities of option prices to various market param-
eters, also known as the “Greeks”, reflect the exposure to different sources of risk.
Computing these is essential to predict the impact of market moves on portfolios and
to hedge them adequately. This is commonly done using Monte Carlo simulations.
However, obtaining accurate estimates of the Greeks can be computationally costly.

Multilevel Monte Carlo offers complexity improvements over standard Monte
Carlo techniques. However the idea has never been used for the computation of
Greeks. In this work we answer the following questions: can multilevel Monte Carlo
be useful in this setting? If so, how can we construct efficient estimators? Finally,
what computational savings can we expect from these new estimators?

We develop multilevel Monte Carlo estimators for the Greeks of a range of
options: European options with Lipschitz payoffs (e.g. call options), European
options with discontinuous payoffs (e.g. digital options), Asian options, barrier op-
tions and lookback options. Special care is taken to construct efficient estimators
for non-smooth and exotic payoffs. We obtain numerical results that demonstrate
the computational benefits of our algorithms.

We discuss the issues of convergence of pathwise sensitivities estimators. We
show rigorously that the differentiation of common discretisation schemes for Ito
processes does result in satisfactory estimators of the the exact solutions’ sensitiv-
ities. We also prove that pathwise sensitivities estimators can be used under some
regularity conditions to compute the Greeks of options whose underlying asset’s
price is modelled as an Ito process.

We present several important results on the moments of the solutions of stochas-
tic differential equations and their discretisations as well as the principles of the
so-called “extreme path analysis”. We use these to develop a rigorous analysis of
the complexity of the multilevel Monte Carlo Greeks estimators constructed earlier.
The resulting complexity bounds appear to be sharp and prove that our multilevel

algorithms are more efficient than those derived from standard Monte Carlo.
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Chapter 1

Multilevel Monte Carlo Greeks

In mathematical finance, Monte Carlo methods are often used to compute the
value of an option by estimating the expected value of an appropriately discounted
payoff E(P). Here, P is a payoff function that depends on an underlying asset’s
scalar price S(t) whose initial value S(0) is given and whose evolution SDE on the

time interval [0, 77 is of the form
dS(t) = ap(S,t)dt + bg(S,t) dW;, (1.1)

where W; is a Brownian motion. We also write S; := S(¢). The drift ag(S,t) and
the volatility by(S,t) depend on a certain parameter §. For brevity, we commonly

ignore the subscript and just write
dS(t) = a(S,t)dt + b(S,t) dW;. (1.2)

This is just one use of Monte Carlo in finance. In practice the prices of common
contracts are often quoted and used to calibrate our market models; the option’s
sensitivities to market parameters, the so-called Greeks, reflect the exposure to differ-
ent sources of risk. Computing these is essential to hedge portfolios and is therefore
even more important than pricing the option itself. However, obtaining accurate
estimates of the Greeks can be computationally costly, much more so than simply
estimating prices. This is why our research focuses on getting fast and accurate
estimates of Greeks through Monte Carlo simulations.

Multilevel Monte Carlo offers complexity improvements over standard Monte
Carlo simulations. This has been proved in a range of settings, including option
pricing. Nevertheless the idea has never been used for the computation of Greeks.
In this work we answer the following questions: can multilevel Monte Carlo be
useful in this setting? If so, how can we construct efficient estimators? Finally,

what computational savings can we expect from these new estimators?



In this chapter, we begin by recalling basic principles of Monte Carlo pricing,
then introduce the multilevel technique before presenting methods used to compute
Greeks.

1.1 Monte Carlo Pricing

The first step to pricing an option via Monte Carlo is to simulate the underlying

asset’s evolution on the time interval considered.

1.1.1 Underlying asset’s model and pricing

We write Vi, the value at time ¢ of an option paying the payoff P at time T
(0 <t < T). Basic asset pricing theory proves that under certain assumptions
(absence of arbitrage, completeness of the market, see [HK04] for more details), we

can associate to any numeraire (a traded asset serving as a unit of account) with a

. : : Vi .
value Ny, a unique measure N, the equivalent martingale measure such that “Lisa

t
martingale. We can then write

P (Sr)
Nr

\%
V, = NEy [NT |]-"t] = N,Ey [ ]-"t] (1.3)
T
where Ey denotes the expectation with respect to the measure N. In simple cases

(simple equity options, deterministic riskless interest rate ry), IV} is taken to be
t

the money market account By = exp / rsds |, i.e. the value of a unit of currency

0
invested at the riskless rate r between time 0 and ¢. With B the associated equivalent

martingale measure, the present value of the option can then be written as

Vo = Eg [ggmsT) |fo} — VB [P (S1)|70) (1.4)

where Sy’s evolution equation under the equivalent martingale measure is ,
dS(t) = a(S,t)dt + b(S,t) dW; and D7) = % can be thought of as a discount
factor. That is, to price an option, we estimate the discounted expectation of the
payoff (see also [WHD95| for more details).

In our study, we focus on the computation of E [P (St) |Fy]| and for the sake of
brevity we ignore the discount factor D) in the payoff as it does not alter the

techniques involved.

1.1.2 Path simulation and convergence modes

The Monte Carlo estimator of Vj is obtained by simulating trajectories of the
underlying asset S; between the present time ¢ = 0 and expiry 7. We then com-
pute the payoff’s value corresponding to each of these simulations and estimate the

expectation of the payoff by averaging the results.



To simulate the paths described by equation , we discretise the time interval
[0,T] into N regular time steps of width h := At = T/N. We associate the index n
to the n-th discretisation time and write the discretisation of the solution of equation
between times ¢, = nh and t,4+1 = (n+ 1) h as

Spir = fa (§n,AWn> (1.5)

where fy is some function dependent on the parameter 0, AW, = W, 1), — Wan
and Sy, Sp+1 correspond to the discretised approximations of Sy, and S, 1 1), re-
spectively.

Two common discretisation schemes used for 1-dimensional stochastic differential
equations are the Euler and the Milstein scheme (see [KP92| or [Mil95] for a detailed
presentation of various discretisation schemes and their properties).

The Euler scheme is very straightforward; it consists in approximating the drift

and the volatility by assuming they are constant on each interval [t,, t,+1[. Applied
to equation ([1.2)), it yields

Stni1) = S+ a0 (Susta) B+ by (Sst) AW, (1.6)

The Milstein scheme ([Mil79]) is derived from a higher order expansion of the volatil-

ity on the interval [t,,¢,+1[. It can be written as

~

Stnt1) = On + ag (§n, tn> h -+ by (§n tn> AW,

1 R 0b9 (S\n, tn) (17)
+ 500 (Sustn) ——=—2 (AWZ — )
2 d8s,,

As explained below, this second scheme offers better convergence properties than the
simple Euler scheme. However, note that its use would not be straightforward if we
were to consider equations driven by multidimensional Brownian motions. Indeed,
it would then involve the problematic simulation of iterated It6 integrals known as
Lévy areas (see [RWO01], [Wik01], [GL94]).

The weak error of a scheme is defined as

E[P(Sr)] —E [P (Srp)] (1)

where the payoff value P (S7) depends on the exact solution of the SDE and its
approximation P (§T/h) is based on the discretisation of S on the interval [0, 7.
The weak order of convergence corresponds to the rate at which the weak error
converges to 0 as we refine the discretisation of the path. If it is defined, it is the

largest value a € R such that

E|P(Sr)] - EIP(S1)] = 0 (1) (1.9)



as h — 0 for a certain family of payoffs P. It corresponds to the bias of the
payoff estimator resulting from the discretisation and it is therefore the value usually
considered in most financial applications. Note that we also casually refer to O (h®)
as being the order of weak convergence as no ambiguity arises from doing so.

In practice, note that instead of just considering the weak error, we often end

up studying the behaviour of the weak approximation error, defined as
E[P(Sr)] —E [P (S )] (1.10)

where the function P is an approximation of the payoff P.

The strong error of the scheme is usually defined as

\/E [(§T/h _ STﬂ (1.11)

and the order of strong convergence, if it exists, is the largest value of 8 € R such

that
\/IE [(S‘m - ST)Q] ) (hﬁ) (1.12)

that is, a measure of the average error for each individual path. We also casually

refer to O (hﬁ ) as being the order of strong convergence.

We will see in section that the strong order of convergence, and therefore
the discretisation scheme used, is one of the important parameters determining the
efficiency of the multilevel Monte Carlo approach.

Under some smoothness conditions on the coefficients of the SDE , the weak
order of convergence offered by the Euler scheme is agyer = 1 for payoffs P that are
piecewise smooth with polynomial growth and have a finite number of discontinuities
(see [Tal84] in the case of smooth functions P and [BT95] for weaker conditions on
P). This is for example the case for European options with Lipschitz payoffs like
European calls/puts or with discontinuous payoffs like digital calls/puts. The strong
order of convergence is Sgyier = 1/2 (see [KP92]).

Under higher order smoothness conditions on the coefficients of , the weak
and the strong orders of convergence of the Milstein scheme are ajsistein = 1 and
Batitstein = 1 (see Theorem .

Note that an alternative definition of the order of strong convergence is sometimes

found in the literature. It is then defined as the largest value 5 € R such that
E(‘gT/h—STD :O(hﬁ) (1.13)

The results we just presented still hold with this definition (see [KP92]).
In section [2.1.3] we will explain in detail how those schemes are applied to the
Black and Scholes evolution SDE. In section [3.1], we will also explain how they can

be applied to the joint evolution equations of an asset and its sensitivities.



1.1.3 Complexity of standard Monte Carlo Pricing

We now estimate the computational cost of pricing an option via standard Monte
Carlo. Let us suppose we want to estimate an option price with an accuracy e. The
mean square error of the Monte Carlo estimator of the price can be decomposed into
two terms. With V = E [P (S)] the true option value, V = E []3 <§)} its discretised

M .
~ 1 ~ 7\ (1)
approximation and Y = i g P (S) its Monte Carlo estimator, we can write

the mean square error

(1.14)

where the first term corresponds to the variance of the estimator and the second
term to the bias due to the discretisation. The first term tends to 0 when we take
an infinite number of samples M. The second term vanishes when we reduce the
size of the time steps thanks to the weak convergence properties of the discretisation
scheme.

In the case of a European option with a Lipschitz payoff, we usually take P <§> =
P (§ ) The weak order of convergence of the Euler scheme being 1 for such a payoff,

it means that the mean square error is

E <(?—V)2) — Ly (p(5))+0 (;)
To achieve (IE [ ( )} (S)]>2 =0 (¢?), we need N = O (¢! time steps

and to achleve — < (§> , we need M = O ( ) The computational
complexity C' belng O (N M), the total computational cost is finally O (6_3>.

1.2 Multilevel Monte Carlo Setting

As shown in section achieving a root-mean square error of O (¢) via stan-
dard Monte Carlo requires O (6_2) independent paths and O (6_1) time steps for
discretisations with first order weak convergence, giving a total computational cost
O (6_3). We now present Giles” multilevel Monte Carlo technique [Gil08b] and ex-

plain how it can reduce this cost to O(¢~2) under certain conditions.



1.2.1 Multilevel Monte Carlo’s principle

The idea is to write the expected payoff with a fine discretisation using 27
uniform time steps as a telescopic sum. Let 131 be the simulated payoff with a

discretisation using 2! uniform time steps. We then have

L
E(Pp) = E(Py)+ Y E(P - Py) (1.15)
=1

We use Monte Carlo estimators using M; independent samples to estimate each term
of the sum on the right-hand side of ((1.15))

~ = 1 ~ =~ (@)
Yi=E(R-Poa) ~ Y=o > (B Po) (1.16)

where <]3l — 13171>(Z) is a small corrective term that comes from the difference be-
tween the fine and coarse discretisations of the path driven by the Brownian motion
of the i-th sample. Its magnitude depends on the strong convergence properties of
the scheme used.

To ensure a better efficiency we may modify and use different estimators
of P on the fine and coarse levels of }Afl as long as the telescoping sum property is

respected, that is

L
E(P]) = E(P5) + Y E(F - Pt.) (1.17)
=1
with
E(P/) = E(F)). (1.18)
1.2.2 Complexity theorem
Let V; be the variance of a single sample f’l(i) —f’l(i)l. The next theorem, originally

introduced in |Gil08b] and improved in |[CGST11], shows that what determines the
efficiency of the multilevel approach is primarily the convergence speed of V; as

[ — 0.

Theorem 1.2.1. For a real-valued random variable P, we let 131 be the corresponding
approrimation using the discretisation at level I, i.e. with ol steps of width h; =
27T

If there exist independent estimators i}l of computational complexity C; based on

M; samples and there are positive constants o > 3 min (1, 8), 8, c1, ¢a, 3 such that

10



- E(P, ifl=
A1 BT = BB =0
E(B—Py) ifl>0

A2 : ’E(E—P)‘ < c1hft (1.19)

A3: V(Y)) < eohf M
Ad: C; < es3M; h;l

Then there is a constant c4 such that for any e < e, there are values for L and
L

(M1),—...1, resulting in a multilevel estimator Y = Zf/} with a mean-square-error
1=0
MSE = E((Y — E(P))?) < € with a complezity C bounded by

cae 2 if B>1
C < e 2(loge)?  ifp=1 (1.20)
cpe 2B/ iro < B < 1

Proof. See |GilO8b). O

Constructing estimators with properties A1 and A4 is usually straightforward.
In simple cases of pricing, we know « thanks to the literature on weak convergence.
Results mentioned in section and [GDRI3| give o = 1 for the Milstein scheme
for typical European and Asian options.

The value of 8 depends on the payoff shape. It can be found for the various
options considered here in [GDR13]. Giles explains in |GilO8b] that it actually
determines where the computational effort is primarily expended: at the coarsest
levels when 8 > 1 and at the finest levels when § < 1. In practice it is often
the parameter that determines the efficiency of the multilevel approach. The main
challenge is therefore to determine the value of 5 and to come up when possible with
estimators resulting in higher values of this parameter.

Equation shows that the efficiency of the multilevel approach improves
as the rate of convergence of V <}Afl) increases, this suggests it is advisable to use
discretisation schemes with high rates of strong convergence. Giles indeed shows
in [Gil08a] that the use of the Milstein scheme yields better results than the Euler

scheme.

1.2.3 A short overview of multilevel Monte Carlo research

Giles introduces in [Gil08b] the method and the fundamental complexity theorem
He provides a complexity analysis for European options with Lipschitz payoffs
using the Euler scheme and numerical evidence of the scheme’s behaviour for digital,
Asian, barrier and lookback options. In [Gil08a] he demonstrates numerically that

the use of carefully chosen multilevel estimators of the previous options in conjunc-

11



tion with the Milstein discretisation scheme yield higher orders of convergence and
therefore improved computational benefits.

A rigorous justification of the convergence speeds observed with the Euler scheme
is provided by Giles, Higham and Mao|[GHMO09|, and independently for digital op-
tions by Avikainen in [Avi09a] while a complete analysis of the use of the Milstein
scheme is provided by Giles, Debrabant and Roessler in [GDR13].

The multilevel technique has also been applied to the pricing of other classes of
option. In [Gil09a], Giles shows it can easily be applied to efficiently price basket
options. Belomestny and Schoenmakers propose in [BSD13] a multilevel Monte
Carlo-based method to reduce the computational complexity of the dual method for
pricing American options.

Burgos and Giles explain in [BGI12] how to compute Greeks of common options
using multilevel techniques and provide numerical evidence of the algorithms’ effi-
ciency.

Multilevel Monte Carlo and quasi Monte Carlo have been combined by Giles and
Waterhouse in [GW09] as well as by Gerstner and Noll in [GN13].

Other recent developments in the field of multilevel Monte Carlo applied to
Brownian SDEs include the work of Giles and Szpruch’s [GS13], where it is shown
that it is possible to apply the Milstein scheme to multi-dimensional SDEs while
avoiding the costly simulation of Lévy areas by constructing antithetic estimators.
Hoel, von Schwerin, Szepessy and Tempone in [HSSTI12] as well as Gerstner and
Heinz in |[GH13] also investigate the possibilities offered by adaptive non uniform
time discretisations in a multilevel setting.

Multilevel Monte Carlo has also been applied to discontinuous processes. In
[XG12], Xia and Giles present multilevel simulations with jump-diffusion SDEs and
provide numerical evidence of their behaviour. Dereich and Heidenreich introduce
and analyse in [DHI1] an algorithm for a Lévy-driven stochastic differential equa-
tion. Ferreiro-Castilla and Van Schaik develop in [FCKSS13] a multilevel version of
the Wiener-Hopf Monte Carlo [KKPS11], which they use to simulate the joint law
of the position and running maximum of a Lévy process, which they apply to deter-
mine first passage times [FCvS13|. Multilevel Monte Carlo has also been applied to
SPDEs, as seen in Giles’ and Reisinger’s paper [GR12].

Finally, let us note that multilevel algorithms have also been used by Bujok,

Hambly and Reisinger for the pricing of basket credit derivatives [BHR12].

1.3 Monte Carlo simulation of Greeks

Now that we have presented how to estimate option prices via Monte Carlo
simulations and how to make these estimates more efficient via multilevel Monte
Carlo, we explain how to compute the Greeks, the prices’ sensitivities. We briefly

recall two classic methods used to compute Greeks in a Monte Carlo setting: the

12



pathwise sensitivities and the Likelihood Ratio Method. More details can be found
in [BG96], [L”E9O] or [Gla04].

We consider § = <§n) 0. the discretised solution of equation at times
ne|0,

(tn)p—o. N and (A/V[ZL> ON_1] the corresponding set of Brownian increments. P
3eeey ne N—

is the corresponding payoff estimator and V the estimated value of the option.

1.3.1 Pathwise sensitivities

In the pathwise sensitivity approach, also known as Infinitesimal Perturbation
Analysis (IPA) [L’E90], we assume that P (§> is a K-Lipschitz function (i.e. there

exists a uniform constant K such that ’ P (§) —P(95) ‘ <K Hg— SH where Hg— SH

is defined as sup Hgt — StH for path-dependent options and as H§ N — STH for Euro-
te[0,7

pean options), differentiable almost everywhere and that S (0) is sufficiently regular
in 0 (see lemma for more details) and then we can write

00 00 00 ’
For simple payoffs, the sensitivity of V to 6 comes from the sensivity of S to this

same parameter. Using the chain rule, we can then write the pathwise estimator of
the Greek as

@_E N 013(§)@
06 a5, 00

n=0

(1.22)

Note that if we assume that P also has a direct dependency on 6, equation (|1.22))

becomes

aw_ [ 8139<§) 93, +aﬁ9(§)

6 o\ 95, o0 90

(1.23)

00 00

discretisation of the evolution SDE. Indeed, for a discretisation scheme of the form

aS a5,
We typically obtain the sensitivities — = ( n) by differentiating the
n=0,...,N

Skt =f (97 gkaAWk> (1.24)
a simple differentiation leads to

98y 91 (97§k>AWk) of (0,§k,AWk> 95,
9 o6 " 95, a0

(1.25)

which we can iterate between tg and ¢,. This is explained and justified in detail in

sections 2.2] and B.11

13



Usually S(6) is regular enough to be differentiated (see section and the
main limitation of this technique is that it requires the payoff to be Lipschitz, a
condition not met by some simple payoffs like that of the digital call.

Note that this approach lends itself well to the use of the so-called “adjoint
method” presented in [GGO6], which permits the simultaneous computation of mul-

tiple Greeks at a fixed computational cost.

1.3.2 Likelihood Ratio Method

The Likelihood Ratio Method [BG96], [L’E90] consists of writing that

~

v(0) =E[P@S)] = / P(S) p(6,5)dS (1.26)

The dependence on 6 comes through the probability density function p(6, §) As
discussed in [Gla04], under relatively benign conditions ensuring the validity of the

interchange of the order of integration and differentiation, we can write for a scheme

of the form ([1.24) that

oV Soa 0(S) 4
/ P(8) =55~ 48

% g
SeRrN
~ ~ 0logp(S) a4
_ / P(S) Ogg( ) 0(5) d§ (1.27)
SeRN
~ ~ Ologp S
=E |P(S) 89( )]
with
o~ N ~
dS =[] dS. (1.28)
n=1
and
R N
p(8) =] pn (1.29)
n=1

where p, = p(Sn|Sp_1).

The main limitation of the method is that the estimator’s variance is O(N),
becoming infinite as we refine the discretisation. For example if we assume that S;’s
evolution follows a Geometric Brownian Motion, dS; = r Sy dt + o Sy dW4, its Euler

discretisation between t,, and ¢, results in the following transition density

(S~ 81+ rh))2
202 §n2h

log (pn) = —log (Jgn) - %log (27h) — (1.30)

Letting Z,, the unit normal random variable defined by §n+1—§n (1+rh) = Ugn\/ﬁZn,
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we have a1 2
P _ Tn (1.31)

oo o

and the approximation of Vega is

“E[Pagw . (i %l (@N)) (132

noting that the increments are independent and that V [Zg — 1] = 2, we get

o

Noz2o1 .
V(Z n f(SN)>:O(N):O(T/h) (1.33)

n=1

that is, we have a O (hfl) blow-up of the variance.

1.3.3 Beyond those methods

We have seen that neither the Likelihood Ratio Method nor pathwise sensitivities
can be used universally. Even simple cases like the computation of the Greeks
of a digital option using a path discretisation cannot be adequately covered by
either (pathwise sensitivities not applicable, large variance of the Likelihood Ratio
Method). We therefore need to devise alternative techniques.

To cope with payoff discontinuities and use pathwise sensitivities in more cases,
one simple idea would consist in smoothing the payoff. A crude smoothing introduces
a bias in our estimators and is clearly not satisfactory, a refinement of this idea is
provided in section [2.3.I] it consists of stopping the simulation before expiry and
then considering the conditional expectation of the payoff. Building on this idea,
Giles introduced in [Gil09b] a hybrid of the Likelihood Ratio Method and pathwise
sensitivities, the Vibrato Monte Carlo, which we present in section Finally,
other estimators using the tools of Malliavin calculus (see [Nua05] for example)
have been developed. Those were introduced in [FLL"99a] and developed further
in [FLL"01], [GKHO03] or [Ben03] for example. It is also shown in [CG07] that such
estimators are closely related to “classical” estimators but they are nevertheless

beyond the scope of this thesis.

1.4 Multilevel Monte Carlo Greeks

By combining the elements of sections [I.2] and [1.3] together, we write

OV _OE(P) OE(P) _ OE(R) , i OE(B, — By

00~ 00 99 90 90

(1.34)
=1

15



Similarly to equation (|1.16|), we define the multilevel estimators

S/}o _ Z 8P0

aB o,
Z 2 )

(1.35)

oPy 0P, OB
where 8790 810 1, a—el can be computed with the techniques presented in section

The detail of how these techniques are effectively used together is presented for

different cases (various payoffs, various methods) in chapter

1.5 Plan of the thesis

We begin our study of multilevel Monte Carlo Greeks with an experimental part.
In chapter [2| we consider a common evolution model for the asset S, the Black -
Scholes model under which S is modeled as a geometric Brownian motion. We
recall that in this particular case, many properties of the underlying price process
are known, which facilitates the computation of option prices and their sensitivities,
many of which can be expressed as closed form formulae.

We use this convenient setting to introduce and implement various multilevel al-
gorithms for the computation of Greeks. While we often have closed form expressions
for the desired quantities and we can actually perform exact path simulations (ge-
ometric Brownian motions can be integrated directly between two different dates),
we avoid using these properties that are specific to the Black - Scholes model for any
purpose other than verification. The point of this chapter is to introduce various
estimators and get some experimental insight into their efficiency, therefore we only
use methods that can be applied in the general Ito setting presented in chapter

We choose to apply our techniques to various common contracts presenting dif-
ferent challenges: the European call option, the European digital call with a discon-
tinuous payoff, the Asian, lookback and barrier calls for which the payoffs depend on
the whole trajectory of the underlying asset’s price and not just its value at expiry
T.

The main focus of chapter [2] being essentially the introduction of new ideas and
obtaining experimental results on their efficiency, we first make what we deem to be
sensible assumptions as to what is applicable and what is not without immediately
proving their well-foundedness. Closed form formulas then enable us to check the
proposed techniques behave as expected.

In chapter [3] we justify a posteriori why our assumptions in chapter [2] are actu-
ally correct. Notably, we check the naive technique used to obtain the underlying
asset’s sensitivities does indeed correspond to a proper discretisation scheme of the

stochastic equation describing the evolution of the Greeks and that the discretised
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sensitivities therefore converge to the exact sensitivities. We then proceed to prove
that under reasonably relaxed hypotheses on the coefficients of the evolution SDE
, a Lipschitz payoff means that pathwise sensitivities can be applied (as had
been assumed previously).

We then discuss some additional assumptions on the volatility that make the nu-
merical analysis smoother and proceed to present several essential theorems that are
used throughout the numerical analysis of multilevel Monte Carlo Greeks (chapters
@, and . Those theorems give results on the moments of SDE solutions, on
their approximation by continuous interpolations of the Milstein scheme and on the
likelihood of so-called “extreme paths”.

In chapter 4] we provide the first proofs for the computational cost of multilevel
Greeks. We use pathwise sensitivities to compute the sensitivities of a European
option with a smooth Lipschitz payoff. This is a “toy” problem that doesn’t actually
correspond to commonly traded contracts but is convenient to introduce some basic
ideas (notably this case does not require us to deal with “extreme paths” separately).
The efficiency of the multilevel approach is determined by the coefficients o and 3 of
theorem Our analysis of this case and other cases therefore aims at computing
these values.

We then move on to a more realistic payoff type, FEuropean options with con-
tinuous, yet non-smooth payoffs like the European call whose payoff function is
P(S7) = (St — K)T. The payoff’s derivative with respect to the underlying asset’s
value St being possibly discontinuous, we now have to take special care of “extreme
paths”, which can be roughly described as paths with “unusually” large random in-
crements (this is properly formalised in chapter [3)) when computing the coefficients
o and f.

As explained in chapters [2| and [3] pathwise sensitivities cannot be applied di-
rectly to discontinuous payoffs like that of a European digital call whose payoff
is P(Sr) = 10,77 and we use a variation of pathwise sensitivities, pathwise sen-
sitivities with conditional expectations, which leads to a quite technical analysis
of the estimators’ convergence speed. This technique can be seen as a particular
form of payoff smoothing and can also be used with non-smooth Lipschitz payoffs
like that of the European call. An analysis of this use of pathwise sensitivities
with conditional expectations confirms what we had already conjectured from our
simulations: the method offers an increased convergence speed compared to sim-
ple pathwise sensitivities by compensating for the effects of the discontinuity of
the payoft’s first derivative.

We then provide analytical proofs confirming the observed behaviours of “split
pathwise sensitivities” and Vibrato Monte Varlo, which both derive from pathwise
sensitivities with conditional expectations. This analysis also offers a better insight
into the way we should choose the number of final samples for both of these methods.

In chapter [6] we analyse the convergence properties of the multilevel estimators
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we proposed for Asian options, that is options that depend on the average value
of the underlying asset on the time interval [0, 7] instead of just its final value §T.
The analysis for this sort of payoff is slightly tricky as it is strongly path dependent
and estimators involve approximations of the underlying asset’s price over the whole
time period considered; it therefore requires the use of stronger results than the ones
used previously.

Chapter [7] deals with the analysis of multilevel Greeks for barrier options. We
consider a down-and-out option where the payoff is
P(S) = (Sr— K )+ 1 min s,>B- The discontinuity resulting from the barrier is
dealt with by conside;iizﬂthe probability of hitting it knowing some intermediate
simulated values; in this it is similar to the idea behind pathwise sensitivities with
conditional expectations. Nevertheless, as for Asian options, this analysis relies on
results that hold on the whole time interval and not just at a fixed point in time.

Finally in chapter 8], we analyse the case of lookback options for which the payoff
is P= 951 — tmoil% St. We begin by providing a semi-analytical explanation for the
behaviour of iet[syrr]mltilevel Greeks’ estimators. It highlights the fact that for pric-
ing, the fine and coarse levels of discretisation reaching their respective minima at
different times in [0, 7] has little impact on the convergence speed of the estimator’s
variance. Nevertheless, this possibility leads to greatly reduced convergence speed
of the Greeks’ estimators. A fully analytical approach to this problem is difficult,
we therefore analyse another a lookback option with a discretely sampled minimum.
When the number of samples is high, its payoff is very similar to that of the contin-
uously sampled lookback option; a more thorough explanation of this last point can
be found in [BGK99].
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Chapter 2

Simulations

In this chapter, we investigate the joint use of the techniques presented in chapter
that is, the ways we can define and implement multilevel Monte Carlo Greeks
estimators for various options.

The payoffs considered present various challenges: the digital call’s discontinuous
payoff prevents a direct use of pathwise sensitivities, Asian and lookback options are
path dependent and naive estimators for the computation of prices and sensitivities
with the Milstein scheme will generally generate sub-optimal results. Finally, barrier
options are path dependent and their payoffs are discontinuous in the underlying
asset’s extrema.

We present various ideas enabling the techniques introduced in section to be
exploited in a multilevel setting: building on the relevant multilevel pricing methods
found in [BG12], we derive efficient Greeks estimators.

We then use our implementations to get experimental convergence rates for the
multilevel estimators, which we then relate to their computational complexity via
theorem [L.2.11

Finally, we present intuitive interpretations of the observed convergence rates.

Those give an interesting insight into the ideas underlying the analysis of chapters

AtoR

2.1 Setting

In this section, for the sake of generality, we discuss the different techniques in
the generic setting where option prices depend on an underlying asset paying no
dividends whose value satisfies an It6 diffusion under the risk-neutral measure.
We still have to pick a specific case for the implementation. For the sake of simplicity
and verifiability, we use the well-known Black & Scholes model, in which is
a geometric Brownian motion and for which the literature provides a number of

analytical results.
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2.1.1 The Black & Scholes SDE

We perform the simulations in the popular Black & Scholes model for which

a(St,t) =18
(Se,t) =18, 2.1)
b(St, t) = O'St
that is, the evolution equation (1.2)) on [0, 7] becomes
dSt = TSt dt + O'St th, (22)

where r is the (constant) riskless interest rate and o > 0 the (constant) volatility
parameter.

This equation corresponds to a geometric Brownian motion. Several arguments
justify its use to model a stock price: we see it is a random process that, when
starting from a positive initial value, only takes positive values and that the expected
returns are independent of the underlying stock’s price. It is clearly not an entirely
realistic representation of the stock’s evolution, the most obvious shortcomings being
the assumption of a constant volatility and the normality of the model’s returns (real
returns usually have fatter tails than the normal distribution, as shown in [Fam76]
for example), nevertheless the simplicity of the above equation and its flexibility
(several objections to this model can be addressed in a relatively simple way, see
[Wil10]) ensure it is still one of the most common models in use.

SDE ([2.2)) is convenient in several ways: the coefficients a(S,t) and b(S,t) are
smooth and Lipschitz (we will see in chapter |3| why this is important) and, more
importantly, we can get a closed form formula for the density of its solution and
therefore for the price and sensitivities of simple options, which will be useful for

verification purposes.

2.1.2 Black & Scholes price formulas of common contracts

We briefly recall some well-known analytical results for equation and derive
the price of some important options.

The SDE corresponds to a lognormal process and can be integrated between 0
and T into

2
St = Sy exp <<7‘ — 2) T+ UWT> (2.3)

which has a lognormal density

) 2
7050\/%711 exp | — (10% (ST/SO)QU—Q§T - 7) T> (2.4)

p (S7[S0) =

As explained in section [I[.1.1] we can get the call’s value at ¢ = 0 for an initial

underlying’s price Sy = S by computing the discounted expectation of call’s payoff
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Poa(St) = (S7 — K)* under the risk neutral measure and we get
Veall (S 0) = eXp / ST — ST‘S() = )dST (2.5)
0

Then, defining

5 = log (S/K) + (r+02/2)T
1=
oT

2.6
4 _log(S/K)+ (r—0%/2)T (2:6)
2 ovT
it can be shown that
Veatr (8,0) = S @ (d1) — Kexp (—rT) @ (d2) (2.7)
and by differentiation,
WVea
Acall (Sv 0) = 85” = (dl)
e (2.8)
Veall (Sv 0) = 8:” = S\/Tqb (dl)

where ® is the normal cumulative distribution function and ¢ the normal density
function.

Similarly for the digital call, an integration of Py;gita1(ST) = s>k gives

Vdigital (Sv O) = €xXp (7TT) 2 (dQ) (29)

and

Waigita —rT) & (d
Adigitar (5,0) = dgtl:eXp( rT) ¢ (d2)

a5 oSVT (2.10)
WViigita d :
Vaigita (5,0) = a8l _ exp (—1T) 6 () (ﬁ ; ;)

Note that using Ito’s lemma and no arbitrage arguments, we can show that the price
V (St t) of a vanilla option on S satisfies the Black & Scholes equation (2.11])

8V

L 22 % ov

—o°S rS— V=0 2.11
ot T27 7 952 TP T (211)
The prices Vi and Vygitar can thus also be derived as solutions of this partial dif-
ferential equation (2.11)) using the payoffs V(St,T) = Peoy and V(S7,T) = Puigital
as terminal conditions.

For a down-and-out barrier call option with a strike K and a barrier B, we let

Vean be the Black & Scholes price of a vanilla call with the same strike and expiry
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as the barrier option considered. We then have

S 1—(2r/0?) B2
‘/barrier (St7 t) - ‘/;all (St7 t) - <é> ‘/call (Sta t> (212)

We can check (see [Wil07] for example) that this formula still satisfies the Black &
Scholes equation before the barrier is hit and that the appropriate boundary
conditions are respected when S = B or t = T. This means that is indeed
the Black & Scholes price of the barrier option. In particular,

S 1—(27‘/0’2) B2
%arn’er (S7 0) = ‘/call (57 O) - (B) chall (S; 0) (213)

The Asian option satisfies a different partial differential equation, indeed its price
¢
Visian 18 also a function of I; = / Sidt. Using a reasoning similar to that used to
0
derive (2.11]), we get a modified Black & Scholes equation

8Vasian avasian
- Vasian S
r + ol

astan 1 2 astan
NVasian | 1 320 Vasion

ot 2 052 05 =0 (2.14)

the solution cannot be written as an analytical formula and has to be found numer-
ically.

The Black & Scholes price for a lookback option also admits a closed form formula
which can be found in [MRO05] or [Wil07].

Viookback (5,0) = S® (dy) — Sexp (—rT) ® (d2)
2.15
2 < d 21“\ﬁ> o? ( )

o
+Sexp(—rT)§<I> —S§<I>(—d1)

2.1.3 Discretisation scheme

As explained in section the Black & Scholes evolution SDE ([2.2) can be
integrated exactly into and we can perform exact simulations of the underlying
asset’s price at t = T". There is therefore a priori no real need to discretise on
the interval [0, 7] to estimate the price of a vanilla European option via Monte Carlo
simulations. It would be sufficient to simulate the value of the Brownian motion at
expiry, Wp ~ N (0,T) to simulate various values of the payoff P (S7) and estimate

the option’s value via the formula

V=E [exp(—rT)P (So exp <(r - ";) T+ JWT>>] (2.16)

For path-dependent options where we need to compute some intermediate val-

ues, we could also use an exact integration of the lognormal Black & Scholes SDE
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on each subdivision [ty t,4+1] of [0,T],

2
Sny1 = Sp exp <<r — ‘;) (tha1 —tn) + aAWn> (2.17)

where the Brownian increment AW,, = W, ., — Wy, ~ N (0,tp41 — ). It would
also be possible to use the known properties of the geometric Brownian motion on
each of these intervals (e.g. distribution of its minimum) to derive more accurate
estimators.

