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Milsteln discretisation

The Milstein discretisation of the SDE

dS;(t) dt+ZbZ] Wi(t), 0<t<T

IS
Sz',n_|_1 = Sz',n +a; h + Z bz'j AWj’n
J

b ;
T 5 Z aS‘Z b1k (AW] n AWy, n ij h — Ajk,n)
7kl

where € Is the correlation matrix, and the Levy areas are

Ajon = /t W) =W (1)) AW — (Wi(t)—Wi(ta) AW
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Standard Multilevel approach

To estimate [E[P|, where the payoff P= f(S7) can be
approximated by P using 2¢ uniform timesteps, we use

L
E[PL] =E[P] + ) E[P—Pq].
=1

E[P,— P,_,] is estimated using N, simulations with same
W (t) for both P, and P,_4,

?f — Ne_l JEW: (]Se(i)_ﬁeg)
i=1

Because of strong convergence, on finer levels V|P,— P;_4]

IS small and so few paths are reqUIred' Multilevel Monte Carlo — p. 4



Modified Multilevel approach

Sometimes better to use a different approximation for P,
in E[P,— P,_,] and E[P,.,— P]. The decomposition

is still a valid telescoping sum provided E[P/] = E[P¢].
In this work, we use P¢ = f(55) and

Pl =4 (18I + £(5)

where f1 is the fine path, and f2 is an “antithetic twin”.
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Clark & Cameron problem

In their 1980 paper, Clark & Cameron considered the model

problem:
dX = dW;

dY = X dWs

for independent Brownian paths Wy, W5 and X (0)=Y(0)=0.

This can be integrated to give X (¢) = Wy(t) and
V() — / Wa(s) dWa (s

= § /W1 dW2 WQ(S)dWl(S)
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Clark & Cameron problem

If we consider a set of times ¢,, = n h, then we get
Y(tnt1) = Y(ty) + X(tn) AWay + 3AWY ,, AWa y, + 3 A,

where AW, = W;(tp4+1) — W;(t,) and

tn—|—1

A, = t Wi(s) dWa(s) — Wa(s) dWi(s).

This matches exactly the Milstein discretisation — i.e. the
Milstein discretisation is exact for this problem
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Clark & Cameron problem

Summing over n gives

Y(T) = (X(tn) AWoyp + SAW AW, + §A,)

n

Key point of their paper: conditional on AW increments,

> EY(D)|AW] =3 (X(t) AWy + $AWA AWG)

o V[Y(T)|AW] = 4ZV

Hence, any numerical discretisation which uses only
Brownian increments cannot in general achieve better than

O(V/h) strong convergence.
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Clark & Cameron problem

If A,, IS not known, best approximation sets it to zero,
— equivalent to a piecewise linear interpolation of the driving
Brownian path.

N n+1 n+2

Coarse and fine paths use different interpolations
y/—ve=Y) A, = VY/-v=0(n
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Clark & Cameron problem

Fine path “antithetic twin” swaps Brownian increments for
odd and even timesteps — average of two piecewise linear
Brownian paths matches coarse one

N n+1 n+2

AP = Al = (v —ye) = (vl —vo)
Hence %(Y/1+Y/?)=Y*

Multilevel Monte Carlo — p. 10



Clark & Cameron problem

If the payoff function f(X,Y) is twice-differentiable,

% (f(X7 Yfl) + f(Xv Yfz)) o f(Xv Yc) — av 2 (Yfl_Yc)z
— O(h)

Hence, V[P, — P,_1] = O(h?) — much better than before.
If f(X,Y)Is Lipschitz and twice-differentiable except on K,

and (X, Y°) is within O(+/h) of K with probability O(v/h),
then a local analysis gives V[P,— P,_;] = O(h3/?)
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Generalisation

For the general SDE

d9;(t) dt+wa Wi(t), 0<t<T

we define the driving Brownian paths in the same way:

» fine path W/l(t) is piecewise linear interpolation with
Interval h /2

» fine path W/2(t) is “antithetic twin”, swapping odd and
even increments

# coarse path We€(t) is piecewise linear interpolation with
Interval /, and also average of the two fine paths
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Generalisation

AN

If we define differences D) = S/
are both O(v/h), as before.

— 5S¢, then DJ' and D}

However, the average D, = 1 (Df1 1 DfQ) is no longer
zero and instead satisfies a recurrence equation:

The “remainder” R,, has properties

E[R,] = O[r°], V[R,]=O[r’],

and hence we eventually obtain D,, = O(h).
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Generalisation

If the payoff function f(S7) Is twice differentiable then

5 (S84 1(87) = (5°)
N %(ﬁfwﬁf?).w(s%)
+ 1 ((f)fl)THfﬁfl n (f)f?)THff)f?)
= O(h)

2

where H; = % Is the Hessian matrix for f.

Hence, again get V[P, — P,_,] = O(h?), and it becomes
O(h3/2) when £(S) is not twice-differentiable everywhere.
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Conclusions

MCQMC10 presentation gave numerical results
showing effectiveness for Heston stochastic volatility
model

also gave an asymptotic analysis explanation

new numerical analysis supports the observations
and previous explanation

further analysis treats case in which we approximate
the Levy areas by sub-sampling the Brownian path
within each timestep — needed for discontinuous payoffs
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