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11.1. Riemann curvature of Riemannian manifolds

Let (X, g) be a Riemannian manifold, with metric g = gap. The
Riemann curvature tensor R?,_, of g is the curvature of the
Levi-Civita connection V of g. We also write Rypcq = g2eR®,y- In
local coordinates (x!,...,x") on X we have

0
a _ a a a e a e
R = e Moa — Oxd ' be + 1 elbg — Tael be

where 9 9 9
be = %gad(@gcd + %gbd - ngc)‘

We call g flat if R?, _;, = 0.
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The Riemann curvature has the symmetries

Rabcd = _Rabdc = _Rbacd = Rcdab, (111)
Rabcd + Radbc + Racdb = 0, (112)
VeRaped + VeRapde + VaRapec = 07 (11'3)

where (11.2) and (11.3) are the first and second Bianchi identities.
The Ricci curvature is R,, = R, ,, a trace of the Riemann
curvature. It is symmetric, R, = Rp,. We call g Einstein if
Ry = Agap for A € R, and Ricci-flat if Ry, = 0.

The scalar curvature of g is s = g?°R,, = g?PR<, ;.
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Riemannian, Ricci and scalar curvature are important for many
reasons. Einstein's equations in General Relativity prescribe the
Ricci curvature of a (pseudo)metric g of type (3,1). Einstein
metrics are a class of ‘best’ metrics on manifolds X. They are used
in the solution of the 3-d Poincaré conjecture. The Yamabe
problem concerns metrics with prescribed scalar curvature in a
conformal class of metrics. To have metrics with positive or zero
Ricci curvature, or positive or zero scalar curvature, imposes
interesting topological conditions on X.
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Riemannian curvature of Kahler metrics

Now suppose (X, J, g) is a Kihler manifold. Then VJ =0, where
V is the Levi-Civita connection.
The defining property of Riemann curvature R?,_, is that

R?, _uPvew? = veV (wV yu?
bed™ " e(wVau) (11.4)
—w vd(vcvcua) — [v, w]®*Veu?,
for all vector fields u?, v2, w9 on X. Replace u? by (Ju)? = J2u®.
Since VJ = 0 we have vV (Ju)? = JZ(v°VuP). So J commutes
with each V in (11.4).

Dominic Joyce, Oxford University Lecture 11: Curvature of Kahler manifolds



Riemann curvature of Riemannian manifolds
Curvature of Kahler manifolds Decomposition of tensors on complex manifolds

> Ricci form
Ricci flat Kahler manifolds and Calabi-Yau manifolds

This implies that
Rabcd(que)VCWd = Jg(RebchchWd)

for all vector fields u, v, w on X. That is, the Riemann curvature
of a Kahler metric X satisfies

JI(; aeccl . J?becd' (11'5)

Together with (11.1), equation (11.5) implies other symmetries of
R4, 4. as we will see in §11.2.
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11.2. Decomposition of tensors on complex manifolds

On a complex manifold (X, J), we work with complex k-forms
rather than real k-forms, and split them into (p, g)-forms for

p+ g = k. In a similar way, we can split general tensors ng.'.'.'gl" on
X into components using J. We use the following notation. To the
Roman indices a, b, ¢, d, e correspond Greek indices a, 3,7, J, € and
their complex conjugates &, 3,7, 6, €.

We work with complex tensors on X. Let T = T2 be a complex
tensor with one chosen contravariant index a, and other indices we

don’t care about. Define
To = (T2 — B TET), T =3(T2 + B TE),
sothat T2 = T + T, Similarly, if T = T,.. define
To= 3T — 3Ty, Ta = 5(Ty + 07 T50).

sothat ;0. =T, . + T;..
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These operations are projections on complex tensors on X. Think
of indices «, 3,7, ... as indices of type (1,0), and indices

&, /3,7, ... as indices of type (0,1). For example, a general
Riemannian metric g = g, on X splits as