Nevertheless, a direct integration of the evolution SDE is not possible in more
general cases of (e.g. local volatility function) and the use of a proper discreti-
sation then becomes necessary. To illustrate multilevel techniques designed to work
in a general setting, we therefore treat the Black & Scholes equation as any other
SDE and discretise it on the considered time interval.

The simplest discretisation of is the Euler discretisation. Assuming a con-
stant time step h =ty —tny_1 = ... = t1 —tg between all points of the discretisation,
it is written

Sni1 = Sp+ 1 Sph+ 0 S, AW, (2.18)

As discussed in |Gil08al and recalled in the Euler scheme’s strong convergence
properties are not entirely satisfactory in the context of multilevel Monte Carlo

simulations and it is preferable to use the Milstein scheme instead, which is then

~ ~ ~ ~ 1 45~
Sni1 = Sp+ 1 Sph+ o S, AW, + 502 Sn (AW; — h) (2.19)

2.1.4 Principle of the numerical simulations

As stated above, the goal is to develop ideas that enable multilevel Monte Carlo
to work efficiently in conjunction with the techniques used for the computation of
Greeks. We devise and implement multilevel estimators of Greeks based on dis-
cretisation for the various options considered (European Lipschitz payoffs,
European discontinuous payoffs, Asian options, Barrier options, Lookback options).

We recall the superscripts/subscripts f and ¢ denote the values corresponding
specifically to the “fine” and “coarse” levels at any given level [ of the simulation.
When considering the estimator at a given level [, we can drop the index [ from our
notation for the sake of conciseness as it does not result in any ambiguity. Using the
notation of section the multilevel estimation of the price sensitivity is written

as

v o o
— R~ Y+ Y Y (2.20)

opP; 0P,
00 00
Ne(l) = 2! fine time steps and N.(l) = 2!=1 corresponding coarse time steps

where }A/l ~ E ( ) is defined using fine and coarse discretisations with
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of size h := hy(l) = T/2" and h.(l) = T/2'~" respectively.

Using the multilevel Monte Carlo complexity theorem, we see that to evaluate
the sensivitity 0V /06 at a low computational cost equates to constructing estimators
}A/l satisfying conditions A1 — A4 of theorem with o > 1/2 and 3 as large as
possible (ideally 8 > 1 to get maximum benefits).

To determine the efficiency of our estimators for each payoff, we consider several
levels of discretisation [. Using M; path simulations, we estimate the the corre-
sponding values E (i;l) and V; = M;V (2) We then plot the results in log-log
plots where the x-axis corresponds to the level [ (the binary logarithm of the num-

ber of fine steps) and the y-axis corrresponds to log, E (le) and log, V;. Assuming

we have
E (ffl) =0 (h) (2.21)
Vi=0 (hﬁ>
we get
logy E (ﬁ) ~ alog, (h) ~ —la (2.22)

logy Vi ~ B logy (h) ~ —1 3

therefore we can estimate the coefficients o and § directly by “measuring” the
asymptotic slopes of the graphs resulting from our simulations (i.e. performing
a linear regression on the values described above).

The result of section guarantees that the o measured this way is indeed the
same as the one of theorem [[.2.11

Note that we are interested only in the asymptotic behaviour of the estimators,
therefore it may be necessary to exclude low values of [ from our slope measure-
ments/linear regressions if the graphs exhibit a non-linear behaviour.

Note also that a certain degree of uncertainty comes with the measurement of
these slopes (each point on which the regression is based is a random variable). We

obtain reasonable estimates by taking the numbers of samples M; large enough at

each level to keep |/V (2) < S}l
Unless otherwise stated, the simulations used in this dissertation use the param-
eters Sop = 100, K = 100, r = 0.05, ¢ = 0.20, T' = 1.

2.2 Lipschitz payoffs (European call)

We first consider a Lipschitz payoff, that of the European call for which (including
the discount in the payoff),

P =exp (—rT) (St — K)* = exp (—rT) max (0, Sy — K)
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We illustrate the techniques by computing delta (A) and vega (v), the sensitivities

to the asset’s initial value Sy and to its volatility o.

2.2.1 Pathwise sensitivities

Since the payoff is Lipschitz, the rule of thumb presented in section [I.3.1] ensures
we can use pathwise sensitivities (see section for a rigorous justification).
We write the discretisation (2.19)) as

~

Spi1 =S, Dy (2.23)

with )
D, ::1+rh+aAWn+%(AW5—h). (2.24)

The differentiation of this scheme gives

o6 ~ a0 Pn g (22
In particular for A,
0 (2.26)

98y 0S5y "

and for v, we have

a8y
20—
a§aa 85, (2:27)
ntl _ Y9n g 2 _
Gt =2 Dyt 5, (AW, + o(AW? — b))

Note that as explained later in section the differentiation of the discretisa-
tion scheme actually corresponds to the discretisation scheme for the sensitivity
%. This means this “naive” technique does indeed provide estimators of the sen-
sitivities and we also get the same weak and strong convergence properties for the
discretisation of the asset’s value and for its sensitivities.

To compute 37;, we take M; samples and noticing the call payoff has no direct

dependency on 6,

©)

o1 A op o\ 5% OP (&, \ 955,
V=32 | | as (5%) g ‘(as(SNc)ae (229

As explained for example in [GilO8b], the fine and coarse levels correspond to two
discretisations of the same driving Brownian motion. In [ANvST14] it is shown that

for the Milstein scheme, defining the fine level as having twice as many steps as the
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coarse level is near-optimal. This is easily implemented by first generating the fine
Brownian increments /I/T7f and then summing them in pairs to get the coarse level’s

increments W,, that is,

Wi = (AWJ,AW{,...,AWZ(,FJ
" (2.29)
wWe — (AWS, o 7AWJ%C—1) = (AW({ + AWIf, ey AWJ{/f_Q + AWJ{[f_1>

Estimated complexity

In figures [2.1] [2:2] we carry out the procedure explained in section [2.1.4} we plot
E (fﬁ) and V; as a function of the level [, where we take }/}l to be successively the
multilevel estimator for the option’s value, its delta and its vega.

The slopes of the graphs give numerical estimates of the parameters o« and 3 of

theorem which then gives an estimated complexity of the multilevel algorithm

(see table [2.1)).

“Intuitive” interpretation

Giles has shown in [Gil08a] that o = 1 and = 2 for the estimators of the value
of a Lipschitz European payoff (and therefore for the estimators of the value of the
European call).

Indeed, as explained in section the Milstein scheme gives O (h) weak and

O (h) strong convergence. At expiry, we have
E (P (§N> _P (ST)) —0(h) (2.30)
and
E <(§N - ST)2> =0 (h?) (2.31)
The payoff P being 1-Lipschitz , we have
(P (§N) _P (ST))2 < (§N - ST)2 (2.32)
and equation leads to
v [P (§N) _P (ST)} =0 (h?) (2.33)

Using the convergence properties of the sensitivity at expiry (proved rigorously

in section [3.1]), we also obtain

E(ag}v—aST) =0(h)

00 00
. (2.34)
oSy 0Sr |\ _
= ( 0 00 ) =0(h)
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Table 2.1: Pathwise sensitivities, European call : estimated complexity

I=log2(h_l)

7 8 9 10

6 11
=4 log2(E[Pf-Pc]) =~ log2(E[dPf/dSO-dPc/dS0]) log2(E[dPf/dsigma-dPc/dsigmal)
Figure 2.1: Pathwise sensitivities, European call : E(l//\})
I=log2(h_l)
: 3 4 5 6 7 8 9 10 11

—o— log2(V[Pf-Pc]) =M= log2(V[dPf/dS0-dPc/ds0])

log2(V[dPf/dsigma-dPc/dsigma])

Figure 2.2: Pathwise sensitivities, European call : V;

Estimator @ B MLMC Complexity
Value ~1.0|~20 O(e?)
Delta ~10 | =0. O(e 1)
Vega ~1.0 | ~1. O(e™?)
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We explain here how what we observe is similar to what is described for the pric-
ing of discontinous options in |[GHMO09]: the convergence of Greeks’ estimators

is degraded by the lack of smoothness of the payoff, i.e. by the discontinuity
of g]; (St) =exp (—rT) 1g,>k-

Note that this chapter being dedicated to providing an intuitive explanation of
the observed convergence rates, we here use the notation O (.) in an informal way
to express the characteristic size of various quantities. Rigorous and more formal
proofs are provided in later chapters.

We see from equation that in the Black & Scholes model, the distribution
of St is smooth (in the more general setting of an Ito diffusion we could assume
it is, see section for a rigorous justification of this fact). Therefore, a fraction
O(h) of all paths are such that the final value St is at a distance O(h) from the
discontinuity K. The order of strong convergence being O (h), this means that for
such paths, there is a O(1) probability that the fine and coarse discretisations gl{ff

and S‘Jc\fc are on different sides of the strike K. Then we write
= N
P/ \ OS P s~ \ 055
2 (5) %) (55160 %
oS £/ 00 oS </ 00

S/ e e
5 56 o)+ (5 (80 - 55 (5)

(1)O(h)+01)0(1)

0
0(1)

(2.35)

The majority of paths (i.e. a fraction O (1)) arrive further from K and the strong
convergence of the scheme intuitively means their fine and coarse discretisations are

0
bound to be on the same side of the strike where 35 is Lipschitz (actually constant).

Therefore for those paths,

Af .
% (5%) aggf - (g{; (5%.) a§g°> =0 (h) (2.36)

Finally we can use the law of total expectation and, with a slight abuse use of the
O (...) notation (see notes in [3.5)), write that

. )
OP (a5 \ 95N, OP .\ OS5\ | _
21| 55 (%) 5" | | 55 (%) - | | =omom+omom

28



and

.\ 054 _\ 08¢
= ({56 () %) - (35 () %)

and thus V; = O (h). We have thus explained why we expected a = 1 and = 1 for
the Greeks.

2.2.2 Pathwise sensitivities and Conditional Expectations

We have seen that the payoff’s lack of smoothness prevents the variance of
Greeks’ estimators f/l from decaying quickly and limits the potential benefits of
the multilevel approach.

To improve the convergence speed in the case of an option whose payoff only
depends on the final value of the underlying asset, we can use conditional expecta-
tions to smooth the payoff without introducing any additional bias (see [Gla04] for
the basic idea and [GilO8a] for its use in the multilevel context). Let us consider a
single level of discretisation with a step h = T'/N: instead of simulating the whole
path from tg = 0 to ty = 7', we simulate it up to the penultimate discretisation
time ty—1 = (N —1)h. We get §N_1 using the Milstein scheme with the Brow-
nian increments W = (AWy,...,AWnx_2). We then consider the full distribution
of (§ N|§ N—1) resulting from the use of the Euler scheme based on a Brownian

increment AWy _; on the last time step [tn_1,tn]

With
aN—1=a (§N—1,tN—1)
~ (2.39)
by-1=10b (SNflvtN71>
we can write
Sy =Sy_1+an_1h+by 1AW, (2.40)

this means we get a Normal distribution for (§ N|§ N,1>.

Proposition 2.2.1. Using the Euler scheme for the final step does not degrade the
superior strong convergence of the Milstein scheme. Indeed, under the assumptions
guaranteeing that the Milstein scheme’s order of convergence is 1 (see section

for more details), the strong order of convergence of such a hybrid scheme is also 1.

Proof. Let 5’\]]{7/[” be the final simulated value resulting from a “pure” Milstein dis-

cretisation of the process on [0, 7], the classical convergence results can be applied

29



to SM% and we can write

~ o~ 1 _
Sy = St befl% (AWR_, — h) (2.41)
2 0SN—-1

then

E [(ST - §N)1 —E [(ST _ gt | gt _ §N)2]

) [(ST _ §]J\sz)2 + (§]]VV[” _ §N>2 (2.42)
+2 (Sr— SN) (SM" - S )]
using the convergence properties of the Milstein scheme, we have
N 2
E {(ST - }\‘,M) ] =0 (12 (2.43)
also, using Holder’s inequality
1 by )
aMil _ 2 N—-1 2 132
. [<SN 5 ) } =E g <8§N_1> (AWN—1 =)
1 abw\°] 1/2
< ZE by 8]V | [ 22X E|(AWZ , —h)"
< JE[bx1?] %N_l (AWR -y~ )’
(2.44)

Under the assumptions presented in section , the solution of SDE ([1.2) and its
discretisation have finite moments. Under these assumptions, b(S,t) and 35 (S,t)
g7 1/4

Oby—
have a linear growth bound. Therefore, E [by_1°] V4 and E <3§N 1) are
N-1

finite. AW%_ | —h=:h (ZJQV_l — 1) where Z_1 is a unit normal random variable,

therefore E [(AW]%,_l — h)ﬂ s =0 (hQ). Thus we have

E [(A?VM - §N)2] =0 (h?) (2.45)
Finally,
| (sr - S¥) (S¥" - 5 )| =

U] O (2.46)
(ST - S%”) ibN—1 <6ANI) (AWR_; — h)]
N-1

E

and similarly, using Holder’s inequality, the strong convergence property of S'\%“,
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Obn_1

the finite moments of by_; and and Zy_1, we obtain

0S
E KST - §}‘V4“> <§}‘V4” - §N>} =0 (h?) (2.47)
which achieves the proof that
E [(ST = §Nﬂ =0 (h?) (2.48)

i.e. the combination of the Milstein scheme with a final Euler step still results in a

strong convergence of order 1. O

Using the final Euler step, the probability density of S n conditional on S N_1 1S

. 2
~ 1 (SN - ,U«Nfl)
p(Sn|SN-1) = ———=exp | ———FF5— (2.49)
ON—1V2T 2051

. pn—1=Sn_1+an_1h
with
ON_1 = bN_l\/ﬁ

We can thus compute E [P <§N) \§N_1]. Using the tower property, we get

V=E [P(§ )} Eg

SNn-1

Eawy_, [P(53)ISv-1]] (2:50)

Using S](V) Lreens S’\J(Vﬂ/i)l, M simulations of §N_1, we get

P D [p (5) 5 21

Let us now compute an analytical expression for E [P(§ VIS N—l} )

o

E | P(Sn)|Sx-1 ] =/ P (Sn)p (8x [Sn-1) a8y
:Z(@V K) e _(@;]:W) -
= Z mem _W & (2.52)
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We let ¢ be the normal probability density function and ® be the normal cumulative

distribution functions and obtain

~ A pn—1 — K un—1— K
E [P(SN)|SN_1} =oN_1¢ <> + (uy—1— K)® () (2.53)
ON-1 ON-1
This expected payoff is smooth with respect to the input parameters py_; and
oN_1, which themselves are smooth functions of the input parameters and S N_1.
We can apply the pathwise sensitivities technique to this Lipschitz function at

time ty_1.

ov OBz [EAWN,I [P(gN)\qu”
00 00

[ OEAwy_, [P(S’\N”S’\N—l}
ESN* ol

L [oRsw [PEISY] gy
T T Sna OUN—1 00

(2.54)

aEAWN,1 [P(§N>‘§N_1:| aO'Nfl

+ aO'Nfl 80

OEaw, . [P(§N)\§N,1} OEaw, . [P(§N)\§N,1}

where , result from a direct dif-
3# N—1 9 %U N—-1

ferentiation of equation ([2.53)) and 'ua]\é_l , 0(912—1 are easily obtained via Pathwise

Sensitivities.

In a multilevel setting, the estimator of the Greek is written as

(@)

Ml = =
-~ 1 (9Pf OP,
Y= — — — 2.
SV ; 00 90 (2.55)

where ﬁf and 130 correspond to the smoothed payoff functions based on the condi-
tional expectations of P (§]<,f> and P (gfvc) respectively.

~

At the fine level we simulate §1{,f_1, compute ay,—1 = a (S}i,f_l, t{vf_l), bn;—1 =

b (3\]{&71, tf\g—l) and N{vffl’ a{,fﬁl the corresponding values defined in (2.49)).

/ 5
My, = SN-1+an,—1hy
;Vf ! g (2.56)
On;—1 = ONp—1/ Py
In the Black & Scholes model,
iy = (k) S (2.57)

f — 59/ /
o1 = SN, 1V
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Equation (2.53)) then gives the analytical expression of ]3f =E [P (@(@)}7

f f
~ pn,—1 — K Py, — I
Pr=ol, 10 i;f + (uh,  — K)® 7;f (2.58)
Ny—1 Ny—1

It is a function of M{fol and J{Vfil. We can then write

6ﬁf _aN{Vf—l 8ﬁf aa]]:/f—l 6ﬁf

= + (2.59)
I f
00 00 8NNf—1 00 50Nf_1
8,uf _ ol _
where gé ! and gg L are computed via Pathwise Sensitivities.
Numerical experiments have shown that defining directly P, = E (P <§]CVC> §]CVC,1 >

at the coarse level leads to an unsatisfactorily low convergence rate of V (2) (intu-
itively the problem comes from using the diffusion of the underlying process on an
interval that is too wide). As explained in we can use a modified estimator.
To achieve better convergence rates of the variance, we include the knowledge of the
final fine Brownian increment in the computation of the conditional expectation over
the last coarse Brownian increment. This helps ensure that for a given path there
isn’t too much discrepancy between the fine and coarse payoff estimators, thereby
keeping the variance low.

Using the Euler scheme, §JCVC is distributed as if it were the value at time T

of a simple Brownian motion with constant drift a (§Jc\[¢,1,tf\,ﬁl) and volatility
b (gf\;cfl, tfvcfl) on the final coarse step [t%, _;,T| with value §10ch1 at ty, 1. Given
that the fine Brownian increment on the first half of the final step is AW]{,FQ, we

get for such a process the following density:

~ 2
S ) (S5, — #501)
S%. |Sy.— ,AWf )z ——exp | — 2.60
pc( N¢ | Nq.—1 Ny—2 vac_l\/% p 20_]@\[6_12 ( )
with
o1 = Siem1 +a (S5ns b ) e+ b (Shon i) AW, 26

O']C\/cfl =b <§§:\fcflat§\ffl> \/m =b (gfvcflatfch) \/@

From this distribution we derive that E [P (§]CVC> ‘ngE,l,AW]{,f_Q} can be ex-
pressed via the same payoff formula as before, (2.53) applied to uy, _; and ofy__;.

Po= B[P (35.) |8 A,

C /’[/C -1 K c Mc 1 K (2'62)

N.—1 ON,—1
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In the Black & Scholes model,

Bt = (1+7he) Sk, 1 + ngc\fc—lAWJ{ffq

R (2.63)
U]C\fcf]_ = O'Sjcvcil\/ hf

Note that using P, instead of E (P <§fvc>

Indeed, using the tower property on the last coarse time step, we can check that the

§fvc_1> does not introduce any bias.

two expressions have the same expectation.

E

g, (B[P (85) [Sin A8, ] 15 6

=Eawg,__, [P (gzcvc) gzcvcfl]

Therefore ]3f and ]3C satisfy the telescoping sum condition (1.18)).

We then apply pathwise sensitivities to ﬁc and obtain a formula similar to (2.59)).

dP.  Ou%, ., OP. 0o _, OP.
00 90 8ufvc_1 00 8010\,6_1

(2.65)

Ouy, 1 . Jdofy, 1
00 a0

where are computed via Pathwise Sensitivities.

2.2.2.1 Estimated complexity

Our numerical experiments (figures 2.4]) show the benefits of the conditional
expectation technique on the European call: we observe higher convergence rates 8
which translate into lower complexities (table [2.2)).

2.2.2.2 “Intuitive” interpretation

Using the fact that St has a smooth density function (see (2.4)), a fraction O(v/h)
of the paths arrive in the area of width O (\/E) around the strike where the first

OE <P (§N) y§N_1)
dSN_1

transitions from

2 (7 (S S 1)
%

is therefore intuitively of order O (h_l/ 2) and elsewhere it is almost 0. The strong

order derivative of the conditional expectation

being almost 0 to almost 1. In this area of width O (\/E>,

convergence properties of the discretisation scheme imply that the coarse and fine
paths differ by O (h); we thus have O (h) O (h_l/ 2) difference between the fine and

o (7 (3v) 5 1)

OSN_1
the coarse and fine Greeks’ estimates.

coarse values of which results in a O (\/H) difference between
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2.3: Pathwise sensitivities and conditional expectations, European call :

I=log2(h_l)
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2 3 4 5 7 8 9 10 11
== log2(V[Pf-Pc]) == |og2(V[dPf/dS0-dPc/dS0]) “= log2(V[dPf/dsigma-dPc/dsigma])

Figure 2.4: Pathwise sensitivities and conditional expectations, European call : V;

Estimator a B8 MLMC Complexity
Value ~1.0|~20 O(e?)
Delta ~16 | ~15 O(e™?)
Vega ~10 | ~20 O(e™?)

Table 2.2: Pathwise sensitivities and conditional expectations, European call :
estimated complexity
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Reasoning as before, we get

E(a@_aﬁc) =010 (n)+0(Vh)o(Vh)

o (2.66)
=0 (h)
and
oP; 0P, :
V((%f_ 89) —0mo )’ +0(vh)o(vh) (2.67)

-0 ()

This means o = 1 and = 3/2 for the Greeks’ estimators, which corresponds to
what we observe.

We note that taking the conditional expectation of a non-smooth payoff results
in a smooth function, which suggests that this approach is also applicable to discon-
tinuous payoffs. We explore this idea in section [2.3.1

The main limitation of this method is that in many situations (complicated
payoff functions, multidimensional case) it leads to integral computations for which
we don’t necessarily have analytic solutions. Path splitting, to be discussed next,

represents a useful numerical approximation to this technique.

2.2.3 Split pathwise sensitivities

This technique is based on the previous one. The idea is to avoid the potentially
. . af \iaf

tricky computation of E [P (S Nf> |S Nf—l] and
E [P (SJCVC> |SN._1, AWJ{,f_Q]. We instead get numerical estimates of these values
by “splitting” every path simulation on the final time step.

At the fine Ilevel: we use a sequence of Brownian increments
/Wf = (AWg,...,AWﬁfﬁz) to compute §]<,f71. For every such path, we then
simulate a set of d final increments based on d independent Brownian increments

(AW]]\C,f_l(Z))i:L_“?d, which we average to get

d
& (3 (i)
ZP(SNf(s]fol,AW};fl )) (2.68)

i=1

ISR

E|P(5,)154, ]~

At the coarse level we use /Wc = (AW({ + AWlf, . ,AWJ{,f_4 + AWJ{,f_3) to
simulate §fvc_1. As in the previous section, we improve the convergence rate of
> Ca . a S f .

\% (Yl) by considering estimators of ]EAWJ{, . [E (P (SJCVE> ‘ vac,l,AWNfQ)} in-

stead of E [P (gfvc) lglcvc_l}. We can do so by constructing the final coarse incre-
; () .

ments as (AWﬁc,l(l))i:L.“,cz — <AW1{,f_2 + AW]{,f_l )z L and using them to

=1,...,
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estimate ;
Qc qc 1 Qc (Qc c %
E[P(S5)I15%—1] = 5 D P (Sk (Shon AWE D)) (2.69)
i=1

To get the Greeks, we simply compute the corresponding pathwise sensitivities

estimators when applicable.

2.2.3.1 Estimated complexity

In figures we plot the results of our simulations for d = 400 (we discuss
below the choice of d ).

Table summarises the observed convergence rates and corresponding multi-
level complexities for different values of d.

Note that if we take d = 1, then the simulation is identical to the one performed
in section [2.2.1] except for the final time step which here uses the Euler scheme
instead of the Milstein scheme.

As expected this method yields higher values of # than simple pathwise sensi-
tivities: the convergence rates increase and tend to the rates offered by conditional
expectations as d increases and the approximation of the conditional expectation
gets more precise. We provide an interpretation for this in section

2.2.3.2 Choice of the number of splittings

We here analyse how the variance of split pathwise sensitivies estimators can be
decomposed and show the influence of the number of final samples d.
The following proposition is presented in |Gil09b] and [AGO7].

Proposition 2.2.2. If W and Z are independent random variables and the random
variable f(W,Z) is such that Ewz[|f(W,Z)|], Ew [Ez[|f(W,Z2)]|]] and
EwzI[| f(W,Z)]|] are finite, then

- 1 X 1 &

m7n)

with independent samples W and 2( is an unbiased estimator for

Ewz [f (W, Z)] = Ew [Ez [f (W, Z)]]

and its variance is

V [Fara] = 27V Bz [f (W, 2)] + 5 B [V2 1 (W, 2)]

Proof. See |Gil09b]. O
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Figure 2.5: Pathwise sensitivities and path splitting, European call : E(l/;l)

10

log2(V_I)
cn

-10

-15

-20

4= log2(V[Pf-Pc])
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Figure 2.6: Pathwise sensitivities and path splitting, European call : V}

Estimator | d « B8 MLMC Complexity
Value 10 | = 1.0 | =2.0 O(e™?%)
400 | ~ 1.0 | = 2.0 O(e7?)
Delta 10 [ =10 | =10 O(e ?*(log€)?)
400 | = 1.3 | =~ 1.4 O(e™?)
Vega 10 | ~1.0 | ~1.6 O(e?)
400 | ~1.0 | = 1.9 O(e™?)

Table 2.3: Pathwise sensitivities and path splitting, European call : estimated

complexity

38



Using this decomposition, we can write the variance of the Greeks’ estimator as

1 OP; 0P| —
VO =3V B (ae o0 Wf)]
. . (2.70)
1 OP;  OP.| —
C g | e (80 o0 Wf)]

The first term of this expression is the same as what we obtain with the payoff

smoothing of section 2.2.2] As explained before, we can expect

m)

As before, the majority of paths arrive in a region where the payoff is Lipschitz and

\Y

[ RN S T T :O<h3/2>

(o o

for which we therefore have

Vawl, | 7a0 a0 | =0(r)

but a proportion O (ﬂ) of all paths is such that Sp is within O (\/ﬁ) of the
the payoff’s “kink” at K. Then for those paths, there is a O (h/ \/ﬁ) proba-

bility that the fine and coarse discretisations arrive on different sides of K and

that therefore 20 " a0 = O (1). Else we hav 20 " 50

those paths that are close to K, we have

= 0. Therefore for

o~

oP, 0P,
;0 W,

v 00 00

- =o(va)

Combining the two contributions via the law of total expectations, we get

OP; 0P| —
By | Vawy (89 T Wf) =O(h)
and finally
oY~ Lo(pe) L L
V(Yl> - MlO(h >+dMlO(h) (2.71)

We note that taking d = 1 gives V <l7l) = O (h), which matches the results of
section [2.2.11

Taking a constant number of splittings d for all levels is not optimal. We optimise
the variance at a fixed computational cost. As seen in equation , the variance

is of the form

~ 1 1
V(Y):— -
1 Mlv1+Mldlv2
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with v; = O <h3/2> and vg = O (h) while the cost of the simulation is of the form

C(fﬁ) = c1 My + ¢y Myd

where ¢; = O (h_l) is the cost of a path simulation and ca = O (1) the cost of a
payoff evaluation. Keeping the computational cost constant, the variance can be
minimised by minimising the product

va2cC

1 1
< ) (01 Ml + c2 Ml dl) =vi1c1 + Ulczdl + dll + Cc2v9

which gives an optimal value of d as being

opt _ [ V201 _ —-3/4 2.72
dl V1€ 0 <h ) ( 7 )

Note also that sampling d; = O (h_?’/ 4) final samples does not affect the asymp-
totic cost of the simulation path which is still C' ()A/l) = M;O (h_l) and the variance

S 1

of the estimator is then V (Yl) = MO (h3/2>. This means that the use of path
!

splitting does not, to leading order, increase the variance or the computational cost

compared to the use of exact conditional expectation in the cases where this can be

evaluated by a closed form formula.

2.2.4 Vibrato Monte Carlo

Since the path splitting method is still based on the pathwise sensitivity analysis,
it is not applicable when payoffs are discontinuous. We also saw in section that
in general, the conditional expectation technique wasn’t easily used as it required the
computation of analytic formulas. To address these limitations, we use the Vibrato
Monte Carlo method introduced by Giles in |Gil09b]. This hybrid method combines
pathwise sensitivities and the Likelihood Ratio Method.

We reuse the notations of section [2.2.2] and 2.2.3] Considering again equation
for a discretisation based on N time steps and noting that, as explained previ-
ously, p (§N ‘§N_1 ) and Eaw, [P(gN) ’S\N—l} are functions of uy_1 (§N—1, tN—l)

and on_1 §N—1, tny_1), we now use the Likelihood Ratio Method on the last time

40



step and we get

ov o -6EAWN71 [P(S\N) ’gN—l}
99 Sv- 90
o Aun_1 OBAWN_, [P(SN) ‘SNA}
Sn-1 |96 OuN—1
don_y TEawy_, [P(SN) ‘SN—l} 273)
89 60N_1 ’
_g, |%oig P (§ ) Olosr <SN )S]H) 3
— YSn_1 90 AWN -1 N EI N-1
8UN_1 ~ 3logp (§N ‘ngl) —~
+ g Bawsy | P () don_1 SN-1
This leads to the estimator
5 M, (m)
ov 1 Iuy’y o\ 9Uogp) | a(m)
— E P
a0~ M, Z ( 06 AN [ (SN) N1 SN-1 -
"= 2.74
9oy, <\ 2008D) [ am)
T g AN [P (5%) o ‘SN—l]
o (m) o (m)
where 'ua]\é_l IN- are computed via pathwise sensitivities.

~

With §](le) = SN(§](V@1, AW](\;)A) and noting that, as before with a final Euler
step, S ~ is normally distributed conditionally on S N_1, We use the

following estimators to evaluate the conditional expectations of ([2.74])

I 610gp alm
]EAWN71 |:P (SN) m S](V—)1:|
d (4)
1 m) , (m) AWNL,
N*Z Pl puyZy +on2y
d i=1 ( \/E
Cp(um AW \T awd,
N-1 N—-1 \/E 2\/];0_5\7;1_)1
-~ 810gp A( ) (275)
EAWJ(\;) 1 [P< N) Jon_1 SNl]

P (s o, 20 ) 2 (42)

(%) ()
o[, g, AWNL || AWy, —h
- — Vh 20§\7,n_)1h

Note that the estimators of (2.75) use antithetic variables for reducing the
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variance. See [Gil07] for more details.
At the fine level of a multilevel simulation, we base our simulations on ]3f =

of of : :
EAW}(Iffl [P (SNf> ‘S’Nf_l} and the estimation of

~ f ~ f ~
B, 9P| _ g, Oy, 1 OP; N don, 1 OP; (2.76)

For this, we use a sequence of Brownian increments Wf to simulate S }i,f_l. We then

use the set (AW]{,f_l(l))i:L“_,d of final “split” increments to evaluate the sensitivity
(2.76)) via the Vibrato Monte Carlo estimators (2.74]) and ([2.75|).

At the coarse level, as before, we reuse the fine Brownian increments to construct

the coarse ones,

We = (AW, + AW], . AW] , + AW )

" (2.77)

(AW ict,a = (AWz{szz + AWfofl )i=1,..d

Once again, we consider P..=E [P (gfvc>
on the last coarse step written in equation (2.64]) guarantees the telescoping sum

condition (|1.18]) is verified.
The sensitivity to 6 is still given by the estimation of the quantity

§§:Vc—1v AWJ{,f_Q] and the tower property

Es 3 87]30 =Ex aM?Vc_l 8ﬁc aU]C\fc—l 8?0
St AW 5 |00 | T SR 0 AWEL L | 00 o 00 905,
(2.78)
where
OF. o\ Dlogpe & ;
S = Eapy P<C> — S LAWY
8MNC—1 AVVN]c—l Nc 8MNC—1 NC 1 Nf 2
~ (2.79)
OF _ 5. ) Qlogpe ,
oy, 1 a EAW}fofl P< NC) dofy 4 SNe-1 ’AVVNf*2
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which we compute with the following estimators

ge \ 9logpe | 5. (m) ¥
EAW]{,f_l P<SNC)%C_1 SNe—1 AWy
(2)
d Awf
1 Ni—1
%*Z Py, + 01 ————
dizl Vhy
(i) @\ (™
o . AWK, AW
- Ne—1 —ON.—1 p
Vhy 2‘/thNc—1
5 ) Ologpe| 5. (m) f
EAWz'Cf_l P<SNC) 9o _4 SNe-1 AWy,
(2)
d AWf
1 Ni—1
- P M?vc—1+f7jcvc—17f —2P (M?vc—1)
3 N
) (i)2 (m)
Y P AWL AWL " —hy
chl chl \/E QO-ZCVC_Ihf
(2.80)

2.2.4.1 Estimated complexity

The results of our numerical experiments are found in figures and We
present the corresponding convergence rates and computational complexities for
d =10 in table 24

2.2.4.2 “Intuitive” interpretation

As in section this is an approximation of the conditional expectation tech-
nique, and so getting the same convergence rates as before was expected.

We can also note that increasing the number of samples d does not improve the
convergence rate of the algorithm (as was the case for split pathwise sensitivities).
The analysis of this fact is beyond the scope of this thesis and will be investigated

in future research.
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Figure 2.7: Vibrato Monte Carlo, European call : E(}’;l)
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Figure 2.8: Vibrato Monte Carlo, European call : V;

Estimator @ I3 MLMC Complexity
Value | ~1.0|~20 O(e %)
Delta |[~1.6]~1.5 O(e %)
Vega ~ 1.0 2.0 O(e™?)

Table 2.4: Vibrato Monte Carlo, European call : estimated complexity
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2.3 Discontinuous payoffs (European digital call)

The European digital call’s payoft is P = 1g,~ k. The discontinuity of the payoff
makes the computation of Greeks more challenging. We cannot apply pathwise

sensitivities, and so we have to use conditional expectations or Vibrato Monte Carlo.

2.3.1 Pathwise sensitivities and conditional expectations

With the same notation as in section we compute the conditional expecta-

tions of the digital call’s payoff at the fine and coarse levels,

Pr=E(P(84,)|54,1) =@ W (2.81)
-1
and
P..=E (P (§N) S5 1, AW]J;FZ) - (W) (2.82)

which we use to compute the sensitivities as in (2.59) and (2.65)).

2.3.1.1 Estimated complexity

The simulations give figure and table We then obtain the complex-
ities listed in table

2.3.1.2 “Intuitive” interpretation

Noting that the first order derivative of the European call’s payoff corresponds
to the payoff of the digital call, the analysis of the European Call in section
explains why we could expect 5 = 3/2 for the value’s estimator. Giles has actually
proved in [GDR13] that for the digital call we have § = 3/2 — ¢ for any § > 0.

