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Abstract

Derived symplectic structures in generalized
Donaldson—Thomas theory and categorification

Vittoria Bussi

University College, Oxford University
A thesis submitted for the degree of Doctor of Philosophy, Trinity 2014

This thesis presents a series of results obtained in [13,18,19,23-25,87]. In [19], we prove a Darboux
theorem for derived schemes with symplectic forms of degree k < 0, in the sense of [142]. We use this to
show that the classical scheme X = ¢((X) has the structure of an algebraic d-critical locus, in the sense of
Joyce [87]. Then, if (X, s) is an oriented d-critical locus, we prove in [18] that there is a natural perverse
sheaf P§ ; on X, and in [25], we construct a natural motive M Fx s, in a certain quotient ring MP of the

[-equivariant motivic Grothendieck ring M’lX, and used in Kontsevich and Soibelman’s theory of motivic
Donaldson-Thomas invariants [102]. In [13], we obtain similar results for k-shifted symplectic derived
Artin stacks.

We apply this theory to categorifying Donaldson—Thomas invariants of Calabi—Yau 3-folds, and to
categorifying Lagrangian intersections in a complex symplectic manifold using perverse sheaves, and to
prove the existence of natural motives on moduli schemes of coherent sheaves on a Calabi-Yau 3-fold
equipped with ‘orientation data’, as required in Kontsevich and Soibelman’s motivic Donaldson—Thomas
theory [102], and on intersections L N M of oriented Lagrangians L, M in an algebraic symplectic manifold
(S,w). In [23] we show that if (S,w) is a complex symplectic manifold, and L, M are complex Lagrangians
in S, then the intersection X = LN M, as a complex analytic subspace of S, extends naturally to a complex
analytic d-critical locus (X, s) in the sense of Joyce [87]. If the canonical bundles K, K have square
roots K i/ 2, K Jl\f then (X s) is oriented, and we provide a direct construction of a perverse sheaf PP\ on
X, which coincides with the one constructed in [18].

In [24] we have a more in depth investigation in generalized Donaldson—Thomas invariants DT®(7)
defined by Joyce and Song [85]. We propose a new algebraic method to extend the theory to algebraically
closed fields K of characteristic zero, rather than K = C, and we conjecture the extension of general-
ized Donaldson—Thomas theory to compactly supported coherent sheaves on noncompact quasi-projective
Calabi—Yau 3-folds, and to complexes of coherent sheaves on Calabi—Yau 3-folds.
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Introduction

In the following we will summarize some motivations and background which permit to allocate
our problem and state the main results. After that, we outline the contents of the thesis.

Notations and conventions

Throughout K will be an algebraically closed field with char K = 0. Classical K-schemes and
Artin K-stacks will be written W, X, Y, Z, ..., and derived K-schemes and derived Artin K-stacks
in boldas W, X .Y, Z,.... Basic references for K-schemes are Hartshorne [65], for Artin K-stacks
Laumon and Moret-Bailly [109], and for derived K-schemes and derived Artin K-stacks Toén and
Vezzosi [142,171-175]. All (classical) K-schemes and Artin K-stacks X are assumed separated and
locally of finite type. All derived K-schemes and derived K-stacks X are assumed to be locally
finitely presented. We write Schi for the category of K-schemes, Artx for the 2-category of Artin
K-stacks, dSchyg for the oco-category of derived K-schemes, and dArtg for the oo-category of
derived Artin K-stacks, and tg : dSchg — Schg, to : dArtg — Artg for the classical truncation
functors. Finally, all complex analytic spaces Hausdorff and locally of finite type.

D-critical loci

In §2, we will introduce the theory of d-critical loci from [87]. Recall that to say that a scheme
X has an obstruction theory means, very roughly speaking, that one is endowed with a complex of
vector bundles encoding informations on the deformations and obstructions spaces of X. When
this obstruction theory is symmetric, Behrend [5] proved that X can be described as the zero locus
of an almost closed 1-form. Schemes with symmetric obstruction theories are the basis of Joyce
and Song’s theory of Donaldson-Thomas invariants of Calabi—Yau 3-folds [85]. In the attempt to
resolve the questions about categorification in Donaldson—Thomas theory, that is, to produce a
natural graded Q-vector space thought of as some kind of generalized cohomology of the moduli
space, whose graded dimension is the virtual counting of the moduli space itself, the author and
her collaborators tried for some time to construct perverse sheaves, and motivic Milnor fibres, from
a scheme with symmetric obstruction theory, but failed. Moreover, more recently, Pandharipande
and Thomas [140] gave examples of schemes X with symmetric obstruction theories with X not
locally isomorphic to a critical locus. This was the major signal that almost closed 1-forms were
not enough to resolve the questions.

Later, Pantev, Toén, Vaquié and Vezzosi [142,179] defined a new notion of derived critical locus.
It is set in the context of Toén and Vezzosi’s theory of derived algebraic geometry [173-175], and
consists of a quasi-smooth derived scheme X equipped with a —1-shifted symplectic structure
w. Examples of —1-shifted symplectic derived schemes are the critical locus Crit(f) of a regular
function f : U — A! on a smooth K-scheme U, or the intersection L N M of smooth Lagrangians
L, M in an algebraic symplectic manifold (S,w), or the moduli scheme M of stable coherent
sheaves on a Calabi-Yau 3-fold. Behrend’s schemes with symmetric obstruction theories [5] can
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be interpreted as ‘semiclassical truncation’ of —1-shifted symplectic derived schemes. If (X, w)
is a —1-shifted symplectic derived scheme in the sense of Pantev et al. [142], then the classical
scheme X = to(X) has a symmetric obstruction theory ¢ : £* — Ly with £* = *(Lx) and
0 = i*(wp), where i : X < X is the inclusion.

Very recently, and inspired by issues coming from the failed attempts to use schemes with
symmetric obstruction theory for applications especially in Donaldson—Thomas theory from one
hand, and from the other motivated by searching for a theory much more simpler than the
derived algebraic geometry, Joyce defined a new class of geometric objects called d-critical loci
(X, s), which are classical schemes X with an extra (classical, not derived) geometric structure
s that records information on how X may locally be written as a classical critical locus Crit(H)
of a regular function H : U — A' on a smooth scheme U. They are much simpler than —1-
shifted symplectic derived schemes, and are entirely ‘classical’, in the sense that they are defined
up to isomorphism in an ordinary category using classical algebraic geometry in the style of
Hartshorne [65], rather than being defined up to equivalence in an oo-category using homotopy
theory and derived algebraic geometry as in [173-175].

There is a (non-full) truncation functor from —1-shifted symplectic derived schemes to al-
gebraic d-critical loci. Given an algebraic d-critical locus (X, s), then Zariski locally on X we
can construct both a —1-shifted symplectic derived scheme (X,w), and a symmetric obstruction
theory ¢ : £* — Lx, uniquely up to equivalence, but we cannot combine these local models to
make (X,w) or £° ¢ globally on X because of difficulties with gluing ‘derived’ objects on open
covers. Schemes with symmetric obstruction theories can contain strictly less information than
algebraic d-critical loci. On the other hand, schemes with (symmetric) obstruction theories can
contain global, nonlocal information which is forgotten by algebraic d-critical loci. It turned out
that the theory of d-critical loci, and its extension to d-critical stacks, has applications to gener-
alizations of (motivic) Donaldson-Thomas theory of Calabi-Yau 3-folds, as in [85,102,104, 167]
and to categorification of Donaldson—Thomas invariants, and hence for constructing cohomological
Hall algebras, following Kontsevich and Soibelman [104].

Darboux theorem for derived symplectic schemes

In §1.1-§1.2 and §3, we present results in [19]. In the context of Toén and Vezzosi’s theory of
derived algebraic geometry [171-175], Pantev, Toén, Vaquié and Vezzosi [142,179] defined a notion
of k-shifted symplectic structure w on a derived scheme or stack X, for k € Z. If X is a derived
scheme and w a 0-shifted symplectic structure, then X = X is a smooth classical scheme and
w € HY(A?T*X) a classical symplectic structure on X. Pantev et al. [142] introduced a notion of
Lagrangian ¢ : L — X in a k-shifted symplectic derived stack (X,w), and showed that the fibre
product L x x M of Lagrangians ¢ : L — X, j : M — X is (k — 1)-shifted symplectic. Thus,
(derived) intersections L N M of Lagrangians L, M in a classical algebraic symplectic manifold
(S,w) are —1-shifted symplectic. They also proved that if Y is a Calabi—Yau m-fold then the
derived moduli stacks M of (complexes of) coherent sheaves on Y carry a natural (2 —m)-shifted
symplectic structure.

In [19], in the case k = —1, we prove that a —1-shifted symplectic derived scheme (X,®) is
Zariski locally equivalent to the derived critical locus Crit(H) of a regular function H : U — Al
on a smooth scheme U and that the underlying classical scheme X = #((X) extends naturally
to an algebraic d-critical locus (X, s), that is, as above, we define a truncation functor from
—1-shifted symplectic derived schemes to algebraic d-critical loci.

More generally, we actually proved that if X is a derived scheme and @ a k-shifted sym-
plectic structure on X for k& < 0 with & Z 2 mod 4, then (X,w) is Zariski locally equivalent
to (Spec A,w), for Spec A an affine derived scheme in which the cdga A is smooth in degree
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zero and quasi-free in negative degrees, and has Darboux-like coordinates xj, y;‘ ¢ with respect

to which the symplectic form w = Z” ddRyj ddR;vj is standard, and in which the differential
in A is given by a Poisson bracket with a Hamiltonian function H of degree k + 1. When k£ < 0
with £ =2 mod 4 we give two statements, one Zariski local in X in which the symplectic form
w on Spec A is standard except for the part in the degree k/2 variables, which depends on some
functions ¢;, and one étale local in X in which w is entirely standard. Here is [19, Thm. 5.18]:

Theorem Let X be a derived K-scheme with k-shifted symplectic form @ for k <0, and z € X.
Then there exists a standard form cdga A over K which is minimal at p € Spec HY(A) in the sense
of [19, §4], a k-shifted symplectic form w on Spec A, and a morphism f : U = Spec A — X
with f(p) = z and f*(®) ~ w, such that if k is odd or divisible by 4, then f is a Zariski open
inclusion, and A,w are in Darboux form, and if k =2 mod 4, then f is étale, and A,w are in
strong Darbouzx form, as in [19, §5].

Let Y be a Calabi—Yau m-fold over KK, that is, a smooth projective K-scheme with H(OQy) =
for i = 0,m and H(Oy) = 0 for 0 < i < m. Suppose M is a classical moduli K-scheme of simple
coherent sheaves in coh(Y'), where we call F' € coh(Y) simple if Hom(F, F) = K. As we will
discuss in §3, there is a corresponding derived moduli scheme M with M = ty(M), and M has
a (2 — m)—shifted symplectic structure w, so we deduce that (M,w) is Zariski locally modelled
on (Spec A,w), and M is Zariski locally modelled on Spec H’(A). In the case m = 3, so that
k= —1, we get [19, Cor. 5.19]:

Corollary Suppose Y is a Calabi—Yau 3-fold over a field K, and M is a classical moduli K-
scheme of simple coherent sheaves on'Y . Then for each [F| € M, there exist a smooth K-scheme
U with dimU = dimExt!(F,F), a regular function f : U — Al, and an isomorphism from
Crit(f) C U to a Zariski open neighbourhood of [F] in M.

Here dim U = dim Ext!(F, F) comes from A minimal at p and f(p) = [F]. This is a new result
in Donaldson—Thomas theory. When K = C and M is a moduli space of simple coherent sheaves
on Y, using gauge theory and transcendental complex methods, Joyce and Song [85, Th. 5.4]
prove that the underlying complex analytic space M®" of M is locally of the form Crit(f) for
U a complex manifold and f : U — C a holomorphic function. Behrend and Getzler announced
the analogue of [85, Th. 5.4] for moduli of complexes in D®coh(Y), but the proof has not yet
appeared Over general K, as in Kontsevich and Soibelman [102, §3. 3] the formal neighbourhood
./\/l | of M at any [F] € M is isomorphic to the critical locus Crit( f) of a formal power series f
on Ext (F, F) with only cubic and higher terms.

In [19, Cor. 5.20] we studied the case m = 4, so that k = —2, and we deduce a local description
of Calabi—Yau 4-fold moduli schemes:

Corollary Suppose Y is a Calabi—Yau 4-fold over a field K, and M s a classical moduli K-
scheme of simple coherent sheaves on Y. Then for each [F| € M, there exist a smooth K-
scheme U with dim U = dim Ext}(F, F), a vector bundle E — U with rank E = dim Ext?(F, F), a
nondegenerate quadratic form Q on E, a section s € H°(E) with Q(s,s) = 0, and an isomorphism
from s7Y(0) C U to a Zariski open neighbourhood of [F] in M.

If (S,w) is an algebraic symplectic manifold over K, that is, a 0-shifted symplectic derived K-
scheme in the language of [142], and L, M C S are Lagrangians, then Pantev et al. [142, Th. 2.10]
show that the derived intersection X = L xg M has a —1-shifted symplectic structure. Here
is [19, Cor. 5.21]:

Corollary Suppose (S,w) is an algebraic symplectic manifold, and L, M are algebraic Lagrangian
submanifolds in S. Then the intersection X = LN M, as a classical K-subscheme of S, is Zariski
locally modelled on the critical locus Crit(f) of a regular function f : U — Al on a smooth
K-scheme U.



In real or complex symplectic geometry, it is easy to prove analogues of that using Darboux’
Theorem or the Lagrangian Neighbourhood Theorem. However, these do not hold for algebraic
symplectic manifolds, so it is not obvious how to prove the above result using classical techniques.

Here are [19, Thm. 6.6 & Cor. 6.7]:

Theorem Suppose (X,) is a —1-shifted symplectic derived K-scheme, and let X = to(X) be
the associated classical K-scheme of X. Then X extends uniquely to an algebraic d-critical locus
(X, s), with the property that whenever (Spec A,w) is a —1-shifted symplectic derived K-scheme in
Darbouz form with Hamiltonian H € A(0), as in [19, Ex.s 5.8 € 5.15], and f : Spec A — X is an
equivalence in dSchg with a Zariski open derived K-subscheme R C X with f*(©) ~ w, writing
U = Spec A(0), R = to(R), f = to(f) so that H : U — A is regular and f : Crit(H) — R is an
isomorphism, for Crit(H) C U the classical critical locus of H, then (R,U,H, f~') is a critical
chart on (X,s). The canonical bundle Kx s from Theorem 2.1.6 is naturally isomorphic to the
determinant line bundle det(Lx)|xrea of the cotangent compler Lx of X.

We can think of the above result as defining a truncation functor

F . {category of —1-shifted symplectic derived K-schemes (X ,w)}
— {category of algebraic d-critical loci (X, s) over K},

where the morphisms f : (X,w) = (Y,w’) in the first line are (homotopy classes of) étale maps
f: X =Y with f*(&') ~ w, and the morphisms f : (X,s) — (Y,t) in the second line are étale
maps f: X — Y with f*(t) = s. In [87, Ex. 2.17] Joyce gives an example of —1-shifted symplectic
derived schemes (X,w), (Y ,w’), both global critical loci, such that X,Y are not equivalent as
derived K-schemes, but their truncations F(X,w), F(Y,w’) are isomorphic as algebraic d-critical
loci. Thus, the functor F is not full.

Suppose again Y is a Calabi—Yau 3-fold over K and M a classical moduli K-scheme of simple
coherent sheaves in coh(Y’). Then Thomas [167] defined a natural perfect obstruction theory
¢ E* — Ly on M in the sense of Behrend and Fantechi [6], and Behrend [5] showed that
¢ : £* — Ly can be made into a symmetric obstruction theory. Now in derived algebraic
geometry M = tg(M) for M the corresponding derived moduli K-scheme, and the obstruction
theory ¢ : €% — Ly from [167] is Ly, : Lag|amr — Lag. Pantev et al. [142, §2.1] prove M has
a —1-shifted symplectic structure w, and the symmetric structure on ¢ : £* — Ly from [5] is
w?|am- So we have [19, Cor. 6.7]:

Corollary Suppose Y is a Calabi—Yau 3-fold over K, and M is a classical moduli K-scheme of
simple coherent sheaves in coh(Y') with perfect obstruction theory ¢ : £* — L as in Thomas
[167]. Then M extends naturally to an algebraic d-critical locus (M, s). The canonical bundle
Km,s from Theorem 2.1.6 is naturally isomorphic to det(E°®)| yred.

If (S, w) is an algebraic symplectic manifold over K and L, M C S are Lagrangians, then Pantev
et al. [142, Th. 2.10] show that the derived intersection X = L xg M has a —1-shifted symplectic
structure. If X = ¢o(X) then Lx|x ~ [T*S|x — T*L|x & T*M|x] with T*S|x in degree —1 and
T*L|x ® T*M|x in degree zero. Hence det(Lx|x) = K5|)_(1 @ Kr|lx @ Kpylx 2 Krlx @ Kyulx,
since Kg = Og. So we obtain [19, Cor. 6.8]:

Corollary Suppose (S,w) is an algebraic symplectic manifold over K, and L, M are algebraic
Lagrangians in S. Then the intersection X = LN M, as a K-subscheme of S, extends naturally to
an algebraic d-critical locus (X, s). The canonical bundle Kx s from Theorem 2.1.6 is isomorphic
to Kr|xrea @ Kpp|xred.

Symmetries and stabilization for sheaves of vanishing cycles



In §1.3 we introduce some background material on perverse sheaves, which are used in §4 to
present results obtain in [18]. Let U be a smooth C-scheme and f : U — C a regular function,
and write X = Crit(f), as a C-subscheme of U. Then following [18], one can define the perverse
sheaf of vanishing cycles PV['JJ on X. Formally, X = ]_([ )Xc, where X, C X is the open and

cef(X
closed C-subscheme of points € X with f(z) = ¢, and PV} 4|x. = ?_C(AU[dim Ul)|x, for
each ¢ € f(X), where Ay[dim U] is the constant perverse sheaf on U over a base ring A, and
qb};ic : Perv(U) — Perv(f~1(c)) is the vanishing cycle functor for f —c: U — C. In [18] we prove
some results on PVy .

Let U, f, X be as above, and write X" for the reduced C-subscheme of X. Suppose ® : U — U
is an isomorphism with f o ® = f and ®|x = idx. Then ® induces a natural isomorphism
O, : PV y = PV In [18, Thm. 3.1] we prove that d®|ry ., @ TU|xrea = TU|xrea has

determinant det(d®|yrea) : X™ — C\ {0} which is a locally constant map X4 — {£1}, and
P, : PV} s — PV ¢ is multiplication by det (AP xrea ).

Let U, f, X be as above, and write Ix C Oy for the sheaf of ideals of regular functions U — C
vanishing on X. For each k =1,2,..., write X&) for the kth order thickening of X in U, that is,
X *) is the closed C-subscheme of U defined by the vanishing of the sheaf of ideals T ;‘3( in Oy. Write
f®) = flxw : X*) — C. In [18, Thm. 4.1] we prove that the perverse sheaf PV{. s depends
only on the third-order thickenings (X®), f®)) up to canonical isomorphism. In fact, étale locally,
PV& ¥ depends only on (X (2), f (2)) up to non-canonical isomorphism, with isomorphisms natural
up to sign.

Let U,V be smooth C-schemes, f : U — C, g : V — C be regular, and X = Crit(f),
Y = Crit(g) as C-subschemes of U, V. Let ® : U < V be a closed embedding of C-schemes with
f=go®:U — C, and suppose ®|x : X — Y is an isomorphism. Then [18, Thm. 5.4] constructs
a natural isomorphism of perverse sheaves on X:

O : pV.U,f — @]}(PV{/’Q) ®Z/QZ Py,

where mg : P — X is a certain principal Z/2Z-bundle on X. Writing N for the normal bundle
of U in V, then the Hessian Hess g induces a nondegenerate quadratic form ¢, on Nyy|x, and
Py parametrizes square roots of det(qyv) : K[2]| x = <I>|§((K‘2/) Moreover, Og are functorial in
a suitable sense under compositions of embeddings ® : U — V, ¥ : V — W. The theorem is
proved by showing that étale locally there exist equivalences V ~ U x C" identifying ®(U) with
Ux{0}and g:V — C with fB22+4---422 : UxC" — C, and applying étale local isomorphisms
of perverse sheaves

L

using PV(‘C”,Z% g2 = Ayoy in the first step, and the Thom-Sebastiani Theorem for perverse

sheaves in the second. Passing from f:U — Ctog= fBz2+---+22:U xC" — C is an
important idea in singularity theory, and it is known as stabilization, and f and g are called stably
equivalent. So, this result concerns the behaviour of perverse sheaves of vanishing cycles under
stabilization.

We use this result in the proof of [18, Thm. 6.9], where we prove that if (X, s) is an algebraic
d-critical locus over C with an ‘orientation’, then we may define a natural perverse sheaf P% s on
X, such that if (X, s) is locally modelled on Crit(f : U — C) then P% _ is locally modelled on
PV& - Note that although we have explained our results only for C-schemes and perverse sheaves
upon them, the proofs are quite general and work in several contexts.

These results have exciting applications in the categorification of Donaldson—Thomas theory
on Calabi—Yau 3-folds, and in defining a new kind of ‘Fukaya category’ of complex Lagrangians
in complex symplectic manifold, as explained in [18, Cor. 6.10, 6.11 & 6.12]:
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Corollary Let (X,w) be a —1-shifted symplectic derived scheme over C in the sense of Pantev
et al. [142], and X = to(X) the associated classical C-scheme. Suppose we are given a square
root det(]LX)]X for det(Lx)|x. Then we may define Py, € Perv(X), uniquely up to canonical
isomorphism, and isomorphisms Yx ., : Py X 0w Dx(P% ) Txw : PE(W — P% - The same
applies for P-modules and mized Hodge modules on X, and for l-adic perverse shecwes and Z-
modules on X if X is over K with charK = 0.

Corollary Let Y be a Calabi—Yau 3-fold over C, and M a classical moduli K-scheme of simple
coherent sheaves in coh(Y') with natural (symmetric) obstruction theory ¢ : £* — L as in
Behrend [5], Thomas [167]. Suppose we are given a square root det(E*)Y/? for det(E£®). Then
we may define Py, € Perv(M), uniquely up to canonical isomorphism, and isomorphisms X :
Pry = Dm(Pry), Taa s Pry — Pry. The same applies for Z-modules and mized Hodge modules
on M, and for l-adic perverse sheaves and Z-modules on M if Y, M are over K with char K = 0.

Corollary Let (S,w) be a complex symplectic manifold and L, M complex Lagrangian submani-
folds in S, and write X = LNM, as a complex analytic subspace of S. Suppose we are given square
roots Ké/Q,K}W/Q for Kr,Kyr. Then we may define P]—:M € Perv(X), uniquely up to canonical
isomorphism, and isomorphisms Xpar 2 Pl — Dx (PP ) Tooae 2 PLyy — Pr - The same
applies for P-modules and mized Hodge modules on X. 7 7

The above is relevant to the categorification of Donaldson—Thomas theory. As in [5, §1.2],
the perverse sheaf P} a (1) constructed on the Donaldson—Thomas moduli space M (7) of stable

sheaves has pointwise Euler characteristic X(P/‘Wlt (T)) = v. This implies that when A is a field,
say A = Q, the (compactly-supported) hypercohomologies H* (P/.\/t‘?t (T)) JHY (PJ.VI% (T)) satisfy

kze:Z( ) dlmHk(P/.\/lgt( )) = kze:z( ) dlmHk (P/'\/la(T)) X(M?D(T),V) —_ DTO‘(T)7 (0_0'1)

where H* (PM% (r )) H_k (P' 9(7))* by Verdier duality. That is, we have produced a natural

graded Q-vector space H* (P/(/la (T)), thought of as some kind of generalized cohomology of Mg (7),
whose graded dimension is DTO‘( ). This gives a new interpretation of the Donaldson-Thomas
invariant DT“(7). In fact, as discussed at length in [166, §3], the first natural “refinement”

r “quantization” direction of a Donaldson—Thomas invariant DT“(7) € Z is not the Poincaré
polynomial of this cohomology, but its weight polynomial w(H* (P/.vtgt(T))vt) € Z[ti%], defined
using the mixed Hodge structure on the cohomology of the mixed Hodge module version of
P/.\/ta () which exists assuming that M$ (7) is projective. This is related to work by other authors.
The idea of categorifying Donaldson— Thomas invariants using perverse sheaves or Z-modules is
probably first due to Behrend [5], and for Hilbert schemes Hilb™(Y') of a Calabi—Yau 3-fold Y is
discussed by Dimca and Szendr6i [35] and Behrend, Bryan and Szendréi [9, §3.4], using mixed
Hodge modules. Our result answers a question of Joyce and Song [85, Question 5.7(a)].

As in [85,102] representations of quivers with superpotentials (Q, W) give 3-Calabi—Yau trian-
gulated categories, and one can define Donaldson—Thomas type invariants DT&W(T) ‘counting’
such representations, which are simple algebraic ‘toy models’ for Donaldson—-Thomas invariants
of Calabi—Yau 3-folds. Kontsevich and Soibelman [104] explain how to categorify these quiver
invariants DT y,(7), and define an associative multiplication on the categorification to make a
Cohomological Hall Algebra. Our work [18] was strongly motivated by the aim of extending [104]
to define Cohomological Hall Algebras for Calabi—Yau 3-folds. We point out also that the square
root det(£®)'/2 corresponds roughly to orientation data in the work of Kontsevich and Soibel-
man [102, §5], [104].

Finally, we cite Kiem and Li [99] who have recently proved an analogue of Corollary 4.4.3 by
complex analytic methods, beginning from Joyce and Song’s result [85, Th. 5.4], proved using
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gauge theory, that M$(7) is locally isomorphic to Crit(f) as a complex analytic space, for V' a
complex manifold and f : V' — C holomorphic.

Motivic vanishing cycles and critical loci

In §1.4 we introduce some background material on motives, which are used in §5 to present
results obtain in [25]. Let K be an algebraically closed field of characteristic zero, U a smooth
K-scheme, f : U — A' a regular function, and Uy = f~1(0), X = Crit(f) as closed K-subschemes
of U. Following Denef and Loeser [31,32] and Looijenga [120], in [25] we define the motivic
nearby cycle M F{Jn?t in the monodromic Grothendieck group K[(Up) of fi-equivariant motives on
Up, and the motivic vanishing cycle MF;}??"Z5 in the ring M% = KF(X)[L™"] with Tate motive
L = [AY] inverted. Here M Ff}l?t is the motivic analogue of the constructible complex of nearby
cycles ¢ (Qp) € Perv(Up) in [18], and M Fgl ;W the motivic analogue of the perverse sheaf of
vanishing cycles PV, ; = ¢¢(Qu[dimU — 1]) € Perv(X) in [18] (at least when X C Up). The
fibre MFP$" () of MIS" at x € Uy is the motivic Milnor fibre of f at x from [31,32,120], the
algebraic analogue of the Milnor fibre M Fy(z) at x of a holomorphic function f : U — C on a
complex manifold U.

In [25] we study MFP$*. In [25, Thm. 4.2], we show that MFS:?’¢ e M" depends only on
the third-order thickenings U®), f®) of U, f at X, where Oye) = (’)U/I;’(, for Ix C Oy the ideal
of functions U — A! vanishing on X, and f(® = flu®. We also show by example that U@, @
do not determine M Fy; ;W.

Then, in [25, §3], we define a natural motive Y(P) € M‘;( for each principal Zo-bundle
P — X. As in Denef and Loeser [32] and Looijenga [120], there is a (non-obvious) commutative,
associative multiplication ©® on M% which appears in the motivic Thom—Sebastiani Theorem
[31,32,120]. Then we define a new ring of motives /W’;— for each K-scheme Y to be the quotient of
(M’l ,®) by the ideal generated by pushforwards ¢, (Y (P®z,Q)—Y(P)®Y(Q)) for all K-scheme
morphisms ¢ : X — Y and principal Zo-bundles P,Q — X, and then T(P®z,Q) = T(P)©Y(Q)
holds in /W‘)L( Note that Kontsevich and Soibelman in [102, §4.5] defined the motivic rings
MH(X) in which their motivic Donaldson-Thomas invariants take values, imposing a relation
which implies that the motivic vanishing cycle M F}I; L0 of a nondegenerate quadratic form ¢ on a

7q
vector bundle £ — U depends only on the triple (rank E,A*°PE. det q). This implies our relation

T(P ®z, Q) = Y(P)® Y(Q). So Kontsevich and Soibelman’s ring M*(X) is a quotient of /ﬂ‘;(

In [25, Thm. 4.4] we prove that if U,V are smooth K-schemes, f : U — Al, g : V — Al
are regular, X = Crit(f), Y = Crit(g), and ® : U — V is an embedding with f = g o ® and
®|x : X — Y an isomorphism, then ®[% (MF2") = MF}$"* © T(Pg) in MY, for Py — X
a principal Zo-bundle parametrizing orientations of the nondegenerate quadratic form Hess g on
Nuyv|x, with Ny — U the normal bundle of ®(U) in V. The analogous result [18, Thm. 5.4] for
perverse sheaves of vanishing cycles PVy; ¢, as above, says that ®|%(PVY, ) = PV}, ; @z, Po.

For these U,V, f,g,®, [87, Prop. 2.23] shows that étale locally on V' we have equivalences
V ~ U x A" identifying g ~ fB 22 +--- + 22 and ® ~ idy x 0. So if we could work étale locally,
we would have

B (MEFy"?) ~ (idx x 0) (MFSLS oy )
= MEPBMERYS, = MES B = MEJ}®,

using the motivic Thom—Sebastiani theorem in the second step. However, for motives we must
work Zariski locally, so we need a more complicated proof involving the (étale locally trivial)
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correction factor Y(Pg). In singularity theory, passing from f to f 822 + --- + 22 is known as
stabilization, our result is about the behaviour of motivic vanishing cycles under stabilization.

Finally, we use that to prove [25, Thm. 5.10], which roughly says that if (X, s) is an algebraic
d-critical locus over K with an ‘orientation’, then we may define a natural motive M Fx ; in M ,
such that if (X, s) is locally modelled on Crit(f : U — A') then M Fy g is locally modelled on
MF;};W) ® Y(P), where P — X is a principal Zs-bundle relating the ‘orientations’ on (X, s) and
Crit(f).

The following are [25, Cor. 5.12, 5.13 & 5.14]:

Corollary Let (X,w) be a —1-shifted symplectic derived scheme over K in the sense of Pantev
et al. [142], and X = to(X) the assoczated classical K-scheme, assumed of finite type. Suppose
we are given a square Toot det(ILX)|X for det(Lx)|x. Then we may define a natural motive
MFX,w S MX

Corollary Suppose Y is a Calabi—Yau 3-fold over K, and M is a finite type moduli K-scheme
of simple coherent sheaves in coh(Y'), with obstruction theory ¢ : £* — Laq as in Thomas [167].
Suppose we are given a square root det(£°)Y/2 for det(£®). Then we may define a natural motive
MFy € MY,

Kontsevich and Soibelman define a motive over M$(7), by associating a formal power series
to each (not necessarily closed) point, and taking its motivic Milnor fibre. The question of how
these formal power series and motivic Milnor fibres vary in families over the base M (7) is not
really addressed in [102]. Our result answers this question, showing that Zariski locally in Mg (7)
we can take the formal power series and motivic Milnor fibres to all come from a regular function
f:U — A" on a smooth K-scheme U. As before, the square root det(£®)'/2 required in Corollary
5.3.3 corresponds roughly to orientation data in Kontsevich and Soibelman [102, §5], [104].

Corollary Let (S,w) be an algebraic symplectic manifold and L, M finite type algebraic La-
grangian submanifolds in S, and write X = LN M, as a subscheme of S. Suppose we are given

square T00ts K1/2 K1/2 for Kr,, Kyr. Then we may define a natural motive M Fp, pr € ./\/l”

Generalization to symplectic derived stacks

In §6 we describe results obtained in [13], where we extend the results of [19], [18], [25] from
K-schemes to Artin K-stacks, using the notion of d-critical stack from [87]. Here is [13, Thm.
2.10]:

Theorem Let K be an algebraically closed field of characteristic zero, (X,wx) a k-shifted sym-
plectic derived Artin K-stack as in [142] for k < 0, and p € X (K) be a K-point of X. Then we
can construct the following data:

(a) Affine derived K-schemes U = Spec A, V' = Spec B, where A, B are commutative differ-
ential graded K-algebras (cdgas) in degrees < 0, of an explicit ‘standard form’ defined in
§3.

(b) A morphism of derived stacks ¢ : U = Spec A — X which is smooth of the minimal possible
relative dimension n = dim H'(Lx|,).

(c¢) An inclusion v : B < A of B as a dg-subalgebra of A, so that i = Spect: U — V is a
morphism of derived K-schemes. On classical schemes, i = to(¢) : U = to(U) = V =to(V)
is an isomorphism.

(d) A K-point p € Spec HY(A) with @(p) = p, such that the ‘standard form’ cdgas A, B have
the mmzmal possible numbers of generators dim H’(Ly|5), dim H7 (Ly ;) in each degree
j=0,— Sk k—1.



Xiv

(e) An equivalence of relative (co)tangent compleves Ly v ~ Ty x[1 — k|. Hence Ly v is a
vector bundle of rank n in degree k — 1.

(f) A k-shifted symplectic structure wp = (w%,0,...) on V = Spec B which is in ‘Darboux
form’ in the sense of [19, §5] and §3, with ¢*(wx) ~ " (wp) in k-shifted closed 2-forms on
U.

For example, if k = —2d — 1 for d = 0,1,... then the ‘standard form’ and ‘Darboux form’
conditions above mean the following. The degree O part B® of B is a smooth K-algebra of dimen-
sion mg, and we are given xY, ... ,m?no € BY such that (z9,.. .,m?no) are étale coordinates on all

of V(0) = Spec B®. As a graded commutative algebra, B is freely generated over BY by variables

xl_i,...,x;i in degree —i fori=1,...,d,
yim2d=t ,yf;fd_l in degree i —2d — 1 fori1=0,1,...,d.

d m; ) }
We have w; = ;)3; daryi 24V dagayt in (A2QR) 21 The differential d on the cdga B
is db = {H,b} for b € B, where {, } : B x B — B is the Poisson bracket defined using the
inverse of w%, and H € B7%% is a Hamiltonian function satisfying the classical master equation
{H,H} =0. Also B C A, and A is freely generated as a graded commutative algebra over B by

additional variables w1_2d_2, e ,wgzd*Q in degree —2d — 2.

Theorem above says that given a k-shifted derived Artin stack (X,wx) for k£ < 0, near each
p € X we can find a smooth atlas ¢ : U — X with U = Spec A an affine derived scheme,
such that (U, ¢*(wx)) is in a standard ‘Darboux form’. Although (U, ¢*(wx)) is not k-shifted
symplectic, as ¢*(wx) is not nondegenerate, we can build from (U, ¢*(wx)) in a natural way a
‘Darboux form’ k-shifted symplectic derived scheme(V,wp), which is equivalent to (U, ¢*(wx))
except in degree k — 1.

The following are [13, Cor. 2.11 & Cor. 2.12]:

Corollary Let (X,wx) be a —1-shifted symplectic derived Artin K-stack, and X = to(X) the
corresponding classical Artin K-stack. Then for each p € X there exist a smooth K-scheme U
with dimension dim H° (ILX\p), a point t € U, a reqular function f: U — Al with darfl: =0, so
that T := Crit(f) C U is a closed K-subscheme with t € T, and a morphism ¢ : T — X which is
smooth of relative dimension dim H*(Lx/|p), with ¢(t) = p. We may take f|prea = 0.

Thus, the underlying classical stack X of a —1-shifted symplectic derived stack (X ,wx ) admits
an atlas consisting of critical loci of regular functions on smooth schemes.

Now let Y be a Calabi—Yau 3-fold over K, and M a classical moduli stack of coherent sheaves
F on'Y, or complexes F* in D’ coh(Y) with Ext<(F*®, F*) = 0. Then M = to(M), for M the
corresponding derived moduli stack. The (open) condition Ext<?(F*, F*) = 0 is needed to make
M 1-geometric and 1-truncated (that is, a derived Artin stack, in our terminology); without
it, M, M would be a higher derived stack. Pantev et al. [142, §2.1] prove M has a —1-shifted
symplectic structure waq. Applying the above Corollary and using H® (L M| F]) ~ Ext!~{(F, F)*
yields a new result on classical 3-Calabi—Yau moduli stacks, the statement of which involves no
derived geometry:

Corollary Suppose Y is a Calabi—Yau 3-fold over K, and M a classical moduli K-stack of
coherent sheaves F, or more generally of compleves F* in DPcoh(Y) with Ext<C(F* F*) = 0.
Then for each [F] € M, there exist a smooth K-scheme U with dimU = dim Ext(F, F), a point
u € U, a regular function f: U — A with dgrfl. = 0, and a morphism o : Crit(f) — M which
is smooth of relative dimension dim Hom(F, F), with ¢(u) = [F].
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This is an analogue of [19, Cor. 5.19]. When K = C, a related result for coherent sheaves only,
with U a complex manifold and f a holomorphic function, was proved by Joyce and Song [85,
Th. 5.5] using gauge theory and transcendental complex methods.

Here is [13, Thm. 3.18], a stack version of [19, Thm. 6.6]:

Theorem Let K be an algebraically closed field of characteristic zero, (X,wx) a —1-shifted
symplectic derived Artin K-stack, and X = to(X) the corresponding classical Artin K-stack.
Then there exists a unique d-critical structure s € HO(S%) on X, making (X, s) into a d-critical
stack, with the following properties:

(a) Let U, f: U — A, T = Crit(f) and ¢ : T — X be as in Corollary 6.1.5, with f|prea = 0.
There is a unique sy € HO(SY) on T with try(st) = i ' (f) + I%U, and (T,sr) is an
algebraic d-critical locus. Then s(T,¢) = st in HO(SY).

(b) The canonical bundle Kx s of (X,s) from Theorem 2.2.6 is naturally isomorphic to the

restriction det(ILx)|yrea to X™ C X C X of the determinant line bundle det(Lx) of the
cotangent complex Lx of X.

We can think about it as defining a truncation functor

F: {oo—category of —1-shifted symplectic derived Artin K-stacks (X,w X)}
— {2-category of d-critical stacks (X, s) over K}.

Let Y be a Calabi—Yau 3-fold over K, and M a classical moduli K-stack of coherent sheaves
in coh(Y), or complexes of coherent sheaves in D®coh(Y). There is a natural obstruction theory
¢ E° — Ly on M, where E* € Dyeon(M) is perfect in the interval [—2,1], and h'(E®)|p =
Ext!™!(F, F)* for each K-point F' € M, regarding F as an object in coh(Y") or D®coh(Y). Now
in derived algebraic geometry M = to(M) for M the corresponding derived moduli K-stack,
and ¢ : £* — Lag is Ly, : Laq|m — Lag. Pantev et al. [142, §2.1] prove M has a —1-shifted
symplectic structure w. Thus we obtain [13, Cor. 3.19]:

Corollary Suppose Y is a Calabi—Yau 3-fold over K of characteristic zero, and M a classical
moduli K-stack of coherent sheaves F in coh(Y'), or complexes of coherent sheaves F'® in D° coh(Y")
with Ext<0(F‘,F') = 0, with obstruction theory ¢ : £* — L. Then M extends naturally to
an algebraic d-critical locus (M, s). The canonical bundle Kpq, s from Theorem 2.2.6 is naturally
isomorphic to det(E®)|  gred.

Here is [13, Cor. 4.13], the stack version of [18, Cor. 6.10]:

Corollary Let K be an algebraically closed field of characteristic zero, (X,w) a —1-shifted sym-
plectic derived Artin K-stack, and X = to(X) the associated classical Artin K-stack. Suppose we
are given a square oot det(]LX)&Q. Then working in l-adic perverse sheaves on stacks [13, §4] we
may define a perverse sheaf P}c’w on X uniquely up to canonical isomorphism, and Verdier dual-

ity and monodromy isomorphisms flx,w : ]5)'( w ]D)X(P)'( w) and TX,w : P).(,w — ]5)'( - These are

characterized by the fact that given a diagram U = Crit(f : U — Al) * 1% L X
such that U is a smooth K-scheme, ¢ smooth of dimension n, Ly y =~ ']I‘V/X[Q], p*(wx) ~
i*(wy) for wy the natural —1-shifted symplectic structure on U = Crit(f : U — AY), and
o (det(Lx)|Y2) 2 i*(Ku) @ ATy /x, then ¢*(Py)nl, ¢ (S%.)lnl, ¢ (T% )] are canon-
ically isomorphic to *(PVuy ), *(ou,f), ©*(1v.t), for PVu s, ouf Tus as in [13] . The same
applies in the other theories of perverse sheaves and Z-modules on stacks.

Here is [13, Cor. 4.14], the stack version of [18, Cor. 6.11]:
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Corollary Let Y be a Calabi-Yau 3-fold over an algebraically closed field K of characteristic
zero, and M a classical moduli K-stack of coherent sheaves F in coh(Y'), or of complexes F*® in
DY coh(Y) with Ext<C(F*®, F'*) = 0, with obstruction theory ¢ : £* — Liaq. Suppose we are given a
square root det(E*)'/2. Then working in l-adic perverse sheaves on stacks [13, §4], we may define
a natural perverse sheaf Pj‘w € Perv(M), and Verdier duality and monodromy isomorphisms
Xm o PRy = Dap(Pyy) and Taq 2 Pyy — Pry. The pointwise Euler characteristic of Py, is the
Behrend function vpq of M from Joyce and Song [85, §4], so that Py, is in effect a categorification
of the Donaldson—Thomas theory of M. The same applies in the other theories of perverse sheaves
and Z-modules on stacks.

Here is [13, Cor. 5.16], the stack version of [25, Cor. 5.12]:

Corollary Let (X,w) be a —1-shifted symplectic derived Artin K-stack in the sense of Pantev et
al. [142], and X = to(X) the associated classical Artin K-stack, assumed of finite type and locally

a global quotient. Suppose we are given a square oot det(LLx) %2 for det(Lx)|x. Then we may
define a natural motive MFx ., € /Wig’“, which s characterized by the fact that given a diagram

U = Crit(f: U —» A") : 1% L4 X

such that U is a smooth K-scheme, ¢ is smooth of dimension n, Ly ,;y ~ Ty, x[2], ¢*(wx) ~
i*(wy) for wy the natural —1-shifted symplectic structure on U = Crit(f : U — Al), and
" (det(Lx)|y?) = *(Kv) ® ATy x, then o*(MFx ) = L2 @ i*(MF}S™?) in M.

Here is [13, Cor. 5.17], the stack version of [25, Cor. 5.13]:

Corollary Let Y be a Calabi—Yau 3-fold over K, and M a finite type classical moduli K-stack of
coherent sheaves in coh(Y'), with natural obstruction theory ¢ : E* — L. Suppose we are given
a square root det(£*)Y/2 for det(E®). Then we may define a natural motive M Fy, € ./\7lsj’\t/’(“.

This is relevant to Kontsevich and Soibelman’s theory of motivic Donaldson—Thomas invari-
ants [102]. Again, our square root det(£*)'/? roughly coincides with their orientation data [102,
§5]. In [102, §6.2], given a finite type moduli stack M of coherent sheaves on a Calabi—Yau 3-fold
Y with orientation data, they define a motive [ a1 in a ring D# isomorphic to our /ﬂ%ﬂ . We
expect this should agree with 7, (M Fq) in our notation, with 7 : M — SpecK the projection.
This [ L 1s roughly the motivic Donaldson—Thomas invariant of M. Their construction involves
expressing M near each point in terms of the critical locus of a formal power series. Kontsevich
and Soibelman’s constructions were partly conjectural, and our results may fill some gaps in their
theory.

Donaldson—Thomas theory

Let K be an algebraically closed field of characteristic zero. A Calabi—Yau 3-fold is a smooth
projective 3-fold X over C or K, with trivial canonical bundle Ky and H'(Ox) = 0. Fix a
very ample line bundle Ox (1) on X, and let 7 be Gieseker stability on the abelian category of
coherent sheaves coh(X) on X with respect to Ox(1). If E is a coherent sheaf on X then the class
[E] € K™™(coh(X)) is in effect the Chern character ch(E) of E in the Chow ring A*(X)g as
in [46]. For a class « in the numerical Grothendieck group K™ (coh(X)), write M (1), M ()
for the coarse moduli schemes of 7-(semi)stable sheaves E with class [F] = . Then MZ(7) is a
projective C or K-scheme whose points correspond to S-equivalence classes of 7-semistable sheaves,
and Mg (7) is an open subscheme of M (7) whose points correspond to isomorphism classes of
T-stable sheaves. Write 9t for the moduli stack of coherent sheaves F on X. It is an Artin C or
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K-stack, locally of finite type and has affine geometric stabilizers. For a € K™ (coh(X)), write
M for the open and closed substack of E with [E] = a in K™ (coh(X)). Write I (7), MG (7)
for the substacks of 7-(semi)stable sheaves E in class [E] = a, which are finite type open substacks
of M.

In 1998, Thomas [167], following his proposal with Donaldson [36], motivates a holomor-
phic Casson invariant and defines the Donaldson—Thomas invariants DT(7) which are integers
‘counting’ 7-stable coherent sheaves with Chern character a on a Calabi—Yau 3-fold X over K,
where 7 denotes Gieseker stability for some ample line bundle on X. Mathematically, and in
‘modern’ terms, he found that M (7) is endowed with a symmetric obstruction theory and de-
fined

DT°(r) = / 1
Mg ()]

which is mathematical reflection of the heuristic that views M (7) as the critical locus of the
holomorphic Chern-Simons functional and the shadow of a more deeper ‘derived’ geometry. A
crucial result is that the invariants are unchanged under deformations of the underlying geometry
of X. Finally we remark that the conventional definition of Thomas [167] works only for classes
« containing no strictly 7-semistable sheaves and this permits to work just with schemes rather
than stacks as the stable moduli scheme itself already encodes all the information about the Ext
groups, and thus about the tangent-obstruction complex of the moduli functor.

