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Abstract

Using only a simple principle that states that the class of valid systems for statistical
inference should be closed under a certain data-augmentation process and complete in an
obvious sense, we show how Bayesian and other systems of inferences can be generated
in a direct manner from an initial system of point estimators. Using a generalisation of
Gibbs sampling, we construct refinement operators that act on systems of inference to
transform them into preferable systems. Interest then focuses on systems that are fixed
by these operators. In the 1-dimensional setting, we characterise fixed points obtained
from systems of moment estimators, showing that these are Bayesian when the model lies
in the exponential family, with the usual conjugate prior arising as a by-product of the
construction. In other cases, the limiting inferences are pseudo-Bayesian in that param-
eter densities combine a prior with a data-dependent pseudo-likelihood. We also show
that, given sufficiently strong assumptions on the model, the construction, when applied
to an initial system of maximume-likelihood estimators, leads to Bayesian inference with
Hartigan’s maximum likelihood prior as the fixed point, and consider further generalisa-
tions of this. A counter-example is given to show that, for non-regular models, a Bayesian
fixed point may not arise from maximum-likelihood estimation. Inter alia, the results
offer a new perspective on the relationship between Bayesian inference and classical point
estimation whereby the former is generated from the latter without direct reference to the

Bayesian paradigm.



1 Introduction

Let y1, 92,93, ... denote a sequence of independently, identically distributed (i.i.d.) sam-
ples from a density vp(y) with y € # and parameter § € K where #,K C R and, for
n € N let x,, = (y1,...., yn) denote the outcome of an experiment that records the first n

values. A system of inferences is defined as

O ={p,,(0) | ne Nz, € "}

where p,, (6) is a density representing the belief about parameter 6 given the outcome

~

Tp. Systems of point estimators are obtained on setting p,, () = 6(6 — 6(zy,)), where
é(xn) denotes the point estimate of # calculated from data z,. Bayesian systems have
the property that p,, (0) o< 7(0)vg(xy,) for some prior density 7(0). For a given model, we
denote by 2" the collection of all systems of inference. A system of inferences is essentially
the same as the concept of an inversion as defined in Hartigan (1964).

This paper explores a novel, dynamical-systems approach to investigating the structure
of 2" and comparing its constituent systems of inferences. Specifically we use a gener-
alised data-augmentation principle introduced in Gibson et al. (2011), in order to define
mappings, ¥ and ®, called refinement operators in Section 2, from 2 to itself, which
maps a given system of inferences to one which is preferable in a sense which we make
explicit in Section 2. Interest then focuses on the fixed points of these operators. These
have the property of being preferable to all systems in their domain of attraction and,
arguably, attention should be restricted to these fixed points when selecting appropriate
statistical procedures. Moreover, a refinement operator induces a natural structure on 2
by partitioning it into the domains of attraction of the fixed points, with systems lying

in distinct domains being mutually incomparable by our definition of preferability. This

structure provides a means for exploring connections between approaches to inference and



estimation. When the domain of attraction of a Bayesian fixed point contains a system
of point estimators, then a correspondence between Bayesian and classical approaches is
identified.

Connections between classical and Bayesian inference have been sought by identifying
choices of prior distribution for 6, so that the resulting posterior density satisfies certain
classical criteria, at least asymptotically. Examples include reference priors (see Berger
et al. (2009); Bernardo (1979)), which maximise, in the large-sample limit, the expected
Kullback-Leibler (KL) distance between prior and posterior, making the data maximally
informative in a natural sense. Another example is the Jeffreys prior (Jeffreys (1946))
which attempts to assign equal prior probability to intervals of a given level of confidence.
A decision-theoretic approach is taken by Hartigan (Hartigan (2012)) where the notion
of a risk-matching prior for an estimator is described, this being the prior for which the

2 as the given

corresponding posterior Bayes estimator has the same risk to order n~
estimator. Of particular relevance here is the mazimum likelihood prior (Hartigan (1964,
1998)), which is the risk-matching prior corresponding to maximum-likelhood estimation.
When 6 is the canonical parameter in a distribution from the exponential family, the
maximume-likelihood prior is uniform on the parameter space. More generally, for the

1-dimensional models considered in this paper, the maximum-likelihood prior 7(6) for a

model with density vy (y) satisfies

0logm(0) _ a(f)
06 i(0)’

where

Ologvy(Y) 0% log vy(Y
a(@)zE( gaee( ) 5929( ))

and

i(0) =E <_8210§9v29(Y)>



These approaches establish correspondences by constructing an analysis which is Bayesian
from the outset and which matches the classical analysis according to some external
criterion. By contrast, our approach attempts to generate ’internally’ from a system
of point estimators new systems of inference which are invariant under certain data-
augmentation operations. In some cases, namely when the initial estimators are essentially
maximume-likelihood and sufficient regularity holds, the invariant systems generated are
Bayesian and the Bayesian paradigm arises as a consequence, rather than a premise of
the construction. On the other hand our results demonstrate that non-Bayesian invariant
systems can be generated in this way.

In our main result, Theorem 3.2, we characterise, for a broad class of 1-parameter
models, those points fixed by ¥ whose domains of attraction contain a system of moment-
based estimators. These limiting inferences can be considered to be pseudo-Bayesian in
the sense that the ‘posterior’ densities that arise are exhibited as a product of a data-
independent function and data-dependent function, playing the respective roles of a prior
and pseudo-likelihood. In Example 3.5 we give an example to show that that the limiting
inference, when non-Bayesian, may nevertheless approximate a Bayesian analysis of an
experiment in which only the sample mean were observed. For the models in the exponen-
tial family, given an initial system of maximume-likelihood estimators, a Bayesian analysis
using the maximum-likelihood prior arises as the fixed point, with other priors from the
conjugate family arising for other choices of initial estimators.

In Section 5 we explore the generalisations of the main theorem to fixed points of ®
arising from systems of maximum likelihood estimators. An argument is presented that
suggests that the Bayesian analysis with the maximum-likelihood prior should be obtained
as the fixed point given sufficiently strong regularity. Moreover, a counter-example based

on the uniform distribution is included to demonstrate that the Bayesian limit does not



arise in general.

2 Generalised data augmentation, validity and prefer-
ability

Throughout we take the view that the validity of any statistical procedure is a subjective
judgement on the part of the user or observer. In what follows we do not attempt,
therefore, to define validity in absolute terms. When the term wvalid is used, this should
be interpreted as wvalid in the opinion of a given observer. We describe an approach that
draws on the concept of the relative validity of procedures and the related concept of the
preferability of one procedure to another.

In Gibson et al. (2011) a generalised data augmentation principle was proposed and
used to construct, or refine, inferences in the form of posterior-like summaries of belief.
This asserts that the set of all systems of inference for # that are considered valid by a
given observer, should be closed under a data-augmentation operation as described by

Principle 2.1.

Augmentation Principle 2.1. Let
© ={py,(0)|n € N,z,, € "},

denote a valid system of inferences. Then for any n,m € IN, the system O™™ 1is valid,

where ©™™ s obtained from © by replacing p,,, (0) with

pg(cr,i’m)(g) = //pxn(0’)1/9/(xn+m]wn)pxn+m(0)dxn+md0’ (1)

and Vg (Tpym|Tn) denotes the conditional density of xo given x1 for the model with pa-

rameter ' .



Principle 2.1 implies that, if © is valid, then so is @™ but not the converse. This
leads us to define the notion of preferability as follows. We say that © is preferable to ©;
if any observer who considers ©; to be valid also considers O to be valid. If we consider
only observers who accept Principle 2.1 then the principle itself provides a mechanism for
identifying inferences that are preferable to any given system.

Informally, Principle 2.1 states that a valid inference given z,, is obtained by taking
a mixture of valid inferences based on z,1,,, in a manner analogous to Bayesian data
augmentation, where the n samples in x, are augmented by the next m samples in the
sequence. Of course, when O is a Bayesian system of inferences, then © and ©™™ coincide.
Our main interest will be in the application of Principle 2.1 more generally, to transform
(or refine) a system of inferences into a preferable one. This leads to the refinement
operators formulated using Principle 2.1 below.