8ab = Bap T 8ap T 8,5 T 8aj-
However, if g is Hermitian then g, = JaCJggcd. We have
JS =is) —id].
Substituting this into g, = Jnggcd gives
8ap t 8ap +8u5 1T 853 = —8Bas + 8as 1+ 8a3 — 8ap
so that gup = g55 = 0. That is, g is Hermitian if and only if
8ab = 8ap t 8up- (11.6)

Essentially this says that g is of type (1,1).
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Decomposition of Riemann curvature of Kahler metrics

Let (X, J,g) be Kahler, with Riemann curvature R?,_,. Then
(11.5) gives JR 4 = J2Rf, . This implies that
Rchd = R%.y = 0. Hence

Rade = Raﬁcd + Raﬁ_cd' (1].7)
Contracting (11.7) with gap = gap + g, by (11.6) yields

Rabed = Raped + Rojged- (11.8)
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Combining (11.8) with Rapeq = Redap from (11.1) gives
Rabcd = RQB,YS + R&E’yg + RaB’W + Rdﬁi& (11.9)

That is, of the 16 components of R?, _, or R,pcq for the curvature
of a Kahler metric, 12 are automatically zero. This is not true for
general Hermitian metrics.

Taking the trace in (11.9) shows that the Ricci curvature satisfies

Rab = Ry5 + Rap- (11.10)

Comparing (11.6) and (11.10), we see R, has the same type
decomposition as a Hermitian metric.
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11.3. The Ricci form

From a Hermitian metric g on (X, J), we may define the Hermitian
form w,p = JSgcp. In the same way, from the Ricci curvature R,
of a Kahler metric, we define the Ricci form pap = JSRep. Then
(11.10) implies that

Pab = iRaE — iRap. (11.11)
As Rap = Rpa we have R, 5 = Rj,. Combining this with (11.11)
shows that p,p, = —ppa, that is, p is a 2-form. So p is a real

(1,1)-form, as for Hermitian forms w.

Using the second Bianchi identity (11.3), one can show that p is
closed, so it is a closed real (1,1)-form, as for the Kahler form w.
The cohomology class [p] € H3z (X;R) turns out to be 2 c1(X),
where the first Chern class c1(X) of X is

C1(X) = C1(TX) = —Cl(T*X) = —Cl(Kx).
Thus [p] depends only on (X, J), not on g.
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This has a natural interpretation: the Levi-Civita connection V
induces connections on the vector bundles of (p, g)-forms AP9X,
and in particular on A"%X = K, where n = dim¢c X. Then —p is
the curvature 2-form of this connection on the holomorphic line
bundle Kx, as in §6.4.

The Ricci form has a nice expression in coordinates. Let

(z1,...,2,) be local holomorphic coordinates on U C X. Then we
may write

W' = i"nlefdzy Adz Adz AdZ A -+ Adz, AdZ,
for smooth f: U — R. Then

plu = —i0df = —3dd°f.
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We may also write

f = logdet(g,3)
where we regard (g,3)" G_pasannxn Hermitian matrix of
complex functions, and

f=-2logldzy A--- ANdz,lg.

Note that dz; A -+ A dz, is a nonvanishing holomorphic
(n,0)-form on U C X. More generally, if Q is a nonvanishing
holomorphic (n,0)-form on U C X then

plu = dd°(log Q).
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11.4. Ricci flat Kahler manifolds and Calabi—Yau manifolds

Now suppose (X, J, g) is a Kéhler manifold and the Ricci
curvature R, of X is zero. Then the Ricci form p of g is zero.
But p is the curvature 2-form of a connection on the canonical line
bundle Kx. Thus, c1(X) =0 in H33(X;R). (Note this does not
imply that ¢;(Kx) = 0 in H?(X;Z), but rather that c;(Kx) is a
torsion element (has finite order) in H?(X;Z).)

