Lecture 2: Enumerative invariants and
wall-crossing formulae via vertex algebras

Dominic Joyce, Oxford University

Vertex Algebras and Moduli Spaces Workshop,
Dublin, May 2024.

Based on arXiv:2111.04694 (302 pages) and work in progress.
(See also arXiv:2005.05637 with Jacob Gross and Yuuji Tanaka.)
Funded by the Simons Collaboration.
These slides available at
http://people.maths.ox.ac.uk/~joyce/.

Dominic Joyce, Oxford University Enumerative invariants and WCF via vertex algebras


https://arxiv.org/abs/2111.04694
https://arxiv.org/abs/2005.05637
http://people.maths.ox.ac.uk/~joyce/

Introduction

1. Introduction

An enumerative invariant theory in Algebraic or Differential
Geometry is the study of invariants /,(7) which ‘count’
T-semistable objects E with fixed topological invariants [E] = « in
some geometric problem, usually by means of a virtual class
[ME3(7)]virt for the moduli space MZ(7) of T-semistable objects
in some homology theory, with /,(7) = f[Mff(T)]vm o for some
natural cohomology class .. We call the theory C-linear if the
objects E live in a C-linear additive category A. For example:

@ Invariants counting semistable vector bundles on curves.

@ Mochizuki-style invariants counting coherent sheaves on
surfaces. (Think of as algebraic Donaldson invariants.)
Donaldson—Thomas invariants of Calabi—Yau or Fano 3-folds.
Donaldson—Thomas type invariants of Calabi—Yau 4-folds.
Invariants counting representations of quivers Q.

U(m) Donaldson invariants of 4-manifolds.
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| have proved that many such theories in Algebraic Geometry, in

which either the moduli spaces are automatically smooth (e.g.

coherent sheaves on curves, quiver representations), or the

invariants are defined using Behrend—Fantechi obstruction theories
and virtual classes, share a common universal structure.

| expect this universal structure also to extend to Calabi—Yau

4-fold invariants defined using Borisov—Joyce / Oh—Thomas virtual

classes, and to Donaldson invariants in Differential Geometry.

Here is an outline of this structure:

(a) As in Lecture 1, we form two moduli stacks M, MP! of all
objects E in A, where M is the usual moduli stack, and MP!
the ‘projective linear’ moduli stack of objects E modulo
‘projective isomorphisms’, i.e. quotient by Aidg for A € G,.

(b) We are given a quotient Ko(A) — K(A), where K(A) is the
lattice of topological invariants [E] of E (e.g. fixed Chern
classes). We split M = [],cx(a) Ma. MP! = Hoexay MPL

(c) There is a symmetric biadditive Euler form
X : K(A) x K(A) — Z.
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(d)

We can form the homology H.(M), H (Mpl) over Q, with
H.(M) = @aeK(A) «(Ma), H(M ): @aeK(A) H*(Mgl)-
Define shifted versions H, (M) H. (Mpl) by

Hn(Mcx) = Hn—x(a a) ( 2 ( ) = Hn+2—x(a,a)(Mgl)'
As in Lecture 1, we make H,(M) into a graded vertex
algebra, and I:I*(Mpl) into a graded Lie algebra.

There is a notion of stability condition 7 on A. When

A = coh(X), this can be Gieseker stability for a polarization
on X. For each a € K(A) we can form moduli spaces

MY (1) © M3(7) of 7-(semi)stable objects in class . Here
MBY(7) is a substack of MP!, and is a C-scheme with perfect
obstruction theory. Also M?®*(7) is proper. Thus, if

M (1) = M3(7) we have a virtual class [M(7)]yirt, which
we regard as an element of H,(MP!). The virtual dimension is
vdimg [MZ(7)]vire = 2 — x(a, @), so [MZF(7)]virt lies in
Ho(MEY € Ho(MPY), which is a Lie algebra by (d).
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(f) For many theories, there is a problem defining the invariants
[ME(7)]viet when ME(7) #£ M(7), i.e. when the moduli
spaces M (7) contain strictly T-semistable points.
| give a systematic way to define invariants [M®(7)]iny in
homology over Q (not Z) in these cases, using auxiliary pair
invariants, with [M3(7)]iny = [ME(7)]vire if MEE(7) = M3 (7).
(This method is well known, e.g. in Joyce-Song D-T theory.)
| prove the [M(7)]iny are independent of the choices used in
the pair invariant method.