St having a smooth distribution, a fraction O (\/ﬁ) of all paths arrive in the area
oF (P (Sy) ‘§N_1>
dSN_1
2 (P (Sx)[Sx 1)
053,

convergence properties of the discretisation scheme, we have ’S}i,f - Sy,

is not close to 0. In

of width O (\/ﬁ) around the strike where

this area, the second derivative =0 (h_l). Using the strong

= O (h)
which results in a difference of order O (h) between the fine and coarse values of
pun—1 and on_1. For these paths, we therefore have O(1) difference between the fine
and coarse Greeks’ estimates.
The majority of paths arrive further from the strike where the payoff is constant
OF (P (Sx) |Sn-1)
dSN_1

and ~ 0 and their contribution to the global variance of the
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I=log2(h_l)

2 3 4 5 6 7 8 9 10 11

=25 -

=4 log2(E[Pf-Pc]) =M= log2(E[dPf/dS0-dPc/dSO]) = log2(E[dPf/dsigma-dPc/dsigma])

Figure 2.9: Pathwise sensitivities and conditional expectations, digital call: IE(SA’})

I=log2(h_l)

2 3 4 5 6 7 8 ] 10 11

o \.\&’\‘

== log2(V[Pf-Pc]) == |log2(V[dPf/dSD-dPc/dS0]) b= log2(V[dPf/dsigma-dPc/dsigma])

Figure 2.10: Pathwise sensitivities and conditional expectations, digital call: V(}Afl)

Estimator @ I3 MLMC Complexity
Value ~1.1|~14 O(e™?)
Delta | =~0.9]~0.5 O(e=*?)
Vega ~16 | ~0.6 O(e*?)

Table 2.5: Pathwise sensitivities and conditional expectations, digital call : esti-
mated complexity
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multilevel estimator is negligible. Then, the law of total expectations gives

E(aﬁf—aﬁ0> —0(m0+0(Vh)o)

90~ 0 (2.83)
=0 (Vh)
and
oP; 0P\ _
V(ae— ae) _0(1)02+o<\/ﬁ)0(1)2 s

—0(Vh)
This explains the experimental a ~ 1/2 and 8 ~ 1/2 for the Greeks.

2.3.2 Vibrato Monte Carlo

The Vibrato Monte Carlo technique can be applied to digital options in the same

way as for European calls. Writing P the digital call’s payoff, the formulas of section

2.2.4] still hold.

2.3.2.1 Estimated complexity

We take d = 800 and get figures [2.11], and table
We observe that unlike in the case of section m (European call), the observed

convergence rate depends heavily on the number of samples d taken. A low number
of final samples will result in unsatisfactory convergence rates. The study of this

behaviour is beyond the scope of this thesis and will be performed in future research.

2.3.2.2 Intuitive interpretation and number of splittings

The reasoning is once again similar to the one presented in section [2.2.3.2} we

write again

-~ 1 8J3f 6?0 —
Y)) =— V- .
V() MlVWf (ae 00 Wf)] 255
&R 2.85
1 OP;  OP.| =
g (ae o0 Wf)]

The first term of this expression is similar to what we obtain with the payoff smooth-

ing of section We can expect
m)

wa

00 00 =0 (\/E)

(o

47



5

-10

N

log2|

-15

-20

-25

I=log2(h_l)

7 8 9 10

~

—o— log2(E[Pf-Pc]) =M log2{E[dPf/dSO-dPc/dS0])

log2(E[dPf/dsigma-dPc/dsigma])

Figure 2.11: Vibrato Monte Carlo, digital call : E(}/}l)

I=log2(h_l)

6

~o— log2(V[Pf-Pc]) = log2(V[dPf/d50-dPc/ds0])

log2(V[dPf/dsigma-dPc/dsigma])

Figure 2.12: Vibrato Monte Carlo, digital call : V(?l)

Estimator Q@ I3 MLMC Complexity
Value ~1.0 | ~14 O(e™?)
Delta |~1.1][~04 O(e %)
Vega ~1.7|~05 O(e*?)

Table 2.6: Vibrato Monte Carlo, digital call : estimated complexity
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As explained in equation ([2.84]), we can also expect
/@)

V(T = - (0 (VA) + %0 (ﬁ)) (2.86)

E

Wy 90 90 =0 (\/E)

(2 2

therefore

M,

and the two terms have the same order of convergence, it is therefore fine to take d

constant.

2.4 Asian call option

The payoff of the Asian call option is of the form
= +
P= (S — K) (2.87)

where S is defined as the average value of the underlying over the considered time
interval [0, 7).

_ 1 /T
= — 2.
5=z /0 Sydt (2.88)

For an Asian call, pathwise sensitivities is the most appropriate technique. In-
deed, it is a Lipschitz payoff of the underlying’s average price on [0,7T] and its
approximation based on the discretisation §0, e S n is also Lipschitz in those dis-
cretised prices (see below). Also, the fact that this option is path dependent suggests
the importance of a fine path discretisation, which, as seen in section renders
the Likelihood Ratio Method inappropriate.

2.4.1 Payoff estimator

As before, we simulate the underlying asset’s price and its sensitivities on a
discretisation tg,...,ty of the time interval [0,7] using the Milstein scheme. As
suggested in [Gil08a], we then use a Brownian bridge construction to define the

following continuous extension on each interval [t,, ty+1].

~ b=ty [~ . t—t,
Spp(t) i= S+ —" (sn+1 . sn) + by (W(t) W, — hAWn>
dSpp(t) 85, Lttt 0Su41 08,
0 00 h a0 99 (2.89)
dS,, db,  Oby t—ty
i (aa a5 " ae) <W“> W= AWn)
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where a, = a (§n,tn>, b, =0 <§n,tn).

We also define a piecewise linear approximation

. . ~ b=ty [~ ~
S(t) := Spr(t) := Sy + (Sn+1 - Sn)
03(t) _ 08pu(t) _ 08,  t—to (95,11 05, (2.90)
00 0 0 h 00 00
The integral
_ 1 T
-1 / S(t)dt (2.91)
T Jo
can be approximated by
= 1 T _
Spp— ~ / Sun(t)dt (2.92)
T Jo
and more easily by the trapezoidal approximation
= = 1 T _
= SpL =5 / Spr(t)dt (2.93)
T Jo
which can be written
E\ B phly i S\n + AnJrl
=N 2
N1 (2.94)
(548)+ L3
= IN 0 N N Z n
~ =< = +
The payoff estimator is then P := P (S) = (S — K)
2.4.2 Pathwise sensitivities
We note that ? is defined as a smooth Lipschitz function of all <§n) N and
a simple differentiation gives -
25 1 (a8, oS 1 = a8,
0 N n
o _ [ 920 — —=n 2.95
26 2N(09+89)+N;ae (2.95)
In the multilevel setting, we use these formulas at the fine level of discretisation by
~ =f
ey OS] . .= 08
simulating S;, and 20 forn =0,..., Ny . Equation (2.95)) then gives S and 20
At the coarse level, we simulate Se 95y for n = 0,...,N.. We then use these

" 00

—=C

values to compute ?C and %?; with equation .

Note that the telescoping property needed for the multilevel Monte Carlo
to work is obviously respected when we define these estimators which are identical
for a discretisation with a given number of time steps, no matter whether they are

considered as coarse or fine level estimators.
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The payoff Pis a Lipschitz function of ? that is smooth almost everywhere.
Therefore P is also a Lipschitz function of all (S’\n) e which is differentiable

n=1..
1 <L o
everywhere except on the hyperplane defined by N Z S, = K, i.e. almost every-
n=0
where. This confirms that pathwise sensitivities are applicable to this option and

we can write

~ =f
op! opr <§f> a8
0 55 00
c 05 - (2.96)
orc _ob () 95
00 05 00

2.4.2.1 Estimated Complexity

The simulations give the results presented in figures and in table

2.4.2.2 “Intuitive” interpretation

Under minimal assumptions, we can again assume that the values (Sk)
k=1,..,N

have smooth probability density functions and that the average value S also has a
smooth probability density function. The interpretation of the observed convergence

rates is then fairly similar to the one for the European call found in section

7f —=C
S -5 >=

The Milstein scheme’s O (h) strong convergence implies that E <

7\f —=C
O (h). The payoff being Lipschitz, this leads to V <P (S ) - P (S )> =0 (hz),
i.e. B =2 for the value of the option.
For Greeks, the strong convergence of the Milstein scheme implies there is typi-
> e
oS

cally a O (h) difference between 86‘5; and 50 A fraction O (h) of all paths is such

= 7f
that S is within O (h) of the strike K. For those, there is a O (1) likelihood that S

—=C
and S are on different sides of the discontinuity in 35 implying

7f —=C
oP (=f\ 08 OP [=c\ 08

= —=f —=c
For all other paths, S is far from K and intuitively, the two values S and S are
located on the same side of the discontinuity. On each side of the discontinuity, 55

is locally Lipschitz (actually constant), therefore for these paths
oP (= 05 OP r=e\ 98

as a5
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log2(E(Y_1)}
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-16
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log2(Vv_I)

=10 4

-15

b= log2(E[Pi-Pe]] == log2(E[dPf/d50-dPc/d50])

I=log2{h_I)

5

log2{E[dPf/dsigma-dPc/dsigma])

~

Figure 2.13: Pathwise sensitivities, Asian call: E(Y;)

== log2{V[Pf-Pc]) == log2{V[dPf/d50-dPc/ds0])

I=log2(h_l)

5

log2(V[dPf/dsigma-dPc/dsigma])

Figure 2.14: Pathwise sensitivities, Asian call: V;

Estimator @ B MLMC Complexity
Value ~10 | ~1.8 (@) (6_2)
Delta O (e_2 (log e)2>
Vega ~ 1.0 (@) (6_2)

Table 2.7: Pathwise sensitivities, Asian call: estimated complexity
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and finally,

_ =f —c ¢
E W(@’c)aa"; _@JSD(S)?e) —0(h)O1)+0(1)0(h)

oS (2.99)
=0(h)
and
—=f —=C 2
oP (=f\ 08 OP [=c\ 08 B 9
E as<5> = _<8S<S)89> —0(hO(1)+0(1)0 (h?)
=0 (h)
(2.100)
which suggests a = 1 and § = 1 for Greeks.
2.5 FEuropean lookback call
The lookback call payoff is
P =57 — min S; (2.101)

te[0,77]

Pathwise sensitivities is once again the most appropriate technique. The payoff
is a smooth function of the underlying’s value on [0,7]. As detailed below, its
approximation based on the discretisation §0, cees S v remains smooth.

The path dependency once again suggests the importance of a fine discretisation,

which makes the Likelihood Ratio Method inappropriate.

2.5.1 Payoff estimator

The naive approximation of the payoff would be P = (§ N — min §n) Nev-
ertheless, as explained in [Gil08a], it does not result in satisfactor; convergence
rates with the Milstein scheme. The numerical results of Andersen and Brotherton-
Radcliffe JABR96] and Beaglehole, Dybvig and Zhou [BDZ97] indicate the following
approach can be very effective at improving the convergence rates: after simulating

(§n> , we approximate the behaviour of the process within each fine time
n—=

[ARES}

step [tn,tn+1] as a Brownian bridge with constant volatility b, = b <§n,tn). We

write S (t) :== §BB(t) the Brownian Bridge extension of the Milstein discretisation
of S;. As shown in section 6.4 of |Gla04] and detailed in section we can then

simulate its local minimum for each time step,

R 1/~ N N2 )
Snmin =5 S+ S - (Sn+1 - sn) —2(bp)2 hlog Uy (2.102)
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with U, a uniform random variable on [0, 1].
In the multilevel setting, for the sake of clarity, we use indices based on the fine

discretisation for both the fine and coarse discretisations, that is,

S =35/ (tg) = S/ (nhy)
L R (2.103)
Se .= g <th> = ¢ (nhy)

We define the fine level’s payoff estimator as follows: we simulate the path
§g, . .,§]{,f and then with b/ = b(S/,¢,), we can simulate the local minimum of

each step as

5= (s;{ #8080 - 80) -2 () o Un> (2101

The simulated path’s minimum is then defined as the minimum of the the local
minima over all time steps , i.e.

pf = §J{7f — min §f

n=0,...,N;—1  ™min

(2.105)

At the coarse level we first simulate the “natural” points of the coarse discreti-
sation (i.e. those with even indices §§k) To get better convergence rates, the idea
is again to consider that the process behaves like a simple Brownian motion on each

time step [to, tor+2] With constant volatility b5

t— tok
h

. N Lt . N
90 = 85+ 2 (Stera — 550+ 05 (W1 = W -

(Wakhy2 — WQk))
(2.106)
We use the Brownian increments of the fine level to define a midpoint value for each

coarse step (thus constructing the values for odd indices §§k 1)
N 1/~ N
Sohy1 = B (S§k + S3k42 — bk (AWJkJ,-l - AW2fk>> (2.107)

We recall (AWJk 1 AWka) is the difference of the fine Brownian increments on
the fine time steps [tor11, tok+2] and [tok, tory1]. Conditional on this value, we then
define the minimum over the whole step [to, tor+2] as the minimum of the minima

over each half step, that is

qe 3 1 [ e Qe Te 2 c
Szk,mm =min [2 (SQk + S%k+1 — \/<S2k+1 - S2k) - (b2k>2hf log U2k> )

L[ G qc [ Qe 2 c
B (52k+1 + S22 — \/(S%Jrz - 52k+1> — (b3)?hy log U2k+1>]
(2.108)

where Usg and Uspy1 are the values we sampled to compute the minima of the
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corresponding time steps [tokt1, tok+2] and [tok, tor11] at the fine level. The payoff
estimator is then

PC — S]c\ff — 0 m]i\fl;/z_]_ Sgk’,min (2109)

Note that the fine and coarse estimators of two consecutive levels (I — 1), ({) are
based on the same process §t defined as a Milstein discretisation of S; with N :=
Nc(I) = N¢(l — 1) steps and extended as a Brownian bridge with constant volatility
within each time step. The only difference in the estimation of the expectation of the
minimum is that the coarse estimator of level (I — 1) is also based on the simulation
of the mid-values on each time step. Using the indices of the fine discretisation at

level [, for any function f, we can write the tower property
E (f (min S2k,mm) ’507527 . 7SN—27SN> =

E <E (f (mk}nngmzn) ‘§07§17§2,--~,§N> ’§07§2,--~7§N—27§N>
(2.110)

Taking f mkin §2k,min = min §2k,mm, the telescoping sum property (1.18) is still

respected for the lookback call’s payoff, which proves the estimators are valid.

2.5.2 Pathwise sensitivities

Using the treatment described above, we see all the quantities defined in the pay-
off estimators are almost surely Lipschitz functions of the simulated values §(’; Yo S ]{,f
and Sg,...,S% ;- More precisely, it is locally Lipschitz except when the square root
term appearing in equation for the computation of the minimum is 0. This

happens when for some index n, we have S, = S,11 = [min }St, which is clearly
te tn,tn+1

a O-probability event and will be analysed more precisely later.
We can then apply straighforward pathwise sensitivities to compute the multi-
level estimator of the sensitivity. Differentiating (2.104)) to get the sensitivity of a

local minimum yields

of ~ ~
aSn,min - 1 !asg 8S7]1c+1

09 2| 99 90
(8- 3) (S - )
\/<§5+1 - §5)2 —2 (65)2 hslog Uy, (2.111)
n 2 (8% %%) hylog Uy

\/<§,{H - §£>2 —2 <b£>2hflogUn

where each term can be easily computed by Pathwise sensitivities.
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Under minimal assumptions, for any 0 < n; < ng < Ny, the density functions

of the increments Sf;min — Sf;l’min are clearly smooth (see section for more
details). Therefore, for each path, there is almost surely a unique index nfnin such
of — min o
that Snim,min = min S, min-
Finally we get
~ of of
an B aSNf 8Snrfninmu'n (2 112)
a0 00 00 ‘
At the coarse level, there is also almost surely a unique index ngy;, such that
S\oczgﬂn,min = mgn §fl7min. Note that intuitively the indices ng;, and nﬁﬁn are likely to

be the same but that it is not necessarily the case. The sensitivity of §ch is

min’

computed by differentiating equation ([2.108]), which results in a formula similar to

(2.111)) and we then have
oPe _0Sy, 95y,

00 00 00

min

min

(2.113)

2.5.2.1 Estimated complexity

The results of our simulations are presented in figures and table

2.5.2.2 “Intuitive” interpretation

Giles et al have proved in [GDRI13|] that for the value’s estimator, § = 2. For
the lookback option with floating strike with the Black & Scholes model, we have

the particular proportionality relationship between the option’s value and its delta
(A). Using equation ({2.3)), we have

_op

R

0 (S — Sumin)
950

A

(2.114)

Therefore V (A; — Aj—1) and V (P, — P_;) are expected to converge at the same
speed and 8 = 2 for A too. Therefore we focus on a more “typical” Greek like the
vega (V).

The convergence speed of vega’s estimator cannot be derived as easily as that
of the price in [GDR13|. Indeed, while we know from the convergence properties
oSk, 0%,

00 00

of the Milstein scheme that E = O (h) and that for any fixed

oS}, 955,

00 00

index ny, IE( ) = O (h), it is difficult to predict the behaviour of

o6



log2(E(Y_1))
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I=log2(h_l)

== log(E[Pf-Pc]) == |og(E[dPf/dS0-dPc/dS0]) log(E[dPf/dsigma-dPc/dsigma])

Figure 2.15: Pathwise sensitivities, lookback call : E(Y])
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== |log(V[Pf-Pc]) == |og(V[dPf/dS0-dPc/dS0]) log(V[dPf/dsigma-dPc/dsigmal)

Figure 2.16: Pathwise sensitivities, lookback call : V}

Estimator « 15} MLMC Complexity
Value | ~09 |~1.9 O(e %)
Delta ~09 |~19 O(e %)
Vega ~10 | ~1.1 O(e?)

Table 2.8: Pathwise sensitivities, lookback call : estimated complexity
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S ff ; a5¢
n’ . . min ne. | . .
E 5‘5 — gg , which clearly depends on the quantity ¢ ;o= tpe =

min

min min

(nf —n¢ ) hy, the difference between the times at which the fine and coarse paths

reach their respective minima. This is discussed in detail in chapter

2.5.3 Conditional Expectations, path splitting or Vibrato Monte
Carlo

Unlike the regular call option, the payoff of the lookback call is perfectly smooth
and so therefore there is no benefit from using conditional expectations and associ-
ated methods.

2.6 European barrier call

Barrier options are contracts which are activated or deactivated when the un-
derlying asset’s price S reaches a certain barrier value B. We consider here the

down-and-out call for which the payoff can be written as

P=(Sr—K)"1 . (S) > B (2.115)
t€[0,T]
Once again the path dependency highlights the importance of a fine discretisation

and we use pathwise sensitivities based estimators.

2.6.1 Payoff estimator

Both the naive estimators and the approach used with the lookback call (simu-
lating minima on each time step using a Brownian Bridge interpolation) are unsat-
isfactory: the discontinuity induced by the barrier results in a high variance when
pricing and makes pathwise sensitivities inapplicable. Therefore, we use the ap-
proach presented in [BCI99] or [GS01] and used in [GDRI13]: after simulating the
path at times to, ..., ¢y, we compute for each time step [t,, t,+1] the probability p,
that the Brownian interpolant S (t) crosses the barrier, i.e. that the local minimum

is below B. It can be proved (see [Gla04] for example) that

—2(8, — B)*(Sp41 — B)*
pnzeXp< 5 2)2(115 = )> (2.116)

We then define the price estimator

P=@Ex -1 [ 0-p) (2.117)
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and note that

~ + ~ ~
E((SN—K> 16s S0 N)

=&

min St>B ‘SO" : "SN>

(S -
~ (Sv - K) E(
(5

n=0 [tn.tnt1]
LN
— (Sy - K) I1E (1 i Son Sn,SnH)
n=0 [t tnt1]
=P
(2.118)

As P is the conditional expectation of <§ v — K ) ’ 1 3,55 the two have the same
expectation (tower property). Just like the Pathwise sensitivities with Conditional
Expectations in the case of Vanilla options, this is an instance of what Boyle et al.
call the conditional Monte Carlo method in [BBG97] and using P instead of sampling
the local minimums to estimate the second expression contributes to reducing the
variance of the price estimator.

For multilevel simulations we again index both the fine and coarse levels with
respect to the fine discretisation grid, as described in equation .

At the fine level, we simulate §g ) §{ S §]{,f and using the Brownian Bridge

interpolant St (t) on each step, we simply apply the previous formula to define

Ny—1
pf— (qgf + f
P =&, -t I] (1 —pn) (2.119)
n=0
with of o
—2(8 - B)*(S/,, - B)*
ol = exp [ 2 zf (Sns1 = B) (2.120)
(bn)? hy

At the coarse level we proceed as for the lookback option: we first simulate
the discretised values on the coarse grid: §0,§2,...,§Nf.
time step [tok,tor42], we simulate a midpoint value S3,,; corresponding to time
tok+1 = (2k + 1) hy using the Brownian interpolation formula . Then for each

coarse time step, we consider p[CQ ,2k+2] the probability of not hitting B in [tog, tokt2],

Then,on each coarse

that is, the conditional probability that the Brownian Bridge interpolant §C(t) does

not hit B in the fine time steps [tok, tor+1] and [tog11, tag+2], conditional on its value
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at top11. Thus we write

Ny/2—1
Pe= (gjcvf - I] (1 - prk,Qk-ﬁ-z})
Nf;o_l (2.121)
=(S%, —K)" T (0 =p5)0 = P5i))
k=0

where p3, and p5,,; are the probabilities of the coarse interpolant not hitting B on

[tok, tor+1] and [togi1,tory2], conditional on its values S5, S5, 1,95, 9, i.€.

. _2(/\0 _ B)+(§c _ B)+
D3y, = €Xp ( . (05,.)? hZJfH

(2.122)

. ~2(S501 — B)F (S50 — B)*
p = exp -
2k+1 ( (bgk)z hf

Note that we keep the same volatility on the whole coarse interval, i.e. for k =
0,...,Ny/2 =1, we use b3y, = b3,y := blyy o0+ As in the case of lookback options
(see [2.110]), the tower property guarantees the estimator satisfies the telescoping
sum property (1.18).

2.6.2 Pathwise sensitivities

Note that in the Black & Scholes model we can assume the existence of a strictly
positive lower bound of the volatility: if §n < B, we know that P =0 and there is
no need for interpolation. Therefore we can always assume b (S,t) = 0S; > 0B > 0.

Assuming the volatility terms bfL and b, are non-zero, we see clearly from equa-
tions (2.119) and (2.121]) that the multilevel estimator Y, =Pl —Pcis Lipschitz with

respect to all (§7{) and (5’\5) and we can use pathwise sensitivities.
’I’L:L...,Nf ’I’L:L...,Nf
At the fine level, we have
: 08}, M1
o i o 1T (1)
00 Sny 2K 90 ol
LN [ N o (2.123)
af f\ 9Pn
~(S k) 2| I (-4l) Gy
n=0 |k=0k#n
with
sf(af sf o (af
opl L[ (Sn+1 - B) ~257 (Sn - B)
S~ t(5f 5f Dn
00 <SmSn+1>B) blehf b£2hf
N N _f (2.124)
4(8-B) (81,1 - B) b
bn hy
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R of ~ f f 9af
where 6£ = 8;; and bfl = (aaben + %6@5;) are computed easily via pathwise
sensitivities.

~
C

00

At the coarse level, we obtain similar expressions for by differentiating

(2.121]), see chapter [7| for more details.

2.6.2.1 Estimated complexity

Our numerical simulations give the results presented in figures and
table 2.9

2.6.2.2 “Intuitive” interpretation

Giles et al prove in |[GDRI13] that for the value’s estimator, § = ; — 0 for any
6 > 0. For the Greeks, the intuitive assumption is again that the joint distribution
of the discretised values §1, ey S Ny
O <\/ﬁ> of all paths have their fine discretisation’s minimum in an interval of width

0<\/E), Ip = [B—o(\/ﬁ) ,B+o(\/ﬁ)].
Also within each time step [ty,, tp41] of width A, the typical maximum deviation

of the Brownian interpolant from the endpoints is O (\/ﬁ) , this means that the value

is continuous. This suggests that a fraction

of the probability p, <§n, §n+1> goes from 1 (when §n < Bor §n+1 < B) to 0 (when
min <§n, §n+1> - B> \/E) in an area of width O (\/ﬁ) (when §n or §n+1 move

0
away from the barrier), therefore in this area we intuitively get & =0 (hil/ 2),
n

2 2
O _ o (7). b _ 0 (h ) and 2L — 0 (7).
08,11 052 052,

The minima of the fine and coarse discretisations differ by O (h). For paths
whose fine discretisation’s minimum is not within the interval Ig, they are therefore

either both above B + O (\/E>, or both below B — O (\/ﬁ) . Therefore all the

probabilities (pfl, p%)
RZO,...,Nf—l

In the first case, we never approach the barrier and the payoff is similar to that

op!  ope .

20 Af— 90 O (h) for the O (1) fraction of paths
OP oP¢

such that St is far from K and 20 " 90

are going to be almost constant, at either 0 or 1.

of the standard European call:

= O (1) for the fraction O (\/E) of

paths that arrive close to K.
o o opPl  ope
In the second case, the barrier is hit by both discretisations and —— — =

20 00 0

this happens for a fraction O (1) of all paths.
For paths whose fine discretisation’s minimum is in Ig: let us assume the path
gets close to B on a given step [t,, tn+1]. Intuitively, the volatility will be similar at

the coarse and fine levels and we can approximate pfl (x,y) = py(x,y) = pn(z,y),
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I=log2(h_l)

== |og2(E[Pf-Pc])
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~- log2(E[dPf/dSO-dPc/dS0]) log2(E[dPf/dsigma-dPc/dsigma])

Figure 2.17: Pathwise sensitivities, barrier call : IE(lAfl)

I=log2(h_I)

== log2(V[Pf-Pc])

3 4 5 6 7 8 9 10

=~ log2(V[dPf/dSO-dPc/dS0]) log2(V[dPf/dsigma-dPc/dsigma])

Figure 2.18: Pathwise sensitivities, barrier call : V(i}l)

Estimator « I3 MLMC Complexity
Value ~1.0|~1.6 O(e %)
Delta | ~1.0 | ~0.6 O(e %%
Vega ~1.0|~0.6 O(e %%

Table 2.9: Pathwise sensitivities, barrier call : estimated complexity
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we can write the difference

-t 22 (S.8L0) (81 82) + 22 (51.5L.0) (8- )
) (h‘l/Q) O(h)+0 (h‘1/2> O (h) (2.125)

=0 (vh)
Now, assuming there is no direct dependency of p,, on 6 (which is the case for A),

oph  Opg  oph oSy oph 0SI.,  opg 0Sc | ap 955,

90 90 93, 9  95,., 90 95, 99 ' 95,., 09
_ opl, (a?,{ - a§,§> apl, <8§£H a§5+1>
as, \ 90 00 a§n+1
+ oS, <3Ii£ _ 81251) i agfwl (a]i£+1 _ alifzﬂ)
00 \ oS, a8S, 00 \0S,,1 9S.u (2.126)
~ 0 (h*1/2> O(h)+0 (h*l/z‘) O (h)
o) 22 (51 -5:) + o) 2Lt (31, - 5.,

a5z V" Sh

(n72) +0 (o) +0 () O (h)

00 00

therefore from formula (2.123)) and its coarse equivalent, we expect a difference
OP7 _ ope O (1) for th th

—_— = = or these paths.

20 o0 ' P

Combining the previous results on the contributions of various types of paths

using the law of total expectation, we get

op! B op°
20 90

)2 —0(1)0+0(1)0 (1) +0(Vh)o(1)+0 (Vh) o)
=0 (Vh)
(2.127)

which suggests the rate § ~ 1/2, which is indeed what we observe experimentally.

Similarly, we can show we expect av =~ 1/2.

2.6.3 Conditional Expectations

The low convergence rates observed in the previous section come from from both
the discontinuity at the barrier and from the lack of smoothness of the call around
K. To address the latter, we could use the techniques described in section
Conditional Expectations, split pathwise sensitivities and Vibrato Monte Carlo.

Nevertheless, the above analysis reveals that the contributions to the global
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variance of the two sources of discontinuity have the same amplitude: in both cases,
a fraction O (ﬂ) of all paths (the ones not hitting the barrier and such that St
is close to K or the ones not hitting the barrier and whose minimum is close to B)
result in a difference O (1) between the fine and coarse estimates of the Greek. The
techniques mentioned earlier would not reduce the contribution of the barrier and
therefore the asymptotic rate of convergence would remain the same. Asymptoti-
cally there is therefore no benefit from using them and they would not reduce the

computational cost of the multilevel computations.
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Chapter 3

Numerical analysis, preliminary

notes

In this chapter, we deal with various questions that are essential for a rigorous
mathematical analysis of the multilevel techniques presented in chapter
We begin by proving that the method used in chapter [2] the differentiation of the

simulated underlying asset’s values §0, ey S v does result in satisfactory estimators
0S50 oSt

90’ "7 00
the discrete path approximation is equivalent to a discrete approximation of the sen-

of the underlying asset’s sensitivities i.e. the sensitivity analysis of
sitivity’s SDE. This equivalence seems intuitively natural but needs to be established
to prove convergence as the timestep h — 0.

We provide practical conditions ensuring that pathwise sensitivities are appli-
cable. We verify the method is valid in the setting of the Black & Scholes model
and explain under which conditions it still is in the more general setting of an Ito
process as described by equation . We then check that the differentiation of the
simulated option’s value does result in satisfactory estimators of the Greeks.

Certain regularity properties of the underlying asset’s density function are nec-
essary or at least desirable to make the analysis valid or to simplify it; we provide
practical conditions on the process’s volatility ensuring those are satisfied.

We present several important results on the moments of the solution of the
evolution equation , on the properties of its discretisation and its continuous
extensions. We introduce the fundamental theorem on which the so-called “extreme
paths analysis” used in chapters 4] to [§] is based. Finally we introduce a convenient

abuse of notation.

3.1 Estimating the underlying asset’s sensitivity

We recall that in chapter [2 we first discretised the asset’s evolution equation
(2.2): we split the time interval [0,7] into N time steps of width h = T//N and as
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in equation (2.19)) we obtained a discretisation formula of the form

S = 1 (6,80, AW,,) (3.1)

This enabled us to simulate approximate solutions §0, §1, R S ~. Then, to obtain
oS oS

their sensitivities —0, R TGN’ we simply differentiated the discretisation scheme

(3.1) as in equation ([2.25)) and obtained a discrete equation of the form

0811 _ of (0’§"’AW") N of (9,§T AWn> o3,

90 90 a3, 90

3.1.1 Order of discretisation and differentiation

Classical convergence results on the Euler and Milstein schemes (see [Mil79],
[Talg84], [KP92] or [GST72] and section [1.1.2]) guarantee the weak and strong conver-

gence of §0,§1, . .,§N towards Sy, Sy, ..., Sy = St but they do not guarantee a

08¢ 0SN
iori that thei itivities —, ..., ——
priori a €1r sensitivities 89 69

05y oS
00’ "7 00

showing we can equivalently consider the evolution SDE for the asset’s value and

oS
its sensitivity, that is, the vector SDE satisfied by U; = (St, t) and to then

can be used as “naive” estimators that

will converge towards . Here we prove that it is actually the case by

00

discretise it into ﬁg, ﬁl, ce ﬁN using the Euler or Milstein schemes or alternatively
consider (as before) the Milstein discretisation for the evolution SDE of the asset S;
and to then differentiate it with respect to the parameter 8. That is, we will prove

that for k =0,..., N,
_ Sk
Us=1 05, (3.3)
90
Note that, more generally, if we want the sensitivities of S; with respect to n dif-

ferent parameters, we can obviously consider the n + 1-dimensional process U; =

oS oS,

(St, a—et, e 89t> still driven by the 1-dimensional Brownian motion W; and com-
1 n

pare its discretisation Uy, Uy, ..., Un to the result of differentiating the discretised

asset’s value §k with respect to each of the elements 64,...,60,. As the number of
sensitivities considered at once does not change the analysis, we focus only on the
case n = 1 for the sake of readability.

From now on, we also assume for the sake of simplicity that the parameter 6 does
not have any effect on the size of the time step h = T/N. If it did (e.g. considering
the sensitivity of the price to the time to expiry T'), we would have to add extra
terms into our equations to take into account the impact of the parameter on the
discretisation itself but the analysis would be essentially the same.

The values (70, U Lyeees Un result from a proper Fuler or Milstein discretisation of

oS
the process U; = <St, 819t> The properties of those schemes ensure they converge
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towards Up, Uy, ...,Up, i.e. for any fixed time ¢t = k h, we have

. St
U, — aS, (3.4)

h—0
00

The importance of the discretisation-differentiation/differentiation-discretisation equiv-
alence comes from the fact that if we prove it by showing that (3.3 holds, then we

have for k =0,..., N, R
a5, a8,
90 o0 00 (3:5)

~

a5,
that is, the naive estimators (k

50 ) used in chapter [2{do converge (as hoped)
k=0,...,N

00
speed is then determined by the weak and strong convergence properties of the
schemes used (again see [Mil79], [Tal84], [KP92] or [GS72] and

section [1.1.2]).

towards the sensitivities of the exact solution < ) . The convergence
k=0,...,N

3.1.2 Evolution SDE for the underlying asset’s value and its sensi-
tivity

Equation (1.2)) means that for ¢ € [0, 7], the solution S; can be written as

t t
S, = So + / a(Su, ) du + / b(Su, ) ATV (3.6)
0 0

and then, differentiating with respect to 0,

t

t

0S; 850 0 0

20— 8/ (Su,u)du + 8/ (Sy,u)d (3.7)
0 0

Intuitively, we would like to be able to conclude that we have

a&—a&#/(a“wu,u) s S )

0o 00 06 a8 90
t (3.8)
ob ISy,
*/( T ag S )ae> W
0
that is, in an infinitesimal form,
a5, (9(1 (9 85’ 8b Gb 85
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To get (3.8} . from (3.7)), we need some conditions ensuring it is possible to interchange
the order of integration and differentiation in both integrals. Some interesting results
enabling this interchange can be found in [Kar83] and [HN84]. We present here
slightly more restrictive, yet more convenient and readily applicable conditions on
the flows of SDE solutions. These are presented and proved in section V.7 of [Pro90].

We consider an n-dimensional process X; = (XZ )i:l,...,n on the probability space

(Q, F, P), solution of a stochastic differential equation of the form

:g;+O/F (3.10)

where Z; = (Z{") .1, is a continuous m-dimensional semimartingale with Zg = 0
for a =1,...,m. The vector x = (q:’) -

i=1,..n ~
and F(X;) is an n x m matrix of functions F} (X;) from R" to R.

