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5.1. Hodge theory for compact Riemannian manifolds

We first recall Hodge theory for ordinary Riemannian manifolds.
Let (X, g) be a compact, oriented Riemannian n-manifold. Then
the Hodge star * acts on k-forms

0 CONT*X) — C¥(A"KT*X).
It satisfies 2 = (—1)K("=k) 50 x~1 = 4%, We define
d*: C¥(NKT*X) — C(N1T*X)

by d* = (—1)k 71 d*, and the Laplacian on k-forms
A4 = dd* 4+ d*d.
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Forms o with Agqa = 0 are called harmonic. Later we will see this
is equivalent to daw = d*a = 0 (for X compact). It is helpful to
think about all this in terms of the L-inner product on forms. If
a, B € C¥(NKT*X) we define

(@, Bz = /X (o, B)d V.

where («, 3) is the pointwise inner product of k-forms using g, and
dVj the volume form of g. The Hodge star is defined so that if
a, B are k-forms then a A (%3) = (a, )dVg. Thus

(o, B) 2 = /Xa/\*ﬁ.
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Now let « be a (k — 1)-form and 3 a k-form. Then we have
(@, d*B) 2 = (. (~1)* + 1 dx B) 2
= (—1)k / (o, 1 % B)dV,
X
= (—1)k/ a A x(x71d x B)
X
- (—1)k/ o A d(xB).
X
But by Stokes’ Theorem,

0= /Xd[a/\ (x8)] = /X(da) A (x8) + (—1)k_1/ a A d(x8).

X
Hence

(a,d*B) 2 = /X(da) A (xB) = /X(da,ﬁ)dvg = (da, B) 2.
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Thus (o, d*S) 2 = (da, )2 for all a, B, so d* behaves like the
adjoint of d under the L?-inner product; we call d* the formal
adjoint of d. One consequence is that d*3 = 0 if and only if
(dev, B);2 = 0 for all . That is, Kerd* = (Imd)*, the kernel of
d* in C®(AKT*X) is the subspace of C>(AX T*X) which is
L?-orthogonal to the image of

d: C®(NIT*X) = CO(NT*X).

We expect an orthogonal splitting

C®(AT*X) = Imd @ Kerd*.
(This is not a proof, though.)
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Some more notation: write dy,d} for d,d* acting on k-forms, and
H¥ for Ker Ay on k-forms. Then:

Theorem 5.1 (Hodge Decomposition Theorem)

Let (X, g) be a compact, oriented Riemannian manifold. Then
CO(NT*M) = H* @ Im(ds—1) ® Im(d}4).

Moreover Ker dy = H* @ Im(dy_1) and Ker df = H* @ Im( k1)
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Hodge's Theorem

So de Rham cohomology satisfies

HX2 (X R) = Kerdy/Imdy_y
= (Hk ) Im(dkfl))/ Imdg_1 = 'Hk.

This gives Hodge's Theorem:

Theorem 5.2 (Hodge's Theorem)

Every de Rham cohomology class on X contains a unique harmonic
representative.

So HK is finite-dimensional (this also follows as it is the kernel of

an elliptic operator on a compact manifold). The Hodge star gives
an isomorphism * : HK — H"k. Thus HX; (X; R) Hggk(X;R),
a form of Poincaré duality.
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We defined H¥ as the kernel of Aq = dd* + d*d. But if o € H¥
then

0 = (a, (dd* + d*d)a) 2
= (d*a,d*a) 2 + (da, da) 2

2 2
[ e[7> + e[,

so ||[d*a| ;2 = ||da||2 =0, and d*a = dae = 0. Thus

H* = {a € C®°(NT*X) : da = d*a = 0}.
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5.2. Hodge theory for compact Kahler manifolds

Now let (X, J, g) be a compact Kahler manifold, with Kahler form
w, of real dimension 2n. Work now with complex forms, so that
dy,d} act on C®(AKT*X @ C), and H* is the kernel of A4 on
complex forms. By the Kihler identities (§4.4) we have
Np=D05= %Ad. But Ay, Ay both take (p, g)-forms to