First note that p;(gi’m) = pg, P, where P is the transition kernel of a Markov chain,
called the generalised data-augmentation chain, on the parameter space, in which updates
to the current state () are generated by first drawing Tntm ~ Vgi) (Tntm|Tn) and then
drawing glt1) ~ DPznim- Applying Principle 2.1 sequentially, it follows that a valid system
is obtained by replacing p,, with p,, P* for any k& € IN. Moreover, if the generalised data-
augmentation chain defined by P is ergodic with stationary density, 1., , then replacing
Dz, With 1, —also yields a valid system of inferences, so long as we allow the class of

valid inferences to be complete. This motivates an additional principle from Gibson et al.

(2011).

Completeness Principle 2.2. Suppose that {G(i),z’ = 1,2...} denotes a sequence of
valid systems for which

lim p{¥) = 4,,,n € N,z, € #",

1—>00



Then

U = {¢s,(0)|n € N,z, € 7"}

is also a valid inference. If, for some system of inferences © and every i, ©) is preferable

to O, then ¥ is preferable to ©.

We now appeal to Principles 2.1 and 2.2 to formulate a refinement operator, ¥, that

can be applied to an initial system of inferences
@0 - {pfcnyo(e)‘n € IN7x7'L € @n}a

to generate a sequence of systems {©;|¢ € IN} in which 0,11 = ¥(©;) is preferable to 6.
First denote by PO (z,,) the transition kernel of the generalised data-augmentation
chain arising when the observation z, is augmented by the next m samples from the

distribution. For this chain the state (") is updated by drawing 6("+1)

~ Dapim,0 Where
Tptm ~ Vo) (Zngm|Tn). We construct a new inference for x,, by considering the station-
ary distribution of the chain for each m, and then taking the limit of these stationary
distributions as m — oo in order to remove dependence on the particular choice of m. On
performing this for each n in ascending order, appealing to Principle 2.2 as required, we
generate the new system 01 = ¥(0Q).

Generally, we construct ©;41 = {pz,,i+1(0)|n € N, z, € #"} from O; = {p,,.i(0)|n €

N, x,, € #"™} recursively by setting

Pzni+1 = lim  lim pacm,-[P(i’m)(xn)]k, (2)

m—00 k—o0
where the limits are taken in the sense of weak convergence. Suppose now that lim; ., ©; =
Os. Then O is preferable to ©;, for all 7, is invariant under ¥, and is, in a natural
sense, maximally preferable.
Denote by € C 2 the collection of those systems of inference ¢ for which the limiting

system O, exists, and denote by F C € the corresponding set of fixed points.



It is clear that any Bayesian system ©, for which

Dz, (0) x T(0)vg(xy)

for some prior density 7(f), lies in €F. In this case the generalised data-augmentation
chain with transition kernel P(xy,ps,.,,) is a Gibbs sampler and the density p,,, is fixed
by this kernel for any m > 0 and hence by V. As we demonstrate, ¥ contains non-
Bayesian systems; therefore the property of invariance under ¥ may be seen as a weak
form of coherence.

When the basin of attraction of a system © € % fixed by ¥ contains a system
of point estimators ©g, a correspondence between classical and non-classical approaches
follows. When © € %F is Bayesian, then a natural link is made between classical and
Bayesian approaches. In the following section, we characterise for a general class of models
the elements of €F whose basins include systems of moment-based point estimators. In
particular, we will show that for the case of the 1-dimensional exponential family with
the mean-value parameterisation, the maximum-likelihood prior of Hartigan (1998) can
be obtained via this correspondence.

We define an alternative refinement operator, and corresponding constructions, by
taking limits with respect to m and k in a different manner. Consider the new operator

® for which

Pznit1 = lim  lim ey [ PO ()] 3)
k—

00 T—+00
We may expect, given sufficiently strong conditions on the model, that the same sequence
of systems of inference will arise from the above construction if ¥ or @ is used; this is the
case for the class of models considered in Theorem 3.2. At points in the paper, it will be

convenient to work with the operator ® defined by (3).



3 Moment-based estimators and fixed points

We retain the notation of the previous section and let yi,y2,ys,... denote a sequence
of i.i.d observations from a measure with density vy(y) with a 1-dimensional parameter
0 € (I,r) (where l,r € [—00,00] ) and let x,, = (y1,....,yn). We suppose that vy(y) has

mean 6 and variance o2(#) and satisfies Assumption 3.1.

Assumption 3.1. We assume that the following conditions hold:

1. The function o is locally Lipschitz continuous in that there is a constant Ky such
that

02(6) — ()| < Kyl6 —¢'], |6, |¢'| < U.

2. The function o satisfies a linear growth condition in that there exists a constant Cj,

which we assume satisfies C; < ﬂn, such that
o2(0) < Ci(1 + 62).
3. There exists an € > 0 such that
/(a; — 0)* yy(x)dr < co.

We now investigate those © € € whose basins of attraction contain moment-based
point estimators. The next result generalises Gibson et al. (2011), Example 2.3, which
considered the special case of the Normal distribution. We write f(0), g(0), for 0 € (I,r),
for the indefinite integral of 0=2(6) and 6o ~2(f) respectively. We note that by the Lipschitz

continuity these functions are locally integrable at § whenever o(6) > 0.

Theorem 3.2. Suppose that vy satisfies Assumption 3.1 and let

©0 = {Pz,0(0) =0(0 —Tn) | n € N,z € Z"}.

10



Fori=1,2,3,..., let c; =2 —2"0"Y Then the systems ©;, 1 = 1,2,3,... exist and are 11

given by

O; = {pz,.i(0) x

22(0) exp{in(f(@)xn —90)} | neNx, e "}

Moreover, the limiting system O is specified by

O = {pwnm(ﬁ) x exp{n(f(0)z, —g(0))} | ne Nz, € @"} .

1
o2(0)
The proof is given in Section 4. It exploits the property that, as m — oo the generalised
data-augmentation chains that arise converge weakly to solutions to stochastic differential
equations whose stationary measures can be identified.

We now consider the conditions for O, to be a Bayesian system, and the nature of

the corresponding prior.

Corollary 3.3. Under Assumption 3.1, O« is Bayesian if and only if vg(y) is a member of
the 1-parameter exponential family (with the mean-value parameterisation) and sufficient

statistic T,.

Proof. Clearly O is Bayesian only if the likelihood vg(z,,) satisfies

vo(n) = Ki(xn) Ka(0) exp{n(f(0)zn — 9(6))}.

identifying it as a member of the 1-parameter exponential family with mean value 8 and
sufficient statistic Z,,.
Conversely, suppose that vy(z) is a density from the 1-parameter exponential family

with sufficient statistic z, mean # and canonical parameter a(6), then
vo() = K (x) expla(8)z — c(0)}.

From the score function a/(#)z — ¢’ () we obtain the information function i(f) = c=2(9) =

d/(#) implying that a(f) = [072df and ¢/(§) = a'(0)0 in which case c() = [ 0o=2(0)db.



It follows that pg, o0(f) U%@exp (n(a(0)T, — c(0)}; hence O represents a Bayesian
analysis with prior density 7(6) o 0=2(6). Note that 7(f) o< o~2(f) induces a uniform
measure on the canonical parameter a(f). This corresponds to the maximum-likelihood

prior distribution of Hartigan (1998). O

For the 1-parameter exponential family with mean-value parameterisation and suffi-
cient statistic z,, Bayesian analyses with alternative priors from the conjugate family are
obtained by specifying ©¢ appropriately in the construction. Given prior experience of a

sample of size k with mean value a, then a natural system of point estimators is

nxy, + ka

©0 = {Pzn,0(0) = 6(0 — ——y

)|neNx, € Z"}.
In this case O corresponds to a Bayesian analysis using the the prior

m(0) o o72(0) exp{k(f(#)a — g(6)},

and the correspondence between ‘shrinkage’ estimators and the choice of conjugate prior
is obtained.