Clearly the solution of the equation depends on the set of initial parameters x

corresponds to the initial values of X;

and we can study the flow of the equation, that is, the function ¢ : x — X (t,w, z)
which can be seen as mapping R" — R" for (¢,w) fixed or as mapping R" — D" for
w fixed, where D" is the space of cadlag functions from R to R” with the topology
of uniform convergence on compacts (in practice we consider a finite expiry 7" and

this topology is then the topology of uniform convergence on [0, T7).

Theorem 3.1.1. (Theorem 38 in [Pro90]) Assuming that the functions
(F‘; (Xt))izl,,..,n;azl,...,m
cadlag solution X (t,w, x) to equation (3.10) on RT x QxR"™. For each x, the process

X (t,w, ) is a solution of the equation and for almost all w, the flow x — X (.,w, x)

are globally Lipschitz on R", then there exists a unique

from R™ to D" is continuous on R"™ in the topology of uniform convergence on com-

pacts.

The previous theorem gives a result on the continuity of flows. The next one is

an extension that deals with their differentiability.

Theorem 3.1.2. (Theorem 39 in [Pro90]) If in addition to the hypotheses of theorem
we also assume that the functions (FZY (Xt)) have bounded locally Lipschitz first
order derivatives, then (3.10) has a unique solution X (t,w,z) that for almost all w

1s continuously differentiable in x.

0X
For any k € [1,n], the partial derivative T (t,w,x) is then the solution of
T,

oxi OF!
a5 = 0! +ZZ/BXJ 8xk (3.11)

a=1j=17

where 6F is Kronecker’s delta symbol.

Note that as explained in sections V.7 and V.8 of [Pro90], theorem can be

extended to prove that the flow of the solution X; is N times continuously differ-
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entiable in z if we also assume the functions F(; (X¢) have locally Lipschitz partial
derivatives up to order N (see theorem 40 in [Pro90]).

For our practical application of this result to equation , we consider X;, the
vector process containing the underlying price S; as well as different parameters of
interest with respect to which we want to differentiate the price (e.g. volatility o,

interest rate r, initial value Sp), that is,

and
St

01
X; = 02

On,

All but the first element of X; are constant, which corresponds to the case where
(Fé (Xt))z.:2 ., = 0. Usually 6y,...,0, are taken to be independent parameters

and the sensitivities are then

o5,
90 95
~ 5
29 005 !
n=| 2% || . 3.12
0= o p (312)
06, 5k
00y,

The continuous semimartingale with respect to which we integrate is

(1)

and the matrix F' is then

We can apply theorem that ensures that if a(S,t) and b(S,t) are Lipschitz and
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their first order partial derivatives are bounded and locally Lipschitz, then the flow

0, — S; is differentiable and % is the solution of
k

95 9So OF! ‘
80, 00y Z/aXﬂ a de Z/axy d (3.13)

oX] 90;
Noting that for j > 2 the term —— of equation (3.11)) is == = 6%, this becomes
81‘k an J

t

0s, _osy [ [ o b

IRt e P (x

90, 96, / a5 (Xos)3 aek + g, (KXsr9) | AW
0 (3.14)

t
da 0Ss  Oa
/85’<X§78)80k+69k(XS’S) dS
0

This means that assuming a (S, t) and b (5, ¢) are Lipschitz and have bounded locally
Lipschitz first order derivatives, the solution of (|1.2]) and its sensitivity with respect
to 6 follow the joint evolution SDE ({3.15))

dS(t) == (Z(St, t) dt + b(St, t) th

95, (da da ... S,
155 = L 3g50 0 + 555055 ) dt (3.15)
ab ob 05,
* <39(St’ D+ 5505y ) e

Note the second term of this joint evolution SDE does indeed correspond to the
naively differentiated equation we hoped for in (3.9).
We can rewrite (3.15) as a vector equation describing the evolution of the 2-

dimensional process U; = (St, %Z) driven by a single 1-dimensional Brownian
motion W;.
a(S,t)
dU; = o 5 dt
St
(Sta ) (St) )
00 oS 00 (3.16)
b(S,t)
+ dW
b 6b 85}
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3.1.3 Differentiation of the discretisation/discretisation of the dif-
ferentiated SDE

We now compare the formulas resulting from the differentiation of the discreti-

sation of the evolution SDE for Sy and the ones resulting from the discretisation of

the evolution SDE for U; = (St, 865;)

3.1.3.1 Differentiation of the Euler discretisation

We have seen in section that the Euler discretisation of equation (1.2} is

~

Spi1 =5, +a <§n tn> h+b (§n tn> AW, (3.17)

Assuming the coefficients a (S,t) and b (S, t) are differentiable with respect to S
and 6, we differentiate (3.17) with respect to 6 and obtain

8§n+1 :@+ <8a (§n,t > da (Sn,t >BS )h

00 00 00 a5 00
(3 () + o5 (Bn) 5o

3.1.3.2 Euler discretisation of the differentiated equation

(3.18)

Now that we have proved that (3.16]) is the evolution SDE for U; = (St, 8;; )

we can apply the multidimensional Euler discretisation as described in section 10.2
of [KP92]. For n =0,...,N — 1, we obtain

[7 [/j_ (Stn,tn)
n+1 = Up + da 0 oS
(St tn) + e (St ta) o
a0 a3 a0 (3.19)
b 8b a5y, n
ag(stn7 ) 85<Stn7 ) 89

Comparing it to (3.18]), this proves that (3.3|) holds for the Euler scheme.

3.1.3.3 Differentiation of the Milstein discretisation

As seen in section for n = 0,...,N — 1, the Milstein discretisation of

equation (|1.2)) is
Spi1 =S, +a (§ntn) h+b <§n,t ) AW,

ob
as

o ; (3.20)
55 (Snrtn) 52 (Surta) (AW2 =)
da b da Ob 9% 0%
05’ 9S’ 90° 06’ 95?° DS00

exist, differentiating (3.20)) with re-
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spect to 6 gives

08,11 05,
o0 00
(85 (5o + Gy 5o
<86% gg S”’t”) + % (§"tn)) AWy (3.21)
s | (55 (500)) + 0 s (5)

5138 (5t0) 2 (Sum)] (oW1

Writing §,, for 20 this is

~ [~ da oa
5n+1 - 5n+ (57185 + 80) (Snatn> h
b b\ /A
+ (5” a5 " ae) (8ntn) AW,
LG (Y 52 2
2| \a5) T a5z
obob ] a
D AW?2 —
+ aeas*baeas] (8nsn) (AW = 1)

3.1.3.4 Milstein discretisation of the differentiated equation

We can apply the multidimensional Milstein discretisation to , as described
in section 10.3 of [KP92]. Note that even though Uy is technically a multidimensional
SDE, its Milstein scheme is still easily computed as the driving Brownian motion is
only 1-dimensional. We get as in p346 of [KP92] that

Spi1 = a<Sn,t)h+b(Sn,t)AW +2bgg (S tn) (AWZ )
Sl = < Sn,t)h
( g ae) Sntn) AW,
+% On (gg) +5nbg;l;
+Zg§g+ba§2u (§n,tn> (AW2 — h)

(3.23)
Comparing it to (3.22)), this proves that (3.3)) holds for the Milstein scheme.
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3.1.3.5 Conclusion

We have checked that it is equivalent to consider the discretisation of the multi-

dimensional SDE describing the evolution of the underlying asset and its sensitivity

05
U= |5, > or to consider the discretisation of the evolution SDE for Sy and to

00

then differentiate it with respect to the parameter 6.

This result confirms that the - naive approach adopted in chapter [2] was valid and

350 dSn 650 St
50 90 that converged towards —— 50 B0

with convergence speeds determined by the usual convergence properties of the

did indeed yield estimators of —

schemes used.
As already mentioned at the beginning of section the result is here written
and proved by considering only one sensitivity a—et but it still holds when considering

any number of Greeks.

3.1.4 Note on Brownian Bridge midpoints

Until now we have dealt with points resulting from a standard discretisation
scheme (Euler or Milstein) applied to the evolution SDE. As explained in chapter
2] we also use Brownian Bridge interpolants to compute midpoint values within
each time step of the coarse level of discretisation (e.g. for the Lookback option
in section . We can also show that the midpoint values constructed this way

and their sensitivities also converge quickly towards the exact underlying values and

sensitivities.
To prove this result, we consider the Milstein discretisation §0, §2, ce § ; based
on the coarse time grid ¢y, ta, . . S ENp—2, ENy of width h. = 2h. We consuier a given

coarse step [tog, tor+2] and define the point S% 41 resulting from a Milstein discreti-

sation on the subinterval [tog, tog+1]. We show that the Brownian Brldge midpoint

GBB : ‘e s Oggﬁl . aSQkH
Sort1 and its sensitivity 59 converge quickly towards SZk 11 and 20 and
therefore towards Sor+1 and aSgZH.
da, ; O, _  day, ~ b, ~ 3S, .
Using the notations a, = %,bn = a—Sn,an = %,bn = 50 Op = 50 this
Milstein midpoint is defined as
Y —~ P £\2
SH1 = Sak + azih + b AW, + Sbabn (awg,) —n
g%-H = g2k: + (5% + d2k5\2k> h + (EQk + 62k3\2k> AWka
(3.24)

1/~ Coa N
t3 [(bzk + bzk52k) bak
O?boy  0%bog~ £\2
b ) AW. —h
+02 <8S2k6¢9 + 952, 2k>] (< 2k> >

This point corresponds to a Milstein discretisation with non-uniform time steps:

steps of width 2h between tg and to, a step of width h between tof and tor11. The
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largest time step is 2h, the convergence properties of the Milstein scheme prove that

oM 3§%+1 aStQk-H
Sok41> —pp | converges towards ( Sty 15 20 and the order of weak and

strong convergence are both 1 as h — 0.
Now, the midpoint value based on the Brownian Bridge interpolant can be writ-

ten as

SHE | = Sor + 3 <52k+2 - SQk) + bog <W2k+1 — Wo, — 3 (Wapya — Wzk)>

3.25
q f 1 1 c \2 ( )
= Soi, + agh + boy, AW, + §b2kzb2k ((AWZk) - hc)
Note that
2
(AWg)* — he = (AWka + AszkH) —2h
2 ; 9 ; ; (3.26)
= ((AW%) - h> + ((AW%-H) +2AWy AWy = h>
and the difference between the two midpoints can then be written
OBB oM Lo f 2 f f
SHEL — Sl = stabor ((AWH) +28W AW, —h (3.27)

From there, assuming b (.5, t) ,i)(S, t) are Lipschitz and using the results of theorems
3.4.1l and [3.4.3] on the finiteness of moments of the solution of the SDE and its

Milstein discretisation, we see that

E [Sfﬁl - S%—H] =0

BB )2 ) (3.28)
E |:(S2k+1 - SQk—H) ] =0 (h )
The second line of (3.28) means the Brownian Bridge midpoint §§§1 converges
strongly towards S37 41 with order 1. Now we look at the convergence of the sensi-
tivities. We write

OBB oM
9S5k41 — Skt

00

1/0

-~ 9 .
=5 (6)9 + 52k852k> (kab%) (3.29)

2
(W) +2awhawd

BB M
52k+1 - 62k+1 -

and as before, this leads to
E [55£1 - 5%“} =0
BB M \? 2 (3.30)
E (52k+1 - 52k+1) =0 (h )
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The second line means the Brownian Bridge midpoint ggﬁ_l converges strongly to-
wards 627 41 with order 1.
Putting all these results together, we have a proof that the midpoint values
aon 0% . NN .
Sokt1 50 constructed using a Brownian Bridge interpolation also converge
aStQk-H
00

towards the exact values (St% 1 ) with a strong convergence of order 1.

3.2 Applicability of pathwise sensitivity Greeks

As seen in section for the pathwise sensitivity approach to give unbiased

estimators, it is essential that the following re-ordering of the expectation and the

BE(?(HP ) _g @5) (3.31)

partial differentiation holds

We first present a lemma that provides conditions ensuring this interchange is valid.
We then proceed to show those conditions are met in the Black & Scholes case and,
under certain conditions, in the general case of the exact solution of an Ito evolution
equation. Finally we prove that the interchange is also valid when dealing with a

discretised version of the underlying Ito process.

3.2.1 Conditions of unbiasedness of pathwise sensitivities

Let 6 be a scalar parameter in an open interval © and X (0) be a vector-valued
process. We write X (6) = (X, (0),..., Xy (6)) its values at various discrete times
t1,...,tn. We consider a real-valued payoff function P ()? (9)) The following
lemma is derived from [Gla88] and [BG96].

Lemma 3.2.1. Assuming the following conditions
e Al: For each n, for all 6 € O,

X (0) it Xn0+80) = X0 (0)

AO—0 Af (3:32)

exists with probability 1.

e A2: Let Dp be the set of points where P is differentiable. For all § € O,

P ()? 9) € Dp) ~1 (3.33)

then the discounted payoff has a pathwise derivative given by

% (55 (9)) - EN: ([Vrnp (ff (9))]t X, (9)> (3.34)

n=1
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where V,, P denotes the vector of partial derivatives of P with respect to the com-
ponents of X,,.

If we also assume that
e A3: P is kp-Lipschitz, i.e. there exists a constant kp such that
| P(X) - P(Y)|[<kp X =Y (3.35)
for all X, Y in the domain of P.
o Aj: there exist random variables (Ky),_, _n such that
[ X (B2) — X (61)]] < K| 602 — 01 (3.36)

for all 01,62 € © with E (K,,) < oo for all n.

o A4: Condition A4 is easy to check but slightly restrictive, it can be replaced by

the more general condition that for all n the family of functions

Xn (02) - Xn (01)

A, (01,09) := .
(61, 062) R (3.37)
be uniformly integrable for all 61,05 € ©.
Then for every 6 € O, 8E(§0(X)) exists and
OE (P (X)) .. (0P (X (0))
50 =E 90 (3.38)

Proof. With condition A4, the validity of is a direct consequence of the dom-
inated convergence theorem. The detailed proof can be found in appendix A of
[BGI6].

With condition ;171, the proof carries over verbatim using the Vitali convergence

theorem (see for example [Rud86]) instead of the dominated convergence theorem.
O

In practice conditions A1, A2 and A4 or A4 are usually satisfied and condition
A3 is the key requirement for making pathwise sensitivities applicable.

Note that for vanilla options, the payoff P only depends on the price of the
underlying asset at expiry Sp. Then, N =1 and VP = 95,

Also note that obviously the case of a direct dependence of P on 0, i.e. the
case where we can write P(X) as P (6,X1(0),...,Xn(6)) is encompassed by for-

mula (3.34). It can be seen as a degenerate case where we have an additional
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variable X1 = 6. Then we have

o= ([v.r(x0)] o)
n=1 (3.39)

([ver (R@)] x20)) + 55 (x 0)

I
M=

n=1

3.2.2 Applicability of pathwise sensitivities in the Black & Scholes

model

Note that for any parameter 6 (e.g. Sp,r, o), the set of realistic values O is clearly
bounded. We can legitimately assume there is a closed interval [fmin,Omax] € R
containing ©.

In the Black & Scholes model, we know (see equation ([2.3])) that the asset’s price

at time ¢, is

2
Sy, = So exp <<7" — 02) tn + O'th> (3.40)

For any parameter 6§ we may consider, the function § — St () is smooth. Condition
Al is verified.

The smooth density function of Sy, (see equation (2.4)) ensures that if P is
almost everywhere differentiable (e.g. call option, digital call, Asian call, lookback
option, barrier option,. .. ), then condition A2 is verified.

Condition A3 means that the payoff function P must be Lipschitz. This clearly
eliminates the digital call or barrier options. Call options or Asian calls satisfy A3.

For 6 = 5

2
’Stn(SQ,Q) — S, (5071) ’ = |So72 —So.1 \exp <(T — 2) t, + O'th> (3.41)

and

E [exp <(r - ”;) tn + athﬂ = exp (rty) < 00 (3.42)

therefore condition A4 is verified.

For 6 = r, we have

0.2

$0,(r2) = Suar0) | = Soesp (=5

tn, +0 th>
(3.43)
| exp (rat,) — exp (rity) |

and for a given time ¢,,, 7 — exp (rt,) is Lipschitz on [rmin, "max), which means there

is a constant ¢, such that for any 71,79,

0_2
|, (ra) — i, (1) | < Soexp (—Qtn N ath>cn | (344)
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and as before

2
E [So exp (—Ztn + o th>cn] < 0

(3.45)
Condition A4 is satisfied

For 6 = o, we can use the mean value theorem to write that for any o1, 09 and
any W, there exists some value o3 € [01,02] such that

oS
(St,(02) = S, (01)) = Tt (03) (02 — 01)
o
Therefore

(3.46)

oS

1Sy, (02) = Sy, (01)| < max " (5) |0y — o1 (3.47)
€[ min;Omax) do

We want the maximum value of
2
'35% _ ‘So(—atn+th)eXp<<r—02> tn—i—ath)’ (3.48)
o

Wi, =Vt
We show that for W, given, it is reached for o_ = M

th + V 75n
; oroy = —"——
n
if o_ or o4 are in [01,09] or o1 or o9 if o_, 04 ¢ [01,09]. Then

8Stn . 8Stn . 1 VV2

‘ 9o (o-) —‘ o (o4) —Sm/tnexp( ST )

OSt, , | _

‘ Oo (i) | =

o (3.49)
So | *O’itn + th |€Xp <(T — 2> t + a; th>

which means that

| St,.(02) = St,(01) | < Kn (Wh,) [ 02 — 01 (3.50)
where K, is the random variable defined as
0S8
‘ b ( ‘ if Wi, € [o1tn — Vn, 02t + Vin
(3.51)
85 a8, .
‘ t" ‘ a;" (o2)| Wy, & [O‘ltn —

\/7;7 ooty + \/72]
which is clearly integrable, E (K,) < oo, condition A4 is satisfied again

We conclude that from lemma that pathwise sensitivities can be applied

to the exact solutions of the evolution SDE in the Black & Scholes model with
almost-everywhere differentiable Lipschitz payoffs

3.2.3 Applicability of pathwise sensitivities in the general Ito model

Now that we have proved that pathwise sensitivities were applicable for certain

payoffs in the case of the Black & Scholes model, let us consider the more general

78



case of equation (1.2]).

Assuming the SDE has Lipschitz coefficients with bounded locally Lipschitz first
order derivatives, theorem (3.1.2|ensures that the flow of the solution is differentiable
with respect to the parameter # and conditions Al is satisfied for the asset’s prices
St Sty o, ST

Assuming the payoff function P is almost everywhere differentiable and that the
prices Si,, Si,, ..., ST have smooth density functions (see section for conditions
ensuring this, e.g. by(Sp,to) # 0), then A2 is also satisfied.

Condition A3 is still a condition meaning that P has to be Lipschitz; it is no
different from what we had in section [3.2.2]

Condition A4 is too restrictive here and we will prove that A4 is satisfied in-
stead. To do this, we now present a stochastic extension of the Gronwall inequality

introduced in [Ama05].

Theorem 3.2.2. We let M2[0,T] be the set of real-valued random variables f
parametrised by t € [0,T] such that

E [/OT fz(w,t)dt} < 0

Assume that £(w,t) and n(w,t) belong to M2 [0, T]. If there exist functions a(w,t)
and b(w,t) belonging to M2 [0, T such that

t t
€W, 1) < ‘ / a(w, s)ds + / b(w, 5)dIW, (3.52)
0 0
and there are nonnegative constants g, at, By, B1 such that
a(w,t)| < w,t) | +a w,t
la(w,t) | < ao | n(w, 1) [+ a1 [§(w, 1) (3.53)

|b(w, t) [ < Bo|n(w,t) |+ B1|&(w,t) |
for 0 <t <T, then we have
2 2 t
E[(w,t)] < 4 (a0ﬁ+ /a’o) exp <4t (al\/i+ Bl> > / E[n2(w,s)] ds  (3.54)
0

Proof. See [Ama05] 0

Applying it to our problem, we can write that, for a solution of (1.2)) with a,b

depending on some parameter 6,

| St (B2) — S (61) | < /(% (Ss(62), s) — ag, (Ss(61),s)) ds
0 (3.55)

+ [ (b (51062).9) = b (S.(60), ) a1,
0
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Assuming a and b are Lipschitz in their parameters, we have

| ag, (Ss(02),5) — as, (Ss(01),8) | < a1]8s(02) — Ss(0h) | + ao |02 — 01|

(3.56)
| bo, (Ss(02),5) — bg, (Ss(01),5)| < P1|Ss(02) — Ss(01) |+ Bo |02 — 01|

and applying the previous theorem, we get for any ¢ € [0, 7],

(Mﬂ < 4 (aovi+ o) exp <4t (cavi+ 51)2) £ (357)

E
0o — 01

Using Jensen’s inequality, we can therefore write that for any ¢ fixed and for all
91, 0, € @,

E (’ (S, (féi - ;6})(91)) D <,|E ((St (e;; - gf (el)>2> S 559

where I?t is a constant.
Using the Cauchy-Schwarz inequality, we can also write that for any set A such
that P (A) < 4, then

— t t _ ¢ 2
. (\ (i (féi - HSI)<61>> '1,4) < \E(12),|E <<<S (?53 - if{h))) ) (3.59)

~\2
Therefore for any € > 0, picking é; = (e/ Kt) ensures that for any set A such that
P (A) S 51‘,3

(St (02) — 5¢ (61)) ’ >

E 14 ) <e 3.60

(‘ (62 —61) (3.60)

Together, (3.58) and (3.60) mean the family of functions Ay (61,62) is uniformly
integrable and condition A4 is satisfied.

We have proved that we have all the conditions ensuring that pathwise sensitiv-

ities are applicable. We can summarise our result as follows:

Theorem 3.2.3. Let us consider an option with an almost-everywhere differentiable
Lipschitz payoff P depending on the values of an underlying asset Sy. Assuming that
St follows an Ito process as described by equation on the interval [0,T], that
the coefficients ag(S,t), bg(S,t) are Lipschitz, have bounded locally Lipschitz first
order derivatives and that bg(So,0) # 0, then pathwise sensitivities can be applied to

compute the option’s sensitivities.

Proof. See above. O
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3.2.4 Convergence of the payoff estimators’ sensitivities

The results of sections [3.2.2] and |3.2.3] guarantee that we can apply pathwise
sensitivities to the exact solution S; of an Ito evolution SDE. Computing the exact
solution is possible in the Black & Scholes model (see section [2.1.2)) but in most

cases it is impractical and we work with discretised solutions resulting from the

Milstein discretisation of the original SDE. We now present results guaranteeing
that Pathwise sensitivities are still applicable and that the derivatives of payoff

estimators actually result in estimators of the Greeks with a vanishing bias.

3.2.4.1 A simple case

We begin with a simple proof for Lipschitz payoffs P whose first order derivative
is Lipschitz in the underlying asset’s values and sensitivities at a set of given dis-
cretisation times (e.g. a smooth European payoff or a discretely sampled lookback
option).

From the results of section [3.2.3] we now know that

OP (Sty, - Sty )
00

9
a6

E(P (Sy, ..., S)) :E( (3.61)

and then using the convergence properties of the Milstein discretisation presented
in section we know that for k =0,..., K,

E(‘@—Stk )=o)
. a8 as, |\ _ o0 (3.62)
00 00 N
. . e .G S},
using the fact that the first order derivative of the payoff is Lipschitz in Sj and 20
we then get
’ ’ o tor > tK)

E 50 —IE< 20 > + O (h) (3.63)

Therefore we indeed have

P (So,...,S,

E ( K) — 8E(P(Sto7--'7StK)) +O(h) (3.64)

00 00

i.e. the derivative of the payoff’s estimator is an estimator that converges towards

the exact value of the Greek as the time step h is refined.
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3.2.4.2 A more general result

The result of section does not even apply to simple cases like that of the
European call (its derivative is not Lipschitz in S7). We here present a more general
set of conditions ensuring that the payoff estimator’s derivative results in an unbiased

estimator of the sensitivity.
Lemma 3.2.4. If the following three conditions are satisfied:

o Al: There exist constants ¢, > 0 such that for all 8 in some interval O,

E [13[ - P} ‘ <27, (3.65)
and o R
oF, 0P —al
E|— — 27 .
5 a0 ‘ <c (3.66)
iz
o A2: E @ is continuous in 6.
00
o A3: N
0 ~ 0P,
5 E [Pl} -E |55 (3.67)

then E [P] is differentiable for all 6 in ©, and there is a second constant cg such that

00

_QE[P]

£ 06

< Cy ool

~

0P,
Proof. Due to (3.66)), the sequence E “llisa Cauchy sequence and so converges

00
pointwise to some function Q(f) as | — oco.

Furthermore, due to the uniform bound in , plus condition A2, the uniform
convergence theorem proves that Q(6) is continuous.

If 01, 05 lie within the interval ©, then integrating gives

op,

W de.

B[R] & [Ae] = [ B

01

Taking the limit as | — oo, the dominated convergence theorem gives

02
E[P(62)] —E[P(61)] = ; Q(0) do.

and hence, by the first fundamental theorem of calculus since Q(#) is continuous,

E [P(0)] is differentiable and its derivative is Q(6), that is,

M:Q(G): lim E
0

o0 =00
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Finally, defining
> c27¢
— —al _
02—022 = {9
=1
summing (3.66|) over [ we obtain

oP
E aiel - Q < C9 2_al,

which completes the proof. ]

Now let us prove that the conditions of theorem [3.2.4] are satisfied in the cases
we consider.

The first part of condition A1l corresponds to the weak convergence properties of
the option value’s estimators. The estimators we consider for the Furopean call, the
digital call, the lookback option, the Asian option and the barrier option are those
presented in [Gil08a] where their experimental weak convergence properties are also
established.

In the analysis of the various options (chapters [4] to , we establish the conver-
or, 0P oP, 0P
96 o6 |00 o0
gence properties of the sensitivities of the estimators as required by the second part

of condition Al.

gence properties of E , i.e. we obtain the conver-

To check condition A2, i.e. that for any fixed [, E 50

(0) is continuous on

~

O, we use Vitali’s convergence theorem: if 8791 (#) is almost surely continuous on a

dP
neighborhood N(O) of the interval © and if the family of functions ((%l)
feN(O)

00

is uniformly integrable, then E (#) is indeed continuous on ©.

~

0P,
We first check that —- is continuous in 6: indeed, we can show by itera-

00

tion that under the usual regularity assumptions on a,b, the discretised values

95, SN, ()

a0’ "7 90

uous in #. Then, as will be seen in the numerical analysis of chapters 4] to 8] for
0P,

any given level [, the derivatives of the payoff estimators ! are almost surely con-

00

0P,
tinuous functions of those values. Therefore a—el is indeed continuous in € almost

§0, §1, ey S Ny (1) and their sensitivities are almost surely contin-

surely.

Then, as in equations (3.58)) and (3.60)), we see that to prove the uniform inte-

0P,
grability of <l> , it is enough to prove that there exists a uniform bound K:
0cO

00

~ 2
P,
for any 6 € ©, E on (9)] < K. Provided © is bounded (which is a reasonable

00
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hypothesis for all practical purposes), this will derive from the analysis in chapters
dto®

Condition A3 means that at each level [, the interchange between expectation
and differentiation is valid, which we can prove using lemma [3.2.1] Indeed, under
the same conditions on a, b as before, we can prove by iteration that the simulated
values §0, e ,§ Ny(1) are almost surely differentiable in 6. At a given level I, the
payoff estimators described in chapters [2] and |4] to 8 are Lipschitz functions of those
values. In the same way we can also show that for £ = 0,..., N¢(l) and for any
(01,02) € ©2 we can write ’§k(92) — 5,(61) ’ < Kj |62 — 61| where K}, is a family
of random variables with finite expectations. All the conditions of lemma, [3.2.1] are
verified and therefore condition A3 holds.

Conditions A1, A2, A3 of lemma[3.2.4] are verified in the cases we study, therefore
the expectation of the derivatives of the payoffs’ estimators do converge towards the

Greeks. This proves the validity of our approach.

3.3 Assumptions on the volatility

The numerical analysis we perform relies on a few assumptions. One of the most
important ones is that the probability density function of the underlying price is
regular enough at various times in the inverval [0, 7.

Typically we want the density function to be bounded at expiry for European
options and also at the various discretisation times t; = T/N,to = 2T /N, ... tn =
T. This hypothesis is crucial as it enables us to link in a simple way the likelihood of
a path S; being at time ¢; in a given subinterval of a compact set I and the width of
these intervals. Indeed, if we assume that p (S), the probability density function of
St,, is continuous on R, then using Heine’s theorem (see [Zor04]), it is also uniformly
continuous and bounded on the compact set I. We write p7*** = max p (S) and then

we can write for any subinterval [a,b] C I,

b
P(Stk € [a7 b]) = /p(Stk)dStk

a

(3.68)

<pr*[b—al

We present here a few conditions ensuring that the probability density function for

the underlying asset is regular enough.
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3.3.1 Black and Scholes density

In the Black & Scholes setting, we recall equation ([2.4)) and for any times s < ¢,

with s,t € [0,7T], we can write

2 2
p(St|Ss):UQ7r1(t_S)eXp _(bg(st/ss)Q;zg«_—S;) (t~))

which is clearly a smooth function of S;. This smoothness ensures the analysis of
chapters [4 to [§ can be applied to the Black & Scholes model used in chapter

3.3.2 Hormander’s condition

We now present conditions ensuring that the general process described by
does also have regular density functions. For the sake of simplicity, we only consider
the process between the times 0 and ¢, studying the transition density function
between some time s > 0 and ¢ is in all points similar.

The following theorem is a 1-dimensional version of a theorem first presented in
[BHS6].

Theorem 3.3.1. We write
t
7=min [inf{¢t>0 /1b(Ss,s)7é0dS >0,,T
0

Fort € [0,T], we let Sy be the solution of the stochastic differential equation (|1.2))
where the coefficients a (S,t) and b(S,t) safisfy the two following conditions

o Al: the coefficients are globally Lipschitz, i.e. there exists a constant K > 0
such that for all t,z,y € RT x R,

la(y,t) —a(z,t)|+|b(y,t) —b(z, )| < K|y -z

o A2: the functions t — a(0,t) and t — b(0,t) are bounded on [0,T].

Then, for any t € [0,T], the probability density function of S (t) conditional on

{t > 1} is absolutely continuous with respect to the Lebesgue measure on R.

Note that the previous theorem extends easily to the multidimensional case where
S; is an m-dimensional process driven by a d-dimensional Brownian motion. The
multidimensional form of the theorem can be found in section 2.3 of [Nua05].

Note also that S; is a sample-continuous process (noting a and b are globally
Lipschitz and using theorem [3.1.1)). If b(Sp,0) > 0, using the sample-continuity of
b (St t), for any t > 0, there is almost surely a non-degenerate time interval [0, €]
(for some € € [0,tg]) on which b(St,t) > b(Sp,0) /2 > 0 and then 7 < € < ¢, which
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then means that almost surely, S;, has an absolutely continuous density functions
for all ¢, > 0.

We now present an alternative condition, which is similar to the intuitive view of
theorem [3.3.1]and corresponds to a 1-dimensional version of Hérmander’s conditions,

as presented in section 2.3 of [Nua05|.

Theorem 3.3.2. We here assume the coefficients a(S,t) and b(S,t) of (1.2) do not

depend on time, that is,
dSt = a(St) dt + b(St) th

If we also assume they are infinitely differentiable with bounded derivatives of all
orders and b(Sp) # 0, then for any t > 0, the solution S; has a probability density
function that is absolutely continuous with respect to the Lebesgue measure and is

also infinitely differentiable.

The conditions of theorem [3.3.2] are slightly more restrictive than the ones pre-
sented in theorem yet removing the possibility of a time dependency for a (Sy, t)
and b (S, t) is not an issue for models like Black & Scholes or Vasicek, in which case

this theorem’s simplicity is very striking.

3.3.3 A convenient hypothesis

In section [3.3.2] we presented conditions ensuring the solution S; has sufficiently
regular distributions at various times. These conditions can be easily verified and
are fairly unrestrictive, yet we will voluntarily consider a slightly more restrictive
setting that makes the analysis “cleaner” and lets us focus on essential ideas instead
of having to pay too much attention to the detail of particular “ill-behaved” cases.

Several techniques presented in the simulations of chapter [2| rely on the use of

the diffusive properties of SDE (1.2). The “conditional expectations” smoothing

technique as presented in sections[2.2.2] [2.3.1] and [2.6.3] the vibrato Monte Carlo of
sections and and finally the treatment of the discontinuity at the barrier
in section [2.6.2] all require some diffusion to happen at various discretisation times
of [0,T]. As is evident in formulas (2.49), (2.60), (2.79), (2.120)), 2.122 or (2.124)),

these methods work “as is” only if the volatility b (S, ¢) is non-zero.

The conditions of theorem [3.3.2] impose that the initial value of the volatility
should be strictly positive but they do not exclude situations where the volatility
of the discretisation (i.e. b(§k 0), in

which case the formulas mentioned above are not well defined. We can deal with

vanishes at some point #j,

anish vanish’ tkvanish) -

this situation in various ways: in the Black & Scholes model, we notice that if this
= 0, then the discretised solution of the SDE is
§k = 0 for all t > tyanish and conditional expecations are irrelevant. In the general
73

ever happens, that is if U§k

vanish

~

case, if we have b(Sy ) = 0 then the evolution of the discretisation on

vanish? "Rvanish
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[tkyanions thyanion+1] 1S deterministic and there is no use for conditional expectation-
related techniques either.

The analysis of the convergence rates of multilevel Monte Carlo techniques in-
volves the quantification of all terms appearing in the aforementioned equations.
If we let the volatility be arbitrarily low, then the sensitivities of some of these
terms blow up and make the analysis difficult, even though extremely low volatility
situations also mean there is little use for smoothing using conditional expectations
(the diffusive action is very low). This sort of situation is not a practical issue: in the
Black & Scholes setting, low volatility only occurs when S = 0, that is, far from the
discontinuities/kinks in the payoffs where smoothing is needed (around the strike
K or the barrier B). Dealing with these ill-behaved cases specifically (e.g. using
different estimators depending on the volatility level) would provide very little in
terms of benefits and make the analysis unnecessarily intricate.

Therefore for techniques using some form of conditional expectation smoothing,
we restrict the analysis to the case of elliptic SDEs, i.e. we make the assumption

that the volatility has a lower bound € > 0.
Je >0, s.t. V(S,t) € (RxRY),b(5,t) > ¢ (3.69)

As explained in [Avi09b] and [Eri64], this ellipticity condition, together with the
assumption that the coefficients a (S,t) and b(S,t) are infinitely differentiable with
bounded derivatives, also guarantees that the probability distribution function of
the solution is bounded (see [CEN9S§| for slightly less restrictive conditions giving
the same result).

Summing up previous remarks, these conditions ensure that the probability den-
sities of the solution S; at different times ¢ € [0, T] are smooth (as stated specifically
in [DM10] for example) and bounded, that all the aforementioned techniques based
on conditional expectations are relevant and that the corresponding formulas are
well-defined.

3.4 Essential theorems

In this section, we present a collection of useful lemmas and theorems inspired
by the analysis found in [GDR13].