(p, q)-forms, so A4 also takes (p, g)-forms to (p, g)-forms.
Suppose « is a k-form with Agqa = 0, and write a = Zp+q:k Qp.q
with ap 4 of type (p, g). Then the component of Agar = 0 in type
(p,q) is Agap g =0, as Aq takes (p, g)-forms to (p, g)-forms. So
each ap g lies in K. Define HP9 to be the kernel of A4 on

(p, g)-forms. We have shown that

n = nre.

pt+q=k
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Here is a version of the Hodge decomposition theorem for the d
operator on (p, q)-forms. Write 9, 4,0, , for 0,0 on (p, q)-forms.

Theorem 5.3
Let (X, J,g) be a compact Kahler manifold. Then

Co(NIM) = HPY & Im(Dp,q-1) & Im (T, 411).

Also Ker ) 4 —’H”"@Im(apq 1) and
Ker@* g = P9 @ Im( pq+1)
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So Dolbeault cohomology satisfies
H5(X) = Ker Op,q/ Im Jp,q-1
= (HP9 ®Im(0p,g-1))/ T p g1 2= HPI.

Write HP:9(X) for the subspace of HP9(X; C) represented by
forms in HP9. Then we have

HX;C)= @ HP9(X), (5.1)
pt+q=k
and HP9(X) = HZ9(X). Hence
H X C)= @ HEYUX). (5.2)
p+q=k

We can describe HP9(X) as the subspace of HPT9(X; C)
represented by closed (p, g)-forms. This is independent of the
Kahler metric on X. But (5.1) and (5.2) fail for general compact
complex manifolds.
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Observe that complex conjugation takes HP9 to HP and
HPA(X) to HP(X). Since #P9 = HE9(X), this implies that

HEI(X) = HIP(X).

This need not be true for general compact complex manifolds;
HE9(X) and H"(X) need not have the same dimension.
Also * gives

’HPq Hn—pP,n—q,

This gives Poincaré duality style isomorphisms

HPA(X) & HTPT=a(X)",  HE9(X) = HITP"79(X)".
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The Betti numbers of X are bK(X) = dimc HX; (X; C), and the
Hodge numbers of X are h?9(X) = dim¢ Hg’q(X). From above
we have

PE(X) = Y hPI(X),
p+q=k
hP9(X) = hTP(X) = h"P"=9(X) = h"~F"P(X).

So in particular

k
b2k+1(x) — 22 hj,2k+1fj(X)'
Jj=0

Corollary 5.4

Let (X, J,g) be a compact Kahler manifold. Then the odd Betti
numbers b>*T1(X) for k = 0,1,... are even.
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A complex manifold with no Kahler metrics

Let n > 1, and let A € C with |\| > 1. Let Z act on C"\ {0} by
d:(z1,...,20) = (Nz1,...,A92,). Define X = (C"\ {0})/Z.
Then X is a compact complex manifold diffeomorphic to

S! x §27~1 By the Kiinneth theorem we find that the Betti
numbers of X are b¥(X) =1 for k =0,1,2n —1,2n and

b*(X) = 0 otherwise.

Thus b*(X) and b?"~1(X) are odd. If X had a Kihler metric this
would contradict Corollary 5.4. Hence X has no Kahler metrics.
For Dolbeault cohomology, it turns out that H(%’O(X) =0, but
Hg’l(X) >~ C, where 0log(|z1]? + - - - + |zn|?) represents a
nontrivial class. So

HE9(X) 2 HEP(X)

in this example.
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5.3. The Kahler cone

Let (X, J) be a compact complex manifold, admitting Kahler
metrics. Then we have

H3g(X; C) = H>9(X) @ HYY(X) & HO?(X). If g is a Kahler
metric on (X, J) with Kahler form w then w is a real closed
(1,1)-form, so that

[w] € Hir(X:R) N HY(X),

with intersection in H3(X; C).

