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7. Orbifolds
7.1. Introduction

Orbifolds X are generalizations of manifolds which are locally
modelled on R" /T for I a finite group acting linearly on R".

If T acts effectively on R" (i.e. the morphism I — GL(n, R) is
injective, so that I is a subgroup of GL(n,R)) then X is called an
effective orbifold. Some authors include this in the definition.
Orbifolds were introduced in 1956 by Satake, who called them
‘V-manifolds’. Thurston gave them the name ‘orbifolds’ in 1980.
Lots of differential geometry for manifolds also works for orbifolds,
often with only minor changes. Orbifolds are important in some
kinds of ‘moduli space’ and ‘invariant’ theories, particularly for
J-holomorphic curves in symplectic geometry and Gromov-Witten
invariants, where one must “count” ‘Deligne—-Mumford stable
curves' with finite symetry groups I, which makes the moduli
spaces (derived) orbifolds rather than (derived) manifolds.
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There are some subtle issues around defining ‘smooth maps’ of
orbifolds, and so making orbifolds into a category (or higher
category), and there are several non-equivalent definitions in the
literature, both ‘good’ and ‘bad’. For the ‘bad’ definitions, some
differential-geometric operations such as transverse fibre products,
or pullbacks of vector bundles, are not always defined.

The best answer is that orbifolds form a 2-category Orb, in which
all 2-morphisms are 2-isomorphisms (i.e. a (2,1)-category).
Orbifolds are a kind of differential-geometric stack, and stacks
form (2,1)-categories. There are at least five definitions of (strict
or weak) 2-categories of orbifolds, giving equivalent 2-categories.
‘Good’ definitions of ordinary categories of orbifolds yield a
category equivalent to Ho(Orb). In Ho(Orb), morphisms

[f] - X — ) are not local (do not form a sheaf) on X. If you try to
define an ordinary category of orbifolds in which smooth maps

f: X — 9 are local on X, you get a ‘bad’ definition.
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To see what these issues are, suppose § : X — %) is a smooth map
of orbifolds, and x € X, y € 9 with f(x) =y, and X,9) are
modelled near x,y on [U/T], [V/A] for U CR™, V C R" open
and I, A finite groups acting linearly on R™, R" preserving U, V.
Naively, we would expect | to be locally given near x by a smooth
map of manifolds f' : U — V and a group morphism p: I — A
such that /(- u) = p(vy) - f'(u) for all u € U and v €T, so that
" induces a map of sets U/l — V/A.

Note that the map of sets f: U/ — V /A does not determine f’
and p uniquely. For any § € A, we can always replace f/, p by ', p
where f/(u) =& - f/(u) and j(v) = dp()d~L. For some f, there is
more choice of f’, p than this.

The definition of smooth map f: X — %) needs to remember some
information about allowed choices of (', p). To see this is
2-categorical, think of (f/, p), (f', 5) as 1-morphisms

(U,T) = (V,A), and 6 : (f', p) = (', p) as a 2-morphism.
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We will discuss some examples before formally defining orbifolds.

Example 7.1

Let X be a manifold, and G a finite group, so that [*/G] is a
(noneffective) orbifold. What are ‘smooth maps’ f: X — [x/G]?
The answer should be: in the 2-category Orb,
@ 1-morphisms § : X — [x/G] should correspond to principal
G-bundles P — X.
e For 1-morphisms §,f: X — [*/G] corresponding to principal
G-bundles P, P — X, 2-morphisms 7 : f = f should
correspond to isomorphisms of principal bundles P = P.

Therefore in the homotopy category Ho(Orb), morphisms

[f] : X — [*/G] correspond to isomorphism classes of principal
G-bundles P — X.
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Non-locality of morphisms in Ho(Orb)

Example 7.2

Let X =S' CR® and G = Z,. Then X = UU V for
U=S8"{(1,0)}, V=8 {(~1,0)}. There are two principal
Zo-bundles on St up to isomorphism, with monodromy 1 and —1
around S'. But on U = R =2 V there are only one principal
Zp-bundle (the trivial bundle) up to isomorphism.

Therefore morphisms [f] : St — [x/Z5] in Ho(Orb) are not
determined by their restrictions [f]|y, [f]|\ for the open cover

{U, V} of 81, so such [f] do not form a sheaf on S*.

Regarding X as a quotient [S!/{1}], this example also shows that
morphisms § : [U/T] — [V/A] in Orb or Ho(Orb) are not globally
determined by a smooth map ' : U — V and morphism

p:T = A, as f': St — %, p: {1} — Z, are unique, but § is not.
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Example 7.3 (Hilsum—Skandalis morphisms)

Suppose U, V are manifolds and ', A are finite groups acting
smoothly on U, V, so that X = [U/T], 9 = [V /A] are orbifolds
(‘global quotient orbifolds’). The correct notion of 1-morphism
X — %) in Orb is induced by a triple (P, , ), where

@ P is a manifold with a smooth action of [ x A

@ m: P — Uis al-equivariant, A-invariant smooth map

making P into a principal A-bundle over U.
@ f: P— V isasmooth A-equivariant and [-invariant map.