3.4.1 Moments of an SDE’s solution

We begin by presenting important results on the moments of the solution of SDE
(1.2). They are found on p136 in [KP92].
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Theorem 3.4.1. Let X; be a scalar process satisfying the following SDE on [0,T],

X (0) given
(3.70)
dX(t) = a(X,t)dt + b(X,t) dW,
Assuming that
o Al: a(X,t) and b(X,t) are jointly L x L measurable in R x [0,T]
o A2: there exists a constant Cy > 0 such that for all t,z,y € RT x R? |
la(y,t) — a(z,t)] + [b(y,t) — bz, t)| < C1 |y — =
o AS3: there exists a constant Co such that for all x € R,
la(a, O + bz, ) < €3 (1+ |af*)
then the SDE (3.70) has a pathwise unique strong solution X; on [0,T] with
sup E (]Xt]2> < 00 (3.71)
0<t<T
E (\Xt]Q”) < (1 + \X0\2”> exp (Ct) (3.72)
E (th - X0|2"> <C (1 + |X0|2") " exp (Ct) (3.73)
E ( sup |Xt|2"> <C (yXOyZ" + (1 + |X0|2”) T" exp (CT)) (3.74)
0<t<T
E ( sup | X — X0]2”> <C (1 n |X0|2”> T"exp (CT) (3.75)
0<t<T

fort € [0,T] where T < 0o and C = 2n (2n + 1) max (Cy, Cs)? and C is a positive
constant depending only on n,max (Cy,C2) and T'.

Note that in practice, other important theorems like theorem [3.4.3|add Lipschitz-
like conditions for the evolution of the coefficients a and b on [0,7] that make
condition A3 a direct consequence of condition A2.

Also note that the result can be extended to the case where Xy is a random

variable such that E [[ Xo |2n} < 00. The inequalities of theorem [3.4.1| still hold if

we replace | Xo |*" by E [| Xo \2"} (see p136 in [KP92]).

Corollary 3.4.2. Theorem carries over verbatim to the multidimensional case
where X; = (X1(t),...,X4(t)) € R and W, is still a 1-dimensional Brownian mo-
tion, provided the absolute values are replaced by vector and matriz norms such as

the Euclidean norms.

Proof. See [KP92]. O
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3.4.2 Milstein scheme and interpolants

We here present different continuous interpolants of the Milstein discretisation
of an Ito process. The first one, introduced in [KP92] has interesting convergence
properties. The second one, extensively used in |[GDRI13], is based on a simple
Brownian Bridge and is therefore particularly simple and convenient for certain

applications.

Theorem 3.4.3. We consider the case where X; € R? and Wt is a 1-dimensional
Brownian motion. (ak) =y q) and (bk) =y 4 are the different components of the

coefficients a and b in the same vector SDE as before: on [0,T],

X (0) given

(3.76)
AX(t) = a(X,t)dt + b(X, t) AW,

We let . .
9 o 1 52
=2 N
ot kzla’“axk *3 gzl F9X,0X,

L0
L'=) by
= 0X,
Assuming that
o Al: a(x,t) is Y (Rd X ]R"') and b(z,t) is C*V (Rd X ]R"')

o A2: (uniform Lipschitz condition): there exists a constant C; > 0 such that
for all z,y € RY,
la(y, t) — a(w, )] + [lb(y, ) = bz, )| + || L'b(y, ¢) — L'b(z,1)[| < C1 ||y — ]|

o AS3: (linear growth bound): There exists a constant Cy such that for all x € RY,
la(z, )] + [[Loalz, )| + [[Lraz, )| + [[b(z, )] + [[Lob(z, )| + [|Lab(z, )] +
[LoLab(z, )| + | LiLab(z, t)|| < Cy (1+ |2 ])

o AJ: (additional Lipschitz-like condition): there exists a constant C5 such that
for all z € RY and s,t € R, ||b(z,t) — b(x,s)|| < C3 (1 +|z|) /|t —s]

Then for each m > 0,

E( sup \Xth) < 00 (3.77)

0<t<T

Using the Milstein discretisation ()?n> o we define the following continuous
n=0,...,

time interpolant on each time step [tn,tn+1] (n=0,...,N —1) and each dimension

k=1,....d as

~

Xicp (t) =Xn, + ax ()?n tn) (t — tn) + by (f{n tn) (W, — W)

3 (Dl (%)) (0w 0 -10)

=1

(3.78)
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then for each m > 0, there exists a constant Cy, such that

~ m
E< sup HXt - XKp(t)H ) < Cp h™ (3.79)
0<t<T
and
~ m
E( sup HXKp(t)H ) <Chp (3.80)
0<t<T
Proof. See theorem 10.6.3 and corollary 10.6.4 in [KP92]. O

Considering the joint evolution equation (3.16|) for the asset’s price and its sensi-

tivity, we see that this theorem can be applied when the coefficients a (S, ), b (S, 1),

% (S,t), % (S,t) are linear in S and do not depend on ¢, which corresponds for
example to the case of the Black-Scholes model.

Lemma 3.4.4. Let X; be the solution of equation (3.76|). Given its Milstein discreti-

sation ()?n) , we define on each time step [ty,t,11] the continuous extension
n=

geeey

X (t) using the Brownian bridge interpolation

S t—1tn

> t—t
Xi=Xn+— &

()?M - )?n) + b, (Wt W — AWn> (3.81)

Compared to the Kloeden-Platen interpolant )A(Kp (t) defined in theorem m its

analytical properties (distribution of the local minima, conditional probability of hit-

ting a barrier) are easier to derive. For example, in the 1-dimensional case we have
tn+1

. ho/~ -~
. / Kdt = 3 (Xn + Xn+1> + bl
tn

3

where I, ~ N <O -

, 12) is independent of Wyp41 — W,.

e Conditional on )?n7)?n+]_, the minimum of Xt on [tn, tnt1] is given by

~ 1 ~ ~ ~ ~ 2
Rnmin = 3 (Xn + X1 — \/ (Xn - XnH) — 2b2hlog Un) where Uy, ~ U (0,1).

e Conditional on )?n, Xnﬂ’ the probability that the minimum of )?t on [tn, tni1]

~ + /7~ +
) (Xn - B) (XnH - B)

2N

1s less than a certain value B is

P ( inf X’t < B ‘)?n755n+1> = exp
te[tnytn+1]

Under the assumptions of theorem[3.4.3, the relative accuracy of the two estima-

tors is given by

E ( sup X (1) — Xcp (t)Hm> — O ((hlogh)™) (3.82)
te[0,T
up B (H)? (t) — Xip (t)Hm) — 0™ (3.83)
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~

/OT (X(t) ~ Xcp(t)) dt

“

where we used the norm H)? (t) — Xkp (t)H = max
i=1,...,

) =0 (h®) (3.84)

X (t) — Xka (t) .

| %) = ien, 1)
Proof. See |[GDRI13]. O

3.4.3 Extreme paths

The so-called “extreme paths” analysis on which [GHMO09| relies and which is
detailed in [GDR13] consists in separating events w into two categories, the ones
for which the driving Brownian motion is well-behaved (reasonably small incre-
ments between consecutive discretisation times), which are most common, and the
“extreme/ill-behaved” ones, which may have large increments but are very rare.
Once we have established this dichotomy, the idea underlying the analysis is to first
analyse the behaviour of various quantities for non-extreme events for which we have
known bounds on Brownian increments or the error resulting from the discretisation.

To prove in lemma [3.4.§ that the contribution of rare extreme paths to the global
expectation of the quantities considered is negligible, we begin by presenting lemmas
13.4.5] |3.4.6| and [3.4.7| that are introduced in [GDR13].

Lemma 3.4.5. If X; is a scalar random variable defined on level | of the multilevel
analysis, and for each positive integer m, B[] X;|™] is uniformly bounded, then, for
any 6 >0,

P(1X|> 1) =0 (n). ¥p >0 (3.85)

Proof. Tt follows immediately from Markov’s inequality
P12 1) =P (1 X" = b ™) < hP B[ X |"] (3.86)

by choosing m > p/d O

Lemma 3.4.6. If Y] is a scalar random variable on level [, E [Yf] 18 uniformly
bounded, and for each p > 0, the indicator function 1g, on level I (which takes value

1 or 0 depending whether or not a path lies within some set E}) satisfies
E[1lg]=0 (hf) (3.87)

then for each p > 0,
B(Yi|15] =0 (k) (3.88)

Proof. Immediate consequence of Holder inequality which gives

E(Y|15] < (E[Y)"* (B 1s])"? (3.89)
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In proofs, lemma [3.4.5| is used to establish the pre-conditions for lemma [3.4.6
from which it can be concluded by choosing p sufficiently large that the contribution

of the paths in FEj is negligible.

Lemma 3.4.7. If W, is a Brownian motion with Wy = Wy =0, then for xz > 0,

PlsupWy >z | =P <inf Wy < —x) = exp (—227) (3.90)
[0,1] [0,1]

and therefore E

sup | Wy |m] is finite for all integers m > 0.
[0,1]

Proof. Equation (|3.90)) is a corollary of equation (2.116]). O

Using this last lemma together with theorem and lemmas|3.4.4] [3.4.5} [3.4.6]

we obtain the following important lemma

Lemma 3.4.8. Let v > 0. We consider a Brownian motion W (t) and X (t), the
corresponding solution of SDE on [0,T]. With the usual conditions of theo-
rem the probability that the increments AW, = W((n + 1)h) — W(nh), the
fine Milstein discretisation X; (step h) and coarse and X¢ (step 2h and midpoints

constructed with Brownian bridge) satisfy any of the following extreme conditions

max (max (HX(nh)H , ‘ )?,J: , )ffﬁ )) >h"
n=0,...,N
max (max (HX(nh) — X¢| | X (nh) — X[||, || X — X¢ )) > ht
n=0,...,

max (|AW,|) > hY/?77
n=0,...,N—1

is o (hP), for all p > 0. Furthermore there exist constants ci,ca,cs,cq such that if

none of these conditions is satisfied and v < 1/2, then

max ‘)?7]: — )?T{_lH < pl/2=2

n=1,...,N
N L B
2y (o (o] 1)) < e
2 o= < eonte
where by, is defined as by, if n is odd.
Proof. See |[GDR13]. O
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3.5 Notes on O (...) notation

For the sake of convenience, we use the following abusive notations in chapters

to 8l They correspond to operations on the o(...) and O (...) notations and enable

us to describe more clearly the contributions of the different terms when analysing

the limiting behaviours of functions in the neighborhood of 0.

Let us consider the functions fi, f2,91,92 : [0,7] = R, k € R and p € R" and

assuine

then we write

kfi=k0O(g1)=0(g)
fi+ f2=0(gq1)+0(g92) =0 (g1 + g2)
Jif2=01(g1) O(g2) =0 (g1 92)
=0(fH)P=0(f)

If we consider f3, fa4, 93,94 : [0,T] — R and assume
f3=o0(g3)
fa=0(ga)

we then write

kf3=ko(gs) =o0(g3)
fs+ fa=0(g3) +0(g4) = 0(g3+ g4)
f3fa=0(g3) 0(g94) = 0(g3 g4)
f5=0(f3)"=0(f3)

and also

fifs=01(g1)0(g3) =0(q1 93)

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

In parts of the analysis, we also use the abusive notations f; < O(g;) and
f3 < o(gs), for fi = O(g1) and f3 = 0(g3) when we want to highlight that these

result from an inequality. We can actually see it as a shortcut for f; < fl and

f3 < f3 for some quantities f; = O (g1) and fy = 0(g3)-
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Chapter 4

Analysis of Vanilla European

options via pathwise sensitivities

We analyse the efficiency of the multilevel Monte Carlo technique for the com-
putation of Greeks of a category of simple options: vanilla European options with
almost everywhere differentiable Lipschitz payoffs. To do this, we use the results of
chapter [3 to obtain analytical bounds on the coefficients « and 8 in theorem [1.2.1]
We begin with the easiest case, that of smooth Lipschitz payoffs before consider-
ing more realistic payoffs whose first order derivative may be discontinuous (e.g.
European call).

We always assume that the regularity and growth conditions found in chapter
for the coefficients of SDE are satisfied, thereby ensuring we can use the results

of the corresponding theorems.

4.1 Smooth Lipschitz payoffs

We first consider a European option with a differentiable Lipschitz payoff with
a Lipschitz first derivative, i.e. the payoff is of the form P(Sr), where P is a

differentiable L1-Lipschitz function of Sy. is also assumed to be Lo-Lipschitz.

oS
To simplify the notations, we define L = max (L1, L2) so that both P and 215’3 are
L-Lipschitz.

At level [, with a time step h; = T'/N;, the payoff estimator is P = P(§Nl) and
the multilevel estimator of the Greek as presented in equation is written

N Z op aPl AY
00

e 1%: 0P 98y, 0By 98w, \"
dSy, 99 Sy, 00

(4.1)

As explained in section to determine the efficiency of the multilevel approach,
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we determine the values of o and § in theorem [1.2.1]

4.1.1 Order of convergence [

oF, 81%-1)

To determine (3, we analyse the convergence speed of V ( 20 o8

We can write
oP, 9B\ (0P 0P oP 8Pl !
V(aa 20 >_V<89_89>+V(69

o (3512 12080

20 90”00
<y (2B _9P) (0P OF )
= \oo o0 20 09

oP, 9P OP 9P,
HJK\'(@&) 89>V<86_ ae)

Then, noting that if A and B are two random variables we have

0< (VI - V7 (B))2 SV(A) 4V (B) - 2/VA)V(B)  (43)

We get
0B, 8P, oP,  oP oP 9P,
el <2 bl = 4.4
V(ae aa)— <V<aa ae)”’(ae 20 )) (4.4)
If we can show thatV(%?%?) SC’h’lg for some C' > 0, then we have
0P, 0P, 5 5
— — <
V(ae 09 | S2CH +20h,

<2C (1 + (%1)5) h? (45)

where C is a positive constant. We therefore study the order of convergence of

oP OFR o o>
\% (89 — 89) which is the same as that of V <Yl>

To simplify the notation we now write P=P (§ Nz) the payoff resulting from a

discretisation with time step h (instead of P, and Iy respectively), S and S the values
of the underlying and its discretised path at T (instead of ST and 5 N, respectively).
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We have:

~ ~\ 2
orP oP oP 0P
— < — - = .
V(@H 80) E((@H 80) ) (4.6)
Then we write

op 0P\ _as (op 0P\ oP (05 03 o
00 00 ) 00 \as as oS \ 00— o0 '
_ds (op opP oP (oS 088

~\ 2
or P
E ((aeae) ) =E (A%) +E (B?) + 2E (AB)

2(E (A%) +E(B%))

We can restrict our analysis to that of E (AQ) and E (]B%2).
The payoff being E—Lipschitz, we have

oP (98S 9IS ~, ([0S 0S
B2 = (as (ae_ae)) <IL? <80_89> (4.9)

As explained in section we let §; = 2t and consider the 2-dimensional

process Up = (S¢,0;). The evolution SDE for U; is given by equation (3.16). We
recall it is

a(5 1) (S, )
dU; = 5 0a (S, ) N da(Sy,t) | dt + 5 Ob(Sy,t) N Ab(S;,t) | AW
TS 90 t~ g 5

whose Milstein discretisation is, as described in section, |3.1.3.4

a (Sn,tn> h+b (Sn,tn) AW, + 3 L, gg (Sn,tn) (AW2 — h)
da
<‘5 9S ae) (8 tn)
+ <S gg gg) (Sn,t )AWn
% On <gg) +§nbg:;

abab . 9% | /4 ,
\ + 2559 +b8985} (Sutn) (AWZ = 1)

Theorem guarantees the multidimensional Milstein scheme applied to U’s evo-

i
Q>
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lution SDE has a strong convergence of order 1, therefore

~\ 2
28 9S8
E {(aa — 89) } =0 (h?) (4.10)

This means E (IB%Z) =0 (h2).

P ~
The derivative 35 being L-Lipschitz, we have

~ 2
oS (oP OP 05\ ? ~ 2
2 et e et 2 o
AZ = (ae (as as)) §<89> L (S S) (4.11)

Using Holder’s inequality,

9S\* 4
2 < - _ .
E (A%) < K E(((%) ) E((S S)> (4.12)
Corollary guarantees that there is a constant K; such that

E 05 ' < K. Therefore,
E (A?) :0< E<(5—§)4>> (4.13)

Using theorem
E (A%) = O (h?) (4.14)

We thus have E (A%) = O (h?) and E (B*) = O (h?) and finally 8 = 2

4.1.2 Order of convergence «

With the same notations as before, we now analyse the convergence rate
opP  OP
fE|——-—].
? <a9 ae)
~\ 2
oP OP
00 00

We have just established that E =0 (h2). Using Holder’s

inequality, we obtain

~ ~\ 2
oP  OP oP  OP
) )
(4.15)
=VO(h?)O(1)
=0 (h)
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oP 9P

We thus have E % — %

= O (h) and finally o = 1.

4.2 Non-smooth Lipschitz payoffs

We can relax the hypothesis that the first derivative of the payoff has to be

P
8S> has a finite

number I of discontinuities at points (K;),_, ; and is E—Lipschitz between those

Lipschitz. We extend the previous result to the case where (

discontinuities. This broader category of payoffs includes the European call option
that has been used in the simulations of section 2.2l

The analysis now has to be a bit more complex than in the previous section.
While the analysis of mostly relied on ideas already found in the analysis of
the multilevel Monte Carlo pricing of call options, we now have to introduce ideas
that will be used in all of the following chapters. The main idea is to study the
contributions of several categories of paths. We distinguish between “extreme” and
“non-extreme” paths. We also analyse separately the contributions of the paths that
arrive “far” from the discontinuities, for which the situation is essentially similar to
the analysis performed in section and those that arrive “close” to them for
which the effect of the discontinuities is significant (“close” being here defined as
“within a distance h' ™ of a discontinuity”, for a certain d > 0 determined later).

More precisely, we first use the results of section [3.4.3|to define the set of extreme
paths F as the set of paths satisfying any of the three conditions of lemma [3.4.8] for
a certain v < 1/2. We then decompose the set of non-extreme paths E° into D, the
non-extreme paths whose final value is “close” to one of the discontinuities and D*
the non-extreme paths whose final value is “far” from all discontinuities (K;);=1. 1.
We can therefore write

Q=FEUE°=FU(DUD° (4.16)

4.2.1 Order of convergence f3

As before we can write:

_ole (ap_aﬁ) (4.17)

and using the partition of paths of equation (4.16)),

E (4%) + E (B?) = E (1p-A%) + E (1B  E (LpA%) + B (1687 (419
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Contribution of extreme paths

We first show that extreme paths have a negligible contribution to the global

expectation: using Hoélder’s inequality, we have
~\ 4
st (or oP
E(1pA%) <\E[12] |E|— | 25 — 2=
(154%) < E[13] a9 (as as)
8 1/4
255\ oP P
< = - 2
< VE[lg] (E[ae D 51\ a5~ as

Lemma means that \/E (1g) = o (h?) for all p > 0. Corollary guarantees

8
that | | E <g§ ) is finite. P(S) being Lipschitz, we also have

~\ 8 ~
oP 0P oP oP
’ (as‘as) =F <’85 s

Therefore equation ({.19) means that for all p > 0, E (1gA?) = o (h?).

Similarly, we write

E (15B%) <\/E[1%4] |E

(4.19)

8
) < 2818 (4.20)

~4 ~\ 4
o' (05 05
oS \ 06 06

(4.21)
o\ ss o3\
< - - _ =
= E[lE]<E oS ) E (ae ae)

~ 8
oP| ~ oP
Asin (4.20)), we use 95 < L to show that E 25 ] is finite. Applying theorem

08 9S

3.4.3| proves that £ ( —

o

90 90
that for all p > 0, E (1EIB32) = o (hP).
Rewriting equation (4.18)), we have

8
> is bounded. Therefore, equation (4.21])) means

E (A?) +E (B?) =E (1p:A?) + E (15:B?) + o (h?)

(4.22)
=0 (E (1p-A?) + E (1pB?))

This means the contribution of extreme paths is negligible and we can focus only on

non-extreme paths.
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Contribution of discontinuities

We have now established that

E (4%) + E (B%) = O (E (15-A%) + E (15-B?))
=0 (E (1pA?) + E (1p-A?) (4.23)
+ E (1pB?) + E (1pB?))
Let Z be a closed non-degenerate interval such that all discontinuities
(K5)

p (S) is smooth on Z, so it is therefore bounded by some constant Mz on this same

i—1,..; are contained in its interior. The probability density function of .S,
interval.

Now let us define D as the set of non-extreme paths for which
min |S — K;| < h'=° ie. the set of paths arriving “close” to discontinuities.
Fér h < hg for some hg, all paths of D arrive in Z. In those conditions, p < M7 for
all paths in D and the probability of a path being in D can be written as

P(D) = /S _p(s)as

- / p(9)ds (4.24)

S| r{1in I|S—Ki|<h1*5

i=1,...,

< 2Ih M7

therefore D represents a proportion O (h1_5> of all paths. All other paths are in
D¢, which represents a proportion O (1) of all paths. Using equation (4.23]), we can

write

E (A%) +E (B?) = O (E (1pe) [max (A*1pe) + max (B*1pe)]

(4.25)
+ E(1p) [max (A1 p) + max (B*1p)])

Therefore
E (A*) + E (B*) = O (max (A*1pe)) 4+ O (max (B*1p:))

+0 (R'70) (O (max (A%1p)) + O (max (B*1p))) (420

For paths in D¢ we know by definition of non-extreme paths that

2
?)? < h™¥. Also, if we take § = 2v, the definition of D¢ ensures that as h

tends to 0,
min (S = Kif) 2 b7 > b1 > (s - §‘ (4.27)

Therefore S and S are not separated by a discontinuity and we can use the L-
oP ~ .
Lipschitz continuity of <85’) on the interval [min (S, S) , nax <S, S)} and con-
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oP 0P

= T \<L|S—-S8|<Lh™.
clude that | 5= — _L‘S S‘_Lh Thus
2s? (op 9P\
2 e = 2 e Y C<~2 2—4~ .
A%1pe = (as as) 1 < L2h (4.28)

P being differentiable and E—Lipschitz away from the discontinuities, i.e. for

~2

opP ~
all final values S of paths belonging to D¢, we directly get < L? on D°. By

ES
S a8
20 90

definition of non-extreme paths, we also get < h'™ on this same set.

Therefore

obP” (oS 08
N 90 00

) 1pe < L2R2>% (4.29)

oS
— | < A7,
20 | < h Let

P
Ji = | =— (K+) - — (Kz_) ’ be the size of the discontinuity of ?)S at K;. The

On D, by definition of non-extreme paths, we still have

oP OP

oS  9S

“worst case scenario” for is when S and S are on different sides of

or 9P

il < . T hl=7 — )
55 " 35 maX(Jl) + Lh 0O (1)

oP
a discontinuity of ——. In this case,

S’

Therefore
0s2 (o oP\’ . 2
2 o < . 1— —2v .
A1p = 20 (85 33) 1p < (mzaX(JZ)—FLh > h (4.30)

9s _ o8

00 00
~2

On D, by definition of non-extreme paths, we also have < A7 and

oP ~
almost surely (i.e. at all points where the payoff is differentiable) 25 < L? and

52y, _ 0P (35 05
D =

2
95 ) 1p < L?h*% (4.31)

a6 90
Finally, plugging those results into (4.26]), we get

E (A*) +E (B*) =0 (h* ") + O (*~*)
+0 (W) (O (K*72") +0 (k™)) (4.32)
=0 (r'™")

This means that in the case of a Lipschitz payoff whose first derivative is Lipschitz
by parts and has a finite number of discontinuities we get 8 = 1 — 4 for any
0<~vy<1/2
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4.2.2 Order of convergence «

The analysis of the order of weak convergence « is in all points similar to what

we have done for the convergence rate 3.

Contribution of extreme paths

We show that extreme paths have a negligible contribution to the global expec-

tation using

~\ 2
0S% (0P OP
< 2 i - — .
E(1gA) < E(lE)E<60 <65 as)) (4.33)
and
op” (95 05\’
< 7 = | 30— 57 :
E(1gB) < E(lE)E:<aS, (ae ae) ) (4.34)

As before, both of those are o (h?) for all p

sole contribution of non-extreme paths

> 0, and therefore we can focus on the

E(A)+E(B) = O (E(Lp-A) +E (15.B))

=0 (E(1pA)+E (1pcA) (4.35)
+ E(1pB) + E (1p:B))
Contribution of discontinuities
As before, we write
E(A)+E(B) =0 (maxAlpec) + O (maxB1pe)
(4.36)
+0 (hl_‘s) (O (maxAlp) + O (maxBlp))
Using the same arguments as before,
as (opP oP ~
Alpe|=| = | 55 — == | 1pe | < LAY 4.
|Alpe| 69(88 85) pe|<Lh (4.37)
opP [0S 0S8 =
c = —_—_ —_— — — c < v .
| B1pe | 55 <80 89) 1pe | < Lh (4.38)
as (oP oP =)
= = = - = < A v ¥ )
‘A].D’ ‘89 (85 85) 1D _<mz§lX(JZ)+Lh >h (439)
oP (8s 0S8 ~
= —=| = — — < v .
|B1p | 39 (89 69) 1p| < Lh (4.40)
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Taking § = 27 gives eventually E(A) +E(B) = O (hl_?w), ie. a =1— 3y for
any 0 <y < 1/2.

4.2.3 Illustration: Case of the European call

We illustrate this kind of payoff with the case of the European call. We recall the
payoff is P(S) = (S — K)* where K is the strike. It is 1-Lipschitz and differentiable
everywhere but at K. Its first derivative % = 1g-x is discontinuous at K and is
piecewise 0-Lipschitz everywhere else.

oP
The analysis presented above applies. —— being piecewise constant actually

makes it slightly simpler. We have 05
SRR TR I
For paths in D, R
=5 (52 58) < (w12
For paths in D, R
Alp| = gg(gf;_gf;)|§]g§ (4.43)

This leads to the same convergence rates as before.

4.3 Conclusion

The numerical analysis gives a = 1,8 = 2 for a Lipschitz payoff whose first
derivative is also Lipschitz.

The analysis is extended to payoffs for which these properties hold everywhere
except on a finite number of points where we permit the first derivative to be dis-
continuous. In this case, we derive a = (1 —9),8 = (1 —¢) for J as small as we
want.

This result corresponds to the numerical results obtained for a European call in
the Black Scholes model. In section we observed: a =~ 1 and 5 ~ 1.

We can summarise the results we have proved in this chapter as follows:

Theorem 4.3.1. We consider an asset Sy on the time interval [0,T] and a European
option with a payoff P (St). We assume that Sy follows an Ito process as described
by equation , that the coefficients of the diffusion a(S,t) and b(S,t) satisfy
conditions Al to A4 of theorem and that b(Sp,0) > 0.

If the payoff function P is Lipschitz and differentiable with a Lipschitz first
derivative 35" then our multilevel estimators of the option’s Greeks have an ac-

curacy O (€) at a cost O (6_2).
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opP
If now we assume that — is discontinuous at a finite number of points (e.qg.
European call), then our multilevel estimators of the Greeks (see section have
an accuracy O (€) at a cost O (672 (log 6)2>.

Proof. See above. O
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Chapter 5

Analysis of Vanilla European
options via pathwise sensitivities

and conditional expectations

We analyse the convergence rates of the multilevel algorithms proposed in sec-

tions [2.2.2] and [2.3.1] for the computation of the Greeks of European and digital

calls.

Again we assume that the regularity and growth conditions found in
chapter [3] for the coefficients of SDE are satisfied, thereby ensuring we can
use the results of the corresponding theorems to obtain analytical bounds on the
coefficients v and 3 in theorem [I.2.1]

5.1 Discontinuous payoffs: the digital call

5.1.1 Payoff computation

We recall the conditional expectation formula obtained in equation (2.81]) for the
digital call,

Pr=E(P(S4,)|54,1) =@ M%f_K (5.1)
INs—1

where
_a of —aqf /
N{vf—l = SJJ:/f—1 t+a (SNf—pthfl) hy =Sy, 1 +an,_1hy

~

O-{‘Vf—l = b (S]‘f\lff—17th_1) \/E = b]fo—l\/E

(5.2)

For the sake of brevity, we now write uy and oy instead of u{vf_l and a{vf_l, ie.
~ - K
P —o (Mf

o
This is infinitely differentiable with respect to the input parameters. The partial
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derivatives are

0P _ (yoy— (g —K)iy pr— K
e A ; ¢
95N, 1 ¥ of

~ (5.3)
Oy _ (Fyor = (= K)oy (1= K
00 O'J% oy
where we have used the notations & := Aafix and T := %, i.e.
Sy, 1 90
f
oy, (34,14, ) hy=1+al, b
Hf = = 3 = AN, —1vf
3, 5%, /

and as usual, assuming hy does not depend on 6,

~ 8Hf aa (SNf 17t1f\7f 1) h ~f h
Hyp = o0 - o0 f _aNf f

of f
~ 3Uf 8b <SNf71’th 1

7T 00 T a0 )\F_bf iy

At the coarse level, as seen in equation ([2.82]), we get an expression similar to

the one at the fine level:

P.:=E (P (5%,

“e luc 1 K
cquWszfz) =@ <Ncl> (5.4)

ON,—1
where

HN,—1 = §16ch1 ta (S\]C\fcfht?\/cfl) he+b (gzcvﬁptfvcfl) AW]{/FQ

= §]ch_1 +afy, 1 he + b?vc—1AW1j\£ff—2

~ h
oN.—1 =10 (SNC—I,t?V—1) EC
h
= b?\fcfl EC

For the sake of brevity, we now write p. and o. instead of uy, _; and oy, _q, i.e.

~ - K
P.=9 (uc ) We then obtain the partial derivatives

Oc
aﬁc o fleOc — (,U@ - K)UC ¢ pe — K
0554 - o2 O

8ﬁc_ ﬁcgc_(ﬂc_K)gc ¢ pe — K
00 o2 O

C

(5.5)
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where

~ <Sg§N1_t1N =) e+ <S§ip ) AW,

= 1+ dfy,_yhe + 0y, 1 AWE,

Oc: Ooc _ _ o <§]CVC*1’t§VC*1> \/g

Ote

le 1= =1
He 255, +

S 08% 085, _,
. he
= by,—1 )

and
o 0k th) L (S5 -1 t501)
He =50 ~ o0 ¢ a0
et T OV,
_ o, db (Slcvc—lvtive—1> he
9= 90 96 2
he

= b5 —
c_]- 2

AW,

5.1.2 Order of convergence [

As before, we note that to analyse the convergence speed of V < 50 50

o _on)

~ —~ 2
oP P,
it is sufficient to simply study E (80f - %9 )

Contribution of extreme paths

As in section we consider the following partition of all paths:
Q=FEUE =EU(DUDE (5.6)

with E of the set of extreme paths (paths not satisfying one of the three conditions
of lemma for a certain v < 1/2), D the set of non-extreme paths for which Sp
is “close” to the discontinuity at K and D¢ the set of non-extreme paths for which

St is “far” from it. We define later what “close” and “far” precisely mean.

We have
oPy 0P\ | _pl|y. (98  OF
00 00 - E\ "9 ~ o0

~ ~\ 2
g |1, (apf - apc>

00 00
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We now prove that the influence of extreme paths is negligible. Using lemma [3.4.8]
we get that for all p > 0,
E(1g) =0 (h") (5.8)

We then use Holder’s inequality

~ ~ 2
dP; dP,
E |15 | =L —
{E<d9 d9>

Then, we write

o a6 ) ~\ o6 sl 08 09 9Ssy _, 08 '

that is,

o~ ~ 4 =~ ~ ~ -~ ~ ~
APy dP.\ _¢p(0Sv-1 0Py 0Py 955, 0P OP. (5.11)
o~ do ) 90 sl 00 00 ' 0Sy_, 00 ‘
= c

where @ is a polynomial of order 4. Hélder’s inequality then guarantees that if we

can prove that for a finite range of K = 0, ..., kyax there is some fixed value ¢ > 0
such that
~ k
OSN, -1
E L =0 (h ™1
(( ) ) o
R k
0
E = =0 (h™9)
8SNf_1
8/\ k
f _
E — =0 (h™1
( 7)) o0
(5.12)
255, \"
E Ne—] =0 (h1
( (%57) ) o0
op, \"
E = =0 (h?
((8%) ()
8/\ k
E - =0 (h?
(55) ) o0
dP; dP.
then we also have E ((def T > ) < 0o and eventually using inequality (5.9))
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that forallp > 0, E | 1g ( _

We now prove the inequalities of

From (3.80) of theorem we have for k =0, ..., knax the existence of con-
stants C), such that

k

asL
E - 1
90 < Cy (5.13)
- k
055, _,
- C 5.14
( 90 ) < Ck (5.14)
We also have
0Py _ | o=y = K)oy | (= K
a8t | o o
Ny—1 f f
fryoy — (uy — K)oy
= 2 (5.15)
!
< (1 + d{\/f—1hf) b{vf—1 - <Sz</f—1 + a{\ff—l hy— K) b{\/f—l
= 2
<b{vf71) Vhy

With the assumption we made in section that b(S,t) > e > 0, we get

&Py _ @+@Q_W0b&_y—C%r4+¢@4ﬁf—K)%w4
254 o €2 \/E
Ny—1

Considering the linear growth assumption A2 of theorem [3.4.3] applied to the coef-

(5.16)

ficients of the evolution equation for Uy, we get

oP ko —k/2
T -<‘Cl (5{01)‘h / (5.17)
084,

where Q is a polynomial of order 2.

A similar reasoning gives

aﬁf (5{Vf—1hf) b{\ff—l - (Szjiff—1 + afvf—l hy— K) bfvf—1
< (5.18)
a0 €2 \/hy
0P || &k
f gf —k/2
1| < Vl (S4,-1) |77 (5.19)

where Q, is also a polynomial of order 2.
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From (3.80) of theorem we have for k =0, ..., knax the existence of con-
stants C~'k such that

E ((%_1)'“) <&
E ((?fvc_l)k> < Cy

Therefore, Holder’s inequality guarantees that there are constants CQk,C@k such

that

(5.20)

E (‘Q’“ (84,,) D < C

~k (5.21)
E( Q (84,.) ) < O
and finally
N k
P ~
E ?ff ~0 <hfk/2>
SN, 4
f
(5.22)
~ |k
8Pf B —k/2
Bl |50 | | =0 0"”)

Similarly, we write

aﬁc _ ﬂcac_(ﬂc_K)é—c ¢<ﬂc_K>
851\]6\7671 O—g Oc
< /‘jlcac - (N; - K)Uc
¢
(14 a8, ke + B8, AWE, ) V5, (5.23)
<

(M%) Vs
(So1 + a1 he+ b5 AWE oy — K) by,

(05.—1)" VP

With our assumption that b (S,t) > € > 0, we get

o, (14 @, e+ b, AW ) B3,y
~— | <
0S5y, 1 €2 \/E

R ; ] (5.24)
(Sjcvfl oy, he +0y, AWy, 5 — K) b1

EN

Considering the linear growth assumption A2 of theorem [3.4.3] applied to the
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coeflicients of the evolution equation for U, we get

ko~
< ‘@b (SJCVﬁhAWJ{fffz) ‘h_k/Q (5.25)

oP.
f

955 _,

where B is a polynomial of order 2.