In 2005, Behrend [5] proved a wirtual Gauss—Bonnet theorem which in particular yields that
Donaldson—Thomas type invariants can be written as a weighted Euler characteristic

DT*(7) = x (M (T), Vpse (7))

of the stable moduli scheme Mg (7) by a constructible function vyqe (), as a consequence known
in literature as the Behrend function. It depends only on the scheme structure of Mg (7), and it is
convenient to think about it as a multiplicity function. An important moral is that it is better to
‘count’ points in a moduli scheme by the weighted Euler characteristic rather than the unweighted
one as it often gives answers unchanged under deformations of the underlying geometry. It is worth
to point out that this equation is local, and ‘motivic’, and makes sense even for non-proper finite
type K-schemes. Anyway, using this formula to generalize the classical picture by defining the
Donaldson-Thomas invariants as x (MS(7), Ve () when MZ(7) # MG (7) is not a good idea
as in the case there are strictly 7-semistable sheaves, the moduli scheme Mg (7) is no more a good
model and suggest that schemes are no more ‘enough’ to extend the theory. The crucial work by
Behrend [5] suggests that Donaldson-Thomas invariants can be written as motivic invariants, like
those studied by Joyce in [75-80], and so it raises the possibility that one can extend the results
of [75-80] to Donaldson—-Thomas invariants by including Behrend functions as weights.

Thus, in 2005, Joyce and Song [85] proposed a theory of generalized Donaldson—Thomas invari-
ants DT(7). They are rational numbers which ‘count’ both 7-stable and 7-semistable coherent
sheaves with Chern character o on a compact Calabi-Yau 3-fold X over C; strictly T-semistable
sheaves must be counted with complicated rational weights. The DT(7) are defined for all classes
a, and are equal to DT*(7) when it is defined. They are unchanged under deformations of X, and
transform by a wall-crossing formula under change of stability condition 7. The theory is valid
also for compactly supported coherent sheaves on compactly embeddable noncompact Calabi—Yau
3-folds in the complex analytic topology. To prove all this they study the local structure of the
moduli stack 9 of coherent sheaves on X. They first show that 91 is Zariski locally isomorphic to
the moduli stack Yect of algebraic vector bundles on X. Then they use gauge theory on complex
vector bundles and transcendental complex analytic methods to show that an atlas for 9t may be
written locally in the complex analytic topology as Crit(f) for f : U — C a holomorphic function
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on a complex manifold U. They use this to deduce identities on the Behrend function gy through
the Milnor fibre description of Behrend functions. These identities

von(E1 & Ey) = (*1)2([E1]’[E2])VW(E1)VE)JI(E2),

/ v(F)dx  — / vp(D)dx = (e21 —e12) vm(E1 & Eo),
N eP(Ext! (E2,Er)): (L] EP(Ext! (E1,E2)):
A& 0—»FE1—F—FEs—0 n < 0—-E;—D—E;1—0

where ey; = dim Ext!(Ey, Ey) and ejs = dimExt!(Ey, Ey) for Ey, By € coh(X), are crucial for
the whole program of Joyce and Song, which is based on the idea that Behrend’s approach should
be integrated with Joyce’s theory [75-80]. As the proof uses gauge theory and transcendental
methods, it works only over C and forces them to put constraints on the Calabi—Yau 3-fold they
can define generalized Donaldson-Thomas invariants for. Finally, in [85, §4.5], when K = C,
the Chern character embeds K™™(coh(X)) in H**"(X;Q), and the Voisin Hodge conjecture
result [182] for Calabi-Yau over C completely characterize its image. They use this to show
K™ (coh(X)) is unchanged under deformations of X. This is important for the DT%(7) with
a € K™ (coh(X)) to be invariant under deformations of X even to make sense.

In 2008 and 2010, with two subsequent papers [102,104], Kontsevich and Soibelman also
studied generalizations of Donaldson—Thomas invariants, both in the direction of motivic and
categorified Donaldson-Thomas invariants. In [102], they proposed a very general version of
the theory, which, very roughly speaking, can be outlined saying that, supposing for the sake of
simplicity that M$ (1) = MZ(7), their oversimplified idea is to define motivic Donaldson—Thomas
invariants DT . = T (M (T), Vmot ), where vy, is a complicated constructible function which we
can refer to as the motivic Behrend function for a general motivic invariant Y. Their construction
is closely related to Joyce and Song’s construction, even if they work in a more general context:
they consider derived categories of coherent sheaves, Bridgeland stability conditions, and general
motivic invariants, whereas Joyce and Song work with abelian categories of coherent sheaves,
Gieseker stability, and the Euler characteristic. However, the price to work in a more general
context is that most results depend on conjectures (motivic Behrend function identities, existence
of orientation data, absence of poles). In particular, Kontsevich and Soibelman’s parallel passages
of Joyce and Song’s proof of the Behrend function identities [102, §4.4 & §6.3] work over a field
K of characteristic zero, and say that the formal completion 9:71[ g) of M at [E] can be written in
terms of Crit(f) for f a formal power series on Ext!(E, E), with no convergence criteria. Their
analogue [102, Conj.4], concerns the motivic Milnor fibre of the formal power series f. So the
Behrend function identities are related to a conjecture of Kontsevich and Soibelman [102, Conj. 4]
and its application in [102, §6.3], and could probably be deduced from it. Anyway, Joyce and
Song’s approach [85] is not wholly algebro-geometric — it uses gauge theory, and transcendental
complex analytic geometry methods. Therefore this method will not suffice to prove the parallel
conjectures in Kontsevich and Soibelman [102, Conj. 4], which are supposed to hold for general
fields K as well as C, and for general motivic invariants of algebraic K-schemes as well as for the
topological Euler characteristic. Recently, in 2012, Le Quy Thuong [112] provided a proof for this
conjecture using some deep high technology results from motivic integration.

Following Joyce and Song’s proposal, and using the machinery in [19, 87], we provide in §7
an extension of the theory of generalized Donaldson-Thomas invariants in [85] to algebraically
closed fields K of characteristic zero. Our argument provides the algebraic analogue of [85, Thm
5.5], [85, Thm 5.11] and [85, Cor. 5.28] which are enough to extend [85] at least for compact
Calabi—-Yau 3-folds. Unfortunately, to extend the whole project to complexes of sheaves and to
compactly supported sheaves on a noncompact quasi-projective Calabi—Yau 3-fold, we would need
other results also from derived algebraic geometry which we do not have at the present. We hope
to come back on this point in a future work.
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We will show that an atlas for 9t near [E] € 9(K) may be written locally in the étale topology
as the zero locus df~!(0) for a G-invariant regular function f defined on a étale neighborhood of
0 € U(K) in the affine K-space Ext!(E, F), where G is a maximal torus of Aut(E).

Based on this picture, we give an algebraic proof of the Behrend function identities. We point
out that our approach is actually valid much more generally for any stack which is locally a global
quotient, and we actually do not use any particular properties of coherent sheaves on Calabi—Yau
3-folds. In the past, the author tried a picture in which the moduli stack of coherent sheaves was
locally described as a zero locus of an algebraic almost closed 1-form in the sense of [5], which
turned out later to be a wrong direction to follow.

Finally, we will study the deformation invariance properties of DT%(7) under changes of the
underlying geometry of X, characterizing a globally constant lattice containing the image through
the Chern character of K™"™(coh(X)) and in which classes « vary.

The implications are quite exciting and far-reaching. Our algebraic method could lead to
the extension of generalized Donaldson—Thomas theory to the derived categorical context. The
plan to extend from abelian to derived categories the theory of Joyce and Song [85] starts by
reinterpreting the series of papers by Joyce [75-82] in this new general setup. We expect that a
well-behaved theory of invariants counting 7-semistable objects in triangulated categories in the
style of Joyce’s theory exists, and we hope to come back to it in a future work.

Categorifying complex Lagrangian intersections

Let (S,w) be a complex symplectic manifold, i.e., a complex manifold S endowed with a
closed non-degenerate holomorphic 2-form w € Q?g Denote the complex dimension of S by 2n.
A complex submanifold M C S is Lagrangian if the restriction of w to a 2-form on M vanishes
and dimM = n. Let X = L N M be the intersection as a complex analytic space. Then X
carries a canonical symmetric obstruction theory ¢ : E®* — Ly in the sense of [6], which can
be represented by the complex E® ~ [T*S|x — T*L|x & T*M|x]| with T*S|x in degree —1 and
T*L|x & T*M|x in degree zero. Hence det(E®) = Kp|x ® Ky|x. Inspired by [102, §5.2] in
primis and then by [18, §2.4] and close to [87, §5.2], we will say that if we are given square roots
K£/2, K%f for Ky, Ky, then X has orientation data. In this case we will also say that L, M are
oriented Lagrangians, see Remark 8.1.4.

We start from well known facts from complex symplectic geometry. It is well established
that every complex symplectic manifold S is locally isomorphic to the cotangent bundle T*N of
a complex manifold N. The fibres of the induced vector bundle structure on S are Lagrangian
submanifolds, so complex analytically locally defining on .S a foliation by Lagrangian submanifolds,
i.e., a polarization. The data of a polarization for us will be used as a way to describe locally in the
complex analytic topology the Lagrangian intersection X as a critical locus X = Crit(f : U — C),
where f is a holomorphic function on a complex manifold U. One moral of this approach is that
every polarization defines a set of data for X which we will call a chart, by analogy with critical
charts defined by [87, §2.1], and thus the choice of a family of polarizations on a complex symplectic
manifold provides a family of charts which will be useful to defining some geometric structures
on them and consequently get a global object on X by gluing. This will become more clear later.
In conclusion, on each chart defined by the choice of a polarization, there is naturally associated
a perverse sheaf of vanishing cycles PV, ;.

Now, a natural problem to investigate is the following. Given analytic open R;, R; C X with
isomorphisms R; = Crit(f;), R; = Crit(f;) for holomorphic f; : U; — C and f; : U; — C, we have
to understand whether the perverse sheaves P% = PV, ; on R; and Py = PVy ¢ on Rj are
isomorphic over R; N R;, and if so, whether the isomorphism is canonical, for only then can we
hope to glue the Py, for i € I to make 7327 v~ Studying these issues led to this project.
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Our approach was inspired by a work of Behrend and Fantechi [8]. They also investigated
Lagrangian intersections in complex symplectic manifolds, but their project is probably more
ambitious, as they show the existence of deeply interesting structures carried by the intersection.
Unfortunately, their construction has some crucial mistakes. Our project started exactly with the
aim to fix them and develop then an independent theory. In the meantime, the author worked
with other collaborators on the large project [18,19,25] discussed also above, involving Lagrangian
intersections too, but our methods here want to be self contained and independent from that. In
particular, the analogue of our theorem below for algebraic symplectic manifolds and algebraic
manifolds follows from [18,19,142], but the complex analytic case is not available in [19,142].

In §8.2 we will state and prove the following result:

Theorem Let (S,w) be a complex symplectic manifold and L, M oriented complex Lagrangian
submanifolds in S, and write X = LN M, as a complex analytic subspace of S. Then we may
define PE,M € Perv(X), uniquely up to canonical isomorphism, and isomorphisms X, pr : PLM —
Dx (P} ), Toom 2 PLyy — Pr oy, respectively the Verdier duality and the monodromy isomor-
phismsj These P7 € Perv(X)77 Y., T are characterized by the following property.

Given a choice of local Darboux coordinates (x1,...,Tn,Y1,---,Yn) in the sense of Definition
8.1.1 such that L is locally identified in coordinates with the graph Tqj, .. o, of df for [ a
holomorphic function defined locally on an open U C C", and M is locally identified in coordinates
with the graph Ugg,, . 2,) of dg for g a holomorphic function defined locally on U, and the
orientations K}J/Q,K]l\f are the trivial square roots of Ky = (dx1 A --- ANdx,) = Ky, then
Pr oy = PV&g,f, where PVZ,ygff is the perverse sheaf of vanishing cycles of g— f, and Xy a1 and
Tr v are respectively the Verdier duality oy g and the monodromy 1y 4 introduced in §1.3.
The same applies for D-modules and mized Hodge modules on X.

Here is a sketch of the method of proof, given in detail in §8.2.1-8.2.3.

Given (S,w) a complex symplectic manifold we want to construct a global perverse sheaf
Pr € Perv(X), by gluing together local data coming from choices of polarizations by isomor-
phisms. We consider an open cover {S;};c; of S and polarizations 7; : S; — E;, always assumed
to be transverse to both the Lagrangians L and M. We use the following method:

(i) For each polarization m; : S; — E; transverse to both the Lagrangian submanifolds L and M,
we define a perverse sheaf of vanishing cycle PV}Z_, naturally defined on the chart induced
by the choice of a polarization. and a principal Zo-bundle @y,, which roughly speaking

parametrizes isomorphisms K}J/ % o Kjl\f compatible with ;.

(ii) For two such polarizations F; and Ej, transverse to each other, and to both the Lagrangians,
we have a way to define two perverse sheaves of vanishing cycles, PV}Z, and PV}],, again with
principal Zs-bundles, each of them parametrizing choices of square roots of the canonical
bundles of L = I'yy, and M = Lay;. In this case we find an isomorphism ¥;; on double
overlap S; N Sj between PV} ®z, Qf, and PV}J_ ®7, Qf;-

(iii) For four such polarizations E;, E;, Ej, and E; with E; not necessarily transverse to Ej,, we
obtain equality between W;; o W, and Wy o Wy, on S; N S; NSp NS
As perverse sheaves form a stack, there exists P}y on X, unique up to canonical isomor-

phism, with P} /s, = PV}, ®z, Qy,, for all i € .

Our perverse sheaf P ,, categorifies Lagrangian intersection numbers, in the sense that the
constructible function
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is equal to the well known Behrend function vx in [5] by construction, using the expression of the
Behrend function of a critical locus in terms of the Milnor fibre, as in [5], and so

X(X,vx) =) (=1)' dime H (X, P} ).

%

This resolves a long-standing question in the categorification of Lagrangian intersection num-
ber, and it may have exciting far reaching consequences in symplectic geometry and topologi-
cal field theory. In [89], Kapustin and Rozansky study boundary conditions and defects in a
three-dimensional topological sigma-model with a complex symplectic target space, the Rozansky-
Witten model. They conjecture the existence of an interesting 2-category, the 2-category of bound-
ary conditions. Their toy model for symplectic manifold is a cotangent bundle of some manifold.
In this case, this category is related to the category of matrix factorizations [139]. Thus, we
strongly believe that constructing a sheaf of Zs-periodic triangulated categories on Lagrangian
intersection would yield an answer to their conjecture. In the language of categorification, this
would give a second categorification of the intersection numbers, the first being given by the hyper-
cohomology of the perverse sheaf constructed in the present work. Also, this construction should
be compatible with the Gerstenhaber and Batalin—Vilkovisky structures in the sense of [4, Conj.
1.3.1].

Our second main result proved in §8.3 constitutes another bridge between our work and
[18,19,87]. Pantev et al. [142] show that derived intersections L N M of algebraic Lagrangians
L, M in an algebraic symplectic manifold (S,w) have —1-shifted symplectic structures, so that
Theorem 6.6 in [18] gives them the structure of algebraic d-critical loci in the sense of [87]. Our
second main result shows a complex analytic version of this, which is not available from [19,142],
that is, the classical intersection L N M of complex Lagrangians L, M in a complex symplectic
manifold (S, w) has the structure of an (oriented) complex analytic d-critical locus.

Theorem Suppose (S,w) is a complex symplectic manifold, and L, M are (oriented) complex
Lagrangian submanifolds in S. Then the intersection X = LN M, as a complex analytic subspace
of S, extends naturally to a (oriented) complex analytic d-critical locus (X,s). The canonical
bundle Kx s in the sense of [87, §2.4] is naturally isomorphic to Kp|xrea ® Kpr|xred.

It would be interesting to prove an analogous version of this also for a class of ‘derived La-
grangians’ in (S,w). Some of the authors of [18] are working on defining a ‘Fukaya category’ of
(derived) complex Lagrangians in a complex symplectic manifold, using H*(Py, ;,) as morphisms.



Chapter 1

Background material

This chapter contains the basic well established material needed to state our results in the following
chapters. Expert readers can skip it.

1.1 Commutative differential graded algebras

In this section we introduce general definitions and conventions from classical algebraic geometry.
We call it classical to distinguish it from the most recent theory of derived algebraic geometry.
We start by reviewing some definitions and notations from [19, §2].

Definition 1.1.1. A commutative graded algebra A over K concentrated in non-positive degrees is
an algebra A with a decomposition A = @igo A" and an associative product m : A* ® AT — At
satisfying fg = (—1)|/19lg f for homogeneous elements f, g € A.

Define a derivation of degree k from A to a graded module M to be a K-linear map ¢ :
A — M that is homogeneous of degree k and satisfies §(fg) = 0(f)g + (=1)*1£5(g). There
is a universal derivation into a module of Kdhler differentials QY, which can be constructed as
I/I? for I = Ker(m : A® A — A). The universal derivation § : A — QY is then computed as
S(a)=a®1—-1®ac I/I%

In the particular case when M = A one sometimes refers to a derivation X : A — A of degree
k as a wvector field of degree k. Define the graded Lie bracket of two homogeneous vector fields
X,Y by [X,Y] := XY — (~1)XIMy X. On any commutative graded algebra, there is a canonical
degree 0 Euler vector field E which acts on a homogeneous element f € A via E(f) = |f|f.

Define the de Rham algebra of A to be the free commutative graded algebra over A on the
graded module QY [1]:

DR(A) := Sym 4(Q2}[1]) = 5 APQ} [p]. (1.1.1)
P

We endow DR(A) with the de Rham operator dgr, which is the unique square-zero derivation of
degree —1 on the commutative graded algebra DR(A) such that for f € A, dgr(f) = §(f)[1] €
Q4[1]. Thus dgr(fg) = dar(f)g + (1)1 fdar(g) for f,g € A and dgp(e - B) = dar(e)B +
(—1)lladgr(B) for any two a, 8 € DR(A). The de Rham algebra DR(A) has two gradings,
one induced by the grading on A and on the module Q![1] and the other given by p in the
decomposition DR(A) = Sym 4(Q}4[1]) = @D, APQL [p]. We shall refer to the first grading as
degree and the second grading as weight. Thus the de Rham operator d4yr has degree —1 and
weight +1.

Definition 1.1.2. Given a homogeneous vector field X on A of degree |X|, the contraction
operator tx on DR(A) is defined to be the unique derivation of degree | X |+ 1 such that cx f =0
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and txdgr(f) = X(f) for all f € A. We define the Lie derivative Lx along a vector field X by
Lx = [tx,dar] = txdar — (-1)¥ M dgrex = ixdar + (-1)¥ldgrex.

It is a derivation of DR(A) of degree | X|. In particular, the Lie derivative along E is of degree 0.
Given f € A, and a homogeneous form a € APQY[p], we have

Lgf =pdarf = E(f) =|f|f, Ledarf =|fldarf, Lpa=.pdara+dirta = (|af +p)a.
Note that a de Rham closed form « can fail to be exact only if it lives on A" C A.

Given X, Y homogeneous vector fields on A, we have the following equalities of derivations:
[dar, Lx] =0, [tx,tv] =0, [Lx,wv]=1xy), [Lx,Ly]=Lxyy on DR(4).

Definition 1.1.3. A commutative differential graded algebra or cdga (A,d) is a commutative
graded algebra A over K, endowed with a square-zero derivation d of degree 1. Usually we write
A rather than (A,d), leaving d implicit. Note that the cohomology H*(A) of A with respect to
the differential d is a commutative graded algebra.

Definition 1.1.4. Let (A, d) be a cdga. Then as in Definition 1.1.1, to the underlying commu-
tative graded algebra A we associate the module of Kéahler differentials 9}4 with universal degree
0 derivation 6 : A — QY, and the de Rham algebra DR(A) = Sym,(€Q4[1]) in (1.1.1), with
degree —1 de Rham differential dgr : DR(A) — DR(A). The differential d on A induces a unique
differential on QY, also denoted d, satisfying dod =dod: A — QL, and making (Q},d) into a
dg-module. Moreover, d on Q1] anti-commutes with the de Rham operator dgp : A — Q[1].
We extend the differential d uniquely to all of DR(A) by requiring it to be a derivation of degree
1 with respect to the multiplication on DR(A). We will basically work with (A, d) for which the
Kihler differentials (%, d) give a model for the cotangent complex L(4,q) of (A,d), and we will
basically identify L4 q) and QL d).

Similarly, given a map A — B of cdgas, we can define the relative Kdhler differentials Q}B e
and when the map A — B is nice enough (for example, B is obtained from A adding free
generators of some degree and imposing a differential, as in [19, Ex. 2.8]), then the relative
Kahler differentials give a model for the relative cotangent complex Lp) 4.

1.2 Derived algebraic geometry

We give a brief sketch on Toén and Vezzosi’s derived algebraic geometry [171-175], and Pantev,
Toén, Vaquié and Vezzosi’s theory of k-shifted symplectic structures on derived schemes and
stacks [142,179], which is central to our program. Following our principal reference [142], we
prefer to use the Toén—Vezzosi version, instead of the Lurie one [121,122]. Our slogan will be that
a derived K-scheme is a geometric space locally modelled on Spec A for A a cdga over K, just as
a classical K-scheme is a space locally modelled on Spec A for A a commutative K-algebra. We
refer to [13,19] for more details.

1.2.1 Derived schemes and stacks

Fix an algebraically closed base field K, of characteristic zero. Toén and Vezzosi define the oco-
category dStx of derived K-stacks (or D~ -stacks) [175, Def. 2.2.2.14], [173, Def. 4.2]. All derived
K-stacks X in this paper are assumed to be locally finitely presented. There is a spectrum functor

Spec : {commutative differential graded K-algebras, degrees < 0} — dStxk .
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All cdgas will be in degrees < 0. A derived K-stack X is called an affine derived K-scheme if
X is equivalent in dStg to Spec A for some cdga A over K. As in [173, §4.2], a derived K-stack
X is called a derived K-scheme if it may be covered by Zariski open Y C X with Y an affine
derived K-scheme. Write dSchy for the full co-subcategory of derived K-schemes in dStk.

We call a derived K-stack X a derived Artin K-stack if it is m-geometric for some m [175,
Def. 1.3.3.1] and the underlying classical stack is 1-truncated (that is, just a stack, not a higher
stack). Any such X admits a smooth surjective morphism ¢ : U — X, an atlas, with U a derived
K-scheme. Write dArtgk for the full co-subcategory of derived Artin K-stacks in dStg. Then
dSchg C dArtg C dStk.

Write Schi for the category of K-schemes X, and Artg for the 2-category of Artin K-stacks
X. By an abuse of notation we regard Schx as a discrete 2-subcategory of Artg, so that Schx C
Artg. As in [175, Prop. 2.1.2.1], there is an inclusion functor i : Artg — dArtx mapping
Schg — dSchg, and a classical truncation functor to : dArtg — Artg mapping dSchg — Schyk.

A derived Artin K-stack X has a cotangent complexr Lx of finite cohomological amplitude
[-m, 1] and a dual tangent complex Tx [175, §1.4], [173, §4.2.4-§4.2.5] in a stable co-category
Lycon(X) defined in [173, §3.1.7, §4.2.4]. When X is a classical scheme or stack, then the homotopy
category of Lgcon(X) is nothing but the triangulated category Dgcon(X). These have the usual
properties of (co)tangent complexes. For instance, if f: X — Y is a morphism in dArtk there
is a distinguished triangle

FrLly) —E~Lx Ly — F*(Ly)[1], (1.2.1)

where L x /y is the relative cotangent complex of f. Here f is smooth of relative dimension n if
and only if L x /y is locally free of rank n, and f is étale if and only if Lxy = 0. See [19, §3.3]
for a complete list of properties of cotangent complexes used in our results.

Now suppose A is a cdga over K, and X a derived K-scheme with X ~ Spec A in dSchg.
Then we have an equivalence of triangulated categories Lgcon(X) ~ D(mod A), where D(mod A)
is the derived category of dg-modules over A. This equivalence identifies cotangent complexes
Lx ~ L. If Ais of standard form as §3.1 the Kéhler differentials 9114 are a model for L4 in
D(mod A), and in §3 we will give a simple explicit description of 9114. Thus, if X is a derived
K-scheme with X ~ Spec A for A a standard form cdga, we can understand L x well. We will use
this to do computations with k-shifted p-forms and k-shifted closed p-forms on X, as in §1.2.2.

1.2.2 Shifted symplectic structures

Let X be a derived stack. Pantev, Toén, Vaquié and Vezzosi [142] defined k-shifted p-forms,
k-shifted closed p-forms, and k-shifted symplectic structures on X, for k € Z and p > 0. One first
defines these notions on derived affine schemes and then defines the general notions by smooth
descent. Since our main theorems are statements about the local structure of derived schemes
and stacks endowed with shifted symplectic forms, it suffices for us to describe the affine case.
The basic idea is this:

a) Define the exterior powers APLx in Lqcon(X) for p =0,1,.... Regard APLx as a complex,
q
with differential d:

o (APLx )R s (APLx )R — s (APLx )R —ds

Then a k-shifted p-form, or p-form of degree k, is an element w® of (APLx)* with dw?® = 0.
Mostly we are interested in the cohomology class [w°] € H¥(APLx).

(b) There are de Rham differentials dgr : APLx — APT'Lx with dgg o dggr = d o dgg + dgr ©
d = 0. Then a k-shifted closed p-form, or closed p-form of degree k, is a sequence w =



1.3. Perverse sheaves on schemes and stacks 4

(W0 wh, w?,...) with W' in (APTLx )~ for i > 0, satisfying dw® = 0 and dgpw’ + dw'™! =0

for i = 0,1,.... That is, w = (W% w!,w?,...) is a k-cycle in the negative cyclic complex
0 . .
(TP Lx)*), o d + dar).
i=0
Mostly we are interested in the cohomology class [w] = [w’ w!,...] in the cohomology of
this complex. We will write w ~ ' if w,w’ are k-shifted closed p-forms with the same
cohomology class [w] = [w']. There is a map (w”,w!,w? ...) = W° from k-shifted closed

p-forms to k-shifted p-forms.

(c) A 2-form w? of degree k on X induces a morphism w? : Tx — Lx[k] in Lqcon(X). We call
w® nondegenerate if w° : Tx — Lx|[k] is an equivalence. A closed 2-form w of degree k on
X for k € Z is called a k-shifted symplectic structure if the corresponding 2-form w® = 7(w)
is nondegenerate.

The families (simplicial sets) of p-forms and of closed p-forms of degree k on X are written
AY (X, k) and A%CI(X, k), respectively. There is a morphism 7 : A%CI(X, k) — AL (X, k), which
is in general neither injective nor surjective. In [142, Def. 1.7], Pantev et al. define a simplicial
set AL (X, k) of p-forms of degree k € Z on the derived K-scheme X = Spec A by

AL (Y, k) = |APL[K]|. (1.2.2)
As explained above, in our case we may take APL4 = APQY. Thus (1.2.2) yields
mo (AR (X, k)) = H*(APQY,d) = H" 7 (APQY[p], d). (1.2.3)

So, (connected components of the simplicial set of) p-forms of degree k on X are just k-cohomology
classes of the complex (Af”Q1 ,d). We prefer to deal with explicit representatives, rather than

cohomology classes. The definition of the simplicial set A%CI(X k) of closed p-forms of degree
k € Z on X = Spec A in Pantev et al. [142, Def. 1.7] yields

ARNX k) = | TT APH Lalk — 4. (1.2.4)

120

In our case we may take AP L4k — 4] = APT'QY [k —4]. Thus, as for (1.2.2)-(1.2.3), equation
(1.2.4) implies that

7o (AR (X, k) = HO(TT APT QY [k — i, d + dag) = H*(T] APQY [—d],d + dar).
>0 >0
If a derived K-scheme X has a 0-shifted symplectic structure then X is a smooth K-scheme X
with a classical symplectic structure. Pantev et al. [142] construct k-shifted symplectic structures
on several classes of derived moduli stacks. If Y is a Calabi—Yau m-fold and M a derived moduli
stack of coherent sheaves or perfect complexes on Y, then M has a (2 — m)-shifted symplectic
structure. We are particularly interested in the case m = 3, so k = —1.

1.3 Perverse sheaves on schemes and stacks

Next, we review the theory of perverse sheaves on schemes §1.3.1 and stacks §1.3.2. Perverse
sheaves, and the related theories of Z-modules and mixed Hodge modules, make sense in several
contexts, both algebraic and complex analytic: perverse sheaves on C-schemes [12,34] and on
complex analytic spaces [34] with coefficients in a ring A (usually Z,Q or C), Z-modules on
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C-schemes [16] and on complex analytic spaces [15, 155], perverse sheaves on K-schemes with
coefficients in Z/I"Z, Z;, Q;, or Q; for | # charK # 2 a prime [12], Z-modules on K-schemes for
K an algebraically closed field [15], mixed Hodge modules on C-schemes, and on complex analytic
spaces [152,154]. Perverse sheaves are easiest to define, and have the nicest properties, for schemes
X over C, since then one can make use of the complex analytic topology. We follow [13, §2],
that is why we decided to focus more on those for this brief introduction on the subject. A
good introductory reference on perverse sheaves on C-schemes and complex analytic spaces is
Dimca [34]. Three other books are Kashiwara and Schapira [90], Schiirmann [157], and Hotta,
Tanisaki and Takeuchi [67]. Massey [126] and Rietsch [146] are surveys on perverse sheaves, and
Beilinson, Bernstein and Deligne [12] is an important primary source, who cover both Q-perverse
sheaves on C-schemes, and Q;-perverse sheaves on K-schemes. An introduction to perverse sheaves
on schemes and to related theories mentioned above, suited to our purposes, can be found in [18, §2]
and [19, §4].

1.3.1 Perverse sheaves on C-schemes and K-schemes

Definition 1.3.1. Let X be a C-scheme (always assumed separated and of finite type) and A a
well-behaved commutative base ring, usually A = Z,Q or C. Write X?" for the set of C-points
of X with the complex analytic topology. Consider sheaves of A-modules & on X®". A sheaf S
is called constructible if all the stalks S, for x € X?" are finite type A-modules, and there is a
locally finite stratification X** = [] X 2 of X*, where X; C X for j € J are C-subschemes of
jeJ

X and X3 C X*" the corresponding subsets of C-points, such that S Xon is an A-local system
for all j € J.

Write D(X) for the derived category of complexes C*® of sheaves of A-modules on X?". Write
DY%(X) for the full subcategory of bounded complexes C* in D(X) whose cohomology sheaves
H™(C®) are constructible for all m € Z. Then D(X), D2(X) are triangulated categories. An
example of a constructible complex on X is the constant sheaf Ax on X with fibre A at each
point. .

Grothendieck’s “six operations on sheaves” f*, f', Rf., Rfi, RHom, ® act on D(X) preserving
the subcategory D%(X). There is a functor Dy : DY(X) — D2(X) with DxoDx = id : DY(X) —
DY(X), called Verdier duality. It reverses shifts, that is, Dx (C*[k]) = (Dx(C*))[—k] for C* in
DY(X) and k € Z.

For each € X®", let iy : * — X map i, : * — x. If C* € D’%(X), then the support supp™ C*
and cosupport cosupp™ C*® of H™(C®) for m € Z are

supp™ C* = {& € X2 : H™(i5(C*)) # 0}, cosupp™C* = {x € X2 : H"(i},(C*)) # 0},

where {- - - } means the closure in X*". We call C* perverse, or a perverse sheaf, if dim¢ supp™"" C* <m
and dim¢ cosupp™ C* <m for all m € Z. Write Perv(X) for the full subcategory of perverse sheaves
in D%(X). Then Perv(X) is an abelian category, the heart of a t-structure on D%(X).

Next we recall Definition 4.2 from [13], where we extend Definition 1.3.1 to K-schemes X
over fields K # C. Then the complex analytic topology is not available, and the best we
can do is the étale topology. Finding good definitions of D(X), D%(X),Perv(X) turns out to
depend strongly on the base ring A, so we temporarily include A in our notation, writing
D(X,A),D% X, A),Perv(X,A). The primary source is Beilinson, Bernstein and Deligne [12],
and useful references are Ekedahl [42], Freitag and Kiehl [43], and Kiehl and Weissauer [96].

Definition 1.3.2. Let K be an algebraically closed field with charK # 2, and X a K-scheme
(always assumed separated and of finite type). Then:
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(a) If A is a commutative ring with finite characteristic char A > 0 coprime to char K, then we
can define D(X, A) to be the derived category of sheaves of A-modules on X in the étale
topology, and D2(X, A) to be the full subcategory of bounded complexes with constructible
cohomology. This works in particular for A = Z/I"Z, with [ a prime coprime to char K.

(b) Let [ be a prime coprime to char K. The ring of l-adic integers Z; are Z; = @nZ/Z"Z. It has
characteristic zero. We define D2(X,7Z;) = lim, DY(X, Z/1"Z), for DY(X,Z/I"Z) as in (a).
Objects of Db(X,7Z;) are projective systems of Z/I"Z-sheaves on X in the étale topology.

(¢) The l-adic rationals Qy is the field of fractions of Z;. We define D%(X,Q;) = D%(X,Z;)®z,Q;.
That is, objects P*, Q* of D%(X,Q;) are objects of D%(X,Z;), and Hompy(x g,)(P*, Q%) =
Hompy(x z,)(P*, Q%) ®z, Q.

(d) The algebraic closure Q; of Q; is noncanonically isomorphic to C. We (ileﬁne DYX,Q) =
@EDS(X , E), where the limit is over finite field extensions E of Q; in Q;.

As in [12,42,43,96], in each case the same package of properties as perverse sheaves over C—
schemes has been developed, including Grothendieck’s six operations f*, f', Rf., Rfi, RHom, ®
and Verdier duality Dy, and an abelian category of perverse sheaves Perv(X,4) c DX, A)
which is the heart of a t-structure. We will refer to case (a) as perverse sheaves with finite
coefficients, and cases (b)—(d) as perverse sheaves with l-adic coefficients.

The rest of this section works for perverse sheaves over C-schemes and K-schemes, with co-
efficients in A, and we will not distinguish the two; by ‘X is a scheme’ we mean either X is a
C-scheme or X is a K-scheme.

Definition 1.3.3. Let U be a smooth scheme and f : U — A! a regular function, and write Uy for
the subscheme f~1(0) C U. Then we can define the (shifted) nearby cycle functor w? : DY(U) —
D%(Uy) and the (shifted) vanishing cycle functor ¢p Db%(U) — D4%Up). Both map Perv(U) —
Perv(Uy). The shift Ay [dim U] of the constant sheaf AU is perverse, so qbfc (Ay[dim U]) € Perv(Uy).

Write X = Crit(f). Then f|xra is locally constant on X, so we have a decomposition
X = ][ X where X. C X is the open and closed subscheme of points p € X with f(p) =
cef(X)
It turns out that qﬁZJi(AU[dim U]) is supported on Xog C X C U. Define the perverse sheaf of
vanishing cycles PV of U, f in Perv(X) or Perv(U) to be PVy ;= @ ¢4_ (Ay[dimU])|x,.
cef(X)
Using an isomorphism Dy (Ay) = Ay[2dim U] and a compatibility between gb’} and Dy, Dy,

in [18, §2.4] we define a canonical Verdier duality isomorphism oy y : PV, ; =Dy (PV&f).
There are monodromy natural transformations M s : z,b? = z,b? and My s : qﬁ’} = d)’}, and

using these in [18, §2.4] we define the twisted monodromy operator Ty, ; : PVY; ¢ iPV&f.

Here are some results connecting perverse sheaves and smooth morphisms [13, Prop.s 4.4 &
4.6, Thm. 4.5]. Theorem 1.3.5 (proved in [12, Th. 3.2.4], see also [106, §2.3]) is crucial in our
program [13,18], and it is the reason why perverse sheaves extend to Artin stacks. In [18, Thm.
2.6], we give a version of Theorem 1.3.5 in the étale topology. The analogue for D%(X) or D(X)
rather than Perv(X) is false. One moral is that perverse sheaves behave like sheaves, rather than
like complexes.

Proposition 1.3.4. Let & : X — Y be a scheme morphism smooth of relative dimension d. Then
the (exceptional) inverse image functors ®*,®' : DY(Y) — DY(X) satisfy ®*[d] = ®'[—d], where
d*[d], ®'[—d] are ®*,®' shifted by +d. Furthermore ®*[d], ®'[—d] map Perv(Y) — Perv(X).
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Theorem 1.3.5. Let X be a scheme. Then perverse sheaves on X form a stack (a kind of
sheaf of categories) on X in the smooth topology. Explicitly, this means the following. Let
{u; : U; = X}ier be a smooth open cover for X, so that u; : Uy — X is a scheme morphism
smooth of relative dimension d; for i € I, with [[, u; surjective. Write U;; = U; Xu; Xy Uj for
1,7 € I with projections

ij Uiy — U, 7Tg] Uiy — Uj, wj=wu;om;

j—u]o7r Ui — X

Similarly, write Uijp, = U; X xU;j x x Uy, for i, j, k € I with projections

l]k U?,jk U’Lju Tijk . UZ]]C ? Uzk, Z]k‘ Uljk — U]k,

ﬂ'll-jk ka — Uu Wzgk Uz‘jk — Uj, Uk ka — Uk, Wijk - ka — X
S S [ ¥ ; o .
so that Tk = Tij O Wik = Wi OT 7y = UiOT iy, and so on. All these morphisms u;, Tijs oo s Wigk
are smooth of known relative dimensions, so uj[d;] = ui[—d;] maps Perv(X) — Perv(U;) by

Proposition 1.3.4, and similarly for m! u;j. With this notation:

L
(i) Suppose P®,Q°® € Perv(X), and we are given «; : u![d;|(P*) — u}[d;](Q°) in Perv(U;) for all
i € I such that for all i,j € I we have

(i) g (ew) = ()" [dil () = wijldi + dj](P*) — wijldi + dj)(Q°).
Then there is a unique o : P* — Q° with a; = u![d;](a) for all i € 1.
(11) Suppose we are giwven P§ € Perv(U;) for all i € I and isomorphisms oy : (ﬂfj)*[d]](P;) —
(WZJJ)*[dZ](P;) in Perv(Ujj;) for all i,5 € I with ay; = id and
(w5) i) () © (w3 (i) (evig) = (i) () (in) = (i) *[dy + di)(Pi) — (i) *[di + dj)(Py)

in Perv(Usjx) for all i,j,k € 1. Then there exists P* in Perv(X), unique up to canonical isomor-
phism, with isomorphisms B; : u}(P*®) — P§ for each i € I, satisfying aijo(wfj)*(ﬁi) = (ﬂ'fj)*(ﬁj) :
ul(P*) = (x,)*(P3) for all i,j € I.

Proposition 1.3.6. Let ® : U — V be a scheme morphism smooth of relative dimension d and
g:V — A be reqular, and set f =go® : U — A'. Then

(a) There are natural isomorphisms of functors Perv(V) — Perv(Uyp) :
Ofld] o P = YL o ®*[d] and Pjd] o ¢y = ¢ 0 O*[d], (1.3.1)

where Uy = f~1(0) CU, Vo = g 1(0) CV and ®¢ = @|y, : Uy — V.

(b) Write X = Crit(f) and Y = Crit(g), so that ®|x : X — Y is smooth of dimension d. Then
there is a canonical isomorphism

Eg : ©%[d)(PVY,) —»PVE, in Perv(X), (1.3.2)

which identifies ®|% [d|(ov,g), % [d](Tvg) with oy ¢, Tu 5.

We recall [18, Def. 2.8]. If P — X is a principal Z/2Z-bundle on a C-scheme X, and
Q°* € Perv(X), we will define a perverse sheaf Q°® ®z57 P as follows:
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Definition 1.3.7. Let X be a C-scheme. A principal Z/27Z-bundle P — X is a proper, surjective,
étale morphism of C-schemes 7 : P — X together with a free involution ¢ : P — P, such that
the orbits of Z/27Z = {1,0} are the fibres of 7. We will use the ideas of isomorphism of principal
bundles ¢ : P — P’, section s : X — P, tensor product P Q®z/22 P’ and pullback f*(P) — W
under a C-scheme morphism f : W — X, all of which are defined in the obvious ways. Let
P — X be a principal Z/2Z-bundle. Write Lp € D%(X) for the rank one A-local system on X
induced from P by the nontrivial representation of Z/2Z = {£1} on A. It is characterized by
m.(Ap) = Ax ® Lp. For cach Q* € DY(X), write Q° ®7,27 P € DY(X) for Q°&Lp, and call it
Q°* twisted by P. If Q° is perverse then Q° ®y /o7 P is perverse.

There is a ‘Thom—Sebastiani Theorem for perverse sheaves’, due to Massey [125] and Schiirmann
(157, Cor. 1.3.4]. Following [18, Thm. 2.12], applied to PV}, ¢, it yields:

Theorem 1.3.8. Let U,V be smooth C-schemes and f:U — C, g: V — C be regular, so that
fBg:UxV — C is reqgular with (fBg)(u,v) := f(u) + g(v). Set X = Crit(f) and Y = Crit(g)
as C-subschemes of U,V, so that Crit(f B g) = X x Y. Then there is a natural isomorphism
L
TSu, vy PVixv,smg — PVU PV, (1.3.3)

in Perv(X x YY), such that the following diagrams commute:

PV v, s TR Dxxy (PV{xv,say)
lTSU,f’VM(]
Dx xy (TSu, v,
: : TSy (1.3.4)
PVy R o 8oy, Dx(PVE) K o o
PV Dy (PVi,) — ~ Dxur PV KPVY,),
PV v, s TUX V. f8g PYir«v, g
\LTSU,f,V,g . TSU,f,v,gl (1.3.5)
L TU, f X TV,g L
7DV.U,f X Pv;ﬂg 7DV.U,f X PV;/,!/'

1.3.2 Perverse sheaves on stacks

Note that because of Proposition 1.3.4 and Theorem 1.3.5, any of the theories of perverse sheaves
on C-schemes or K-schemes discussed in §1.3.1 can be extended to Artin C-stacks or Artin K-
stacks X in a naive way, using the philosophy discussed in §2.2 and [87, §2.7] of defining sheaves
on X in terms of sheaves on schemes T for smooth ¢ : T" — X, in particular Proposition 2.2.1.
This is discussed in [13, §4.3]. We first recall [13, Def. 4.9]:

Definition 1.3.9. Fix one of the theories of perverse sheaves on K-schemes discussed in §1.3.1,
over an allowed base ring A, where we include the special case K = C and A is general as in [34].
Let X be an Artin K-stack, always assumed locally of finite type. We will explain how to define
an abelian category Pervy,;(X) of naive perverse sheaves on X:

(A) Define an object P of Pervy,i(X) to assign

(a) For each K-scheme T" and smooth 1-morphism ¢ : T — X, a perverse sheaf P(T',t) € Perv(T)
on 7T in our chosen K-scheme perverse sheaf theory.
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(b) For each 2-commutative diagram in Artg:

T N (1.3.6)

where T, U are K-schemes and ¢,t,u are smooth with ¢ of dimension d, an isomorphism
P(p,m) : ¢*[d](P(U,u)) — P(T,t) in Perv(T).

This data must satisfy the following condition:
(i) For each 2-commutative diagram in Artg:
Vv
U X,
R —
T t

with T, U,V K-schemes and ¢, 9, t, u, v smooth with ¢, of dimensions d, e, we must have

P06, (¢ xidg) ®n) = P(n) 0 *[d](P(¥,¢)) as morphisms
(1 0 8)*[d + €|(P(V,0)) = ¢ * [d] 0 4" [e}(P(V,0)) — P(T,1).

(B) Morphisms a : P — Q of Pervy,;(X) comprise a morphism «(7,t) : P(T,t) — Q(T,t) in
Perv(T) for all smooth 1-morphisms ¢ : 7' — X from a scheme T, such that for each diagram
(1.3.6) in (b) the following commutes:

&*[d)(P(U, ) — P(T, 1)
J{qﬁ* [d](a(Uyu)) Ot(T»t)l
#*[d)(Q(U, u)) el QT ).

(C) Composition of morphisms P —~ Q N Pervy,i(X) is (8o a)(T,t) = B(T,t) o a(T,t).
Identity morphisms idp : P — P are idp(T,t) = idp(7,).

We can also define a category of naive Z-modules on X in the same way.

Howewver, for a satisfactory theory of perverse sheaves on Artin stacks, we want more: we would
like the category Perv(X) of perverse sheaves on X to be the heart of a t-structure on a triangu-
lated category D%(X) of ‘constructible complexes’, which may not be equivalent to D° Perv(X),

and we would like Grothendieck’s “six operations on sheaves” f*, f', Rf., Rfi, RHom, é, and
Verdier duality operators Dy, to act on these ambient categories D%(X). Other than pullbacks
f*, f* by smooth 1-morphisms f : X — Y and operators Dy, none of this is obvious using the
definition of perverse sheaves Pervy,;(X) above. Thus, the main issue in developing a good the-
ories of perverse sheaves on Artin stacks X is not defining the categories Perv(X) or Pervy,i(X)

themselves, but defining the categories D%(X) and the six operations f*,..., (ELQ upon them, and
then defining a perverse t-structure on D2(X) with heart Perv(X). If (a)-(c) of Definition 1.3.9
hold for these D2(X), Perv(X), it will then be automatic [108, §7] that Perv(X) ~ Perv,,;(X) for
Pervy,i(X) as in Definition 1.3.9. In [13, §4.4], we summarize Laszlo and Olsson’s theory [106-108]
of perverse sheaves on Artin K-stacks, with finite or [-adic coefficient ring A. Then in [13, §4.5] we
outline a theory of perverse sheaves on Artin C-stacks over general base rings A, using the meth-
ods of [106-108]. There, we outline a way of extending Dimca’s theory [34] of perverse sheaves on
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C-schemes X, which uses the complex analytic topology on the underlying set of C-points X,y
and works over general coefficient rings A, to Artin C-stacks. The key is to work with sheaves on
a suitable site:

Definition 1.3.10. Let X be an Artin C-stack (always assumed locally of finite type). Define the
lisse-analytic site Lis-an(X) of X as follows. The underlying category of Lis-an(X) has objects
triples (P,T,t) where t : T — X is a smooth 1-morphism from a C-scheme T', and P C T, is
an open subset in the complex analytic topology of the set T, of C-points of T. A morphism
(¢,m) : (P, T,t) = (Q, U, u) in the underlying category is a morphism of C-schemes ¢ : T' — U with
®an(P) C Q C U,y with a 2-morphism of Artin C-stacks 7 : u = to¢. Composition of morphisms

(P T,8) YR Q.U 1) Y (R, V,0) is (1,€) o (6,1) == (0 &, (¢ *idy) ©n). The coverings of an
object (P,T,t) in the Grothendieck topology on Lis-an(X) are those collections of morphisms
{(¢l)771,) : (Buﬂvtl) - (P, T7 t)}iEI such that ¢Z : E — T is étale with (qsi)an‘Pi : -IDZ - (¢l)an(P1)
a homeomorphism for i € I, and {(qbl-)an(P,-) 11 € I} is an open cover of P.