Definition

Define the Kahler cone IC of (X, J) to be the set of all Kahler
classes [w] of Kéhler metrics g on (X, J).
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Two important facts about K:
(a) K is open in H35 (X;R) N HL(X).
(b) K is a convex cone.

For (a), note that if w is the Kahler form of g and 7 is a closed
real (1,1)-form with ||n||co < 1, where || .||co is computed using g,
then ' = w + 7 is the Kahler form of g’. Hence if [w] € K and
[n] € H3z(X;R) N HY(X) is sufficiently small then [w] + [1] € K.
For (b), if g, g’ are Kahler metrics on (X, J) and s,s’ > 0 then

sg + s'g’ is also Kahler. Thus [w], [w'] € K implies that

slw] + s'[w'] € K.
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Suppose ¥ C X is a compact complex curve (1-dimensional
complex submanifold) in X. Then for any Kahler g,w we have

[w]-[X] = / w = volg(X) >0,
b
where [X] € Hy(X; Z) is the homology class. Hence

K C{a € Hig(X;R)n HY(X) :
a-[Z] >0, £CX curve}.

One can often describe IC; in simple examples it is a polyhedral
cone.
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5.4. Lefschetz operators, the Hard Lefschetz Theorem

Let (X, J,g) be compact Kahler, with Kdhler form w. As in §4.4
we have operators on forms

L: C®(A*T*X @ C) = C®(A*2T*X @ C),

A: CO(ANAT*X @ C) = C®(N2T*X @R C),
given by L(a) = a Aw and A = (—1)¥ x Lx. These also work on
cohomology. Since [Ag, L] = [Aq, A] = 0 by the Kahler identities,

L, A take Ker A4 to Ker Ag. So L maps HK — HKT2, A maps
HE — HE2
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Define the Lefschetz operator

L: HY (X, C) — HXF2(X;C)
and the dual Lefschetz operator

A1 HiR(X; C) — HAZ2(X;C)

to correspond to L : HK — H¥+2 and A : HK — H¥=2 under the
isomorphisms kK 22 HX: (X; C). Then L(a) = a A [w], so L
depends only on the Kahler class [w] of g. We can reconstruct A
from L, so A also depends only on [w]. Then L, A map

L: HPI(X) — HPTLITL(X)  and
A HPI(X) — HP~LI71(X).
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As for the decomposition of forms on Kahler manifolds in §4.4, we
have:

Theorem 5.5 (The Hard Lefschetz Theorem)

Let (X, J,g) be a compact Kahler manifold with dimc X = n.
Then L* : Hggk(X; C) — H(’i’;{rk(X; C) is an isomorphism for
k=0,...,n.

Define the primitive cohomology H¥(X;C) for k < n by

HE(X; C) = Ker L" K12 (HiR (X C) — HIp *2(X; C))
= Ker(A : HX(X; C) — HXZ2(X; C)).

Then for k =0,...,2n we have

Hip(X:C)= @ UHTH(X;0).
J:0<2j<k,
k<n+j
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The proof is not hard. For the first part, we have

Ag(w A a) =w A (Aqa), so Ag(wk A a) =wk A (Aga). Thus

wk A — maps Ker A4 to Ker Ay, that is, a — Wk A a maps Hn—k
to H"k. But a — wk A ais a (pointwise) isomorphism from

(n — k)-forms to (n + k)-forms, so a + wX A a is an isomorphism
H—k — H k. Using isomorphisms H* 2 Hip (X; C) shows that
Lk HIZK(X; ©) — H3E*(X; C) is an isomorphism.
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The Hodge Conjecture

Let (X, J,g) be a compact Kihler manifold with dim¢ X = n, and
Y C X a closed complex submanifold with dim¢ Y = k. It has a
homology class [Y] € Hak(X; Q). Poincaré duality gives an
isomorphism Pd : H.(X; Q) — H?"~*(X;Q), so

PA([Y]) € H?>"2%(X; Q) Cc H>*"~2k(X;C).
As Y is a complex submanifold, Pd([Y]) € H™k"=k(X). Thus
PA([Y]) € H*"2K(X; Q) N H"F"K(X),

where the intersection is taken in H2"~2k(X; C).
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The Hodge Conjecture

We can also allow Y to be a complex k-submanifold with
singularities — a ‘k-cycle’.