A similar reasoning gives that

OP, <a§vflhc + b?chlAW]J\t]f—2> bN.—1
<
9 | — €2 «/hf (5.26)
(851 + a1 e+ By, AWy = K) B,y
€2 \/hs
~ ik
OP. R" ac f —k/2
| < R, (SNC_l,AWNﬂ) h; (5.27)

where R is also a polynomial of order 2.
We recall that for £k =0, ..., knax we have

E <(§fvc_1)k> <O (5.28)

There is a fixed value M}, for each kK = 0,..., kynax such that

E ((AW};f_Q)k) < Mj (5.29)

Therefore, Holder’s inequality guarantees that there are constants Crk, Cg, such
that

‘@% (S0 oW, )D<ch

(5.30)
<| (S5 AWE, ) ) < Ch
and finally
~ |k
P, _
E (|2 :O<hfk/2>
0S5, 1
. (5.31)
oP. _ —k/2
E\|5s | | =0 (")
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By taking g = kmax/2, we have the proof that for all p > 0,

~ ~ 2
E (1E (‘ZIZJ‘ - d(f}) ) ~0 (hﬁ) (5.32)

the contribution of extreme paths E is negligible. The rest of the analysis
therefore focuses on E°.

l.e.

Contribution of non-extreme paths

~ 98
Using again the notation § = 20 e write

~

R

aﬁf . 6§fvc_1 8]30

P,
o a0 osf Y90 " o0 oSy, o0
of . . ~ ~
05N, -1 [ fuyo — (g — K)oy L (Fror =y = Kjog ) (s = K
00 UJ% UJ% of
aSf\?\/c—l fleOc — (,UJC_K)"% i ﬁcac_(ﬂc_K)gc & e — K
00 o2 o2 Oc
f . ~
~ . -\ 1 On,—10f + 0y pr— K
Rl e o I
f f f
~ N 1 0% _10c+ 0¢ c— K
- [(516\70—1% +#c> o (e — K) <N612>] ¢ (,u pn )
(5.33)

We then rewrite it as

dP; dP. : . . .
dief_ o MfoJerLfM(Mfo)— M.Lo+ M.L.| ¢ (M.L,) (5:34)
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where we define

My = (uf — K)
o (<f . ~
My = <5foluf + Hf)
1
Ly:=—
of
, On, 10 + 0
Lyp=- o2
! (5.35)
M = (pe — K)
M, = (vac_luc n ﬁc)
1
L.:=—
Oc
oo - (B
O—C

Note that Mf, Lf, M, and L. correspond to total derivatives of My, Ly, M. and L.
with respect to 6.
We rewrite the previous equation as
dP; dP.
dé do

= (N7L g6 (MyLg) ~ NoLet (ML)

(5.36)
—+ (Mfo(Z) (Mfo) - Mch¢ (MCLC))

Defining the notation AX = Xy — X, (for any value X defined at the fine and coarse
level), we use the following decomposition:
dp

A@A
A

(ML¢ (ML)) +A (ML¢ (ML))

(M) Lyd (MyLy) + MoA (L) ¢ (MyLy) + MoLoA (¢ (ML))
n (A (M) Ly (MyLy) + MA (L) ¢ (MrLg) + MLeA (¢ (ML)))
(5.37)

We then note that for any finite family of square integrable random variables X;,

we have
I 2 I
E (Z Xi> <I> E[X]] (5.38)
i=1 =1

We can therefore restrict our analysis to the convergence of the expected squares of
Lo (MyLyg) A (M) Mep (MyLyg) A(L), Lyp(MyLg) A(M), Mcp (MyLys) A <L>
VLA (¢ (ML)) and M,L.A (6 (ML)).
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Writing the terms of (5.35]) in an expanded form gives
_ (a&f f _
My =Sy, +ay, 1 hy — K

My =54, (1 + dfvf_lhf) + (5fvf_1 hf)
1

A S
Np—1V ' f

Sf i f 77
O, 10N, 1 T 0N,y

Lf - f 2
(befl) Vi
M. = (S’\vac—l + a?\/c_l he + b?Vc—lAWJJ\fff—Q B K)

~

M, =%, (1 + a5 he+ bﬁVHAWj;ﬂ) v <6§VC,1hC +E§VHAW]J;FZ)
1

c he
Oy—1\ %

e IC Te
ON.—1bf.—1 T 0N, 1

(B5.1)" /%

L. =

(5.39)

Contribution of the paths “far” from the discontinuity

Here we define D as the set of non-extreme paths “close” to the strike, i.e. for
which | Sy — K| < hY/2737 and D the non-extreme paths that do not satisfy this
condition, i.e. “far” from the strike.

As shown in section the probability density function of Sp is smooth. Using
arguments similar to those presented in chapter 4} we can show that a proportion

0] <h1/2*37) of all paths is in D, and a proportion O (1) of all paths is in D¢, i.e.

P (D) =0 (hl/zfiﬂ) (5.40)

Using the law of total expectation,

—~ ~ 2 ~ ~ 2
dP; dP, dP; dP,
E([ (2L - —o|E||ZL - 15
( a6~ ds ) 0 < o~ ds > E

~ ~ 2
dP; dP,
=P(D)O |E (def_ d9> D* (5.41)
/ ap;  ab.\’
+P(D)O|E <def_ d;) D

114



On D¢, we have
Sty — K| = |k, iy | (5.42)

note that using the linear growth of the coefficient a(S,t) and the bounds imposed
on paths of D¢,

| Sr — K| > h/*™
|8, =se| =0 (ny*) =0 (n)*) (5.43)

[ ehyahs| =0 () =0 ()

so that there is a constant CMf > 0 such that
1/2-3
| My | > Cag b > (5.44)
Using the linear growth of b(S, ), there is a constant Cr,, > 0 such that
—1/2+
|Ly| > Cp, P00 (5.45)

Therefore

1/2-3 —1/2+
| MyLy| > Cag >~ Cp 020

f
) (5.46)
> Cur, C1,0 (™)

and finally due to the behaviour of ¢ in its tails, for all p > 0 we have

¢(MsLs) =0 (h?) (5.47)

Very similarly we can show that on D¢, we also have constants Cy, > 0 and Cr, > 0
such that

| M| > Carhy/>™
| Le| > O, /2 (5.48)
| ML | > Car, Cr by >

and finally due to the behaviour of ¢ in its tails, for all p > 0 we have
_ P
¢ (ML) = O (h f) (5.49)

This means that unless the path is in D, all the terms we have to analyse are O (hfc),

i.e. only the paths of D have a significant contribution to the global variance.
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Analysis of Ly (MyLy) A (1)

We have
M, = 0%, (1 + N1 he + b?Vc—lAWJ{ff—2>

~ (5.50)
+ <’d§vc,1hc v bgvflAW]J;ﬂ)

Noting that at the fine level we used the Milstein scheme on [t{v _9 t{v 71} , We can
f f

write that
Sf _=5f ~f - f of 7 nf Sf f
O, -1 = Oy, o+ (aNFQ + afo25Nf72> hy+ (befz + befQ(SfoQ) AWy, o
Vise (it Vst of it
T3 {51\@2 (be72> + 0N, —abys ol

~ . . ~f 2
+ b{vf—Qb{Vf—z + b{\ff—szf—J <<AW1{rf—2) - hf)

(5.51)
We let
A =+ |61 (g)f )2 I RV ¥
o 2 Nf—2 Nf—2 Nf—2 Nf—-9 Nf—2
(5.52)
~ f L f ~f AW/ 2 b
+ by, b, o 0N _obn, o ( WNf_z) —hy
Therefore
5 _ 5 : i f f
51(@—1 = 51]:ff—2 (1 + a{\ff—zhf + be—zAWNf—2> (5.53)

+ Ei{\/f—2hf +g{vf—2AWJ(/f—2 + A
and
My = [51{ff—2 (1 + C'l{\ff—zhf + b{vf—zAWJ{ff—2)
@, ohy + 0 AWE L, + AMH} (1 + ik, _yh f)
+ (@, -1 k)

- f - f
Un,—1 T AN, 2

—5f
_6Nf_2 1+ 5

he + b, AW,

~f ~
AN, g T AN, 1

* 2

he + b4, LAWY,
+ a{vf—1hf (d{\ff—2hf + b{Vf—QAWJ]\cff—2
+ @ ohy+ B{Vf_QAWij_Q)

+ Anin (1 + d{\/f—lhf>
(5.54)
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As we are only considering the paths in E°, and recalling that a(S,t) and b(S,t)

obey the linear growth and Lipschitz conditions of theorem [3.4.3] we have
‘.‘{Vf—1hf {a{\ffth + bfvf—2AWJ]\crf—2 + Zi{\ff—zhf + b{vf—zAWJ{/f—Q]
_ = = - 1/2—y
=0 (") 0(hg) [0 (h;7) O (hy) + 0 (n;7) O (R*77)
- - 1/2—~
+0 (h]ﬂ) O (hy)+0 (h]ﬂ) 0 (hf )} (5.55)

=0 (7)o (1*7)

=0 (ny* )
and
Anrit <1 + a{vf—lhf>
— % (@@2 (6{Vf*2)2 + 51{7}* s Qb{Vf
+E{Vf_2b{\,f 5+ be bfvf 2>
2
( AWJ{,f ) hf) 1 + aNf
=(o(m7)o(r)+o(n7)o (r7) 0 (k7") o

+0 (177) 0 (177) + 0 (177) 0 (7))
O (h) +0(hp) (1+0 (") hy)

\-//\\_/

We write
AN = My — 1,
- 5J}:ff—1 (1 + djfvf—lhf) + (a{\ff—l hf)

- [gfvc—l (1 + afy, 1 he + b?Vc*lAW]]\cfff2> + (a?vc—lhc +F6§V071AWJ(]f72)}
(5.57)
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Using the previous expansion

TS d{fol * C.L{Vf*2 i f f
AM:de—Q 1+fhc+be_2AWNf_2
ZiNf—Q T Zi{‘ff—l 7f f
+ fhc + befQAWfo2
+0 ()
+0 (h}‘*’”)

— 5 (1 + Sy he + b%c,lAW]Cfo)

_ (Zif\,c_lhc +5§VC_IAW]{,f_2)
y 7
-~ AN -1 + an, 2

_ 3 ; f
=l o1+ 5 he + b, AWE,

— 5% (1 + S g he + bﬁvc,lAW]{,f_2>

~f ~f
GNP o L

* 2

SN (5.58)
_ <6§VC_1hc +’5§VC_1AW}§FQ)
+0 (1)

- f - f
an,—1 T AN, 2

—5f
_5Nf_2 1+ 5

he + by, HAWL

— (1 @y e+ b5 AW, ) ]
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- f - f
AM_gf M_'C O(h bf _bc 9] h1/2—7
= 0y, 9 5 an,—1 (hf) + Ny—2 ~ ON.—1 f
+

7))

(SNf SN 1) (1 +0 (h]ﬂ) O (hs)+0 (hﬁ) 0 (h

(5.59)

Using once again the fact that a(S,t) and b(S,t) obey the Lipschitz conditions of
theorem and the bounds of lemma (3.4.8)) on non-extreme paths, we have

AM =0 (h;”) (O (h}/ 2‘2”) O (hs)+0 (h}_w) 0 (h}/m))

+O< hi ) (1+0(r7) 0 hg)+0 (n;7) O (>

Then as we have assumed b(S,t) > € in section we have
Ly=0(n"?)
We also note that ¢ (M¢Ls) < 1. Therefore on D we have
Lo (MyLy) A (A1) = 0 (n/*77)

Analysis of M.¢ (ML) A (L)

Using arguments similar to the ones used before, we have

(5.60)

(5.61)

(5.62)

M, = 0%, <1 +afy, 1 he + b?vc—lAWf;ffz) + (5&—1% +E?VC—1AW]J\C[f—2>

=0 (n) (1+0(r;") 0 hp)+0 (n;7) 0 (n)*7))
w(o(nr)omp+o(n)o(n*))

h)+0 (ny*)
7

(
(")

O
O
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Once again on D, ¢ (M¢Ly) <1 and

1 _ 1
b{\fffl\/@ b‘jvc_l\/h;c
I L
b 1N, 1/
o ()
eV

=0 (™)

and finally we obtin that on D,

A(L) =

Mep (MyLs)A(L) =0 (h}?’”)

Analysis of Ly (M;Ls) A (M)
We have
(th, ) Vi = vy
and
5, b, 1+, =0 (r) 0 (") +0 ()
therefore
R

(v, 1) Vs

-0 <h;1/2—27>

and ¢ (MsLy) <1 and

A(M) = M; — M,

(o + Ay e+ Oy AW, — K)

+

We once again write the Milstein scheme on [ N2 t{vf_l},

of _aqf ! I f
Sny—1 = Snpop T ay, olip by, AW

1 . 2
+ §b{vf—2b{vf—2 <<AWJJ\CIf—2> - hf>
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(5.67)

(5.68)

(5.69)
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and the previous equation becomes
A (M) = (sf tal, hy+ bl LAWY
Ny—2 Np—2"f T UN;—2 Ny—2

2
+ be b, ((AW/QM) —hf) +a{vflhf—K)

_ (§;VC,1 + o he + B, AW, - K)

of R ; P (5.71)
= Sn;—2 = SN—1 (aNf—Q tan, 1~ 2“?\70—1) hy
+ (b{\ff—Q - b?vc—l) AWJ{ff—z
2
+ be 2b{vf 2 <<AW1@—2) - hf)
As before, being in E° and the coefficients having a linear growth, we get
A(M)=0 (hf ) 4O (hm 2”) O (hs)+0O (h}—”) 8 (hj/?”)
+0 (h;Y) O (hy7) (O (hy™) + O (hy)
o)) (o) vom)
=0 (hy ") +0 (h)*77) +0 (hY*77) + 0 (hj)
-0 <h1 4’y>
Finally we get on D
Lyé (ML) A (M) =0 (hj/ H”) (5.73)
Analysis of M.¢ (ML) A (L)
In general on E°,
M, = <§fvc_1 S,y he + V3, AWE_, — K) ~0 (h;’*) (5.74)
and in particular on D,
M.=0 (hj/ 2*3”) (5.75)
and ¢ (MyLy) < 1. Then,
51(/, 1b{v 1t be 1) (S\JCVCIZ')?VCI +g§\fcl)
C 2 c
Nf 1 hf (b —1) h?
1
=A 5N 1by_1 + be 1) —2 (5.76)
( Nj— 1) hf
<5N by 0 1) A ;2
(bn-1)" /Ry
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‘ A <L> ‘ <A (gN—li)N—l +ENf—1>

1
N7
1
+(hny ) A —

that is

A <L) =A (ngll.)Nfl +f5Nf,1) O <h;1/2+7>

o 1
+O<hf )A((le) \/@>

N

we then have

A( | ): (05.—1)" = (¥4, 1)
v’ Vhs ) (i, )7 (8, )

(e thy ) (s 0k )

) ()

2

and
1 o (") 0 (7")
® (wn%) T
-0 (h;?”)
and

A (gN—li?N—l +5Nf—1) = g]{/fqb{qu +f5{vff1 - (gjcvc—lbtfvcfl +f5§vcfl)

~

(5.77)

(5.78)

(5.79)

(5.80)

= (8, = B ) ey + T (b, — D)

Nf ~

therefore

A (S\N—le—l +5Nf—1> =0 (h}/Q_QV) O (h;”) +0 (h?) ) (h}/Q_Q'Y

+o (/)

_ o (/)
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and finally

a(L)=o (w0 (n7)

—2y —3y
+O<hf )o(hf ) (5.83)
=0 (4"
Those results finally yield on D
M (MyLys) A (L) =0 <hj/ 2‘8”) (5.84)
Analysis of M,L.A¢ (ML)
We have from above
M.=0 (hJ:V) (5.85)
and as before
1
| Le| = | ——F—=
c he
b1y 5 (5.86)
1
e/ hy
Thus
L.=0 (h;l/“’) (5.87)

Let us now analyse A¢ (ML).

A¢ (ML) =¢ (Mfo) - (Mch)

=¢ ((gjjiffl + afvf—1 hy— K)

1
bfvfw)

- 1
_¢ ((syvcl + a1 he + by, AWE ) — K) h)

b(]:\fc—l 2
(5.88)

We first study A (ML). This will be useful in conjunction with the mean value

theorem. We write

A(ML) = LyAM + M,AL (5.89)
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From above, we get

AM =0 (h}“”)
AL=0 (h;%) (5.90)

Ly =0 (n"?)

and
M, = (8%._1 — K+ a%,_1 he + bfvc_lAWfo_z)
_0 (h}/2—37> ) (h}—v> 1O <h}/2—27) (5.91)
—0 (h}/ ”’”)
therefore

A(ML)=0 (h}_‘”) 0 (h;1/2> L0 (h}/%:w) 0 (h]?%)

=0 (hjﬁ—m) (5.92)

Then the mean value theorem guarantees there is a certain value C' € (M.L., M¢Ly)

such that
A¢p (ML) =A (ML) ¢ (C) (5.93)
and ¢’ is bounded, therefore we finally get
_ 1/2—5y
A¢ (ML) =0 (hf ) (5.94)
on D. And hence
f

M,L.A¢ (ML) = O (hl/ 2*5”) (5.95)

Analysis of M.L.A (¢ (ML))

As before on D¢,

M.=0 (h}/%?w) on D (5.96)
M =0 () on D°
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and
L
(1) V5
o (ny7)o (r7)+0(ny) (5.97)
20 (nj/?)
=0 (n ")

and as before on D we have
A¢ (ML) =0 (h}/ 2‘5”) (5.98)
Therefore
M.LA (¢ (ML) = O (h}/ 2*10”) (5.99)

Putting things together

Putting these results together using equation (5.41]) and the analysis of the terms

listed in (5.39)), we have

o(s2)-of:

=P (D)0 (IE

ap”
A
00

) (5.100)

and from equation (5.37) and the pertaining remarks,

fe#))

(Z E (A?) > (5.101)

(5.102)

with
Ay =Ls6(MyLy) A (M)
Ay = Mo (MyLyg) A(L)
As = Lyp (MyLy) A (M)
)A

Ay = Moo (MyLy) A (L)
As = MLeA (¢ (ML))
Ag = M LA (¢ (ML))

125



The analysis above reveals that Ay is the largest term and using (5.100]),

v (A%]Z> =0(1)0 (hfcp) 1o (hj/?—?’v) 0 (h;67>

_o ()

(5.103)
This means that the1 order of convergence for the Digital Call using Conditional
Expectations is § = 3~ 9y for any v > 0 (and v < 1/2).

5.1.3 Order of convergence «

In lemma [3.2.4] we have established that to study the rate of weak convergence

oP 0P
of the Greeks’ estimators E 20 89) , we can equivalently study the rate of
oP _ .
convergence of E A% . The analysis of the weak convergence rate « is then

similar to the analysis of 5.

(237 ) 090 (x|l o]
0P (5.104)
+P(D) O (E A% D )
and using the results of section we have
E A@ = Z6:E(Ai) (5.105)
00 P

We see from our previous results that Ao is again the limiting factor and we have

finally

oP _ 1/2—6v
E (Aaa> ~0 <h ) (5.106)

This means that the order of weak convergence for the Digital Call using Conditional

1
Expectations is o = 3~ 6 for any v > 0 (and v < 1/2).

5.2 Continuous payoffs with discontinuous first deriva-

tive: the European call

We now analyse the computation of Greeks for the European call using pathwise

sensitivities and conditional expectations as presented in section [2.2.2]
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5.2.1 Payoff computation

We recall that for the European call, with the notations of section the

conditional expectation technique gives the fine payoff estimator

Pr=E[P(8,) ’3*]{,%1} = op o (”fa_fK> +(pup — K) @ (“fa_fK> (5.107)

where we reuse the notations of sections 2.2.2] and 5.1.1]

~

e f _aqf f _af f
uf T /"LNf—l - SNf—l + a (SNf—17th71) hf T SNf—l + aNf—lhf

~ (5.108)
of = O—Jfo—l =b (S]{ff—l’th_l) \% hf = b]fo—l \% hf
When differentiating this expression, some terms cancel out and we get
opP . wr— K . wr— K
a§ff :Mfi)(faf >+Uf¢< fo )
Nyt (5.109)
an ~ Mf — K - ;Lf — K
el ¥ S et il
50 — M < o +oro o
with
(9,uf f
fif = = = 1+ ay,_ hf
8SNf71 !
9oy iy
! =7 N1V iy
ISn,—1 (5.110)
~ _Opp
f= g = 0Ny g
- 0 -
o= 99f _ bl

At the coarse level,

P.—E |P(5%,)

. K K
S5 180, ] = oo (2B ) - 0 (M)

Oc

(5.111)

with the usual notations

fro = pi, 1 = Sk, _1 +a (S]C\fcfht?\lcfl) he+b (gzcvflatfvcfl) AW]{/f—Q

= 5% 1 +a%y._1 he + b?vc—1AW1]\cff—2

~ h
oci=o0N,_1=b (SNC_l,tﬁv_l) 56
h
=y 5
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and differentiation gives

c Oc Oc
05,1 (5.112)
oP (- K pe — K
BT, “C(D( o )Jﬂw( oe )
with
Opte
fle = AM _1—|—a{V hf—1+aN_1h +bN—1AW -2
95 1
) do. . he
Oc = = N IAY f_b Ne—1
a5s S = 2 (5.113)
~ 8NC ~f

fie= gy =l _ Vhy = A, he + W5, AWK,

~ do, ~ ~. [he
Oc — % = b]fo—]. hf = bNC—l 5

5.2.2 Order of convergence [

As in section to analyse the variance of the multilevel estimator, we study

the expectation of its square, that is, we study

~ N\ 2
oP; 0P,
— — 114
( 00 06 ) (5.114)
with
oP;  OP. Sy, OP 0P
— — =A — 5.115
96 o6 ( 90 9Sx_i | 08 (5.115)
and a reasoning similar to the one found in section proves that extreme paths
have a negligible contribution to the total variance.
From the results of section [5.2.1] we derive
dSy_1 9P 9P _ - K
A ( aNe 185 +ae> = A ((5N_1d+a)¢<” - >>
Nt (5.116)

+A <<6N1/:a+ﬁ><1> <“ ;K)>

dSN_1
0

where as before dy_1 =
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Reusing the notations introduced before,

<85(;N91 8551 + %{;) = A(o*Lo (ML) + A (M@ (ML)
=Ao? Ly ¢ (MsLy)
+ 02 AL ¢ (MyLy) (5.117)
+07 Le Ap (ML)
+AM © (MyLy)
+ M. A® (ML)

We study the expectation of the square of this difference, whose order of convergence
is known thanks to Holder’s inequality to be the same as that of the sum of the
squares of the terms appearing in equation . As before we decompose non-
extreme paths E€ into D and D¢, the paths whose final value are “close to” and “far

from” the strike K. From the computations of section [5.1.2] for all p > 0 and any

v > 0, we get
o2=0 (h}:%)
Ac? =0 (n™)
Ly=o(n;"*7)
fe=0 (h; Y H”)
AL =0 (h;*’”)
AM =0 (h}—f”)
M. =0 (h?> (5.118)
6 (MyLy) = O (1}) on D°
¢(MyLy) =0O(1) on D
A¢ (ML) = O (h’}) on D°
A¢ (ML) = O (h}/ 2*5”) on D
®(MyLy)=0(1)
A® (ML) =0 (h’}) on D°
AD (ML) = O (hj/ 2*5”) on D
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Hence

AN® (MyLy) = O (h}™7)
Ac?Lso (MyLy) = O () on D°
Ac*Lso(MyLy) =0 (hY*™)  on D
02AL¢ (MfLs) = O (hf;) on D°
02AL¢(MsLs) = O (h}‘”) on D (5.119)
o2L.A¢ (ML) = O (h’}) on D°
o2L.A¢ (ML) = O (hj:g”) on D
M.A® (ML) = O (hf}) on D¢
M.A® (ML) = O (h}/ HV) on D

The law of total expectation finally gives

The third and last terms are clearly the limiting ones.
0P, _oF. 0P, _oP.
00 00 00 00
—0(1)0 (fﬂ—””)

~ ~\ 2
. oP;  oP.
D} +P(D)E [(09 ae)
!

<o) o6 ) +0 )

1057 +0(157) 0 (1)

=P(D)E

DC

-0 (hi/%lsy)
(5.120)

This means that the ié)rder of convergence for the European Call using Conditional
Expectations is § = oh 154 for any v > 0 (and v < 1/2).

5.2.3 Order of convergence «

opP;  OP.
oP;  0P.\| .. .
(ae‘ ae) D]IP(D) (5.121)

aP;  OP,
<ae B ae)‘E

Very similarly, we write

0o 00

+E

+E

P (E)
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We once again show that extreme paths have no significant contribution to this
oP; 0P,
= E||—=- D
0 ( ( 00 00 ) ‘
or, o,
00 00
and finally, using previous results,
dP;  OP.
= E||—=- D
o= (- %))
dP; P,
— — D¢| P (D°
~0(1)0 (h}’f’”)

£ (W) [o () + 0 (1)

0 ()40 () 0 (7))

value. Therefore,

£ 00 00

P(D)

(5.122)
+E

DC] P (DC)>

op, ok,
00 00

P (D)

=0 (n™)

(5.123)

This means that the order of weak convergence for the European Call using Condi-

tional Expectations is & = 1 — 9 for any v > 0 (and v < 1/2).

5.3 Conclusion

The Conditional Expectations technique enables us to perform pathwise sensi-
tivities computations with non-Lipschitz payoffs. For the digital call it yields the
following convergence rates: g = 3 —9yand a = 5 — 67 for any v > 0 (and v < 1/2).

For Lipschitz yet non-smooth payoffs it is also useful: it offers improved con-
vergence rates over simple Pathwise Sensitivities as described in chapter |4, For the

3
European call those are: § = 5~ 15y and o =1 — 9y for any v > 0 (and v < 1/2).
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We can summarise the results of this chapter as follows:

Theorem 5.3.1. We consider an asset Sy on the time interval [0,T] and a European
option with a payoff P (St). We assume that Sy follows an Ito process as described
by equation (L.2)), that the coefficients of the diffusion a(S,t) and b(S,t) satisfy
conditions Al to A4 of theorem [3.4.5 and that there exists a constant ¢ > 0 such
that b(S,t) > e.

Multilevel pathwise sensitivities can be used jointly with the so-called “conditional
expectation technique” to construct the estimators of digital options’ Greeks described
in section W Those have an accuracy O (€) at a cost O (6_3).

This multilevel technique can also be applied to construct the estimators of Greeks
of options with Lipschitz yet non-smooth payoffs. In the case of the Furopean call,
our estimators (see sectz’on have an accuracy O (€) at a cost O (e72).

Proof. See above. O
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Chapter 6
Analysis of Asian call options

Here we analyse the efficiency of the multilevel Monte Carlo technique for the
computation of Greeks of Asian options. As in previous chapters, we do this by

using the results of chapter |3 to obtain analytical bounds on the coefficients o and

B of theorem in this setting.
We refer to section [2.4] for the definition of the Asian call’s payoff, its multilevel

estimators and the use of pathwise sensitivities to compute its Greeks.

6.1 Analysis

For the analysis of Asian options, we use index convention ([2.103f), i.e. we use
indexes based on the fine discretisation for both the fine and coarse discretisations,

that is for any quantity X defined at the fine and coarse level,

X=X/ (tg;) = X7 (nhy)

N N N (6.1)
X¢ .= X¢ <t£> = X°(nhy)
We also reuse the notation of equation (2.88]), i.e. we define
T
— 1
X == [ Xydt 6.2
5[ (62)
0

for any quantity X;.

6.1.1 Order of convergence f3

OB ohy
o0 o0

oP, 9B, P, 0P oP 9P,
V(ae‘ 56 >§2<V<ae‘ae>”<ae‘ 96 )) (63)

133

We analyse the convergence speed of V ( ) and write as before that




P 9P oP
hich sh it is suffici — = = for — i i f
which shows it is sufficient to study E < % 90 ) or 20 resulting either from

the fine or from the coarse discretisation of the path. We note that the fine and
coarse estimators corresponding to a given level of discretisation are here identical

and do not requisite a separate analysis.

Redefinition of extreme paths

Reusing the notation of chapters|% and we write Uy = [ S, and U KPts U BB,ts (/]\t

t
00
the approximations based on the Kloeden-Platen, the Brownian Bridge and the

piecewise interpolants respectively.

We first prove that E [HU — ﬁHQ =0 (hz). We write

Uy— U =U, — Uxpy + Ugps — Upps + Uppy — U (6.4)
and therefore
U-U=U-Uxp+Uxp—Upp+Upp—0U (6.5)
Then,
=2 _ = 2 =< =< 2 = =112
[T <3 (|7~ Tuo| + [Focr ~Ts|| + [Tos ~T ] (68)
and
=2 = 2
B |[7-7]] <3 [ ||7- T ]

= = 2 = =112
+E [HUKP—UBBH ] +E [HUBB—UH H

From theorem we get that for each m > 0, there exists a constant C,, such
that

E < sup HUt — (AfKP(t)Hm> < Cp h™ (6.8)
0<t<T
and writing
T 2
_ = 2 —~ 2
HU— UKPH = / UKpt dt|| < sup HUt — UKp(t)H (6.9)
o<t<T

0

= 2
we get E [HU— UKpH ] =0 (h2).
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Lemma gives

2

/UKP ~Opp() dt| | =0 () (6.10)
0

= = 2
that is, E [HUKP ~ U ] =0 (h%).
= =12
For the analysis of E [HUBB — UH ] , we let N =T'/h and note that using lemma
(3.4.4) and its notations, we have

1 A | N
/ UBB )dt: =" baln (6.11)
0 n=0

where I, are i.i.d. N (O, R? / 12) variables independent from the variables b,, which

leads to

[HUBB_UH ] 12772 Z:: (”b’l”2>

=0 (h?)

(6.12)

where the second equality comes from the fact that the results of section [3.4] together
with the linear growth properties of b (U, t) mean that E [max an||2} is bounded.
n

Putting back those results into equation , we finally obtain

=2
E [HU -7 ] =0 (h?).

— =I||P
We can extend this result to prove that E [HU — UH } =0 (hp_7) for any p > 2

and for v > 0 as small as we want.
— =< p
We again use decomposition (6.5)) and study the behaviours of E [H U-Ug pH } ,

=< = p = =P
E [HUKP—UBBH j| andE{‘UBB_UH ]

As before we use theorem [3.4.3] and immediately obtain E [HU— ﬁKPHp] =
O (hP).

Lemma gives
E| sup HUKP ~Upp (t H O ((hlogh)P) (6.13)
t€[0,T)]
We write

p

A

T
HEKP —ﬁBBHp < ;/ (ﬁKp(t) _ ﬁBB(t)) dt
0

(6.14)

~

< sup HUKP (t) —Uss (t)Hp
te[0,7
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and conclude that E [HEKP - EBBHP] = O ((hlogh)?) = O (h’~7) for any v > 0.
= =I||P
To study E [HU s —U H }, we consider the discrete martingale
tn

/ (ﬁBB(t) -~ ﬁ(t)) dt (6.15)
0

1

anf

and note that (EBB - 5) = My. Asin (6.11]), we write

=0 i (6.16)

h3
where for k = 0,...,.N -1, I, ~ N <0, 12) is independent of bi. We apply the

discrete Burkholder-Davis-Gundy inequality (see [Kal02]) and obtain

=< =I||P
e [[Fon 7] <2 ] s ]

n=0

N-1 p/2
ok (Z uMnH—Mnn?)
n=0

N-1 p/2
-0 |E (Z”annH2) (6.17)
n=0

N—1 \P/2
= E by, || I?
O(E| _max [bo] <nz_;) n>

N-1 p/2
0 (& max o ]E (Z:%f>

using as before the boundedness of the moments of b, then Jensen’s inequality and
finally writing I, = (h%/12)"/* ., (where .J, ~ N(0,1)), we obtain

o o N—1 \P/2
e [[Fss -0 -0 (2] (3 2)
n=0
N—-1
> Iﬁ]) (6.18)

n=0

O <Np/21E

NTPE [1])

o
0 (NW (n3/12)"°E [Jg])
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and using the boundedness of moments of the unit standard distribution,
E[|[0ss - 0[] = 0 (w72 (n*/12)"%)
=0 (hP)

(6.19)

— =||P
We have thus proved that E [HU — UH } =0 (hp—v) for any p > 2 and for v > 0
P

v-7

as small as we want. Therefore we have E

=0 (h77).

As in lemma [3.4.5] we can now write that for all § > 0, m > 0,
(7-7)z 0 - (|55 =)

([ =)
(6.20)

m

U-0

U-U

—~

U-U

h

o)

and by picking m sufficiently large this proves that for any & > 0,
P (HU—EH > hl_‘;) = o (hP) for all p > 0.

We can therefore extend lemma[3.4.8 by redefining extreme paths E as the paths
satsifying any of the extreme conditions of lemma|3.4.8|or satisfying HU — EH > 7.

Those still have a likelihood o (h?) for all p > 0. From there, the analysis of Asian

options is similar to the analysis of European options in chapter [4]

Contribution of extreme paths

Letting A = 05 —85 — —85 and B = —a]j —65 - @ , we can write that
00 \ 98 05 95 00 00
o~ ~ 2
oP 0P oP 0P 9 )
V(ae ae)—E <39 39> O (E(A%) +E (B)) (6.21)

and using the usual decomposition between extreme and non-extreme paths (with

the above redefinition of E and E), we write

~\ 2
. @535) = O(E(A%15) 4 E (A1) +E (8%15) 4 E (B15)) (622
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As before we show that extreme paths have a negligible contribution to the global

variance. Indeed, using Holder’s inequality, we have

1/4

_g7\ 1/4 ~\ 8
E (A*1p) < VE(1g) <E [g“; D E (E)P — aP) (6.23)

oS a§

Lemma shows that \/E (1g) = o (h?) for all p > 0.

05°
To show that E [ ] is finite, we note that

00
oS 05
— | < — 6.24
‘ 20 | ="P| o0 (6:24)
. 0S;
Then applying theorem [3.4.3|to U; = | S, 20 ) we get that for all k£ > 0,
: k
E — 2
sgp 50 ] < 00 (6.25)
therefore we get the result we want: for any k& > 0 (in particular k = 8),
— k
oS
E|— 2
50 | < (6.26)

opP opP
Exploiting the fact that 0 < ﬁ < land 0 < — <1 for the Asian call, we

oS
get that

~\ 8

P P

E 8i - 8—7 <1 (6.27)
oS 9

Plugging the previous results back into the equation gives that for all p > 0,

E (1gA%) = 0(h*)O (1) O (1) = o (k).