To build our theory of constructible complexes ch)(X ,A) with six operations and perverse
sheaves Perv(X, A) over a general commutative ring A, we now follow the method of Laszlo and
Olsson [106,108] for finite coefficients, but using sheaves on the lisse-analytic site Lis-an(X') rather
than on the lisse-étale site Lis-ét(X). Since cohomology in the lisse-analytic topology yields the
answer one wants over even general rings A, their programme works without imposing finiteness
conditions on A. Laszlo and Olsson remark [106, p. 1] that their method applies to other situations
such as complex analytic stacks.

If X is a C-scheme, then the categories of sheaves of sets, A-modules, ... on the lisse-analytic
site Lis-an(X) are equivalent to the categories of ordinary sheaves of sets, A-modules, ... on
Xan with the complex analytic topology. Therefore, if X is a C-scheme then these definitions of
DY%(X),Perv(X) for X an Artin C-stack are equivalent to those in Dimca [34] for X a C-scheme.

The conclusion is that one can extend Dimca’s theory of constructible complexes D2(X)
and perverse sheaves Perv(X) on C-schemes to Artin C-stacks, the six operations f*, f', Rf.,

Rfi, RHom, (}% are defined on Df:’(X ), the usual package of properties hold including the stack
analogues of Proposition 1.3.4 and Theorem 1.3.5, and Perv(X) is equivalent to the category
Pervp,i(X) in [13, §4.3].

1.4 Motives on schemes and stacks

Here we introduce some background material on motives. Our notation follows [13,25].

1.4.1 Rings of motives on K-schemes

We begin by defining rings of motives Ky(Schx), Mx, Ké‘(SChX), M; for a K-scheme X. Some
references are Denef and Loeser [30-33], Looijenga [120], and Joyce [86].

Definition 1.4.1. Let X be a K-scheme (always assumed of finite type). Consider pairs (R, p),
where R is a K-scheme and p : R — X is a morphism. Call two pairs (R, p), (R, p') equivalent if
there is an isomorphism ¢ : R — R’ with p = p’ 0. Write [R, p] for the equivalence class of (R, p).
If (R,p) is a pair and S is a closed K-subscheme of R then (S, p|s), (R\ S,p|r\s) are pairs of
the same kind. Define the Grothendieck ring Ko(Schx) of the category Schx of K-schemes over
X to be the abelian group generated by equivalence classes [R, p], with the relation that for each
closed K-subscheme S of R we have

(R, p] =[S, pls] + [R\ S, plr\s]- (1.4.1)
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Define a product ‘-’ on Ko(Schy) by
(R, p] - [S,0] = [R xpx.0 5, pomg]. (1.4.2)

This is compatible with (1.4.1), and extends to a biadditive, commutative, associative product
-+ Ko(Schx) x Ko(Schyx) — Ko(Schx). It makes Ky(Schy) into a commutative ring, with identity
1x = [X,idx]. Define L = [A! x X, 7x] in Ko(Schx). We denote by

My = Ko(Schx)[L™] (1.4.3)

the ring obtained from Ky(Schy) by inverting .. When X = SpecK we write Ky(Schgk), Mk
instead of Ky(Schx), Mx.

The external tensor products X : Ky(Schy ) x Ko(Schy) — Ko(Schxxy) and XK : Mx x My —
Mx«y are

(X alRipl) B (X d5[Sj.05]) = 3 cdj[Ri x Sj,pi % 0], (1.4.4)
icl = iel, jeJ
for finite I, J. They are biadditive, commutative, and associative. Taking ¥ = Spec K and using
X x SpecK 2 X, we see that X makes K¢(Schx), Mx into modules over K¢(Schg), Mx.
Let ¢ : X — Y be a morphism of K-schemes. Define the pushforwards ¢. : Ko(Schx) —
Ky(Schy) and ¢, : Mx — My by

n

Gx gnlCi[Riapi] > cilRi, ¢ o pjl. (1.4.5)

=1

This intertwines the relation (1.4.1), and so is well-defined.
Define pullbacks ¢* : Ko(Schy) — Ky(Schy) and ¢* : My — Mx by

¢" 2 Y iR, pil = Y ci[Ri X, v X, Tx]. (1.4.6)
i=1 i=1

Pushforwards and pullbacks have the obvious functoriality properties. As in [86, Th. 3.5], push-
forwards and pullbacks commute in Cartesian squares, that is, if

w 7 Y My ———> My
is a Cartesian square in
0 P the category Schk then o P* (1.4.7)
the following commutes:
X—>* 7 My —2 o My,

and the analogue holds for Ko(Schy), ..., Ko(Schy).

Definition 1.4.2. For n = 1,2, ..., write p, for the group of all n'® roots of unity in K, which
is assumed algebraically closed of characteristic zero, so that u, = Z,. Then u, is the K-scheme
Spec(K[z]/(z™ — 1)). The p, form a projective system, with respect to the maps png — pn
mapping = — z¢ for all d,n = 1,2, .... Define the group /i to be the projective limit of the .
Note that ji is not a K-scheme, but is a pro-scheme.

Let R be a K-scheme. A good pyn-action on R is a group action r, : 4, X R — R such that
such that each orbit is contained in an open affine subscheme of R and por,(v) = p for all y € py,.
A good [i-action on R is a group action 7 : i X R — R which factors through a good puy,-action,
for some n. We will write 7 : 1 x R — R for the trivial fi-action on R, which is automatically
good.
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Consider triples (R, p, ), where R is a K-scheme, p : R — X a morphism, and 7 : i Xx R — R
a good fi-action on R. Call two such triples (R, p,7), (R, p',#") equivalent if there exists a [i-
equivariant isomorphism ¢ : R — R’ with p = p/ o «. Write [R, p, 7] for the equivalence class of

(R, p, 7).
The monodromic Grothendieck group K} (Schx) is the abelian group generated by such equiv-
alence classes [R, p, 7], with the relations:

(i) [R,p,7] =[S, pls,Ps] +[R\ S, plr\s,"|r\s] for each closed ji-invariant K-subscheme S of R;
(ii) given [Ry, p1,71], [Ra2, p2,72] with 7 : Re — R; a fi-equivariant vector bundle of rank d over

Ry and py = py o, then [Ry, pa] = [R1 x A4, py o, 7y X i
There is a natural biadditive product ‘-’ on Ké‘ (Schy) given by
(R, p,7]-[S,0,5] = [R X x,6S,p0 TR, T X 8], (1.4.8)

making Kg(SchX) into a commutative ring, with identity 1x = [X,idx, {].
Define L = [A' x X, 7y, i] in K} (Schx). We denote by

M = Kl (Schy)[L™Y]

the ring obtained from Kg(SchX) by inverting .. When X = SpecK we write Kg(SchK),M%
instead of Kg(SchX), M‘)‘(

The external tensor products X : Kg(SchX)xKg(SChy) —>K61(SChXXy) and X : M% X M@ —
M)’Z(Xy are

(Z Cl[RZ,pl,fl]) X (Z dj[Sj,O'j,éj]) = Z Cidj[RiXSj,piXO'j,fiX(%], (149)
el jeJ iel, jeJ

for finite I, J. Pushforwards ¢. and pullbacks ¢* are defined for Kg (SchX),MﬂX in the obvious
way, and the analogue of (1.4.7) holds.
There are natural morphisms of commutative rings

ix : Ko(Schyx) — K/(Schy), ix : Mx — MA,

X ° (1.4.10
HX : K(‘)‘(Schx) — Ko(SChx), HX : MMX — MX, )

given by ix : [R, p| = [R, p,i] and IIx : [R, p,7] = [R, p].

Following Looijenga [120, §7] and Denef and Loeser [32, §5], we introduce a second multipli-
cation ‘©” on K}'(Schx), M4 (written ‘+’ in [32,120]).

Definition 1.4.3. Let X be a K-scheme and [R, p, 7], [S, 0, §] be generators of Kg(SChX). Then
there exists n > 1 such that the fi-actions 7,5 on R, S factor through pu,-actions r,s,. Define
Jy to be the Fermat curve J, = {(t,u) € (A'\ {0})? : t" + u™ = 1}. Let p, X pp, act on
Jn x (R xx S) by (a, /) ((¢,u), (v,w)) = ((a-t,& - u), (ra(a)(v), sp(a’)(w))). Write J,(R, S) =
(Jn X (R xx S))/(tn X pr) for the quotient K-scheme, and define a p,-action v, on J,(R,S) by
Un (@) ((t, w), v, w) (X pn) = ((@ - t,a - w),v,w) (pn X p1n). Let © be the induced good fi-action
on J,(R,S), and set

[R,p,#] ®[S,0,8] = (L — 1) [(Rxx S)/pin, ] — [Jn(R,S), 0] (1.4.11)

in Ké‘ (Schx) and ./\/l& This turns out to be independent of n, and defines commutative, asso-
ciative products ® on K}(Schy) and M.
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Let X,Y be K-schemes. As for Definitions 1.4.1 and 1.4.2, we define products
[ : K& (Schy) x K (Schy) = K& (Schyxy), [: Mh x Mb s ME

by following the definition above for [R,p,7] € Kg(SchX), [S,0,8] € Kg(Schy), but taking
products R x S rather than fibre products R x x .S. These [ are also commutative and associative
in the appropriate sense. Taking ¥ = SpecK and using X x SpecK = X, we see that []
makes K/'(Schy), M% into modules over K}(Schk), Mk . For generators (R, p,7] and [S,0,i] =
ix([S,0]) in Ké‘(SchX) or M% where [S, 0, 7] has trivial fi-action i, one can show that [R, p, 7] ®
[S,0,i] = [R,p,7] - [S,0,i]. Thus ix is a ring morphism (Ko(SchX),-) — (Kg(SchX),Q) and
(MX,‘) — (Mﬂ ,@). However, IIx is not a ring morphism (Kg(SchX),(D) — (KO(SChX),-) or
(Mh,®) = (Mx,-). Since L = [A' x X,my, ] this implies that M -L = M @ L for all M in
K} (Schy), M.

Definition 1.4.4. Define the element L'/? in Kg(SchX) and M% by
LY2 = [X,idx, i] — [X X pa,7], (1.4.12)

where [X,idy, ] with trivial fi-action i is the identity 1x in K(’)l(SchX),/\/lﬂX, and X X pug =
X x{1,—1} is two copies of X with nontrivial fi-action 7 induced by the left action of us on itself,
exchanging the two copies of X. Applying (1.4.11) with n = 2, we can show that LY2oLY2 =L.
Thus, L'/2 in (1.4.12) is a square root for L in the rings (Kg(SChx),Q), (M%, ®). Note that
LV2. Y2 £,

Equivalently, we could have defined

LY? = [X,idx, )] DLY? € K¥(Schy), (1.4.13)

where ]L]%/ ? € Kg (Schg). We can now define unique elements L™/? in Kg (Schx) for all n =
0,1,2,... and L"/? in MY for all n € Z in the obvious way, such that L2 o L2 = Limtn)/2
for all m,n > 0 or m,n € Z.

Next, following [25, §2.5], which was motivated by ideas in Kontsevich and Soibelman [102,
§4.5], we define principal Z/2Z-bundles P — X, associated motives YT (P), and a quotient ring of
motives MY in which Y(P ®z/7 Q) = T(P) ® T(Q) for all P,Q.

Definition 1.4.5. Let X be a K-scheme. A principal 7./27Z-bundle P — X is a proper, surjective,
étale morphism of K-schemes 7 : P — X together with a free involution ¢ : P — P, such that
the orbits of Z/27Z = {1,0} are the fibres of w. The trivial Z/2Z-bundle is mx : X X Z/27 — X.
We will use the ideas of isomorphism of principal bundles ¢ : P — @, section s : X — P, tensor
product P ®z,97 Q, and pullback f*(P) — Y under a l-morphism of stacks f : ¥ — X, all of
which are defined in the obvious ways. Write (Z/2Z)(X) for the abelian group of isomorphism
classes [P] of principal Z/2Z-bundles P — X, with multiplication [P] - [Q] = [P ®z/97 Q] and
identity [X x Z/2Z]. Since P ®z,/97 P = X x Z/2Z for each P — X, each element of (Z/2Z)(X)
is self-inverse, and has order 1 or 2. If 7 : P — X is a principal Z/2Z-bundle over X, define a
motive

T(P)=L"Y26 ([X,id,i] - [P,7,7]) € Mk,

where 7 is the fi-action on P induced by the pg-action on P from the principal Z/2Z-bundle
structure, as po = Z/27. If P = X x 7Z/2Z is the trivial Z/2Z-bundle then

YT(X x 2/22) =LY% 0 ([X,id, ] - [X x Z2/2Z,7,7]) = L2 o LY? 0 [X,id, ] = [X,id, ],
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using (1.4.12). Note that [X,id, ] is the identity in the ring M% As Y(P) only depends on P up
to isomorphism, Y factors via (Z/2Z)(X), and we may consider Y as a map (Z/2Z)(X) — ./\/l’)’“(

For our applications, we want Y : (Z/2Z)(X) — M’)‘( to be a group morphism with respect to
the multiplication ® on MﬂX, but we cannot prove that it is. Our solution is to pass to a quotient
ring ./\7& of M; such that the induced map Y : (Z/2Z)(X) — M% is a group morphism. If we
simply defined M’)‘( to be the quotient ring of/\/lﬂX by the relations T (P®z/,7Q)—-T(P)OT(Q) =0
for all [P],[Q] in (Z/27Z)(X) then pushforwards ¢, : /\7@ — M‘{/ would not be defined for general
I-morphisms ¢ : X — Y. So we impose a more complicated relation. )

For each K-scheme Y, define I} to be the ideal in the commutative ring (M” , @) generated by
elements ¢, (T(P ®z,/22.Q) —L(P)©® T(Q)) for all K-scheme morphisms ¢ : X — Y and principal
Z/27Z-bundles P,Q — X, and define /W‘{/ = M‘{/ /I{ﬁ to be the quotient, as a commutative ring
with multiplication ‘®’, with projection H’;‘/ : M’{, — M@ Kontsevich and Soibelman [102, §4.5]
introduce a relation in their motivic rings which has a similar effect. A

Note that in M@ we do not have the second multiplication ‘-’, since we do not require I{; to
be an ideal in (M‘{,, ) Also X and IIy : M’{/ — My on M‘{, do not descend to ./\71‘{, Apart
from this, all the structures on ./\/l@ above descend to ./\715 operations @, [, pushforwards ¢, and
pullbacks ¢*, and elements L, L'/2, Y (P). By definition, /\71’;( has the property that

Y(P @792 Q) = T(P)© T(Q) in Mh (1.4.14)
for all principal Z/2Z-bundles P,Q — X.

Following Denef and Loeser [32], we define motivic nearby cycles, motivic Milnor fibres, and
motivic vanishing cycles:

Definition 1.4.6. Let U be a smooth K-scheme and f : U — A! a regular function, and set
Uo = f~1(0) C U. Then Denef and Loeser [32, §3.5] and Looijenga [120, §5] define the motivic
nearby cycle of f, an element M F{}‘?t of ./\/l’llj0 or ./\71’[2]0. It has an intrinsic definition using arc
spaces and the motivic zeta function, which we will not explain, but we will give a formula [32,
§3.3], [120, §5] for MF7¢" involving choosing a resolution of f.

If f =0 then M F[‘]n?t = 0, so suppose f is not constant. By Hironaka’s Theorem [66] we

can choose a resolution (U,w) of f. That is, U is a smooth K-scheme and 7 : U — U a proper
morphism, such that W\U\W,l(UO) U\ n Y (Uy) — U\ Uy is an isomorphism, and 7=(Up)™? has
only normal crossings as a K-subscheme of U. Write E;, i € J for the irreducible components of
7~ Y(Up). For each i € J, denote by N; the multiplicity of E; in the divisor of f o7 on U, and by
v; — 1 the multiplicity of F; in the divisor of 7*(dz), where dx is a local non vanishing volume form
at any point of w(E;). For I C J, we consider the smooth K-scheme EY = (N E;) \ ( U Ej).
iel FISEAVS
Let my = ged(N;)ier. We introduce an unramified Galois cover E}’ of £, with Galois group ftm,,
as follows. Let U’ be an affine Zariski open subset of U, such that, on U’, fom = uv™, with
w: U — A\ {0} and v : U" — Al. Then the restriction of EY above E$NU’, denoted by E3NU’,
is defined as
EnU ={(z,w) € A x (ENT’): 2™ = u(w)~'}.

Gluing together the covers E}’ N U’ in the obvious way, we obtain the cover E; of B} which
has a natural p,,,-action py, obtained by multiplying the z-coordinate by elements of ji,,. This
fm;-action on E7 induces a fi-action p; on E7. Then

MEgY = 3" (=L ER 7ue. pr]  in M. (1.4.15)
0AICT
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It is independent of the choice of resolution (U,x). The fibre M Fﬁ?t\ « at each x € Uy is called
the motivic Milnor fibre of f at x.
Now let X = Crit(f) C U, as a closed K-subscheme of U. Since f is constant on the reduced
scheme X' f(X) is finite, and we may write X = ][] X., where X, C X is the open and
cef(X)

closed K-subscheme with X% = f|;od(c). Consider the restriction M Fén?t| Uo\ X, I ./\/l’[ljo\ X, OF

M@O\XO. We can choose (U, ) above with Tl i r-1(x0) ° U\ 7 '(Xo) = U\ X an isomorphism.
Write D1, ..., Dy, for the irreducible components of 7= (Up \ Xo) = Uy \ Xo. They are disjoint as

71 (Uo\ Xp) is nonsingular. The closures Dy, ..., Dy, (which need not be disjoint) are among the
divisors E;, so we write D, = E;, fora =1,... k, with {i1,...,it} C I. Clearly N;, = v;, = 1 for
a=1,...,k. Then in £1.4.15) the only nonzero contributions to MEF uo\x, are from I = {i,}
fora=1,...,k, with E}L’ia} =~ Ef{’l.a} = D,, and the fi-action on E?ia} is trivial as it factors through
the action of p; = {1}. Hence
ot bz < k < . ~
MFU,f |U0\Xo = Zl [Ef{jia}a 7-‘-UO\XO’ L] = Zl [Da7 7TU0\X07 L] = [UO \ X07 ldUo\Xm [’] .
a= a=

Therefore [Uy, idy,, i] — M F[‘Jn?t is supported on Xy C Up, and by restricting to Xy we regard it as
an element of ./\/lﬂXO or /ﬂ[;(o. Define the motivic vanishing cycle MF;}??W of fin M% or ./W’;( by

mot, ¢
MFU,f

=L~V ([U,,idy,, i) — MFES,)| (1.4.16)

X X.
for each ¢ € f(X), where ® and L~ 9™Y/2 are as in Definitions 1.4.3 and 1.4.4.

Here is the motivic Thom-Sebastiani Theorem of Denef-Loeser and Looijenga [31, 32, 120],
stated using the notation of [25, §2.4].

Theorem 1.4.7. Let U,V be smooth K-schemes, f : U — A', g : V — A reqular functions,
and X = Crit(f), Y = Crit(g). Write fBg : U x V — Al for the regular function mapping
fHg: (u,v) > f(u)+g(v). Then MEF g, = MEFE? O MEFS? in MY .

Example 1.4.8. Define f : A" — A! by f(z1,...,24) = 2§ +--- + 22 for n > 1. Then using
Theorem 1.4.7, induction on n, and

MFmot,d) _ L—1/2 o (1 _ [M%ﬁ]) _ L71/2 @]Ll/2 =1,

Al 22
shows that
mot,¢ o mot,¢ mot,p _
MERYY, o =MEYY 8- BMEYY =10 O1=1. (1.4.17)

If V is a finite-dimensional K-vector space and ¢ a nondegenerate quadratic form on V', then
(V,q) & (A", 22 + .-+ + 22) for n = dim V, so MF&I;”@ = 1. That is the purpose of the factors
- dimU/2.

In [25, Thm. 2.16], reported below, we show how motivic vanishing cycles change under
stabilization by a nondegenerate quadratic form. The term LI™U/2 o M Fg“;t’d’ in (1.4.18) may
be regarded as the relative motivic vanishing cycle of (E, q) relative to U.

Theorem 1.4.9. Let U be a smooth K-scheme, m : E — U a vector bundle over U, f: U — Al
a regular function, q a nondegenerate quadratic form on E, and X = Crit(f). Regard (the total
space of) E as a smooth K-scheme and q,fon : E — Al as regular functions on E, so that
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form+q:E — Al is also a regular function. Identify U with the zero section in E, so that
X CU C E, and we have MY C /\/l“ - M“. Then in ./\/l“ we have

mot,¢p mot,¢ dimU/2 mot,¢
MFR3e. = MFFS? o (LY™U2 o MFZOH?). (1.4.18)
Theorem 2.20 in [25] gives an expression (1.4.19) for motivic vanishing cycles M Fy; mot. f

nondegenerate quadratic forms on vector bundles. The proof uses (1.4.14), and so holds only in
MY, rather than in M{.. Note that L™ ur2 @MFngt"b in (1.4.19) also occurs in equation (1.4.18)
of Theorem 1.4.9.

Theorem 1.4.10. Let U be a smooth K-scheme, E — U a vector bundle of rank r, and q €
HY(S?E*) a nondegenerate quadratic form on the fibres of E. Regard q : E — A' as a reqular
function on the total space of E, which is a nondegenerate homogeneous quadratic polynomial on
each fibre E, of E, so that Crit(q) C E is the zero section of E, which we identify with U.

Then A"E — U is a line bundle, and the determinant det(q) is a nonvanishing section of
(A"E*)® | or equivalently an isomorphism (A"E) ®o, (A"E) — Oy. Thus there is a principal
Zo-bundle P — U, unique up to isomorphism, corresponding to (A’”E,det(q)) under the 1-1
correspondence [25, Rem. 2.18]. We have

Y(P)=LI™U2 o MFEO?  in M. (1.4.19)

Theorem 1.4.10 is more-or-less equivalent to material in Kontsevich and Soibelman [102, §5.1].
It implies that M ngt’d) depends only on U, r, A" E, det(q), which is important in their definition
of motivic Donaldson-Thomas invariants. As for our Mﬂ Kontsevich and Soibelman [102, §4.5]
also introduce an extra relation in their ring of motives to make the analogue of Theorem 1.4.10
true. We defined the ring /\/l” by imposing the pushforward ¢, of relation (1.4.14) in /\/l” under
all morphisms ¢ : X — Y. We may rewrite (1.4.19) as

T(P) = MFo5re, (1.4.20)

for P — U the principal Zs-bundle corresponding to (A”"E , det(q)) in the sense of [25, Rem. 2.18].
We may regard (1.4.20) as a relation in Mg, which is equivalent to (1.4.14). Thus, an alternative
definition of the rings M~ closer in spirit to Kontsevich and Soibelman [102, §4.5 & §5.1], is to
impose the relation in M; that for all K-scheme morphisms ¢ : U — Y, rank r vector bundles
E — U, and nondegenerate quadratic forms ¢ € H°(S?E*), the pushforward ¢, (MF gﬁflf (’Jrel)
depends only on U, ¢ and (A’”E , det(q)). See [25, Rem. 2.21] for a more detailed discussion.

1.4.2 Motives on stacks

We now generalize the material of §1.4.1 to Artin stacks following [13, §5]. Our definitions are new,
but very similar to work by Joyce [86] on ‘stack functions’, and Kontsevich and Soibelman [104,
§4.1-§4.2]. As in [86], we restrict our attention to Artin K-stacks X (always assumed of finite
type) with affine geometric stabilizers. Later we will restrict further, to stacks which are locally
a global quotient.

Definition 1.4.11. An Artin K-stack X has affine geometric stabilizers if the stabilizer group
Isox () is an affine algebraic group for all points = € X.
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An Artin K-stack X is locally a global quotient if we may cover X by Zariski open K-substacks
Y C X equivalent to global quotients [S/GL(n,K)]|, where S is a K-scheme with a GL(n, K)-
action. If X is locally a global quotient then it has affine geometric stabilizers, since the stabilizer
groups of [S/GL(n,K)] are closed K-subgroups of GL(n,K), and so are affine. The authors do
not know any example of an Artin K-stack with affine geometric stabilizers which is not locally a
global quotient.

Deligne-Mumford stacks have affine geometric stabilizers, and are locally a global quotient
if their stabilizers are generically trivial. If M is a moduli stack of coherent sheaves F' on a
projective scheme Y, then using Quot-schemes one can show that M is locally a global quotient.
If M is a moduli stack of complexes F* in D’coh(Y) with Ext<°(F*, F*) = 0 then M has
affine geometric stabilizers, since Isopr(F*®) is the invertible elements in the finite-dimensional
algebra Hom(F'®, F'*), and so is affine. We require affine geometric stabilizers to use a result of
Kresch [105, Prop. 3.5.9]:

Proposition 1.4.12 (Kresch). Let X be a (finite type) Artin K-stack with affine geometric
stabilizers. Then X admits a stratification X = [[;c; Xy, for I a finite set and X; € X a locally
closed K-substack, such that X; is equivalent to a global quotient stack [S;/ GL(n;,K)] for each
i € I, where S; is a (finite type) K-scheme with an action of GL(n;,K). Conversely, any Artin
K-stack X admitting such a stratification has affine geometric stabilizers.

For the rest of this paper, all Artin K-stacks X are assumed to have affine geometric stabilizers.
Here are [13, Def.s 5.11-5.13], the analogues of Definitions 1.4.1 and 1.4.2:

Definition 1.4.13. Let X be an Artin K-stack (always assumed to be of finite type, with affine
geometric stabilizers). Consider pairs (R, p), where R is a K-scheme and p : R — X a 1-morphism.
Call two pairs (R, p), (R, p') equivalent if there exists an isomorphism ¢ : R — R’ such that p’ ot
and p are 2-isomorphic 1-morphisms R — X. Write [R, p] for the equivalence class of (R, p).
Define the Grothendieck ring Ky(Schy) of the category of K-schemes over X to be the abelian
group generated by equivalence classes [R, p], such that as for (1.4.1) for each closed K-subscheme
S of R we have

[R, /7] = [Sap’S] + [R\SJP|R\S]

When X = SpecK we write Ky(Schg) instead of K¢(Schx). Define a biadditive, commutative,
associative product ‘-’ on Ky(Schx) as in (1.4.2). It makes Ko(Schy) into a commutative ring,
in general without identity. If X is a K-scheme K(Schy) is as in Definition 1.4.1, with iden-
tity [X,idx]. For Artin K-stacks X,Y’, define a biadditive, commutative, associative external
tensor product W : Ko(Schy) x Ko(Schy) — Ko(Schxxy) by (1.4.4). Taking Y = SpecK we see
that X makes Ky(Schy) into a module over Ko(Schk).

Next we will define a stack analogue M5 of the motivic ring My of (1.4.3) for K-schemes
X. Since we have no identity in Ky(Schx) if X is not a scheme, and we have not defined a
Tate motive L in Ky(Schx), the analogue of (1.4.3) does not make sense. Instead, we use the
Ko (Schg)-module structure, and define

MEE = Ko(Schx) @y (senyg) Ko(Schg) [L7 (LF = 1)7!, k=1,2,.. ], (1.4.21)

where . € Ko(Schg) is as in Definition 1.4.1. The product ‘-’ descends to M5, When X =
Spec K we write ./\/l%tk instead of ./\/l?gk. Note that for X a K-scheme, ./\/ligk is not isomorphic to
Mx in (1.4.3), since we invert L* — 1 in M5 but not in Mx, but there is a natural projection
Mx — M3%. The reason we invert ¥ — 1 as well as LL is that the motive of GL(n,K) in My is

[GL(n,K)] := [GL(n, K), Tgpec k] = L™"1)/2 ﬁ(]Lk -1),
k=1
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so that [GL(n, K)] is invertible in M.
Let X be an Artin K-stack (as usual of finite type, with affine geometric stabilizers). Then
Proposition 1.4.12 gives a finite stratification X = [[ X; with X; ~ [S;/ GL(n;,K)]. Write
i€l
7+ S; — X for the composition of 1-morphisms S; — [S;/GL(n;,K)] — X; — X. Define
elements 1x,L € MS¥ by

1x = Z[GL(?’LZ,K”*l‘X[SZ,T(Z], L= Z[GL(TLZ,K)]71X[A1 X Si;ﬂ'ioﬂ'Si]’ (1422)
el iel

where [GL(n;, K)] 7! € MK exists as above. It is easy to verify that these 1x, L are independent
of the choice of I, X;, S;,n;, and that 1x is the identity in (M3, ), see [13, §5] for a proof.

Let ¢ : X — Y be a l-morphism of Artin K-stacks. Define the pushforwards ¢, : Ko(Schx) —
Ko(Schy) and ¢, : M3% — M5 by (1.4.5). If ¢ is representable we may also define pullbacks
¢* : Ko(Schy) — Ko(Schy) and ¢* : M§¥ — MK by (1.4.6). (Here ¢ is representable in K-
schemes if X x4y, U is a K-scheme for all u : U — Y with U a K-scheme.) But if ¢ is not
representable then R; X, y,¢ X in (1.4.6) may not be a K-scheme, so (1.4.6) does not make sense.

However, for general 1-morphisms ¢ : X — Y we can still define a pullback morphism ¢* :
Mt — MStk as follows. Proposition 1.4.12 gives a finite stratification X = [[ X; with X; ~

el
[S;/ GL(n;,K)]. Let m; : S; — X be as above, and define a group morphism ¢* : M5% — MS¥ by

n

o* 1 Y cilRy, pil — Z ¢j S [GL(n;, K) 7! W [R; X p; Y. dom; Sis TX |- (1.4.23)
j=1 j=1 el

If ¢ is representable in K-schemes, this is the result of multiplying (1.4.6) by equation (1.4.22)

for 1x, and so the two definitions of ¢* agree. One can show that ¢* is independent of the choice

of I, X;, Si,n;, and that pullbacks ¢* have the usual functoriality properties. As in [86, Th. 3.5],

the analogue of (1.4.7) holds for 2-Cartesian squares in Artin K-stacks.

Definition 1.4.14. Let X be an Artin K-stack. Consider triples (R, p,7), where R is a K-
scheme, p : R — X a l-morphism, and 7 : it Xx R = R a good fi-action on R, in the sense of
Definition 1.4.2. Call two such triples (R, p, ), (R’ p/ ') equivalent if there exists a ji-equivariant
isomorphism ¢ : R — R’ and a 2-isomorphism p = p’ o . Write [R, p, 7] for the equivalence class
of (R, p,7).

The monodromic Grothendieck group Kg (Schx) is the abelian group generated by such equiv-
alence classes [R, p,7], with relations (i),(ii) as in Definition 1.4.2, except that we require a 2-
isomorphism ps = p; o rather than equality po = p1om in (ii). Define a biadditive, commutative,
associative product ‘-’ on Kg(SchX) asin (1.4.8). As for Ky(Schy) in Definition 1.4.13, this makes
K(’;‘ (Schx) into a commutative ring, in general without identity. If X is a K-scheme Kg (Schx)
is as in Definition 1.4.2, with identity [X,idx,{]. For Artin K-stacks X,Y’, define a biadditive,
commutative, associative external tensor product ® : K (Schy) xK“(Schy) — K!'(Schxxy) by
(1.4.9). Taking Y = SpeckK, this makes K“(Schx) into a module over K“(SchK)

As for (1.4.21), using the K“(SchK) module structure on K“(Schx) define

M" = K (Sehix) © s oy Kb (Schie) [L7H (LF = 1)1 k= 1,2, .

The product ‘-’ descends to /\/li?ﬂ . When X = SpecK we write /\/lié’ﬂ instead of Mig’ﬂ . Using
the data X;, S;,n; of Proposition 1.4.12; as in (1.4.22) define elements 1x,L € /Vli?” by

1x = Y [CL(n;, K) " ® [S;, mi, 0], L = Y [GL(ni, K)] "' R [AL x S}, 7m; 0 7s,, 0] (1.4.24)
el el
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These are independent of choices, and 1x is the identity in MSW

Let ¢ : X — Y be a 1-morphism of Artin K-stacks. Define the pushforwards ¢, : Kg(SchX) —
K(’)l (Schy) and ¢, : Mig’ﬂ — Miﬁ’ﬂ by the analogue of (1.4.5). If ¢ is representable in K-schemes
we may also define pullbacks ¢™* : Kg(Schy) — Kg(SchX) and ¢* : Miﬁ’ﬂ — Miz’ﬂ by the analogue
of (1.4.6). If ¢ is not representable in K-schemes, we can still define ¢* : Miﬁ’ﬂ — Mi‘é’ﬂ by the
analogue of (1.4.23). Pushforwards and pullbacks have the usual functoriality properties, and the
analogue of (1.4.7) holds for 2-Cartesian squares in Artin K-stacks.

As for (1.4.10), there are natural morphisms of commutative rings

ix : Ko(Schyx) — K¥(Schy), ix : MK — MR
My : K (Schx) — Ko(Schy), My : MF — MK,
given by ix : [R,p| — [R,p,i] and Ix : [R, p,7] = [R, p]. If X is a K-scheme, there is a natural

Stnu‘
projection ./\/lX — M.

The analogue of Definition 1.4.3, defining another associative, commutative product ‘©’ on
K} (Schx) and M%" and an external version ‘CJ’, works essentially without change. For the

analogue of Definition 1.4.4, following (1.4.13) we define LY? in MSt’“ only by LY/? = 1x DL1/2
MX , where 1x is as in (1.4.24), and ]L]}g/Q € Mfg  as in (1.4.12). Then LY20LY?2 =Lin Mi?”,

and we can define L™/? in ./\/ls)?ﬂ for all n € Z in the obvious way. Here is [25, Def. 5.13] the stack
analogue of Definition 1.4.5:

Definition 1.4.15. For each Artin K-stack Y, define Iy, S/ to be the ideal in the commutative ring
(./\/lSt’“ ®) generated by elements ¢, (Y5(P ®7,/97 Q) — YT (P)** © T5t5(Q)) for all 1-morphisms
$: X — Y with X a K-scheme and principal Z/2Z-bundles P,Q — X, where TS%k(P), Tst(Q),
Tstk(p ®7,/97, Q) are the images in Miﬁ’ﬂ of the elements T (P), T(Q), Y (P ®z/97 Q) in Mﬂ from
Definition 1.4.5. Define Miﬁ’ﬂ = MSt’“/ISt’“ to be the quotient, as a commutative ring with
multiplication ‘®’, with projection H“ M“ — M“ The second multiplication ¢-’, external
product X, and projection IIy : ./\/lSt’“ — MStk on M?ﬁ’ﬂ do not descend to /\7@“ The other
structures ®, 1, 1y, L, ¢4, ¢F, iy,ILl/2 do descend to MSt’ﬂ

If X is a K-scheme, we have a natural projection ./\/l“ — ./\/lst . So in particular, the motives

MFyx ¢ € /\/l‘;( in Theorem 5.3.1 also make sense in Miﬁ’” . We will use this in Theorem 6.4.2.



Chapter 2

D-critical loci

We summarize the theory of d-critical schemes and stacks introduced by Joyce [87]. There are two
versions of the theory, complex analytic and algebraic d-critical loci, sometimes we give results
for both the versions simultaneously, otherwise just briefly indicate the differences between the
two, referring to [87] for details. We will need this material for the following chapters.

2.1 D-critical schemes

Let X be a complex analytic space or a K-scheme. Then [87, Th. 2.1 & Prop. 2.3] associates
a natural sheaf Sx to X, such that, very briefly, sections of Sx parametrize different ways of
writing X as Crit(f) for U a complex manifold or smooth K-scheme and f : U — C holomorphic
or f: U — A' regular. Let us state it for K-schemes. The natural sheaf of K-algebras Sy on X
in either the Zariski or étale topologies, has the following properties:

(a) Suppose R C X is Zariski open, U is a smooth K-scheme, and i : R < U a closed embedding.
Define an ideal Ir ;7 C i~1(Op) by the exact sequence 0 — IRy — i1 (Op) Y= Ox|r —0,
where Ox, Oy are the sheaves of regular functions on X, U. Then there is an exact sequence
on R, where d : f +II2%,U —df + Ipy - i 1(T*U)

LRU i~ (Opy) d i~H(T*U)
I}2%,U Ipy i Y (T*U) "

(b) Let R C S C X be Zariski open, U,V be smooth K-schemes, i : R < U, j : S — V closed
embeddings, and ® : U — V a morphism with ® oi = j|g : R — V. Then the following
diagram of sheaves on R commutes:

0—>Sx| ts.vIR j‘l(Ov)‘ d i H(T*V) ‘
Xir Iz, Ir Isy -1 (T*V)Ir
id lz‘l(cbﬁ) lz"l(dfb) (2.1.1)
0—Sx| u i(Ov) d i—N(TU)
XIR II2%,U IR,U . i_l(T*U) )

. s 0 .
- Y
(c) There is a natural decomposition Sx = Sy ® Kx, where Kx is the constant sheaf on X

A
X

with fibre K, and 89( C Sx is the kernel of the composition Sx Ox
with ix : X™4 < X the reduced K-subscheme of X.

Oxred,
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(d) Let ¢ : X — Y be a morphism of K-schemes. Then there is a unique morphism ¢* :
¢~ 1(Sy) — Sx of sheaves of K-algebras on X, which maps ¢~1(S%) — S%, such that
if RC X, S CY are Zariski open with ¢(R) C S, U,V are smooth schemes, i : R — U,
j: S < V are closed embeddings, and ® : U — V is a morphism with ®oi = jog|p: R =V,
then as for (2.1.1) the following diagram of sheaves on R commutes:

1 -1 —1( a1
0 4-1(S ¢~ 0j (Ov)|r ¢~ (I"V))|r
T o IE)r  e@ ¢ sy i H(TV))IR
&*r i@ i~1(d®) (2.1.2)
LrU i~(Oy) d i~Y(T*U)

0 Sxlr %, Ipy - i (T*U)

(e) If X -2y % Z are smooth morphisms of K-schemes, then (¢ o ¢)* = ¢* o ¢~ 1(x*) :
(o) HSz)=¢ Loy (Sy) — Sx. If ¢: X —» Y isidy : X — X then id} = ids, :
id;(l(SX) =Sx — Sx.

Remark 2.1.1. Suppose we have U a complex manifold, f : U — C an holomorphic function,
and X = Crit(f), as a closed complex analytic subspace of U. Write i : X < U for the inclusion,
and Ix 7 € i~ 1(Oyp) for the sheaf of ideals vanishing on X C U. Then we obtain a natural section
s € H(Sx). Essentially s = f + Igf, where Iqy C Oy is the ideal generated by df. Note that
flx = f+ 14y, so s determines f|x. Basically, s remembers all of the information about f which
makes sense intrinsically on X, rather than on the ambient space U.

Following [87, Def. 2.5] we define algebraic d-critical loci:

Definition 2.1.2. An (algebraic) d-critical locus over a field K is a pair (X, s), where X is a
K-scheme and s € H°(S%), such that for each x € X, there exists a Zariski open neighbourhood
R of z in X, a smooth K-scheme U, a regular function f : U — A! = K, and a closed embedding
i : R < U, such that i(R) = Crit(f) as K-subschemes of U, and tgu(s|r) = i ' (f) + I%U
We call the quadruple (R,U, f,i) a critical chart on (X,s). If U' C U is a Zariski open, and
R =i Y(U)CR,i =i|lp : R — U, and f' = f|yr, then (R',U’, f',i') is a critical chart on
(X, s), and we call it a subchart of (R,U, f,i), and we write (R',U’, f',i') C (R, U, f,i).

Let (R,U, f,i),(S,V,g,j) be critical charts on (X,s), with R C S C X. An embedding of
(R,U, f,i) in (S,V,g,j) is a locally closed embedding ® : U < V such that ® oi = j|g and
f=go®. As a shorthand we write ® : (R, U, f,i) — (S,V,qg,7). If ®: (R,U, f,i) — (S,V,g,7)
and ¥ : (S,V,g,j) < (T,W, h, k) are embeddings, then ¥ o ® : (R,U,i,e) — (T, W, h,k) is also
an embedding.

A morphism ¢ : (X,s) — (Y, t) of d-critical loci (X, s), (Y, t) is a K-scheme morphism ¢ : X —
Y with ¢*(t) = s. This makes d-critical loci into a category.

Remark 2.1.3. (a) For (X,s) to be a (complex analytic or algebraic) d-critical locus places
strong local restrictions on the singularities of X. For example, Behrend [5] notes that if X has
reduced local complete intersection singularities then locally it cannot be the zeroes of an almost
closed 1-form on a smooth space, and hence not locally a critical locus, and Pandharipande and
Thomas [140] give examples which are zeroes of almost closed 1-forms, but are not locally critical
loci.

(b) If X = Crit(f) for holomorphic f: U — C, then f|xrea is locally constant, and we can write
f = f° + ¢ uniquely near X in U for 0 : U — C holomorphic with Crit(f°) = X = Crit(f),
fP xrea = 0, and ¢ : U — C locally constant with ¢|yrea = f|yrea. Defining d-critical loci using
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se H 0(89() corresponds to remembering only the function f° near X in U, and forgetting the
locally constant function f|yrea : X4 — C.

(c) It is natural to ask what is the relation between d-critical loci and schemes with symmetric
obstruction theories. In [87, ex. 2.16], Joyce shows a case in which the algebraic d-critical locus
remembers more information, locally, than the symmetric obstruction theory. In [87, ex. 2.17],
Joyce shows that the (symmetric) obstruction theory remembers global, non-local information
which is forgotten by the algebraic d-critical locus.

(e) One could think about critical charts as Kuranishi neighbourhoods on a topological space,
and embeddings as analogous to coordinate changes between Kuranishi neighbourhoods.

Here are [87, Prop.s 2.8, 2.30, Th.s 2.20, 2.28, Def. 2.31, Rem 2.32 & Cor. 2.33]:

Proposition 2.1.4. Let ¢ : X — Y be a smooth morphism of K-schemes. Suppose t € HO(S?/),
and set s := ¢*(t) € HO(SY). If (Y,t) is a d-critical locus, then (X,s) is a d-critical locus, and
o (X,s) = (Y,t) is a morphism of d-critical loci. Conversely, if also ¢ : X — Y is surjective,
then (X, s) a d-critical locus implies (Y, t) is a d-critical locus.

Theorem 2.1.5. Suppose (X, s) is an algebraic d-critical locus, and (R,U, f,i),(S,V,g,j) are
critical charts on (X,s). Then for each x € RN S C X there exist subcharts (R, U, f',i) C
(R, U, f,i), (S, V', ¢, ") C(S,V.,g,j) with x € R'0NS" C X, a critical chart (T, W, h,k) on (X, s),
and embeddings ® : (R, U, f',i') <= (T,W,h, k), ¥ : (S, V', ¢, j") = (T,W, h, k).

Theorem 2.1.6. Let (X, s) be an algebraic d-critical locus, and Xred C X the associated reduced
K-subscheme. Then there exists a line bundle Kx s on Xred which we call the canonical bundle
of (X,s), which is natural up to canonical isomorphism, and is characterized by the following
properties:

(a) For each x € X™4, there is a canonical isomorphism
Ko o Kx sl — (APTEX) %, (2.1.3)
where T, X is the Zariski tangent space of X at x.
(b) If (R,U, f,i) is a critical chart on (X, s), there is a natural isomorphism
LR it x| prea — 1F (K27) | poea, (2.1.4)
where Ky = AY™UT*U s the canonical bundle of U in the usual sense.

(c) In the situation of (b), let x € R. Then we have an exact sequence

00— T,X o 1 U — 08 1 S e x (2.1.5)

and the following diagram commutes:

2
KX,S T P (AtOpT;X)®
%,R,U,fw
LRU,f,ile 5
®
KU‘i($)7

where o gy, f,i s induced by taking top exterior powers in (2.1.5).
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Proposition 2.1.7. Suppose ¢ : (X,s) — (Y,t) is a morphism of d- critical loci with ¢ : X —'Y
smooth, as in Proposition 2.1.4. The relative cotangent bundle T /Y s a vector bundle of
mized rank on X in the exact sequence of coherent sheaves on X :

0 & (T7Y) —22 - X Ty (2.1.6)
There is a natural isomorphism of line bundles on X*4:
2 o~
Ty 1 Olea (Kya) @ (APTS )y ) | Frea — Koxs, (2.1.7)

such that for each x € X' the following diagram of isomorphisms commutes:

2
Ky tlo@) @ (APTY yle )* L KX slo
W(z)@id nxi (2.1.8)
2

(Apr;( )Y)® (AtopT*/Y| ) ®? (AtOPT;X)@)Q’

where kg, Ky(z) are as in (2.1.3), and vy : AtOPT;( Yo AterT — AYPT*X s obtained by

restricting (2.1.6) to x and taking top exterior powers.

T/yle

Definition 2.1.8. Let (X, s) be an algebraic d-critical locus, and Ky g its canonical bundle from
Theorem 2.1.6. An orientation on (X,s) is a choice of square root line bundle K)lf/i for Kx s

on X' That is, an orientation is a line bundle L on X9, together with an isomorphism
I = LeL=2K x,s- A d-critical locus with an orientation will be called an oriented d-critical
locus.

Remark 2.1.9. In view of equation (2.1.3), one might hope to define a canonical orientation K/ 1/ 2
for a d-critical locus (X, s) by K )1(/3 = AYPT*X for x € Xed However, this does not work, as

the spaces A'PT* X do not vary continuously with z € X*d if X is not smooth. In [87, Ex. 2.39],
Joyce shows that d-critical loci need not admit orientations.

In the situation of Proposition 2.1.7, the factor (At‘)pT)*(/Y) req 0 (2.1.7) has a natural square
root (A*PT% Jy)|xrea. Thus we deduce:

Corollary 2.1.10. Let ¢ : (X, ) — (Y, t) be a morphism of d-critical loci with ¢ : X — Y

smooth. Then each orientation KYt for (Y, t) lifts to a natural orientation K1/2 = ¢[%red (K;/f)@

(AtOpT;(/Y)‘Xred for (X,s).