As p = 0, the connection on Ky is flat. Thus, locally there exist
constant sections of Ky, that is, we may cover X by open subsets
U with a nonzero (n,0)-form Q € C*>(Kx|y) such that VQ = 0.
Globally, flat connections on (Hermitian) line bundles are classified
by group morphisms p : m1(X) — U(1), where 71(X) is the
fundamental group of X. Since U(1) is abelian, this factors
through the projection 71(X) — H1(X; Z).
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Thus, (Kx, V) is classified up to isomorphism by a morphism
p: Hi(X; Z) — U(1). If Hi(X;Z) = 0 this is trivial, and Kx is
isomorphic to the trivial line bundle Ox and connection, so that
Kx admits a global constant section  with VQ = 0. This implies
that 90 =0, so Q is a holomorphic section of Kx, i.e.
Q € H°(Kx). So Q defines an isomorphism of holomorphic line
bundles Kx = Ox, that is, the canonical bundle of X is trivial.
Also VQ = Vg = 0 implies that ||, is constant.
Conversely, suppose (X, J, g) is compact, Ricci-flat and Kahler,
and there exists a nonvanishing holomorphic section Q of Kx.
Then

dd€(log|Q[g) = p=0.

Taking the trace shows that A(log|Qg) =0, so log|Q| is
constant by the maximum principle as X is compact, and thus |Q|,
is constant.
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Hence

0=V.[Q; =V.(Q® Q)
= (V.Q) 2 Q+Q® (V.Q)
= (Vo) ® Q+Q® (VaQ),

since V5Q = 0Q = 0 as Q is holomorphic, so Vo, = 0. Therefore
(Vo) @ Q=Q®(VaQ) =0,

so0 Vo2 =0, and VQ = 0. Thus, if (X, J, g) is compact, Ricci-flat
and Kihler then any Q € H9(Kx) is constant.
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Calabi—=Yau manifolds

Definition
A Calabi-Yau manifold is a compact Ricci-flat Kahler manifold
(X, J, g) with trivial canonical bundle Kx.

— Actually, definitions differ. Some people also require

HPO(X) = 0 for 0 < p < dimc X; some people require g to have
Riemannian holonomy group SU(m) (explained in §13-§14); some
people do not require Kx trivial, only that g be Ricci-flat; some
people take (X, J) to be Calabi-Yau, without a particular choice of
Kahler metric g.
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Suppose (X, J) is a compact complex manifold admitting Kahler
metrics, with trivial canonical bundle. Then by Yau's solution of
the Calabi Conjecture (next lecture), every Kahler class on X
contains a unique Ricci-flat Kahler metric g, and then (X, J,g) is
Calabi—Yau.

We can produce many examples of such (X, J) using algebraic
geometry. For example, let (X, J) be a smooth hypersurface of
degree n+ 2 in CP"*1. Then using the adjunction formula as in
§10.3 we find that Kx = Ox, so X can be made into a Calabi—Yau
n-fold (X, J, g). So smooth quintics in CP* are Calabi-Yau
3-folds, for instance.
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Kahler—Einstein metrics

A (compact) Kahler manifold (X, J, g) is called Kahler—Einstein if
g is Einstein, i.e. R,p = Agap for some A € R. The case A =0 is
the Calabi—Yau case, so take A # 0. Rescaling g by a constant we
can take A = +1.

We have pap = A\wap, 50 w = A"!p, and

[w] = A7 Yp] = 27 A"Lc1(X). Thus the Kihler class of g is
determined by (X, J) and A.

The cases A > 0 and A < 0 are rather different. In dimension 1,
CP! is Kahler—Einstein with A\ > 0, and Riemann surfaces of genus
g > 1 are Kahler—Einstein with A < 0.
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Kahler—Einstein manifolds with A > 0 are Fano manifolds.
Products of projective spaces are examples. The underlying
complex manifolds are classified in dimension < 3. They can have
positive-dimensional symmetry groups. A fixed (X, J) can have a
family of Kahler—Einstein metrics g.

The case A < 0 is more rigid: the Aubin—Calabi—Yau theorem says
that if (X, J) is a compact complex manifold and K is a positive
line bundle, then there is a unique Kahler—Einstein metric g on X
with A = —1. They have no continuous symmetries.
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12. The Calabi Conjecture

This was posed by Calabi in 1954, and proved by Yau in 1976.
Aubin also deserves credit.

