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Let n € N. MV, denotes the variety of MV-algebras generated

by the chain L,
0 1 n—1
n—1n-1"n-1]"
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Let n € N. MV, denotes the variety of MV-algebras generated

by the chain L,
0 1 n—1
n—1n-1"n-1]"

Recall that L4, 1 is a subalgebra of L, iff d is a divisor of n — 1.
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For each A € MV, there is:

Manuela Busaniche Free MVj-algebras



For each A € MV, there is:

@ a Boolean space X(A)

@ a meet homomorphism pp from Div(n — 1) into the lattice
of closed subsets of X(A), satisfying pa(n—1) = X(A)
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For each A € MV, there is:

@ a Boolean space X(A)

@ a meet homomorphism pp from Div(n — 1) into the lattice
of closed subsets of X(A), satisfying pa(n—1) = X(A)

such that
A= Cr(X(A), pa)
where Cp(X(A), pa) = {f : X(A) — Lp} and f(pa(d)) C Lg.1-
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Take X(A) = {x : A — L,} is isomorphic to the Stone space of
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For each A € MV, there is:

@ a Boolean space X(A)

@ a meet homomorphism pp from Div(n — 1) into the lattice
of closed subsets of X(A), satisfying pa(n—1) = X(A)

such that
A = Cp(X(A),pa)

where Ch(X(A), pa) = {f : X(A) — Ly} and f(pa(d)) C La.1.

Take X(A) = {x : A — L,} is isomorphic to the Stone space of
the Boolean algebra B(A).

For each d € Div(n— 1) take

pa(d) = {U=x""{1} NB(A) : x(A) C Lgs1}.
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Moisil operators

For every A € MV, we can define the Moisil operators
oi: A— B(A)withi=1,...n—1.
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Moisil operators

For every A € MV, we can define the Moisil operators
oi: A— B(A)withi=1,...n—1.

In particular, when evaluated L, they give:

j )71 ifi+j>n,
o ifi+j<n,
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N
—

n—1 n—1
opr 0 O 0 1
oo 0 O 1 1
on—q4 0 1 1 1
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The following properties hold in every A € MV, :
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The following properties hold in every A € MV, :

@ x € B(A) ifand only if x = o(x) forsome 1 <i < n—1if
andonly if x = gj(x) forall 1 <i<n-1.
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The following properties hold in every A € MV, :

@ x € B(A) ifand only if x = o(x) forsome 1 <i < n—1if
andonly if x = gj(x) forall 1 <i<n-1.

0 g1(x) <oo(x) < ... <op1(x).
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B(Freev,(X))

is the free Boolean algebra over the poset

Y ={oi(x):xeX,i=1,...,n—1}.
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B(Freev,(X))

is the free Boolean algebra over the poset

Y ={oi(x):xeX,i=1,...,n—1}.

The correspondence
SCY — Us

where Us is the boolean filter generated by the set
Su{-y:y e Y\ S}, defines a bijection from the set of upwards
closed subsets of Y onto the ultrafilters of B(Free vy, (X)).
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Consider the poset Y = {oj(x) : x € X,i=1,...,n—1}. If S'is
an upwards closed subset of Y then for each x € X we have a
chain Cy of the form

CX = O'j(X) <...< O'n_1(X)

forsome 1 <j<n—1and S = UycxCx.
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Consider the poset Y = {oj(x) : x € X,i=1,...,n—1}. If S'is
an upwards closed subset of Y then for each x € X we have a
chain Cy of the form

CX = O'j(X) <...< O'n_1(X)

forsome 1 <j<n—1and S = UycxCx.

Let R,_1 be the set of upwards closed subsets of Y.
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Consider the poset Y = {oj(x) : x € X,i=1,...,n—1}. If S'is
an upwards closed subset of Y then for each x € X we have a
chain Cy of the form

CX = O'j(X) <...< O'n_1(X)
forsome 1 <j<n—1and S = UycxCx.