Remark 2.1.11. There is also an interpretation of orientations in terms of principal Zs-bundles.
The line bundle Kx ¢ in Theorem 2.1.6 is characterized uniquely up to isomorphism equivalently
by part (ii) and the following property based on Definition 4.3.2 which we will discuss in §4: let
o : (RU,f,i) — (S,V,g,j) be an embedding of critical charts on (X,s), and let Jp be as in
Definition 4.3.2. Then

. 2
LS7V7g7j|Rred = J(I) 9] [’R,U,f,i : KX,S‘RY‘Sd — J*(K‘% ) Rred* (219)

Using this equivalent characterization of canonical bundles, we can express orientations in terms
of principal Zs-bundles.

Proposition 2.1.12. Let (X, s) be a d-critical locus. Then Definition 4.3.2 induces an isomor-

phism between isomorphism classes of orientations K)l(/i on (X,s), and isomorphism classes of
the following collections of data:
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(a) For each critical chart (R,U, f,i) on (X,s), a choice of principal Za-bundle wpy f; :
Qruyti — R on R, and

(b) For each embedding of critical charts ® : (R,U, f,i) < (S,V,g,7), a choice of isomorphism
Ao : Qsyvgilr = Po ®z, Qru,fi as in Definition 4.3.2,

such that [87, eq 2.38] commutes for all embeddings ® : (R, U, f,i) < (S,V,q,7), ¥ :(S,V,qg,j) —
(T, W, h, k), where Py, Py, Pyow, Zw.o are as in the first part of Definition 4.3.2.

Let ®: (R,U, f,1) — (S,V,g,j) be an embedding of critical charts on a d-critical locus (X, s).
Define Nyv, quv as in Theorem 4.3.1, and 7 : P — R as in Definition 4.3.2. Then an alternative
interpretation of Pg is as the principal Zso-bundle of orientations of the nondegenerate quadratic
form quv on the vector bundle i*(Nyy ) over R. Thus, Proposition 2.1.12 shows that an orientation
K)l(i on (X, s) is equivalent to giving principal Zs-bundles Qg y,s; — R for each chart (R, U, f,1)
on (X,s), such that Qru s; and Qs ;|r differ by the principal Zs-bundle of orientations of
quv for each embedding ® : (R,U, f,i) — (S,V,g,7). This is why the term orientation has
been chosen for K)l(/i It is closely relation to the notion of orientation date in Kontsevich and
Soibelman [102, §5].

2.2 D-critical stacks

In [87, §2.7-§2.8] Joyce extends the material of §2.1 from K-schemes to Artin K-stacks. He works
in the context of the theory of sheaves on Artin stacks by Laumon and Moret-Bailly [109], so for
the reader’s convenience we recall the following:

Proposition 2.2.1 (Laumon and Moret-Bailly [109]). Let X be an Artin K-stack. The category
of sheaves of sets on X in the lisse-étale topology is equivalent to the category Sh(X) defined as
follows:

(A) Objects A of Sh(X) comprise the following data:

(a) For each K-scheme T' and smooth 1-morphism t : T — X in Artg, we are given a sheaf of
sets A(T,t) on T, in the étale topology.

(b) For each 2-commutative diagram in Arty:

/W%\ (2.2.1)

T ; X,

where T, U are schemes and t : T — X, u: U — X are smooth 1-morphisms in Artg, we
are given a morphism A(¢,n) : ¢~ (A(U,u)) — A(T,t) of étale sheaves of sets on T.

This data must satisfy the following conditions:

(i) If ¢: T — U in (b) is étale, then A(¢,n) is an isomorphism.

(ii) For each 2-commutative diagram in Arty:

|4
/Cﬂ\
U u X7
ls i
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with T, U,V schemes and t,u,v smooth, we must have

Ao ¢, (¢ xidg) ©n) = A(d,n) 0 ¢ (A,())  as morphisms
(1o @) LAV, v)) = ¢~ Lo HA(V,v)) — A(T,1).

(B) Morphisms o : A — B of Sh(X) comprise a morphism o(T,t) : A(T,t) — B(T,t) of étale
sheaves of sets on a scheme T for all smooth 1-morphisms t: T — X, such that for each diagram
(2.2.1) in (b) the following commutes:

6 AU, ) A(T, 1)
icﬁl(a(U,U)) a(Tvt)l
6 (B(U, 1)) ——2 B(T,1).

(C) Composition of morphisms AB e Sh(X) is (Boa)(T,t) = B(T,t)oa(T,t). Identity
morphisms id 4 : A — A are ida(T,t) = id g(1)-

The analogue of all the above also holds for (étale) sheaves of K-vector spaces, sheaves of
K-algebras, and so on, in place of (étale) sheaves of sets. Furthermore, the analogue of all the
above holds for quasi-coherent sheaves, (or coherent sheaves, or vector bundles, or line bundles)
on X, where in (a) A(T,t) becomes a quasi-coherent sheaf (or coherent sheaf, or vector bundle, or
line bundle) on T, in (b) we replace ¢~ *(A(U,u)) by the pullback ¢*(A(U,u)) of quasi-coherent
sheaves (etc.), and A(p,n),a(T,t) become morphisms of quasi-coherent sheaves (etc.) on T.

We can also describe global sections of sheaves on Artin K-stacks in the above framework:
a global section s € HY(A) of A in part (A) assigns a global section s(T,t) € HO(A(T,t)) of
A(T,t) on T for all smooth t: T — X from a scheme T, such that A(¢,n)*(s(U,u)) = s(T,t) in
HY(A(T\,t)) for all 2-commutative diagrams (2.2.1) with t,u smooth.

In [87, Cor. 2.52] Joyce generalizes the sheaves Sx,S% in §2.1 to Artin K-stacks:

Proposition 2.2.2. Let X be an Artin K-stack, and write Sh(X)g.alg and Sh(X )k vect for the
categories of sheaves of K-algebras and K-vector spaces on X defined in Proposition 2.2.1. Then:

(a) We may define canonical objects Sx in both Sh(X )k alg and Sh(X)k.vect by Sx(T,t) :== S
for all smooth morphisms t : T — X for T € Schg, for St as in §2.1 taken to be a
sheaf of K-algebras (or K-vector spaces) on T in the étale topology, and Sx(¢,n) = ¢* :
N (Sx(Uu) = ¢~ Sy) = St = Sx(T,t) for all 2-commutative diagrams (2.2.1) in Artx
with t,u smooth, where ¢* is as in §2.1.

(b) There is a natural decomposition Sx = Kx EBS?( in Sh(X)k.vect induced by the splitting
Sx(T,t)=8S7=Kr®S? in §2.1, where Kx is a sheaf of K-subalgebras of Sx in Sh(X)k-alg,
and SY a sheaf of ideals in Sx.

Here [87, Def. 2.53] is the generalization of Definition 2.1.2 to Artin stacks.

Definition 2.2.3. A d-critical stack (X, s) is an Artin K-stack X and a global section s € H°(S%),
where 59( is as in Proposition 2.2.2, such that (T ,s(T, t)) is an algebraic d-critical locus in the
sense of Definition 2.1.2 for all smooth morphisms ¢ : T'— X with 7" € Schg.

Here is a convenient way to understand d-critical stacks (X, s) in terms of d-critical structures
on an atlas t : T'— X for X from [87, Prop. 2.54].
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Proposition 2.2.4. Suppose we are given a 2-commutative diagram in Arty:

2

U T
g )
T

(2.2.2)

X,

where X is an Artin K-stack, T, U are K-schemes, t, 71,7 are smooth 1-morphisms, t : T — X
is surjective, and the 1-morphism U — T x4 x; T induced by (2.2.2) is surjective. For instance,
this happens if U = T is a groupoid in K-schemes, and X = [U = T| the associated groupoid
stack. Then:

(1) Let Sx be as in Proposition 2.2.2, and St,Sy be as in §2, regarded as sheaves on T, U in
the étale topology, and define w7 : 7TZ»_1(ST) — Sy as in §?7 for i =1,2. Consider the map
t*: H(Sx) — H%(St) mapping t* : s — s(T,t). This is injective, and induces a bijection
t*: HY(Sx) — {8 € H(S7) : 71(s') = m3(s') in H(Sp)}. (2.2.3)

The analogue holds for 8%, S%, Sp.
(ii) Suppose s € HO(SY), so that t*(s) € HY(S2) with 7} ot*(s) = w5 0t*(s). Then (X,s) is a d-
critical stack if and only if (T,t*(s)) is an algebraic d-critical locus, and then (U, 7} ot*(s))

is also an algebraic d-critical locus.

Next, we report [87, Ex. 2.55], where Joyce considers quotient stacks X = [T'/G].

Example 2.2.5. Suppose an algebraic K-group G acts on a K-scheme T with action p: GxT —
T, and write X for the quotient Artin K-stack [T'/G]. Then as in (2.2.2) there is a natural
2-Cartesian diagram

GxT m T
iw 7 tl
T L X =[1/4),

where ¢ : T — X is a smooth atlas for X. If s € H%(S?) then 7%(s') = n5(s") in (2.2.3) becomes
m5(s") = p*(s’) on G x T, that is, s’ is G-invariant. Hence, Proposition 2.2.4 shows that d-critical
structures s on X = [T'/G|] are in 1-1 correspondence with G-invariant d-critical structures s’
on T

Here [87, Th. 2.56] is an analogue of Theorem 2.1.6.

Theorem 2.2.6. Let (X, s) be a d-critical stack. Using the description of quasi-coherent sheaves
on X' in Proposition 2.2.1 there is a line bundle Kx s on the reduced K-substack Xred of X
called the canonical bundle of (X,s), unique up to canonical isomorphism, such that:

(a) For each point x € X' C X we have a canonical isomorphism
o 2 2
Kot Kxsle — (APTEX)® @ (APTs0, (X)), (2.2.4)
where T} X is the Zariski cotangent space of X at x, and Js0,(X) the Lie algebra of the

isotropy group (stabilizer group) Iso,(X) of X at x.
(b) If T is a K-scheme and t : T — X a smooth 1-morphism, so that t*°4 : T4 — X7ed js glso
smooth, then there is a natural isomorphism of line bundles on T™9:

®. (2.2.5)

| R7AT nys(Tred, tredy — K1 g1 ® (AtOPT;/X) Tre

Here (T, s(T,t)) is an algebraic d-critical locus by Definition 2.2.3, and K s(1) — Tred s
its canonical bundle from Theorem 2.1.6.
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(c) If t:T — X is a smooth 1-morphism, we have a distinguished triangle in Dgcon(T):

L

#(Lx) Ly Ty #(Lx)[1], (2.2.6)

where Lp,Lx are the cotangent complexes of T, X, and T}/X the relative cotangent bundle of
t: T — X, a vector bundle of mized rank on T. Let p € T™! C T, so that t(p) :==top € X.
Taking the long exact cohomology sequence of (2.2.6) and restricting to p € T gives an exact
sequence

0— Tt*(p)X — T,T — T}/X|p — J504()(X)" — 0. (2.2.7)

Then the following diagram commutes:

T T * ®72
Kx slyp) == Kx s(T%4, %), Traly . BTs(r) p ® (A™PTF)x) |p
Kit(p) /cp®idi
2 2 062 2 —2
(APTy,) X) @ (AP s, (X)) —= (APT;T) S @ (APTf )|

where kp, Kypy, I are as in (2.1.3), (2.2.4) and (2.2.5), respectively, and o, : AtOPTt*(p)X@)
A*PTs00,)(X) = At°pT5T®At°pT;/X\;1 is induced by taking top exterior powers in (2.2.7).

Here [87, Def. 2.57] is the analogue of Definition 2.1.8:

Definition 2.2.7. Let (X, s) be a d-critical stack, and Kx s its canonical bundle from Theorem
2.2.6. An orientation on (X, s) is a choice of square root line bundle K)l(/i for Kx s on X', That

is, an orientation is a line bundle L on X", together with an isomorphism ¥ = L@L~K X,s-
A d-critical stack with an orientation will be called an oriented d-critical stack.

Let (X, s) be an oriented d-critical stack. Then for each smooth ¢ : T'— X we have a square
root K)l(/i(Tred,tred). Thus by (2.2.5), K)l(/i(Tred,trEd) ®@ (A*PLp)x)|prea is a square root for
K7 4(1,)- This proves [87, Lem. 2.58]:

Lemma 2.2.8. Let (X,s) be a d-critical stack. Then an orientation K)l(/i for (X, s) determines

a canonical orientation K;{E(T,t) for the algebraic d-critical locus (T, s(T, t)), for all smooth t :

T — X with T a K-scheme.

2.3 Equivariant d-critical loci

Here we summarizes some results about group actions on algebraic d-critical loci from [87].

Definition 2.3.1. Let (X,s) be an algebraic d-critical locus over K, and p : G x X — X an
action of an algebraic K-group G on the K-scheme X. We also write the action as u(vy) : X — X
for v € G. We say that (X,s) is G-invariant if pu(y)*(s) = s for all v € G, or equivalently, if
p*(s) = 7% (s) in H2(SZ, ), where mx : G x X — X is the projection.

Let x : G — G, be a morphism of algebraic K-groups, that is, a character of G, where
G = K\ {0} is the multiplicative group. We say that (X, s) is G-equivariant, with character x,
if 1u(7)*(s) = x(v) - s for all ¥ € G, or equivalently, if u*(s) = (x o 7g) - (7% (s)) in HO(S2yx),
where H(Og) 3 x acts on H%(S2, ) by multiplication, as G is a smooth K-scheme.
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Suppose (X, s) is G-invariant or G-equivariant, with y = 1 in the G-invariant case. We call a
critical chart (R, U, f,i) on (X, s) with a G-action p : G x U — U a G-equivariant critical chart if
R C X is a G-invariant open subscheme, and i : R < U, f : U — A! are equivariant with respect
to the actions p|gx g, p, x of G on R, U, A, respectively.

We call a subchart (R, U’, f',i') C (R,U,f,i) a G-equivariant subchart if R C R and
U’ C U are G-invariant open subschemes. Then (R, U’, f',i'), p’ is a G-equivariant critical chart,
where p' = plaxpr-

Note that X may not be covered by G-equivariant critical charts without extra assumptions
on X,G. We will restrict to the case when G is a torus, with a ‘good’ action on X:

Definition 2.3.2. Let X be a K-scheme, G an algebraic K-torus, and p: G x X — X an action

of G on X. We call p a good action if X admits a Zariski open cover by G-invariant affine open
K-subschemes U C X.

A torus-equivariant d-critical locus (X, s) admits an open cover by equivariant critical charts
if and only if the torus action is good:

Proposition 2.3.3. Let (X,s) be an algebraic d-critical locus which is invariant or equivariant
under the action i : G x X = X of an algebraic torus G.

(a) If p is good then for all x € X there exists a G-equivariant critical chart (R,U, f,i),p on
(X, s) with z € R, and we may take dimU = dim T, X .

(b) Conwversely, if for all x € X there exists a G-equivariant critical chart (R, U, f,i),p on (X, s)
with © € R, then p is good.



Chapter 3

A Darboux theorem for symplectic
derived schemes

This chapter is based on [19]. In general, we will not go into details and proofs of results, for
which we refer to [19]. We will need this material for the following chapters.

3.1 ‘Standard form’ affine derived schemes

The next definition summarizes [19, Ex. 2.8, Def. 2.9 & Def. 2.13]. A useful review of [19] is
provided in [13, §2.3-2.4], which is our main reference.

Definition 3.1.1. We will explain how to inductively construct a sequence of commutative dif-
ferential graded algebras (cdgas) A(0), A(1),...,A(n) = A over K with A(0) a smooth K-algebra
and A(k) having underlying commutative graded algebra free over A(0) on generators of degrees
—1,...,—k. We will call 4 a standard form cdga. We will write U (i) = Spec A(i) fori =0,...,n
and U = U(n) = Spec A for the corresponding affine derived K-schemes, where U (0) = U(0) is
a smooth classical K-scheme, which contains Spec H’(A) as a closed K-subscheme.

Begin with a commutative algebra A(0) smooth over K. Choose a free A(0)-module M !
of finite rank together with a map 7= : M~! — A(0). Define a cdga A(1) whose underlying
commutative graded algebra is free over A(0) with generators given by M ! in degree —1 and with
differential d determined by the map 7! : M~! — A(0). By construction, we have H(A(1)) =
A(0)/I, where the ideal I C A(0) is the image of the map 71 : M~ — A(0). Note that A(1)
fits in a homotopy pushout diagram of cdgas

Sym () (M)

= .

A(0)

with morphisms 7, !, 0, induced by 7#=1,0 : M~1 — A(0). Write f~! : A(0) — A(1) for the
resulting map of algebras.

Next, choose a free A(1)-module M ~2 of finite rank together with a map 72 : M —2[1] — A(1).
Define a cdga A(2) whose underlying commutative graded algebra is free over A(1) with generators
given by M~2 in degree —2 and with differential d determined by the map 7=2 : M~2[1] — A(1).
Write f~2 for the resulting map of algebras A(1) — A(2). As the underlying commutative graded
algebra of A(1) was free over A(0) on generators of degree —1, the underlying commutative graded
algebra of A(2) is free over A(0) on generators of degrees —1,—2. Since A(2) is obtained from
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A(1) by adding generators in degree —2, we have HY(A(1)) = HY(A(2)) = A(0)/I. Note that
A(2) fits in a homotopy pushout diagram of cdgas

Sym (1) (M 2[1]) 0 A1)
- "
A1) A(2),

with morphisms 7, 2,0, induced by 772,0: M~2[1] — A(1).

Continuing in this manner inductively, we define a cdga A(n) = A with A = A(0) and
H°(A) = A(0)/I, whose underlying commutative graded algebra is free over A(0) on generators
of degrees —1,...,—n. We call any cdga A constructed in this way a standard form cdga.

If A is of standard form, we will call a cdga A’ a localization of A if A’ = A ® 40 A°[f7!]
for f € A°, that is, A’ is obtained by inverting f in A. Then A’ is also of standard form, with
A0 = AO[f~1. If p € Spec HY(A) with f(p) # 0, we call A’ a localization of A around p.

Let A be a standard form cdga. We call A minimal at p € Spec H(A) if for all k = 1,..., n the
compositions H ¥ (LA(k)/A(k—l)) — H7F (ILA(k_l)) — H7F (]LA(k—l)/A(k—2)) in the cotangent
complexes restricted to Spec HY(A) vanish at p. For more on this point, see [19, Prop. 2.12].

Here are [19, Th.s 4.1 & 4.2]. They say that any derived scheme X is locally modelled on
Spec A for a (minimal) standard form cdga A, and give us a way to compare two such local
models f:SpecA — X, g:SpecB — X.

Theorem 3.1.2. Let X be a derived K-scheme, and x € X. Then there exist a standard form
cdga A over K which is minimal at a point p € Spec HY(A), in the sense of Definition 3.1.1, and
a morphism f : U = Spec A — X in dSchg which is a Zariski open inclusion with f(p) = x.

We think of A, f in Theorem 3.1.2 as like a coordinate system on X near z. As well as being
able to choose coordinates near any point, we want to be able to compare different coordinate
systems on their overlaps. That is, given local equivalences f : Spec A — X, g : Spec B — X,
we would like to compare the cdgas A, B on the overlap of their images in X. For general A, B
we cannot (even locally) find a cdga morphism « : B — A with f ~ g o Spec . However, the
next theorem, which is [19, Thm. 4.2] shows we can find a third cdga C' and open inclusions
a:A—C,B:B— C with foSpeca ~ go Spec . This will be important in the proof of
Theorem 3.3.1.

Theorem 3.1.3. Let X be a derived K-scheme, A, B be standard form cdgas over K, and f :
Spec A — X, g : Spec B — X be Zariski open inclusions in dSchg. Suppose p € Spec H?(A)
and q € Spec H*(B) with f(p) = g(q) in X. Then there exist a standard form cdga C over K
which is minimal at v in Spec H°(C) and morphisms of cdgas o : A — C, B : B — C which are
Zariski open inclusions, such that Speca : r+— p, Specf : r+— ¢, and foSpeca ~ goSpec [ as
morphisms Spec C — X in dSchg. If instead f,g are étale rather than Zariski open inclusions,
the same holds with o, B8 étale rather than Zariski open inclusions.

One important advantage of working with derived schemes U = Spec A for A a standard form
cdga, is that the cotangent complex Ly and its exterior powers APLLy; can be written simply and
explicitly in terms of A. As in [19, §2, §3.3] the differential-graded module of Kdhler differentials
Ol is a model for L. If U(0) = Spec A° admits global étale coordinates (29, ...,29, ), then QY is

a finitely-generated free A-module, generated by dgrz|”,. .., dare,, in degree —ifori=0,...,n,
where 27", ...,z are A(i—1)-bases for the free finite rank A(i—1)-modules M " fori =1,...,n,

in the notation of Definition 3.1.1. Because of this, on U = Spec A, the k-shifted (closed) p-forms
from [142] discussed in §1.2.2 can be written down explicitly in coordinates. Here is [19, Prop. 5.7].
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Part (a) implies that for a k-shifted symplectic form w = (w% w!',w?,...) on a standard form

U = Spec A, up to equivalence we may take w! = w? = --- = 0, which simplifies calculations a
lot. Let us note here that the proof of [19, Prop. 5.7] uses the interpretation of shifted symplectic
forms as representing classes in negative cyclic homology. As this is a quite technical part, we
omit it here, referring to [19] for details.

Proposition 3.1.4. (a) Let w = (W% w',w? ...) be a closed 2-form of degree k < 0 on U =

Spec A, for A a standard form cdga over K. Then there exist ® € AFT! and ¢ € (QA) such that
d® =0 in A2 and dgr® +d¢ = 0 in (%) and w ~ (dare,0,0,...).

(b) In the case k = —1 in (a) we have ® € AY = A(0), so we can consider the restriction ®|irea of
® to the reduced K-subscheme U™ of U = to(U) = Spec H*(A). Then ®|wea is locally constant
on U™ and we may choose (®, ¢) in (a) such that ®|jrea = 0.

(c) Suppose (®,¢) and (¥',¢') are alternative choices in part (a) for fized w,k, U, A, where if
k = —1 we suppose ®|rea = 0 = ®|;rea as in (b). Then there exist ¥ € A* and ¢ € (Q4)F!
with ® — ®' = dV and ¢ — ¢ = dgrV¥ + dip.

3.2 ‘Darboux form’ shifted symplectic derived schemes

The next definition summarizes [19, Ex.s 5.8-5.10].

Definition 3.2.1. Fix d = 0,1,.... We will explain how to define a class of explicit standard
form cdgas (A,d) = A(n) for n = 2d + 1 with a very simple, explicit k-shifted symplectic form
w=(w",0,0,...) on U = Spec A for k = —2d — 1. We will say that A,w are in Darboux form.

First choose a smooth K-algebra A(0) of dimension mg. Localizing A(O) if necessary, we

may assume that there exist 9, ... ,x?no € A(0) such that dgga?,.. dde form a basis of

9}4(0) over A(0). Geometrically, U(0) = Spec A(0) is a smooth K—scheme of d1mens1on mo, and

(a9,...,29,,) : U(0) — A™ are global étale coordinates on U(0). Next, choose my,...,mqg € N =

{0,1,...}. Define A as a commutative graded algebra to be the free algebra over A(0) generated
by variables

xl_i,...,ac;f, in degree —i for ¢ =1,...,d, and

i 3.2.1)
i—2d—1 i—2d—1 - C o7 . (
Y1 see s Y, in degree i —2d — 1 for : =0,1,...,d.

So the upper index ¢ in xé-, yj always indicates the degree. We will define the differential d in the

cdga (A, d) later. The spaces (APQ%)* and the de Rham differential dyz upon them depend only
on the commutative graded algebra A, not on the (not yet defined) differential d. Note that Q1

is the free A-module with basis ddej_i, ddRy;-_Qd_l fori=0,...,dand j =1,...,m;. Define
d m;
=3 daryi M dgpr;t in (A2QY) 7 (3.2.2)
=0 j=1

Then dygrw’ = 0 in (A%QY)729-1. Now choose H in A~2¢, which we will call the Hamiltonian,
and which we require to satisfy the classical master equation

d m;

S5 0w 2

11]1

The classical master equation can be expressed invariantly as {H, H} = 0, where {, } is a certain
shifted Poisson bracket. For more on this, consult [19, §5.7]. Note that (3.2.3) is trivial when
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d =0, so that k = —1, as A' = 0. Define the differential d on A by d = 0 on A(0), and

i OH ioq1  OH  i=0,....d,

A i—9d—1° Y = > .
J 8y; 2d-1 J 8xj’ j=1,...,m;.

(3.2.4)

Then dod = 0, and (4,d) is a standard form cdga A = A(n) as in Definition 3.1.1 for n =
2d + 1, defined using free modules M~% = (z]",... »33771914(1‘—1) for i = 1,...,d and M2 =

<yi 2d-1 ...,yﬁnzzd Y A(2d—i) for i = 0,...,d. Then w = (w?,0,0,...) is a k-shifted symplectic
structure on U = Spec A for k = —2d — 1. Define ® € A=2¢ and ¢ € (9}4)*251*1 by ® = —ﬁ H
and
d m;
[(2d+1—d)yi " d idgpyi2aTt 3.2.5
2d+1§; + arry’ +ixyt daryy 2. (3.2.5)

Then d® = 0, dgg® + d¢ = 0, and w® = dyr¢, as in Proposition 3.1.4(a). We say that A,w are
in Darbouz form for k = —2d — 1.

In [19, Ex.s 5.9 & 5.10] we give similar Darboux forms for k¥ = —4d and k = —4d — 2 with
d=0,1,2,.... We will not give all the details. In brief, when k = —4d, rather than (3.2.1), A is
freely generated over A(0) by the variables

—1

$Ii,...,x in degree —i fori=1,...,2d — 1,

mi
—2d —2d , —2d —2d .

T T YT e Yy in degree —2d, and

y’l 4d,...,y:nz4d in degree i —4d for i =0,1,...,2d — 1,

and w® € (A%2QY) 4 with dgrw® = 0 is given by

2d m;

wU _ Z Z ddRy;‘_4d ddej—i in (AZQ}L‘)fALd’
=0 j—1

and d on A is defined as in (3.2.4) using H € A'~%? satisfying the analogue of (3.2.3). We then
say that A, U = Spec A,w are in Darboux form for k = —4d.
Similarly, when k = —4d — 2, A is freely generated over A(0) by the variables

zy’, ,wfni. in degree —i for i =1,...,2d,
—2d—1 —2d—1 :
“1 e Pmog i in degree —2d — 1, and
yi_4d_2, o ,yf;_‘ld_Q in degree i —4d — 2 for 1 =0,1,...,2d,

and w® € (A2QY) 7442 with dgzrw® = 0 is given by

2d m; mad+1
0 —4d—2 —i —2d—1 —2d—1
W =>">"dery! dgrry’ + Y darz; 2 darz 2,
i=0 j=1 =1

and d is defined as in (3.2.4) using H € A~49~1 satisfying the classical master equation

2d m; mM2d+1 2
1 OH
sy +1 2 (Gommr) =0 ma™
—i g i—4d—2 —2d—1
Pl 856 ‘ ayl 4 = 8zj
We then say that A,w are in strong Darboux form for k = —4d — 2. There is also a weak Darbouz

form [19, Ex. 5.12] in this case, which we will not discuss.
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Here is [19, Th. 5.18], the main result of [19]. We consider it to be a shifted symplectic
analogue of Darboux’ Theorem, as it shows that we can choose ‘coordinate systems’ on a k-
shifted symplectic derived scheme (X,w) in which w assumes a standard form. Bouaziz and
Grojnowski [17] also independently prove a similar theorem.

Theorem 3.2.2. Let X be a derived K-scheme with k-shifted symplectic form © for k < 0, and
x € X. Then there exists a standard form cdga A over K which is minimal at p € Spec H(A),
a k-shifted symplectic form w on Spec A, and a morphism f: U = Spec A — X with f(p) =«
and f*(©) ~w, such that:

(1) If k is odd or divisible by 4, then f is a Zariski open inclusion, and A,w are in Darboux
form, as in Definition 3.2.1.

(ii) If k=2 mod 4, then f is étale, and A,w are in strong Darboux form, as in Definition 3.2.1.

Let Y be a Calabi-Yau m-fold over K for m > 3, that is, a smooth projective K-scheme
with H{(Oy) = K for i = 0,m and H(Oy) = 0 for 0 < i < m. Suppose M is a classical
moduli K-scheme of simple coherent sheaves in coh(Y'), where we call F' € coh(Y) simple if
Hom(F, F) = K. We point out that our moduli scheme M of simple coherent sheaves is based
on Inaba’s definition [74, Dfn 0.1] of the moduli functor which allows an equivalence relation
tensoring by a line bundle over the base.

There is a corresponding definition of a derived moduli functor of coherent sheaves, also
including tensoring by a line bundle over the base in the definition of the image simplicial set,
yielding a derived enhancement M of M with M = ty(M). Initially we know that M is a
derived stack, but since the classical truncation to(M) is a classical scheme, it follows that M is
a derived scheme.

Pantev et al. [142] do not including tensoring by a line bundle over the base in their definition,
so that they consider the corresponding classical moduli stack M’ of simple coherent sheaves,
which is a classical Artin stack in which each point has isotropy group G,,. Naively one might
guess that the relationship between M and M’ is that M’ = [M/G,,] as a quotient stack, with
a projection M — M’,Ayvhich is a Gp,-principal bundle, but this may be wrong. If we instead
defined a moduli space M of simple sheaves with fixed determinant, then (at least for torsion-free
coherent sheaves, thus of positive rank) we would indeed get a projection M — M’ which is a
Gy-principal bundle. However, in general M would not be a scheme, but a Deligne-Mumford
stack, with stabilizer group Z, at [E] for n = rank E.

In fact, the relationship between M and M’ is more-or-less the opposite of this naive guess.
There is a projection 7 : M' — M which is a G,,-gerbe, with fibre [x/G,,] at each point. One
can regard [*/G,,] as a kind of stacky algebraic group (a 2-group), which acts on M’ and then
M = [M'/[%/G]], and © : M" — M is a ‘[*/G,;,] - principal bundle’. For torsion-free sheaves,
the composition M= M = Mis étale, a Z,-principal bundle for sheaves of rank n.

Now we consider the derived picture. Let us denote the derived enhancement of M’ by M/,
with to(M') = M'. Pantev et al. [142, §2.1] prove M’ has a (2 —m)-shifted symplectic structure.
We can deduce that also M has a (2 — m)-shifted symplectic structure, as follows. Joyce and
Song [85, Thm. 5.4] prove that for any finite type moduli stack of coherent sheaves U on a Calabi-
Yau m-fold Y (their definition requires Y smooth and projective with H*(Oy) =0 for 0 < i < m,
as assumed above), then by applying a finite number of Seidel-Thomas twists by Oy (—n) for
n > 0 and a shift [-m], we can identify U with a moduli stack of vector bundles £ with rank
E > 0. Seidel-Thomas twists and shifts commute with forming derived moduli stacks, with or
without tensoring by a line bundle over the base. (Note that Seidel-Thomas twists and shifts do
not commute with fixing determinants, though).
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Thus, to show that the derived moduli scheme M has a (2 —m)-shifted symplectic structure,
it is sufficient (at least for M of finite type and H'(Oy) = 0 for 0 < i < m) to consider the
case when M and M’ are derived moduli schemes/stacks of vector bundles of fixed rank n. In
this case M’ is an open derived substack of the mapping stack Map(Y, [*/ GL(n,K)]), which is
the derived moduli stack Yecty” of rank n vector bundles on Y. The (2 — m)-shifted symplectic
structure on M’ and Map(Y, [*/ GL(n,K)]) is then induced as in [142, §2.1] from the Calabi—
Yau m-fold structure on Y and the 2-shifted symplectic structure on [*/ GL(n,K)], which in turn
comes from the natural choice of a GL(n,K)-invariant nondegenerate quadratic form on the Lie
algebra gl(n,K).

Now M is in effect a derived moduli scheme of projective vector bundles, so that M is a
derived open substack of Map(Y, [*/ PGL(n,K)]). Thus, M has a (2 — m)-shifted symplectic
structure as in [142, §2.1] induced from the 2-shifted symplectic structure on [x/PGL(n,K)],
which comes from the natural PGL(n,K)-invariant nondegenerate quadratic form on the Lie
algebra pgl(n,K) (the Killing form; any PGL(n,K)-invariant quadratic form on pgl(n,K) is
a multiple of the Killing form). The projection M’ — M is the restriction of the projec-
tion Map(Y, [/ GL(n,K)]) — Map(Y, [x/ PGL(n,K)]) induced by composition with the mor-
phism [*/ GL(n,K)] — [*/PGL(n,K)] coming from the algebraic group morphism GL(n,K) —
PGL(n,K).

If we instead define a derived Deligne-Mumford moduli stack M with M = to(M) by fix-
ing determinants of vector bundles, then M is open in Map(Y, [x/SL(n,K)]), and the maps
M — M’ = M above come from composition with the Artin stack morphisms [/ SL(n,K)] —
[*/ GL(n,K)] — [*/ PGL(n,K)] induced by the algebraic group morphisms SL(n,K) — GL(n,K) —
PGL(n, K).

We said above that at the classical level,we can regard M as a quotient [M'/[x/G,,]] by the
stacky algebraic group [x/G,,|. At the derived level, we can regard the (2 — m)-shifted symplectic
derived scheme (M, w) as a shifted symplectic quotient of the (2 — m)-shifted symplectic derived
stack (M, ') by [*/G,,], using the derived shifted symplectic quotient construction of Safronov
[151]. Taking the zero set of the moment map modifies M’ in degree 1 — m < 0, which is not
visible at the level of the classical truncations M, M’.

We have shown that the classical moduli scheme M can be enhanced to a derived moduli
scheme M with M = to(M), and M carries a (2 — m)-shifted symplectic structure w. Theorem
3.2.2 gives Zariski local models (Spec A4, w) for (M, w) in Darboux form, with M Zariski locally
modelled on Spec H(A). In the case m = 3, so that k = —1, we deduce [19, Cor. 5.19]:

Corollary 3.2.3. Suppose Y is a Calabi—Yau 3-fold over a field K, and M is a classical moduli
K-scheme of simple coherent sheaves on Y. Then for each [F] € M, there exist a smooth K-
scheme U with dimU = dim Ext!(F, F), a regular function f : U — A, and an isomorphism
from Crit(f) C U to a Zariski open neighbourhood of [F| in M.

Here dim U = dim Ext!(F, F) comes from A minimal at p and f(p) = [F] in Theorem 3.2.2.
As we will discuss in details in §7, related results are important in Donaldson—Thomas theory
[85,102,104]. When K = C and M is a moduli space of simple coherent sheaves on Y, using
gauge theory and transcendental complex methods, Joyce and Song [85, Th. 5.4] prove that the
underlying complex analytic space M®*" of M is locally of the form Crit(f) for U a complex
manifold and f : U — C a holomorphic function. Behrend and Getzler announced the analogue
of [85, Th. 5.4] for moduli of complexes in Db coh(Y"), but the proof has not yet appeared. Over
general K, as in Kontsevich and Soibelman [102, §3.3] the formal neighbourhood M[F] of M at

any [F] € M is isomorphic to the critical locus Crit(f) of a formal power series f on Ext!(F, F)
with only cubic and higher terms.
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In the case m = 4, so that kK = —2, from Example 5.16 in [19] we deduce in [19, Cor. 5.20] a
local description of Calabi—Yau 4-fold moduli schemes:

Corollary 3.2.4. Suppose Y is a Calabi—Yau 4-fold over a field K, and M is a classical moduli
K-scheme of simple coherent sheaves on Y. Then for each [F| € M, there exist a smooth K-
scheme U with dim U = dim Ext!(F, F), a vector bundle E — U with rank E = dim Ext?(F, F), a
nondegenerate quadratic form Q on E, a section s € H°(E) with Q(s,s) = 0, and an isomorphism
from s71(0) C U to a Zariski open neighbourhood of [F] in M.

If (S,w) is an algebraic symplectic manifold over K (that is, a 0-shifted symplectic derived K-
scheme in the language of [142]) and L, M C S are Lagrangians, then Pantev et al. [142, Th. 2.10]
show that the derived intersection X = L xg M has a —1-shifted symplectic structure. So
Theorem 3.2.2 imply [19, Cor. 5.21]:

Corollary 3.2.5. Suppose (S,w) is an algebraic symplectic manifold, and L, M are algebraic
Lagrangian submanifolds in S. Then the intersection X = LN M, as a classical K-subscheme of
S, is Zariski locally modelled on the critical locus Crit(f) of a reqular function f:U — Al on a
smooth K-scheme U.

We remark that in real or complex symplectic geometry, it is easy to prove analogues of
Corollary 3.2.5 using Darboux’ Theorem or the Lagrangian Neighbourhood Theorem. However,
these do not hold for algebraic symplectic manifolds, so it is not obvious how to prove Corollary
3.2.5 using classical techniques.

In [19, §5.7] we give an alternative point of view of Theorem 3.2.2 using a certain Hamiltonian
construction from the mathematical physics literature [27, §4]. We view the differential d on
A as being a cohomological vector field ), which is to say a square-zero, degree 1 derivation of
the algebra A. Using the symplectic form w, one defines Hamiltonian vector fields together with
a graded Poisson bracket, and shows that the cohomological vector field Q has a Hamiltonian
function H = k® satisfying the classical master equation {H, H} = 0, and that the action of @
on an element f € A is given by the Poisson bracket {H, f}. Here is [19, Def. 5.22]:

Definition 3.2.6. Let (4,d) be a standard form cdga. Recall that a 2-form w® : T4 — La[k] is
non-degenerate if it is a quasi-isomorphism. We say that a 2-form is strictly non-degenerate if it is
an isomorphism between the underlying graded modules of T4 and L 4[k] obtained by forgetting
the differentials. As in [19, Prop. 5.24], one can easily prove that given (A,d) a standard form
cdga minimal at p with non-degenerate 2-form w® : T4 — La[k] of degree k < 0, then w° is
strictly non-degenerate in a neighbourhood of p € Spec(AY).

Definition 3.2.7. Given a homogeneous element H € A, the associated Hamiltonian vector field
X is uniquely defined by the requirement that ¢y, w’ = dggH. Given homogeneous f,g € A,
define the Poisson bracket {f,g} = (—1)fI7*=1X;(g). See also [19, Def. 5.29].

The following lemma singles out the condition to impose on a Hamiltonian H to get a useful
cohomological vector field [19, Lem. 5.31]:

Lemma 3.2.8. Let A be a graded commutative algebra with (strictly) non-degenerate 2-form w®

of degree k < 0 together with the induced Poisson bracket {, } of degree —k. For a Hamiltonian
H € A of degree k + 1, the Hamiltonian vector field Xy gives a derivation of A of degree 1,
and for each f € A we have the identity Xy (f) = {H, f}. The vector field Xy is square-
zero (‘cohomological’) with non-trivial H°(A) if and only if H satisfies the classical master
equation: {H,H} = 0. Defining a differential d on A by df = Xg(f) = {H, f}, we have that
dw® = 0, so that w = (w°,0,0,...) gives a k-shifted symplectic form on the cdga (A,d).
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Next, [19, Def. 5.33 & Thm. 5.34]:

Definition 3.2.9. A standard form cdga (A, d) with k-shifted symplectic form w = (w?,0,...) is
said to be in Hamiltonian form if the 2-form w? is strictly non-degenerate and the differential d
on A is equal as a derivation to a Hamiltonian vector field Xz for some function H € A of degree
kE+1.

Theorem 3.2.10. A derived K-scheme X with symplectic form & of degree k < 0 is Zariski
locally of Hamiltonian form.

3.3 —1-shifted symplectic derived schemes and d-critical loci

Here we review [19, §6]. The following is [19, Thm. 6.6]:

Theorem 3.3.1. Suppose (X,®) is a —1-shifted symplectic derived K-scheme, and let X = to(X)
be the associated classical K-scheme of X. Then X extends uniquely to an algebraic d-critical
locus (X, s), with the property that whenever (Spec A,w) is a —1-shifted symplectic derived K-
scheme in Darboux form with Hamiltonian H € A(0), as in [19, Ex.s 5.8 & 5.15] and explained
in Definition 3.2.1, and f : Spec A — X is an equivalence in dSchg with a Zariski open derived
K-subscheme R C X with f*(®) ~ w, writing U = Spec A(0), R = to(R), f = to(f) so that
H :U — Al is reqular and f : Crit(H) — R is an isomorphism, for Crit(H) C U the classical
critical locus of H, then (R,U, H, f~') is a critical chart on (X, s).

The canonical bundle Kx s from Theorem 2.1.6 is naturally isomorphic to the determinant
line bundle det(Lx)|xrea of the cotangent complex Lx of X.

We can think of Theorem 3.3.1 as defining a truncation functor

F: {category of —1-shifted symplectic derived K-schemes (X ,w)} (3.3.1)
— {category of algebraic d-critical loci (X, s) over K}, o

where the morphisms f : (X,w) — (Y,w’) in the first line are (homotopy classes of) étale maps
f: X =Y with f*(&') ~ w, and the morphisms f : (X,s) — (Y,t) in the second line are étale
maps f: X — Y with f*(¢t) = s. In [87, Ex. 2.17] we give an example of —1-shifted symplectic
derived schemes (X,w), (Y ,w’), both global critical loci, such that X,Y are not equivalent as
derived K-schemes, but their truncations F'(X,w), F(Y,w’) are isomorphic as algebraic d-critical
loci. Thus, the functor F' in (3.3.1) is not full. We briefly recall proof of Theorem 3.3.1, which is
in [19, §6.3].

Proof. Let (X,®) be a —1-shifted symplectic derived K-scheme, and X = to(X). For the first
part of Theorem 3.3.1, we must construct a section s € H°(S%) such that (X, s) is a d-critical
locus, and if A,w, H, f, R,U, R, f are as in Theorem 3.3.1, then (R, U, H, f~!) is a critical chart
on (X, s). The condition that (R, U, H, f~!) is a critical chart determines s|z uniquely.

Theorem 3.2.2(i) implies that for any z € X, we can find such A,w, H, f,R,U, R, f with
x € R C X. So the condition in Theorem 3.3.1 determines s|g for Zariski open R C X in an open
cover of X. Thus s € H(SY) satisfying the conditions of the theorem is unique if it exists, and
it exists if and only if the prescribed values s|g, s|s agree on overlaps R NS between open sets
R,S C X. Sosuppose A,w,H, f,R,U,R, f and B,w,H,g,8,V, S, g are two choices above. Write
sg and sg for the sections of S% on R, S C X determined by the critical charts (R, U, H, f~')
and (S,V, H, g™ 1), so that by the theory of d-critical loci in §2

wru(sr) = ()N ) + Ihy,  wyiss) = (g7 ) (H) + I3y (3.3.2)
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We must show that sr|rns = ss|rns. Let © € RN S, so that z = f(p) = g(q) for unique
p € CritH C U and q € Crit(H) C V. Then using the method of Theorem 3.1.3 constructs
a standard form cdga C' minimal at » € Spec H(C), and Zariski open inclusions o : A — C,
B : B — C with foSpeca ~ g o Spec 3, such that the smooth K-scheme W = Spec C(0) and
K-scheme morphisms a = Speca(0) : W — U, b = Spec 5(0) : W — V satisfy by [19, eq. 5.37]

a*(H)—b*(H) € (dC )= (a*(darH))?* = (b*(dar H))* C C(0). (3.3.3)

Write Z = Spec H°(C'), regarded as a closed K-subscheme of W = Spec C(0). Then f oa|y =
goblz : Z — X is an isomorphism with a Zariski open K-subscheme T'C RNS C X with x € T
Define sy € H°(S%|r) by

i (sr) = ((foalz) ™) "M@ (H)) + Iy = (g0 bl2) ™)~ (0" (H)) + Iy, (3.3.4)

using the notation of §2.1 for the embedding (foa|z)™! = (gob|z)™! : T < W of T in the smooth
K-scheme W, where the two expressions on the right hand side of (3.3.4) are equal by (3.3.3),
since Itw = ((foalz)™') 1 ((a*(darH))) = ((go blz) ™) 1 ((b*(dgrH))). We now have
vrw (srlr) = ((foalz) ™) " ag) o trulr(srlr) = ((foalz) ™) Hag) o () H) + Tay) |,
= ((foalz) ™) " (a*(H)) + Iz w = trw(s7),

using (2.1.1) with T, W, (foalz)~', R, U, f~,a in place of R, U, i, S, V, j, ® in the first step, (3.3.2)
in the second, and (3.3.4) in the fourth. Hence sg|r = sr, as ¢y is injective in §2.1. Similarly
ss|lr = st, so sg|r = sg|r. As we can cover RN .S by such open € T C RN S, this implies that
Srlrns = ss|rns, and the first part of Theorem 3.3.1 follows.