Conjecture (The Calabi Conjecture)

Let X be a compact, complex manifold admitting Kahler metrics.
Suppose p is a real, closed (1,1)-form on X with [p] = 2w ¢1(X) in
H3: (X;R). Then in each Kihler class on X there exists a unique
Kahler metric g with Ricci form p.
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12.1. Rewriting the Conjecture

Suppose g, g’ are Kahler metrics on (X, J) with Kahler forms w,w’
and Ricci forms p, p’. Let (z1,...,2,) be local holomorphic
coordinates on U C X. Then from §11.2, we may write

W' =i"nlefdzy Adz Adzp AdZa A -+ Adzy A d2Zp,
()" = i"nlef'dzy Adzy Adzy AdZ A -+ Adzy A dZn,

for smooth f,f': U — R. Then

plu = —3dd°f, p'|y = —3dd°f.
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Thus on U we have (w')" = e ~fw" and p/ = p — Tdde(f' — f).
This is true globally, so we deduce:

Lemma 12.1

Suppose g, g’ are Kahler metrics on (X, J), with Kihler forms
w,w’ and Ricci forms p,p’. Let f : X — R be the unique smooth
function with

(w/)n = efwn7

where n = dimg¢ X. Then

p = p— 2dd°f.
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Now let (X, J, g) be compact Kahler, with Kahler and Ricci forms
w, p. Let p’ be a closed real (1,1)-form with [p'] = 27 ¢1(X) in
HgR(X; R). To solve the Calabi Conjecture, we seek a Kahler
metric g’ in the Kahler class of g with Ricci form p'.

As [p'] = [p] in H3(X;R), p/ — p is an exact real (1,1)-form on the
compact Kahler manifold X. So by the Global dd°-Lemma in §4.2
there exists smooth f : X — R, unique up to f — f + ¢, such that

P =p— fddcf

By Lemma 12.1, g’ has Ricci form p' if (w')" = efw”. Now f is
unique up to f — f + c. If g’ is in the same Kahler class as g then
we can fix this additive constant c. For then

)" = IX]- )" = X0 o] = [y " as [] = [o] i

H3z (X;R). Hence we want [, efw" = [, w", or equivalently

[x e"dVg = volg(X). This determines ¢ uniquely.
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Thus the Calabi Conjecture is equivalent to:

Conjecture (Calabi Conjecture, version 2)

Let (X,J) be a compact complex manifold, and g a Kahler metric
on X, with Kahler form w. Let f : X — R be smooth with

[x efw™ = [, w". Then there exists a unique Kahler metric g’ in
the Kahler class of g, with Kahler form ', such that

(W) = efw.

This is about finding Kahler metrics with prescribed volume forms
on X. Note that prescribing p’ is a 2nd order p.d.e. on g’, but
prescribing (w')" is a Oth order p.d.e. on g’.
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As [w'] = [w], by the Global dd®-Lemma in §4.2 we may write
W' :w—l—%dd‘:(ﬁ for ¢ : X — R, unique up to ¢ — ¢ + c. We fix ¢

by requiring
/ pdVy = 0.
X

Then (w')" = efw" becomes
(w+ 3ddp)" = efw.

Conversely, if g,w, ¢ are given, then ' = w + %ddcgb is the Kahler
form of a Kahler metric g’ in the Kahler class of g iff ' is a
positive (1,1)-form.
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Therefore the Calabi Conjecture is equivalent to:

Conjecture (Calabi Conjecture, version 3)

Let (X,J) be a compact complex manifold, and g a Kihler metric
on X, with Kahler form w. Let f : X — R be smooth with

[x efw™ = [, w". Then there exists a unique smooth ¢ : X — R
such that:

(i) w+ 3dd¢ is a positive (1,1)-form,

(i) [x¢dVg =0, and
(iii) (w+ 2dd°¢)" = efw" on X.
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We have
(w+ 1dd9)" = w" + g(ddcqs) Aw™ g

But (dd¢) Aw""t = —2(A¢)w", where A is the Laplacian on

functions on X. Hence we may rewrite (w + %ddcgb)” =efw" as

(1-A¢+- )= (1+F+-)w"

Thus, for small ¢, f, the nonlinear equation (w + %ddcqﬁ)” =cfwn
on ¢ is approximated by the linear equation A¢ = —f.
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12.2. Sketch of the proof

We have reduced the Calabi Conjecture to a problem in analysis, of
showing a nonlinear elliptic p.d.e. has a unique solution. To prove
it, Yau used the continuity method.