This is called a Hilsum—-Skandalis morphism.
2-morphisms 1 : (P, m, f) = (P, #, f) are I x A-equivariant
diffeomorphisms 7 : P — P with fon =, fon = f.
If (Q,m,g):[V/A] = [W/K] is another morphism then
composition of 1-morphisms is

(Q,m,g) o (P,m,f)= ((P Xfva Q)/A,momp,go 7TQ),
where P X¢ y » Q is a transverse fibre product of manifolds.
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Suppose (P, f): [U/T] — [V/A] is a Hilsum—-Skandalis
morphism with U connected, and P = U x A is a trivial A-bundle,
with A-action § : (u,6’) — (u,00"). The I-action on P commutes
with the A-action and 7y : U x A — U is '-equivariant, so it
must be of the form ~y : (u,8) + (- u,dp(y)"1) for p: T — A a
group morphism. Define f': U — V by f'(u) = f(u,1). Then f
A-equivariant implies that f(u,d) =6 - f’(u), and f T-invariant
implies that /(v - u) = p(v) - f'(u).

Thus, if P is a trivial A-bundle then (P, m, f) corresponds to the
‘naive’ notion of morphisms [U/I] — [V /A] discussed before.
Since every principal A-bundle is locally trivial, every
Hilsum—Skandalis morphism is locally of the expected ‘naive’ form.
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Example 7.4 (Weighted projective spaces)

Let n and ag, ..., a, be positive integers, with hcf(ag,...,a,) = 1.
Define the weighted projective space CP3 . = (C"t1\ {0})/C*,
where C* acts on C™1\ {0} by

A (20,21, ,2p) — (A2, ..., A%"z,).

Then CP . is a compact complex orbifold. Near [z, ..., z,] it
is modelled on C"/Zj, where k is the highest common factor of
those a; for i = 0,...,n with z; # 0.
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Example 7.5

(CIP%,l is topologically a 2-sphere S2. It has one orbifold point [1, 0]
where it is locally modelled on C/{+£1}, and CIP%,l \ [1,0] = C.
Suppose for a contradiction that CIP%J >~ [U/T] for U a manifold
and I a finite group. Let [1,0] = ul’ and [0,1] = v, and let

A C T be the subgroup fixing u, so that A = Z,. Write
U=U\ul", U'=U\vl and U”" = U N U". Then

U — U/T =CP;; \[1,0] =Cis a |[| : 1 covering map, so that
U’ is |I'| copies of C as C is simply-connected, and U" is |I'| copies
of C\ {0}. Also U"/A — U"/T =CP5;\[0,1] = C/Z; is a
IT|/2:1 covering map, so U"/A is |I'|/2 copies of C/Z,, and U" is
IT'| /2 copies of C, and U"" is |I'| copies of C\ {0}, a contradiction.
Hence (CIP’%J cannot be a global quotient [U/T] for I finite.

v

This example shows we need to define orbifolds X by covering X by
many open charts ; C X with ; = [U;/T].
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7.2. Orbifold charts and coordinate changes

We now give one definition of a weak 2-category of orbifolds Orb,
taken from my arXiv:1409.6908, §4.5. It is a dry run for the
definition of Kuranishi spaces Kur.

Definition 7.6

Let X be a topological space. An orbifold chart (V;,T;,1;) on X is
a manifold V;, a finite group I'; acting smoothly on V;, and a map
W; Vi /T — X which is a homeomorphism with an open set
Imy; C X. We write gE,- : V; — X for the composition

Vi — Vi/T: 25 X, If X' C X is open, the restriction of (V:, T}, ;)
to X" is (Vi,Ti, i) |xr := (V/,Ti, 1), where V! =11(X") and

Vi =vilvir;-
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Definition 7.7

Let (V;,Ti,%i),(V},Tj, ;) be orbifold charts on X with
Im; = Im1);. A coordinate change
(PU77TU’¢U) (Vi Tii) — (VJ, rjawj) is Pjj, mji, ®ij, where
@ Pjj is a manifold with a smooth action of ['; x I';.
e m;j: P — Viisa Ij-equivariant, [ j-invariant smooth map
making Pj; into a principal I';-bundle over V.
e ¢;i: Pj — Vjis a [j-equivariant, [';-invariant smooth map
making Pj; into a prmcnpal [;-bundle over V.

It (P, mij, &ij) (PU77TU>¢U) (Vi, Tis i) = (V;, T, 9;) are
coordinate changes, a 2-morphism 1 : (PU,TFU, (/ﬁ,J) = (PU,TI',J, (bU)
is a [; x ['j-equivariant diffeomorphism 7 : P;j — PU with

Tjjon = mj, (5,1 on = ¢jj. If X’ C X is open, we can restrict
coordinate changes and 2-morphisms to X’ by (Pjj, mjj, ¢jj)|x’ :=

(i 0 mig) ~H(X"), -, i) and mlxr = ]G 0ms)-1050y:
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Definition 7.8

It (Pikc, ik, ®jk) + (Vi Tj,5) = (Vi, Tk, ¥k) is another coordinate

change then composition of coordinate changes is

( k;7TJk7¢Jk) (PU77TU7¢IJ) (('DU X i, Vi mik ij)/r' Tij OWPIJ’¢J'I< Oﬂpjk)

where Pj; X i, Vi ik Pjk is a transverse fibre product of manifolds.

|f77 (PU77TI_]7¢IJ) (PU77TIJ7¢U) and

C: (PU,TI'U,¢U) — (PU,T('U,gbU) are 2- morphlsms the vertical

compositionis ( ©n=_on: Pu — Pu

|f~77 : (Pij7~7Tij7¢ij) (PU,T('U,QbU) and C ( _/kaﬂ-_/kaquk) =

(Pjk, ik, ®jk) are 2-morphisms, the horizontal composition is
Cxm=(nxv Q)/Tj:(Pjxv; Pi)/Tj— (Pj xv, Pu)/T}.