For the second part of the theorem, let A,w, H, f, R,U, R, f be as in Theorem 3.3.1, so that
(R,U, H, f~') is a critical chart on (X,s), and write Y = Spec H%(A) C U, so that f:Y — R is
an isomorphism. Then (2.1.4) gives a natural isomorphism

1% 2
[’R,U,H,f_l ZKX,s’Rred — (f 1) (ng) )|Rred- (335)

Also Ly : f*(Lx) — Ly ~ Q) is a quasi-isomorphism as f is a Zariski open inclusion. Hence
det(Lyg)|yrea : f*(det(Lx)|grea) — det(Q})|yrea is an isomorphism, so pulling back by f~!|zrea
gives an isomorphism

(f_l ‘Rred )* (det(Lf) ‘Yred) : det(]Lx) |Rred — (f_l ‘Rred)* (det(Qh) ’Yred) . (336)
Now by the theory of obstruction theories as in [5], we have a natural isomorphism

82H|yrcd

Qh’yred = [TU|Yred T*U|Yredj|,

with TU|yrea in degree —1 and T*U|yrea in degree 0. Thus we have a natural isomorphism
det(2Y)yrea = K2 |yrea. (3.3.7)
Combining (8.3.1)—(3.3.7) gives a natural isomorphism
Kx 5| grea — det(Lx)|pred, (3.3.8)

for each critical chart (R, U, H, f~!) constructed from A, w, H, f, R as above. Combining Theorem
3.1.3 on comparing the charts (R, U, H, f~!) with Definition 4.3.2 defining the isomorphism Jg in
(2.1.9), one can show that the canonical isomorphisms (3.3.8) on R*d, §™¢ from two such charts
(R,U,H, f~1) and (S,V, H, g~ ') are equal on the overlap (RN S)"4. Therefore the isomorphisms
(3.3.8) glue to give a global canonical isomorphism Kx s = det(Lx)|xra. This completes the
proof of Theorem 3.3.1. O
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Suppose Y is a Calabi—Yau 3-fold over K and M a classical moduli K-scheme of simple coherent
sheaves in coh(Y'). Then Thomas [167] defined a natural perfect obstruction theory ¢ : £* — Ly
on M in the sense of Behrend and Fantechi [6], and Behrend [5] showed that ¢ : £* — Ly can
be made into a symmetric obstruction theory. Now in derived algebraic geometry M = to(M)
for M the corresponding derived moduli K-scheme, and the obstruction theory ¢ : £* — Ly
from [70,167] is Ly, : Lag|amr — Lag. As previously discussed, we can deduce from Pantev et
al. [142, §2.1] that M has a —1-shifted symplectic structure w, and the symmetric structure on
¢: E* — L from [5] is w®|yq. So as for Corollary 3.2.3, Theorem 3.3.1 implies [19, Cor. 6.7]:

Corollary 3.3.2. Suppose Y 1is a Calabi—Yau 3-fold over K, and M is a classical moduli K-
scheme of simple coherent sheaves in coh(Y') with perfect obstruction theory ¢ : E* — Laq as in
Thomas [167]. Then M extends naturally to an algebraic d-critical locus (M, s). The canonical
bundle Ky, from Theorem 2.1.6 is naturally isomorphic to det(E®)|  qred.

If (S, w) is an algebraic symplectic manifold over K and L, M C S are Lagrangians, then Pantev
et al. [142, Th. 2.10] show that the derived intersection X = L xg M has a —1-shifted symplectic
structure. If X = ¢o(X) then Lx|x ~ [T*S|x — T*L|x & T*M|x] with T*S|x in degree —1 and
T*L|x @ T*M|x in degree zero. Hence det(Lx|x) = KS\)_(I @ Kr|lx @ Kpylx =2 Krplx @ Kulx,
since Kg = Og. So as for Corollary 3.2.5, Theorem 3.3.1 implies [19, Cor. 6.8]:

Corollary 3.3.3. Suppose (S,w) is an algebraic symplectic manifold over K, and L, M are al-
gebraic Lagrangians in S. Then the intersection X = L N M, as a K-subscheme of S, extends
naturally to an algebraic d-critical locus (X, s). The canonical bundle Kx s from Theorem 2.1.6
is isomorphic to Kp|yrea @ K| yred.

The author [23, §3] proves a complex analytic analogue of Corollary 3.3.3, explained in §8.
In §4 and §5, we will use these results explaining how these ideas turn out to be crucial in the
program of the author and her collaborators in [18] and [25].



Chapter 4

Symmetries and stabilization for
sheaves of vanishing cycles

This chapter is based on [18], in which we study sheaves of vanishing cycles introduced in §1.3.
In general, we will not go into details and proofs of results, for which we refer to [18].

4.1 Action of symmetries on vanishing cycles

We recall [18, Def. 2.14], which basically introduces some notation for pullbacks of PV& 4 by étale
morphisms. We use notation from §1.3.

Definition 4.1.1. Let U, V be smooth C-schemes, ® : U — V an étale morphism, and g : V — C
a regular function. Write f = go® : U — C, and X = Crit(f), Y = Crit(g) as C-subschemes of
U, V. Then ®|x : X — Y is étale. Define an isomorphism

PVs : PV — ®|%(PVY,) in Perv(X) (4.1.1)
by the commutative diagram for each ¢ € f(X) C ¢g(Y):
PV slx. =87 (Avldim U])|x, — ¢}, o @*(Ay[dim V]))|x,

|Pvalx. 8 (4.1.2)
¢|j§(c (PV{/vg) (I)El ° Z*C ° (AV [dlm V])) ’Xc'

U=V, f=gand ®=idy then PViq, = idpy;] ; and the isomorphisms PVg are functorial.
We recall [18, Thm. 3.1, Cor. 3.2]. Proof of them can be found in [18, §3.1-3.2].

Theorem 4.1.2. Let U,V be smooth C-schemes, ®, W : U — V étale morphisms, and f: U — C,
g : V. — C regular functions with go ® = f = go W. Write X = Crit(f) and Y = Crit(g) as
C-subschemes of U,V, so that ®|x,¥|x : X — Y are étale morphisms. Suppose ®|x = ¥|x.
Then:

(a) As ©,V are étale, d® : TU — ®*(TV), dV : TU — U*(TV) are isomorphisms of vector
bundles. Restricting to the reduced C-subscheme X' of X, and using ®|yrea = U|yred
as ®|x = Y|y, gives isomorphisms d®|yred,d¥|xrea : TU|xrea — P[%1a(TV), and thus

d\I'];ed 0 d®|xrea : TU|xrea — TU|xrea. Hence det(d@&}ed 0 d®|xrea) : X4 — C\ {0} is

a reqular function. Then det (d\Il\;ed o d<I>|Xred) is a locally constant map X4 — {1} C

C\ {0}.
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(b) Definition 4.1.1 defines isomorphisms PVe, PVy : PVi, — @\}(PV{@) in Perv(X).
These are related by
PVo = det(d¥| 1.4 0 dP|xrea) - PV, (4.1.3)

regarding det (d\I/|;edl od<I’|Xred) : X — {£1} as a locally constant map of topological spaces,
where X, X" have the same topological space.

The analogues of these results also hold for Z-modules and mired Hodge modules on C-
schemes, for l-adic perverse sheaves and Z-modules on K-schemes, and (with ®, ¥ local biholo-
morphisms and f, g analytic functions) for perverse sheaves, Z-modules and mized Hodge modules
on complex analytic spaces.

By taking U =V, f = g, ® an isomorphism and ¥ = id;;, we deduce a result on the action of
symmetries on perverse sheaves of vanishing cycles:

Corollary 4.1.3. Let U be a smooth C-scheme, ® : U — U an isomorphism, and f : U — C
be reqular with f o ® = f. Write X = Crit(f) as a C-subscheme of U and X*% for its reduced
C-subscheme, and suppose ®|x = idx. Then det(d®|yrea : TU|xrea — TU|xrea) is a locally

constant map X" — {£1}, and PVs : PV iPV&f in Perv(X) from Definition 4.1.1 is
multiplication by det(d®|yrea) = £1.

Here is a crucial example following [18, Ex.s 2.13, 2.15, 3.3].

Example 4.1.4. Define f : C* — Cby f(z1,...,2n) = 23+ -+22 for n > 1. Then Crit(f) = {0},
S0 PV%n,Z%_“ﬁ% = (j)?(A(cn [n])[f0y is a perverse sheaf on the point {0}. Following Dimca [34,
Prop. 4.2.2, Ex. 4.2.3 & Ex. 4.2.6], we find that there is a canonical isomorphism

PVen 2z = H" N (MFf(0); A) ®4 Agoy, (4.1.4)
where MFy(0) is the Milnor fibre of f at 0, as in [34, p. 103]. Since f(2) = 22 + -+ + 22 is
homogeneous, we see that

MFEp(0) = {(21,...,20) €C": flz1,...,2y) = 1} X TS,
so that H" ™' (MFy(0); A) = H" ' (8"'; A) = A. Therefore we have

'PV(Z:H,Z%_FW_FZ% = A{o}- (4.1.5)

This isomorphism (4.1.5) is natural up to sign (unless the base ring A has characteristic 2, in

which case (4.1.5) is natural), as it depends on the choice of isomorphism H" 1(S"~! A) = A,

which corresponds to an orientation for S?~!. This uncertainty of signs will be important in §4.3.

We can also use Milnor fibres to compute the monodromy operator on PV(.C",Z% a2 There

is a monodromy map py : MF¢(0) — MF¢(0), natural up to isotopy, which is the monodromy in

the Milnor fibration of f at 0. Under the identification M F;(0) = T*S™~! we may take p1r to be

the map d(—1) : T*S" ! — T*S"! induced by —1: 8"~ ! — S"~! mapping —1: (z1,...,2,)

(—1,...,—xy). This multiplies orientations on 8" ! by (—1)". Thus, pp. : H" (8" 4) —
H™1(8""1 A) multiplies by (—1)".

By [34, Prop. 4.2.2], equation (4.1.4) identifies the action of the monodromy operator Mc» ¢|(o}

on PV&R7Z%+...+Z% with the action of yz, on H" (8" A). So Mcn ¢l is multiplication by

(—1)". Combining this with the sign change (—1)3™U in [18, §2.4] for U = C" shows that the
twisted monodromy is

c 1. ° .
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Equations (4.1.5)—(4.1.6) also hold for n = 0, 1, though (4.1.4) does not.

In Definition 4.1.1, set U = V = C™ and f(21,...,2n) = g(21,---,2n) = 22 + -+ + 22, 50
that X =Y = {0} ¢ C". Let M € O(n,C) be an orthogonal matrix, so that M : C"* — C" is
an isomorphism with f = go M and M|y = id{gy. As M|y = idy, Definition 4.1.1 defines an
isomorphism

Equation (4.1.4) describes PV(E",z%+---+z% in terms of MFy(0) & T*S""!. Now Mlpry(0) ¢

MFy(0) — MF¢(0) multiplies orientations on S"~! by det M, so
(M|arp, (o))« H' 1 (MFp(0); A) — H" 1 (MFy(0); A)

is multiplication by det M. Thus (4.1.4) implies that PV, in (4.1.7) is multiplication by det M =
+1. Let @, ¥ € O(n,C) be orthogonal matrices, so that det ®,det ¥ € {£1} and ®, ¥ : C" — C"
are isomorphisms with f = go® = go ® and ®|py = ¥|sp) = id{o}. In Theorem 4.1.2(a) we have
d¥| 1w 0 d®|xrea = U710 @ : C" — C, so that det(d¥| 1. 0 d®|xrea) = det U1 det & = +1.
For Theorem 4.1.2(b), we get that PV, PVy : Aoy — Aqoy are multiplication by det ®,det ¥,
50 PVg = (det U~1det ®) - PVy, as in (4.1.3).

4.2 Dependence of PVj;; on f

Here we present an independent result obtained in [18], but not necessary for the rest of the paper.
We will use the following notation from [18, §4].

Definition 4.2.1. Let U be a smooth C-scheme, f : U — C a regular function, and X = Crit(f)
as a closed C-subscheme of U. Write Ix C Oy for the sheaf of ideals of regular functions U — C
vanishing on X, so that I'x = Iys. For each k = 1,2,..., write X&) for the k™ order thickening
of X in U, that is, X®) is the closed C-subscheme of U defined by the vanishing of the sheaf
of ideals I f( in Op. Also write X™9 for the reduced C-subscheme of U, and X () or U for the
formal completion of U along X. Then we have a chain of inclusions of closed C-subschemes of U

xedocx=xWcx@PcxB®c...cx>®=pcuy, (4.2.1)

although technically X(>) = U/ is not a scheme, but a formal scheme. Write f*) = f |xt) -
X® - C, and frd ;= flxrea : X 5 C, and f or f := flg : U — C, so that fk) pred
are regular functions on the C-schemes X *), Xred and (o) = f a formal function on the formal
C-scheme X () = . Note that fred . Xred s C is locally constant, since X = Crit(f). We also

use the same notation for complex analytic spaces and K-schemes.

Now we can ask: how much of the sequence (4.2.1) does PV'U7 7 depend on? That is, is PVZ], ¥
(canonically?) determined by (X*ed, fred) or by (X®) f*)) for some k = 1,2,..., or by (U, f),
as well as by (U, f)? The next theorem [18, Thm. 4.2] shows that PV}, ; is determined up to
canonical isomorphism by (X®), £3)) and hence a fortiori also by (X®), f®)) for k > 3 and
by (U, f):

Theorem 4.2.2. Let U,V be smooth C-schemes, f : U — C, g : V — C be regqular functions,
and X = Crit(f), Y = Crit(g) as closed C-subschemes of U,V, so that we have perverse sheaves
PV g PV, on X, Y. Define XG) £ and YO ¢B) as in Definition 4.2.1, and suppose ® :
XG) - ¥vO s an isomorphism with ¢ o ® = &) so that Ply : X - Y C Y®) s an
isomorphism. Then there is a canonical isomorphism in Perv(X)

Qg : PVY ; — O[5 (PVY,), (4.2.2)
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which is characterized by the property that if T is a smooth C-scheme and w7y : T — U, wy : T —
V' are étale morphisms with e :== fony =gonmy : T = C, so that mylg: Q = X, nv|g: Q =Y
are étale for Q := Crit(e), and ® o my|ge@) = mvlge : Q@ S5 Y@ then

T015(Q) 0 PVry = PVry : PV, — mv|5(PV] ). (4.2.3)

Also the following commute, where oy f,0v,g,Tu,f,Tv,g are as in §1.5.1:

PV o Dx(PVy,f)
|2 o i Dx (%)} (4.2.4)
O[5 (PVV,g) =" @[5 (Dy (PV},)) —Dx (®[% (PVY,,)).
PV, o PV s
iQ‘I’ o Qq,i/ (4.2.5)
% (PVy,) = D% (PVy,)-

If there exists an étale morphism = : U — V with go=Z = f:U — C and E|y) = P : XG)
Y®) then Qp = PVz, for PV= as in (4.1.1).

If W is another smooth C-scheme, h: W — C is reqular, Z = Crit(h), and V¥ : y® - z26)
is an isomorphism with h®®) o ¥ = ¢®) then

Quos = X (Qu) 0 Qg : PV — (Vo @)% (PVyy 1) (4.2.6)

If U=V, f=g, X=Y and ® =idyes) then Qidx(3> = idpv-w.

The analogues of all the above also hold with appropriate modifications for Z-modules on
C-schemes, for perverse sheaves and Z-modules on complex analytic spaces, for l-adic perverse
sheaves and Z-modules on K-schemes, and for mized Hodge modules on C-schemes and complex
analytic spaces.

See [18, Rem. 4.5] for a discussion about it, and [18, §4.1-4.3] for the proof.

4.3 Stabilizing perverse sheaves of vanishing cycles

To set up notation for Theorem 4.3.4 below, we need the following theorem, which is proved in
Joyce [87, Prop.s 2.22, 2.23 & 2.25]. There, it is stated in terms of critical charts as in §2, but
here we just need a simplified version.

Theorem 4.3.1 (Joyce [87]). Let U,V be smooth C-schemes, f: U — C, g: V — C be regular,
and X = Crit(f), Y = Crit(g) as C-subschemes of U, V. Let ® : U — V be a closed embedding
of C-schemes with f = go ® : U — C, and suppose ®|x : X — V DY is an isomorphism
O|x: X =Y. Then:

(i) For each x € X C U there exist smooth C-schemes U', V', a point «’ € U' and morphisms
LU = U 3.V -V, .U -V, a:V -Uand :V' — C" where n = dimV — dim U,
such that o(z') = x, and 1,7 and a x f : 'V — U x C" are étale, and the following diagram
commutes

U ; U’ ; U
i@ ) i;p' " UidUz)i (4.3.1)
x C",

o+ 220 B : V' — C. Thus, setting f' .= for:U — C, ¢ =

and goj = foa+ (22 +-
rit(f) C U’, and Y’ := Crit(¢') C V', then f' = ¢ 0o ® : U — C,

V
goyg: V' = C, X' :=C
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and ¥'|x : X' =Y ix X' = X, gy Y =Y, aly : Y — X are étale. We also require
that ® o Oé’y/ = j|y/ Y —»Y.

(ii) Write Nyy for the normal bundle of ®(U) in V, regarded as an algebraic vector bundle on U
in the exact sequence of vector bundles on U :

0—TU —92 — ox(1U) —Y ~ N, —0. (4.3.2)

Then there exists a unique gy € H°(S?N},|x) which is a nondegenerate quadratic form on
Nyv|x, such that whenever U, V' 1,9, ®" B,n, X" are as in (i), writing (dz1,...,dz,)ys for the
trivial vector bundle on U’ with basis dz1, ..., dz,, there is a natural isomorphism B s (dzy, .. dzp)yr —
L*(N}) making the following diagram commute:

(N 5o @*(T*V) = @™ 0 y*(T*V)

AL (IO )

g &'* (dB* @’*(d]*)\L (433)
(dz1, ..., den)or = B 0 (T CY) W5 gy,

and i (quv) = (S28)|xr(dzr @ dzy + -+ - + dz, @ dzy). (4.3.4)

(iii) Now suppose W is another smooth C-scheme, h : W — C is regular, Z = Crit(h) as a
C-subscheme of W, and ¥ :V <— W is a closed embedding of C-schemes with g=hoW :V — C
and Uy :' Y — Z an isomorphism. Define Nyw,quw and Nyw,quw using ¥ : V. — W and
Vod:U — W as in (i) above. Then there are unique morphisms ~yyvw,duyvw which make the
following diagram of vector bundles on U commute, with straight lines exact:

0 0
\ /TU -
*(TV) d(Wod)
Hyy \cp* (dD)
0 T /
0~ Nyy T (Vo ®)*(TW) (4.3.5)
'VUVW BREI AUW O* (Iy 1)
Nyw .
/ RS y
0 O*(Nyw)
< >0
Restricting to X gives an exact sequence of vector bundles:
é
0— Nyv|x Tovlx Nuwl|x ovwlx (I)B((NVW) —0. (4.3.6)
Then there is a natural isomorphism of vector bundles on X

compatible with the exact sequence (4.3.6), which identifies

qow = quv ® D% (qvw) B0 under the splitting

Uwlx — uvix X VWY)@( UV‘X® |X( VW))'

(iv) Parts (1)—(iii) also hold for K-schemes over an algebraically closed field K with char K # 2,
rather than C-schemes.
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(v) Analogues of (i)—(iii) hold for complex analytic spaces, replacing the smooth C-schemes
UV, W by complex manifolds, the reqular functions f,g,h by holomorphic functions, the C-
schemes X,Y,Z by complex analytic spaces, the étale open sets v : U — U, 7 : V! = V by
complex analytic open sets U' C U, V' CV, and with a x 3 : V' — U x C" a biholomorphism with
a complex analytic open neighbourhood of (x,0) in U x C™.

Following [87, Def.s 2.26 & 2.34], we define:

Definition 4.3.2. Let U,V be smooth C-schemes, f : U — C, g : V — C be regular, and
X = Crit(f), Y = Crit(g) as C-subschemes of U, V. Suppose ® : U — V is a closed embedding
of C-schemes with f = go® : U — C and ®|x : X — Y an isomorphism. Then Theorem 4.3.1(ii)
defines the normal bundle Ny of U in V, a vector bundle on U of rank n = dimV — dim U, and
a nondegenerate quadratic form gy € HY(S2N;,,|x). Taking top exterior powers in the dual of
(4.3.2) gives an isomorphism of line bundles on U

pov t Ky @ A"N¥, =5 @*(Ky),

where Ky, Ky are the canonical bundles of U, V. Write X™9 for the reduced C-subscheme of
X. As quy is a nondegenerate quadratic form on Ny |x, its determinant det(qyy ) is a nonzero
section of (A"N;W)@Q. Define an isomorphism of line bundles on X"

rea — O ea (K). (4.3.9)

2 . 2
Jq; = p?v o (ldK%Ixred & det(qu)|Xred) . Kg)

Since principal Z/2Z-bundles 7 : P — X in the sense of Definition 1.3.7 are an (étale or
complex analytic) topological notion, and X4 and X have the same topological space (even in
the étale or complex analytic topology), principal Z/2Z-bundles on X red and on X are equivalent.
Define g : Pp — X to be the principal Z/2Z-bundle which parametrizes square roots of Jp on
Xred | That is, (étale or complex analytic) local sections s, : X — Pp of Pp correspond to local
isomorphisms o : Kp| xrea = ®[}rea (Kv) on X™ with a ® o = Jg.

Now suppose W is another smooth C-scheme, h : W — C is regular, Z = Crit(h) as a C-
subscheme of W, and ¥ : V — W is a closed embedding of C-schemes with g =hoW¥ :V — C
and Uly : Y — Z an isomorphism. Then Theorem 4.3.1(iii) applies, and from (4.3.7)—(4.3.8) we
can deduce that

J\Iqu) = ¢|§(T‘3d(']\11) © Jq:' : K§2 Xred i (\II o (P)’}red (K‘%Q) = ¢|i;(red [\IJK/red (K%2)] . (4310)

For the principal Z/2Z-bundles 7¢ : Pp — X, my : Py = Y, myoa : Pyos — X, equation (4.3.10)
implies that there is a canonical isomorphism

o

E\y@ : Pq;ocp — (I)B((Pq;) ®Z/ZZ P@. (4.3.11)

It is also easy to see that these Sy ¢ have an associativity property under triple compositions,
that is, given another smooth C-scheme T, regular e : T'— C with @ := Crit(e), and Y : T — U
a closed embedding with e = fo Y : T — C and Y|g : @ — X an isomorphism, then

(id(qmr)\a(m) ® Z3,1) © Zu,a0r = (Y[H(Ew,0) ®idp,) 0 Egos,y :

) ) (4.3.12)
Pyogor — (P 0 T)[5(Py) ®z/22 T|)(Pa) ®z/2z Pr

Analogues of all the above also work for K-schemes over an algebraically closed field K with
char K # 2, as in Theorem 4.3.1(iv), and for complex manifolds and complex analytic spaces, as
in Theorem 4.3.1(v).
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The reason for restricting to X 4 above is the following [87, Prop. 2.27], whose proof uses the
fact that X4 is reduced in an essential way.

Lemma 4.3.3. In Definition 4.3.2, the isomorphism Jg in (4.3.9) and the principal Z/27Z-bundle
7o : Pp — X depend only on U,V,X,Y, f,g and ®|x : X — Y. That is, they do not depend on
®:U — V apart from ®|x : X =Y.

Using the notation of Definition 4.3.2, we can state [18, Thm. 5.4].

Theorem 4.3.4. (a) Let U,V be smooth C-schemes, f : U — C, g : V. — C be regular, and
X = Crit(f), Y = Crit(g) as C-subschemes of U, V. Let ® : U < V be a closed embedding
of C-schemes with f = go® : U — C, and suppose ®|x : X — V DY is an isomorphism
®|x : X = Y. Then there is a natural isomorphism of perverse sheaves on X :

Og : PV.U,f — Dy ('PV;/yg) ®z/27 Py, (4.3.13)

where PV’UJ, PV{@ are the perverse sheaves of vanishing cycles from §1.3.1, and Pg the principal
Z./2Z-bundle from Definition 4.3.2, and if Q° is a perverse sheaf on X then Q° ®z97 Pe is as in
Definition 1.3.7. Also the following diagrams commute, where oy f,0v,q,Tu,f, Tv,g are as in §1.3.1

PVi.s oo D% (PVY,,) ©z/22 Po — <I>|§(.(DY(7’V{/79)) ®z/22 P
\LUU,f Pl (ov,g)®id | (4.3.14)
b D (9 * °
Dy (PV} ) ) Dy (@[ (PVY,) /22 Ps).

PVi.s o D% (PVY,,) @22z Po
|ros @3 (rv.g)®id | (4.3.15)
° © * °

PV, s - % (PVY,) ©z/2z Pa.

If U=V, f=g, ®=idy then me : Ps — X is trivial, and Og corresponds to idp];z]‘f under
the natural isomorphism idx (PVY; ¢) ®@z/2z Po = PV 5.
(b) The isomorphism Og in (4.3.13) depends only on U,V, X,Y, f,g and ®|x : X — Y. That is,
if ®:U — V is an alternative choice for ® with Dy = i)|X : X — Y, then O = O§, noting
that Py = Pg by Lemma 4.3.3.
(c) Now suppose W is another smooth C-scheme, h : W — C is reqular, Z = Crit(h), and VU :
V — W is a closed embedding with g =hoWV :V — C and V|y : Y — Z an isomorphism. Then
Definition 4.3.2 defines principal 7./2Z-bundles m¢ : Pp — X, my : Py — Y, Tyos : Pyos — X
and an isomorphism Zg ¢ in (4.3.11), and part (a) defines isomorphisms of perverse sheaves
03,0y on X and Oy onY. Then the following commutes in Perv(X):

Vs (W0 @)% (PViys) @z/2z Puos

ie@ _ i8Sy 0 | (4.3.16)
. ®[% (Oy)id .
@’} (PVMQ) ®Z/QZP<I> > @’;(O\IJ‘;(,PVVVJL) ®Z/QZ(I)‘§((P\I’)®Z/QZP<D'

Oyosp

(d) The analogues of (a)—(c) also hold for Z-modules on C-schemes, for perverse sheaves and
P -modules on complex analytic spaces, for l-adic perverse sheaves and Z-modules on K-schemes,
and for mized Hodge modules on C-schemes and complex analytic spaces.

Theorem 4.3.4 has a long proof in [18, §5], which uses crucially material in §4.1 on the action
of symmetries on vanishing cycles.
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4.4 Perverse sheaves on oriented d-critical loci
We state [18, Thm. 6.9]. It is proved in [18, §6.3]. We decided to do not repeat the proof here,
as we use a similar technique in §8.

Theorem 4.4.1. Let (X,s) be an oriented algebraic d-critical locus over C, with orientation

K)l(/i Then for any well-behaved base ring A, such as Z,Q or C, there exists a perverse sheaf
P)’(y s in Perv(X) over A, which is natural up to canonical isomorphism, and Verdier duality and
momnodromy isomorphisms

Yx,s: Py, — Dx(P%,), Tx,s: Py, — P%.,, (4.4.1)
which are characterized by the following properties:
(1) If (R,U, f,i) is a critical chart on (X, s), there is a natural isomorphism
wrUfi 0 Pxolr — 1" (PVY ) @222 Qru s, (4.4.2)

where TRy fi : Qru,ti — R is the principal 7/27-bundle parametrizing local isomorphisms

o K)l(/i — i*(Ky)|grea with @ ® & = try 14, for trusi as in (2.1.4). Furthermore the
following commute in Perv(R):

P slr *(PVEs) @222 QRrU.f.i

WR,U, f,i

i* (UU,f)®idQR,U7 £
Bx.slr | (4.4.3)

Dr(wru,fi) & (DCrlt(f) (PVUf)) ®z/2z QRuU.fi

Dg (P).(,S|R) ~Dp (z* PVUf D20z QR fi )
P lr PETNTNE *(PVYs) @222 Qru, 1

Txslr i*(Tu,£)®dQp 1 4 4 (4.4.4)
P lr ROt *(PVY,y) @222 QR 13-

(i) Let @: (R, U, f,i) — (S,V,g,7) be an embedding of critical charts on (X,s). Then there is
a natural isomorphism of principal Z./27-bundles
As : Qsvgjlr — 1" (Ps) ®z/22 Qru,fi (4.4.5)
on R, for Py as in Definition 4.3.2, defined as follows: local isomorphisms
(67 KXS|Rred — Z (KU)‘Rred, B KX ’Rred — j (Kv)’Rred, ’Y : i*(KU)‘Rred — j*(KV)‘Rred

with a@a = try,fi, BRB = s v,gjlpreas YOF = i[jrea(Ja) correspond to local sections sy :
R — Qruyti, 58 R—= Qsyvg,jlr, sy : R = i"(Po). Equation (2.1.9) shows that B = yoa« is
a possible solution for B8, and we define Ag in (8.2.7) such that Ae(sp) = sy ®z/27 Sa if and
only if B =~oa. Then the following diagram commutes in Perv(R), for ©¢ as in (4.3.13):

P% IR i*(PVY;) ©z22 QrU

WR,U,f,i

ws,V,g,51R *(Oe)®idqp 1 4,

(4.4.6)

id ; *(’PV' )®Aq>
(PVVQ) |r ®z,/22 Qs, Vg,j|R — (‘I)*(vag) Kz /27 P<I>) ®z/22 QRU. f,i-
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The analogues of all the above also hold for Z-modules on oriented algebraic d-critical loci
over C, for perverse sheaves and Z-modules on oriented complex analytic d-critical loci, for I-
adic perverse sheaves and Z-modules on oriented algebraic d-critical loci over K, and for mized
Hodge modules on oriented algebraic d-critical loci over C and oriented complex analytic d-critical
loci.

From Theorem 3.3.1 and Corollaries 3.3.2 and 3.3.3 we deduce [18, Cor.s 6.10, 6.11 & 6.12]:

Corollary 4.4.2. Let (X,w) be a —1-shifted symplectic derived scheme over C in the sense of
Pantev et al. [142], and X = to(X) the associated classical C-scheme. Suppose we are given a
square Toot det(ILX)&/2 for det(Lx)|x. Then we may define Pk ,, € Perv(X), uniquely up to
canonical isomorphism, and isomorphisms X x , : P)'(,w — ]D)X(P)’(’w), Tx: P)'(,w — P).(,w’ The
same applies for P-modules and mized Hodge modules on X, and for l-adic perverse sheaves and
P-modules on X if X is over K with char K = 0.

Corollary 4.4.3. Let Y be a Calabi—Yau 3-fold over C, and M a classical moduli K-scheme of
simple coherent sheaves in coh(Y') with natural (symmetric) obstruction theory ¢ : €% — L as
in Behrend [5], Thomas [167]. Suppose we are given a square root det(E£*)'/? for det(E®). Then
we may define Py, € Perv(M), uniquely up to canonical isomorphism, and isomorphisms ¥ :
Py = Dpm(Pry), Tag o Pry — Pry. The same applies for P-modules and mized Hodge modules
on M, and for l-adic perverse sheaves and Z-modules on M if Y, M are over K with char K = 0.

Corollary 4.4.4. Let (S,w) be a complex symplectic manifold and L, M complex Lagrangian
submanifolds in S, and write X = LN M, as a complex analytic subspace of S. Suppose we are
given square 1oots Ki/Q,K}Vf for Ki, Ky Then we may define P, € Perv(X), uniquely up
to canonical isomorphism, and isomorphisms Xy PP — Dy (PE M), Trvm : PLay — PrLog-
The same applies for -modules and mixed Hodge modules on X. 7 ’

We will go back in details to Donaldson—Thomas theory and Lagrangian intersections respec-
tively in §7 and §8.



Chapter 5

On motivic vanishing cycles of
critical loci

This chapter is based on [25], in which we study motivic vanishing cycles introduced in §1.4. We
keep the same notation as in §1.4. In general, we will not go into details and proofs of results, for
which we refer to [25].

5.1 Dependence of MF{}’I?”Z) on f

As done in §4.2, we can ask: how much of the sequence X C X = X(1) c x® c x® C ... C

X(®) = I C U of closed K-subschemes of U, does M Fy mOt’¢ depend on? That is, is M Flr}rl ;t #
determined by (X*d, fred) or by (X®), f*) for some k = 1,2,..., or by (U, f), as well as by
(U, £)? In [25, Thm. 3.1] we show that MFmOt ? is determined by (X(3) £®)), and hence a fortiori

also by (X% f*)) for k > 3 and by (U, f). Again, this is not necessary for the sequel, but we
include it for completeness and because we think it can be useful for other applications.

Theorem 5.1.1. Let U,V be smooth K-schemes, f: U — A', g: V — Al be reqular functions,
and X = Crit(f), Y = Crit(g) as closed K-subschemes of U,V, so that the motivic vanishing
cycles MFmOt 9 MFmOt @ are defined on X,Y. Define X®), f®) and Y@ ¢B) as in Definition
4.2.1, and suppose P : X(?’) — YO s an isomorphism with g(3) od = f(3), so that ®|x : X —
Y CY® s an isomorphism. Then

MFS,I;W — @\}(MFSE“% in Mg( and ./W’)‘( (5.1.1)

Remark 5.1.2. We can define motivic vanishing cycles M Fp' f %9 for a class of formal functions
f on formal schemes U using Theorem 5.1.1. Let U be a smooth K-scheme, X C U a closed
K-subscheme, and U the formal completion of U along X. Suppose f : U — A' is a formal
function with Crit(f) = X C U. Then there is a unique MFm(}t¢ in M’;( or M“ with the
property that if U’ C U is Zariski open with X' = X NU’ and g : U’ — Al is regular with
g9+ I3 = flor + I} in HO(Oy/I3,) then MFFS?|xr = MFp|x,. Theorem 5.1.1 shows that
MF[I}}Otv‘f’ x is independent of the choice of g with g 4+ I3, = fl|gr + I3, so MFm?ct¢ is well-
deﬁned Motivic Milnor fibres for formal functions were also defined by Nicaise and Sebag [135]
in the context of formal geometry.

In [25, Ex. 3.4], we show that Theorem 5.1.1 with X3, Y®) 2 4 in place of X3, Y,
@ ¢ is false, so we cannot do better than (X(3), f)) in Theorem 5.1.1.
Taking U =V, X =Y and ® =idy@) we get an obvious corollary of Theorem 5.1.1:
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Theorem 5.1.3. Let U be a smooth K-scheme and f,g : U — Al regular functions. Suppose
X := Crit(f) = Crit(g) and f® = ¢®, that is, f + I3 = g+ I3 in H(Oy/I%), where Ix C Oy
is the ideal of reqular functions vanishing on X. Then MF{,H?’¢ = MFglgOt’(i) in MY and M.

5.2 Stabilizing motivic vanishing cycles

To set up notation for Theorem 5.2.2 below, we need the following theorem, which is proved in
Joyce [87, Prop.s 2.24 & 2.25(¢c)].

Theorem 5.2.1 (Joyce [87]). Let U,V be smooth K-schemes, f : U — A, g: V — Al be regular,
and X = Crit(f), Y = Crit(g) as K-subschemes of U, V. Let ® : U < V be a closed embedding
of K-schemes with f = go® : U — A', and suppose ®|x : X — V DY is an isomorphism
O|x: X =Y. Then:

(i) For each x € X C U there exist a Zariski open neighbourhood U’ of x in U, a smooth
K-scheme V', and morphisms 7 : V! — V, ® : U — V' «a:V = U, B:V — A", and
qi, - qn s U — AN{0}, wheren = dim V—dim U, such that 3: V' =V and axf: V' — U x A"
are étale, ®|yr =)o ', a0 ® =idy:,, o ® =0, and

gos=Foat(@oa) (Foh)+ -+ (moa) (20p) (5:21)

Thus, setting f' = flyr, ¢ = gog, X' = Crit(f') = XNU’, and Y' = Crit(¢'), then f' = g'o®’, and
| X' =Y gly Y =Y, aly 1 Y — X are étale. We require that Poalyr = jly : Y =Y.
(i) Write Ny for the normal bundle of ®(U) in V, regarded as a vector bundle on U in the
exact sequence

0—=TU —2 ~o*rv) 1 N, 0, (5.2.2)

so that Nyy|x is a vector bundle on X. Then there exists a unique qyy € HO (S2NUV|§() which is
a nondegenerate quadratic form on Nyv|x, such that whenever x, U, V' 3, ®' «, 3,n,q, are as in
(i), then there is an isomorphism [ : (dz1,...,dzn)yr — Ng|ur making the following commute:

N;V|U’ o] CI>|Z<I’ (T*V) = o+ OJ*(T*V)
A~ vviu’
(o1, dz)or = B 0 B (T3 AY) —— ) (e,

and if X'=XNU', then quv|x = [ql . SQB(dzl ®@dz)+ -+ qn - S2B(dzn ®dzn)] ‘X,.

Here, we state [25, Thm. 4.4] and we recall briefly its proof.

Theorem 5.2.2. Let U,V be smooth K-schemes, f : U — A', g : V. — A be regular, and
X = Crit(f), Y = Crit(g) as K-subschemes of U,V. Let ® : U — V be an embedding of
K-schemes with f = go ® : U — Al, and suppose ®|x : X — V D Y is an isomorphism
®|lx : X =Y. Then

OI5 (MFFH) = MEFY © T(Py) i MK, (5.2.3)

where Pg is as in Definition 4.3.2 and Y is defined in §1.4.1.

Proof. Suppose U,V, f,g, X,Y,® are as in Theorem 5.2.2, and use the notation Ny, gy, from
Theorem 5.2.1(ii) and Jg, Pp from Definition 4.3.2. Let z, U, V', 5, ® o, B, q1,- - qn, ', 9, X', Y’
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be as in Theorem 5.2.1(i). Then in M’;(, we have

P (MEPS )|y = @'l 0 ol (MFV?) = @15 (MFY)
= @' o (ax B)*(MFES, o))

U'x A", foryr+37_, (gsomyr)-(zfomyn

s * mot,¢p dim U/2 mot,¢
= (ldX/ X O) (MFUlyf/ @]L m ® MFU/XA”,E?Zl(inﬂU/)-(ZiQOTI'An))

= (idx x 0)" (ME}5 © T (Pyyg,)) = MEGE © Y (Pyy.g, | x7)

= MFJ 0T (Polxr) = (MEJS™ © T(Pa))] (5.2.4)

X/’

using ®|pr = o @’ in the first step, 7 : V! — V étale with ¢ = g 0y in the second, a x 5 : V' —
U’ x A" étale and (5.2.1) in the third, and a0 ® = idys, S0 @ = 0, and Theorem 1.4.9 in the
fourth.
In the fifth step of (5.2.4), we apply Theorem 1.4.10 to the vector bundle U’ x A" — U’ and
n
nondegenerate quadratic form Y (g; omy) - (22 oman), and we write Py,...,,, — U’ for the principal
i=1
Zs-bundle corresponding to (OU/, qr--- qn) under correspondence 2.19 in [25]. The sixth step uses
MF;;?}’? supported on X’ =2 X' x {0}, the seventh that Py, ...q,|x’ = Ps|x’ since Theorem 5.2.1(ii)
implies an identification between ¢ - - - ¢, and det(gyy) on X’ and P, .., |x’, Po|x’ parametrize
square roots of ¢; - - - ¢, and det(qy) on X', and the eighth that U’ C U is open with f = f|y.
Equation (5.2.4) proves the restriction of (5.2.3) to the Zariski open set X’ C X. Since we can

cover X by such open X', Theorem 5.2.2 follows. ]

5.3 Motivic vanishing cycles on d-critical loci

Here is [25, Thm. 5.10]:

Theorem 5.3.1. Let (X, s) be a finite type algebraic d-critical locus with a choice of orientation
K)l(/i There exists a unique motive M Fx s € M’;( with the property that if (R, U, f,i) is a critical
chart on (X, s), then

MFx i|p =" (MF}$"?) © Y(Qru.s) in Mh, (5.3.1)

where Qru,fi — R is the principal Zo-bundle parametrizing local isomorphisms o : K}(/i‘Rred —
i*(Ky)|grea with @ ® o = 1Ry, 1.0, for tru,fi as in (2.1.4).

Proof. Let (X,s) be an algebraic d-critical locus with orientation K)l(/i We must construct

MFx, € /ﬂ’)’“( satisfying (5.3.1) for each critical chart (R,U, f,i). Since such R C X form a
Zariski open cover of X, and (5.3.1) determines M F'x |r, there exists a unique M Fx ; satisfying
(5.3.1) for all (R,U, f,i) if and only if the prescribed values M Fx 5|r agree on overlaps between
critical charts. That is, we must prove that if (R, U, f,7) and (S,V,g,7) are critical charts, then

[i*(MEF$) © Y(Qrupi)] | grs = 1 (MEYS ) © Y(Qsv9.)] | pors- (5.3.2)

Fix x € RNS C X, and let (R, U', f',i),(S",\V',¢,7),(T,W,h,k),®,¥ be as in Theorem
2.1.5. Then as in Theorem 4.4.1 there is a natural isomorphism of principal Zs-bundles on R’

Ag : Qrwnilr — ili (Ps) @z, QRru.filRr (5.3.3)
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for Py — Crit(f’) the principal Zs-bundle of orientations of (NU/W|Crit( 15 qU/W). We now have

[ (MERS) © T@rawni)] g =7 [Olwnen (MEFR )] © T (Qrwn )l
= P [MERSH © T(Pa)] © Y@uavni)lw = il [MEEF ] © 0 (il (Po) © Y (@rvnal)
= i [MEF] © Y (il (Po) @2, Qravnilr) = il [MEFT?] © T (Qru.p.i
= ["(MF7$%) © Y(Qrut4)]

using ®|cyig(py © i’ = k|rs in the first step, Theorem 5.2.2 for ® : (U’, f') — (W, h) in the second,
U CU, f' = flyr and functoriality of T in the third, (1.4.14) in the fourth, and (5.3.3) in the
fifth.

Similarly, from ¥ : (S, V', ¢, ') < (T, W, h, k) we obtain

®)

I (5.3.4)

[E(MEG?) © T(@rwnk)]|g = [IT(MEFS?) © T(Qsvgi)] | g- (5.3.5)

Combining the restrictions of (5.3.4)—(5.3.5) to R’ NS’ proves the restriction of (5.3.2) to R'NS’.
Since we can cover RN S by such Zariski open R’ NS" C RN S, this proves (5.3.2), and hence
Theorem 5.3.1. 0

From Theorem 3.3.1 and Corollaries 3.3.2 and 3.3.3 we deduce [25, Cor.s 5.12, 5.13 & 5.14]:

Corollary 5.3.2. Let (X,w) be a —1-shifted symplectic derived scheme over K in the sense
of [142], and X = to(X) the associated classical K-scheme, assumed of finite type. Suppose
we are given a square Toot det(}LX)B{/2 for det(Lx)|x. Then we may define a natural motive
MFx, € M~.

Corollary 5.3.3. Suppose Y is a Calabi-Yau 3-fold over K, and M is a finite type moduli
K-scheme of simple coherent sheaves in coh(Y') with obstruction theory ¢ : E°* — L as in
Thomas [167]. Suppose we are given a square root det(E*)Y/? for det(£®). Then we may define a
natural motive M Fyq € Jﬂ’fw

Corollary 5.3.4. Let (S,w) be an algebraic symplectic manifold and L, M finite type algebraic
Lagrangian submanifolds in S, and write X = LN M, as a subscheme of S. Suppose we are given

square T00ts Ki/Q, K}Vf for Kr, Kyr. Then we may define a natural motive M Fr, pr € ./\71’;(

Corollary 5.3.3 has applications to Donaldson—Thomas theory, discussed in §7.

We conclude saying that recently Maulik proved a torus localization formula for the motives
MPFx ¢ of Theorem 5.3.1, [133]. See [25, §5.3] for a brief discussion about it.



Chapter 6

A Darboux Theorem for shifted
symplectic structures on derived
Artin stacks, with applications

This chapter extend results of the previous chapters §3, §4 and §5 to Artin K-stacks, and it is
based on [13]. As usual, we will not go into details and proofs of results, for which we refer to [13].

6.1 ‘Darboux form’ atlases for shifted symplectic stacks

We follow [13, §2.5-2.7]. We start by generalizing Definition 3.1.1 and Theorems 3.1.2-3.1.3 to
derived Artin stacks [13, Def. 2.7, Thm.s 2.8 & 2.9]. The proofs can be found in [13, §2.5].

Definition 6.1.1. Let X be a derived Artin K-stack, and p a point of X. By this we mean
a morphism p : SpecK — X; we may also call p a K-point of X. A standard form open
neighbourhood (A, p,p) of p, in the smooth topology, means a standard form cdga A over K in
the sense of Definition 3.1.1, so that U = Spec A is an affine derived K-scheme, and a morphism
¢ : U — X which is smooth of some relative dimension n > 0, and a K-point p in U with p = ¢(p),
that is, there is an equivalence of morphisms p ~ ¢ o p : Spec K — X. If we do not specify p, p,
we just call (A, ¢) a standard form open neighbourhood in X. For such X, p, (A4, p,p),n, as for
(1.2.1) we have the standard fibre sequence

¢*([Lx) ——>Ly —Ly/x " (Lx)[1], (6.1.1)

where Ly, x is locally free of rank n. Restricting (6.1.1) to p and taking cohomology, we have
the following:

(a) There are isomorphisms H*(Lx|,) = H*(Ly|3) for i < 0.

(b) Since U is not stacky, H! (]LU\ﬁ) = 0 and so there is an exact sequence of K-vector spaces
0—H(Lx|p) — H"(Luls) — H°(Lyxlp) — H' (Lx]p) —0,

where H?(Ly/x|5) = K". Therefore n > dim H*(Lx/|,). Note that H'(Lx|,) = Jsox (p)*,
where Jsox (p) is the Lie algebra of the isotropy group Isox(p) of X at p, which is an
algebraic K-group. In particular, the minimal possible relative dimension n = rank(L¢;,x)
of a neighbourhood ¢ : U — X of p is n = dim H' (LX|p).
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(¢c) If ¢ is smooth of minimal relative dimension n = dim H' (Lx|,), then
H(Lxl|,) 2 H'(Lyl;) and H°(Ly/xl;) = H' (Lx|p). (6.1.2)

We call a standard form open neighbourhood (A, ¢, p) minimal at p if A is minimal at p in the
sense of Definition 3.1.1 and n = dim H'(Lx|,). Then parts (a),(c) imply that A(0) is smooth
of dimension my = dim H° (Lx\p), and A has m; = dim H™* (LX|p) generators in degree —i for
i=1,2,....

Theorem 6.1.2. Let X be a derived Artin K-stack, and p a point of X. Then there exists a
minimal standard form open neighbourhood (A, p,p) of p, in the sense of Definition 6.1.1.

Theorem 6.1.3. Let X be a derived Artin K-stack and (A, ), (B,v) standard form open neigh-
bourhoods in X, and write U = Spec A, V = Spec B. Then for each p € U xx V there exist a
standard form cdga C' over K minimal at g € W = Spec C, an étale morphismi: W — U xx 'V
with 4(q) = p, and cdga morphisms o : A — C, f: B — C with wyy o1 ~ Speca: W — U and
wyot~SpecS: W =V,

Here is [13, Thm. 2.10], a stack analogue of Theorem 3.2.2. Note that (a)(i)—(v) are modelled
closely on the first part of Definition 3.2.1, and equations (6.1.3)—(6.1.7) are analogues of or
identical to (3.2.1)—(3.2.5). The proof can be found in [13, §2.6].