Define a smooth family of functions f; : X — R for t € [0, 1] with
fo=0and i =f and [, e"w™ = [, w" for all t € [0,1]. Define S
to be the set of t € [0, 1] for which there exists ¢ : X — R
satisfying (i),(ii) and

(w+ 1ddp)" = efrwm. (12.1)
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We must show that S is both open and closed in [0,1]. When

t =0, »=0is asolution, so 0 € S. Thus S open and closed
forces S =[0,1], so 1 € S, and this proves the Calabi Conjecture.
Showing S is open is fairly easy, and was done by Calabi. It
depends on the fact that (12.1) is an elliptic p.d.e. — basically,

o (w4 %ddcq[))” is like a nonlinear Laplacian — and uses only
standard facts about elliptic operators.

Proving S is closed is much more difficult. One must show that
that S contains its limit points. That is, if (t,)52; is a sequence in
S with t, — t’ € [0, 1], we want the corresponding solutions ¢, of
(12.1) with t = t, to converge to a solution ¢ with t = t/, so that
t' € S. To show (¢)52; converges to a smooth limit you need
difficult a priori estimates on |[V*¢,| for all k, n.
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12.3. Existence of Calabi—Yau metrics

When ¢;(X) = 0 in H*(X;R) we can take p = 0, and then g is
Ricci-flat. So the Calabi Conjecture gives:

Corollary 12.2

Let (X,J) be a compact complex manifold with c1(X) = 0 in
H§R(X, R). Then every Kihler class on X contains a unique
Ricci-flat Kahler metric g.

If also Kx is trivial — automatically true if 71(X) = {1}, for
instance — then (X, J, g) is a Calabi-Yau manifold.

So, to construct Calabi—Yau manifolds we need only find examples
of compact complex manifolds (X, J) satisfying some simple
topological conditions, e.g. smooth hypersurfaces of degree n+ 2
on CP™1, and then by the Calabi Conjecture there exist metrics g
on X such that (X, J, g) is Calabi—Yau.

All we know about g is that it exists. No explicit nontrivial
examples of Calabi—Yau metrics on compact manifolds are known.
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Ricci flatness and fundamental groups

Having positive or zero Ricci curvature has implications for the
topology of the manifold. The next result follows from the
Cheeger—Gromoll Splitting Theorem.

Suppose (X, g) is a compact Riemannian manifold. If g is
Ricci-flat then X admits a finite cover X isometric to Tk x N,
where T has a flat metric and N is a simply-connected Ricci-flat
manifold.

If g has positive definite Ricci curvature then w1 (X) is finite.
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If g is Kahler then T* and N are also Kihler. So combining
Theorem 12.3 with the Calabi Conjecture gives:

Corollary 12.4

Let (X,J) be a compact complex manifold admitting Kahler
metrics. If c¢i(X) =0 in H3z(X;R) then X admits a finite cover
biholomorphic to T2 x N, where T% is a complex torus, and N a
simply-connected complex manifold with c;(N) = 0.
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Also if (X, J) is a compact complex manifold with Kx a negative
line bundle, then X admits Kahler metrics, and as

[p] =27 c1(X) = —2mc1(Kx),

by the Calabi Conjecture X has Kahler metrics with positive Ricci
curvature. Thus the last part of Theorem 12.3 gives:

Corollary 12.5

Let (X, J) be a compact complex manifold with negative canonical
bundle Kx. Then m1(X) is finite.
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12.4. Weitzenbock formulae, the Bochner argument

Let (X, g) be a Riemannian manifold. Let V be the Levi-Civita
connection, and R"J-k, be the Riemann curvature of g. Then one

can form two Laplacians on k-forms C>®*(AKT*M), V*V and
Agq = dd* + d*d. The Weitzenbock formula is