The identity coordinate change for (V;,[';,4;) is id(v, ;4 =

(P,',',7T,',',§b,',‘) where P;; = V;xI; with [';xT[ ;-action (’)/1,’}/2) : (V,5)'—>

(y1 - v, 72697 1), and i 2 (v, ) = v, it (v, ) — - v

The identity 2-morphism for (Pj;, 7j;, ¢j5) is id(p idp, .

i Pi) T
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Theorem 7.9

Let X be a topological space, and S C X be open. Then we have
defined a strict 2-category Coords(X) with objects orbifold charts
(Vi,Ti i) on X with Im; = S, and 1-morphisms coordinate
changes (Pj, mjj, ¢jj) : (Vi, Ti,¢i) = (V},T},}), and 2-morphisms
n : (Py, mij, ¢ij) = (,E’,-j,fr,-j, q~5U) as above. All 1-morphisms in
Coords(X) are 1-isomorphisms, and all 2-morphisms are
2-isomorphisms. If T C S C X are open, then restriction

|7 : Coords(X) — Coordt(X) is a strict 2-functor.
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7.3. Stacks on topological spaces

In §3.2 we defined sheaves of sets £ on a topological space X.
There is a parallel notion of ‘sheaves of groupoids’ on X, which is
called a stack (or 2-sheaf) on X. As sets form a category Sets, but
groupoids form a 2-category Groupoids (in fact, a (2,1)-category),
stacks on X are a (2,1)-category generalization of sheaves.

The connection with stacks in algebraic geometry is that both are
examples of ‘stacks on a site’, where here we mean the site of open
sets in X, and in algebraic geometry we use the site of K-algebras
Algy, regarded as a kind of generalized topological space.

As for sheaves, we define prestacks and stacks. Sheaves are
presheaves which satisfy a gluing property on open covers

{V; : i € I}, involving data on V; and conditions on double
overlaps V; N V;. For the 2-category generalization we need data
on V;, V; N V; and conditions on triple overlaps V; N V; N V.
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Definition 7.10

Let X be a topological space. A prestack (or prestack in
groupoids, or 2-presheaf) € on X, consists of the data of a
groupoid £(S) for every open set S C X, and a functor
psT : E(S) — E(T) called the restriction map for every inclusion
T C S C X of open sets, and a natural isomorphism of functors
NsTU : PTU© psT = psy for all inclusions U C T C S C X of open
sets, satisfying the conditions that:

(i) pss =idg(s)y : E(S) — E(S) for all open S C X, and

nssT = NstT = id,s, for all open T C S C X; and

(i) nsuv @ (idpyy *nsTU) = NsTv © (MTUV *id)er)
puv © pTU © psT = psy forallopen VC UC T CS C X.

v
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Definition (Continued)

A prestack € on X is called a stack (or stack in groupoids, or

2-sheaf) on X if whenever S C X is open and {T;:i € I} is an

open cover of S, then (iii)—(v) hold, where:

(i) If a, B : A— B are morphisms in £(S) and pst.(a) =pst.(B) :
psT.(A) = psT.(B) in E(T;) for all i € [, then a = S.

(iv) If A, B are objects of £(S) and «; : psT.(A) = psT.(B) are
morphisms in £(T;) for all i € | with

Nst(TinT;)(B) © p1.(TinT) (i) o st (TinT) (A) ™

= ns1,(T:nT)(B) © p7,(TinT)) () © 5T, (TinT;) (A)
in £(T; N T;) for all i,j € I, then there exists & : A — B in
E(S) (unique by (iii)) with pst.(a) = o for all i € [.
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Definition (Continued)

(v) If Ai € E(T;) for i € I and @ pry(TinT;)(Ai) —
pT,(T:nT;)(Aj) are morphisms in E(T; N Tj) for i,j € | with

—1
NT (TN TN TN T (AK) 0 p(Tn T (TinTin T (k) oN (T Ty (Tin Tin 7o) (A))

—1
o NTy(TinT )TN T.nT) (A o pTnTy(TinTinT (i) 0Ny (TinT ) (Tin T.n T) (A)

:nTk(TiﬁTk)(TiﬁTjﬁTk)(Ak)Op(TiﬂTk)(TiﬁTjﬁTk)(aik)OnTi(TiﬁTk)(TiﬁDﬁTk)(Af)_l

for all i, j, k € I, then there exist an object A in £(S) and
morphisms §; : Aj = pst.(A) for i € | such that for all i,j € |
we have

nst(1inT;)(A) o p1(TinT)(Bi) = nsTy(TinT) (A) 0 o1 T:n T (B)) 0 v

In the examples we are interested in we have p1y o psT = psy and
nstu = id,, for allopen UC T C S C X, so all the n...(---)
terms above can be omitted.
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In Theorem 6.6 we showed that coordinate changes of M-Kuranishi
neighbourhoods have a sheaf property. There is an analogous stack
property for coordinate changes of orbifold charts.