(g) If 7,7 are stability conditions and a € K(A), | prove a wall
crossing formula

[MZ(F)]inv = Z Ulaa,...,an7,7) - H .. [[Mifl(T)]inv,
ortrtan=a [MZZ(T)]inv] 5. -]v [MZSH(T)]iHV} ) (1)
where U(—) are combinatorial coefficients defined in my

previous work on wall-crossing formulae for motivic invariants,
and [, ] is the Lie bracket on Ho(MP!) from (d).
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(h) In some theories the natural obstruction theory on
MEY(T) = M3(7) has a trivial summand C°* in its
obstruction sheaf for o, > 0, and so the virtual class
[ME3(7)]virt is zero. In these cases one defines a reduced
obstruction theory on M3'(7) by deleting the C° factor, and
obtains reduced virtual classes [M(7)]rea. For example, this
holds for coherent sheaves on surfaces X with geometric
genus pg > 0, with o, = py when rank a > 0.
My theory extends to ‘reduced’ invariants, allowing o, to
depend on o € K(A) with o, + 03 > 0443, giving invariants
[MS(T)]red in Fao, (MP)). Generalizing (1), they satisfy the
wall crossing formula

[MZ(F)]tea = Z Uar,...,an 1, 7)- [ [IME (T)]red,
e o IME, (Dred]s - ] MG, (Tiea] - (2)

If oo =0>0 for all « this reduces to [M(7)]red = [MZ(T)]red,
that is, the invariants are independent of stability condition.
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(i) When A = coh(X) or D? coh(X) for X a Calabi-Yau 3-fold,
the natural obstruction theory on M3(7) has terms in degree
—2 from Ext3(E, E). We can remove these by taking
trace-free Ext to define Donaldson—Thomas invariants,
changing the real virtual dimension by 2.

To include these in the theory, as in Lecture 1, for A odd
Calabi-Yau we can modify (d) above to make H,(M) into a
graded vertex Lie algebra (with grading changed by 2) and
H.(MP!) into a graded Lie algebra (with grading changed by 2).
So we can include Donaldson—-Thomas theory in our picture.
For ordinary D—T invariants this does not add much to the
Joyce-Song / Kontsevich—-Soibelman picture. However, for a
local Calabi-Yau 3-fold with an action of a group G (e.g. Gn,
acting on Kx for X a surface) we can do Donaldson—Thomas
theory in G-equivariant homology, giving non-motivic invariants,
with applications to Thomas' equivariant Vafa—Witten theory.
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Note that the vertex algebra / Lie algebra picture of Lecture 1 is
very general, e.g. it works for A = coh(X) or A = D? coh(X) for
any smooth projective C-scheme X. However, to get an enumerative
invariant theory is much more restrictive, we basically need X to

be a curve, surface, Calabi—Yau 3- or 4-fold, or Fano 3-fold.

The proofs of the WCFs (1), (2) are very long and complicated.
The rough idea is that for ‘simple’ wall-crossings, involving
splittings E=E1 & --- @ E, in A for n at most 2, | can prove the
WCF (with splittings a = a3 + - -+ + a, for n < 2) by
G-localization on a master space. Then | show that complicated
wall-crossings in A can be reduced to a sequence of simple
wall-crossings in an auxiliary category B in an exact sequence

0 A B mod-CQ 0.
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2. Invariants counting sheaves on surfaces

Let X be a complex projective surface, with geometric genus

pg = dim H°(Kx). We usually restrict to p; > 0, that is,

b3 (X) > 1. Let & € K2, ,(X) be a topological K-theory class on X.
We often write k = (r, a, k) for r = rank k, a = c1(k) € H*(X,Z)
and k = chy(k) € 3Z with [ a® 4+ 2k € 2Z, and usually restrict to
r > 0. Choose a Kahler class w on X. Then we can define Gieseker
(semi)stability T of coherent sheaves on X using w, and can form
moduli stacks M5 (1) C M3¥(7) of 7-(semi)stable coherent
sheaves on X with class . Here M3'(7) has a Behrend—Fantechi
obstruction theory (which is reduced if pg > 0) and M3*(7) has a
projective coarse moduli scheme. Thus, if M5(7) = M(7) (if
there are no strictly 7-semistable sheaves in class ) then M3(7)
is proper with a B—F obstruction theory, and so has a virtual class
[MEE(T)]vire in Ho(M3P(7),Z). In nice cases (e.g. Hilbert schemes)
M3 (7) is smooth and [MP(7)]virt = [M3(7)]fund is the
fundamental class of M$’(7) as a compact complex manifold.
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We can construct many universal cohomology classes Sj on