Theorem 6.1.4. (a) Let (X,wx) be a k-shifted symplectic derived Artin K-stack, where k =
—2d—1 ford=0,1,2,..., and p € X. Then we can construct a minimal standard form open
neighbourhood (A, : U — X ,p) of p in the sense of Definition 6.1.1, and a k-shifted closed
2-form w = (w°,0,...) on U = Spec A for w° € (A2QL)%, such that ¢*(wx) ~ w in k-shifted
closed 2-forms on U = Spec A. Furthermore, A,w are in a standard ‘Darbouzx form’, a modified
version of Definition 3.2.1, as follows:

(i) The degree 0 part A of A is a smooth K-algebra of dimension mg, and we are given

.. mo € A° such that dgrY,.. dde form a basis of QAO over AY.

(ii) As a graded commutative algebra, A is freely genemted over A® by variables

—1

xl_i,...,xmi in degree —i fori=1,...,d,
yi—2d- 1,...,yfn2d L' in degree i —2d — 1 fori=0,1,...,d, (6.1.3)
wl_Qd 2. ,w;2d72 in degree —2d — 2,
formo,...,mq = 0 with mg as in (i), and n = dim H'(Lx|y) the relative dimension of .
The upper mdew 11in wj,x],y] 1s the degree. Then
W= ddRy;fmfl dde‘;i in (A2QY) =241, (6.1.4)
i=0 j=1
(iii) We are given H in A=2? called the Hamiltonian, which satisfies the classical master
equation
d m;
_ o al-2d
ZZ 6 o241 =V in AT (6.1.5)
i=1 j= 70 Yj

The differential d on A satisfies d =0 on A°, and

A OH A OH  i=0,....d,

dxj_Z = A i—2d—1’ dy‘;_Qd_l = —, . (616)
oy’ 8atj’ j=1,...,m;.

Note that (6.1.6) does not specify dwj_Qd_2 forj=1,...,n, and so does not completely

determine d on A.
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(iv) Deﬁne@EAQdandéﬁe Q) 2d1by<I>— 2d+1Hand

¢_2d+1§:§: [(2d + 1 —i)yi " dgpa;* + i dgryi Y. (6.1.7)
=0 j=1

Then d® = 0, dgr® + d¢ = 0, and wW° = dgro.

(v) Minimality of (A,,p) means that dw; 2d— 25=0forj=1,...,n and
. OH o OH | i=0,...,d,
dz;? O:dy; 2d 1‘]5:7

p A i—2d—1 v R
515 gy |y =1 m

D

(b) In part (a), let B be the graded subalgebra of A generated by A° and the variables x;,y; n
(ii) for all i,7, with inclusion v : B — A. Then B is closed under d, and so is a dg-subalgebra
of A. For degree reasons H,® above cannot depend on the wj 22 50 H,® € B. Also the data
w,w?, ¢ in QA,AQQA above are the images under v of wB,wB,qu m Q}S,A2Q}B. Then wg s a
k-shifted symplectic structure on V. = Spec B, and B,wp is in Darboux form as in Definition
3.2.1, and B is minimal at p as in Definition 3.1.1.

Geometrically, we have a diagram of morphisms in dArtyg:

i1=Spec.

V = SpecB U = Spec A X,

where (X,wx), (V,wp) are k-shifted symplectic, with ¢*(wx) ~ i*(wp) in k-shifted closed 2-
forms on U. We can think of ¢ : U — X as a ‘submersion’, and © : U — V as an embedding
of U as a derived subscheme of V. On classical schemes, i = to(i) : U = to(U) = V =to(V) is

an isomorphism. There is a natural equivalence of relative (co)tangent complexes

(c) The obvious analogues of (a),(b) also hold if (X,wx) is a k-shifted symplectic derived
Artin K-stack for k < 0 with k = 0 mod 4 or k = 2 mod 4. In each case, the algebra A is
the corresponding algebra from Definition 3.2.1, modified by adding generators w’ffl, ey wﬁ_l m

degree k — 1.

In the case k = —1, as in [19, Ex. 5.15] the classical K-schemes U = V in Theorem 6.1.4(a),(b)
are isomorphic to Crit (H :U(0) — Al). So changing notation from U(0), H,p to U, f,u, using
Hi(LX|p) & Hi(LX|p) for X = to(X) and ¢ = 0,1, and applying Proposition 3.1.4(b) to get
flgrea = 0, we deduce [13, Cor. 2.11]:

Corollary 6.1.5. Let (X,wx) be a —1-shifted symplectic derived Artin K-stack, and X = to(X)
the corresponding classical Artin K-stack. Then for each p € X there exist a smooth K-scheme
U with dimension dim H°(Lx|,), a point t € U, a regular function f: U — Al with dgrfl =0,
so that T = Crit(f) C U is a closed K-subscheme with t € T, and a morphism ¢ : T — X which
is smooth of relative dimension dim H'(Lx|,), with p(t) = p. We may take f|rrea = 0.

Here the derived critical locus Crit(f : U — Al), as a —1-shifted symplectic derived scheme,
agrees with (V,wg) in Theorem 6.1.4, and ¢ : T — X corresponds to to(p) o to(i)~" in Theo-
rem 6.1.4.

Thus, the underlying classical stack X of a —1-shifted symplectic derived stack (X, wx ) admits
an atlas consisting of critical loci of regular functions on smooth schemes.

Now let Y be a Calabi—Yau 3-fold over K, and M a classical moduli stack of coherent sheaves
F on Y, or complexes F* in D°coh(Y) with Ext<C(F* F*) = 0. Then M = to(M), for M
the corresponding derived moduli stack. The (open) condition Ext<°(F*® F*) = 0 is needed to
make M 1-truncated (that is, a derived Artin stack, in our terminology), and so make M =
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to(M) an ordinary, and not higher, stack. Pantev et al. [142, §2.1] prove M has a —1-shifted
symplectic structure waq. Applying Corollary 6.1.5 and using H* (L M| F]) >~ Ext!~(F, F)* yields
a new result on classical 3-Calabi—Yau moduli stacks, the statement of which involves no derived
geometry [13, Cor. 2.12]:

Corollary 6.1.6. Suppose Y is a Calabi—Yau 3-fold over K, and M a classical moduli K-stack
of coherent sheaves F, or more generally of complexes F'* in D°coh(Y') with Ext<0(F', F*) =0.
Then for each [F] € M, there exist a smooth K-scheme U with dim U = dim Ext!(F, F), a point
u € U, a regular function f : U — Al with dgrfl. = 0, and a morphism ¢ : Crit(f) — M which
is smooth of relative dimension dim Hom(F, F), with ¢(u) = [F].

This is an analogue of Corollary 3.2.3. When K = C, a related result for coherent sheaves only,
with U a complex manifold and f a holomorphic function, was proved by Joyce and Song [85,
Th. 5.5] using gauge theory and transcendental complex methods. This will be important in §7.

Finally, we state [13, Thm. 2.13], on comparing Darboux form atlases on overlaps, as in §3.

Proposition 6.1.7. Let (X,wx) be a —1-shifted symplectic derived Artin K-stack, and X =
to(X) the corresponding classical Artin K-stack. Suppose U, f : U — A, ¢ : T = Crit(f) — X
and U', f': U — A, ¢/ : T" = Crit(f') — X are two choices of the data constructed in Corollary
6.1.5 for points p,p’ € X, with flrea = 0 = f'|pnea. Let ¢ € T Xy x, v T'. Then there exist a
smooth K-scheme V, a closed K-subscheme R C V, a point r € R, and morphisms 6 : V — U,
0 :V — U with (R) C T, 0'(R) C T such that the following diagram 2-commutes (homotopy
commutes) in Arty :

v - U’ - Al
ino inc !
in ’
6 R i T
U 0lr 1 @’
vlf inc ©
A T X,

and the induced morphism R — T x xT" is étale and maps v — q. Furthermore fof— f'of € I}%y,
where Igy C Oy is the ideal of functions vanishing on R C V.

6.2 A truncation functor to d-critical stacks

Here is [13, Thm. 3.18], a stack version of Theorem 3.3.1.

Theorem 6.2.1. Let K be an algebraically closed field of characteristic zero, (X,wx ) a —1-shifted
symplectic derived Artin K-stack, and X = to(X) the corresponding classical Artin K-stack. Then
there exists a unique d-critical structure s € H*(S%) on X, making (X, s) into a d-critical stack,
with the following properties:

(a) Let U, f: U — A', T = Crit(f) and ¢ : T — X be as in Corollary 6.1.5, with f|prea = 0.
There is a unique sy € HO(SY) on T with vry(st) = i 1(f) + 13y, and (T,s7) is an
algebraic d-critical locus. Then s(T, ) = s7 in HO(S2).

(b) The canonical bundle Kx s of (X,s) from Theorem 2.2.6 is naturally isomorphic to the

restriction det(Lx)|yrea to X™ C X C X of the determinant line bundle det(Lx) of the
cotangent compler Lx of X.
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We can think of Theorem 6.2.1 as defining a truncation functor

F {oo—category of —1-shifted symplectic derived Artin K-stacks (X, w X)}
— {2—category of d-critical stacks (X, s) over K}

The following will be important in §7. Let Y be a Calabi—Yau 3-fold over K, and M a classical
moduli K-stack of coherent sheaves in coh(Y), or complexes of coherent sheaves in D coh(Y).
There is a natural obstruction theory ¢ : £* — Ly on M, where £°* € Dqcon(M) is perfect in the
interval [—2, 1], and h*(£®*)|r = Ext!™*(F, F)* for each K-point F' € M, regarding I’ as an object
in coh(Y) or D? coh(Y). Now in derived algebraic geometry M = tq(M) for M the corresponding
derived moduli K-stack, and ¢ : £* — Ly is Ly, : Lag|pm — Lag. Pantev et al. [142, §2.1] prove
M has a —1-shifted symplectic structure w. Thus Theorem 6.2.1 implies [13, Cor. 3.19]:

Corollary 6.2.2. Suppose Y is a Calabi—Yau 3-fold over K of characteristic zero, and M a
classical moduli K-stack of coherent sheaves F in coh(Y'), or complezes of coherent sheaves F'*
in DP coh(Y) with Ext<C(F*, F*) = 0, with obstruction theory ¢ : £* — L. Then M extends
naturally to an algebraic d-critical locus (M, s). The canonical bundle Ky s from Theorem 2.2.6
is naturally isomorphic to det(E°®)| \rea.

6.3 Perverse sheaves on d-critical stacks

We state [13, Prop. 4.8] on the behavior of the perverse sheaves P)’(’ ¢ of Theorem 4.4.1 under
smooth pullback, which will be the main ingredient in the proof of our main result of the section
[13, Thm. 4.12], Theorem 6.3.2 below. It is proved in [13, §4.2].

Proposition 6.3.1. (a) Let ¢ : (X,s) — (Y,t) be a morphism of algebraic d-critical loci over
C, in the sense of §2 and suppose ¢ : X — Y is smooth of relative dimension d. Let Kil,/f be
an orientation for (Y,t), so that Corollary 2.1.10 defines an induced orientation K)l(/i for (X, s).

Theorem 4.4.1 defines perverse sheaves P)'(vs, P)./,t on X,Y. Then there is a natural isomorphism
Ag: " [d)(PE,) —> Py, in Perv(X) (6.3.1)

which is characterized by the property that if (R,U, f,1),(S,V,g,j) are critical charts on (X, s), (Y, t)
with ¢(R) € S and ® : U — V is smooth of relative dimension d with f = go® and ®oi = jog,
then the following commutes
Rld](Py S[d] (5% (PWVY j
olR[d(Py,) AT TR P Rld) (7* (PVYy) ©2/22Q5,v.9.5)
J{AMR i*(5q>)®aq>l/ (6.3.2)
B *(PVY.;) ©z)22 QrU 105

PY IR

where Zg is as in (1.3.2) and ag @ ¢|R[d](Qsyvgi) = Qru,si is the natural isomorphism. Also
Ay identifies ¢*[d](Ev;t), ¢*[d](Ty;e) with x5, Tx s.

(b) If ¥ : (Y, t) = (Z,u) is another morphism of algebraic d-critical loci over C smooth of relative
dimension e, then

Ayop = Dy o ¢ [d)(Ay) : (Yo ¢)*[d +€](P,) — P%. (6.3.3)
(c) Analogues of (a),(b) hold for algebraic d-critical loci (X,s) over general fields K in the

settings of l-adic perverse sheaves and of Z-modules, and for algebraic d-critical loci (X, s) over
C in the setting of mized Hodge modules.
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Here is [13, Thm. 4.12, Cor.s 4.13 & 4.14], the analogue of Theorem 4.4.1 and Corollaries
4.4.2-4.4.3.

Theorem 6.3.2. Let (X, s) be an oriented d-critical stack over K (allowing K = C) with orien-

tation K)l(/i Fiz a theory of perverse sheaves on K-schemes from §1.3, and let Pervy,i(X) be the
corresponding category of naive perverse sheaves on X. Then we may define Px s € Pervyai(X)
and Verdier duality and monodromy isomorphisms

Yxs:Pxs — Dx(Px,s), Txs:Pxs— Pxys,
as follows:

(@) If t : T — X is smooth with T a K-scheme, so that (T, s(T,t)) is an algebraic d-critical locus

with natural orientation K%{S(TJ) as in Lemma 2.2.8, then Px (T, t) = P gy Perv(T),

where P, (1. is the perverse sheaf on the oriented algebraic d-critical locus (T, s(T,t)) over

K given by Theorem 4.4.1. Also YXx s(T,t) = Xq g4 and Tx s(T,t) = Ty g1y

(b) For each 2-commutative diagram in Artg
U

EEaN

T X
t

with T, U K-schemes and ¢,t,u smooth with ¢ of dimension d, we have

Pxs(@,n) = Ag : ¢*[d|(Px,s(U,u)) = ¢ [d](Pf ) — Px,s(Tt) = Pr g1
where Ay is as in Proposition 6.3.1.

If we work with perverse sheaves on K-schemes in the sense of [12] over a base ring A
with either char A > 0 coprime to charK, or A = Z;,Q, or Q; with | coprime to charK, then
Pervy.i(X) ~ Perv(X) as in [18, §4.4] and §1.8, where Perv(X) C DY(X) is the category of
perverse sheaves on X over A defined by Laszlo and Olsson [106-108]. Thus Px s corresponds to
]5)'(73 € Perv(X) unique up to canonical isomorphism, and Yx s, Tx s correspond to isomorphisms

2){75 : p).(,s — ]D)X(p).(,s)7 TX,S : P).(,s — p).(,s m Perv(X).
The analogue will also hold in any other theory of perverse sheaves or Z-modules on schemes
and Artin stacks with the package of properties discussed in §1.3 including the siz operations

5, f', Rf., Rfi, RHom, <§L§>, Verdier duality Dy, and descent in the smooth topology as in Theorem
1.3.5.

Proof. Proposition 6.3.1(b) implies that the data Px (7',t), Px,s(¢,n) in (a),(b) satisfy Defini-
tion 1.3.9(A)(i). Thus Px s is an object of Pervy,;(X). Similarly, the last part of Proposition
6.3.1(a) implies that Xy 5, Tx s are morphisms in Pervy,j(X). The last part is immediate from
the discussion of [13, §4.3-4.5] and briefly recalled in §1.3. O

Combining Theorems 6.1.4, 6.2.1 and 6.3.2 and Corollary 6.2.2 yields:

Corollary 6.3.3. Let K be an algebraically closed field of characteristic zero, (X,w) a —1-
shifted symplectic derived Artin K-stack, and X = to(X) the associated classical Artin K-stack.
Suppose we are given a square 10Ot det(Lx)\;% Then working in l-adic perverse sheaves on
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stacks [106—-108], we may define a perverse sheaf ]5)'( » 0n X uniquely up to canonical isomorphism,
and Verdier duality and monodromy isomorphisms EXM : PE( » — Dx (P& L) and TX,w : P;c w =
p).(,w- These are characterized by the fact that given a diagram

U = Crit(f: U — A") : 1% L4 X

such that U is a smooth K-scheme, ¢ smooth of dimension n, Ly ,u ~ Ty, x[2], ¢*(wx) ~
i*(wy) for wy the natural —1-shifted symplectic structure on U = Crit(f : U — AY), and
" (det(Lx )| ¥2) 20" (Ku) A" Ty ., then " (P )], 0" (S% )], @* (D%, )lin] are canonically
isomorphic to i*(PVu 5), i*(ou,f), i*(tv.¢), for PVu,f,ou,f,Tu¢ as in 1.3.1. The same applies in
the other theories of perverse sheaves and 2-modules on stacks.

The following will be discussed also in §7:

Corollary 6.3.4. Let Y be a Calabi—Yau 3-fold over an algebraically closed field K of charac-
teristic zero, and M a classical moduli K-stack of coherent sheaves F' in coh(Y'), or of complezes
F* in D?coh(Y) with Ext<C(F* F*) = 0, with obstruction theory ¢ : £ — L. Suppose we
are given a square root det(E£*)Y/2. Then working in l-adic perverse sheaves on stacks [106-108],
we may define a natural perverse sheaf P/'\A € Perv(M), and Verdier duality and monodromy
isomorphisms S : ]5/{4 — ]D)M(P/'\A) and T : ]f’/’\,I — ]5/’\4. The pointwise Fuler characteristic
of p/.vt is the Behrend function vaq of M from Joyce and Song [85, §4], so that P/'\A is in effect
a categorification of the Donaldson—Thomas theory of M. The same applies in the other theories
of perverse sheaves and Z-modules on stacks.

For completeness, we conclude reporting an example [13, Ex. 4.15]:

Example 6.3.5. Suppose an algebraic K-group G acts on a K-scheme T with action p: G xT —
T, and write X for the quotient Artin K-stack [T'/G], and t : T' — [T'/G] for the natural quotient
l-morphism. As in Example 2.2.5, there is a 1-1 correspondence between d-critical structures s
on X = [T/G] and G-invariant d-critical structures s’ on T, such that s’ = s(7,t). Also, from

Lemma 2.2.8 we see that there is a 1-1 correspondence between orientations K)lgi for (X, s), and
G-invariant orientations K%/f, for (T,s"), given by K%/Sz, = K)l(/i(Tred,tred) @ (A*PLy)x)|red.
Choose such s, s, K)lf/i, K;/f,, so that Theorems 4.4.1 and 6.3.2 give perverse sheaves Pp ,, ]5)'(73
onT,X.

We would like to relate the hypercohomologies H* (7', Pp ) and H*(X, P% ). We have that
t*(P)‘(,S)[dim G| = P, and thus

RIt, P}, = RU.t*(Py )[dim G] & Py , ®a, R%.(Ar)[dim G],

where A7 is the constant sheaf on T with fibre the base ring A. Therefore, the Leray—Serre
spectral sequence for the fibration ¢ : T' — X with fibre G, twisted by P)'(’ s> can be interpreted as
a spectral sequence

E®* = H*(T,P},) with EDY=HP(X,Py,®a R (Ar)[dimG]),

where RIt,(Ar)[dim G] is locally constant on X with fibre HI~4mG (G, A).
We also have a projection 7 : X = [T/G] — [x/G] for x = SpecK with fibre T". The Leray—
Serre spectral sequence for 7 gives a spectral sequence

E** = H*(X,P%,) with EP?=HP([x/G],H*™™T, P} ).
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If G is finite we can consider the H*(T', P}. ;) as G-modules and H*([x/G], —) as group cohomology

Hg,, (G —), giving a spectral sequence

grp(G Hq(T PTS )) = Herq(Xv p).(,s)'

6.4 Motives on d-critical stacks

We start by recalling [13, Prop. 5.8], a result on smooth pullbacks and pushforwards of the
motives M Fx s of Theorem 5.3.1, a motivic analogue of Proposition 6.3.1(a).

Proposition 6.4.1. Let ¢ : (X,s) — (Y,t) be a morphism of (finite type) algebraic d-critical

loci in the sense of §2 and suppose ¢ : X — Y is smooth of relative dimension n. Let K}I,/f be

an orientation for (Y,t), so that Corollary 2.1.10 defines an induced orientation K)l(/i for (X, s).
Theorem 5.3.1 now defines motives M Fx s, MFy; on X,Y. These are related by

¢*(MFy;) =L"?© MFy . € Mk, (6.4.1)
¢.(MFx ) =L 0 MFy, © X, ¢,i] € M}.. (6.4.2)

Proof. If x € X with ¢(x) = y € Y then the proof of Proposition 2.1.4 in [87] shows we may
choose critical charts (R, U, f,i),(S,V,g,j) on (X,s),(Y,t) with x € R, y € ¢(R) C S of minimal
dimensions dimU = dim 7T, X, dimV = dim7,Y, and ® : U — V smooth of relative dimension
n with f = go® and ®oi =jo¢. Let m: V — V be an embedded resolution of singularities
of g. Then U := U X Vo V is an embedded resolution of singularities of f, since ® is smooth
and f = go ®. As in Definition 1.4.6, let F; for ¢ € J be the irreducible components of 7~ LVo),
so that 7=1(Vp) = |J F;, with multiplicities N; in the divisor of g o7 on V, and v; — 1 in the

1€J
divisor of 7*(dz), and define Fy = (N £5) \ ( U Fj) and covers Fy — F} for all I C J. Define
el ]EJ \I
Ei =U X¢yq, Fi cn1(Up) C U. Then 7~ (Uy) = U E;. The E; need not be irreducible, or

i€J
nonempty, but this is not important. Neglecting this, we can treat the E;, ¢ € J as the components
for (U, 7) in Definition 1.4.6, and then they have the same multiplicities Nj, v; as the Fj for (V/, ),
and the EY, EI for I C J defined in Definition 1.4.6 satisfy £7 = U xy F} and E}’ = U xy FI

Thus we have

MFmOt Z (1_1‘)']‘_1 [E;"]{Uo’p/\l] = Z (I—H_J)II‘_l [F[o X7TV07V07<I)|U0 U077TUO’ﬁ]:|
0£ICT 0£1cT

= @\*Uo[ >oa —L)lf“[ﬁf,m,m} =y, (MFESY).
OAICT

So from (1.4.16) we deduce that
Bl yie gy (M) = L2 © MFS?, (6.4.3)

using @[}, ([Ve,idy,,i]) = [Ue,idy,, ], where the factor L"/? is to convert the factor L~ 4mU/2

in MFm;t¢ to the factor L™4™V/2 in MFm;td). Combining (6.4.3) with Theorem 5.3.1 for
(X,s),(R,U, f,i) and the pullback of Theorem 5.3.1 for (Y,t),(S,V,g,7) by ¢|r : R — S, and
notlng that ¢*oj* =i o<I>|Crit(f) since jo¢ = ®oi, we deduce the restriction of (6.4.1) to R C X.
As we can cover X by such open R, this proves (6.4.1). Equation (6.4.2) follows by applying ¢.
and noting that ¢, o ¢*(M) = M © [X,¢,i] for all ¢ : X — Y and M € M~ O
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Here is [13, Thm. 5.14], the analogue of Theorem 5.3.1.

Theorem 6.4.2. Let (X,s) be an oriented d-critical stack, with orientation K)l(/i, where X is
assumed of finite type and locally a global quotient. Then there exists a unique motive M Fx ¢ €

Mi?ﬁ such that if T is a finite type K-scheme and t : T — X is smooth of relative dimension n,

so that (T, s(T,t)) is an algebraic d-critical locus over K with natural orientation K;/S(T p as in
Lemma 2.2.8, then o
t"(MFxs) =L"?© MFryry in M3P, (6.4.4)

where M Fr 1) € /ﬂ;f“ is as in Theorem 5.3.1, projected from ./\71% to ./\71?3”1, and t* : ./\7132”1 —
M;E’“ is the pullback.

We refer to [13, Rem. 5.15] for a discussion about how to relax the assumptions in Theorem
6.4.2 that X is of finite type, and locally a global quotient. Combining Theorems 6.1.4, 6.2.1, 6.4.2
and Corollary 6.2.2, and noting as in §7 that moduli stacks of coherent sheaves are locally global
quotients, yields [13, Cor.s 5.16 & 5.17], the analogue of Corollaries 5.3.2-5.3.3:

Corollary 6.4.3. Let (X,w) be a —1-shifted symplectic derived Artin K-stack in the sense of
Pantev et al. [142], and X = to(X) the associated classical Artin K-stack, assumed of finite type

and locally a global quotient. Suppose we are given a square root det(LX)B(/2 for det(Lx)|x.
Then we may define a natural motive MFx ,, € /\7132’”, which is characterized by the fact that

given a diagram U = Crit(f : U — Al) : V —2 X such that U is a smooth K-scheme,
® is smooth of dimension n, Ly iy ~ Ty x[2], ¢*(wx) ~ i*(wy) for wy the natural —1-shifted
symplectic structure on U = Crit(f : U — A'), and ¢*(det(Lx) %2) = i"(Ky) ® A"Ty ) x,
then p*(MFx ) = L2 o i*(MFg}?;t’qS) in ./\713“

Corollary 6.4.4. Let Y be a Calabi—Yau 3-fold over K, and M a finite type classical moduli K-

stack of coherent sheaves in coh(Y'), with natural obstruction theory ¢ : £* — Laq. Suppose we are
given a square root det(E*)'/? for det(£®). Then we may define a natural motive M Fy € /Wi\t,’[“.

Corollary 6.4.4 is relevant to Kontsevich and Soibelman’s theory of motivic Donaldson—Thomas
invariants [102]. Our square root det(£®)'/2 roughly coincides with their orientation data [102, §5).
In [102, §6.2], given a finite type moduli stack M of coherent sheaves on a Calabi—Yau 3-fold Y
with orientation data, they define a motive [ am 1 in a ring D¥ isomorphic to our ./\71%’2 . We
expect this should agree with m,(M Fq) in our notation, with 7 : M — SpecK the projection.
This [ 1 is roughly the motivic Donaldson-Thomas invariant of M. Their construction involves
expressing M near each point in terms of the critical locus of a formal power series. Kontsevich
and Soibelman’s constructions were partly conjectural, and our results may fill some gaps in their
theory. See also §7. We will not give the proof of Theorem 6.4.2 here, which can be found
in [13, §5.5]. We conclude with [13, Ex. 5.18]:

Example 6.4.5. As in [86, Def. 2.1], an algebraic K-group G is called special if every étale locally
trivial principal G-bundle over a K-scheme is Zariski locally trivial. Any special K-group can be
embedded as a closed K-subgroup G C GL(n,K), and then GL(n,K) — GL(n,K)/G is a Zariski
locally trivial principal G-bundle, so taking motives in M§¥ gives [GL(n, K)] = [G]-[GL(n,K)/G].
Hence [G] is invertible in M, with [G]™' = [GL(n, K)/G] - [GL(n, K)]~*.

Some examples of special K-groups are G,,, GL(n,K), SL(n,K), Sp(2n,K), and the group of
invertible elements A* of any finite-dimensional K-algebra A. Products of special groups are
special. Special K-groups are always affine and connected, so nontrivial finite groups are not
special.



6.4. Motives on d-critical stacks 61

Suppose a special K-group G of dimension n acts on a finite type, oriented algebraic d-
critical locus (T, s") over K preserving s’ € H%(S?) and the orientation K;ﬂ/sz, Write X = [T/G]
for the quotient stack and ¢t : T — X for the projection. Then s’ descends to a unique d-
critical structure s on X with ¢ = s(7,t) as in Example 2.2.5, and using Theorem 2.2.6 we

also find that the orientation K%/ 3, descends to a unique orientation K}gi on the d-critical stack

(X,s) with K)l(/i(Tred,tred) = ilp/f, ® (A:‘OpTi‘i/X) ?;(11 Theorem 6.4.2 gives M Fx ; € ./\713?’2
with t* (MFX@) =L"%2 0o MFr ¢ in MSTW. Applying ¢, and using ¢, o t*(M) = [T,t,7] © M for

M e /ﬂi?”l gives

MFX,S ® [T, t, E] = ]Ln/Q ® t*(MFT,SI), (645)
Now ¢ : T'— X is a principal G-bundle, and so Zariski locally trivial as G is special. Therefore
[T,t,i] = [G,i] @ 1x, where [G,i] = ig([G]) € ME*". As [G] is invertible, so is [G,i]. Thus
multiplying (6.4.5) by [G, ]~ gives MFx s = [G,i] 7' O (L2 @ t,(M Fry)).



Chapter 7

Generalizations of
Donaldson—Thomas theory

Generalized Donaldson—Thomas invariants DT(7) defined by Joyce and Song [85] are rational
numbers which ‘count’ both 7-stable and 7-semistable coherent sheaves with Chern character «
on a Calabi—Yau 3-fold X, where 7 denotes Gieseker stability for some ample line bundle on
X. The DT?(7) are defined for all classes «, and are equal to the classical DT%(7) defined by
Thomas [167] when it is defined. They are unchanged under deformations of X, and transform by
a wall-crossing formula under change of stability condition 7. Joyce and Song use gauge theory
and transcendental complex analytic methods, so that their theory of generalized Donaldson—
Thomas invariants is valid only in the complex case. This also forces them to put constraints
on the Calabi—Yau 3-fold they can define generalized Donaldson—Thomas invariants for. We will
review their theory in §7.1.

We will propose a new algebraic method extending the theory to algebraically closed fields
K of characteristic zero, and partly to triangulated categories and for non necessarily compact
Calabi—Yau 3-folds under some hypothesis.

We will use results discussed in §2-§6 to describe the local structure of the moduli stack 9
of (complexes of) coherent sheaves on X, showing that an atlas for 9t carries the structure of a
GL(n, K)-invariant d-critical locus in the sense of [87] and thus it may be written locally as the
zero locus of a regular function defined on an étale neighborhood in the tangent space of 9t and
use this to deduce identities on the Behrend function vey.

Moreover, when K = C, [85, Thm. 4.9] uses the integral Hodge conjecture result by Voisin
for Calabi-Yau 3-folds over C to show that the numerical Grothendieck group K™™(coh(X))
is unchanged under deformations of X. This is important for the results that DT(7) for a €
K™ (coh(X)) are invariant under deformations of X, even to make sense. We will provide an
algebraic proof of that result, characterizing the numerical Grothendieck group of a Calabi—Yau
3-fold in terms of a globally constant lattice described using the Picard scheme.

7.1 Donaldson—Thomas theory: background material

This section should be conceived as background picture in which next sections should be allocated.
The competent reader can skip directly to §7.2.
7.1.1 Obstruction theories and Donaldson—Thomas type invariants

This section will briefly recall material from [6], [114] and then [167] which provide both important
notions used in the sequel and a hopefully interesting picture of Donaldson—Thomas theory.
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Obstruction theories

Suppose that X is a subscheme of a smooth scheme M, cut out by a section s of a rank r vector
bundle £ — M. Then the expected dimension, or virtual dimension, of X is n — r, the dimension
it would have if the section s was transverse. If it is not transverse, one wants to take a correct
(n —r)-cycle on X. As the section s induces a cone in E|, , one may then intersect this cone with
the zero section of X inside E to get a cycle of expected dimension on X. The key observation is
that one works entirely on X and not in the ambient scheme M. The deformation theory of the
moduli problem is often endowed with the infinitesimal version of s : M — E on X, namely the

linearization of s, yielding the exact sequence 0 —TX —TM,, ds_ E|, — Ob—=0, for some

cokernel Ob, which in the moduli problem becomes the obstruction sheaf.

Moduli spaces in algebraic geometry often have an expected dimension at each point, which
is a lower bound for the dimension at that point. Sometimes it may not coincide with the actual
dimension of the moduli space and sometimes it is not possible to get a space of the expected
dimension. When one has a moduli space X one obtains numerical invariants by integrating
certain cohomology classes over the virtual moduli cycle, a class of the expected dimension in its
Chow ring.

One example is the moduli space of torsion-free, semi-stable vector bundles on a surface which
yields the Donaldson theory and which provides a set of differential invariants of 4-manifolds.
Another one is the moduli space of stable maps from curves of genus g to a fixed projective variety
which yields the Gromov—Witten invariants, a kind of generalization of the classical enumerative
invariant which counts the number of algebraic curves with appropriate constraints in a variety. In
both cases, these invariants are intersection theories on the moduli spaces, respectively, of vector
bundles over the surfaces, and of stable maps from curves to a variety. The fundamental class
is the core of an intersection theory. However, for Gromov—Witten invariants for example, one
cannot take the fundamental class of the whole moduli space directly. The virtual moduli cycle,
roughly speaking, plays the role of the fundamental class in an appropriate “good” intersection
theory.

A nice picture to start with is the following situation: when the expected dimension does
not coincide with the actual dimension of the moduli space, one may view this as if the moduli
space is a subspace of an ‘ambient’ space cut out by a set of ‘equations’ whose vanishing loci
do not meet transversely. Such a situation is well understood in the following setting described
in the Introduction of [114]: let X, Y and W be smooth varieties, X,Y — W and let Z =
X xw Y. Then [X] - [Y], the intersection of the cycle [X] and [Y], is a cycle in A, W of dimension
dim X +dim Y —dim W. When dim Z = dim X +dim Y —dim W, then [Z] = [X]-[Y]. Otherwise,
[Z] may not be [X] - [Y]. The excess intersection theory gives that one can find a cycle in A, Z
so that it is [X] - [Y]. One may view this cycle as the virtual cycle of Z representing [X] - [Y].
Following Fulton-MacPherson’s normal cone construction (in [46-48]), this cycle is the image
of the cycle of the normal cone to Z in X, denoted by Cz,/x, under the Gysin homomorphism
s* 1 Au(Cyyw xy Z) — AiZ, where s : Z — Cyy Xy Z is the zero section. This theory does not
apply directly to moduli schemes, since, except for some isolated cases, it is impossible to find
pairs X — W and Y — W for smooth X,Y and W so that X Xy Y is the moduli space and
[X] - [Y] so defined is the virtual moduli cycle one needs.

Behrend and Fantechi [6] and Li and Tian [114] give two different approaches to deal with
this. Very briefly, the strategy to Li and Tian’s approach in [114] is that rather than trying to
find an embedding of the moduli space into some ambient space, they will construct a cone in
a vector bundle directly, say C' C V, over the moduli space and then define the virtual moduli
cycle to be s*[C], where s is the zero section of V. The pair C' C V will be constructed based on
a choice of the tangent-obstruction complex of the moduli functor. The construction commutes
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with Gysin maps and carries a good invariance property.

In [6] Behrend and Fantechi introduce the notion of cone stacks over a scheme X (or more
generally for Deligne-Mumford stacks). These are Artin stacks which are locally the quotient of a
cone by a vector bundle acting on it. They call a cone abelian if it is defined as Spec Sym .#, where
Z is a coherent sheaf on X. Every cone is contained as a closed subcone in a minimal abelian
one, which is called its abelian hull. The notions of being abelian and of abelian hull generalize
immediately to cone stacks. Then, for a complex E*® in the derived category D(X) of quasicoherent
sheaves on X which satisfies some suitable assumptions (denoted by (%), see Definition 7.1.1), there
is an associated abelian cone stack h'/h%((E®)Y). In particular the cotangent complex L% of X
constructed by Illusie [72] (a helpful review is given in Illusie [73, §1]) satisfies condition (x), so
one can define the abelian cone stack Mx := h'/h°((L%)Y), the intrinsic normal sheaf. More
directly, DMy is constructed as follows: étale locally on X, embed an open set U of X in a smooth
scheme W, and take the stack quotient of the normal sheaf (viewed as abelian cone) Ny i by the
natural action of T'W), . One can glue these abelian cone stacks together to get Mx. The intrinsic
normal cone €x is the closed subcone stack of 91x defined by replacing Ny w by the normal
cone Cyw in the previous construction. In particular, the intrinsic normal sheaf 91x of X carries
the obstructions for deformations of affine X-schemes. With this motivation, they introduce the
notion of obstruction theory for X. To say that a scheme X has an obstruction theory means, very
roughly speaking, that one is endowed with a complex of vector bundles encoding informations
on the deformations and obstructions spaces of X. That is, this is an object E*® in the derived
category together with a morphism E® — L%, satisfying Condition () and such that the induced
map MNx — hl/hO((E*)V) is a closed immersion. One denotes the sheaf h'(E®Y) by Ob, the
obstruction sheaf of the obstruction theory. It contains the obstructions to the smoothness of
X. When an obstruction theory E® is perfect, € = hl/h%((E®)V) is a vector bundle stack. Once
an obstruction theory is given, with the additional technical assumption that it admits a global
resolution, one can define a virtual fundamental class of the expected dimension: one has a vector
bundle stack & with a closed subcone stack €x, and to define the virtual fundamental class of
X with respect to E® one simply intersects €x with the zero section of &. To get round of the
problem of dealing with Chow groups for Artin stacks, Behrend and Fantechi choose to assume
that E* is globally given by a homomorphism of vector bundles F~! — F°. Then Cx gives rise to
a cone C in F; = F~" and one intersects C' with the zero section of Fy (see [105] for a statement
without this assumption).

So, recall the following definitions from Behrend and Fantechi [5-7]:

Definition 7.1.1. Let D(Y") be the derived category of quasicoherent sheaves on a K-scheme Y.

(a) A complex E®* € D(Y) is perfect of perfect amplitude contained in [a,b], if étale locally
on Y, E° is quasi-isomorphic to a complex of locally free sheaves of finite rank in degrees
a,a+1,...,b.

(b) A complex E® € D(Y) satisfies condition (x) if
(i) h*(E®) =0 for all i > 0,
(ii) hi(E*®) is coherent for i = 0, —1.
(c) An obstruction theory for Y is a morphism ¢ : E* — Ly in D(Y), where Ly = Ly/gpeck

is the cotangent complex of Y, and E satisfies condition (), and h%(y) is an isomorphism,
and h~!(¢y) is an epimorphism.

(d) An obstruction theory ¢ : E®* — Ly is called perfect if E® is perfect of perfect amplitude
contained in [—1,0].
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(e) A perfect obstruction theory ¢ : E®* — Ly on Y is called symmetric if there exists an
isomorphism ¢ : E* — E*V[1], such that ¥V[1] = 9. Here E*Y =R Hom (E®,Oy) is the dual
of E*, and ¥V the dual morphism of 9.

(f) If moreover Y is a scheme with a G-action, where G is an algebraic group, an equivariant
perfect obstruction theory is a morphism E*® — Ly in the category D(Y)G, which is a perfect
obstruction theory as a morphism in D(Y) (this definition is originally due to Graber—
Pandharipande [57]). Here D(Y) denotes the derived category of the abelian category of
G-equivariant quasicoherent Oy-modules.

(g) A symmetric equivariant obstruction theory (or an equivariant symmetric obstruction the-
ory) is a pair (E®* — Ly, E* — E*V[1]) of morphisms in the category D(Y)%, such that
E®* — Ly is an equivariant perfect obstruction theory and 9 : E®* — E*V[1] is an iso-
morphism satisfying ¥V[1] = 9 in D(Y)®. Note that this is more than requiring that the
obstruction theory be equivariant and symmetric, separately, as said in [7].

If instead Y i> U is a morphism of K-schemes, so Y is a U-scheme, we define relative perfect
obstruction theories ¢ : E* — Ly /y; in the obvious way.

Behrend and Fantechi [6, Th. 4.5] prove the following theorem, which both explains the term
obstruction theory and provides a criterion for verification in practice:

Theorem 7.1.2. The following conditions are equivalent for E®* € D(Y') satisfying condition ().

(a) The morphism ¢ : E®* — Ly is an obstruction theory.

(b) Suppose that we are given a square-zero extension T of T with ideal sheaf J, with T, T affine,
and a morphism g : T — Y. The morphism ¢ induces an element ¢*(w(g)) € Ext!(¢*E®, J)
from w(g) € Ext!(g*Ly,.J) by composition. Then ¢*(w(g)) vanishes if and only if there
exists an extension g of g. If it vanishes, then the set of extensions form a torsor un-
der Hom(g*E*, J).

Some examples can be found in [7]: Lagrangian intersections, sheaves on Calabi—Yau 3-folds,
stable maps to Calabi—Yau 3-folds. Next section will concentrate on Donaldson—Thomas obstruc-
tion theory as in [167].

Donaldson—Thomas invariants of Calabi—Yau 3-folds

Donaldson—Thomas invariants DT (7) are the virtual counts of stable sheaves on Calabi—Yau
3-folds X. They were defined by Richard Thomas [167], following a proposal of Donaldson and
Thomas [36, §3], from the idea of defining an holomorphic analogue of the classical Casson invari-
ant.

More precisely, mathematically, Donaldson—Thomas invariants are constructed as follows. De-
formation theory gives rise to a perfect obstruction theory [6] (or a tangent-obstruction complex in
the language of [114]) on the moduli space of stable sheaves M (7). Recall that Thomas supposes

S&(1) = ME (1), that is, there are no strictly semistable sheaves F in class «, which implies the
properness of Mg (7). As Thomas points out in [167], the obstruction sheaf is equal to Qo 7y,
the sheaf of Kéhler differentials, and hence the tangents To () are dual to the obstructions.
This expresses a certain symmetry of the obstruction theory on M (7) and is a mathematical
reflection of the heuristic that views M$(7) as the critical locus of a holomorphic functional (the
holomorphic Chern-Simons functional). Associated to the perfect obstruction theory is the virtual
fundamental class, an element of the Chow group A,(M$ (7)) of algebraic cycles modulo rational
equivalence on M (7). One implication of the symmetry of the obstruction theory is the fact that
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the virtual fundamental class [M2(7)]""" is of degree zero. It can hence be integrated over the

proper space of stable sheaves to an integer, the Donaldson—-Thomas invariant or ‘virtual count’

of M2 (7)
DT°(r) = / 1. (7.1.1)

MG ()]
In fact Thomas did not define invariants DT (7) counting sheaves with fixed class & € K™™(coh(X)),
but coarser invariants DT (7) counting sheaves with fixed Hilbert polynomial P(t) € Q[t]. Thus

ML) = J] M) ~ DIP(r) = ) DI%7),

a:Py=P a€ KM (coh(X)):Po=P

is the relationship with Joyce and Song’s version DT'“(7) reviewed in §7.1.3, where the r.h.s. has
only finitely many nonzero terms in the sum. Here, Thomas’ main result [167, §3]:

Theorem 7.1.3. For each Hilbert polynomial P(t), the invariant DT (1) is unchanged by con-
tinuous deformations of the underlying Calabi—Yau 3-fold X over K.

The same proof shows that DT(7) for o € K™ (coh(X)) is deformation-invariant, provided
it is known that the group K™ (coh(X)) is deformation-invariant, so that this statement makes
sense. This issue is discussed in [85, §4.5]. There, it is shown that when K = C one can describe
K™™(coh(X)) in terms of cohomology groups H*(X;Z), H*(X;Q), so that K™™(coh(X)) is
manifestly deformation-invariant, and therefore DT(7) is also deformation-invariant. Theorem
[85, Thm. 4.19] crucially uses the integral Hodge conjecture result by [182] for Calabi—Yau 3-
folds over C. In [85, Rmk 4.20(e)], Joyce and Song propose to extend that description over an
algebraically closed base field K of characteristic zero by replacing H*(X;Q) by the algebraic de
Rham cohomology Hjy(X) of Hartshorne [64]. For X a smooth projective K-scheme, Hjp (X) is
a finite-dimensional vector space over K. There is a Chern character map ch : K™™(coh(X)) —
H$E™(X). In [64, §4], Hartshorne considers how Hjy (X;) varies in families X; : ¢t € T', and defines
a Gauss—Manin connection, which makes sense of Hjy(X;) being locally constant in ¢. In §7.2.3
we will use another idea to characterize the numerical Grothendieck group of a Calabi—Yau 3-fold
in terms of a globally constant lattice described using the Picard scheme.

Next section will introduce the Behrend function and the work done by Behrend in [5], which
has been crucial for the development of Donaldson—Thomas theory.

7.1.2 Microlocal geometry and the Behrend function

This section briefly explains Behrend’s approach [5] to Donaldson-Thomas invariants as Euler
characteristics of moduli schemes weighted by the Behrend function. It was introduced by Behrend
[5] for finite type C-schemes X; in [85, §4.1] it has been generalized to Artin K-stacks. Behrend
functions are also defined for complex analytic spaces X,,, and the Behrend function of a C-
scheme X coincides with that of the underlying complex analytic space X,,. The theory is also
valid for K-schemes acted on by a reductive linear algebraic group. A good reference for this
section, other than the original paper by Behrend [5], are [85, §4] and [138] for the equivariant
version. We point out here that a detailed discussion about the Behrend function can be found
also in [26].

Microlocal approach to the Behrend function

In [5], Behrend suggests a microlocal approach to the problem. The first part of the discussion
describes how the Behrend function is defined while the second part, although not detailed and
not directly involved in the rest of the paper, aim to give a more complete picture.
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The definition of the Behrend function. Let K be an algebraically closed field of charac-
teristic zero, and X a finite type K-scheme. Suppose X — M is an embedding of X as a closed
subscheme of a smooth K-scheme M. Then one has a commutative diagram

Eu CFz(X) Ch Lx (M)

lcgm/ (7.1.2)

Ap(X)

Z.(X)

R
1%

Qo
%

where the two horizontal arrows are isomorphisms. Here Z,(X) denotes the group of algebraic
cycles on X, as in Fulton [46], and CF7(X) the group of Z-valued constructible functions on X in
the sense of [75]. The local Euler obstruction is a group isomorphism Eu : Z,(X) — CFz(X). The
local Euler obstruction was first defined by MacPherson [124] to solve the problem of existence of
covariantly functorial Chern classes, answering thus a Deligne—Grothendieck conjecture when K =
C, using complex analysis, but Gonzalez—Sprinberg [56] provides an alternative algebraic definition
which works over any algebraically closed field K of characteristic zero. It is the obstruction to
extending a certain section of the tautological bundle on the Nash blowup. More precisely, if V' is
a prime cycle on X, the constructible function Eu(V) is given by

Eu(V):z+— / c(T) Ns(p (), V),
p (@)

where p : V — V is the Nash blowup of V, T the dual of the universal quotient bundle, ¢ the total
Chern class and s the Segre class of the normal cone to a closed immersion. Kennedy [95, Lem.
4] proves that Eu(V) is constructible.

As pointed out in the next section, it is worth observing that independently, at about the
same time, Kashiwara proved an index theorem over C for a holonomic D-module relating its local
Euler characteristic and the local Euler obstruction with respect to an appropriate stratification
(see [54] for details). It coincides with the one defined above and this is equivalent to saying that
the diagram (7.1.4) below commutes.