Conjecture (The Hodge Conjecture.)

Let (X, J,g) be a projective Kihler 2n-manifold. Then for each
k=0,...,n H>=2K(X;Q) N H"—kn=k(X) is spanned over Q by
Pd([Y]) for k-cycles Y in X.

This is known for k =0,1,n—1,n, and so for n < 3. There is a
$1,000,000 prize for proving it.
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6.1. Vector bundles

Let X be a real manifold. A (real) vector bundle E — X on X of
rank k is a family of real k-dimensional vector spaces E, for

x € X, depending smoothly on x. Formally, a vector bundle is a
manifold E with a projection 7 : E — X which is a submersion,
such that for each x € X the fibre E, = m~1(x) is given the
structure of a real k-dimensional vector space.

This must satisfy the condition (local triviality) that X may be
covered by open sets U for which there is a diffeomorphism
7~1(U) = RK x U which identifies 7 : 7=1(U) — U with

7y R¥ x U = U and the vector space structure on E, with that
on R¥ x {u} for ue U.
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Some examples: trivial vector bundles R¥ x X — X, (co)tangent
bundles TX, T*X, exterior forms AKT*X, and tensor bundles

R TX o T*X.

A complex vector bundle on X is the same, but with fibres E,
complex vector spaces. Note that we will distinguish between
complex vector bundles (on any manifold) and holomorphic vector
bundles (on a complex manifold).

A (smooth) section of E — X is a smooth map e : X — E with
moe=idx. The set C*°(E) of smooth sections of E has the
structure of an (infinite-dimensional) vector space.
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We can add other structures to vector bundles. For example, a
metric h on the fibres of E is a family of Euclidean metrics h, on
E, which vary smoothly with x. That is, h is a smooth, positive
definite section of S?E*. A connection V on E is a linear map

V:C®(E) — CP(E®T*X)
satisfying the Leibnitz rule
V(fe) =f -Ve+exdf

for all e € C*°(E) and smooth f : X — R. A connection V has
curvature Fy € C®(End(E) ® A2T*X).

We can require V to preserve a metric h on E by

h(Vei, e) + h(e1, Vea) = dh(e1, e2) for all e, e € CP(E).
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Holomorphic vector bundles

We define holomorphic vector bundles by replacing real manifolds
by complex manifolds and smooth maps by holomorphic maps in
the definition of real vector bundles. So, if (X, J) is a complex
manifold, then a holomorphic vector bundle of rank k is a family of
complex k-dimensional vector spaces E, for x € X varying
holomorphically with x.

Formally, a holomorphic vector bundle is a complex manifold

(E, K) with a projection 7w : E — X which is a holomorphic
submersion, such that for each x € X the fibre E, = 7 1(x) is
given the structure of a complex k-dimensional vector space, and
X may be covered by open sets U for which there is a
biholomorphism 7= 1(U) 2 C* x U which identifies

71 Y (U) — U with 7y : CX x U — U and the vector space
structure on E, with that on C* x {u} for each u € U.
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If E — X is a holomorphic vector bundle, then a mape: X — E
with m o e = idx is called a smooth section if e is smooth, and a
holomorphic section if e is holomorphic. We write C*°(E) for the
complex vector space of smooth sections of £, and H°(E) for the
complex vector space of holomorphic sections of E.

Algebraic operations on vector spaces have counterparts on
holomorphic vector bundles: if E, F are holomorphic vector bundles
then the dual E*, the exterior powers AKE, the tensor product

E ® F, etc., are all holomorphic vector bundles.
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. 0-operators and connections

In terms of real differential geometry, a holomorphic vector bundle
E over a complex manifold (X, J) has the structure of a complex
vector bundle over the underlying real manifold X. However, it
also has more structure: we have a notion of holomorphic section
of holomorphic vector bundle, but there is no intrinsic notion of
when a section of a complex vector bundle is holomorphic.