We now discuss distributions outside the 1-parameter exponential family. In this case,
Theorem 3.2 demonstrates that 7 contains both Bayesian and non-Bayesian systems of
inference that are fixed by W. As in the exponential-family case, Theorem 3.2 predicts

that the general system of estimators for which

nxy, + ka

)
lies in the basin of attraction of the fixed point for which
Panoo(8) 0 072(0) exp{k(f(B)a — g(8)} x exp{n(f(6)zn — 9(6))}-

The first and second factors play roles analogous to a ‘prior’ density and a pseudo-

likelihood respectively. In particular, the pseudo-likelihood exp{n(f(6)Z, —g(f))} may be

12



considered to approximate the true likelihood with one of exponential-family form. Since
Ty is not generally sufficient for 6, then p,, () may not coincide with m(6|z,) for any
prior m(#). Nevertheless, we might expect p,,, ~(#) to give a reasonable approximation to

7(0|Z,) for some 7w (#). We illustrate this in the following examples.

Example 3.4. The double exponential distribution has density given by
1
vo(x) = s expi-lz— 0]}, v € R

with mean given by 6 and constant variance 2. In this case, Theorem 3.2 states that when

Pzn,0(0) =00 — Zp)

n

Pan,oo(f) o exp{—z(in — 9)2}.

Clearly, for large sample sizes, this is ‘close’ to a Bayesian analysis, with improper uniform
prior, for an experiment recording the sample mean Z,, since the likelihood vy(Z,) can be
approximated by the density of N (6, %)

2

Example 3.5. The Uniform(0, 26) distribution has mean § and variance o2(6) = %, and

satisfies Assumption 3.1. In this case, Theorem 3.2 states that when p;, o(0) = 6(60 — Z,,)
Ouo = {Payy 00 X 073" 2 exp(—3n,/0)|n € N, z, € #"},

so that py, o () ~ IGamma(3n + 1,3nz,). We compare the density p,, oo(f) with the
Bayesian posterior density 7 (0|, ) for the prior 7(6) oc 0=2(6) o< 2.
The likelihood L(0; Z,,) is not convenient to work with directly being proportional to

the (n — 1)-dimensional volume V' (A) of the set

A= {(yl,yg, sy Yn) € R™ | Zyl = n:in} N[0, 26]".

Therefore we estimate m(0|Z,,) using Gibbs sampling, treating the unobserved yi, ...y, as

additional unknown parameters.

13
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From Figure 1 we see that p,, o (#) approximates the Bayesian posterior 7(0|Z,) in
the case where n = 30. Thus, although not precisely Bayesian, ©., represents a system

which makes use of knowledge of the sample mean in an approximately Bayesian manner.

Density
0.2 0.3 0.4
]

0.1

0.0

Figure 1: Comparison between 7(6|z,, = 10) as estimated by Gibbs sampling and p,, () for

sample size n = 30.

4 Proof of Theorem 3.2

We retain the notation of earlier sections and consider the family of probability measures
with density vy where the parameter space is a subset K of R. Recall that 6 is the
distribution mean and ¢2(0) the variance. Under the conditions of Assumption 3.1, we
will show, using an induction argument, that the construction of Theorem 3.2 indeed

converges to the system O, given in the statement of the theorem. In Section 4.1 we



consider the first step whereby ©; is constructed from ©¢, before considering the inductive
step in Section 4.2. First we give some key auxiliary results required for the proof.

Suppose that we have already constructed the systems Oy, ..., ©;_1. Now fix n, and the

k)

,m

with transition kernel P(i—1m)

observed sample xz,, and consider the Markov chain 92(
as described after Principle 2.2. We assume that, for all possible observed samples x,,, the
sample mean I, is constrained to lie in the allowable parameter space K. We first define

(k) by interpolation, setting 6" (t) = 91(,}77;1”)’ noting that

a continuous-time process from 6,
b

o)

m and 0" (t) are identical so far as the existence and nature of the stationary distribution

is concerned.

The main work in proving Theorem 3.2 lies in establishing the following theorem. We

will write o;(0) = /2 — 2-(=1g(9).

Theorem 4.1. For i = 1,2,..., under Assumption 3.1, there exists a unique solution

0; = {0;(t);t > 0} to the one dimensional stochastic differential equation

d9; = n(zn — 0;)dt + o;(6;)dW". (4)

0:(0) = ¢

where W is a standard Brownian motion and & € K.
For each i, we have that the sequence of Markov chains 87", with 67*(0) = &, converges

A

weakly to the diffusion process 0; as m — oo.

Note that it is enough to have a weak solution to the equation (4) for our purposes.
This result in essence enables one to demonstrate that the second refinement operator ®,
introduced in Section 2, has O, in Theorem 3.2 as a fixed point. With a little more work
we can deduce the following version of Theorem 3.2 to show that © is the fixed point

of ¥ as required by the Theorem.

15



Theorem 4.2. The Markov chains 07" have stationary distributions ", the diffusion

process 0; has a stationary distribution m; and
" — i, weakly as m — oo.

A consequence of Theorem 4.1 is that we can characterise the limiting systems arising
from the generalised data-augmentation constructions by considering the properties of

diffusion processes. Concerning these properties we have the following results.

Lemma 4.3. (1) There ezists a unique solution to the SDE (4), {6;(t) : t > 0} which

can be written in integral form as
T
0;(T) = T + (€ — Zp)e "L + / e T 5, (0;(t))dWs. (5)
0

(2) The moments of 0;(t) are bounded up to a level depending on n in that there exist
constants Cy such that E|0;(t)|F < Cr(1V |Z,|* V |€]F) for allt > 0 and 1 < k <

(2n+C1)/C.

(8) If V2n > Cy, the stationary distribution of (4) exists and is given by

5 ep(20(f1(6)Tn — 5:(6))),
where

fi(e):/ 2(0)do, g;(0 /902

The proof of this lemma can be found in the Appendix. Together Theorems 4.1, 4.2

and Lemma 4.3 lead to the following result.

Corollary 4.4. In the construction of Theorem 3.2 the limiting system of inferences has

a density given by
P (6) o i expln(F(0)5 — 9(0).

where

16



A key tool in establishing Theorem 4.1 is Corollary 7.4.2 of Ethier and Kurtz (1986),
which specifies conditions sufficient for the existence of a diffusion approximation to a
sequence of Markov chains. We state a version of the result suited to our purposes. We

denote by P(R) the set of probability measures on R.

Theorem 4.5 (Ethier and Kurtz). Let X = {X(t);t > 0} be a diffusion process satisfying
the SDE

dX; = b(Xy)dt + o(Xy)dWy, X(0) ~ ¢

where b is a continuous function and o is also continuous and X is drawn according to
a measure ¢ € P(R). Let Yy, = {Yi(k);k > 0} be a discrete time Markov chain and set

X (t) = Y ([mt]). Let

Suppose that the law of X,,(0) converges weakly to ¢ and that for eachr >0 and e > 0

we have
lim sup |um(z) — b(x)| =0, (6)
m—o0 ‘J}|<7‘
lim sup |os,(z) — 0(z)| =0, (7)
m—r00 |:17|<T'
and

lim sup mP(|Y;,(1) —z| > €) = 0. (8)

m—o0 |CE‘<’I‘

Then X, converges weakly to X.

We are now in a position to proceed with the inductive proof of Theorem 3.2.

17



4.1 The case i = 1.

We note that here and throughout the paper the notation ¢, ¢ will be used to denote
arbitrary constants which may change from line to line, whereas labelled constants with
an upper case C will be fixed. When our observation z, is augmented by a further m

samples we obtain a generalised data-augmentation chain with updates specified by

(k+1) _ NIy + m¥,
Lm = o

6

n+m '

where Y,%k) = % 23”21 Yj(k”)7 with Y}(k) samples from the measure with density Vo - To
1,m

(k)

1,m

(k)

simplify the notation we suppress the subscript ¢ = 1 and write 6, as 0p,’. We now

establish the conditions of Theorem 4.5 with 6% in place of ¥;,,(k) and with the limiting

diffusion process given by (4).

Suppose now that 953) =z, then

o) — "z o
m x+n+m(xn x)+n+m’

where R, (z) = ZTZI(YJ-(O) — x), with Yj(o) independent and identically distributed with

mean x. Thus

- L) _ gy = M m
pm () = mB(Oy,) — x) = = (Tn — ),
and hence with u(xz) = n(z, — x) we have
n?(Z, — )

sup |pn () — p(x)| = sup —0, as m — o0,

|| <r |z|<r n-+m

which establishes (6).