Theorem 7.11

Let (Vi,Ti, i), (V;,T},v;) be orbifold charts on X. For each open
S C Im; N Im e, write Coord ((V;, Ti, %), (V;, T}, 4;))(S) for the
groupoid of coordinate changes (Pjj, mjj, ¢ij) : (Vi, [i, i) —
(Vj,Tj, ;) over S, and for all open T C S C Im1; NIm1); define
PST - Coord((\/,-, F,-, wi)7 (VJa rjij))(s) —
Coord (Vi T, i), (VT ))(T) by pst = |7,
and for all open U C T C S C X define
nstu = id,g, © PTU © PST = PSu = psu.
Then Coord((\/,-, Ci,vi), (V, T, wj)) is a stack on Im1; N Im ;.

The nontrivial part of this is a gluing result for principal I'j-bundles
on a cover of V;, with given isomorphisms on double overlaps and
an associativity condition on triple overlaps.

v
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7.4. The weak 2-category of orbifolds Orb
Definition 7.12

Let X be a Hausdorff, second countable topological space. An
orbifold structure O on X of dimension n € N is data
O = (I,(Vi,Ti,¥i)ier, @i, ijer, Nijk, ij.kel), where:
(a) Iis an indexing set.
(b) (Vi, T, ;) is an orbifold chart on X for each i € /,

with dim V; = n. Write S; = Im v, SU = Imy; N Im%-, etc.
(c) @i = (Py,mi @) : (Vi, Tis¥i)ls; — (Vi Ty, s 1s a
coordinate change for all i,j € .
) Aijk : Pjk 0 Pijls, = Pikls,, is a 2-morphism for all i, j, k € I.
e) UiEI Imy; = X. (f) b, = id(Vi,riﬂﬁi) forall i e [.
) )\,‘,‘j = )\,‘jj = idq;l.j forall i,j € I.
) Aikt © (idey, ¥Ajji)] 55 = At © (Ajir * ida )| sy, -
Cbk/ o ijk o q)"j‘s:'jk/ — ¢iI|SUkI for all i,_j, k,/ e l.
We call X = (X, O) an orbifold, of dimension dim X = n.
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Recall that to define M-Kuranishi spaces in §6, which form a
category, we specified data on 5;, S;;, and imposed conditions on
Sjjik- Here for orbifolds, which form a 2-category, we specify data
on S;, Sji, Sjik, and impose conditions on quadruple overlaps S;i.
We call X an effective orbifold if the orbifold charts (V;, I;, ;) are
effective, that is, if ['; acts (locally) effectively on V; for all i € I.
We can also define 1-morphisms and 2-morphisms of orbifolds. To
do this, given a continuous map f : X — Y and orbifold charts
(Vi,Ti,¢i), (W;, Aj, xj) on X, Y, we have to define 1-morphisms
(P,'j, i, f;J) : (\/,, [}, ¢,) — (VVJ, AJ', Xj) of orbifold charts over f,
and 2-morphisms n;; : (P, 7jj, fjj) = (,E’,-j,fr,-j, ?,J) compositions
o,®, *, and identities. These generalize Definitions 7.7 and 7.8 for
f = idx, so we leave them as an exercise.

Dominic Joyce, Oxford University Lecture 7: Orbifolds



Introduction

Orbifolds Orbifold charts and coordinate changes
Stacks on topological spaces
The weak 2-category of orbifolds Orb

Definition 7.13

Let X = (X,0) and ) = (Y, P) be orbifolds, with

O = (I,(Vi,Ti,¥i)ier, @i, iirer, Niviv, iininer) and

P = (4, (W, &), xj)jes, Vi, jjres Hijjr, jjjes)- A 1-morphism
FiX oY isdata f= (F.5; e jes FilShe FIRZTSY), with:
(a) f: X — Y is a continuous map.

(b) fii = (Pij, mjj, fij) « (Vi, T, i) = (W, A}, xj) is a 1-morphism
of orbifold charts over f forall i €/, j € J.

Fl, : fij o ®jir = f; is a 2-morphism over f for i,i" € 1, j € J.
F,fj/ : Wi o f; = f; is a 2-morphism over f for i € /, j,j' € J.

)
) R
) FIJI = F/ =id;,. | |
f) !I.,,Q(idfi,,j s Njjrjn) = FlL,O(F 0 xide ) « fjujo im0 ®jir = Fin;.
)
)

]

(g F,!.J'@ (id\lljj/ *F,!,-/.). — Fl!,-/”@ (FIJ,J * id(bii/) 5 wjj’ o fi’j o q),','/ = fuz
(h FIJJ @(id\uj,j,, *FIJJ ):FIJJ @(,LLJ'J'/J'// *ldfu) . wj’j” Owjj’ Ofuiful/
Here (c)—(h) hold for all i,j, ..., restricted to appropriate domains.
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Definition 7.14