If f: X — C is smooth, then f is holomorphic iff 9f = 0 in
C®(A%1X). In the same way, if E is a holomorphic vector bundle,
there is a natural d-operator

Jg : C°(E) — C*°(E @c A% X)

such that e € C®(E) is holomorphic iff dre = 0. It satisfies the

Leibnitz rule _ _ _
Oe(fe) = f - Ope + e ®c Of

for all e € C*°(E) and smooth f : X — C.
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Given Of satisfying the Leibnitz rule, there are unique extensions
IR . C(E @c NPIX) — C®(E @¢c APIT1X)
with 9 = 52-’0, such that
P (e®a)=0pe Aa+ e®c da

for e € C*°(E) and o € C*(AP9X). B
On a complex manifold we have 9 = 0._Simi|ar|3_/, if Og comes
from a holomorphic vector bundle then 82"”1 o dp? =0 for all

P, q.
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Thus we can give a differential-geometric definition of holomorphic
vector bundle: a holomorphic vector bundle on (X, J) is a complex
vector bundle E — X together with a J-operator

Je 1 C°(E) — C>(E @c A% X)
satisfying the Leibnitz rule, such that the extensions 5?‘7 satisfy
5§’q+1 0929 =0. In fact it is enough that 52’1 00 =0. We
define e € C*°(E) to be a holomorphic section if Oge = 0.

It turns out that this is equivalent to the first definition of
holomorphic vector bundle. That is, using O we can define a
unique almost complex structure K on E such that 7 : E — X is
holomorphic, and K|g, comes from the complex vector space
structure of E,, and the graphs of holomorphic sections are
complex submanifolds of (E, K). The condition that the Nijenhuis
tensor of K vanishes, so that (E, K) is a complex manifold, is
equivalent to 5%1 00 = 0.
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0-operators and connections

D-operators are closely related to connections. Let (X, J) be a
complex manifold, E — X a complex vector bundle, and V a
connection on E. Then V is a map

V:C®(E)—C™
=C™
=C>®(E
=C*®

E ®r T*X)
E®c (T'X ®r (C))
®c (N°X @ A*1X))
E @c AYOX) & C(E ®c A% X).

/\/\/\/\

So we may write V = 0 @ Og, where

O : C¥(E) — C®(E ®@c AY°X),
O : C¥(E) — C®(E ®¢ A% X).
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As V satisfies a Leibnitz rule, both O, O satisfy Leibnitz rules,
and O is a O-operator. Thus, a 0-operator is half of a connection.
The condition 52’1 o g = 0 for a -operator to give a holomorphic
vector bundle is a curvature condition. For any Jg, the operator

2t 0 g - CP(E) — C®(E ®¢ A%2X)

is of the form e — Fg,z - e for unique

F2* € C*°(End(E) ®c A%2X) which we call the (0,2)-curvature.
If O is half of a connection V, then Fg,z is the (0, 2)-component
of the curvature Fy.
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Let E be a complex vector bundle over (X, J), and h a Hermitian
metric on the fibres of E. Then there is a 1-1 correspondence
between J-operators Jg on E, and connections V = g @& Og on E
preserving h. That is, for each J-operator O, there is a unique O
so that V = 9 ® Og preserves h.

Let E be a holomorphic vector bundle on (X, J), with d-operator
Je. Choose a Hermitian metric h on E. Then Jg extends uniquely
to V = 9 @ O on E preserving h. Consider the curvature of V,

Fy € C®(End(E) @r N’ T*X).

The (0,2)-component of Fy is Fg,z =0 as E is holomorphic. As
V preserves h,
Fy € C®°(Herm ™ (E) ®r N’ T*X),

where Herm™ (E) C End(E) are the anti-Hermitian
transformations w.r.t. h.
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This implies that the (2,0)-component of Fy is is conjugate to the
(0,2)-component, so is also zero. Hence Fy is of type (1,1).