Let R,_1 be the set of upwards closed subsets of Y.
For each d € Div*(n—1), let Ry C R,_1 be such that

S = UXEXCX € Rd

. Gy
if for each x € X we have 2% ¢ Ly, 4.
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Free(y,(X) is isomorphic to the algebra of continuous
functions f from the Stone space of the free Boolean algebra
over the poset Y = {oj(x) : x € X,i=1,...,n—1}into L, such
that for each d € Div*(n— 1) and each S € Ry, f(Us) C Ly+1.
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Recall that

Free o, (X) = Cn(X(Freey, (X)), p)

where X(Freey,(X)) = {x : Freexy,(X) — Ln}
and for each d € Div(n—1)

p(d) = {U = x "{1}nB(Freern,(X)) : x(Free, (X)) C Lgi1}.
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We only need to prove that for each d € Div*(n— 1),

Us € p(d) iff S € Ry
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Let Us € p(d). Then there is a homomorphism
x : Freepy,(X) — Ly such that

Us = x"'({1}) N B(Free (X))
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Let Us € p(d). Then there is a homomorphism
x : Freepy,(X) — Ly such that

Us = x" ({1}) N B(Freea, (X))
Fix x € X and let x(x) = ﬁ € Lgyq. Thus
oi(x) € Siff x(oi(x)) = 1iff o;(x(x)) =1

iff i +j > n.
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Let Us € p(d). Then there is a homomorphism
x : Freepy,(X) — Ly such that

Us = x" ({1}) N B(Freea, (X))
Fix x € X and let x(x) = ﬁ € Lgyq. Thus
oi(x) € Siff x(oi(x)) = 1iff o;(x(x)) =1

iff i +j > n.

The chain Cy C S has cardinality j, thus £% = Lo ¢ L44.
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Let Us € p(d). Then there is a homomorphism
x : Freepy,(X) — Ly such that

Us = x" ({1}) N B(Freea, (X))
Fix x € X and let x(x) = ﬁ € Lgyq. Thus
oi(x) € Siff x(oi(x)) = 1iff o;(x(x)) =1

iff i +j > n.

The chain Cy C S has cardinality j, thus £% = Lo ¢ L44.

This happens for all x € X. Hence if Us € p(d), then S € Ry.
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Now let S € Ry and x € X, i.e., £% ¢ L, foreach C, C S.
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Now let S € Ry and x € X, i.e., £% ¢ L, foreach C, C S.
Let
X : FreeMVn(X) — Ln

by

x(x) = ;%C,; , foreach x € X.
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Now let S € Ry and x € X, i.e., £% ¢ L, foreach C, C S.

Let
x : Free ,(X) — Ly
by
x(x) = ;%C,; , foreach x € X.
Then

x(Freey, (X)) € Lot

We also have Us = x~'({1}) N B(Freey,(X)). Therefore
Us € p(d).
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Let X be a finite set of cardinality r € N.
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Let X be a finite set of cardinality r € N.

Then the Stone space of B(Free,(X)) is a discrete space
with n" elements (i.e, the cardinality of R,_1).
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Let X be a finite set of cardinality r € N.

Then the Stone space of B(Free,(X)) is a discrete space
with n" elements (i.e, the cardinality of R,_1).

Foreach S € R,_1 let

rs ={d:Sec Ryand S ¢ R, forany j € Div*(d)}.

To every f € Freenqy,(X) we can assign an element

X € H Lfs-H

SeR,_1

such that xs = f(Us).
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Let X be a finite set of cardinality r € N.

Then the Stone space of B(Free,(X)) is a discrete space
with n" elements (i.e, the cardinality of R,_1).

Foreach S € R,_1 let

rs ={d:Sec Ryand S ¢ R, forany j € Div*(d)}.

To every f € Freenqy,(X) we can assign an element

X € H Lfs-H

SeR,_1

such that xs = f(Us).
It is not hard to check that the assignment is an bijective
homomorphism.
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Thus we conclude

Freern,(X) =[] Lo
deDiv(n—1)

where for each d € Div(n — 1), agq is the cardinality of the set
(Rd \ Ukepiv=(a)Ak)-
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Thank you
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