Let §,g: X — ) be 1-morphisms of orbifolds, with

$= (.55, ien, jesr Fli/Ser, LTS,

g= (gagij, i€l, jeds Gf}}f?,i{e,, f.{/,-’ej,’jle“’). Suppose the continuous
maps f,g : X — Y satisfy f = g. A 2-morphism 7 : { = g is data
n = (njj, ic1, jes), where 7;; : fii = gjj is a 2-morphism of orbifold

charts over f = g, satisfying:
(b) GIJJ Q(Idwﬂ/*nlj):nU/@F;U . wJJIOij‘gU’ fOI’ IGI, _/,JIEJ

v

We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making orbifolds into a weak
2-category Orb.
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Composition of 1-morphisms g o f is complicated: we have to use
the analogue of the stack property Theorem 7.11 for 1-morphisms
of orbifold charts to define (g o f)ix in gof. This only determines
(g o f)ik up to 2-isomorphism, so we have to make an arbitrary
choice to define g o f. Because of this, we need not have
ho(gof)=(hog)of, instead we prove the existence of a natural
2-isomorphism ay g5 : ho(gof) = (hog)of. Thisis why Orb is a
weak 2-category rather than a strict 2-category.

Note that the arguments used here are of two kinds. First in
§7.1-87.2 we use a lot of differential geometry to construct a
2-category of orbifold charts, and prove the stack property. But for
the second part in §7.3, there is no differential geometry, we use
2-categories and stack theory to define the weak 2-category Orb.
To generalize to Kuranishi spaces, we first need to construct a
2-category of Kuranishi charts, and prove the stack property. The
second part, construction of the weak 2-category Kur using

2-categories and stack theory, is standard, identical to Orb.
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8. Kuranishi spaces

We now define a weak 2-category Kur of Kuranishi spaces X, a
kind of derived orbifold, following my arXiv:1409.6908, §4. One
can also define derived orbifolds using C°°-algebraic geometry by
generalizing the definition of d-manifolds, replacing C*°-schemes X
by Deligne—-Mumford C°°-stacks X’. This yields a strict 2-category
dOrb of d-orbifolds, as in my arXiv:1208.4948. There is an
equivalence of weak 2-categories Kur ~ dOrb, so Kuranishi spaces
and d-orbifolds are interchangeable. Kuranishi spaces are simpler.
The definition of Kuranishi spaces combines those of M-Kuranishi
spaces in §6, and orbifolds in §7. We define 2-categories Kurg(X)
of ‘Kuranishi neighbourhoods’ on X supported on open $S C X,
with restriction functors | : Kurg(X) — Kury(X) for open

T C S C X, and show they satisfy the stack property. Then the
same method as for orbifolds defines Kuranishi spaces as
topological spaces with an atlas of Kuranishi neighbourhoods.
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In fact ‘Kuranishi spaces’ (with a different, non-equivalent
definition, which we will call ‘FOOO Kuranishi spaces’) have been
used for many years in the work of Fukaya et al. in symplectic
geometry (Fukaya and Ono 1999, Fukaya—Oh—Ohta—Ono 2009), as
the geometric structure on moduli spaces of J-holomorphic curves.
There are problems with their theory (e.g. there is no notion of
morphism of FOOO Kuranishi space), and | claim my definition is
the ‘correct’ definition of Kuranishi space, which should replace the
FOOO definition. Any FOOQO Kuranishi space X can be made into
a Kuranishi space X’ in my sense, uniquely up to equivalence in
Kur, so this replacement can be done fairly painlessly.

Dominic Joyce, Oxford University Lecture 8: Kuranishi spaces

Kuranishi neighbourhoods and coordinate changes
Kuranishi spaces The 2-category of Kuranishi spaces Kur

8.1. Kuranishi neighbourhoods and coordinate changes

Definition 8.1

Let X be a topological space. A Kuranishi neighbourhood on X is

a quintuple (V, E,T,s,%) such that:

(a) V is a smooth manifold.

(b) m: E — V is a vector bundle over V, the obstruction bundle.

(c) T is a finite group with compatible smooth actions on V' and
E preserving the vector bundle structure.

(d) s: V — E is a [-equivariant smooth section of E, the
Kuranishi section.

(e) ¥:s71(0)/I — X is a homeomorphism with an open Im ) C X.

We write 1) for the composition s~1(0) — s~1(0)/I Yox.

If S C X is open, we call (V, E,l,s,) a Kuranishi neighbourhood
over Sift S CImy C X.

This is the same as Fukaya-Oh-Ohta-Ono Kuranishi neighbourhoods.
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Definition 8.2

Let X be a topological space, (V, E;, i, si,vi), (V}, Ej,T},sj,v;)
be Kuranishi neighbourhoods on X, and S C Im; NIm; C X
be open. A 1-morphism ®;; : (V;, Ei, T, si, i) — (V, Ej, T, sj, )
over S is a quadruple ®;; = (Pj;, mjj, ¢ij, ggu) satisfying:

(a) Pj is a manifold with a smooth action of I'; x I';, with the
[j-action free.

(b) mjj : Pj — Vi is I'j-equivariant, [j-invariant, and étale. The
image Vj; := m;;(Pj;) is a ['j-invariant open neighbourhood of
&;1(5) in V;, and mj; : P;j — Vj; is a principal T j-bundle.

(c) ¢jj: Pj — Vjis alj-invariant and T j-equivariant smooth map.