Similarly, we can prove that

g9\ 1/4 _ —. 87\ 1/4
E(B*15) < VE(1p) (E (Zg ) E (?)ﬁ - E;)g) (6.28)
=o(h?)O(1)0 (1)
Indeed, lemma m gives that 8@ = o (hP) for all p > 0. Using the faci th8at
(21; < 1, we obtain that [E [Zg is finite. Finally, to prove that E <g§ - ?g)
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is finite, we write
95 95\ g5 a5

where & is a polynomial of degree 8. Then, using Holder’s inequality, it can be
95" [o5"

90 90

bounded by a function of E ,E , which, as explained before, are finite.

We then conclude that E (35 — 85) < 0.

Plugging the previous results back into the previous equation gives that for all
p >0,
E (15B%) = o (h?) (6.30)

This means that the contributions of extreme paths are negligible. Therefore we

have

E (1p:A%) = O (E (A?))

(6.31)
E (1p:B*) = O (E (B?))

! (%? - %@ SE(A?) +E(B) =0 (B (1:4) +E(158%)  (632)

Contribution of discontinuities

We have now established that only paths of E° contribute to the variance. There-
fore we now restrict our analysis to non-extreme paths.

We define D the set of non-extreme paths such that ‘E—K‘ < h'70 for
some 0 > 0 (i.e. close to the strike). D¢ is then the set of non-extreme paths

that do not verify this condition. We now write

V(@Pf_BPC

50~ o9 > =0 (E (1p<A?) + E (1pB?))

(6.33)
= O (E (1p:-A?) +E (1pA%)) + O (E (15-B?))

Under the assumptions of section the SDE is elliptic and the increments

(Sn+1 — Sn>n:07._.7N_1 have smooth density functions PG, -8, We can then prove

that the probability density function of S is also smooth. Indeeced S can be seen as
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a weighted sum of the independent increments (§n+1 — §n>

= 1 s . 1 N
N "= (6.34)
1 ~ ~

The probability density function for § is then derived from the convolution product
P () = (Plvone ) (Ev-Bum) ¥ Pvoai ) (5-8) @ (639

therefore S also has a smooth probability density function. As in chapter 4} we can
therefore conclude that the paths of D represent a proportion O (hlf‘s) of all paths.

Using (6.33)), we write

v <313f - 3130) — 0 (E (1p-B?))

00 00 (6.36)
+ 0 (hl_(s) O (max (AZID)) + 0 (max (AQIDC))
Paths in D and D¢ are non extreme and therefore (?g>2 < h™%. Taking § = 2v,
we can write
‘?—?‘thShl—‘;g(?—K’ (6.37)

For paths in D¢, there can therefore be no payoff discontinuity between Sand S. The

payoff being piecewise linear away from the discontinuity, we thus have A%1pe = 0.

For paths in D, we use the fact that 8—5—6—5 < 1 to conclude
that max (A21D) =0 (hiQV). o
Then, noting that | — | < 1, we can write
oS
2, =\ 2 _ =\ 2
E ‘Z]i <g§—g§> 1p.| <E <gj—gg> =0 (h?) (6.38)

where the last equality corresponds to what we proved earlier in this chapter.
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Putting all those results together, we finally obtain

V<313f_5130> =0 (E[A%+B?))

00 00
=0 (n=071) + 0 (1) (6.39)
=0 (h17572'y>
=0 (k')
that is, § = 1 — 4y for any v > 0.
6.1.2 Order of convergence «
Similarly, we write
opP  OP

and using the results of section [6.1.1 we obtain

- | =Em+em
= O (E[Alg]) + O (E [B1gc])
= O (E[A1p]) + O (E[Alpc]) + O (E [Blge]) (6.41)
=0 (h' ") +0+0(n)
=0 (h')

This means that o = 1 — 3 for any v > 0.

6.2 Conclusion

We have proved that for the convergence rates for Asian call options are a =
1 —3yand f=1—4y for v €]0,1/2[ as small as we want.
This corresponds to the convergence rates observed experimentally in section

242} a~1and = 1.
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We can summarise the results we have proved in this chapter as follows:

Theorem 6.2.1. Let us consider an asset Sy on the time interval [0,T]. We assume
that the underlying asset’s price Sy follows an Ito process as described by equation
(L.2), that the coefficients of the diffusion a(S,t) and b(S,t) satisfy conditions Al to
A4 of theorem and that there exists a constant € > 0 such that b(S,t) > e.

Our multilevel estimators of the Greeks of Asian call options (see section
have an accuracy O (€) at a cost O (672 (log 6)2).

Proof. See above. O
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Chapter 7
Analysis of Barrier options

In this chapter we use the results of chapter [3| to obtain analytical bounds on the
coefficients o and § of theorem for barrier options. This allows us to determine

the efficiency of the multilevel Monte Carlo technique in this setting.

7.1 Setting

We once again use index convention ([2.103]), i.e. we use indexes based on the fine
discretisation for both the fine and coarse discretisations, that is for any quantity X
defined at the fine and coarse level,

X=X (t]) = X (nhy) .
7.1

~

X¢ = X¢ <t£> = X° (nhy)

We recall from section that the payoff of the down-and-out barrier call
option is of the form

P=(Sr—K)"1 i (S,) > B (7.2)
t€[0,T]

As explained before, the payoff estimator at the fine level is

Nj—1
pf _ (adf  _ gyt _
Pf= (), — k)" IT (1-#l) (73)
n=0
with ; .
F_ —2(Sn — B)" (511 — B)*
pl = exp e
(bn)? h g
At the coarse level, the payoff estimator is
Ny/2—1
Pe= (S5, —K)" T] (=51 = pSis1)) (7.4)
k=0
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with

e — exp | 2255 = B (Sis — B)*
(65, hy

b oxp [ 2k = B (S5iy = B
2k+1 (bgk.)z hf

Note that we keep the same volatility on the whole coarse interval [tog, tog42o]: for
k=0...Ng/2 -1, we define b3, | := b3}, to write (7.5) as

_9(dc _ pY+(qc  _ B+
pfzzexp< 25 (B;);)Q(;ZH & ) (7.6)

7.2 Analysis

7.2.1 Order of convergence [

As usual, we let AX = (X fF-Xx C) for corresponding quantities X7 and X°¢

defined at the fine and coarse levels. R N N
oP, 0P_ oP
We now analyse the convergence speed of V ( L2l 1> =V (A > .

00 00 90

We have

) gf Np—1 Ny—1 [ Np—1
8Pf 8SNf f R + f f 9 f
S5 =15t sk ag —ph) — (5%, - _pl) 9Pn

90 = 15};f>K 20 (1 pn) (SNf K) Z H (l pk) 50

n=0 n=0 | k=0,k#n
(7.7)

with (writing b := 682’ and b := %)

+

o R

a0 af & Prn | 9n
00 — "~ (Sh.8..>B) Ny bih,
L -2 (5-B) 4(Sl-B)(8L.-B) b
+ 0np1 ) + 3
bl by bl by
(7.8)
and
~ a Ns—1 Nsg—1 Ne—1
HP¢ 8S§Vf £ . Se + / / c apfl
T = s oxgg 1L =)= (5, -%) X | TI a-m %
s n=0 n=0 |k=0k#n
(7.9)

144



with

v [ (2(Ea8) (5 ) ()
06 (S,CL,STCL+1>B) n n b%th b%3hf
=2 (SC B) 4(§;;—B) (AgH—B) b
+ 5€”+1) c2 + c3
bg " hy bg hy
(7.10)
Then we write
Ny—1 Ny—1 [ Ny-1
opP 8SN ~ + Opn
Rag =2 | 1awsr g H - (SN - K) nz:% kgﬂ(l ~P)
(7.11)
and define
i ~ Np-1
oSN
A=A|1g s L[O (1—pn)
- (7.12)
R _’_fol Np—1 op
B=A (SN—K> Z H (1—pk)879n
L n=0 | k=0,k#n
that is,
oP
A—=A+DB 7.13
T + (7.13)
and as usual we have
op op\’
g - oL - 2 2 ‘
V(A%)_E <A69> E (A%) +E (B?) (7.14)

We define the set E of extreme paths as in section It is the set of paths
satisfying any of the three conditions of lemma for a certain v < 1/2. As
before, the idea is to first show those have a negligible contribution to the vari-
ances/expectations considered. This will then enable us to focus only the set E¢ of

“non-extreme” paths, which we split between the set of paths D for which (min §n)

n

is “close” to the barrier and D¢ the set of paths for which (min §n> is “far” from it
n

(a notion we will more precisely define later). We therefore write as before

Q=FEUE°=FEU(DUD") (7.15)
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Contribution of extreme paths

We first write

()5 (o (2 ) o (e (s2))

We now prove that the influence of extreme paths is negligible. Using lemma [3.4.8
we get that for all p > 0,
E(1g) = O (hP) (7.17)

We then use Holder’s inequality

~\ 2 ~\ 4
: ( (s27) ) < |sane (@gf;) )

Therefore it is sufficient to prove that E ( (A

as h — 0. We write

A—

opP
< .
‘ 50 <|A[+|B] (7.19)

thus,

~\ 4
OP 4
E((Aae> )<E((A+IB%)> o

~E(lal") +E(IB]")

We thus study E (| A |4) and E (| B |4).

We have
agjf\} Nf—l aS\C Nf—l
< 1- _f ( _ f) . N, _.C

o .
_ ISy, 955,
— | 00 a0

As in previous chapters, from (3.80]) of theorem we know that for all £ > 0
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there is some constant (Cy ) s.t.

a57 *
E ( Nfl) < CA,k < 0

00

—~ £
0S% _
E|:< gg 1> < Cpp <00

(7.22)

Therefore Holder’s inequality guarantees there exists some constant Cy < oo such

that
E (|A|4) < C,

We also have

~ Ny—1 [ Np—1 ol
w15t x| S | 1T 0-)|%

|

Ny—1[ Np-1

+|S%. K[> | I «a
n=0

k=0,k#n

Therefore

510 <@ (8, - ). (5. - ).

Nr—1 Ne—1
pk- 89 )
n=0 | k=0,k#n

Ni—1[ Ny—1

ST a-)

n=0 | k=0,k#n

where & is a polynomial of order 4.

From our previous computations,

C

— Di

opy,

00

)

opt

n

00

¥

—~ ~ 2 §£—B §£ B b.n
%pj <p£l),122hf & _(Sr]:ﬂ—B)—i— ( ><b£+1 )

2 (@{ - B) (@{H - B)

(7.23)

(7.24)

(7.25)

l;lf

n+1 <§£ - B) +

b,

'8p% | ey 2 |5 ( (Afm 73) N P (§,‘;—B) <S<n+1> _B> b-nc>
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As before, from (3.80|) of theorem for all £ > 0, there are constants (Cg ),
s.t. forn=0,..., Ny,

2 ((30)") - (0;;)) <oy 20

Assumption A2 of theorem applied to Uy as before implies that b and b sat-
isfy linear growth conditions. Therefore, for any k >= 0 and for
n:(),...,Nf—l,

- N (7.28)
E (bf1 < 00
R
E (bfl) < 00
We also use the hypothesis that our SDE is elliptic (see section [3.3.3])
Je>0st. V(S,t) eRTZ (S, t) > € (7.29)

We apply Holder’s inequality repeatedly and get the existence of constants (&B,k)
such that for n =0,..., Ny

AN

Pn =~ —k

E (59) < IB%,k:hf

o = (7.30)
E ( n/2> géﬁ,kh;k
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Then

Ny—1 | Ng—1
Bl | X | 1T (1-#l)
n=0 | k=0,k#n

Opn
06

=0 (h]?k> 0] <h;’“>
=0(1;")
(7.31)
Similarly
Ny=1[ Nyj-1 Oyt
(Y| II a-m|52|||=0 (hﬁk) (7.32)
n=0 |k=0k#n
Finally, we recall that from equation ,
E(BY) <K [@’ ((?{Vf — K) , (§N - K) :
Ny—1 Ny—1 f
Ipn
1—pl) | =21,
2 {kg;,én( )| ] (7.33)
Ny=1 [ Nj-1
a C
S| I oom| %))
n=0 | k=0,k#n
and we have proved that for all £ > 0,
E((5],- K)k> < Cy
B ((S.-x)") <c
R i ot [\ 7.34
Bl | IL (-o) |57 ]| ) |=ots™)
n=0 | k=0,k#n i
Ni—1 [ Ny—1 1\ %
8 C
E (Z { II a-m| o ) =0 (h;™)
n=0 | k=0,k#n i
Holder’s inequality applied to E [@3 (.. )} then guarantees the existence of some
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value K < oo such that

E(P(.)]=0nm ") (7.35)

and thus
E (B*) = O (h™"*) (7.36)

Combining all the results since equation ([7.20)),

0P\ s
E (Aae> =0 (h %) (7.37)

and from ([7.16)) and (7.18]), we finally get for all p > 0

~\ 2 ~\ 2
op op
il — ; il j2 ]
E <A60> E|1p (A%) + O (h?) (7.38)

This means extreme paths only have a negligible contribution to the global variance

and we can now focus solely on the analysis of the variance for non-extreme paths.

Contribution of non-extreme paths

Using the previous results, we write as in ([7.20]) that for all p > 0,

~\ 2
E (Q;;) <E((4]+|B]))
NE<1EC(|A|+]IBB|)2)+O(hp)
~E (1gA?) + E (15:B?) + O (h?)

We have established that only paths of E€ contribute significantly to the variance:
we now study E (1 ECAQ) and E (1 ECIB%Q). In the following computations, we restrict
our study to non-extreme paths as defined by lemma for some v > 0.

E (AQIEC) :  We begin with E (Az) on E° and write

05 Nf 1
N
A=A SN>K 50 H (1 —pp)
'_ ~ fol
_ 05N /
=8 [1svsx 5y IIO <1_p”) (7.40)
Ny—1
8SN
+1S°>K 90 A H (1 —pn)
n=0
= Al + A2
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with

a5y | 55
— _ N o
Al=A|1g 69] HO (1-»f)
S (7.41)
1. N _
A2=1g o tA }_[0 (1—pp)
Note that
E(A21g) ~E ((m)? 1Ec) +E ((A2)2 1EC) (7.42)
Ny—1
We have H (1 —pp) <1, therefore
n=0
o5y 1\

This actually corresponds to the case of the European call, which was dealt with in

chapter @ Therefore we can conclude that there is a certain Ku; such that
E ((A1)2 1 E) —0 (hj:Km) (7.44)

For the study of E ((A2)2 1Ec), we note that

T
A2 < ZZNA 1 —py, 4
< | 1L a=p) (7.45)
By definition of non-extreme paths,
85§,
50 <hy (7.46)

From the analysis of the pricing of barrier options in [GDRI13|, we get
Ny—1
1/2—5
AT a-pa)| =0 (h/ ”) (7.47)

n=0

Therefore there is some Ka9 < oo such that
E ((A2)2 1 E) —0 (h}—Km) (7.48)
Finally putting things together, we get from (|7.42])

E (4215:) = 0 (h7"%7) 4 0 (nj75)

=0 (ny ") (7.49)
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E (]B%21Ec) :  We then study E (B2) on E°. We write

R +Nf71 Ny—1 o
B=A (SN—K) Z H (1—])10%
n=0 |k=0k#n
Ny—1 Ny—1

:A[<§N_K>+:| > 11 (1_p£>aap9£ (7.50)

n=0 | k=0,k#n

~ LNy Ny—1 op
+ (SfV—K) nz:% A ko[g#u—pk)ae

= B1 + B2

with

Nj—1 [ Nj—1

Bl::A[(@v—K)TZ 11 (1_p£>f)8lj

n=0 |k=0,k#n

(7.51)
~ LN Np—1 op,
B2i= (S5 - k) > Al ]I (1— ) 2
n=0 k=0,k#n

We define D the set of paths for which the minimum is “close” to B as the set of
paths for which '%1% Sy — B‘ < 2h;/2_6 for some 6 > 3. Using ([7.15)) and (7.39),
we get for all p > 0’

~\ 2
oP
E <A60> ~E (15:A%) + E (15:B%) + O (1))

(7.52)

~E (15:A%) + E (1pB?) + E (1p:B2) + O (1))

We now prove that paths in D¢ have a negligible contribution to the global

variance.

On D€ we have two possible cases:

1/2-6

o If S, . = 1[11111% S; < B — 2hf and tmin € [tn, st +1), We write
07
|80 = Stu | < | St = 5 (i) |+ | S (tin) = St | (7:53)

where the first term corresponds to the evolution of the interpolant (as defined
in lemma [3.4.4) and the second one to the error between the exact solution

and the interpolant at t.,;,. We have

(Wt - anin )

(7.54)

min

3 5 tmin — b (@ -
S5 G () = 20 i (ngmﬂ _ ngm> Tl

Mmin hf Mmin
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We apply the bounds of lemma and get for non-extreme paths

Sf 5 |=0 (hj/ 2‘27) —0 (hj/ 2‘5) (7.55)

Mmin

min

and therefore §£mm < B, the barrier is hit by the fine path and pﬁmin =1,
Ol

00
We also note that max (§7{ — §Z) < h}_y which leads to §fLmin < B, the
barrier is hit by the coarse path.

=0.

Therefore in this first case, B = 0.

o If S ., = fmr]l S; > B+ 2h1/2 0
0,T

1/2—6

min (S,{,sk) > B 20”7 1l > Bt b (7.56)

f

Then we note that with the inequalities of lemma, for non-extreme paths,

(S\’{_ ) (57{“ ) >0 (Zi‘_%) >O(h_2(5 ”) (7.57)

2
bl hy !

and as § —~ > v > 0 we therefore have for all p > 0
o—
=0 (exp ( s ”)) O (k) (7.58)

which we use again with ([7.26]) and the bounds of lemma to write

/\f f . f
871)7{ < pf 2 5f (Sf ) + 2 (Sn ) (Sn+1 ) bn
00 bf2h n+l bIL
2 (8- B) (8, - B)b,'
+ 5n+1 (Sf >_|_ < ) (bf )
o [ [ . 2hh;Ciny”
2h R TCLR
+ h;’yh;y—i- ! f 1 f
€
=0 (=171

(7.59)

Similarly we get p¢ = O (h?) and %pe” = O (h~'""). Noting that
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Ny =0 (ny!

), we can then write for all p > 0

R n Ny—1 Ny—1 8pf
IB1| = A[(SN—K) ] ST (1—p£)8—9”
n=0 | k=0,k#n
Ny—1 f
~ Opn,
< | a8y ] nz% % (7.60)
<0 (m7) o (7)o ()
—o ()
and
Ny—1 Ny—1 9 Ny—1 P
B21<|Sy| > || TT (-#l) 5 |+| II -5k
n=0 | | k=0,k#n k=0,k#n
Ng—l f c
ral apn apn
S‘SN‘Z% | o6 +’ 26 ]
<0 (177) 0 (17" o ()
—o (i)
(7.61)
Thus in this second case B = Bl + B2 = O (h’;) for all p > 0.
The analysis of those two cases finally gives for all p > 0,
E (1p:B%) = O (}) (7.62)
and from ,
op\’ , ,
E <A80> ~E (1EcA ) +E (11)133 ) + O (h?) (763)

E (1pB?) :
min S; — B ' < Qh}/z_é
(0,T]

around B  means a  proportion O (h f

in D.
Asin (7.55)), we have ‘ §£mm — St

1—y
hy

therefore on D,

‘mr;mgrf—B‘:O(h

‘ mgn §7§ - B ‘ =0 (h}p*%)

)

1/2—6

Y ()

1/2—2y
f
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We now analyse E (IB%Q) for paths of D, i.e. non-extreme paths for which

for some § > 3. Assuming 1[%15;][ (St) has a bounded density

) of all paths are

=0 (h}ﬂ*(s) and max (:9\7]: - §Z) <

)

(7.64)



and we define the set R of indices n such that B < S, 5¢, 5/ ,/S\flﬂ < B+ h}/2_37

n~nr ¥n4+1

E (1pB2) ~E (1D (31)2) +E (1D (15%2)2> (7.65)

We first study the contribution of D’s paths to B1. We let

IB1| = |B11]|B12| (7.66)
with
~ +
Bll = A [(SN —K) }
Np1 [ Nyt ; (7.67)
Opn
Bi2=> | [] (1—;%)%
n=0 |k=0k#n
We have
IB11| = ‘A {(§N—K>+] ‘ < ‘A§N‘ :o(h;ﬂ (7.68)

then, we note that (7.59) still holds in general and that for indices in R, we have

2 (5! - B) (8!, - B)b,’
O | 5 2 |5y (8, -B)+ ( ) (St - B)
00 — nb,{izh n n+1 b,].i
g/ gf ~f
Sf (o 2 (S" B B) (S"H B B) on
+30,(80-B) + -
1/2—3v,1/2-3 -
SV P RV ony PR oy
- pn €2hf f f €
2h1/2—3yh1/2—3701h77
+ h;'Yh}/Q*3’Y+ f f6 f
< plIczh PN
(7.69)

for some constant Ky. Then, using a reasoning similar to (7.60) on indices in R,
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for all p > 0,

Ny—1

B2/ <> | ]

neR | k=0,k#n

Ny—1

(=) 2| TT (o) 2

n€RC | k=0,k#n

v o1,
<> A1 [(v=ol) 5 |+ 0 (1)
neR k=0,k#n
Ny—1
o5 11 [ o 1)

where the last inequality comes directly from (7.69). Then we use

Ny—1 Np-1
> I (r-#l)pl< H (@=ph)+pl)=1
n  k=0,k#n
to derive
Np—1
—1/2—4 f
B12| < K7k, ST T (1—pk>p£+o(h§>
nER k=0,k#n
—-0 (h—1/2 47)
Therefore,
E (1pB1?) = E (1pB11°B12%)

E
=E (B11°B12%|D) P (D)

<0 (h‘j’f“) 0 (h;“SW) o) (hj/ 2‘5)

=0

We then study the contribution of D’s paths to B2. We let

|B2| = |B21||B22]|
with

B21 = <§§V - K>+

Nj—1 Ny—1 8
Pn
B22 = A (1—-p
> I G-m7y
n=0 k=0,k#n

We are always dealing with non-extreme paths, thus we directly get
_ -y
IB21| = O (h ; )
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(7.71)

(7.72)

(7.73)

(7.74)

(7.75)

(7.76)



The analysis of | B22] is slightly more intricate. Reasoning as before, we have for all

p>0

[N;—1 N1 8_ Ni—1 Nj-1 8

B2 <A Y [ a-wm) p” Al I a—po) 22
n=0 k=0,k#n nOkOk;ﬁn
L n€ER _ €R°
[N;—1 N1 9 ]

D »
<A Z H (1—pr) -0 +O(hf>
n=0 k=0,k#n
L n€ER A
(7.77)

c f c
We let pn(z) _ p% 42 (pfl _p%> , 8pn(z) _ 8pn 5 (6}% apn) and f(Z) _

a0 00 00 00
Ny—1 | Ny—1
Opn(z
Z H (1 —pk(2)) paé ) . Then
n=0 k=0
neR k#n

Nj—1Np—1

Opn
B22 = A Z H (1 —px) p +O(hfc>
= ;:#0
" (7.78)
_ p
=) f +0 (1)
<1-sup |=—|+O(hK
z€[0,1] < >
where for z € [0,1]
af _ apl apn 52pn
LTl (I 0w %) To-mik
7711=}% | {#n \k#n,l k#n
R (7.79)
Opn Opn,
= > H—(l—pk)Apz% —i—H(l—pk)A%
n=0 | l#n \k#n,l k#n
neR -
We recall that on R, 8 9 < Kﬁh 1/2 py, for some constant Kg.
Therefore,
of < Kq h—1/2 A A9
%2 S I a=winlpn ) + T (0-p) | A2
n 0 l#n \k#n,l k#n
(7.80)
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Then if we let

pn = exp (Xy,) (7.81)
with
o _ “USL-B)Y (ST, - B
' (b0)? hy (7.82)
X© — _2(3\701 - B)+(§7CL+1/2 - B)+
" (b,)% oy

it can be shown as in the analysis of the pricing of barrier options in [GDR13] that

‘X,{ — Xg| < Keh}/PT (7.83)

for some constant Kg. We can then write

| Apn | = | Pl — b, | = p5y | exp (XS—XZ) —1‘ < ppln
_ (7.84)
| Apa | = |ph =P | =Pl |1 —exp (XZ—XE) ‘ < phA,
where
A} = exp (th}/Q_47 — 1)
~ B (7.85)
Ah =1- exp <—K8h}/2 4’Y>
and as hy — 0, we have via a Taylor expansion
1/2—4y
B th{ P (7.86)
Ap ~ Kshy
Therefore there is some constant Kg such that
¥ 1/2—4~
Al S pnftoly P (7.87)
| App, | < pfnghf
and for z € [0, 1],
| Apn(2) | < pa(2) Koh> ™" (7.88)
Using the same notation,
Op 0X 0X¢
A f n 2 Ap,
’ 20 | =P |59 +'ae | Aal
7.89
A | | \OXn 8X£’A’ (7.89)
20 | == 00 a0 |'=Pn
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0X,

_ 0X, _1/o—
as before, we can show that on R, AW =0 (hf 77) and 90 O (hf 1/2 4”).
Then, using equation ((7.88)), we get
AP | < po(2) Knoh > (7.90)

We use this in (7.80) and letting K;; = max (Ko, K1), we get

af _ _
’ & ‘ S K6hf1/2K11h}/2 4y Z Z H (1 _pk)plp’n + H (1 _pk)pn

77116:1% l#n \k#n,l k#n
< Ko Knh; ) {Z ( IIa pk)pzpn) +][ @ pk)pn]
25}% l#n \ k#n,l k#n
(7.91)
and using the same idea as in ((7.71)),
ST O=pe)mipn | + ] (1 =pr) pn
n l#n \ k#n,l k#n (7 92)
Ny—1 ’
< II (a-wh+pf) =1
k=0
and
of —4
— | < Kg K11h,™ 7.93
‘ EP ‘ >~ e N1 f ( )
from ([7.78]), we thus get
of —4
B22| < sup | = +O<hp> :O(h 7) 7.94
’ ‘ z€[0,1] 0z f ! ( )
Putting things together, we get from (|7.74))
IB2| =0 <h;57) (7.95)

and we can write
E (1pB2%) = E (B2%|D) P (D)
<O (hjleV) 6] (h}/%é) (7.96)
-0 <h1/2—107—6)
f
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Finally from the previous equation, ((7.65) and (7.73]), we get as in (7.65))

E(1pB%) ~ 0 (b)) + 0 (n*07) ~o (n/*707°)  (707)

and using it with ([7.63)) and ([7.49))

~\ 2
oP
E (Aag> ~E (15:4%) + E (1pB%) + 0 ()

-0 (@—Km) L0 (h}/2—107—5) Lo <h§> (7.98)

_ 1/2—10v—6
=0 (1 )
This means we have f = 1/2 —7 for 7 > 0 as small as we want.

7.2.2 Order of convergence «

The analysis of « is very similar to the analysis of 8. As in previous chapters,

oP;  OP.
we analyse the convergence speed of E <89f — 86 7 ) With the same notation as
before,
dP;  OP.
E(f)ﬁ_ 89>~E(A)+E(B) (7.99)

Contribution of extreme paths

As before, we can write
opP op opP
E (Aae> =K (1E°Aae> +E <1EA80> (7.100)

E(1g) = O (hP) (7.101)

As before

~\ 2
oP
and using Holder’s inequality we show it is sufficient to prove that E (A )

0
does not explode “too quickly” as h — 0 to conclude that extreme paths have a
oP
negligible contribution to E AE)G) .

We note that E <A8ﬁ>2 ~E (| A \2) +E (\ B \2) and study E (| A \2) and

E(;BP). ”

As before we can prove there exists some constant GA < oo such that

E (\ A |2) <Oy (7.102)
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As before we can also prove the existence of some Kp < oo such that

E (B%) =0 (h ™) (7.103)
Combining the previous results,
0P\ -
il — —Kg
E (A ae) 0 (h ) (7.104)
and as before we finally get for all p > 0
oP oP
E|lA— | =E |1 A— p 1
( 89) (E 89>+O(h) (7.105)

This means extreme paths only have a negligible contribution and we can now focus

solely on the analysis of the variance for non-extreme paths.

Contribution of non-extreme paths

Using the previous results, we write as before that for all p > 0,

E (A?Z) =E(1gcA) +E(1gB) + O (h?) (7.106)

We now study E (1gc A) and E (1gcB), that is we now restrict our study to non-
extreme paths only. With a slight abuse of notation, we write E(...) instead of

E (...|E°) when no ambiguity arises.

E(1gcA) : We study E (A) on E°. We recall

o5y | Vo
— _ N _
Al=A|1g S ] EO (1-»f)
25 N1 (7.107)
1 N _
A2:i=1g e tA }_[0 (1—pn)
and
E(1gcA) =E (1g<Al) + E (15A2) (7.108)
As before, we can show there is a certain K A1 such that
_ 1=Ky
E(1gc Al) = O (hf ) (7.109)
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For E (1 A2), note that

S
A2 < ZENA 1—pn 11
< = r:[o (1= pn) (7.110)
and there is some K A2 < 0o such that
E(1peA2) = O (h}/Q‘KM) (7.111)

Finally putting things together, we get

E(1gA) =0 <h}—f~%w) L0 <h1/2—f<m>

-0 <h}/2*ffmv) ' (7.112)

E(B1ge) : We then study E (B) on E°. We recall
B := Bl + B2 (7.113)

with

Bl := A [(E*N = Kﬂ Nil le‘[l (1-2) %Pj
n=0 | k=0,k#n
Ny—1 Ny—1

B2 .= <§fV—K)+ Y al ] (1—pk)a;:
n=0 k=0,k#n

(7.114)

We use again D, the set of paths for which the minimum is “close” to B as the

minS; — B| < Zh}/%é for some § > 3v. Using (|7.15)) and

(7.39), as in (7.52]), we get for all p > 0

set of paths for which

oP P
E (Ac‘w) ~E(1pA)+E(1pB) + 0 (hf) (7.115)

~E(1gA)+E(1pB) +E(1pB) + O (hz}>

As before, we prove that paths in D¢ have a negligible contribution to the global
expectation.

On D€, we have two possibile cases:

o If Sy . = 1{(11%1 Sy < B— 2ij/2_(s and tmin € [t tnm+1], We have as before
07
~ O
that S{;mm < B, the barrier is hit by the fine path and pﬁmin =1, a‘;““ = 0.

Similarly we also get that S’\flmm < B, the barrier is hit by the coarse path.
Therefore B = 0.
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1/2—6

o IfS; . = I[ng]l Sy > B+ 2hf we have as before that for all p > 0,
07
P, = O (W)
’ (7.116)
% =0 (hp—1—4’7)
00
and
pp = O (h?)
c 7117
8pn =0 (hp7174'y) ( )
00
Then we conclude that
IBl|=0 (h§‘1‘57)
- (7.118)
_ p—2—5v
IB2| =0 (h ’ )
Thus in this case B =Bl + B2 = O (h?;) for all p > 0.
The analysis of those two cases finally gives for all p > 0,
E(1p:B) = O (h?) (7.119)
and from ([7.52)),
oP

E(1pB) : We now analyse E(B) for paths of D, i.e. non-extreme paths for
which ‘ min S; — B ‘ < Qh}/%g for some & > 3.
[0.,T]

As in (7:65),
E(1pB) ~E(1pB1) + E(1p B2) (7.121)

We first study the contribution of D’s paths to B1. As before we write
|B1| = |B11]||B12| (7.122)
and use the fact established earlier that on D,
IB11| = ‘A [(§N—K)+] ‘ < ‘A§N‘ :0(@:7) (7.123)
and

IB12| = O (h;l/z“”) (7.124)
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thus

E(1pBl) = E (1p B11B12)
— E(B11B12|D) P (D)
1- “1/2-4 1/2-6 (7.125)
gO(hf 7)o(hf 7)o(hf )

o 1-5v—4
=0 (n7)
We then study the contribution of D’s paths to B2. We write as before
|B2| = |B21||B22]| (7.126)
and as before we have on D that

IB21| = O <h]77> (7.127)

|B22| =0 (h;‘”) (7.128)

Putting things together, we get as before
IB2| =0 (h;’”) (7.129)
and we can write
E(1pB2) =E (B2|D)P (D)

<0 (hf”) o) (h}ﬂ_é) (7.130)
-0 (h}/275'yf6)

Finally we get
1—5v—6 1/2-5y—6 1/2—5y—6
E(1pB) = O (hf v ) +0 (h/ v ) ~0 (h/ v ) (7.131)
and plugging all the results into ([7.120)),

E (Aap) ~E(1gA) +E(1pB) + O (h’})

99 (7.132)
—0 (hj/ 2‘@2”) ) (hj/ 2‘5”“5) ) (h?f’)

This means there is a constant K, such that we have o = 1/2 — K 5 for any 7 > 0.

7.3 Conclusion

We have proved 8 = (1/2 —-7) , a = (1/2 — K, 7) for 7 as small as we want.
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We can summarise the results of this chapter as follows:

Theorem 7.3.1. Let us consider a barrier option on an underlying asset Sy. We
assume that the underlying asset’s price Sy follows an Ito process as described by
equation (L.2), that the coefficients of the diffusion a(S,t) and b(S,t) satisfy con-
ditions Al to A4 of theorem [3.4.5 and that there exists a constant € > 0 such that
b(S,t) > e.

Our multilevel estimators of the Greeks of Barrier call options (see section@)

have an accuracy O (€) at a cost O (e7®).

Proof. See above. O
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Chapter 8
Lookback options

We analyse the efficiency of multilevel Monte Carlo for the Greeks of lookback
options. For doing so, we determine analytical bounds for the coefficients o and
of theorem in this setting.

We begin by examining the case of continuously sampled lookback options. We
highlight what makes the corresponding analysis surprisingly difficult compared to
that of other payoffs’ sensitivities and to that of the pricing of the option itself.

While most closed-form expressions available for pricing were historically based
on continuous-time models (see [GSGT79], [CV91], [HK95]), it is important to note
that many (if not most) traded options are based on discrete price fixings. As
explained in [BGK97], [GKBI8] or [Kou(7] the prices of all those options are actually
closely related.

Thus, instead of considering the original problem (continuously sampled mini-
mum) as described in chapter |2 we then analyse the case of lookback options with
a discretely sampled minimum. We begin with the the case where the minimum
is sampled at only two points of the time interval [0,7] and use this analysis to

generalise to the case where the minimum is sampled at any finite number of points.

8.1 Lookback options with continuously sampled mini-

mum

We reuse the notations of section [2.5| and write SJ; = min Sf
tmin k:07"'7Nf_1 ’

+

nin corresponding to the time at which §gc reaches its simulated minimum and

S = min S5 min With £0 ;. corresponding to the time at which Sy reaches
min k=0, Ny/2-1 0

its simulated minimum.

We recall that the analysis of the multilevel pricing of continuously sampled look-

A2
back options (see [GDRI13]) involves the analysis of E (S%—S%)]

2
and E <Stff —Stccr,mn> .

Under the usual assumptions of chapter [3| the strong

166



N2
convergence of the Milstein scheme gives directly E [(5’:’; — S%) } =0 (hQ) and

2
in section 3.5 of [GDR13]|, it is shown that E [(5’5 — Sk > =0 (h2 log hg),

which concludes the analysis.
Now let us consider the Greeks and see how their analysis differs from that of

the pricing.