MP (1) — in the case when M;3(7) is a fine moduli space, by
Sj = chy(U)\ejx for U — X x M3(7) the universal sheaf and ej,
a basis element for Hy(X, Q). Then we can form enumerative
invariants lp = f[Mff(T)]virc P(Sj«i) for any polynomial P(Sj) in
these universal classes homogeneous of the correct dimension.
There is a huge literature by many authors studying invariants of
this kind for particular x (e.g. rank r = 2) and P(Sjq). They
include Donaldson invariants of the underlying oriented 4-manifold
X, K-theoretic Donaldson invariants, Vafa—Witten invariants
(instanton branch), Segre integrals, Verlinde integrals, virtual Euler
characteristics and x,-genera of M3(7), and so on. Often people
show that these invariants /p can be encoded in generating
functions of a nice form. There are also many open conjectures like
this by Gottsche, Kool and others. In fact, for rank r > 1 and
c1(X) # 0 there are lots of conjectures and few theorems.
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| will report on a project which in some sense determines all
possible invariants Ip = f[MiS(T)]Vm P(Sju), as it determines the
virtual classes [M}?(7)]virt, and more generally invariants
[ME(7)]iny also defined if MS'(7) # M(7), as elements of a
polynomial algebra H.(MP') = e* ® Q[sj] dual to

H*(MEY) = Q[Sik], as in Lecture 1.

We give an expression for [M3*(7)]iny in terms of non-explicit
universal functions in infinitely many variables ry, ri, ..., depending
on the rank r of k, with coefficients in a number field F, C C.

This proves the structural part of many conjectures in the literature.
There is an important difference between p; = 0 and pg > 0. If

pg =0 (i.e. b2 = 1) then [M%(7)]iny depends on the Kahler form
w used to define 7, but if p; > 0 (i.e. b2 > 1) it is independent.
For pg > 0 we define [M3’(7)]iny using reduced obstruction
theories. The WCFs (1) for p; = 0 and (2) for pg > 0 are different
(there are more terms when pg = 0). Today | discuss only pg > 0.
pg = 0 is more difficult, as it involves (naively) non-convergent sums.
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3. The main results. 3.1. Normalizing ¢i(k)

Let L — X be a line bundle with ¢1(L) = A € H?(X,Z). Then
— ® L: DPcoh(X) — DPcoh(X) is an equivalence inducing an
isomorphism M, — M,.g]- Under the isomorphism
H, (M., Q) = Q[sjx], this is identified with an algebra
isomorphism Q) : Q[sjx] — Q[sji/] acting on generators by

Q= sjg — Z Aj';(k,Sj’k’l’a

' K12 — k=21 — k!

where (Aj.,/(k/) is the matrix of —® L on K2 (X), and is polynomial in
A. Thus Q) makes sense for A € H2(X,Q), as well as \ € H*(X,Z).
We have Q, (M (7)]inv) = [MZ517(7T)linv. So for k= (r, a, k)
with r >0, we find it helpful to consider Q_, /,([M{7 , )(T)]inv)-
Effectively, we are tensoring by a ‘fractional line bundle’ L
with ¢1(L) = —a/r, to modify k = (r, , k) so that it has ¢;(x) = 0.
The advantage is that formulae for Q_, / ([M{7 , )(7)]inv) are nearly

r,ok

independent of « (they depend on [, aU B mod r for § € SW(X)).
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3.2. The universal variables r;. The number field [,

We want to give an expression for Q([M3(7)]inv) involving
universal functions independent of X, and of the bases (ej) for
Hi(X,Q) and (ej) for H¥(X, Q) which determine the
(co)homology variables Sil» Sjki- To do this we will use ‘universal
variables’ r; where r; € H*(X,Q) ® Q[sjx] for 0,1,... are given by
r = Z )\j-i(k/ej/k/ @Sjk/, | = 1,2,..., (3)

‘ e Dok K 12k
with ()\j.k ) the inverse matrix of (a, 8) — [, a U B on H*(X).
We write r = (ro, r1, 2, . . .).
For r > 1 (the rank of k) define a number field F, C C by

Q, r=1or2,
F, = { Qex], r>3isodd,

=
Q[e*], r >3 is even.
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3.3. The main theorem

When pg > 0, for r > 1 and (r,a, k) € K (X) there is a formula
SS vdim M T
Q—a/r([M(r,a,k)(T)]fd) = [q (r,a,k)( )fd] (4)
da(X X)? 2
Z ﬂ-p[xt 2 )'77[)(61( 2 H Crfigfuﬂb'