Observe that this part of the diagram exists without the embedding into M and is sufficient
to give the definition of the Behrend function as follow. Let C'x/ys be the normal cone of X in M,
as in [46, p.73], and 7 : Cx/py — X the projection. As in [5, §1.1], define a cycle €x /s € Z«(X)
by

Cxnr = ()™ mult(C)m(C),
7

where the sum is over all irreducible components C’ of Cx/ar- It turns out that €x/y; depends
only on X, and not on the embedding X < M. Behrend [5, Prop. 1.1] proves that given a
finite type K-scheme X, there exists a unique cycle €x € Z,(X), such that for any étale map
@ : U — X for a K-scheme U and any closed embedding U — M into a smooth K-scheme
M, one has ¢*(€x) = €y/p in Zi(U). If X is a subscheme of a smooth M one takes U = X
and get €x = Cx ;. Behrend calls €x the signed support of the intrinsic normal cone, or the
distinguished cycle of X. For each finite type K-scheme X, define the Behrend function vx in
CFz(X) by vx = Eu(€x), as in Behrend [5, §1.2].

For completeness, the section now describes the other side of the diagram (7.1.2), which yields
another possible way to define the Behrend function. Write Lx (M) for the free abelian group
generated by closed, irreducible, reduced, conical Lagrangian, K-subvariety in 23 lying over
cycles contained in X. The isomorphism Ch : CFz(X) — Lx (M) maps a constructible function
to its characteristic cycle, which is a conic Lagrangian cycle on ;s supported inside X defined
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in the following way. Consider the commutative diagram of group isomorphisms that fits in the
diagram (7.1.2):

Z.(M) =" CFz(M) —=—
L

L(M). (7.1.3)

Here L : Z.(M) — L(M) is defined on any prime cycle V by L : V — (=1)3()¢(V), where
¢(V) is the closure of the conormal bundle of any nonsingular dense open subset of V. Then Eu,
L are isomorphisms, and the characteristic cycle map Ch : CFz(M) — L(M) C Zaim m(Q2pr) is
defined to be the unique isomorphism making (7.1.3) commute. In the complex case Ginsburg [54]
describes the inverse of this map as intersection multiplicity between two conical Lagrangian cycles.
This formula is crucial in [5, §4.3], where Behrend gives an expression for the Behrend function
in terms of linking numbers, which has a validity also in the case it is not known if a scheme
admitting a symmetric obstruction theory can locally be written as the critical locus of a regular
function on a smooth scheme (Theorem 7.1.10). See also [46, Ex. 19.2.4].

The maps to Ag(X) are the degree zero Chern-Mather class, the degree zero Schwartz-
MacPherson Chern class, and the intersection with the zero section, respectively. The Mather
class is a homomorphism ¢ : Z,(X) — A.(X), whose definition is a globalization of the con-
struction of the local Euler obstruction. One has ¢™ (V) = p.(c(T) N [V]), for a prime cycle
V of degree p on X with the same notation as above. For a the expression in terms of nor-
mal cones, see for example [148, §1]. Applying ¢ to the cycle €x, one obtains the Aluffi class
ax = cM(Cx) € A.(X) defined in [1]. If X is smooth, its Aluffi class equals ay = c(Qx) N [X].

Now given a symmetric obstruction theory on X, the cone of curvilinear obstructions cv —
ob = Qx, pulls back to a cone in 2 M, via the epimorphism €2 M, — Qx. Via the embedding
QM\X — s one obtains a conic subscheme C' — Q,;, the obstruction cone for the embedding

X < M. Behrend proves that the virtual fundamental class is [X]V" = 0'[C]. The key fact
is that C' is Lagrangian. Because of this, there exists a unique constructible function vx on
X such that Ch(vyx) = [C] and g™ (vx) = [X]"'"". Then Theorem 7.1.7 below follows as an
application of MacPherson’s theorem [124] (or equivalently from the microlocal index theorem of
Kashiwara [90]), which one can think of as a kind of generalization of the Gauss-Bonnet theorem
to singular schemes. See Theorem 7.1.7 below for its validity over K. The cycle €x such that
Eu(€x) = vx is as defined above, the (signed) support of the intrinsic normal cone of X. The
Aluffi class ax = M (€x) = ¢ (vx) has thus the property that its degree zero component is
the virtual fundamental class of any symmetric obstruction theory on X.

In the case K = C, using MacPherson’s complex analytic definition of the local Euler ob-
struction [124], the definition of vx makes sense in the framework of complex analytic geometry,
and so Behrend functions can be defined for complex analytic spaces X,,. Thus, as in [85, Prop.
4.2] one has that if X is a finite type K-scheme, then the Behrend function vy is a well-defined
Z-valued constructible function on X, in the Zariski topology. If Y is a complex analytic space
then the Behrend function vy is a well-defined Z-valued locally constructible function on Y, in the
analytic topology. Finally, if X is a finite type C-scheme, with underlying complex analytic space
Xan, then the algebraic Behrend function vx and the analytic Behrend function vy, coincide.
In particular, vx depends only on the complex analytic space X,, underlying X, locally in the
analytic topology. Finally, the definition of Behrend functions is valid over K-schemes, algebraic
K-spaces and Artin K-stacks, locally of finite type (see [85, Prop. 4.4]).

Categorifying the theory. We now relate the theory of Behrend functions to the categorifi-

cation program which was one of the main application of the whole program [13,18,19,25,87].
For this paragraph, restrict to K = C for simplicity. There exists a sophisticated modern

theory of linear partial differential equations on a smooth complex algebraic variety X, sometimes
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called microlocal analysis, because it involves analysis on the cotangent bundle T*X; this yields a
theory which is invariant with respect to the action of the whole group of canonical transformation
of T* X while the usual theory is only invariant under the subgroup induced by diffeomorphism of
X. It is sometimes called D-module theory, because it involves sheaves of modules M over the sheaf
of rings of holomorphic linear partial differential operators of finite order D = Dyx; these rings
are noncommutative, left and right Noetherian, and have finite global homological dimension.
It is also sometimes called algebraic analysis because it involves such algebraic constructions as
Ext%(M, N). The theory as it is known today grew out of the work done in the 1960s by the school
of Mikio Sato in Japan. During the 1970’s, one of the central themes in D-module theory was
David Hilbert’s twenty-first problem, now called the Riemann-Hilbert problem. A generalization
of it may be stated as the problem to solve the Riemann-Hilbert correspondence, which, roughly
speaking, describes the nature of the correspondence between a system of differential equations
and its solutions. A comprehensive reference is the book of Kashiwara and Shapira [90], while
an interesting eclectic vision on the subject is provided by Ginsburg [54]. One has the following
commutative diagram:

(perverse) constructible sheaves <+ (regular) holonomic modules

xl lss (7.1.4)

Ch

~

constructible functions Lagrangian cycles in 7" X.

Recall that here SS denotes the characteristic cycle map which to a D-module M associates
its characteristic cycle. It is the formal linear combination of irreducible components of the
characteristic variety (the support of the graded sheaf grM associated to M) counted with their
multiplicities. It looks like

SSM) =D ma(M)- Ty X

for a stratification {X,} of X, where mq(M) are positive integers and T X is the closure of
the conormal bundle T X. Each component of the characteristic variety has dimension at least
dim(X). A D-module M is called holonomic if its characteristic variety is pure of dimension
dim(X). To have also regular singularities means, very roughly speaking, that the system is
determined by its principal symbol.

So, to a holonomic system it has been associated an object of microlocal nature, the charac-
teristic cycle. On the other side, the Riemann-Hilbert correspondence associates to an holonomic
system M its De Rham complex,

DR(M) : 0 QOM) —L M) —L T am) () T,

where QP (M) is the sheaf of M-valued p-forms on X and d is the differential defined by Cartan
formula. As an object in the derived category it can be expressed as

DR(M) = R Homp, (Ox, M)[dim(X)]. (7.1.5)

If M is holonomic, DR(M) is constructible and determines M provided that the latter has regular
singularities.

Now, given a constructible sheaf C*® there is associated a constructible function on X: define a
map xx : Obj(D? (X)) — CFZ*(X) by taking Euler characteristics of the cohomology of stalks
of complexes, given by

Xx(C®) sz — > (=1)F dim HF(C),.. (7.1.6)
keZ
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Since distinguished triangles in D(bjon(X ) give long exact sequences on cohomology of stalks
H*(—),, this xx is additive over distinguished triangles, and so descends to a group mor-
phism xx : Ko(D% (X)) — CF2(X). These maps yx : Obj(D% (X)) — CF2(X) and
xx : Ko(D?, (X)) — CF2"(X) are surjective, since CF2"(X) is spanned by the characteristic
functions of closed analytic cycles Y in X, and each such Y lifts to a perverse sheaf in DY (X).
In category-theoretic terms, X + D% (X) is a functor DY, from complex analytic spaces to
triangulated categories, and X — CF5"(X) is a functor CF5" from complex analytic spaces to
abelian groups, and X — yx is a natural transformation y from Dgon to CF3".

Thus, if M is a regular holonomic D-module on X, then vx = xx(DR(M)), in the notation
of (7.1.5) and (7.1.6).

In the case X is the critical scheme of a regular function f on a smooth scheme M, Behrend [5]
gives the following expression for the Behrend function due to Parusinski and Pragacz [143]. This
formula has been crucial in [85]. For the definition of the Milnor fibres for holomorphic functions
on complex analytic spaces and the a review on vanishing cycles a survey paper on the subject is
Massey [126], and three books are Kashiwara and Schapira [90], Dimca [34], and Schiirmann [159].
Over the field C, Saito’s theory of mized Hodge modules [152] provides a generalization of the
theory of perverse sheaves with more structure, which may also be a context in which to generalize
Donaldson—Thomas theory.

Theorem 7.1.4. Let U be a complex manifold of dimension n, and f : U — C a holomorphic
function, and define X to be the complex analytic space Crit(f) contained in Uy = f~1({0}). Then
the Behrend function vx of X is given by

vx(z) = (—l)dimU(l — x(MFy(x))) forxz e X. (7.1.7)

Moreover, the perverse sheaf of vanishing cycles ¢¢(Q[n — 1]) on Uy is supported on X, and

o (65(Qn — 1)) () = {”X“”)’ e X, (7.18)

0, xelUp\ X,
where vy is the Behrend function of the complex analytic space X .

Thus, if X is the Donaldson-Thomas moduli space of stable sheaves, one can, heuristically,
think of vx as the Fuler characteristic of the perverse sheaf of vanishing cycles of the holomorphic
Chern-Simons functional. This is naturally related to Corollary 4.4.3 in §4 and to the important
relation (0.0.1) discussed in the Introduction.

The Behrend function and its characterization

Here we will point out some important remarks and properties of the Behrend function.

Behrend function as a multiplicity function in the weighted Euler characteristic. It
is worth to report here [85, §1.2] which provides a good way to think of Behrend functions as
multiplicity functions. If X is a finite type C-scheme then the Euler characteristic x(X) ‘counts’
points without multiplicity, so that each point of X (C) contributes 1 to x(X). If X™4 is the
underlying reduced C-scheme then X™4(C) = X (C), so x(X™) = x(X), and x(X) does not
see non-reduced behaviour in X. However, the weighted Euler characteristic x(X,vx) ‘counts’
each © € X(C) weighted by its multiplicity vx (x). The Behrend function vx detects non-reduced
behaviour, so in general x(X,vx) # x(X™4, vywa). For example, let X be the k-fold point
Spec(C[2]/(2%)) for k > 1. Then X(C) is a single point = with vx(z) = k, so x(X) = 1 =
(X7 vyrea), but (X, vx) = k.
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An important moral of [5] is that (at least in moduli problems with symmetric obstruction
theories, such as Donaldson-Thomas theory) it is better to ‘count’ points in a moduli scheme
M by the weighted Euler characteristic x(M, vpq) than by the unweighted Euler characteristic
X(M). One reason is that x(M, v ) often gives answers unchanged under deformations of the
underlying geometry, but x(M) does not. For example, consider the family of C-schemes X; =
Spec(Clz]/(2* — t?)) for t € C. Then X; is two reduced points =+t for ¢ # 0, and a double point
when ¢ = 0. So as above we find that x(X;,vx,) = 2 for all ¢, which is deformation-invariant, but
X(X¢) is 2 for t # 0 and 1 for ¢ = 0, which is not deformation-invariant.

Properties of the Behrend function. Here are some important properties of Behrend func-
tions. They are proved by Behrend [5, §1.2 & Prop. 1.5] when K = C, but his proof is valid for
general K.

Theorem 7.1.5. Let X, Y be Artin K-stacks locally of finite type. Then:

(i) If X is smooth of dimension n then vx = (—1)".
(ii) If ¢ : X =Y is smooth with relative dimension n then vx=(—1)"¢*(vy).

(iil) vxxy = vx By, where (vx Buvy)(x,y) = vx(z)vy (y).

Let us recall [85, Thm 4.11]. It is stated using the Milnor fibre, but its proof works algebraically
over K.

Theorem 7.1.6. Let U be a smooth K-variety, f : U — Ak a reqular function over U, and V a
smooth K-subvariety of U, and v € V' N Crlt(f). Deﬁne U to be the blowup of U along V, with
blowup map T : U—U, and set f=forn:U — Ak. Then n='(v) = P(T,U/T,V) is contained
in Crit(f), and

VCrit(f) (U) = / VCrit(f)(w) dX + (_1)dimU7dimV(1—dimU+dim V)”Crit(ﬂy)(v)’
weP(TL,U/T,V)

where w — veyig(r)(w) s a constructible function on P(T,U/T,V), and the integral is the Euler
characteristic of P(T,U/T,V) weighted by this.

One can see the next result as a kind of wvirtual Gauss—Bonnet formula. It is crucial for
Donaldson-Thomas theory. It is proved by Behrend [5, Th. 4.18] when K = C, but his proof is
valid for general K. It depends crucially on [5, Prop. 1.12] which again depend on an application
of MacPherson’s theorem [124] over C but valid over general K thanks to Kennedy [95] and the
definition of the Euler characteristic over algebraically closed field K of characteristic zero given
by Joyce [75]. See also an independent construction of the Schwartz—MacPherson Chern class
given by Aluffi [2].

Theorem 7.1.7. Let X a proper K-scheme with a symmetric obstruction theory, and [X|V7' €
Ao(X) the corresponding virtual class. Then

/ 1:X(X7VX)€Z7

[X]Vir

where x(X,vx) fX vx dx s the Euler characteristic of X weighted by the Behrend function

vx of X. In partzcular f[X]vir 1 depends only on the K-scheme structure of X, not on the choice
of symmetric obstruction theory.
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Theorem 7.1.7 implies that DT(7) in (7.1.1) is given by

DT*(1) = X(Mg‘t(T), VMg(T)). (7.1.9)

There is a big difference between the two equations (7.1.1) and (7.1.9) defining Donaldson-Thomas
invariants. Equation (7.1.1) is non-local, and non-motivic, and makes sense only if MS(7) is a
proper K-scheme. But (7.1.9) is local, and (in a sense) motivic, and makes sense for arbitrary finite
type K-schemes M (7). In fact, one could take (7.1.9) to be the definition of Donaldson-Thomas
invariants even when Mg (1) # M (7), but in [85, §6.5] Joyce and Song argued that this is not a
good idea, as then DT*(7) would not be unchanged under deformations of X. In [85, §6.5] Joyce
and Song say:

‘Equation (7.1.9) was the inspiration for this book. It shows that Donaldson—
Thomas invariants DT(7) can be written as motivic invariants, like those studied
in [77-81], and so it raises the possibility that we can extend the results of [77-81] to
Donaldson—-Thomas invariants by including Behrend functions as weights.’

Almost closed 1-forms. In [140] Pandharipande and Thomas give a counterexample to the
idea that every scheme admitting a symmetric obstruction theory can locally be written as the
critical locus of a regular function on a smooth scheme. This limits the usefulness of the above
formula for vx (x) in terms of the Milnor fibre. Here is the more general approach due to Behrend
[5], which the author tried to use to give a strictly algebraic proof on the Behrend function
identities, but later this proof turned out to be not completely correct.

Definition 7.1.8. Let K be an algebraically closed field, and M a smooth K-scheme. Let w be an
algebraic 1-form on M, that is, w € HY(T*M). Call w almost closed if dw is a section of I,-A?T* M,
where I, is the ideal sheaf of the zero locus w™!(0) of w. Equivalently, dwl,,-1() 1s zero as a section
of A°T*M|,-1(0). In (étale) local coordinates (z1,...,2,) on M, if w = fidz; 4 - -+ + fudzy, then

w is almost closed provided ngi = 2—2? mod (f1,..., fn).

Let M be a smooth Deligne—-Mumford stack and w an almost closed 1-form on M with zero
locus X = Z(w). It is a general principle, that a section of a vector bundle defines a perfect
obstruction theory for the zero locus of the section. This obstruction theory is given by

dow"

[TM|X QM\X}
WV Ll (7.1.10)
[/ ———— Q]

This obstruction theory is symmetric, in a canonical way, because under the assumption that
w is almost closed one has that d ow" is self-dual, as a homomorphism of vector bundles over X.

Behrend [5, Prop. 3.14] proves a kind of converse of that, by a proof valid for general K, which
says that, at least locally, every symmetric obstruction theory is given in this way by an almost
closed 1-form.

Proposition 7.1.9. Let K be an algebraically closed field, and X a K-scheme with a symmetric

obstruction theory. Then X may be covered by Zariski open sets Y C X such that there exists a

smooth K-scheme M, an almost closed 1-form w on M, and an isomorphism of K-schemes Y =
-1

w™H(0).
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Restricting to K = C, Behrend [5, Prop. 4.22] gives an expression for the Behrend function of
the zero locus of an almost closed 1-form as a linking number. It is possible to use it to give an
algebraic proof of the first Behrend identity over C.

Proposition 7.1.10. Let M be a smooth scheme and w an almost closed 1-form on M, and
let Y = w™1(0) be the scheme-theoretic zero locus of w. Fix p a closed point in'Y, choose
étale coordinates (1, ...,x,) on M around p with (z1,...,Zn,D1,...,Pn) the associated canonical

n
coordinates for T*M. Write w = Zfid:ri in these coordinates. One can identify T*M near p
i=1

with C*™. Then for all n € C and € € R with 0 < |n| < € < 1 one has
vy (p) = Ls, (D)1, NS, AN Se), (7.1.11)
where

o Se={(z1,...,pn) €C*" : [11|*+- - +|pu|* =€} is the sphere of radius € in C*",

o I, 1, is the graph of n~'w regarded locally as a complex submanifold of C*" of real dimen-

sion 2n oriented so that M — Qpr is orientation preserving and defined by the equations
{npi = fi(z)},

o A= {(xl, D) ECH (pi=%5,5=1,.. .,n}, i.e. the image of the smooth map M — Qpp
given by the section do of Qas, with

0= sz@ + sz‘ﬁz‘
i i

the square of the distance function defined on Q5 by the choice of coordinates of real di-
mension 2n,

e Ls. (,) is the linking number of two disjoint, closed, oriented (n—1)-submanifolds in S.

We remark here that A is not a complex submanifold, but only a real submanifold. Thus,
there are no good generalizations of A to other fields K.

7.1.3 Generalizations of Donaldson—Thomas theory

Next it will be briefly reviewed how the theory of generalized Donaldson—Thomas invariants has
been developed, starting from the series of papers [75-81] about constructible functions, stack
functions, Ringel-Hall algebras, counting invariants for Calabi—Yau 3-folds, and wall-crossing and
then summarizing the main results in [85] including the definition of generalized Donaldson—
Thomas invariants DT%(7) € Q, their deformation-invariance, and wall-crossing formulae under
change of stability condition 7. In the sequel, there are two paragraphs on statements and a sketch
of proofs of the theorems [85, Thm 5.5] and [85, Thm 5.11] on which this paper is concentrated.
We conclude with a brief and rough remark on Kontsevich and Soibelman’s parallel approach
to Donaldson-Thomas theory [102], focusing more on analogies and differences with Joyce and
Song’s construction [85] rather than going into a detailed exposition.

Brief sketch of background from [75-81]

Here it will be recalled a few important ideas from [75-81]. They deal with Artin stacks rather
than coarse moduli schemes, as in [167]. Let X be a Calabi—Yau 3-fold over C, and write 9t for
the moduli stack of all coherent sheaves ' on X. It is an Artin C-stack.
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The ring of stack functions SF(ON) in [76] is basically the Grothendieck group Ko (Stag) of the
2-category Stagy of stacks over 9. That is, SF(9) is generated by isomorphism classes [(R, p)]
of representable 1-morphisms p : R — 991 for R a finite type Artin C-stack, with the relation

(R, )] = [(S, ple)] + [(R\ 6, plans)]

when & is a closed C-substack of . In [76] Joyce studies different kinds of stack function spaces
with other choices of generators and relations, and operations on these spaces. These include
projections IT¥! : SF(MM) — SF(M) to stack functions of wvirtual rank n, which act on [(R, p)] by
modifying R depending on its stabilizer groups.

In [78, §5.2] he defines a Ringel-Hall type algebra SF,;(9) of stack functions with algebra
stabilizers on 9, with an associative, non-commutative multiplication * and in [78, §5.2] he defines
a Lie subalgebra SFI24(9) of stack functions supported on wvirtual indecomposables. In [78, §6.5]
he defines an explicit Lie algebra L(X) to be the Q-vector space with basis of symbols A* for
a € K™ (coh(X)), with Lie bracket

AN = x(a, B)ATP, (7.1.12)
for o, B € K™™(coh(X)), where x(, ) is the Euler form on K™ (coh(X)) defined as follows:

X([E], [F]) =) (~1)"dim Ext'(E, F) (7.1.13)
>0

for all E, F' € coh(X). As X is a Calabi-Yau 3-fold, x is antisymmetric, so (7.1.12) satisfies the
Jacobi identity and makes L(X) into an infinite-dimensional Lie algebra over Q.
Then in [78, §6.6] Joyce defines a Lie algebra morphism W : SF4(9M) — L(X), which, roughly
speaking, is of the form
o= D X (fle)A (7.1.14)

ae Knum (coh(X))

where f = > ¢;[(Ri, pi)] is a stack function on M, and I is the substack in 9 of sheaves E

i=1
with class a, and x**¥ is a kind of stack-theoretic Euler characteristic. But in fact the definition

of W, and the proof that W is a Lie algebra morphism, are highly nontrivial, and use many ideas
from [75,76, 78], including those of ‘virtual rank’ and ‘virtual indecomposable’. The problem is
that the obvious definition of y** usually involves dividing by zero, so defining (7.1.14) in a way
that makes sense is quite subtle. The proof that W is a Lie algebra morphism uses Serre duality
and the assumption that X is a Calabi—Yau 3-fold.

Now let 7 be a stability condition on coh(X), such as Gieseker stability. Then one has
open, finite type substacks Mg (7), Mg, (7) in M of 7-(semi)stable sheaves E in class «, for all
o € K™ (coh(X)). Write 0(7) for the characteristic function of 9% (7), in the sense of stack
functions [76]. Then 0% (7) € SF,(9M). In [79, §8], Joyce defines elements €¥(7) in SFu(9M) by

—1)nt _ -
SOREIDY U S () () - B (), (7.1.15)
n=1, ai,...,an €K™ (coh(X)):
o1+ tan=a, T(a;)=T(a), all 7

where * is the Ringel-Hall multiplication in SFa (90). Then [79, Thm. 8.7] shows that €*(7) lies
in the Lie subalgebra SF;}d(Sﬁ), a nontrivial result. Thus one can apply the Lie algebra morphism
U to €*(7). In [80, §6.6] he defines invariants J*(7) € Q for all « € K™™(coh(X)) by

T (e*(1)) = J*(1)A. (7.1.16)
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These J%(7) are rational numbers ‘counting’ 7-semistable sheaves E in class «. When M (1) =
MG (1) then J¥(1) = x(MZ(7)), that is, J*(7) is the naive Euler characteristic of the moduli
space Mg (7). This is not weighted by the Behrend function va (), and so in general does not
coincide with the Donaldson—-Thomas invariant DT (7) in (7.1.12). As the J%(7) do not include
Behrend functions, they do not count semistable sheaves with multiplicity, and so they will not
in general be unchanged under deformations of the underlying Calabi—Yau 3-fold, as Donaldson—
Thomas invariants are. However, the J%(7) do have very good properties under change of sta-
bility condition. In [80] Joyce shows that if 7,7 are two stability conditions on coh(X), then
it is possible to write €*(7) in terms of a (complicated) explicit formula involving the () for
B € K™™(coh(X)) and the Lie bracket in SFI4(901). Applying the Lie algebra morphism ¥
shows that J(7)A\* may be written in terms of the J?(7)\? and the Lie bracket in L(X), and
hence [80, Thm. 6.28] yields an explicit transformation law for the J(7) under change of stability
condition. In [81] he shows how to encode invariants J%(7) satisfying a transformation law in
generating functions on a complex manifold of stability conditions, which are both holomorphic
and continuous, despite the discontinuous wall-crossing behaviour of the J*(7).

Summary of the main results from [85]

The basic idea behind the project developed in [85] is that the Behrend function vgy of the moduli
stack 9t of coherent sheaves in X should be inserted as a weight in the programme of [75-81]
summarized in §7.1.3. Thus one will obtain weighted versions ¥ of the Lie algebra morphism ¥ of
(7.1.14), and DT?(7) of the counting invariant J%(7) € Q in (7.1.16). Here is how this is worked
out in [85].

Joyce and Song define a modification L(X) of the Lie algebra L(X) above, the Q-vector space
with basis of symbols A* for a € K™™(coh(X)), with Lie bracket

A% A7) = ()X x(a, AP,

which is (7.1.14) with a sign change. Then they define a Lie algebra morphism 0 SFf,ﬁd(SJJT) —
L(X). Roughly speaking this is of the form

() = D X(flawes vam) A%, (7.1.17)

ac Knum (coh(X))

that is, in (7.1.14) we replace the stack-theoretic Euler characteristic x*** with a stack-theoretic
Euler characteristic weighted by the Behrend function voy. The proof that W is a Lie algebra mor-
phism combines the proof in [78] that W is a Lie algebra morphism with the two Behrend function
identities (7.1.18)—(7.1.19) proved in [85, thm. 5.11] and reported below. Proving (7.1.18)—(7.1.19)
requires a deep understanding of the local structure of the moduli stack 901, which is of interest in
itself. First they show using a composition of Seidel-Thomas twists by Ox(—n) for n > 0 that
M is locally 1-isomorphic to the moduli stack Yect of vector bundles on X. Then they prove that
near [E] € Yect(C), an atlas for Yect can be written locally in the complex analytic topology in
the form Crit(f) for f : U — C a holomorphic function on an open set U in Ext!(E, E). These
U, f are not algebraic, they are constructed using gauge theory on the complex vector bundle FE
over X and transcendental methods. Finally, they deduce (7.1.18)—(7.1.19) using the Milnor fibre
expression (7.1.7) for Behrend functions applied to these U, f.

Before going on with the review of Joyce and Song’s program, it is worth to stop for a while
on some details about [85, Thm 5.5] and [85, Thm 5.11], the statements of the theorems and how
they prove it.
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Gauge theory and transcendental complex analytic geometry from [85]. In [85, Thm.
5.5] Joyce and Song give a local characterization of an atlas for the moduli stack 9t as the critical
points of a holomorphic function on a complex manifold. The statement and a sketch of its
proof are reported below. Some background references are Kobayashi [101, §VIL.3], Libke and
Teleman [118, §4.1 & §4.3], Friedman and Morgan [44, §4.1-84.2] and Miyajima [129].

Theorem 7.1.11. Let X be a Calabi—Yau 3-fold over C, and 9 the moduli stack of coherent
sheaves on X. Suppose E is a coherent sheaf on X, so that [E] € M(C). Let G be a mazimal
reductive subgroup in Aut(E), and G® its complezification. Then G© is an algebraic C-subgroup
of Aut(E), a mazimal reductive subgroup, and G° = Aut(E) if and only if Aut(E) is reductive.
There exists a quasiprojective C-scheme S, an action of G® on S, a point s € S(C) fized by G,
and a 1-morphism of Artin C-stacks ® : [S/G] — I, which is smooth of relative dimension
dim Aut(E) — dim G, where [S/G"] is the quotient stack, such that ®(s G%) = [E], the induced
morphism on stabilizer groups @, : Isojg/ge)(s G%) — Isom([E]) is the natural morphism G© —
Aut(E) = Isogm([E]), and d®|, ge : ToS = T, c[S/G] — T = Ext!(E, E) is an isomorphism.
Furthermore, S parametrizes a formally versal family (S, D) of coherent sheaves on X, equivariant
under the action of G on S, with fibre Dy = E at s. If Aut(FE) is reductive then ® is étale.

Write San for the complex analytic space underlying the C-scheme S. Then there exists an open
neighbourhood U of 0 in Ext!(E, E) in the analytic topology, a holomorphic function f: U — C
with f(0) = df|p = 0, an open neighbourhood V of s in San, and an isomorphism of complex
analytic spaces E : Crit(f) — V, such that Z(0) = s and dE|y : Ty Crit(f) — TV is the inverse
of d®|, e : TsS — Ext!(E, E). Moreover we can choose U, f,V to be GC-invariant, and Z to be
GC©-equivariant.

In [85], Theorem 7.1.11 gives Joyce and Song the possibility to use the Milnor fibre formula
(7.1.7) for the Behrend function of Crit(f) to study the Behrend function wgy, crucially used in
proving Behrend identities. The proof of Theorem 7.1.11 comes in two parts. First it is shown
in [85, §8] that 9t near [E] is locally isomorphic, as an Artin C-stack, to the moduli stack Uect of
algebraic vector bundles on X near [E’] for some vector bundle £ — X. The proof uses algebraic
geometry, and is valid for X a Calabi—Yau m-fold for any m > 0 over any algebraically closed
field K. The local morphism 9t — Yect is the composition of shifts and m Seidel-Thomas twists
by Ox(—n) for n > 0. Thus, it is enough to prove Theorem 7.1.11 with Uect in place of 9.
This is done in [85, §9] using gauge theory on vector bundles over X. An interesting motivation
for this approach could be found in [36, §3] and [167, §2]. Let E — X be a fixed complex (not
holomorphic) vector bundle over X. Write < for the infinite-dimensional affine space of smooth
semiconnections (0-operators) on E, and ¢ for the infinite-dimensional Lie group of smooth gauge
transformations of E. Then ¢ acts on &7, and # = o/ /¥ is the space of gauge-equivalence classes
of semiconnections on E. Fix 0 in &/ coming from a holomorphic vector bundle structure on E.
Then points in &/ are of the form dg + A for A € C*(End(E) ®c A®»T*X), and 9 + A makes
E into a holomorphic vector bundle if Fg,z = 0pA+ AN Ais zero in C*(End(E) ®c A»?T*X).
Thus, the moduli space (stack) of holomorphic vector bundle structures on E is isomorphic to
{0 +Ae o : Fj’z = 0}/9. In [167], it is observed that when X is a Calabi—Yau 3-fold, there
is a natural holomorphic function CS : & — C called the holomorphic Chern—-Simons functional,
invariant under ¢ up to addition of constants, such that {0 + A € & : Fg’Q = 0} is the critical
locus of C'S. Thus, Yect is (informally) locally the critical points of a holomorphic function C'S
on an infinite-dimensional complex stack # = o/ /4. To prove Theorem 7.1.11 Joyce and Song
show that one can find a finite-dimensional complex submanifold U in &/ and a finite-dimensional
complex Lie subgroup G® in ¢ preserving U such that the theorem holds with f = C'S|y. These
U, f are not algebraic, they are constructed using gauge theory on the complex vector bundle E
over X and transcendental methods.
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The Behrend function identities from [85]. In [85, Thm. 5.11] Behrend function identities
are proven: they are the crucial step to define the Lie algebra morphism ¥ below and then the
generalized Donaldson—Thomas invariants:

Theorem 7.1.12. Let X be a Calabi—-Yau 3-fold over C, and 9 the moduli stack of coherent
sheaves on X. The Behrend function vey : M(C) — Z is a natural locally constructible function
on M. For all By, Ey € coh(X), it satisfies:

vim(E1 @ Ey) = (=1)XUELED yon (B oo (By), (7.1.18)
/ Vg;n(F) dy - / I/gm(D) dy = (621 — 612) I/gm(El D Eg), (7.1.19)
[AJEP(Ext! (Eo,Eq)): (k] €P(Ext! (Eq,E2)):
A& 0>FE1—F—FE—0 n < 0—-E—D—E;—0

where ez = dim Ext!(Ey, E1) and e1o = dim Ext!(Ey, Ey) for Ey, Ey € coh(X). Here X([E1], [E2))
in (7.1.18) is the Euler form as in (7.1.13), and in (7.1.19) the correspondence between [\ €
P(Ext!(Fs, E1)) and F € coh(X) is that [\] € P(Ext!(Ea, E1)) lifts to some 0 # \ € Ext!(E», Ey),
which corresponds to a short exact sequence 0 — Ey — F — Eo — 0 in coh(X) in the usual way.
The function [\ — van(F) is a constructible function P(Ext(Ey, E1)) — Z, and the integrals in
(7.1.19) are integrals of constructible functions using the Euler characteristic as measure.

Joyce and Song prove Theorem 7.1.12 using Theorem 7.1.11 and the Milnor fibre description
of Behrend functions from §7.1.3. They apply Theorem 7.1.11 to F = F; & E2, and take the
maximal reductive subgroup G of Aut(E) to contain the subgroup {idg, + Aidg, : A € U(1)}, so
that G© contains {idg, + Xidg, : A € Gy, }. Equations (7.1.18) and (7.1.19) are proved by a kind
of localization using this G,,-action on Ext!'(E; @ Es, By @ E5). More precisely, Theorem 7.1.11
gives an atlas for 9t near F as Crit(f) near 0, where f is a holomorphic function defined near 0
on Ext!'(E; @ Ey, Ey @ E») and f is invariant under the action of T = {idg, + Aidg, : A € U(1)}
on Ext!(E; ® Ey, By ® F») by conjugation. The fixed points of T on Ext!(E; @ Fy, By @ Es) are
Ext!(F1, E1) @ Ext!(Fs, E;) and heuristically one can says that the restriction of f to these fixed
points is fi + f2, where f; is defined near 0 in Extl(Ej, E;) and Crit(f;) is an atlas for 9t near
E;. The Milnor fibre M Fy(0) is invariant under 7', so by localization one has

X(MF§(0)) = x(MFy(0)") = x(MFy, 11, (0)).

A product property of Behrend functions, which may be seen as a kind of Thom-Sebastiani
theorem, gives

L= xX(MFp4£,(0)) = (1 = x(MFy,(0)))(1 = x(MFF, (0))).
Then the identity (7.1.18) follows from Theorem 7.1.4:

ng(E) — (_1)dimExt1(E,E)fdim Hom(E,E)(l - X(MFf(O))),

and the analogues for £y and Fy. Equation (7.1.19) uses a more involved argument to do with the
Milnor fibres of f at non-fixed points of the U(1)-action. The proof of Theorem 7.1.12 uses gauge
theory, and transcendental complex analytic geometry methods, and is valid only over K = C.
However, as pointed out in [85, Question 5.12], Theorem 7.1.12 makes sense as a statement in
algebraic geometry, for Calabi—Yau 3-folds over K.

In [85, §5], Joyce and Song then define generalized Donaldson—Thomas invariants DT(1) € Q
by

U (e*(1)) = —DT*(1)A\%, (7.1.20)
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as in (7.1.16). When M2(7) = M%(7) then €*(1) = 0%(7), and (7.1.17) gives

U(e(1)) = x*™ (MG (7), vamey (1)) A (7.1.21)
The projection 7 : Mg (1) — M (7) from the moduli stack to the coarse moduli scheme is
smooth of dimension —1, so vgpe ;) = —7" (Ve () by (ii) in §7.1.2, and comparing (7.1.9),

(7.1.20), (7.1.21) shows that DT®(7) = DT*(). But the new invariants DT%(7) are also defined
for a with Mg (1) # M$(7), when conventional Donaldson-Thomas invariants DT*(7) are not
defined.

Thanks to Theorem 7.1.11 and Theorem 7.1.12, U is a Lie algebra morphism [85, §5.3], thus
the change of stability condition formula for the é*(7) in [80] implies a formula for the elements
—DT(7)A* in L(X), and thus a transformation law for the invariants DT®(7), using combina-
torial coeflicients.

To study the new invariants DT®(7), it is helpful to introduce another family of invariants
PI*"(7"), similar to Pandharipande-Thomas invariants [140]. Let n > 0 be fixed. A stable
pair is a nonzero morphism s : Ox(—n) — E in coh(X) such that E is 7-semistable, and if
Ims C E' C E with E' # E then 7([E]) < 7([E]). For « € K™™(coh(X)) and n > 0, the
moduli space Mg(7’) of stable pairs s : Ox(—n) — X with [E] = a is a fine moduli scheme,
which is proper and has a symmetric obstruction theory. Joyce and Song define

PIa’n(T/) — / 1 — X( ?tg( ) VMZS( )) GZ, (7122)
My ()]vr

where the second equality follows from Theorem 7.1.7. By a similar proof to that for Donaldson—
Thomas invariants in [167], Joyce and Song find that PI®"(7’) is unchanged under deformations
of the underlying Calabi-Yau 3-fold X. By a wall-crossing proof similar to that for DT%(7),
they show that PI*™(7') can be written in terms of the DT?(r). As PI*"(r') is deformation-
invariant, one deduces from this relation by induction on rank a with dim « fixed that DT%(7) is
also deformation-invariant.

The pair invariants PI®"(7') are a useful tool for computing the DT%(7) in examples in [85,
§6]. The method is to describe the moduli spaces Mg/ (") explicitly, and then use (7.1.22) to
compute PI*"(7"), and their relation with DT®(7) to deduce the values of DT“(7). Their point
of view is that the DT“(7) are of primary interest, and the PI*"(7') are secondary invariants, of
less interest in themselves.

Motivic Donaldson—Thomas invariants: Kontsevich and Soibelman’s approach from
[102]. Kontsevich and Soibelman in [102] also studied generalizations of Donaldson—Thomas
invariants. They work in a more general context but their results are in great part based on
conjectures. They consider derived categories of coherent sheaves, Bridgeland stability conditions
[20], and general motivic invariants, whereas Joyce and Song work with abelian categories of
coherent sheaves, Gieseker stability, and the Euler characteristic. Kontsevich and Soibelman’s
motivic functions in the equivariant setting [102, §4.2], motivic Hall algebra [102, §6.1], motivic
quantum torus [102, §6.2] and their algebra morphism to define Donaldson-Thomas invariants
[102, Thm. 8] all have an analogue in Joyce and Song’s program.
It is worth to note here some points (see [85, §1.6] for the entire discussion).

(a) Joyce was probably the first to approach Donaldson-Thomas type invariants in an abstract
categorical setting. He developed the technique of motivic stack functions and understood
the relevance of motives to the counting problem [75-80]. The main limitation of his ap-
proach was due to the fact that he worked with abelian rather than triangulated categories.
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For many applications, especially to physics, one needs triangulated categories. The more
recent theory of Joyce and Song [85] fixes some of these gaps and fits well with the gen-
eral philosophy of [102] (and actually Joyce and Song use some ideas from Kontsevich and
Soibelman). They deal with concrete examples of categories (e.g. the category of coherent
sheaves) and construct numerical invariants via Behrend approach. It is difficult to prove
that they are in fact invariants of triangulated categories which is manifest in [102].

(b) Kontsevich and Soibelman write their wall-crossing formulae in terms of products in a pro-
nilpotent Lie group while Joyce and Song’s formulae are written in terms of combinatorial
coefficients.

(c) Equations (7.1.18)—(7.1.19) are related to a conjecture of Kontsevich and Soibelman [102,
Conj. 4] and its application in [102, §6.3], and could probably be deduced from it. Joyce
and Song got the idea of proving (7.1.18)—(7.1.19) by localization using the G,,-action on
Ext!(Ey @ Fy, Ey ® E5) from [102]. However, Kontsevich and Soibelman approach [102,
Conj. 4] via formal power series and non-Archimedean geometry. Their analogue concerns
the ‘motivic Milnor fibre’ of the formal power series f. Instead, in Theorem 7.1.11 Joyce
and Song in effect first prove that they can choose the formal power series to be convergent,
and then use ordinary differential geometry and Milnor fibres.

(d) While Joyce’s series of papers [75-80] develops the difficult idea of ‘virtual rank’ and ‘virtual
indecomposables’, Kontsevich and Soibelman have no analogue of these. They come up
against the problem (specialization from virtual Poincaré polynomial to Euler characteristic)
this technology was designed to solve in the ‘absence of poles conjecture’ [102, §7].

Section 7.3 proposes new ideas for further research also in the direction of Kontsevich and
Soibelman’s paper [102].

7.2 The main results

We will prove and use the algebraic analogue of Theorem 7.1.11, which we can state as follows:

Theorem 7.2.1. Let X be a Calabi—Yau 3-fold over K, and write M for the moduli stack of
coherent sheaves on X. Then for each [E] € M(K), there exists a smooth affine K-scheme U,
a point p € U(K), an étale morphism v : U — Ext'(E, E) with u(p) = 0, a regular function
f U — A with f|, = 0f|, = 0, and a 1-morphism & : Crit(f) — 9 smooth of relative
dimension dim Aut(E), with £(p) = [E] € M(K), such that if ¢ : Ext'(E,E) — Tig 9N is the
natural isomorphism, then d¢|, = voduly, : T,U — TigMM. Moreover, let G be a mazimal algebraic
torus in Aut(E), acting on Ext'(E,E) by v : € — yoeo~y~ . Then we can choose U,p,u, f,&
and a G-action on U such that u is G-equivariant and p, f are G-invariant, so that Crit(f) is

G-invariant, and & : Crit(f) — 9 factors through the projection Crit(f) — [Crit(f)/G].

Note that you can regard v : U — Ext!(E,FE) as an étale open neighbourhood of 0 in
Ext!(E, F). Theorem 7.2.1 will be proved in §7.2.1, using §2. Next, we will use this to prove the
algebraic analogue of Theorem 7.1.12:

Theorem 7.2.2. Let X be a Calabi—Yau 3-fold over K, and 9 the moduli stack of coherent
sheaves on X. The Behrend function voy : M(K) — Z is a natural locally constructible function
on M. For all E1, Ey € coh(X), it satisfies:

v (B @ Ey) = (=1)XUBLED yon (B oo (By), (7.2.1)
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/ vo(F)dx — / vm(D)dx = (e21 —e12) vm(E @ Es), (7.2.2)
[N eP(Ext! (E2,E1)): [u]€P(Ext! (E1,E2)):
A< 0—-E1—F—E;—0 w< 0—-E;—D—FE;—0

where eg; = dim Ext!(Es, E1) and ejo = dim Ext!(Ey, Ey) for E1, By € coh(X). Here X([E1], [E2))
in (7.2.1) is the Euler form as in (7.1.13), and in (7.2.2) the correspondence between [N\] €
P(Ext!(Fs, E1)) and F € coh(X) is that [\] € P(Ext!(Ea, E1)) lifts to some 0 # \ € Ext!(E», Ey),
which corresponds to a short exact sequence 0 — Ey — F — Ey — 0 in coh(X) in the usual way.
The function [\ +— van(F) is a constructible function P(Ext!(Ey, E1)) — Z, and the integrals in
(7.2.2) are integrals of constructible functions using the Euler characteristic as measure.

As in §7.1.3, the identities (7.2.1)—(7.2.2) are crucial for the whole program in [85], and will
be proved in §7.2.2.

In the next theorem, the condition that Ext<C(E®, E*) = 0 is necessary for M to be an
Artin stack, rather than a higher stack. Note that this condition is automatically satisfied by
complexes E*® which are semistable in any stability condition, for example Bridgeland stability
conditions [20]. Therefore to prove wall-crossing formulae for Donaldson-Thomas invariants in
the derived category D®coh(X) under change of stability condition by the “dominant stability
condition” method of [78-81,90], it is enough to know the Behrend function identities (7.2.1)—
(7.2.2) for complexes E* with Ext<°(E*®, E*) = 0, and we do not need to deal with complexes E*
with Ext<C(E®, E®) # 0, or with higher stacks.

Theorem 7.2.3. Let X be a Calabi-Yau 3-fold over K, and write M for the moduli stack of
complezes E* in D®coh(X) with Ext<C(E®  E®) = 0. This is an Artin stack by [70]. Let [E®] €
iﬁt(K), and suppose that a Zariski open neighbourhood of [E®] in 95?(K) is equivalent to a global
quotient [S/ GL(n,K)] for S a K-scheme with a GL(n, K)-action. Then the analogues of Theorems
7.2.1 and 7.2.2 hold with 2)5?, E* in place of M, E.

The condition on 9 that it should be locally a global quotient, is known for the moduli stack
of coherent sheaves 9 using Quot schemes. A proof of that can be found in [85, §9.3], where
Joyce and Song uses the standard method for constructing coarse moduli schemes of semistable
coherent sheaves in Huybrechts and Lehn [71], adapting it for Artin stacks, and an argument
similar to parts of that of Luna’s Etale Slice Theorem [119, §III]. However, this is not known for
the moduli stack of complexes. The author expects Theorem 7.2.3 to hold without this technical
assumption, but currently can’t prove it.

The proof of Theorem 7.2.3 is the same as the proof of Theorem 7.2.2, substituting sheaves
with complexes of sheaves, and accordingly making the obvious modifications.