By construction we have

o (z) = mEOW — )2

2
m

18



Thus o2,(x) — o%(z) as m — co. We establish our condition (7) as

(n+m)?

2 9 2
sup |02, (x)—o?(z)| < sup <mn(jn —z)2 + <mn—|—n> 02(1‘)) — 0, as m — oo.

|| <r |z|<r (n +m)?

To handle the tail condition (8) we observe that by Assumption 3.1 there is an € > 0

such that E(Y; — 2)?*€ < co. Letting p = 2 + ¢ we see that

E‘@(l) _ x‘P < op—1 (( n )p ’jn _ x‘p 4 W) )

n+m (n+m)P

As Ry, (z) is the value at time m of a discrete martingale, we can apply the Burkholder-

Davis-Gundy inequality to see that

m p
E|Rn(z)l” = E|Y (" -a2)
i=1
m p/2
< Z(Y’ —x)?
i=1
< cpmp/Q_lEZ |Y; — zfP

i=1
= cpmp/QE\Yl(o) — zP = CymP/2. 9)

Thus we have, by Markov’s inequality and (9),

E|oM) — z|p

mP(6,(1) — 2| > &) < sup m——
€

lz|<r

< sup | —|z,, — P+ ——MM8MMF
el (n+m)P| n =7l (n+m)P
< Cym'TP 4 Cym!TP2

which tends to 0 as m — oo since p > 2.

Thus we have satisfied the conditions of Theorem 4.5 and we have proved

Proposition 4.6. Under Assumption 3.1 the process 07" converges weakly to 0y, the

pathwise unique strong solution to
db; = n(i:n — Ql)dt + 0'(91)dW
with 61(0) =€ € K.

From Lemma 4.3 (3) we have established the form of ©; as given in Theorem 3.2.

19



4.2 The inductive step 20

To complete our induction we need to consider the general case. We assume that we have

generated the system of inferences up to i. Again we fix n, and the observed sample z,,,

(k)

and consider the Markov chain 6; lm with transition kernel P(4™) as described after Prin-

ciple 2.2, where Gz(_lf{lw)l ~ Diznsm (0) With the augmented sample 4y, ~ o) (Tntm|Tn)-

The draw GZ(_]T_J{QL ~ Piznim(0) is a sample from the stationary distribution p; ., . (6)

of the diffusion Hy’m’k, given by (4) with n+m and Z,4, replacing n and z,, respectively.
An approximate sample Hznmk (Tm) can be obtained by running the diffusion, with initial

value 9?’m’k (0) = Zptm, for a sufficiently long time 7,,,. We note that

_ NZp + mYp, (k)
B =

where Y,,,(k) = > | V; and the Y; are i.i.d. samples with mean Gﬁ)l,m.

Thus we have an approximate Markov chain given by

Ot = Ot fm(a:n—eg_’i)lvm)Jrml%_?ﬂLRm(Gg_]?Lm)#— /0 et m) o) g (g (1)) W,
(10)
where the first two terms in the expression appeared in the previous case (i = 1).
For the one-step evolution of our Markov chain, from initial state x, we can write (10)

as

- _ " (z, — N N,
0: 1 m x+n+m(xn x)+m+an(x)+ m(0)(7im),

where

Nin(0)(7im) = /Om e gy (0770 (1)) AW
We will write 6™ for 67"™° and Ny, (t) for N, (0)(t). We also note that exp((n +
m)t) Ny, (t) is a continuous local martingale and in the proof of the moment estimates

in Lemma 4.3 we showed that it is in fact an L? bounded martingale under our assump-

tion 0 < t < 7,,. Abusing notation we continue to use [E both for expectation with respect



to the probability measure governing the diffusion as well as that for the augmented sam-
ple. We note that the Brownian motion driving N, (7,,) is independent of R,,(x) so that
we can treat the term N,,(7,,) separately. The quadratic variation process for Ny, (t) is
given by

t
(Npn)e = / =2 m)(t=9) 52 (g1 () g
0
Thus we note EN,,,(t) = 0 and
t
ENp,(t)* = E(Np); = / e 2 mE=IEG2 (07 (5))ds. (11)
0

Proposition 4.7. Under Assumption 3.1 and for 7, > logm/2(m+n), the process 0" (t)

converges weakly to 0;(t), the pathwise unique strong solution to
do; = n(z, — 0;)dt + o(0;)dW.
with 0;(0) =& € K.
Proof. We establish the conditions of Theorem 4.5. Firstly the mean is given by

mn
fmi(x) = mE(OL, , —x) =

(Zp, — ).

m-+n

This is the same as in the ¢ = 1 case and it therefore satisfies condition (6).

For the variance we have by independence and the fact that R,, and N, are mean 0,

n B 1 2
Fhial@) = mE (@) + ) + V)

m 2 2
sER,, (z) + mEN, (75).

(n +m)
Recall that o2, (z) = 0%(z) + $07(z). Thus we can write

9 n?m

m
’UEn,i(ﬂf)—UiH(x)\ <

Q(fn—ﬂf)2+|m

(n+m)
From the calculations in the 7 = 1 case we can control the first two terms to show that

they go to 0 as m — oo on the region where |z| < 7.

IERm(x)Q—Uz(x)|—|—|mEN72n(Tm)—%ai2(x)|.
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For the last term we need to do some work. Firstly we observe that

o2 (x
B2 () — 720
m m m+n
- _ " (r 92 —2(n4+m)(Tm—t) -2 n,m - 2
sl (2 [ 2t me Ot~ " 2w ) |
m m —2(n4+m)(Tm— n,m
< 2(n+m)/o 2(m + n)e 2R | 52977 (1)) — o2 (x)] dt
oo @)+ B o ), (12)

2

Now, as 07 (6) is locally Lipschitz, we have a constant Ky such that for |z| < U

Elo7 (0](1) —oi ()] < KuE(6]™(t) — ;67" (1) < U)

+E (|07 (077 (t)) — of ()5 6™ ()] > U) . (13)

)

We can estimate the first term on the right hand side using

Hy’m(t) —z =

Taking expectations we have

n 1
El67™(t) — < Tr — E——|R,,(1 E|N,,
0770 2 < | (@ = @)| + B | Rin(1)] + E|Nun(0)

< O(L)+—

m m—+n

(ERm(1)*)"2 + (E|Nm (1)*)'/2.

We observe that, by the linear growth condition and the bounds on EG? from Lemma 4.3,

and our sample for the diffusion starting at Z, ., we have

t
EN,, (1) < / e2m (B Gy (1 1 B(67™(5))?)ds
0

t
< / 2RO (1 4+ Cy(1V 22,,,))ds
0
Ci(1+c(1va? 1
< ( ( ) _ oLy,
m-+n m

where we have used that there is a constant such that Ez2., < cz2. From this, and the

n+m

2

expression for ER,,(z)?, we know that there is a further constant ¢ such that

C
E|O7T™(t) — x| < —
677 (1) 2] < =

(2

vt <T.



For the second term on the right hand side of (13) we have by the linear growth bound, 23

Holder’s and Markov’s inequalities, that

E (|07 (6;""(t)) — o7 (@)l: 107" (O] 2 U) - < (Co+ o (@) Pl ()] = U)

2

+CE (107 () PLgp o is03)

< (Co+ o} (2))UTPEIG] ™ ()7 + U PE|0; ™ (1)

From the estimates for the diffusion started from %, in Lemma 4.3(2) and following

9) we have E|07 (#)|P < ¢, E(1V |Zprml|P) < ¢m~P/2 and hence
i P + D

E (|Uz'2(‘9ﬁ’m(t)) — af(x)\; 6™ ()] > U) = o(m—pﬂ).