B1y--sBr—1 1<a<b<r—1

EH?(X,Z)1: r—1

W00 o200 T (Wil 0™ )
a=1

a=1,...,r—1

00 UX A(Bi, - Br1, c1(X), tda(X), 4, r)}

Here [M{3 ., k)(7)]ta is the ‘fixed determinant’ invariant, equal to

[M?ia,k)('r)]inv when bt (X) =0, and PrsTry Cr,aba Gr, gr,a € Fr\{0}7
and A, is a universal function independent of X, and SW(sg,) €Z
are Seiberg—Witten invariants of X. Furthermore:
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Theorem 1 (Continued)
() Pr = il ,
(|| 02 € {e ® <b< r} is a nontrivial rt" root of unity.

2mib . .
(i) ¢, € {e r 1< b r} is an rt" root of unity.

)

) o
(iv) mr and Cr b for 1<a<b<rlieinF,\{0}.
(v) A, lies in the quotient of F,[B1, ..., Br—1, c1(X), td2(X),
1, r1, 12, - - -)[[ql]g>0 by an ideal generated by things like
c1(X)3, ci(X) Utda(X),. ... Here to regard A, as
independent of X, we just consider 35, c1(X), ... to be formal
variables. But when we fix a surface X, then we regard
Ar(B1,...,r) as lying in H*(X,Q) ® Q[sjw][[q]], where
Ba, c1(X), tda(X) € H*(X,Q) are the given values, and
€ H*(X,Q) ® Q[sj] are as in (3). Then [, A/(---) applies
fX - H*(X,Q) — Q so that fX Ac(---) € Qlsiwl[[g]]g>o-

Note that a appears in (4) only through [q" " (ne.k) ™M) and
fX alUc (X) fX alUB,
¢r ,er,a

, and so via [, aU ¢ (X), [y aU B, mod r.
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3.4. Example: Hilbert schemes

For rank r =1, fixed determinant moduli spaces M(; , k)(T)fd are
basically Hilbert schemes Hilb"(X). Also there are no

Seiberg—Witten terms in (4). In this case we can rewrite and
strengthen Theorem 1 to give:

Writing u = (u2, us, . . .), there exists a formal function H(ci, ¢z, u)
in Qus, ua, .. .][[e""2, c1, c2]], defined uniquely as the solution to a
p.d.e., such that for any complex projective surface X we have

> q"[Hilb"(X)]funa (5)

fixp[/}((ro + H(c1(X), (X)), ra — log q, 13, 12, .. ))]

We can compute H(cy, ¢z, u) up to some order in e "2, c1, ¢p using
Mathematica. If an algebraic group G acts on X, equation (5) also
holds in equivariant homology HS(M).
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3.5. An application: Virasoro constraints

The following is a minor extension of work by Arkadij Bojko,
Woonam Lim, and Miguel Moreira.

Hilbert schemes [Hilb"(X)]suna satisfy ‘Virasoro constraints’ (some
complicated identities) for all complex projective surfaces X.

Previously this was known for X with b!(X) = 0 (Moreira 2021).

Sketch proof.

By MOOP 2020, Virasoro constraints hold for [Hilb"(X)]guna for X
projective toric. When X = CP? and CP* x CP?, this implies
H(ci, c2, u) in Theorem 3 satisfies a large family of p.d.e.s. These
p.d.e.s then imply Virasoro for all X. This works when b'(X) > 0
as the odd variables s are packaged inside even variables r;. []

| expect to deduce Virasoro constraints for sheaf counting invariants
for all projective surfaces X, following Bojko—Lim—Moreira 2022.
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3.6. Example: Donaldson invariants in arbitrary rank

Let L € H*(X,Q), and write L =Y ", Licjp. The rank r

Donaldson invariants of X are
2

b
D} o (L + upt) = / exp _LiSj» + S100u ).