Thus, every holomorphic vector bundle E on X admits a Hermitian
metric h and compatible connection V with Fy of type (1,1).
Conversely, if E is a complex vector bundle on X with Hermitian
metric h and compatible connection V with Fy of type (1, 1), then
the d-operator of V makes E into a holomorphic vector bundle.
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6.3. Chern classes

There is a lot of interesting algebraic topology associated to
complex vector bundles — K-theory, Chern classes. (See e.g. Milnor
and Stasheff, ‘Characteristic classes’.)
If X is a topological space and E — X is a complex vector bundle
of rank k, then the Chern classes ¢;(E) € H¥(X;Z) for
j=1,..., k are topological invariants of E.
Let X be a manifold. Choose a Hermitian metric h on E and a
connection V on E preserving h. Then
Fg € C®(Herm ™ (E) ®g A2T*X). There are ‘polynomials’
pi,..., Pk in Fy such that p;j(Fy) is a closed 2j-form and
[0i(Fo)] = (E) € HL(X;R). To define pj(Fy), take

Fg A+ AFy € C*(Herm™ (E)¥ @ A¥ T*X),
and then apply a natural linear map Herm ™ (E)® — R, which can
be thought of as a U(k)-invariant degree j homogeneous
polynomial on the Lie algebra u(k).
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Observe that the cohomology class [pj(Fv)] is ¢j(E), and so is
independent of the choice of metric h and connection V.
Now suppose E is a holomorphic vector bundle on a complex
manifold (X, J). Then as in §6.2 we can choose h and V on E
with Fy of type (1,1). Therefore p;(Fv) is a closed form of type
(,J). If (X, J,g) is compact Kahler, this gives [p;j(Fv)] € H/J(X).
Hence

G(E) € H¥(X;Z) N H¥(X),

. . . 2
with intersection in Hi% (X; C).
Note the similarity to the Hodge Conjecture in §5.4. This gives
obstructions to the existence of holomorphic vector bundles on X:

a rank k complex vector bundle E can admit a holomorphic
structure only if ¢j(E) lies in H/Y(X) for j=1,..., k.
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6.4. Holomorphic line bundles

A holomorphic line bundle on (X, J) is a rank 1 holomorphic
vector bundle, with fibre C. An example: if dim¢ X = n then as
T*X is a holomorphic vector bundle of rank n, the top exterior
power AZ T*X is a holomorphic vector bundle of rank (Z) =1,
that is, a line bundle. We call AZ T*X the canonical bundle of X,
written Kx.

Here T*X as a holomorphic vector bundle is really T*(1.9) X, so
Kx is AL T*(10) X = A"0X . That is, Kx is the holomorphic line
bundle of (n,0)-forms on X.
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Let L — X be a holomorphic line bundle. Choose a Hermitian
metric hon L. As in §6.2 we get a connection V on L preserving
h, with curvature Fy € C*°(Herm™ (L) ®g A2T*X) of type (1,1).
But as L is a line bundle, there are natural identifications

End(L) = C and Herm™ (L) = iR C C. Thus we have Fy = in for
71 a real 2-form. In fact 7 is a closed real (1,1)-form, and

p1(Fv) = 551, so that [n] = 27 c1(L) in H3z(X; R).

If A is an alternative choice of Hermitian metric on L then

h = e - h for some smooth f : X — R. If V and #j are V, 7 for
this h then we find that 7j = n — 2dd°f.
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Let h,V,n be as above. If (X, J, g) is compact Kahler, and 7 is a
closed real (1,1)-form on X with [fj] = 27 ¢1(L), then 7} — 7 is an
exact real (1,1)-form on X, so fj —n = —2dd°f for some smooth
f : X = R by the Global dd°-Lemma in §4.2, with f unique up to
addition of constants. Then h = ef - h is a Hermitian metric on L
yielding 1) as its curvature form. Thus, all closed real (1,1)-forms in
the cohomology class 27 ¢ (L) can be realized as curvature 2-forms
of a metric h on L, uniquely up to rescaling.
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