)

Thus, substituting into (12) and using our condition on 7, we have e=2(m+mmm < 1 /m,
which gives

2
E|mN?2 — U’éx)\ <ec/m

and we have the result.
To show the last condition of Theorem 4.5, as in the ¢ = 1 case, we need a little more
than second moments. For this we note that by Burkholder-Davis-Gundy and Hélder’s

inequality

ENp ()P < BNy, )P/

Tm

T™m p/2
= ¢E </ 6_2(”+m)(7m_5)0i2(9£n’n(5))ds)
0

< of / T empntm) (7 =)/ (0=2) g /21 / e pnetm) (=) 2P (g7 ()1 ds
0 0

P—2 — —p(n+m)Tm /(p— — m —p(n+m)(Tm—s m,n

= cp(pg(nij))p/? 1(1_6 p(n+m)Tm/(p 2))p/2 1/0 e—P(nt+m)( )/QEUf(Hi (s))ds
p—2 2—1 /Tm —p(n+m)(Tm—s)/2 m,n

< ¢ p/ e p(n+m)(Tm—s)/ ]Eo-p 07" (s))ds

— p(p(n+m)) 0 z( [ ( ))

As we have a linear growth condition for o and, by Assumption 3.1(3), the moments of the

process ;" exist, at least up to p = 2+ ¢, we have Ea?(6;" (s)) < Ecp(1V [Znim|P) < ¢,



for all s and m using (9). Thus

Tm 2
—p(ntm)(Tm—=5)/2g 5P (g™ ds < ¢ 1 — e~ P(m+n)7m /2
Ja (s < Gt e )
and hence for a constant C' we have
c
EN,, ()P < —m——.
(7m)" < (m + n)p/2

Thus, by Markov’s inequality, we have

Ej9") -z
sup mIP’(\QZ(l) —z|>¢€) < sup mElf;_— ol
jo|<r jol<r €r
p
ME (25 (T — o) + b Ron (2) + N (7))
= sup
lz|<r €p
s " (5 (@ — 2)7 + G E R ()7 + ENo(10)? )
|z|<r €P
.G Cs Cs

+ .
ePmp—1 €pmp/2*1 epmp/271

As p > 2, this tends to 0 as m — oo and we have the third condition of Theorem 4.5.
Proof of Theorem 4.1. We have established all the conditions of Theorem 4.5 and

hence the weak convergence is proved. ([

Proof of Theorem 4.2. In order to prove this theorem we need to show that the
stationary distributions for the Markov chains converge to that of the diffusion.

In the appendix we use the Lyapunov function technique to show that the chains
and the diffusions have stationary distributions 7;,, and m; and they are geometrically
and exponentially ergodic respectively. The fact that the stationary distributions m; .,
converge to 7; is a consequence of the weak convergence we have already established plus

the geometric ergodicity. The proofs can be found in Theorem A.3 and Corollary A.4. [



5 Fixed points arising from maximum-likelihood

estimation

5.1 The regular case

We consider the application of refinement operators to systems of maximum-likelihood
rather than moment estimators, noting the coincidence of the two in the exponential-
family setting. In particular we ask whether the construction leads to a Bayesian analysis
beyond the exponential-family case and, if so, whether the maximum-likelihood prior
is recovered. We find it convenient to work with the operator ® rather than ¥ and to
consider the fixed points of the former as the limiting - and maximally preferable - systems
of inference. This avoids the need to derive any correspondence between these and the
fixed points of ¥ as was done via Theorem 4.2 and Lemma 4.3 when proving Theorem 3.2.
We will also make some stronger assumptions than in the moment-estimator case.
Retaining the notation from earlier sections, consider the model vy (y) and let (0, y) =
logvp(y), i(0) = Ey (—%), a(f) = Ey (g—;é%), and c(f) = Ey (—g—;g). Suppose that
vy satisfies regularity conditions that allow change of order of integration with respect to

y and differentiation with respect to #. We can then easily verify the identity

+a(f) + () = 0. (14)

Now let

O0 = {pa,0(0) = 6(0 — 6(xy,)) | n e N,z, € Z"}.

where é(mn) denotes the maximum-likelihood estimate. For observations z, = (y1, ..., Yn)
denote by ,,(6) and L, (0) the resulting log-likelihood and likelihood respectively. Consider
the data-augmentation chain {Oﬁ)n | k=0,1,2,...} arising in the construction of ©; from

©p, where m is large. Denote the log-likelihood function for the additional m samples,
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(k)

1,m»

generated when updating 6 by l,,(0) which is maximised by 0,. As in the proof of

1)

Theorem 3.2 we are interested in the case where 07" (t) = 09;” converges to a diffusion
process as m — oo and where p,, 1(0) can then be derived as the stationary distribution

of this process. We identify a candidate for this limiting diffusion by considering the

increment 94" — ng)

Lm o in the augmented chain. From standard results on the asymptotic

mean, variance and normality of maximum-likelihood estimators for sufficiently regular

models, (see e.g. Cox and Snell (1968)), we have

()
. 1 k) c(01n)
E(fy — 0%y = — [ a0l )+ =270 ) 4 o(1/m)
Eem 2
and
A 1
E(0, — 0 )2 = — 4 o(1/m)
iR m

Since

0t — 0, = 1,(0%))i(0") ) + o(1/m),

1,m m m

the form of the candidate limiting diffusion is given by

i = (191) <a(91) + c(gl) + z;(ol)i(91)> i+ 4/ (;1)613. (15)
We assume the following conditions hold.
Assumption 5.1.
1. The stochastic differential equation
6, = % <a(91) L A0 z;(91)¢(91)> dt + | ——dB,
i2(67) 2 i(61)

where B is a Brownian motion and 01(0) = £ € K, has a unique solution.
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2. The Markov chain Oglfr)n satisfies 27

(k
k1 k 1 k c(6,,) )~k
(0" = 01) = g | a(6l) + =55+ 1(61)i(610,) | + o(1/m)
12(01,m)m
1
B0 = 0i)" = —g5— +o(1/m)
’ ’ i(ﬂgf) m
(k+1) _ g(k) y24e ¢
IE(el,m _el,m) < W
Theorem 5.2. 1. Under Assumption 5.1, the interpolated chain 07" converges weakly

to 91.

2. The associated system of inferences, obtained from the stationary measure of the

diffusion in (15), is given by

O1 = {pz,1(0) x W(Q)Ln(e;xn)Q |neNx, e @}

a(h)
i(0)

0 —
where 5 logm =

Proof. Under Assumption 5.1 we can satisfy the conditions of Theorem 4.5 and hence
we can deduce the ¢ = 1 case, in a manner analogous to the Proof of Theorem 3.2 given

in Section 4. To verify the form of ©; we solve the associated Fokker-Planck equation to

show that the stationary measure, p(6), satisfies

p(8) x i(0) exp <2 / ‘;gg)) + 202.((99)) + z;(e)d()) ,

From (14) this can be written as

p(d) o i(0)exp <2 2(0) 21(0) —f—l;(Q)dQ)

It follows that

01 = {pz, 1(0) x 7(O)L2(0;x,) | n € Nz, € #™}.



'Z((g)), so that 7(#) is the maximum-likelihood prior. O

0
where g5 logm =

We proceed to the inductive step. Suppose now that
0j-1 = {ps, ;(0) x T(O) L) (O;20) | n € N, 3, € D"},

where ; = 1/(1 —27%),i =1,2,..., and consider the construction of ©; from ©;_;. Let,
T, Ln(0) and 1,,(A) be as above and let 77, = 7(6)L,’ " (6).

Consider the chain 93(];)1 and the continuous-time interpolation 07" (t) = J(’L??thj)' We seek
the form of a limiting diffusion for this process and consider, therefore, the increment to
9;’21 when m is large. As before 6, denotes the MLE for 6 given the m additional samples
generated using the current value 9](-’]21, and L;,(0) denotes the likelihood function for
these samples. We appeal to standard results regarding the asymptotic Bayesian posterior
distribution of # about the MLE, 6., for regular models.

From Chapter 5 of Ghosh (1994) it follows that, using prior density 7 (6), and given

observations y1, ..., Ym, then, the posterior m(0|y1, ..., Ym) x 7 (0) L, (0) satisfies

X P12 (1 [0B3m Ol dlog
B0 — O|y1, oy ym) = | — = 2| Im] 1
(0= i) = | 802}%(2{803}% [892]%{ 0 Lm Fott/m)

(16)

—1 N
and has variance [— a;égn} + o(1/m). Replacing L, (6) with L,,(0)Y%~1, so that 6,, is

unaffected, the corresponding expectation for the ‘posterior’ with density proportional to

7L (0) Ly, (0)7-1 becomes

X 1 Pln] 2 (1 [Bn 2l dlogmr
B — Oyt ooy Ym) = —— | — 2|
( |yl Y ) Vi1 |: 962 :|ém (2 |: 063 :|ém |: 562 :|ém |: 96 :|ém (17)

. . . . 1 021 1
with approximate variance is — 55 .