(reck) M o (T)]ka <Zf:1 )
Theorem 4

D()I<’,o¢7k)(l- + upt) = [quimM?ia,k)(T)fd] ©
Z rzprfx tdz(X)nrfx CI(X)2¢.[X aUei(X) H CIX .08,

r,ab
B1y--sBr—1 1<a<h<sr—1

€H2(XZ)11 r—1 ) ) )
SW(X . 1
2%16 ,r_) H (SW([sg ])0 ) exp [q < /XL —l—ru)
—|—q</LU CCl +Zcraﬁa >:|

Here C;, C;, € F,. The exp[- - -] term comes from the terms in
q°r2,G%r, qci(x) U ry, B, U ra in A, just r + 2 coefficients.
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3.7. Symmetries of the generating function
Here is (4) again:
Qo (MG (M) = [g" M i ()i ]

Z 2. prfx td2(X) 77er a(X)? H Cf{);fauﬁb ‘

B1y--,8r—1 1<a<bh<r—1
eH2(X, Z)ll
LESW(X), Uer (X UBa
o) ghxevao H (SW([s5,)005")
a=1

exp[/x Ar(/Blw--aﬁr—lvcl(x)atdZ(X)aqu):|

This has an obvious symmetry group S,_1 by permutation of
B1,...,8r—1. Less obvious, if 3 is a Seiberg—Witten class then so
is —c1(X) — B, with SW([s_¢,(x)—g]) = (=1)Ix =) SW([s4]).
So replacing 5, by —c1(X) — Ba, and p, by —p,, gives a
Zoy-symmetry for a=1,...,r — 1. This gives a symmetry group
M=5_1x Zg_l acting on choices of p,, 0, ¢r,0r a,Cr ap, A
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Symmetries of the generating function

(a) It turns out that the data p;, 7, ¢, 0r, 2, Cr.ab, Ar is unique up
to this action of ', = 5,1 x Zg’l. We can conjugate everything
by an element of the Galois group Gal([F,); this is equivalent to
the action of an element of I',, giving a morphism Gal(F,) — T,.
(b) We can use the I',-action to standardize the constants

PrsNrs @r, 0r 2, Cr ap: after applying an element of ', we can take

2mia
pr:%v ¢r:1a 9,’73:6', a=1,...,r—1L
There are also conjectural values for 7, (, 5 due to Gottsche
2021, but | haven't proved these yet, except for small r.

(c) If ris odd then vdim M?ls,7a7k)(7')fd is always even. Then all

q°d4 terms in the whole sum (4) are zero, even though individual
terms in the sum can have nonzero g°d terms.

(d) vdim MG, (1) = Jx aUc(X)+ [y tda(X) mod 2 if r
is even. If n# [, aUci(X)+ [ td2(X) mod 2 then g” terms in
the whole sum (4) are zero.

(e) Parts (c),(d) give an extra Zy symmetry of (4) under g — —q.
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3.8. Sketch of the proof: rank 1 case

First | prove the rank 1 case, Theorem 2 on Hilbert schemes.

Define Hilb(X, q) = >0 ¢"[Hilb"(X)]funa € Q[siw/][[g]]- Using
Ellingsrud—Gottsche—Lehn 2001 | show that

Hilb(X,q) =1+q(---), (7)
~ZHilb(X, q) =
9q ) Stk /2=t 7

R z - — ——— 0 il & il |1
J e { exp[ ,-,k,,-/,k,z (=G /21 ]

I'>k'/2: 1" >(k+k') /2
0 0 .
o exp {—22 €14 X 950+ . Z (I - 1)1 e X @} - Hilb(X, q)}7 (8)
Jok, I>k/2
where (pj:;k/) is the inverse Mukai pairing. Then | show that (5) is
the unique solution to (7)—(8), where H(c1, ¢, u) is the solution to
a p.d.e. derived from (7)—(8).
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3.9. Constructing invariants by induction on rank

There is a method to compute invariants [M(7 , ) (7)]inv by
induction on the rank r = 1,2, ... starting from rank 1 data. This
is due to Mochizuki 2009 in the algebraic case, and is the analogue
of the construction of Donaldson invariants from Seiberg—Witten
invariants. Fix a line bundle L — X, and define an auxiliary abelian
category A with objects (V, E, ¢), where V is a finite-dimensional
C-vector space, E € coh(X), and ¢ : V ®c L — E is a morphism.
Write the class of (E, V,¢) as [E, V,¢] = ((r, a, k), d) where

[E] = (r,, k) and dim¢ V' = d. Starting from 7 on coh(X) we
define a 1-parameter family of stability conditions 7 on A for

t € [0,00). Thus we get semistable moduli stacks M??r,a,k),d)(%t)
of objects in A. My theory defines ‘pair invariants’