(d) ;i : mi(Ei) — ¢5(Ej) is a I'; X T j-equivariant morphism of
vector bundles on Pj;, using the given [';-action and the trivial
[j-action on E;, and vice versa for E;.

(e) 0y(m5(si) = ¢5(s5) + O(mj(s1)?)-
(f) i omjj = gj o ¢y on m; (s77(0)) C Py.
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Here [Vj;/Tj] C [V;/T] is an open sub-orbifold, and

qb,-j = (P,'J',7T,'j,¢,'j) : [\/,-J-/F,-] — [\/J/FJ] is a Hilsum—Skandalis
morphism of orbifolds, as in §7.1. We can interpret E;, E; as
orbifold vector bundles over [V;/Ti],[V;/T ;] with sections s;, s,
and ¢;; as a morphism E; — @7 (Ej) of vector bundles on [Vj;/T ]
with ¢;i(s;) = #5i(s;) + O(s?).

Thus, (Pj, mij, ¢jj, (gu) is the orbifold analogue of the morphisms
[V,‘j, gb,'j, gzg,]] : (V,, E;, s;, w,) — (VJ, Ej, Sj, wj) of M-Kuranishi
neighbourhoods in §6.1, with (Pj;, wjj, ¢;;) in place of ¢;.

For M-Kuranishi spaces, we took equivalence classes [V}, ¢, QBU]
of triples (Vjj, ¢jj, ggu) Here we do not take equivalence classes for
1-morphisms, but we will for 2-morphisms.
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Definition 8.3

Let @y, be-j (Vi, Ei, Ty si i) = (V), Ej, T, sj,1;) be 1-morphisms
of Kuranishi neighbourhoods over § C Im 1); ﬂ Im; € X, where
q)U:(PU?WU?gbU?q/;U) and cD:'j:( i’ ’J’qu’ )
Consider triples (P,-j, Aijs 3\,]) satisfying:
(a) Pjisal; x Ij-invariant open neighbhd of wyfl(iﬁi_l(S)) in Pj.
(b) \j: Pj — Pl is a I'; x [';-equivariant smooth map with
7Tf.j o\j = 7r,-j|,-3ij. This implies that \j; is a diffeomorphism
with a [; x [j-invariant open set \;(P;) in PL.
(c) Aj: 7T,’-'J‘-(E,-)|Pij — gbZ-(T\/j)|Pij is a ['j- and [j-invariant smooth
morphism of vector bundles on P,-J-, satisfying

@i ° N = Pilp, + Aj - m(si) + O(m(si)?) and

P . ) . (8.1)
No(B5) = Bil, + Ay - #3(dsy) + O(mj(s) on Py
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Definition (Continued)

Define an equivalence relation ~ (or ~s) on such triples by
(P,J, A )\U) = (P,’J, )\jj, )\’ ) if there exists an open neighbourhood
P,J of7T ( : ( ) in PUﬂP’ with

,-J-|,5U—)\’|PU and )\,J|P = X \PU+O( m5(si)) on P;. (8.2)

Write [PU, A )\U] for the ~-equivalence class of (P,J, A )\U) We
say that [PU,AU,)\U] Py = CD’ is a 2-morphism of 1-morphisms

of Kuranishi neighbourhoods oq X over S, or just a 2-morphism
over S. We often write Ajj = [Py, Ajj, Ajj] or Xij = [Py, Aij, Ajjl.

Here (8.1) is the orbifold version of standard model 2-morphisms
of d-manifolds in §5.3, and (8.2) the orbifold version of when two
standard model 2-morphisms are equal from Theorem 5.3(b).
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A 2-morphism [PU, A S\U] Py = be-j really consists of three
pieces of data:
(i) An open neighbourhood [V;/T;] of 4 (S) in
[Vii/Til N [V}/Til € [Vi/Til, where Py =7t (Vy).
(i) A 2-morphism of orbifolds \j; : (PU’¢U7¢U)|[\'/,-J-/F,-] =

(P,fj,qﬁj.j, ;'J.)|[\./ij/ri]’ in the sense of §7.

(iii) A ‘standard model’ 2-morphism of derived manifolds S\U lifted
to derived orbifolds.

There is little interaction between (ii) and (iii); the ‘orbifold’ and
‘derived manifold’ generalizations of manifolds are more-or-less
independent.
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We can define composition of 1- and 2-morphisms of Kuranishi
neighbourhoods, and identity 1- and 2-morphisms, by combining
the orbifold story in §7 with the derived manifold story in §5-§6.

In this way we obtain a strict 2-category Kurs(X) of Kuranishi
neighbourhoods over S C X.