Yi-1 062

(k)

We discern two components to the increment Gj(-ﬁ:l) —6 i m - One given by O, — 9;?77” and

the other arising when we sample 9;-“;11 from a density proportional to 7y, (H)Lm(G);»y_l. We
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approximate expectations over yi, ..., yn, in (17) by setting the derivatives of [, to their

expected values at 6 = 6](]21, and combine the two increments to show that

(k) (k)
(k+1) _ (k) 1 w05+ 1) i(65) [dlogmy 1
Oim —bim) i2(9](.k)) (a(9]7m)+ G + o o0 |0 m+0( /m)
and
- 1 1
Var(é?](.f{;:l)wj(-%) = %— +o(1/m).
Z(9j7m)fyj—1 m

We can now discern the candidate for the limiting diffusion to be

1 c(0;)(yj—1+1) i(0;)dlogmy vi—1+1
doj = - a(f;) + —2=- + =2 dt + | 2 ———=dB. 18
T () < ) 2751 V-1 00, Vj-1i(0;) (e

We make the following assumptions for j > 2.

Assumption 5.3.

1. The stochastic differential equation

1 c(0;)(vj—1+1)  i(0;) 0logmy, vi-1+1
do; = - a(f;) + 2120 + = dt + | 2 ———dB,
T i%(0)) ( (%) 27j-1 V-1 00; Vj-14(6;)

where B is a Brownian motion and 0;(0) = £ € K, has a unique solution.

=

2. The Markov chain Qj(km satisfies
k . n(k
B _g®y = L (00 (B (-1 + 1) N i(05) [alogﬂﬂ 1
pmeom 2\ 2951 V-1 L 00 Jgm ) m
+o(1/m)
BEh — 00 = - o1/m)

i(0%) s

)2-‘,—5 < c :

(k+1) (k)

j7m j7m

Theorem 5.4. Under Assumption 5.3, for j > 2, the process 0;” converges weakly to 0;,

the solution to (18). The associated system ©; exists and is given by

©; = {px, j(0) x 7(0)Ln(0;2n)" [ n € N, 2, € &}



and the limiting system is given by

Oco = {Pan,00(0) < T(0) L (0;75,) | n € N, 2, € &}

Proof. Since Assumption 5.3 implies that the conditions of Theorem 4.5 hold, it suffices

to confirm that form of the stationary density, p(6), which is given by

dlogp  i'(0) 2a(0)v;-1 c(0) n 2 Ologmy,
06 i(0)  (y-1+1)i0)  i0) o+l 96
_ 7(0)  2a0)y1 <) 2 a®)
= W) T 0@ i) i (5 +5100)
_al0) | 29l (0)
i0) - v+l
by (14). It follows that

O = {ps,,i(0) x 7(0) Ly (0; x) 05-1%Y | n € N, 2, € "},

and the result follows since ( 21 In the limit we obtain

Yo+ i

O = {Pay,00(8) x T(O) Ly (0;2) | n € N, 2, € #™}.

We note that alternative priors to the maximum-likelihood could be obtained in the

limiting system by initialising the construction with a ‘bias-adjusted’ system of the form

b(d(xn))

n

O0 = {Pa, 0(0) = 5(0 — H(z,) — )|neN,z, e "}

The construction can be treated as above on replacing I'(0) with a term I'(6) + i(6)b(6)
when specifying the drift term in diffusions such as (15), leading to a limiting system in

which

pxn,oo(‘g) X Wb(e)Ln(e; l‘n)y
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where b(0) and 7(0) are related by

% log mm, = C;((g)) +1(0)b(0).

5.2 An irregular model

We give an example to show that a Bayesian limiting system does not arise from the

construction if the model is not sufficiently regular.

Consider again the uniform distribution of Example 3.5 reparameterised for conve-

nience so that 7(y|#) = 01,0 < y < 6 and the system of (maximum likelihood) estimators
OMLE = {pxn’i(g) = 5(9 — a:(n))| n e ]N}

Now Opsrp is trivially a fixed point of W. Therefore consider a more general system of

estimators of the form
O, = {pzmi(e) = (5(9 — anm(n))\ nc IN},

with a, = ”TH giving, for example, a system of unbiased MLE-based estimators. We
now investigate whether a Bayesian limit arises when ¥ is applied to ©, for suitably
chosen a = (ap,asg,....). For simplicity we restrict attention to sequences a for which
lim,, o a, = 1, so that the system of estimators is consistent. Subject to this assumption

we make the following claim:

(i) If, for all n > 1, mlog ap4+m < 1 for all but finitely many m then
O = lim B, 9% =01 5.
k—o00

(ii) Otherwise O does not exist.

Proof. We will make use of the following standard result on random walks from Kingman

(1962).



Lemma 5.5. Let X;,7=1,2,3... denote a sequence of i.i.d. random variables with mean
0 and variance 1, such that X1 has an exponential moment. Let Sf«a) =3 1X;—ra,

where a > 0, and let M(®) = Sup,>1 Sﬁa). Then

lim Pr(aM@ > 2) = e™%,
a—0

so that aM® converges weakly to an Exp(2) distribution as a — 0.

Now consider the construction of @S) = 0,V. Fix n, suppose we have data z,, and

suppose without loss of generality that z(,y = max(y1,..,y,) = 1. Consider the generalised
data augmentation chain {97(7]? | k=0,1,2,...} when we augment z,, with m additional

observations. For this chain, for k =1,2,3,...

H(k) = Qn+m Sup{la 77k97(7]1€_1)}7

m =

where {n;} are i.i.d. Beta(m, 1), and nkﬁgf*l) represent the supremum of the m additional

samples imputed during the update process. The corresponding chain for A = log# has

update

)\gf) = logantm + sup{0, /\gf_l) — &}

= sup{log An+m, /\giil) — & + log an-i-m}

where the {{;} are i.i.d. Exp(m) . Set ¢, = mlog antm, k) m)\gf) — ¢, and write the
update as
V) = sup{0, v + ¢} (19)

C(k)

where the (5’ = ¢, — mé&g, are i.i.d. with mean and variance ¢,, — 1 and 1 respectively.

Now let

=1
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It follows from standard results that v, ~ M (m) — sup,>; Sy where vy, denotes the
stationary distribution of the Markov chain (19).

If ¢, > 1 then the random walk S, is not positive recurrent and proper stationary
distributions do not exist for the Markov chains {1/,(7];3)} and {)\g,li)}. Therefore we must
assume that ¢, < 1 for all but finitely many m for O, to lie in . Part (ii) of the
claim follows. Assuming this condition we identify distinct cases according to the limiting

behaviour of ¢,,.
1. If limy,,— o0 & < 1 then, for sufficiently large m, wgf ) — V,, Where vy, is stochastically

dominated by some random variable, 7, independent of m. It is then immediate that

)\gi) — A\, and the \,;, must tend to 0 in probability as m — oc.

2. Suppose now lim,, ,+ ¢, = 1. By 5.5 it follows that, as m — oo,
(1 =) M™ ~ (1= ey — M

where M ~ Exp(2).

Now consider the large-m behaviour of

Amwcﬂ+yﬂwcﬂ+(1_cm)ym7
m  m  m  m(l—cy)

which in turn is determined by that of m(1 — ¢,,). Writing this as

m(l —cn) = (n+m(1 = (m +n)loganim)),

m-—+n

we see that lim,, 0o m(1 — ¢n) = 1+ limy, 00 m(1 — mlogay,,) > n. There are two

cases to consider
(a) If limy, 0o m(1 — mlogay,,) = oo, then \,;, — 0 weakly.

b) If lim,, oo m(1 — mloga,,) = u, where 0 < p < 0o, then
( g I I

Am — Exp(2(n + p)).
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In either case (1) or (2)(a) our system of inferences (for the log-transformed parameter)
is AM) = {p,, i(\) = 6(\)} with corresponding system for 0, for the case of general T(n)s
given by

04" = {pe, i(0) = 6(0 — 2y)| m € N} = Orau.