[ ??r,a,k),d)(%t)]inv (at least when r > 0 and d = 0, 1) satisfying a
wall-crossing formula under change of stability condition 7.
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[t turns out that:
® When d =0, M({, , 1)0)(Tt) = M7, (7). Thus the sheaf
invariants [M{} , y(7)]inv are pair invariants with d = 0.
o If r =1, M{(1 4 k)1)(7t) is independent of t and may be
written using Seiberg—Witten invariants and Hilbert schemes.
o If r>1,d=1and t>0then M, , 4 1)(7:) =0, so
[ ??r,a,k),d)(%t)]inv = 0. Thus wall-crossing from t > 0 to
t = 0 gives a WCF of the general form
[M{{+0.k),1)(Fo)liny = sum of repeated Lie brackets of
[Mfil,a’,k’),l)(%o)]inv and [M?i”,o//,k”)(’r)]inv fOF r” <r,
using the Lie bracket on H, (/\/lil) from Lecture 1.
o If L =Ox(—N) for N> 0 we can recover [M{; , ) (7)inv
from [M??r,a,k),l)(TO)]an'
e By induction we may now compute [M?i,a,k)(T)]inV =
[ ((r+1ak (TO)]lnv = | ?Sr+1,a,k)(7')]inv = e
@ Thus, we can compute [M?ia’k)(T)]inv for r > 1 in terms of

classes of Hilb"(X), Pic®(X) and Seiberg-Witten invariants.
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As in Lecture 1, with (N} X) the matrix of the symmetrized Mukai
pairing, we may write the Lie bracket on H*(Mflloo) as

[e” u(sju), e’ v(sjer)] k>0

%XP(Z%(Z 0 e ©
02 a ) ( 2 swwngg ) (9)

Res, [(_1)<(a,ﬁ)24(a,5)+cw,a),

/ k/ //
exp(— S (U = (koK) /2 1) RO
j,k,jl,k/,/ ’ 7l s 82 @ ['1, ’
Bk/2, 12K /2 N, W) (e®u(siu) - v(sj/k,,,))} S;k/:Sjk/]’
J

where ((a, 8) = rank Ext, 5
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3.10. Changing the generating function to the right form

Equation (9) is a complicated mess. What this means in practice:
if you suppose (4) holds in rank r, and you use this to compute the
generating function of invariants in rank r + 1 using the inductive
method, computing the Lie brackets using (9), and you get to the
end without dying, the result does not look like (4) in rank r 4 1.
Instead, it gives you a really complicated residue in an extra formal
variable z, which depends on the line bundle L — X, even though
the answer [M(7 ., , ;y(7)]ta is independent of L. Worse, you can't
use one L for the whole generating function, L must be more and
more negative as the power of g increases.

The most difficult part of the proof is to show this residue can

actually be written in the form (4) for rank r + 1.
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To do this we change variables in the residue from z to another
formal variable y. Then it turns out that there exists a smooth
projective curve ¥, meromorphic functions xi,..., X,y :

Y — CU{oo}, and points 09,0 € X with y(o;) = i, such that:

@ The group .41 acts on X, and y is [ ,1-invariant and gives
an isomorphism X /I, = CU {oco}. Thus, any
[y +1-invariant meromorphic function on X is actually a
rational function of y € CU {oo}.

o Every part of the residue Res,(y 1 W) which will define the
generating function (4) in rank r + 1 lifts to the curve ¥, as
the Laurent expansion at o, €  of a QQ-rational function in
X1,...,Xr, ¥, in the local coordinate y.

@ The entire sum y LW inside Resy(y*1 W) is I, 11-invariant,
although the components are not. Thus, the entire sum is a
rational function of y € CU {oo}. It turns out to have a
simple pole at y = 0, and no other poles in C. Thus
Res, (y W) = W|,—o, or equivalently, W|,,.

Dominic Joyce, Oxford University Enumerative invariants and WCF via vertex algebras



The main results

@ Thus, we are dealing with meromorphic functions on ¥, which
are presented initially as formal Laurent series in y near
Oso € L. We want instead to evaluate these meromorphic
functions at 0g € ¥, and this evaluation gives (4) and the
data Pr+1,Nr+1, ¢r+17 9r+1,ay Cr—l—l,aba Ar+1-

e y~1(0) is a free I, 1-orbit in ¥, and ¢ € y~1(0) is chosen
arbitrarily. Different choices give different data
Prs1, - - -5 Ary1, differing by the action of I',41.

o All terms in (4) come from Q-rational functions in
X1,...,Xr, y in X. But when we evaluate these at og € ¥,
which is not a Q-point for r +1 > 2, we get coefficients in F, ;.

@ The curve ¥ can be written completely explicitly, though in a
complicated way. This enables me to compute
Fri1, pro1s @ret, 0rq1,a explicitly.
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