8.1.1 Analysis of the convergence rate

As usual we start by using
0P’ op° op! P\’
- _ < - _ .
V(@H 89>E (69 89) (8:1)

With the notation introduced above, we have

90 20 — + (8.2)

I . agt o
oPf 0P\ _ | (051 %%, oS5 05
= 96 o0 00 o9

and using the fact that cross-terms cannot determine the order of convergence of

the variance (see section [4.1.1]),

Df De of Jc 2
g (oPT 0P\ _ (g | (25 _98;
o0 00 00 o0

A N 2 (8.3)
+ O E a‘S’l“/frfnin _ 8Stctcnin
00 00

which is reminiscent of the terms involved in the analysis of the pricing.
With the same assumptions as before, the strong convergence properties of the

Milstein scheme guarantee that

of Ge \ 2
(% -28) | o0 84

00 00

057, 93

Now studying E ag‘“ - ag“‘ is less obvious as there is a priori nothing
o8], 08¢

s Ui i . f

linking the values of 8;‘1“ and a;‘m directly when tg;, # t,.,.- Indeed we can
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write

6kgtxcl\'lrl a}S’tgnin 8§tcfnin
o0 T o9 0
olr agtff ) 8Stf )
= 0 o0 +

We can write

gf 2 [ /95! gf of 2
E <8Stiin _ aSt!{]in) _ E astfnin _ 8SKPtf aSKPtf _ 8Stxj;in>

20 o0 20 0 | o0 BT,

~ 27 r ~ ~ ~ 2
[(astc, 255 ) (astc, 085 pre  O85p. 05 ) ]
]E min . min :]E min . min + min _ min

0o 00 00 00 o0 00
(8.6)
and thus
5% a9, \’ 05" o5 ?
E tr{lin _ t{nin _ O E tr{lin _ KP7trfnin
o0 00 N o0 o0

+ O ]E 8*S’I(P’tl{cnin _ a‘Sftfnin
00 00
(8.7)

~ 2
0S;e 0S% p e
— O E tmin _ KP7tmin
00 00
0 05s 1\
+ O ]E Kp’tl?nin _ tlcnin
00 00

Equation (3.82) in lemma and equation (3.79) in theorem then give that

2

E a*Svtfnin a:S(\tccrmn
00 06
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for any <tf tos ) e [0,7)?

E 8%' 5, O ((h;log hy)?
90 00 - (“Ogl))

00 00
Under the usual assumptions, theorem then yields

E (8.8)
0S4e . 0S5 )
E < S :O<(hllogh1))
Therefore
6Sf Jc 2 oS 2
E mln _ aStgﬁn _ O E rfnm _ 8‘S't‘rjnin + O <(h 10 h )2)
a0 a0 - a0 90 Lro8 i

(8.9)

oS o astc 2 7
To study E ‘min _ ~"'min , we assume wlog that ¢ . < to. . We let

Aty = t,. —tC.

min min*

E a‘S'tfnin aS r{nn i tf ﬁ d
20 00 min: fmin 0

2
+

min? mll’l

0S¢

mln

<D|[1+E
S + 20

fixed | Atpin | exp (C'| Atwin |)

(8.10)

where C and D are constants that depend on 7', not on (tc tf

hins mm) As we consider a

finite time interval [0,7], this same theorem also guarantees that

98, |?
E

mln tf f
we have

o0 min’ mln min’

ﬁxed) is bounded uniformly. More precisely for any ¢

2

an 2
o et | < (1450 Yo 01) 81

E ‘ mm

00 00

and
1 <exp(C|Atmin|) <exp(CT) (8.12)

therefore for T fixed, there exists a constant D such that

oS o 8 Stc
E mln min tf
00 00 min> fmin

(8.13)

min
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And finally, using the tower property,

c 2
E a)Svtljrtnin a‘Svtrcnin i _ E ]E 8Stlj;in a}S’tcrcnin tf c
0 0 T Hintiain a0 0 min fmin
< EE ( ZL/fnin tlfnin )
(8.14)
and combining it with and (8.2)), we get
opPl  ope )
—Q — = E[lA min 1 1
(a(, 89> O (| At ) + O (i log )’ (8.15)
057, a5e.
This highlights the fact that the values of 85““ and 8;““ may diverge when

toin 7 tfmin and may contribute significantly to the global variance. The order of

convergence 3 = 1 observed in section [2.5| actually suggests it is the limiting factor.

8.1.2 Experimental behaviour of At,;,

Unfortunately the analysis of the order of convergence of E [| Atmiy || is tricky
and prevents us from concluding the analysis we started. To have a general idea of

how E [| Atmin || behaves, we perform the following simulation: we simulate SI for

n =0,...,Ny and compute the local minimum on each fine time step [t,,t,+1] as
described in section Similarly we compute §fl for n =0,..., Ny and compute
the local minima on the coarse time steps [tok, tagy2] for E=0,...,Nf/2 — 1.

Our method does not enable us to know precisely where tf;in and t7; would be.
Nevertheless, to have a rough idea of the behaviour of E [| Atmin |], we arbitrarily

place tﬁlin in the middle of the fine interval where the global minimum of the fine

path is reached and, similarly, we place t;;, in the middle of the coarse interval
where the global minimum of the coarse path is reached.

Simulations in the Black & Scholes setting as in section [2.5|suggest the following
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convergence rates (see figure [8.1)

E (Atwin) = O (h}?)
E (| Atmin |) = O (1)"°)
E [(Atmin)?] = O (h}0)
E [(Atmin)?] = O (hi2)
E :(Atmm)“: =0 (h"?) (8.16)
E [(Atmin)’] = O (1)
E [(Atwin)®] = O (h}0)
E [(Atmin)] = O (b))
° ( 2 4 g Imlog2(h_l) o 10 12 14
2 -
=4
T 8
E‘-m 1
g-ﬂ 1
¥
-16
-18 -
==4==]0g2(E(abs(Delta t_min))
Figure 8.1: E (| Atmin |), | = 2..10
Finally, using these numerical results in ,
(aa—ifc - 8§‘,> =0 (B(8tn )+ O (iosn?)

-0 (1}")
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This corresponds to what we observed in chapter [2| and suggests the simulation
gives us a reasonable insight into the behaviour of the terms that contribute to the
estimators’ variance.

Our attempted analysis still ends up relying on a numerical simulation and it is
arguable that it does not represent a major improvement over a purely numerical
estimation of 8 as in section Nevertheless, as explained earlier, we can legiti-
mately focus on the related case of discretely sampled lookback options for which

we now provide a complete analysis.

8.2 Analysis of a similar payoff: discretely sampled look-
back option

Discretely sampled lookback options are lookback options where the minimum
of the path is tracked on a fixed set of points T = (Tp,T1,...,Tm—1 = T) and the
payoff is defined as

P=Sr— peoin (St.) (8.18)

For the sake of simplicity, we assume there is a certain level [y such that the points of
T are all located on the multilevel discretisation grids
(to=0,t1 =hy,...,ty, =T) for I > ly, e.g. taking M = N;, + 1 and the uniformly
spaced sampling points T = (0, hyy, 2k, - . ., (N, — 1) by, Nighiy)-

Results in [GKB98] and [Kou07] show that in the Black & Scholes case, the price
of the discretely sampled lookback call converges towards the price of a continuously
sampled lookback call with a small continuity correction term that depends on M.
The price of the discretely sampled option converges towards that of the continuous
one as we increase the sampling frequency, i.e. M — oo.

We now analyse the multilevel Greeks of such options.

8.2.1 Case where M =2

To introduce the methods used for the analysis, we start with the simple case
where M = 2, i.e. the minimum of the path is sampled at only two points in time:

expiry T' and some intermediate time U € [0, T]. The payoff can thus be written as
P = Sp — min (Sy, St) (8.19)

We write with a slight abuse of notation tf;in the point of {U, T} where the fine path
S/ is minimum (respectively ¢ the point of {U, T} where the coarse path S° is

minimum).
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8.2.1.1 Order of convergence [

As in section we write for some parameter 6

f C I f c\ 2
v oP _ oP <E oP B oP
00 00 00 00
r o ~ - 9
< E 857]: _ aS Ifﬂil’] _ as% a tlcnin
- 00 00 00 00
- of Ge \ 2 [ /057 ge ?
— O E aﬁ 85% + O E trfnin astlc;)in
N ol a0 ol a0
(8.20)
As before, the convergence properties of the Milstein scheme give
05, 052 \”
D [ A = O (h? 21
( 06 06 ) 0 (hi) (8.21)
Again, we use the decomposition
057 G\’ 05’ g
]E tr{lin a‘Sftcfnin _ E téin aStlj;in a‘S'téin a*Svt(r:nin a‘S(tfnin 8 gfnin
90 00 B 26 o0 a9 o9 o0
~ 2
O E a‘Sv;ﬁ]}nin a‘Svtrfnin
- 26 o *
O E aSttfnin astfnin ’
20 o0 *

O(E

0Se

min

06

(

(8.22)

Using theorem for the properties of the Milstein scheme and lemma for

the properties of the Brownian Bridge used for the coarse path interpolation,

91

)

B 3§£ . 95 of
a0 00

E 8‘S‘trcnin _ 8Stcﬁ1m
o0 a0

)
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=0 (hf)
(8.23)

~0 <(hl log hl)z)



and thus, as in ,
057 ge
oPl  9P° ) o OS5k
PR — — E min min
V(aa aa> O (h) +0 ( 26 96

=0 ((h, log hl)2> i) (]E

]E 8St£nin aStgqin i 8 25
80 90 (8.25)

Contribution of extreme paths As before, we define the set of extreme paths
E satisfying any of the three conditions of lemma for a certain v < 1/2. We

show those have a negligible contribution to the variance.

We now study

Q=FEUE" (8.26)

Therefore

E 0St{nin aSttcnin ’ . ]E 8Stt];in a‘Svtfnin ’ 1
a0 09 - 0 99 B

(8.27)

Using Holder’s inequality,

8‘S'trj;in a‘Sftl?nin i 1 < E 1 E 8Strj;in akgtfnin ) 8 28
09 09 z| < VE[] 00 09 (8.28)

lemma [3.4.8| and theorem ensure that for all p > 0,

E

El1el = 0 (i)
E aStfﬂiﬂ 8‘S’txcnin ! -0 (1) (829)
00 00 -

and thus for all p > 0,

E 8‘S(tﬁlin astfnin ’ 1
00 00 B

~0 (hg’) 0(1)=0 (hf) (8.30)
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that is, extreme paths have a negligible contribution and we can focus on the con-

tribution of non-extreme paths:

08,y 95 \2 08,y 95 \2 N
IE( min _ tmim) :IE< i T min ) q +O<hf) (8.31)

00 00 00 00

In the coming sections, the analysis is therefore restricted to non-extreme paths. Ex-
cept when specified otherwised, it is always assumed that we are working exclusively
within E°.

Contribution of paths for which tf;in = trin Now we define D, the set of
non-extreme paths such that t{nin = {0, and D€ its complementary. On D, we
have ) )
<8Stfmn . 8Strcnin> _ (astrj;m - aStrfﬂin> -0 (8 32)
00 00 00 00 '

We can thus write

8Stf. O0Sie . ’ aStf. 0Sie . ?
]E min _ min 1EC — ]E min _ min ch

o0 00 00 o0
E astﬁnn a‘Svtgﬂin ’ 1 8 33
+ 0 o0 p| (833
— aStIJ;m 8‘S'f'rcnln ’ 1
- 20 06 be

This means the only significant contribution comes from non-extreme paths for which

tf;in £ t¢ ... Using Holder’s inequality again, we get

min-*

1 1
where p,q > 1 are such that — + — = 1. Note we can let p > ocoand g — 1.
P q

We note that E [1pe] = P ((t{n A tglm) n Ec), In the case M = 2, (t{mn £ e )

min

corresponds to

(t{mn = UNts, = T) U (tf

min

— TN, = U) (8.35)

that is
(3 <80)n (35 < 8)) o (£ <) n (S < &) 30
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thus

E[lp] =P ((55 < §gﬁ> N (§T < §5) mEC>

. N . 7 (8.37)
+P (85 < 8)n (S <55)nE)
We now study P <<§(J} < §{~) N (é\% < §[C]) N EC), i.e. the case t{nin = U. We use
the properties of non-extreme paths:
S <S5 +h T -
Sg < S +n (5:3%)
U ="*u l
and get
Sl <81 <85+h 7 <8+h <S5 +2n (8.39)

This means that for non-extreme paths, §% € [3’5,3\5 + 2hl177} and thus Sp €

[SU - 2hl177, Sy + 4h}77] . Summing up previous results, this means that for paths
in E°,
(tfnin =U Nty = T) = 51 € [SU —2n'77, Sy + 4h}ﬂ (8.40)

Note that for some event X,

P(XNE®) =P(X|E)P(E)
=P(X|E°) (1-0 (h})) (8.41)

Therefore, we can write

P (thin = U Nt = TOE*) <P (thy, = U Nt = TIEY)

in min

(
EST € [Su - 2m'77, 5y + an ] |E7) o

Sr € [Su = 2017, 5y +4n 7 N E°)

As before, the ellipticity condition (see section [3.3.3)) ensures that the SDE’s solution
has a smooth and bounded transition probability density function pg,_g, between
U and T. Therefore it is uniformly bounded on the intervals [—2 h}_7,4h}_7]
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as h;y — 0 and

4hy Y
1—y I=—y )
P(Sre |Su—2h" Sy +4n]) = / Psr—sy, (S)dS
_opl—7
o (8.43)
< -
<6 hl [_2 hllrfl%i{hll_,y] (pST*SU (S))
-0(n7)
Therefore
P((Sh<8f)n (S <Sg)nEc)=0(n ) (8.44)
Similarly, in the case t{nin =T, we show that
B (55 < 5) (85 < 35) n ) =0 (W) .19
and
_ I—y
E[1p] = O (hl ) (8.46)
Equation ({8.34])) becomes
E aStrj;in a‘S'tfmin ’ 1
00 0 b
(8.47)
98, s 08 \7* v 1y
< ]:E min min 1 c h q
= 96 90 pe| O ( l )
8Stf ) 8Stc . 2]’ 1/p
We now analyse E min min 1 . If the path is extreme, then
00 00
2p
aS’tr];in 8Stxc'nin 1 _ 0 8 48
0 09 B (8.48)
If the path is non-extreme, then
08 98 \* 05, A
tmin _ t?ﬂin 1 e < tmin + trcnin
( 90 90 ) Be = ( 90 ‘ 90 ) (8.49)
< 4phl—2p’7
finally
E aStf, 0Sie 2 1 w 4h—2'y 8.50
min _ min c < .
a0 a0 g = (8:50)
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Equation ([8.34)) is then

(8.51)
1y
From (8:33), (§31) and (§21).
f c oS f 0S;c 2
V aP _ aP — O E tmin _ tmin
00 00 00 00 (8.52)

1=y
-0 <hl a h)
-5

1
As ¢ — 17, = — 1—+, therefore for any v > 0, we can pick q(v) > 1 sufficiently
q
L—v
q(7)

1 1
that ﬁ + ﬁ = 1. With this pair p(v), ¢(7), equation (8.52)) becomes
p\y q\y

close to 1 such that 1 —4v < 27. Then we take the corresponding p(7y) such

opl opc\ -y
V(ae— ae)‘O(hl ) (8.53)

We have proved that 5 = (1 —7) for ¥ as small as we want.

8.2.1.2 Order of convergence «

The analysis of the weak convergence is very similar to that of the strong con-

vergence. We write for some parameter 6

min

0 o0 00 09

<an _apc)_E o8f 9% 9% 0S;

00 00
- R (8.54)
N . f ~
= ]E % _ BS% a‘S’tll;in _ 8‘S'txenin
00 00 00 00

Under the usual assumptions, the weak convergence properties of the Milstein scheme
give
aSy.  95s.

00 00

=0 (Iy) (8.55)
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We now study

min min

aStlj;in a‘Swt?nin + 8‘S‘trcnin a:g\tcﬁun

o8l 95 (087, as,
26 o8 o9 o9 o8

min

_agt];, &S’tf ]
— E min _|_

00 00
8‘S'tIfnm 8‘Sthcnin +
00 00

Under the usual conditions,

and thus

orPl  opc

= O (hylogh;) + O (E

We now study
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Contribution of extreme paths Again we can check extreme paths have only

a negligible contribution to the global expectation: for all p > 0,

95y OSpe 05— OSpe.
E min _ min S ]E min _ min lEC
o0 00 00 00
E 8St£m 8}S’tfnin 1
* 2 o8 )~
astf_ aStC .
< ]E min _ min lEC
00 00 (8.60)
E 1 E 8‘S’trfnin 8Strcnin i
+VE[Lg] 29 o0
0S8,y 98, e
! te .
< ]E min min 1 c p 1
< ( 20 20 ) E +O(hl)0()
Contribution of paths for which t{nin =t As before we can write

E 8Styj;in a‘S'tfmin 1 _ E 8St£nin 8S’trcnin 1 8 6].
20 00 By 90 00 be (8.61)

We thus focus on non-extreme paths for which t = t¢ ... Using Holder’s inequality,

min min*

]E 8‘Syfrfnin 8Stlcnil’l 1
a0 a0 )"
8.62
28 as. |11V Vg (562
< E min min 1 c E 1 c
= 0 a0 F [1pe]
1 1
where p,q > 1 are such that — + — = 1.
P q
From (8.46), E [1pc] = O (hll77> and the previous equation becomes
E 8‘S’trfnin 8‘Strcnin 1 1
0 a0 ) TP
8.63
oS ; 6Stc P 1/p - ( )
< E min min 1 e O h q
= 90 90 b ( ! )
As before, we note that for both extreme and non-extreme paths,
o X
tf t _
min min | ] pe < 2P PY 8.64
‘ a0 N (8.64)
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finally

dS.; 89S, |P 1/p
tf te . _
E || —mn i | g | < o .
a0 o0 | " ] =2 (8.65)
Equation (8.63)) is then
E Oy, _ 05, 1pc1 o(n+" 8.66
o0 o0 )PP T\ (8.66)
From (8.58), (8.60) and (8.61)),
g (OP1 0P\ _ () (8.67)
00 00 ) ! '
1
As before, we can pick ¢(y) > 1 such that 1 — 3y < (7; — . and then p(v) such
a\y
1 1
that — + —— = 1. With this pair p(v), ¢(7), equation (8.67) becomes
() a(y)
oprf  opc -3+
_ — 8.68
E( 00 00 > 0 (hl ) (8.68)

We have proved that o = (1 — 7) for 7 as small as we want.

8.2.2 Case where M > 2

The analysis of the more realistic case where the number of sample points M is

larger (M > 2) is extremely similar to the case M = 2.

8.2.2.1 Order of convergence [

As before we obtain

f c 98, 88 \
v (E)P _oF ) ~0 ((h, loghl)2> 1O |E ( fmin_ tmin) (8.69)

00 00 00 00

As in (8.33)) and (8.34), we can write

E a‘S(tl{cnin a‘S’trcnin i E 8‘S(t{lnin a‘S’trcnin i 1
00  0f 20  0f be

2 1/p
Sy 98 \7 Ve
< E min min ]-Ec E I:]-DC]

(8.70)

- 00 00

1 1
where p,q > 1 are such that — + — = 1.
P q

181



Again we compute
E[1pe] = (( I tmm) N E) (8.71)

Now 72 has M? elements and there are M couples (tf Ay ) such that

min’ “Mmin

t{mn = ¢, therefore there are M? — M possible couples (tﬁlm, tfmn) to consider.
Let us consider one of them: we write tfmn = U and t;;, = V. As before, we get
(( min # tmln) m EC> = Z P (tmln - U m tIchHl — V m EC)
(U#AV)eT? (8.72)

-0 (h}ﬂ)

1777
That is, E [1Dc]1/q =0 (hl e ) and as before we can construct ¢() sufficiently

small such that

E[1p:]" = O (h}‘”) (8.73)

As in (8.48)) and (8.49)), for both extreme and non-extreme paths

08, s dSye
t . t —9
min __ min e < P Py 874
( 20 20 ) Lpe < 4% (8.74)
thus 1y
E 5 t 9S4, v ! 4h; "
mln _ mln c < .
R i (8.75)
and finally
opf ope —2y 1-2y 1—4y
V(ae‘ ae>_0<hl Jo(n™)=o(n™) (8.76)

We have proved that 5 = (1 —7) for 7 as small as we want.

8.2.2.2 Order of convergence «

As before we prove

) 95 98
and
0S5 98, S 98, \ e
E rnm _ min < mm _ min 1 e E 1rec 1/(] 878
< 0 a0 || = 0 a0 o 1] (579
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1 1
where p,q > 1 are such that — 4+ — = 1. Finally, we obtain
P q

E <6(9]Z - 88]:) o (7)o (n) =0 (n ™) (8.79)

We have proved that o = (1 —7) for ¥ as small as we want.

8.3 Conclusion

The analysis of sections and reveals that in the discrete case the order
of convergence is limited by the fact that , the sensitivity of the underlying asset,
can differ significantly between the times at which the fine and the coarse paths reach
their respective minimums. This also corresponds to what the analysis of section
together with the simulation of section [8.1.2] suggest for the continuous case.

We have proved that in the case of discretely sampled lookback options,
a=1—5and f =1—7 for ¥ > 0 as small as we want. Those rates of con-
vergence are also the ones observed in chapter [2| for continuously sampled lookback
options. Intuitively this is explained by the fact that the price of a discretely sampled
lookback option converges towards the price of its continuously sampled equivalent
when the number of sampling points M is increased.

We can summarise the results we have proved in this chapter as follows:

Theorem 8.3.1. Let us consider a lookback option on an asset S;. We assume that
this underlying asset’s price follows an Ito process as described by equation ,
that the coefficients of the diffusion a(S,t) and b(S,t) satisfy conditions Al to A4
of theorem and that there exists a constant € > 0 such that b(S,t) > e.
Multilevel pathwise sensitivities estimators of the Greeks of discretely sampled

lookback options have an accuracy O (€) at a cost O (672 (log 6)2>.

Proof. See above. O
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Chapter 9

Conclusion and future work

Option prices’ sensitivities, the Greeks, are indicators of financial risk. Their
estimation is an important problem in mathematical finance. A commonly used
method is Monte Carlo simulations. However, obtaining accurate estimates of those
sensitivities can be computationally costly, much more so than simply estimating
option prices. The computational cost of obtaining a sensitivity with an accuracy
of € is at best of order O (6_3) and for most options it is even higher. Efficient
algorithms enabling faster computations therefore become crucial in this setting.

Multilevel techniques provide computational savings in various settings, notably
for option pricing. Nevertheless such methods have never been used for the com-
putation of Greeks. In this thesis we tried to answer the following questions: can
multilevel Monte Carlo techniques be applied to this problem? If so, how should we
use them to obtain computationally efficient estimators of the sensitivities? Finally
what complexity improvements can be achieved using these methods?

Here we summarise the results we obtained and later we will describe new ques-

tions arising from this work, new directions for future research.

9.1 Summary

Introduction - chapter

We first described the setting in which we are working. We then presented
existing Monte Carlo techniques used for pricing . We also recalled other Monte
Carlo techniques (pathwise sensitivities, Likelihood Ratio Method, Vibrato Monte
Carlo) for estimating the Greeks, i.e. their sensitivities and the basic principles of
multilevel Monte Carlo pricing.

Then we explained how we would combine those ideas in the following chapters:
we would use them as building blocks for techniques intended to efficiently evaluate
Greeks.
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Algorithms and simulations - chapter

Here we first explained in detail the implementation of the ideas mentioned in
chapter [1| for various option types. We then ran simulations to verify the valid-
ity of our algorithms. This would also provide a better insight into the potential
computational savings offered by those new multilevel estimators.

As a preliminary step we gave details about how to read the experimental con-
vergence rates from our simulations. We also explained how to use those readings
with the complexity theorem of chapter[l|to numerically estimate the computational
cost of our algorithms.

We first dealt with simple European options with regular payoffs for which we
could use pathwise sensitivities.

However, using multilevel techniques efficiently for other option types proved
more tricky: digital options required a special treatment to take into account the
payoff’s discontinuity and permit the use of pathwise sensitivities. This lead to
the so-called conditional expectation technique which can also help achieve higher
convergence rates for non-smooth Lipschitz options; we also showed how Vibrato
Monte Carlo or the path splitting technique could be used as an alternative to the
conditional expectation technique in a multilevel setting.

While Asian options can be easily dealt with using multilevel pathwise sensitivi-
ties, other exotic options like barrier or lookback options require more attention. In
those cases, obtaining maximum computational savings from multilevel ideas could
prove particularly tricky. We needed to take into account the behaviour of the path
between discretisation times to simulate local minima or to estimate their likelihood

of crossing the barrier within each time step.

Preliminary theoretical results - chapter

In chapter [2| we obtained experimental evidence of the validity of our approach.
We now needed to rigorously prove that it resulted in asymptotically unbiased es-
timators of the Greeks. We also had to confirm the computational benefits they
offered. This would involve a detailed analysis of each estimator, which we would
perform in chapters[d]to[8] Beforehand in chapter [3|we established several important
theoretical results.

We first proved that under certain assumptions, the stochastic differential equa-
tion followed by an asset and its sensitivities did indeed correspond to the equation
obtained by naively differentiating the asset value’s evolution equation. This enabled
us to prove the validity of the discretisation scheme used in chapter [2}

We then came up with practical conditions ensuring that the pathwise sensitivi-
ties technique was applicable when working with the exact solution of an It6 process.
We proved that this method was also applicable when working with discretised so-

lutions of the process and that the sensitivities of the payoff estimators did result in
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estimators of the Greeks with a vanishing bias.

We then provided conditions on the process’s volatility ensuring that its tran-
sition probabilities are well-behaved (smooth, bounded). Those conditions may be
slightly restrictive but contribute to having a cleaner analysis.

We finally introduced various path approximations that are used in following
chapters and established their properties by recalling essential theorems about the

moments of SDE solutions and about the so-called extreme-path analysis.

Detailed analysis of multilevel Greeks estimators - chapters [4f to

As explained earlier, chapters [4] to [§] consist of a detailed analysis of the con-

vergence and computational complexity of the multilevel algorithms suggested in
chapter

Chapter 4] - Multilevel pathwise sensitivities for European options. In
chapter [4| we provided an analytical proof for the convergence rates/computational
complexities observed in chapter [2] in the case of European options with Lipschitz
payoffs. To introduce essential ideas of the analysis and its basic outline, we began
with the simple case of options with smooth payoffs and proved that the computa-
tional complexity using multilevel Monte Carlo was reduced to O (672) instead of
O (¢7?) with standard (single level) Monte Carlo.

We then adapted this analysis to the case of non-smooth payoffs; this analysis
revealed that we had to consider the respective contributions of paths arriving near
the payoff’s kinks and of all other paths, which involved the use of the extreme-
path analysis. The kinks reduce the convergence speed of multilevel estimators and
therefore limit the complexity to O (6_2 (log 6)2).

Chapter |5 - Multilevel pathwise sensitivities and conditional expecta-
tions technique. Chapter [5|dealt with the joint use of pathwise sensitivities and
the conditional expectation technique. While the technique was initially introduced
to extend the use of pathwise sensitivities to discontinuous payoffs (it enables the
computation of the Greeks of options with discontinuous payoffs with a complexity
(0] (6_3)), it is also useful in the case of non-smooth Lipschitz payoffs and improves
the computational savings obtained with multilevel Monte Carlo. We indeed ob-
tained complexities of O (6_2) for the European call instead of O (6_2 (log e)2> for

simple pathwise sensitivities as explained in chapter

Chapter [6] - Asian options. We analysed Asian options in chapter [f} While
this case a priori required the analysis of the paths and their discretisations on the
whole time interval considered and therefore required the use of stronger results

than previous chapters, a minor change of the fundamental ”extreme path theorem”
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of chapter [3| made the analysis fairly similar to that of European options with non-

smooth Lipschitz payoffs. We obtained a complexity O <€72 (log e)2>.

Chapter [7] - Barrier options. Chapter [7] provided an analysis of our multilevel
estimator for barrier options’ sensitivities. As the payoff depends on the path’s entire
trajectory and more specifically on its minimum, only considering its values at the
discretisation times was insufficient and we computed the likelihood that the path’s
approximation (Milstein discretisation with Brownian bridge interpolation within

each time step) reached the barrier. This resulted in a complexity O (673).

Chapter [8 - Lookback options. Finally, we devoted chapter [§ to lookback op-
tions. We showed that the analysis of the (mostly academic) case of
continuously sampled lookback options was made particularly difficult by the fact
that the fine and coarse paths used by our estimators didn’t necessarily reach their
minima at the same time. Noting that the prices of discretely sampled lookback
options converge towards the prices of equivalent continuously sampled lookback
options when the sampling frequency increases, we could get around the problem
by studying the former. The results obtained for discretely sampled options were
consistent with what we expected from continuously sampled options and we proved

that the complexity of the multilevel Greeks estimator was O <e_2 (log e)2>.

9.2 Future work

We answered our initial questions. We have shown that multilevel Monte Carlo
techniques could be used for the estimation of Greeks. We have proved it did provide
significant complexity improvements over standard Monte Carlo.

Our analysis also left some questions open for future research. How can we
rigorously analyse the choice of the optimal number of final samples for split pathwise
sensitivities? How can we analyse the multilevel Vibrato Monte Carlo method? Once
again how would we choose the optimal number of samples for the final time step?

This research also raised new questions which would have to be investigated in
the future. In [Xialll], Giles and Xia investigate techniques for option pricing using
multilevel Monte Carlo with jump processes. How would we adapt the methods
we presented to work in the context of jump processes? As explained for example
in [CGO7], |[FLLT99b], [Ben03|] or [GKHO3] , the use of Malliavin calculus provides
interesting hybrid estimators of Greeks. How could we use our ideas in conjunction

with Malliavin techniques for an efficient computation of Greeks?
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Appendix A

Numerical verification methods

In this appendix, we present some useful techniques that can be used to vali-
date our code and check the correctness of our computations of multilevel Greeks.
The techniques related to the numerical evaluation of the derivatives of functions
defined by a computer program are collectively known as algorithmic differentiation
or automatic differentiation techniques.

To illustrate the ideas, let’s consider some function f specified by some computer
code function that takes some real inputs: input = (i1, ..., i) and returns the real

outputs: output = (o1, ...,on). Using MATLAB’s notation,

1|/input=[il,...,1iM];
2 ||output=[ol,..., oNJ];
3||output=function(il,...,iM);

A.1 Finite difference

A naive technique to evaluate the sensitivity of some code’s outputs with respect

to its inputs is to use finite differences, also known as variable “bumping”.

A.1.1 Principle

The idea is simply to “bump” by a small amount € the k-th input. Indeed,
assuming f is sufficiently differentiable, we can write the Taylor expansion:
Of (ceyin, ) }62 Of(.yig,...)

f(7zk + €, ) = f(,?,k, ) +e ———"—r+

; +... (A1l
8zk 2 82% ( )

The k-th sensitivity can then be simply evaluated with an accuracy O (€) via the

forward difference scheme

Qoutput  f(oyip + € ..) = foryig, )
i €

(A.2)

that is, we compute
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1|loutput=function(il,...,ik,..., iM);
2||output_p=function(il,...,ik+eps,...,1iM);
and then,

doutput

7,1) ~ (output_p-output)/eps

8Zk

Alternatively, a more accurate stencil known as a “central difference” uses
1||output_m=function(il,...,ik-eps/2,..., iM);
2 ||output_p=function(il,...,ik+eps/2,...,1iM);

The k-th sensitivity is then evaluated as

Aoutput
iy

There is a rich literature on finite difference schemes. More details on the basic tech-

~ (output_p-output_m)/eps

niques presented here and higher order schemes can be found in [CB80] or [Duf06].

A.1.2 Complexity and limitations

We see that the computation of the Jacobian of f with the forward difference
requires M + 1 simulations and central difference requires 2M simulations. The cost
is proportional to the number of inputs of the function.

The limitations of this method are also well-known and detailed in the litera-
ture (e.g. [CBS80], [BSPSMS&I]). Let’s recall the major issues associated with this

technique.

Floating point arithmetics First, the accuracy of the scheme is clearly deter-
mined by the size of the “bump” €; we should a priori take € as small as possible to
decrease the bias of our estimate. Nevertheless, the limitations of simple and double
precision arithmetic prevent us from doing so. In practice, taking ¢ ~ 10~ %i; or
€ ~ 1075, is safe for single and double precision respectively and results in a small

bias for continuous payoffs.

Discontinuous payoffs and variance explosion When pricing discontinuous
payofls, the variance of the finite difference estimator of the sensitivity explodes as
€ — 0. Considering the example of the digital call with strike K (with a discontinuity
around K), we can write that most samples are away from K and then, f (S +¢€) —
f(S) =0 (e) and for a fraction O (¢) of all samples, f (S +¢€)— f(S) = O (1), which

leads to
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and therefore the variance of the estimator is O (6_1). The choice of € is then the
result of a tradeoff between bias and variance to minimise the estimator’s mean

square error.

A.2 Complex variable “trick”

An alternative to finite differences is the so-called “complex variable trick”, as
presented in [ST98].

A.2.1 Principle

To study the sensitivity with respect to some input, the idea is again to “bump”
it, this time by a pure imaginary number ie (where ¢ € R and
i = v/—1). For analytic functions with real values on the real line, we can write

the beginning of the Taylor expansion

2
flit, oyip i€, oying) = F(i1y ooy ip + i€, oy ing) + ieglf); — 62;?%%: +0 (%) (A4)
Therefore of 1 S )
2], ey U T 1€, o NS
90 ~ Imag p +0 (62) (A.5)

The benefit of this approximation of the sensitivity is that its accuracy is of order
O (62), and also it doesn’t involve a subtraction which would make the estimator

vulnerable to floating point arithmetic errors.

A.2.2 Complexity and limitations

As before, this technique only gives one sensitivity at a time and we need to run
it M times (bumping each input once) to get all sensitivities. The cost of running
what is initially a real function on complex numbers is likely to be close to two times

the cost of a “normal” run with real variables.

Language Another limitation of this technique is that it is obviously better adapted
to programming languages with a native support of complex numbers (e.g. MAT-
LAB). It is still possible to use this idea in other languages, provided we can define
a complex type and the corresponding operations. This approach would actually be
very similar to the idea of algorithmic differentiation via operator overloading (see

[Gri89] or [BHNO2]).

Definition of analytical extensions Some operations are not mathematically
defined for complex numbers or not analytic (e.g. max, min, |, |...). Some languages
(e.g. MATLAB) sometimes define extensions but they rarely behave in the way we

require. We therefore need to define our own analytic extensions.

190



Payoff discontinuities The technique gives accurate estimates of pathwise sensi-
tivities, yet it does not necessarily mean it gives an accurate estimate of the Greeks.

It does so only when pathwise sensitivities are applicable (see section [1.3.1]).
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