Thus a single application of ¥ maps ©, to the fixed point OpMLE.

In case (2)(b) it can be shown that

O = {pa, 1(0) x =221, (21)
In particular, if a, = "TH, then = 1/2 and

O = {ps,.1(0) x 7(0) 2L (6; )%},

as was the case for models in the exponential family.
However, any hopes of ultimate convergence to a Bayesian solution are dashed by
further applications of U. We show that for case (2)(b) ¥ maps 9&1) to Onmre. Working

in the A parameterisation we apply ¥ to the system
AL = (P, a () o< 2(n 4 p)e 2 FIOTIEZ) X > ),

Assuming z(,) = 1, the level-m data-augmentation chain is defined by

)\g;?) = sup{nLk, )\gf_l) — T2,k + 771716}’

where the {7, 1} are i.i.d. Exp(2(m+n+p) and the {ny} are ii.d. Exp(m). For common
(0)

initial value As,’, this process is stochastically dominated by a process

¢ = sup{nl 4, ¢ — ok + 1k s

where the {n] . } areii.d. Exp(2m). It is clear that {mCT(rlf)} has the same proper stationary
distribution for all m, so (;;, — 0 in distribution as m — oo where (;,, follows the stationary

distribution of the unscaled chain {Q(r]f )}. The result is then immediate.
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6 Discussion

In this paper we have shown how the generalised data augmentation principles introduced
in Gibson et al. (2011) can be applied to elicit connections between classical point esti-
mation and Bayesian (or Bayesian-like) inference where the latter is constructed from the
former by repeated application of a refinement operator based on the principles. This
contrasts with other approaches to defining connections, for example, by defining point
estimators from Bayesian analyses using decision-theoretic ideas. A key notion in our
treatment is that of preferability of one system of inferences over another and of fixed
points of the refinement operators representing maximally preferable inferences. Our re-
sults show that for sufficiently regular models parameterised by their mean, the limiting
systems of inferences is Bayesian when the model lies in the exponential family and oth-
erwise takes the form of a pseudo-Bayesian analysis in which the true model likelihood
is replaced by one with an exponential-family form. More generally, subsequent investi-
gations suggest that limiting systems derived from initial systems of maximum-likelihood
estimators correspond to Bayesian inference using Hartigan’s maximum-likelihood prior
specification, given sufficiently strong regularity conditions on the model.

The results of the paper do not lead to new statistical methodology but, rather, a
fresh perspective on established approaches to inference. It is arguably surprising that,
by applying principles that require only that the class of acceptable inferences be closed
under a certain data augmentation operation and that it be complete in a natural sense,
the Bayesian paradigm can be constructed from a starting point that considers only point
estimators. The property that a system of inferences is invariant under ¥ or ®, though
not necessarily by the transition kernels in the finite-m data-augmentation chains involved
in the formulation of these operators, may be seen as a weak form of coherence. Our

results show that when we attempt to construct weakly coherent systems by seeking fixed
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points of ® or ¥, then these fixed points may nevertheless be strongly coherent Bayesian
systems when their basin of attraction contains the system of maximum-likelihood point
estimators. There are several natural extensions to the ideas of the paper that would be
worthy of investigation, the most obvious of which is to generalise the results to models
beyond the 1-dimensional case.
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A Proofs of Lemma 4.3 and Theorem 4.2

We first recall Lemma 4.3

Lemma A.1. (1) There exists a unique solution to the SDE (4), {0;(t) : t > 0} which

can be written in integral form as
T
0:(T) = &y + (€ — Zp)e ™ + / e T, (0;(t))dW;.
0

(2) The moments of 0;(t) are bounded up to a level depending on n in that there exist
constants Cy, such that E|0;(t)|F < Cp(1V [£]F V |Z,|F for allt > 0 and 1 < k <

2n+C))/C.

(3) If V2n > Cy, the stationary distribution of (4) is given by

pi(0) o< exp(2n(fi(0)Zn — g:(0))),

1
i (0)?
where

£6) = [ o200, 5:6) = [ 672000, 6 (1),
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Proof. (1) By Engelbert and Schmidt (1991) Theorem (4.53) the existence of a unique
weak solution follows in our setting if

r+
N::{xeR:a(:v):O}:S::{:reR:/ o2 (y)dy = oo}.

T
As o2 is (Lipschitz) continuous we see that for any point 2 such that o?(z) > 0 we have
that 02 is locally integrable at = and hence S C N giving the existence of a weak solution.

We also see that if x € A, then by the Lipschitz condition, for any open set G

containing x there is a K such that

-2 _ 1 1 2l dy = oo
L (y)dy‘/ca?(y)—a?(m)yZ/GKG'y [Ty = co.

Thus N C S and we have the uniqueness in law of the solution.

It is a simple exercise to establish the integral form.

(2) In order to show this we first need to establish some crude moment bounds to
ensure that the stochastic integral in the integral representation for 6 is a martingale.
The stochastic integral is a local martingale and thus if we define the stopping times

Ty = inf{t : |0(t) — Z,| > m} we have for k > 2 using (5),
t
ok = Ble" ) (9(t A Ty) — ) [F = E|(6;(0) — Zn) + / "o (0;(s))dW,|F.
0

Applying the Burkholder-Davis-Gundy inequality, Holder’s inequality and the linear growth

condition on o; we see that

tAT
ok < 2F110,(0) fn|k+2k‘1E|/ e*"0;(0;(s))*ds|"
0

tATm,
< ot 2l g / €256 (0;(s)) 2ds|
0
tATm,
< ck—i-C,’CETk/Ql/ e Fsak(0(s))ds
0
t
< &+ TH?E / PP NTm) (CF 4 Cl(0(s A Tp) — T )F)ds
0
t
S c%Tk/z_le"kt—l-cka/Q_l/ ¢’;n,k‘ds.
0
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A simple application of Gronwall’s inequality gives that for 0 <t <T
mk _ grpk/2—1 k/2—1 1k /2—1 k/2
O < T2 exp(e TH21) < M2 exp(ep TH?),

As this bound is independent of m we can apply the dominated convergence theorem and

let m — oo to see that for k > 2
EIO@t)|F < &, TF > Lexp(CLT*?), 0<t<T.

Equipped with this we can improve the estimates on the moments. Using Ito’s formula

we have
1
do* = (kn(z, — 0)0* ! + kk = 1)6%26%(0))dt + k0~ Lo(0)dW.
Applying the moment estimates above we can see that for 0 <t < T

tATm, tATm,
E( / - 1o(0)dw)? < E / 02=252(0)ds
0 0

IN

tATm
E / C0%2 4+ 0% ds
0

IN

t
/ C,E0?=2 4 C,E0*ds
0

k
S Cka‘ecT

independent of m. Again letting m — oo we see that the stochastic integral term is a true

martingale and hence we have the following expression for the moments ¢f = E|0(t)|¥,
t
1
o =k + E/ (kn(z, — 0(s))0(s)* 1 + ik(k —1)0(s)*252(0(s)))ds. (22)
0

We proceed by induction noting that ¢9 = 1 and Ef; = Z,, so that using & = 2 and the

linear growth bound we have
t
62 < (C) — 2n) / 62ds + (2072 + C))L.
0
Assume that n is large enough so that 2n > Cj, then in differential form we have

d¢? 2, g2
o < (Cy —2n)¢* + 2nz;, + C,
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this can be solved to get

2n — 2n —

Thus we have the uniform bound for all T' > 0,
¢* < Cy(1VE V).

For the general case, using the linear growth of o, we have

1

t
of <16l + [ onaol T+ (Gr(k = 1)C — kn)ok + TRk - DCiok2ds. (29
0

Now assume that ¢} < Cp(1V [{|PV |Z,|P) for all p < k — 1 and ¢ > 0. Using this in

(23) we get
t

oF < !£\k+k0k1nxn(1v|§y’“1v|xn|’“1)t+/ k(%(k—1)Cl—n)¢’§ds+Cle,2(1v|§y’“*2v|fn\’“*2)t.
0

For n > %(k — 1)C; we have, by solving the associated differential inequality, that there
is a C}, such that

oF < Cu(LVIEF V |Za[P).