If T C S C X are open there is a restriction 2-functor

|T : Kurs(X) — KurT(X). On objects (V,, E,', F,-,s,-,w,-) and
1-morphisms (Pj;, 7jj, ¢jj, ngS,J) this just acts as the identity. But for
2-morphisms [P,-J-,)\,-j, 3\,1] in Kurg(X), the equivalence relation ~g
on triples (PU,)\U,S\U) depends on S, as (8.2) must hold in a
neighbourhood of 7TI-J_-1(ZZ,-_1(S)). So |7 maps the ~s-equivalence
class [Py, \i, \j]s to the ~7-equivalence class [P;;, \j, ] -
Definition 8.4
A 1-morphism ®;; : (V;, Ei, T, si, %) = (V}, Ej, T}, s;,v;) of
Kuranishi neighbourhoods over S C X is a coordinate change over
S if it is an equivalence in the 2-category Kurg(X).
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Theorems 5.7 and 6.5 gave criteria for a standard model 1-morphism
to be an equivalence, and a morphism of M-Kuranishi neighbourhoods
to be a coordinate change. Here is the orbifold analogue:

Theorem 8.5

Let ®; = (Py, mij, ¢, dij) + (Vi, Ei, Uiy sis i) = (V) B, T, 55, )
be a 1-morphism of Kuranishi neighbourhoods over 5 C X. Let
p € 7TI-J_-1(¢I-_1(S)) C Pjj, and set v; = mjj(p) € Vi and

vi = ¢ij(p) € Vj. Consider the complex of real vector spaces:

dsi|v, ®(dej|podmy|5 ) — il pDds;ly,
O%Tv,-\/i Ei|v;@ij\/j -

Also consider the morphism of finite groups
pp : { (i) ETixTj (v ) - p=p} —{ €M) 1 - vi=V},
pp = (Vi) — - (8.4)
Then ®;; is a coordinate change over S iff (8.3) is exact and (8.4)
is an isomorphism for all p € Wyfl(@i_l(S)).

Ej|,, 0. (8.3)
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Example 8.6

In Fukaya—Oh—Ohta—Ono Kuranishi spaces, a ‘coordinate change'
(Vij, pijs eij, @ij) = (Vi Ei,Tiysiy i) — (V. Ej, T, 55, 1;) consists of
a ['j-invariant open Vj; C V;, a group morphism p;; : I'; — T}, a
pji-equivariant embedding of submanifolds ¢;; : Vj; < Vj, and a
pij-equivariant embedding of vector bundles ¢;; : Ej|v;, — ¢}:(Ej)
with $j; o s; = y:(s;), such that the induced morphism

(dsi)s« : w5 (TV;)/ TVjj — ¢5(Ej)/Ei is an isomorphism near

s: 1(0), and p restricts to an isomorphism

Stabr,(v) — Stabr,(¢;(v)) for all v € ;1(S).

By Theorem 8.5 we can show that this induces a coordinate
change (P,'j,7'(','j,§b,‘j,$;j) in our sense, with Pjj = V; x [; the trivial
principal I';-bundle over V;. But FOOO coordinate changes are
very special examples of ours; they only exist if dim V; < dim V.
Our coordinate changes are more flexible, and are invertible up to
2-isomorphisms.
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As for Theorems 6.6 and 7.11 we have:

Theorem 8.7

Let (V,, E;i,.l; s, ¢;), (VJ, Ej, FJ-, Sj, Qﬂ_,) be Kuranishi

neighbourhoods on X. For each open S C Im; N Im4;, write

Coord((\/,-, Ei,Ti,si,vi), (V, Ej, T, sj,¢j))(5) for the groupoid of

coordinate changes (PU,WU,(bU,(ﬁU) (Vi Ei Ty s vi) = (V) Ej,

[;,sj,%;) over S, and for all open T C S C Im1; NIm4); define
PST - COOI‘d((V,', E,'7 F,-, Si, Q,D,'), (VJ, Ej, FJ-, Sj, 7,@))(5) —
COOI’d((\/,-, Ei7 ri;5i7¢i)7 (\/17 Ej? rjasjij))(T) by PST — |T7

and for all open U C T C S C X define

nstu = idys,  PTU © PST = PSuU = Psu.

Then Coord((\/,-, Ei,Ti,si, i), (V, Ej, Fj,sj,wj)) is a stack on the

topological space Im1); N Im1);.

The important, nontrivial part is a gluing result for coordinate
changes on an open cover, with given 2-isomorphisms on double
overlaps and an associativity condition on triple overlaps.
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8.2. The 2-category of Kuranishi spaces Kur

Definition 8.8

Let X be a Hausdorff, second countable topological space. A

Kuranishi structure K on X of virtual dimension n € 7 is data

K =1,V E,Ti,si,¥i)ier, Pij, ijer, Nk, ijker), where:

(a) Iis an indexing set.

(b) (Vi, Ei, T, si,v;) is a Kuranishi neighbourhood on X for i € /,
with dim V; — rank E; = n. Write §;; = Im; N Im1);, etc.

(C) cbij = (PU77TU7 ¢U7 ¢U) : (Vlv Ei, riﬁsivwl‘) — (VJ7 Ej7 rj75j7¢j)
is a coordinate change over S;; for i, € .

(d) Ajjk : ®jx o ®jj = Py is a 2-morphism over S for i,j, k € .

(€) UiesTmepj = X. - (F) ®ii = id(v; £, 1) for i € 1.

(g) iij:/\ijj:idd),-j fori,jel.

(h) Aiw © (idey, *Ajjic) |55 = Nijt © (Ajua * ida; )| s, -
®, 0 ijk o q)ij‘sy'k/ — ¢,'/|5Ukl fori,j, k, 1 €l.

We call X = (X, K) a Kuranishi space, with vdim X = n.