Aqa = V*Va+ R(a), (12.2)
where R(«) is a natural contraction of Rij-k,,gab and ay;..a,
> _ \k bc
R()ay..a, = ijl 8" RajbQay--a;_scajyay
bc pd
-2 Zlgi<j<k g”°R ajcajYar-—aj_1daji1-aj_1baji1-ak-

If o is a 1-form then R involves only the Ricci curvature R,p of g,
and (12.2) becomes

(Aga)s = (V*VQ), + Rapg™ac. (12.3)
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Suppose X is compact. Take the inner product of (12.3) with « in
[? and integrate by parts. We get:

|d%alf% + dalf = [Valh + | Rag™e™aconVy. (124)

In particular, if & € H! = H(X;R), so that d*a = da = 0, then
(12.4) becomes

IVal?, + / Rapg™ g™ acagdVy = 0.
X

Hence if g is Ricci flat and X is compact then d*a = da = 0 for a
1-form « implies Vao = 0. This is related to Corollary 12.4.

If R,p is positive definite then d*a = da = 0 for a 1-form «
implies & = 0. Hence H! =0, so Hx(X;R) = 0; this follows from
Corollary 12.5.

This kind of proof is called the Bochner argument.
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If g is Kahler, we have Aq = 2Aj5 by the Kahler identities. If also
ais a (p,0)-form for p > 0, the action of R on « again involves
only the Ricci curvature, and (12.2) becomes
2(5*5&)31...ap = (V'Va)a..a
P
125
+ Z Rajbgbcaal"'aj_lcaj+1"'ap' ( )
j=1
Thus, if da = 0, the Bochner argument gives
Va7 + (@, Ray2 = 0,

where (o, Ra);2 = 0 if Ry, =0, and is positive if R,p is positive
definite and o #Z 0.
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So as for Corollaries 12.4 and 12.5, using the Calabi Conjecture for
Corollary 12.7, we have:

Corollary 12.6

Suppose (X, J, g) is a compact Ricci-flat Kihler manifold. Then
every holomorphic (p,0)-form o on X is constant under the
Levi-Civita connection.

Hence dim¢ HPO(X) < (;)

Corollary 12.7

Suppose (X, J) is a compact complex manifold, and Kx is a
negative line bundle. Then HP°(X) =0 for p > 0.

Dominic Joyce, Oxford University Lecture 12: The Calabi Conjecture



ng the Conjecture
Sketch of the proof

The Calabi Conjecture Existence of Calabi—Yau metrics
Weitzenbock formulae, the Bochner argument

We can also apply this argument for vector fields v on a Kahler
manifold (X, J, g). In this case the analogue of (12.3) and (12.5) is

2(9*dv)* = (V*Vv)? — Rpeg?bv© (12.6)
— note the sign difference. Thus, if v is a holomorphic vector field

(Ov = 0, or equivalently £,J = 0), taking L2 inner products and
integrating by parts gives

HVvH%z:/XRabvavdeg.
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So as for Corollaries 12.6 and 12.7, we get:
Corollary 12.8

Suppose (X, J, g) is a compact Ricci-flat Kihler manifold. Then
every holomorphic vector field v on X is constant under the
Levi-Civita connection.

Corollary 12.9

Suppose (X, J) is a compact complex manifold, and Kx is a
positive line bundle. Then all holomorphic vector fields on X are
zero. That is, X has no infinitesimal symmetries.
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If (X,J) is a compact complex manifold, the vector space H°( TX)
of holomorphic vector fields on X is a finite-dimensional complex
Lie algebra. If Kx is positive then HO(TX) = 0. If Kx is negative
it can be nonzero, and is related the existence of Kahler—Einstein
metrics g on X. For such g to exist, it is necessary that HO(TX)
be a reductive Lie algebra, as it must be the complexification of
the Lie algebra of the compact Lie group of holomorphic isometries
of (X, J,g). When dim¢ X = 2, this is also a sufficient condition.
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