Thus we have the general case provided that (k — 1)C; < 2n as required.

(3) The generator of the diffusion is

o°f
o902

Af = (@, — 9)% + %gf(e)

Under the condition that v/2C; < 2n we can use the Lyapunov function technique to
show that we have convergence to a stationary distribution at an exponential rate. Let
V(z) =1+ 22, then

AV () = 2n(Z, — x)z + o2 (z).

Using the linear growth bound o2(z) < v/2C;V (z) for all i, we have

AV (z) = —(2n — V2C)V () + 2n(Tpz + 1).



Hence, if 8 = (2n —v/2C})/2, b= (n*(1 + z2) — C?/2)/B, we have
AV (z) = =BV (x) + ble,

with C = {z : |z — %| < \/g} By Meyn and Tweedie (2009) 20.3.2, this condition gives
the existence of, and exponential convergence to, the stationary distribution p;.

To find the stationary distribution we just need to solve

Api= D (e~ 0)p) + 5 s (0200p) = 0 24
pi = 00 N ZTn Pi 2 962 o; \v)pi) = U.

We can check that the solution as given satisfies equation (24). O

As a consequence of the moment estimates for the diffusion and the fact that it will

converge to a stationary distribution, we have immediately that

Corollary A.2. The stationary distribution of the SDE has moments of order up to

2n+Cl
o

We now give the estimates needed to establish that each Markov chain in the sequence
has a stationary distribution and that these converge to the stationary distribution for

the diffusion. We assume the generalized data augmentation chain is suitably irreducible.

Theorem A.3. For each i,m € N, the Markov chain {9@ kE=0,1,2,...} is ergodic

1,m?

with a unique stationary distribution m;,,. There exists r; < 1 and R; < oo independent

of m such that for any Borel set A and all t > 0

P (6 € A) — i (A))
sup ’

< Rirt
- 1+ x2 =

-

Proof. We give the proof for the ¢ = 1 case and then discuss the extensions required
for the general case. In order to establish the positive recurrence we use the Lyapunov

function technique. Let V(z) = 1+ 2. From Meyn and Tweedie (2009), Chapter 15, we
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have convergence to stationarity if there exists a petite set C as well as a 5,0 > 0 such
that
AV(z) == EV(0V) - V(z) < -V () + bI,.

From our above estimates and linear growth assumption we have

n(Tn — ) Rm(m)>2

n+m n—+m

E*V(0) = 1+E<a:+

= V(x)+2x(w)+E<n<:ﬁn—x) +Rm(:c)>2

n+m n+m n+m
_ V)t 2nx (T, — x)(n +m) + nz(fn — 2)% + mo?(x)
(n+m)
2 — = 2.2
< Vi) - n°+ (2n C)me 2nma, ot T +mC
(n+m)? (n+m)? (n+m)?
AV(z) < —az’+4pBz+y

with

n?+ (2n — C)m
(n+m)?

5= 2nm|Z,| n?z2 +mC

(n+m)?’ = (n+m)%

Thus, provided 2n > C', we have that o > 0 and

1 1 1
AV (x) < —iaV(:c) +v+ B — 504372 + Pl

A simple calculation gives

2

1 1
< —— — i
AV (zx) < 2a[/(x)+(’y—|— 2a+ 50

)

2 2%
{le—21<y/ 2 +1+ 55}

It is easy to see that if the chain has a transition kernel with full support the set

C—{x:\m—§]<\/207—|—1+f;}

is petite for a suitable multiple of Lebesgue measure on a subset of C. If the chain has
support on a discrete subset D,,, of R, then the chain will be petite for a suitable multiple
of the discrete uniform measure on D,, NC.
We now note that the Markov process 6,,(t) is the original chain sped up by a factor
m. Thus, its generator A,, = mA and as C is invariant under the time change, we have
52

1 1
JAN < —= — —) 1.
Vi(x) < 2maV(x) +m(y+ 2a+ 2a) c
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By the definition of «, 8,y we see that, for our sped up process, we have the existence of

constants ag, 8y,70 > 0, independent of m, such that

1 1 B2
AV (z) < ==V - 0.
() < 540 () + (o0 + 50 + 2a0) c

We can now apply the result on V-uniform ergodicity in Meyn and Tweedie (2009) The-
orem 16.0.1, to deduce the estimate, with coefficients independent of m.
The general case where ¢ > 1 is a simple extension of the ¢ = 1 case. We first observe

that, by the linear growth condition and the bounds on E#? from Lemma 4.3, we have

]ENm(Tm)2 < E/ m6*2(n+M)(Tm*S)O-i2(Hy,m(s))ds
0

< B[ im0 14 Bl () )ds
0

Cl(l + CQ‘KE?L—&—m)
- 2(n+m)
n = 1 2
- Cl(1+62]E(x+m(xn—x)+n+—mRm(x)) )
- 2(n+m)

Thus we keep the same Lyapunov function and from our above estimates and linear

growth assumption, we obtain the following uniform control

42

Eve®) = 148 (4 0= Bal@) 2
¢ B n+m n+m mam
_ 2
= 1+E (gc G ) Y Rm(x)) +E (N (7m))*
n+m n+m
_ 2
< 14 C O+ Ciesy E x+n(xn x)+Rm(sc)
2(m+n) 2(m+n) n+m n+m
B C Cica 2nx(z, — x)(n +m) +n?(z, — )% + mo?(z)
N V(x)+2(m+n)+<1+2(m+n)> (n+m)?
CZCQ:B2
2(m +mn)
ADV(z) < —aa® + iz +
with
2n — Ci(1 + 1e2) 1 Cieo 2nm,
i = 5 ) P = 1 )
“ m +O(m2) fi=( +2(771—1—71))(71—i—m)2



C Cico n?z2 + mC
2+ n) Am+n)) (ntm)?

Thus, incorporating the time change, and provided 2n > C, = Cy(1 + %02), we have that

«;, Bi,vi > 0, independent of m, and

. 1 1 1
AWV (z) < —§aiV(x) + i + Biz — §aim2 + 5

The same calculations as before give

2

. 1 1 3
A < —Zq i+ oy + =),
WV (x) < 5@ V(z)+ (v + 50+ 2042-) Ci

and we can proceed along exactly the same lines to deduce the result as there is no

dependence on m. O

Corollary A.4. The sequence of stationary distributions m;, for the sped up Markov

chains 6, converges to p;, the stationary distribution for the solution 6; to the SDE.

Proof. All we need to show now is that the sequence m,, converges weakly to 7, the
stationary distribution for our limit stochastic differential equation. In order to show this

consider A, a Borel set of R. By stationarity, for any time ¢,

i(A) = / (AP (6:(1) € A).

By the weak convergence of the processes for any ¢ we have for €¢/2 that there exists an

mq such that for m > mq,
P (0;.m(t) € A) —PT(6;(t) € A)| < €/2.

By the geometric ergodicity in Theorem A.3 there exists 1 < r; and R; < oo independent

of m such that for all ¢

T Q(Lmﬂ)
P ; S A Tsm A
S | ( 7 ) 5 ( )|

—t
. 1+ 22 < B



We can now put these pieces together to prove our result. Let K. = {z : |z| < K} where

K is chosen such that 7(KC¢) =1 — €/4. Then

|mi(A) = mim (A)]

IN

‘ / ro(dz)PP(Bi(t) € A) — / 7s(dz) P (05 m(t) € A)’
4 ‘ / 7i(da)P (B (t) € A) — mvm(A)‘
= €¢/241—7(K¢) + Séllg |P*(0;m(t) € A) — i m(A)]

= ¢/2+¢/4+ sup PT(OI™) € A) — 7y (A)]
.Z’E’Ce

= 3e/d+ (1+ K*)Rirj".
We now take t large enough to ensure that have that for all m > my
|mi(A) — mim(A)] < e

As this holds for each A we have weak convergence of the measures. O
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