A
A
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Definition 8.8 is a direct analogue of orbifolds in Definition 7.12,
replacing orbifold charts by Kuranishi neighbourhoods. It covers X
by an ‘atlas of charts’ (V;, E;, T, s;, ;) over Im); C X, with
coordinate changes ®;; on double overlaps Im ¢; N Im1);, and
2-isomorphisms Ajj : ®j o CD,-J-\g,.jk = ¢ik|5ijk on triple overlaps
Im; N Imap; N Im Py, with associativity

Ny © (id¢k/ */\ijk)|5ijk/ = /\ij/ ® (/\jk/ * idq;l.j)‘sijk, on quadruple
overlaps Im4; N Im; N Im e N Im .

Once you have grasped the idea that Kuranishi neighbourhoods
over S C X form a 2-category, with restriction |1 to open subsets
T C S C X, Definition 8.8, although complicated, is obvious, and
necessary: it is the only sensible way to make a global space by
gluing local charts in the world of 2-categories.
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We can also define 1-morphisms and 2-morphisms of Kuranishi
spaces. To do this, given a continuous map f : X — Y and
Kuranishi neighbourhoods (V;, E;, I, s;,vi), (W, Fj, Aj, tj, x;j) on
X,Y,and open S C Im; N f‘l(ImXJ-), we first have to define
1-morphisms f;; = (P, 7jj, fjj, f-) (Vi Ei iy si i) —

(W, Fi, Aj, tj, x;) of Kuranishi neighbourhoods over S and f, and

2- morphlsms Nij = (Pij, mij, £, i i) = (Ph, iy, 1, fU’) compositions

o, ®, *, and identities. These generalize Definitions 8.2 and 8.3 for
f = idx, so we leave them as an exercise.
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Definition 8.9

Let X = (X,K) and Y = (Y, L) be Kuranishi spaces, with

K= (1,(Vi,Ei,Ti,si,¥i)ier, Pii, iirer, Nipin i jriner) and

L= (4, (W), Fj, Aj, tj, Xj)jess Vi, jress Mipjo, v jrea)- A
1-morphism £ : X = Y is £ = (£, f; ic1, jes, Fi/5he), FL27S),
with: (a) f : X — Y is a continuous map.

~

(b) fij = (Pij,mij, fij, fij) + (Vi, Ei, Ui, sis i) = (Wi, Fj, Aj, t, xj) is
a 1-morphism of Kuranishi neighbourhoods over

S=TImy;Nf YImy;)and f foriel, jeJ.

Fl, :fijo®; = f; is a 2-morphism over f for i,i" € I, j € J.

)

) F,Jj/ : Vi ofjj = i is a 2-morphism over f for i e I, j,j € J.
) F,J, =F/ = idg, - | |

f) F,Ji,,@(idfi,,j >l</\,-,-/,-//) = Fl!i’G(FiJ’i” * idq;l_l_,) Zf,'//j oDrimo®y =>f,'//j.
) FI' 6 (idw,, *Fl)=Fl, © (FE ide, ) Wy o fij o & =fy.
) F7olidy,, «F)=F" (M +ide): VoW of =i,

Dominic Joyce, Oxford University Lecture 8: Kuranishi spaces

Kuranishi neighbourhoods and coordinate changes
Kuranishi spaces The 2-category of Kuranishi spaces Kur

Here (c)—(h) hold for all i,/ ..., restricted to appropriate domains.

Definition 8.10

Let f,g : X — Y be 1-morphisms of Kuranishi spaces, with

i) i e

ey el _

g = (8.8 ici. jess Gfi,f,-e’,/e,, G 7 7). Suppose the continuous
maps f,g : X — Y satisfy f = g. A 2-morphism N : f = g is data
N = (Aj, icl, jes), where Ajj - f; = g;; is a 2-morphism of
Kuranishi neighbourhoods over f = g, satisfying:
(a) G, ©(Aij*ide ) =NjOF], : fijo®u=g; fori,i'cl, jeJ.

(b) GIJJIQ(ld\UJJ,*AU):/\U’QF;U/ : WJJ/OfU:gIJ/ for iel, _],_IIEJ

v

Definitions 8.9, 8.10 are direct analogues of the orbifold versions.
We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making Kuranishi spaces into a weak
2-category Kur. Composition of 1-morphisms needs the stack
property of 1-morphisms of Kuranishi neighbhds, as in Theorem 8.7.
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Write Kury,r for the full 2-subcategory of Kur with objects

X = (X, K) in which the Kuranishi neighbourhoods

(Vi, Ei,Ti,si,9i) in K have I'; = {1} for all i € I. Write Kury,g for
the full 2-subcategory of X in which I'; acts freely on s; 1(0) C V;
for all i € I. Then Kuryr C Kury,g C Kur. Both Kur,r, Kurg,g
are 2-categories of derived manifolds. In the notation of next time,
Kurg is the full 2-subcategory of Kuranishi spaces X with trivial
orbifold groups G,X = {1} for all x € X.

Theorem 8.11
There are equivalences of weak 2-categories
Kuryr ~ Kury,g >~ dMan, Kur ~ dOrb,
and equivalences of (homotopy) categories
MKur ~ Ho(Kuryr) ~ Ho(Kuryg) ~ Ho(dMan).

So for most purposes Kuranishi spaces (with trivial orbifold
groups) and d-orbifolds (or d-manifolds) are interchangeable.
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