Finally, in §7.2.3 we will characterize the numerical Grothendieck group of a Calabi—Yau 3-fold
in terms of a deformation invariant lattice described using the Picard group. First of all, using
existence results, and smoothness and properness properties of the relative Picard scheme in a
family of Calabi—Yau 3-folds, one proves that the Picard groups form a local system. Actually, it
is a local system with finite monodromy, so it can be made trivial after passing to a finite étale
cover of the base scheme, as formulated in the analogue of [85, Thm. 4.21], which studies the
monodromy of the Picard scheme instead of the numerical Grothendieck group in a family. Then,
Theorem 7.2.4, a substitute for [85, Thm. 4.19], which does not need the integral Hodge conjecture
result by Voisin [182] for Calabi-Yau 3-folds over C and which is valid over K, characterizes the
numerical Grothendieck group of a Calabi-Yau 3-fold in terms of a globally constant lattice
described using the Picard scheme:

Theorem 7.2.4. Let X be a Calabi-Yau 3-fold over K with H'(Ox)=0. Define
Ax :{()\0,)\1, A2, A3) where Ao, A3 € Q, A\ € Pic(X) ®z Q, A2 € Hom(Pic(X), Q) such that
Xo € Z, A\ € Pic(X)/torsion, Aa — 37 € Hom(Pic(X),Z), A3+ S ea(TX) € Z},
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where A} is defined as the map o € Pic(X) — Ze1(A1) - e1(A1) - er(e) € A3(X)g = Q, and
LXeo(TX) is defined as Le1(M) - e2(TX) € A3(X)g = Q. Then for any family of Calabi-Yau
3-folds ™ : X — S over a connected base S with X = 7w~1(so), the lattices Ax_ form a local system
of abelian groups over S with fibre Ax . Furthermore, the monodromy of this system lies in a finite
subgroup of Aut(Ax), so after passing to an étale cover S — S of S, we can take the local system
to be trivial, and coherently identify Ax, = Ax for all 5 € S. Finally, the Chern character gives
an injective morphism ch : K™ (coh(X))—Ax.

Following [85], this yields

Theorem 7.2.5. The generalized Donaldson—Thomas invariants DT®(7) over K for a € Ax
are unchanged under deformations of the underlying Calabi—Yau 3-fold X, by which we mean
the following: let X 5 T a smooth projective morphism of algebraic K-varieties X, T, with T
connected. Let Ox(1) be a relative very ample line bundle for X = T. For each t € T(K),
write X; for the fibre X x, 1 SpecK of ¢ overt, and Ox,(1) for Ox(1)|x,. Suppose that X; is
a smooth Calabi—Yau 3-fold over K for all t € T(K), with H'(Ox,) = 0. Then the generalized
Donaldson—Thomas invariants DT(7); are independent of t € T(K).

More precisely, the isomorphism Ay, = Ax is canonical up to action of a finite group I', the
monodromy on 7', and DT(7); are independent of the action of I" on «, so whichever identification
Ax, = Ax is chosen, it is still true DT(7); independent of ¢.

Now, recall that in [85] Joyce and Song used the assumption that the base field is the field of
complex numbers K = C for the Calabi—Yau 3-fold X in three main ways:

(a) Theorem 7.1.11 in §7.1.3 is proved using gauge theory and transcendental complex analytic
methods, and work only over K = C. It is used to prove the Behrend function identities
(7.1.18)—(7.1.19), which are vital for much of their results, including the wall crossing formula
for the DT®(7), and the relation between PI*"(7'), DT ().

(b) In [85, §4.5], when K = C the Chern character embeds K™™(coh(X)) in H"(X;Q),
and they use this to show K™™(coh(X)) is unchanged under deformations of X. This is
important for the results that DT%(7) and PI*"(7') for a € K™™(coh(X)) are invariant
under deformations of X even to make sense.

(c) Their notion of ‘compactly embeddable’ noncompact Calabi-Yau 3-folds in [85, §6.7] is
complex analytic and does not make sense for general K. This constrains the noncompact
Calabi—Yau 3-folds they can define generalized Donaldson-Thomas invariants for.

Now Theorem 7.2.1 and Theorem 7.2.2 extend the results in (a) over algebraically closed field
K of characteristic zero. As noted in [75], constructible functions methods fail for K of positive
characteristic. Because of this, the alternative descriptions (7.1.9) and (7.1.22), for DT“(7) and
PI*"(7") as weighted Euler characteristics, and the definition of DT%(7) in §7.1.3, cannot work
in positive characteristic, so working over an algebraically closed field of characteristic zero is
about as general as is reasonable.

The point (a) above has consequences also on (c), because Joyce and Song only need the
notion of ‘compactly embeddable’ as their complex analytic proof of (7.1.18)—(7.1.19) requires X
compact. Unfortunately the given algebraic version of (7.1.18)—(7.1.19) in Theorem 7.2.2 uses
results from derived algebraic geometry, and the author does not know if they apply also for
compactly supported sheaves on a noncompact X. We can prove a version of that under some
technical assumptions, as stated in §7.3. Observe, also, that in the noncompact case you cannot
expect to have the deformation invariance property unless in some particular cases in which the
moduli space is proper. The extension of (b) to K is given in Section 7.2.3, which yields Theorem
7.2.5, thanks to which it is possible to extend [85, Cor. 5.28] about the deformation invariance of
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the generalized Donaldson—Thomas invariants in the compact case to algebraically closed fields
K of characteristic zero. Thus, this proves our main theorem:

Theorem 7.2.6. The theory of generalized Donaldson—Thomas invariants defined in [85] is valid
over algebraically closed fields of characteristic zero.

Next, we will respectively prove Theorems 7.2.1, 7.2.2 and 7.2.4 in §7.2.1, §7.2.2 and §7.2.3.

7.2.1 Local description of the Donaldson—Thomas moduli space

Let us fix a moduli stack 99t which is locally a global quotient. In particular, 9t can be the moduli
stack of coherent sheaves over a Calabi-Yau 3-fold X, so that the theory exposed in §2 and §6
applies.

The first step in order to proving Theorem 7.2.1 is to show the existence of a quasiprojective
K-scheme S, an action of G on S, a point x € S(K) fixed by G, and a l-morphism of Artin
K-stacks & : [S/G] — 9, which is smooth of relative dimension dim Aut(E) — dim G, where
[S/G] is the quotient stack, such that £(z G) = [E], the induced morphism on stabilizer groups
&« + Isos/g)(z G) — Isogm([E]) is the natural morphism G < Aut(E) = Isogm([E]), and d§l.¢ :
T8 =T, q[S/G] = TipM = Ext!(E, E) is an isomorphism.

As 9 is locally a global quotient, let’s say 9 is locally [Q/H] with H = GL(n,K), and a
K-scheme () which is H-invariant, so that the projection [Q/H] — 9 is a 1-isomorphism with
an open K-substack £ of 9. This 1l-isomorphism identifies the stabilizer groups Isogr([E]) =
Aut(E) and Isoyg,p)(vH) = Staby(z), and the Zariski tangent spaces TjgI = Ext!(E, F) and
T.n[Q/H] = T,Q/T,(xH), so one has natural isomorphisms Aut(F) = Staby (z) and Ext! (E, F) =
T.Q/Ty(zH), and G is identified as a subgroup of H.

To obtain the 1-morphism with the required properties, following [85, §9.3] and Luna’s Etale
Slice Theorem [119, §III], we obtain an atlas S as a G-invariant, locally closed K-subscheme in @
with € S(K), such that 7,Q) = 1,5 @& T(xH), and the morphism p : S x H — @ induced by
the inclusion S — @ and the H-action on @ is smooth of relative dimension dim Aut(F). Here
x € Q(K) project to the point zH in Q(K) identified with [E] € 9M(K) under the 1-isomorphism
Q= [Q/H] and G, a K-subgroup of the K-group H, is as in the statement of Theorem 7.2.1, that is,
a maximal torus in Aut(E). Since S is invariant under the K-subgroup G of the K-group H acting
on @, the inclusion i : S < @ induces a representable 1-morphism of quotient stacks i, : [S/G] —
[Q/H]. In [85], Joyce and Song found that i, is smooth of relative dimension dim Aut(FE)—dim G.
Combining the 1-morphism i, : [S/G] — [Q/H], the l-isomorphism Q = [@)/H], and the open
inclusion 9 — M, yields a 1-morphism ¢ : [S/G] — M, as required for Theorem 7.2.1. This £ is
smooth of relative dimension dim Aut(E) —dim G, as i, is. The conditions that £(z G) = [E] and
that &, : Isos/g)(z G) — Isogm([£]) is the natural G — Aut(E) = Isogn([E]) in Theorem 7.1.11
are immediate from the construction. That d¢|s¢ : 155 = T, ¢[S/G] — TipM = Ext!(E, E) is
an isomorphism follows from TjpM = T,y [Q/H| = T,.Q /T, (zH) and T,Q = T,,S ® T,(zH).

In conclusion, we can summarize as follows: given a point [E] € MM (K), that is an equivalence
class of a (complex of) coherent sheaves, we will denote by G' a maximal torus in Aut(E). As M is
locally a global quotient, there exists an atlas .S, which is a scheme over K, and a smooth morphism
m S — M, with m smooth of relative dimension dimG. If x € S is the point corresponding
to B € M(K), then 7 smooth of dim G means that = has minimal dimension near E, that is
T.S = Ext!(E, E). Moreover, the atlas S is endowed with a G-action, so that m descends to a
morphism [S/G] — 9. Note next that the maximal torus G acts on S preserving z. By replacing
S by a G-equivariant étale open neighbourhood S’ of z, we can suppose S is affine. Thus the atlas
S in the sense of Corollary 6.1.5 and Theorem 6.2.1 for the moduli stack 20 carries a d-critical
locus structure (S, sg) which is G-equivariant in the sense of §2.3.
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Using Proposition 2.3.3, there exists a G-invariant critical chart (R, U, f,4) in the sense of §2
for (S,s) with x in R, and dimU is minimal so that Tj,)U = TR = Ext!(E, E). Making U
smaller if necessary, we can choose G-equivariant étale coordinates U — A™ & Extl(E, E) near
i(z), sending i(z) to 0, and with Tj \U = Ext!(E, E) the given identification. Then we can
regard U — Ext!(E, E) as a G-equivariant étale open neighbourhood of 0 in Ext!(E, E), which
concludes the proof of Theorem 7.2.1.

7.2.2 Behrend function identities

Now we are ready to prove Theorem 7.2.2. Let X be a Calabi—Yau 3-fold over an algebraically
closed field K of characteristic zero, 91 the moduli stack of coherent sheaves on X, and F1, Fs be
coherent sheaves on X. Set F = F; @ Fs. Using the splitting

Ext!(E, E)=Ext!(E}, E1)®Ext! (Fy, Ey) ®Ext! (B, Ey) ®Ext! (Fy, Ey), (7.2.3)

write elements of Ext!(E, E) as (€11, €22, €12, €21) with €j € Ext!(E;, E;). For simplicity, we will
write e;; = dim Ext! (E;, E;). Choose a maximal torus G of Aut(F) which contains the subgroup
T = {idg, + Aidg, : A € Gy, }, which acts on Ext!(E, E) by

A (€11, €22, €12, €21) = (€11, €22, A Lera, Aear). (7.2.4)

Apply Theorem 7.2.1 with these E and G. This gives a G-equivariant étale morphism wu :
U — Ext'(E, F) with U a smooth affine G-invariant K-scheme, and u(p) = 0, for p € U(K), a
G-invariant regular function f : U — Aj on U with f|, = df|, = 0, an open neighbourhood V'
of s in S, and a l-morphism ¢ : Crit(f) — 9t smooth of relative dimension dim Aut(E), with
£(p) = [E] € M(K) and d¢], : T, (Crit(f)) = Ext'(E, E) — Tj5; 9 the natural isomorphism. Then
the Behrend function vy at [E] = [E) @ Es] satisfies

von(E1 & By) = (—1) 3 A E) e 4)(0), (7.2.5)
where one uses that £ is smooth of relative dimension dim Aut(E), and Theorem 7.1.5 to say that

Veri(p) = (—1)mAUE) e ().

On the other hand, the last part of the proof of (7.2.1) in [85, Section 10.1] uses algebraic
methods and gives

von(E1 ) von(Es2) = vonxon(E1, Ey) = (_1)dimAut(E1)+dimAUt(E2)VCrit(fG)(0)7 (7.2.6)

where Veyiy(pey(0) = Veg(p)a(0) = VOrit(flymmet (s E)G)(O) and U is as in Theorem 7.2.1 and

Ext!(E, E)¢ denotes the fixed point locus of Ext!(E, E) for the G-action. Thus what actually
remains to prove in order to establish identity (7.2.1) is

im Ext! im Ext!
Verin() (0) = (= 1) B (LB b dim I ER By ) (0). (7.2.7)

This is a generalization of a result in [7] over C in the case of an isolated C*-fixed point.
Combining equations (7.2.5), (7.2.6) and (7.2.7) and sorting out the signs as in [85, Section 10.1]
proves equation (7.2.1). Equation (7.2.7) will be crucial also for the proof of the second Behrend
identity (7.2.2).

Let us start by recalling an easy result similar to [85, Prop. 10.1], but now in the étale topology.
Let u : U — Ext!(E, F) be the étale map as in §7.2.1, and p € U such that u(p) = 0. We will
consider points (0,0, €12, 0), (0,0,0, e21) € Ext!(E, E) basically like points in U. This is because we
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consider a unique lift a(eq2) of (0,0, €12,0) € Ext (E, E) to U, such that u(a(ei2)) = (0,0, e12,0)
and )l\ir% A.a(e2) = p, using that hm (O 0, A te12,0) = (0,0,0,0). In the sequel we will also treat
H

points of the blow-up of u~!(e12 = O) in U like points of the blow-up of e;s = 0 in Ext!(E, E),
and so on.

So we can state the following result, for the proof of which we cite [85, Prop.10.1], with
appropriate obvious modifications, working in the étale topology.

Proposition 7.2.7. Let €15 € Ext!(Ey, Ey) and ey € Ext!(Fy, Ey). Then

() (0 0, €12, ) (0,0,0,621) S Crit(f) cU C Eth(E,E), and (0,0,612,0),(0,0,0,621) eV C
S(K) C Ext!(E, E);

(ii) & maps (0,0,€12,0) — (0,0, €12,0) and (0,0,0,€21) — (0,0,0,€21); and

(iii) the induced morphism on closed points [S/ Aut(E)]|(K) — M(K) maps [(0,0,0,€21)] — [F]
and [(0,0,€12,0)] — [F’], where the exact sequences 0 — F1 — F — Ey — 0 and 0 —
By = F' — E; — 0 in coh(X) correspond to ea1 € Ext!(Ey, E1) and €15 € Extl(El,Eg),
respectively.

Now use the idea in [85, §10.2]. Set U’ = {(611,622,612,621) € U : e # 0}, an open
set in U, (this is using our informal notation of writing points of the étale open set U —
Ext!(E, E) as if they were points of Ext!(E, E). Formally we should write U’ = {p € U : u(p) =
(611,622,612,621) €21 # O} ) Write V' for the submanifold of (611,622,612,621) € U’ with €19 = 0.
Let U’ be the blowup of U’ along V', with projection 7/ : U’ — U’. With our convention on
the notation, points of U’ may be written (€11, €22, [€12], )\612, €21), where [e12] € P(Extl(El, Ey)),
and A\ € K, and ey; # 0. Write f/ = f|yv and f' = f’ o «’. Then applying Theorem 7.1.6 to
UV, f, U« f at the point (0,0,0,€) € U’ gives

Verie()(0,0,0,€21) = / Verin 7 (0 0, [€12], 0, €21) dx+
[e12]€P(Ext! (E1,E2)) (7.2.8)

(=1)“2(1 — e12) Veuit(f],) (0, 0,0, €21).

Here veyie(r)(0,0,0, €21) is independent of the choice of €1 representing [e21] € P(Ext!(Fs, Ey)),
and is a constructible function of [e21], so the integrals in (7.2.8) are well-defined. Note that vy (f)
and the other Behrend functions in the sequel are nonzero just on the zero loci of the corresponding
functions, so here and in the sequel the integrals over the whole P(Ext!(...)) actually are just
over the points that lie in these zero loci. Adopt this convention for the whole section.

Similarly consider the analogous situation exchanging the role of €12 and €. Set U’ =
{(611,622,612,621) ceU: €12 7& O}, aln open set in U, and write V” = {(611,622,612,621) S U” :
€21 = 0}. Let U” be the blowup of U” along V", with projection 7 : U” — U”. Points of U”
may be written (611,622,612, [621], )\621), where [621] € P(Extl(EQ,El)), and A € K, and €15 # 0.
Write f” = fly» and f” = f” o «n”. Similarly to the previous situation, we can apply Theorem
7.1.6 to U", V", 7, U",x", f" at the point (0,0, €12,0) € U” which gives

VCrit(f) (Oa Oa €12, 0) = / UCrit(f”) (Oa Oa El?a [621]) dX+
[e21]€P(Ext! (E2,E1)) (7.2.9)
(=1)°2 (1 — e21) Venit(f1, ) (0, 0, €12, 0).

Let Lis — P(Ext!(Eq, Ey)) and Loy — P(Ext!(E», 1)) be the tautological line bundles, so that
the fibre of L3 over a point [e12] in P(Ext!(E), E)) is the 1-dimensional subspace {A ez : A € K}
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in Ext!(Ej, F). Consider the fibre product

7 — & Fxt!(Ey, Ey) x Bxt!(Ey, Ey) x (L1a @ Lyy)
U étale Eth(E, E)

where the horizontal maps are étale morphisms. Informally, this defines Z C Extl(El,El) X
Ext!(Es, Ey) x (L12 ® La1) to be the étale open subset of points (611, €22, [€12], A1 €12, [€21], A2 621)
for )\i S K, for which (621, €929, )\1 €12, )\2 621) lies in U. In other WOI‘dS, Eth (El, El) X Eth (EQ, Eg) X
(L12 @ Lgy) is obtained from Ext!(E, E) by two commuting blow-ups to Ext!(E, E) at the trans-
versely intersecting submanifolds {ej2 = 0} and {e2; = 0} and Z is obtained doing two commut-
ing blow-ups to U at the transversely intersecting submanifolds in U pulling back {e12 = 0} and
{ea1 = 0}. Observe that Z contains both U’ and U”, which respectively have subspaces Crit(f’)
and Crit(f").

We claim that there is an étale open set W — Extl(El,El) X Extl(Eg,Eg) X (L12 ® Lay)
fitting into a Cartesian square:

VA _ gtale Eth(El, El) X Eth(E27 EQ) x (L12 ® L21)
. lH, (7.2.10)
W o Bxt!(By, By) x Ext!(Ey, Es) x (L @ Lor)

with II a G,-invariant morphism. Note that this does not define W as a fibre product, or
characterize W by a universal property: rather, it says Z is a fibre product involving W.

To see that such a W exists, first consider the morphism Lio @ Loy — Lio ® Lo, which is
the right hand column of (7.2.10), omitting constant factors. This is a morphism of fibre bundles
over P(Ext!(Ey, Fs)) x P(Ext!(Fs, E1)), with each morphism of fibres modelled on the morphism
A% — A' mapping (z,y) — zy. The group G,, acts on Lis @ Lo; preserving the bundle structure,
on the fibres A2 as A : (z,9) — (A" @, \y), and the map Lis @ Ly — L1 ® Loy is G,,-invariant.

Now this map A? — A! mapping (z,y) — zy is in fact a GIT quotient by the given G,,
action, using the trivial linearization in which all of A% is GIT-semistable. Restricting to the
open subschemes {z # 0} or {y # 0} in A?, the G,,-action becomes free, and {z # 0} — Al
{y # 0} — A! are principal G,,-bundles.

Similarly, it is an easy exercise in GIT to show that the morphism Lis @ Lo; — Lis® Loy is a
GIT quotient by G,,, using the trivial linearization in which all of Lis & Lo is GIT semistable,
and restricting to the open subschemes {e12 # 0} and {ea1 # 0} in Lia & Loy gives principal
Gy-bundles.

From all this, we see that we can define Il : Z — W to be the GIT quotient of Z by G,,, with
the trivial linearization in which all of Z is GIT semistable, and then W exists and fits into a
Cartesian square (7.2.10) with étale horizontal morphisms. Also, the restriction of II to the open
subsets U’ and U" in Z, corresponding to {eg1 # 0} and {e12 # 0}, are principal G,,-bundles. So
in particular, the restrictions of IT to U’ and U” are smooth.

Here is the crucial point: Crit(f") ¢ U’ and Crit( fy € U" are G,,-invariant subschemes,
where f and f” are the restriction respectively on U’ and U” of the G-invariant function f on
Z, pullback of the G-invariant function f on U through the projection Z — U. Now, as f is
Gy, invariant, it pushes down to the GIT quotient W of Z by G,,. So there exists a function
f: W — Ak so that f = f oIl Define the scheme Q to be Crit(f). As the projection II is
smooth on U’ and U”, we get that Crit(f") = I~Y(Q)N U’ and Crit(f”) = II"'(Q) NU” and both
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IT : Crit(f’) — @ and II : Crit(f”) — Q are smooth of relative dimension 1. Thus Theorem 7.1.5
yields that v, 7y = —II*(vg) and Vesin(fr) = —IT*(vg) and then
I/Crit(f,)(o, 0, [612], 0, 621) == *I/Q(O, 0, [612], [621}, 0) = Vcrit(f,,)(o, 0, €12, 0, [621]), (7.2.11)

where the sign comes from the fact that the map II is smooth of relative dimension 1. Moreover
observe that
VCrit(f|V/) (0, 0, 0, 621) = (—1)621 Z/Crit(f)c (0, 0, 0, 0) (7212)
This is because the G-invariance of f imply that its values on (€11, €22,0, €21) and (€31, €22, 0,0)
are the same and the projection Crit(f|y) — Crit(f|yc) is smooth of relative dimension eg;. For
the same reason, one has

VCrit(f\V//)(Ov 0, €12, 0) = (_1)612VCrit(f)G(07 0,0, 0) (7213)
Now, substitute equations (7.2.11), (7.2.12) and (7.2.13) into (7.2.8) and (7.2.9). One gets

Verit(£)(0,0,0,€21) = — / vq(0,0, [e12], [€21],0) dx+
[e12]€P(Ext! (E1,E2)) (7.2.14)
(—1)612+621 (1 - el?)”Crit(f)G <O7 0,0, O)a
Verit(f) (Oa 0, €12, 0) = - / VQ(Oa 0, [612]7 [621]7 0) dx+
[e21]EP(Ext! (B2, E1)) (7.2.15)

(—1)612+621 (1 - te)VCrit(f)G (0, 0,0, 0)

Since x (P(Ext!(Ea, E1))) = es1 and x (P(Ext!(E1, E))) = e12, integrating (7.2.14) over [es1] €
P(Ext!(Ey, F1)), and (7.2.15) over [e19] € P(Ext!(E1, Fy)), yields respectively

[ rewn©00ende = - [ a0 el 0 dy
[e21)€P(Ext! (E2,E1)) ([e12),[e21]) EP(Ext! (E1,E2)) xP(Ext! (E2,E1))
+ (—1)r2tea (1 — 612)6211/0rit(f)c(0),
(7.2.16)
[ @00 = - [ vew.0as) el 0)dx
[e12]€EP(Ext! (E1,E>)) ([e12],[e21]) EP(Ext! (E1,E2)) x P(Ext! (E2,F1))
+ (=112 (1 = egy) erarcyig 1)c (0),
(7.2.17)
Subtracting (7.2.16) from (7.2.17), gives
Verie(£)(0,0,0,€21) dx  — / Verie(£) (0,0, €12,0) dx =
[e21]€P(Ext! (E2,E1)) [e12] EP(Ext! (E1,E)) (7.2.18)

(=127 (e21 — ex2) viyie(ye (0)-
Consider equation (7.2.18) applied substituting P(Ext!(Es, B1) ©K) to P(Ext!(Ey, Fy)). This

adds one dimension to Ext'(E, E). Denote f the lift of f to Ext'(E, E) ®K. In this case equation
(7.2.18) becomes

/ Yon(p (0 OO en A D / Vorn(p (0 0 12 0) dx =
[e21]EP(Ext! (B, E1)®K) le12] €P(Ext! (E1,Ez)) (7.2‘19)

(_1)1+612+821 (1 +e21 — elz)yCrit(f)G(O),
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Now, observe that vy sy = “Vorit(H from Theorem ?.1.5 and VCrit(f:)G(O) = Verit(p)e (0) as

(Ext'(E, E) @ K)¢ = Ext!(E, E)® © 0 and the map Crit(f)¢ — Crit(f)¢ is étale. Thus

- / VCrit(f)(Ov[)vaeZl)dX - VCrit(f)(OaOuouo) + / VCrit(f)(07 0, E1270) dx =
[e21]EP(Ext! (F2,E1)) [e12]EP(Ext! (E1,F2))

(_1)1+e12+621 (1 +e21 — 612)VCrit(f)G(0)'
(7.2.20)

Here, vcyig(f)(0) on the Lh.s. comes from the fact that the G,,-action over P(Ext!(Ey, B1) ®K)
fixes P(Ext!(Es, E1)) and [0, 1]; the free orbits of the G,,-action contribute zero to the weighted
Euler characteristic. Then one uses that v crit(F) valued over [0, 1] is equal to —vcyig(5)(0). Adding
(7.2.18) and (7.2.20) yields (7.2.7), which concludes the proof of identity (7.2.1).

The conclusion of the proof of identity (7.2.2) is now easy. Let 0 # ey € Ext!(FEs, Ey)

correspond to the short exact sequence 0 — E; — F' — E3 — 0 in coh(X). Then
von(F) = (—1)mAwE) 0 0(0,0,0, e21) (7.2.21)

using &, : [(0,0,0, €21)] — [F] from Proposition 7.2.7 and £ smooth of relative dimension dim(Aut(E))
and properties of Behrend function in Theorem 7.1.5. Substituting (7.2.21) and its analogue
for D in the place of F into (7.2.2), using equation (7.2.5) and identity (7.2.7) to substitute
for von(E1 @ Es), and cancelling factors of (—1)3™AE)  one gets that (7.2.2) is equivalent to
(7.2.18), which concludes the proof.

7.2.3 Deformation invariance issue

Thomas’ original definition (7.1.1) of DT*(7), and Joyce and Song’s definition (7.1.22) of the
pair invariants PI®"(7’), are both valid over K. Joyce and Song suggest to solve problem (b)
in §7.2 to work in [85, Rmk 4.20 (e)], replacing H*(X;Q) by the algebraic de Rham cohomology
H}n (X) of Hartshorne [64]. Here we suggest another argument which is based on the theory
of Picard schemes by Grothendieck [62,63]. Other references are [3,100]. Even if our argument
will not prove that the numerical Grothendieck groups are deformation invariant, as this last
fact depend deeply on the integral Hodge conjecture type result [182] which we are not able
to prove in this more general context, we will however find a deformation invariant lattice A,
containing its image through the Chern character map and define DT%(7); for a € Ax, which
will be deformation invariant. For the whole section we will work in the étale topology.

To prove deformation-invariance we need to work not with a single Calabi—Yau 3-fold X over
K, but with a family of Calabi—Yau 3-folds X —25 T over a base K-scheme T'. Taking T' = Spec K
recovers the case of one Calabi-Yau 3-fold. Here are our assumptions and notation for such
families. Let ¥ -2 T be a smooth projective morphism of algebraic K-varieties X, T, with T
connected. Let Ox(1) be a relative very ample line bundle for ¥ —%+ T. For each t € T(K),
write X; for the fibre X x, 1 SpecK of ¢ over ¢, and Ox, (1) for Ox(1)|x,. Suppose that X is
a smooth Calabi-Yau 3-fold over K for all ¢ € T(K), with H'(Ox,) = 0.

There are some important existence theorems which refine the original Grothendieck’s theorem
[62, Thm. 3.1]. In [3, Thm. 7.3], Artin proves that given f : X — S a flat, proper, and
finitely presented map of algebraic spaces cohomologically flat in dimension zero, then the relative
Picard scheme Picy/g exists as an algebraic space which is locally of finite presentation over S.
Its fibres are the Picard schemes Pic(Xg) of the fibres. They form a family whose total space
is Picy/g. In [63, Prop. 2.10] Grothendieck shows that if H*(X,,Ox,) = 0 for some s € S,
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there exists a neighborhood U of s such that the scheme Picx/g), is smooth, and in this case
dim(Pic(X;)) = dim(H (X, Ox,)).

In our case, Picy/r exists and is smooth with O-dimensional fibres which are the Picard
schemes Pic(X;). These results yield that the Picard schemes Pic(X}) for t € T'(K) are canonically
isomorphic locally in T(K) in the étale topology. Observe that at the moment we don’t have
canonical isomorphisms Pic(X;) = Pic(X) for all ¢t € T'(K) (this would be canonically isomorphic
globally in T'(K)). Instead, we mean that the groups Pic(X;) for t € T'(K) form a local system of
abelian groups over T(K), with fibre Pic(X).

When K = C, Joyce and Song proved [85, §4] that K™™(coh(X;)) form a local system of
abelian groups over T'(K), with fibre K™™(coh(X)). This means that in simply-connected regions
of T'(C) in the complex analytic topology the K™™(coh(X})) are all canonically isomorphic, and
isomorphic to K(coh(X)). But around loops in T'(C), this isomorphism with K (coh(X)) can
change by monodromy, by an automorphism x : K (coh(X)) — K(coh(X)) of K(coh(X)). In [85,
Thm 4.21] they showed that the group of such monodromies p is finite, and so it is possible to
make it trivial by passing to a finite cover TofT. If they worked instead with invariants P17 (1)
counting pairs s : Ox(—n) — E in which E has fixed Hilbert polynomial P, rather than fixed
class a € K™ (coh(X)), as in Thomas’ original definition of Donaldson-Thomas invariants [167],
then they could drop the assumption on K™ (coh(X)) in Theorem [85, Thm. 5.25].

Similarly, we now study monodromy phenomena for Pic(X;) in families of smooth K-schemes
X — T in the étale topology following the idea of [85, Thm. 4.21]. We find that we can always
eliminate such monodromy by passing to a finite cover T’ of T'. This is crucial to prove deformation-
invariance of the DT%(r), PI*"(r') in [85, §12].

Theorem 7.2.8. Let K be an algebraically closed field of characteristic zero, ¢ : X — T a smooth
projective morphism of K-schemes with T connected, and Ox (1) a relative very ample line bundle
on X, so that for each t € T(K), the fibre Xy of ¢ is a smooth projective K-scheme with very
ample line bundle Ox,(1). Suppose the Picard schemes Pic(Xy) are locally constant in T(K),
so that t — Pic(Xy) is a local system of abelian groups on T. Fiz a base point s € T(K), and
let T' be the monodromy group of Plc( s).- Then T is a finite group. There exists a finite étale
cover m: T — T of degree |T'|, with T'" a connected K-scheme, such that writing X=Xx7T and
¢ : X — T for the natural projection, with fibre X; at t € T(K), then Pic(X;) for all t € T(K)
are all globally canonically isomorphic to Pic(Xs). That is, the local system t — P10(X~) on T is
trivial in the étale topology.

Proof. As Pic(Xy) is finitely generated, one can choose classes [L1],...,[Lx] € Pic(Xy) as gen-
erators. Let Pp,..., Py be the Hilbert polynomials respectively of [L1],...,[Lx] with respect to
Ox.(1). Let v € T', and consider the images v - [L;] € Pic(X;) for i = 1,...,k. As we assume
Ox(1) is globally defined on T and does not change under monodromy, it follows that the Hilbert
polynomials P,..., P, do not change under monodromy. Hence + - [L;] has Hilbert polynomial
P;. Again one uses properness to show that the set Pict (Xs) composed by isomorphism classes
of line bundles in Pic(X;) with Hilbert polynomial P; for some i = 1,...,k is a finite set, that

is, every P; is the Hilbert polynomial of only finitely many classes [R1], ..., [Ry,] in Pic(Xj). It
follows that for each v € I' we have v - [L;] € {[R1],...,[Rn,;]}. So there are at most ny ---ny
possibilities for (v - [Li],...,7 - [Lg]). But (y-[Li],...,7 - [Lx]) determines v as [Li],...,[Ly]

generate Pic(Xy). Hence [I'| < ny ---ng, and T is finite.

We can now construct an étale cover 7 : T — T which is a principal I-bundle, and so has
degree |T'|, such that the K-points of T" are pairs (¢, ¢) where t € T(K) and ¢ : Pic(X;) — Pic(Xj) is
an isomorphism from the properness and smoothness argument above, and I' acts freely on T(K)
by 7 : (t,1) = (t,y01), so that the T-orbits correspond to points ¢ € T(K). Then for £ = (¢,1) we
have X; = X;, with canonical isomorphism ¢ : Pic(X;) — Pic(Xj). O
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So the conclusion is that from properness and smoothness argument, Pic(X;) are canonically
isomorphic locally in T'(K). But by Theorem 7.2.8, one can pass to a finite cover T of T, so
that the Pic(f(g) are canonically isomorphic globally in T (K). So, replacing X, T by X, T, we will
assume from here that the Picard schemes Pic(X;) for ¢t € T'(K) are all canonically isomorphic
globally in T'(K), and we write Pic(X) for this group Pic(Xy) up to canonical isomorphism.

In Theorem [85, Thm. 4.19] Joyce and Song showed that when K = C and H'(Ox) = 0
the numerical Grothendieck group K™™(coh(X)) is unchanged under small deformations of X
up to canonical isomorphism. As we said, here we will not prove this result. So, the idea is
to construct a globally constant lattice Ax using the globally constancy of the Picard schemes
such that there exist an inclusion K™ (coh(X)) < Ax. It could happen that the image of the
numerical Grothendieck group varies with ¢ as it has to do with the integral Hodge conjecture
as in [85, Thm. 4.19], but this does not affect the deformation invariance of DT%(7) as for them
to be deformation invariant is enough to find a deformation invariant lattice in which the classes
a vary. Next, we describe such lattice Ax and explain how the numerical Grothendieck group
K™ (coh(X)) is contained in it. Our idea follows [85, Thm. 4.19].

Let X be a Calabi-—Yau 3-fold over K, with H!(Ox) = 0 and consider the Chern character,
as in Hartshorne [65]: for each E € coh(X) we have the rank r(E) € A°(X) = Z, and the Chern
classes ¢;(E) € AY(X) for i = 1,2, 3. It is useful to organize these into the Chern character ch(FE)
in A*(X)g, where ch(E) = chy(E) + chy(E) + cha(E) + ch3(E) with ch;(E) € AY(X)g :

cho(E) =r(E), chi(E)=ci(E), chy(E)=3(c1(E)*—2c2(E)),

ch3(E) = %(61(E)3 —3c1(E)c2(E) + 363(E)). (7.2.22)

By the Hirzebruch-Riemann-Roch Theorem [65, Th. A.4.1], the Euler form on coherent
sheaves F, F' is given in terms of their Chern characters by

X([E], [F]) = deg(ch(E)" - ch(F) - td(T'X))3, (7.2.23)

where (-)3 denotes the component of degree 3 in A*(X)g and where td(7T'X) is the Todd class of
TX, which is 1+ T1262 (TX) as X is a Calabi—Yau 3—f01d, and ()\0, )\1, )\2, )\3)\/ = ()\0, —)\1, )\2, —)\3),
writing (o, ..., A3) € A*(X) with \; € A(X). Define:

Ax ={(Xo, A1, A2, A3) where Ao, A3 € Q, A1 € Pic(X) ®z Q, A2 € Hom(Pic(X), Q) such that
Xo € Z, A\ € Pic(X)/torsion, Ao — 2A] € Hom(Pic(X),Z), A3+ 5 ico(TX) € Z},

where A? is defined as the map o € Pic(X) — Ze1(M) - ci(A1) - ci(a) € A3(X)g = Q, and
1—12/\102(TX) is defined as 1—1201()\1) cco(TX) € A3(X)p = Q. Theorem 7.2.4 states that Ay is
deformation invariant and the Chern character gives an injective morphism ch : K™"™(coh(X))—
Ax. The proof of Theorem 7.2.4 is straightforward:

Proof. The proof follows exactly as in [85, Thm. 4.19] and the fact the Picard scheme Pic(X) is
globally constant in families from the argument above yields that the lattice Ax is deformation
invariant. Moreover, the proof that ch(K™™(coh(X))) C Ax is again as in [85, Thm. 4.19].
Observe that we do not prove that ch(K™™(coh(X))) = Ax, fact which uses Voisin’s Hodge
conjecture proof for Calabi-Yau 3-folds over C [182]. O

Question 7.2.9. Does Voisin’s result [182] work over K in terms of Hom(Pic(X),Z)?

This concludes the discussion of problem (b) in §7.2 and yields the deformation-invariance of
DT(7), PI*"™(7") over K.
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7.3 Implications and conjectures

In this section we sketch some exciting implications of the theory and propose new ideas for
further research. One proposal is in the direction of extending Donaldson-Thomas invariants to
compactly supported coherent sheaves on noncompact quasi-projective Calabi—Yau 3-folds. A
second idea is in the derived categorical framework trying to establish a theory of generalized
Donaldson—Thomas invariants for objects in the derived category of coherent sheaves. Here we
expose the problems and illustrate some possible approaches when known.

7.3.1 Noncompact Calabi—Yau 3-folds
We start by recalling the following definition from [85, Def. 6.27]:

Definition 7.3.1. Let X be a noncompact Calabi-Yau 3-fold over C. We call X compactly
embeddable if whenever K C X is a compact subset, in the analytic topology, there exists an
open neighbourhood U of K in X in the analytic topology, a compact Calabi-Yau 3-fold Y over
C with H'(Oy) = 0, an open subset V of Y in the analytic topology, and an isomorphism of
complex manifolds ¢ : U — V.

Joyce and Song only need the notion of ‘compactly embeddable’ as their complex analytic
proof of (7.1.18)—(7.1.19) recalled in §7.1.3, requires X compact; but unfortunately the given
algebraic version of (7.1.18)—(7.1.19) in Theorem 7.2.2 uses results from derived algebraic geometry
[142,171-175], and the author does not know if they apply also for compactly supported sheaves
on a noncompact X.

More precisely, in [142] it is shown that if X is a projective Calabi-Yau m-fold then the derived
moduli stack Mpe,¢(x) of perfect complexes of coherent sheaves on X is (2—m)-shifted symplectic.
It is not obvious that if X is a quasi-projective Calabi-Yau m-fold, possibly noncompact, then the
derived moduli stack Mpe,s,, (x) of perfect complexes on X with compactly-supported cohomology
is also (2 — m)-shifted symplectic.

At the present, we can state the following result. We thank Bertrand Toén for explaining this
to us.

Theorem 7.3.2. Suppose Z is smooth projective of dimension m, and s € HO(KEI), and X C Z
is Zariski open with s nonvanishing on X, so that X is a (generally non compact) quasi-projective
Calabi- Yau m-fold. Then the derived moduli stack Mpeys,,(X) of compactly-supported coherent
sheaves on X, or of perfect complexes on X with compactly-supported cohomology, is (2 —m)-
shifted symplectic.

Proof. Let Z be smooth and projective of dimension m, and s be any section of Kgl. Let Y
be the derived scheme of zeros of s and X = Z \ Y. Then, Y is equipped with a canonical O-
orientation in the sense of [142] of dimension m — 1, so Mpe,(Y) is (3 — m)-symplectic, even
if Y is not smooth. The restriction map Mperf(Z) — Mpere(Y) is moreover Lagrangian. The
map * — Mper(Y), corresponding to the zero object is étale, and thus its pull-back provides a
Lagrangian map Mpes., (X ) — *, or, equivalently, a (2 — m)-symplectic structure on Mpeys,, (X).
Now if X’ is open in X, then Mpeys,, (X') — Mperr,, (X) is an open immersion, so Mpeys,, (X') is
also (2 — m)-symplectic. O

We remark the following;:

(a) We point out that the condition of Theorem 7.3.2 is similar to the compactly-embeddable
condition in [85, Def. 6.27], but more general, as we do not require Z to be a Calabi-Yau.
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(b) Observe that in the non-compact case we cannot expect to have the deformation invariance
property of Donaldson—Thomas invariants, except in some particular cases in which the
moduli space is proper.

(¢) Note that we need the noncompact Calabi-Yau to be quasi-projective in order to have a
quasi projective Quot scheme [136, Thm. 6.3].

We conclude the section with the following:

Conjecture 7.3.3. The theory of generalized Donaldson-Thomas invariants defined in [85] is
valid over algebraically closed fields of characteristic zero for compactly supported coherent sheaves
on noncompact quasi-projective Calabi-Yau 3-folds. In this last case, one can define DT%(7) and
prove the wall-crossing formulae and the relation with PI%"(7') is still valid, while one loses the
deformation invariance property and the properness of moduli spaces.

7.3.2 Derived categorical framework

Our algebraic method could lead to the extension of generalized Donaldson—Thomas theory to the
derived categorical context. The plan to extend the theory of Joyce and Song [85] from abelian
to derived categories starts by reinterpreting the series of papers by Joyce [75-82] in this new
general setup. In particular:

(a) Defining configurations in triangulated categories T requires to replace the exact sequences
by distinguished triangles.

(b) Constructing moduli stacks of objects and configurations in 7. Again, the theory of derived
algebraic geometry [142,171-175] can give us a satisfactory answer.

(¢) Defining stability conditions on triangulated categories can be approached using Bridge-
land’s results [20], and its extension by Gorodentscev et al. [51], which combines Bridge-
land’s idea with Rudakov’s definition for abelian categories [147]. Since Joyce’s stability
conditions [77] are based on Rudakov, the modifications should be straightforward.

(d) The ‘nonfunctoriality of the cone’ in triangulated categories causes that the triangulated
category versions of some operations on configurations are defined up to isomorphism, but
not canonically, which yields that corresponding diagrams may be commutative, but not
Cartesian as in the abelian case. In particular, one loses the associativity of the Ringel-Hall
algebra of stack functions, which is a crucial object in Joyce and Song framework. We expect
that derived Hall algebra approach of Toén [172] resolves this issue. See also [117].

The list above does not represent a big difficulty. The main issues actually are: proving
existence of Bridgeland stability conditions (or other type) on the derived category; proving that
semistable moduli schemes and stacks are finite type (permissible), and proving that two stability
conditions can be joined by a path of permissible stability conditions.

Theorem 7.2.3 is just one of the steps in developing this program. The author thus expects
that a well-behaved theory of invariants counting 7-semistable objects in triangulated categories
in the style of Joyce’s theory exists, that is, Theorem 7.2.6 should be valid also in the derived
categorical context:

Conjecture 7.3.4. The theory of generalized Donaldson-Thomas invariants defined in [85] is
valid for complexes of coherent sheaves on Calabi-Yau 3-folds over algebraically closed fields of
characteristic zero.



Chapter 8

Categorifying complex Lagrangian
intersections

This chapter begins with a section of background material on basic notions in symplectic geometry.
In §8.2, we state and prove our first main result on the construction of a canonical global perverse
sheaf on complex Lagrangian intersections. In §8.3 we prove our second main result on the d-
critical locus structure carried by Lagrangian intersections. Finally, the last section sketches some
implications of the theory and proposes new ideas for further research.

Throughout we will work in the complex analytic topology over C. We will denote by (S,w) a
complex symplectic manifold endowed with a symplectic form w, and its Lagrangian submanifolds
will be always assumed to be nonsingular. Note that all complex analytic spaces in this paper
are locally of finite type, which is necessary for the existence of embeddings i : X — U for U
a complex manifold. Fix a well-behaved commutative base ring A (where ‘well-behaved’ means
that we need assumptions on A such as A is regular noetherian, of finite global dimension or
finite Krull dimension, a principal ideal domain, or a Dedekind domain, at various points in the
theory), to study sheaves of A-modules. For some results A must be a field. Usually we take
A=7Z,Qor C.

8.1 Lagrangian intersections in complex symplectic manifolds

We will start with a basic definition to fix the notation:

Definition 8.1.1. Let (S,w) be a symplectic manifold, i.e., a complex manifold S endowed with
a closed non-degenerate holomorphic 2-form w € Q?g Denote the complex dimension of S by 2n.
A complex submanifold M C S is Lagrangian if the restriction of the symplectic form w on S
to a 2-form on M vanishes and dim M = n.
Holomorphic coordinates, x1,...,Zn,y1,....,Yn on an open subset S’ C S in the complex
n
analytic topology, are called Darboux coordinates if w = >, dy; A dx;.
i=1
Definition 8.1.2. Given an n-dimensional manifold N, let us denote by S = T*N its cotangent
bundle. For any chosen point p € U C N, for U an open subset of N containing x, let us denote
by (x1,...,2,) a set of coordinates. Then for any x € U, the differentials (dz1),, ..., (dz,), form
a basis of Ty N.
n
Namely, ify € TN theny = ) y;(dz;), for some complex coefficients y, . . ., Y. This induces

=1
a set of coordinates (x1,...,Zn,Y1,...,Yn) on T*U, so a coordinate chart for 7*N, induced by
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(x1,...,2,) on U. It is well known that transition functions on the overlaps are holomorphic and

this gives the structure of a complex manifold of dimension 2n to T*N.
n

Next, one can define a 2-form on 7*U by w = ) dz; A dy;. It is easy to check that the
i=1
n
definition is coordinate-independent. Define the 1-form o = > y; A dz;. Clearly w = —da, and «
i=1
is intrinsically defined. The 1-form « is called in literature the Liouville form, and the 2-form w
is the canonical symplectic form.

Next, we will review symmetric obstruction theories on Lagrangian intersections from [6], and
we state a crucial definition for our program.

Let (S,w) be a complex symplectic manifold as above, and L, M C S be Lagrangian submani-
folds. Let X = LN M be the intersection as a complex analytic space. Then X carries a canonical
symmetric obstruction theory ¢ : E®* — Lx in the sense of [6], which can be represented by the
complex E® ~ [T*S|x — T*L|x ® T*M|x] with T*S|x in degree —1 and T*L|x & T*M|x in
degree zero. Hence

det(E®) = Ks|y' @ Kp|x ® Kn|x = Kplx ® Kulx, (8.1.1)
since Kg = Og. This motivates the following:

Definition 8.1.3. We define an orientation of a complex Lagrangian submanifold L to be a
choice of square root line bundle K}J/ % for K L-

Remark 8.1.4. The previous definition is inspired by [18] and close to ‘orientation data’ in
Kontsevich and Soibelman [102]. We point out that spin structure could have been a better
choice of name than orientation, but we use orientations for consistency with [18,19,25,87]. Also,

. 1/2 . . . .
for real Lagrangians, a square root K L/ induces an orientation on L in the usual sense.

Now, we recall well known established results in complex symplectic geometry which will be
used to prove our main results. We start with the complex Darboux theorem.

Theorem 8.1.5. Let (S,w) be a complex symplectic manifold. Then locally in the complex analytic
topology around a point p € S is always possible to choose holomorphic Darbouz coordinates.

So, basically, every symplectic manifold S is locally isomorphic to the cotangent bundle T* N
of a manifold N. The fibres of the induced vector bundle structure on S are Lagrangian subman-
ifolds, so complex analytically locally defining on S a foliation by Lagrangian submanifolds, i.e.,
a polarization:

Definition 8.1.6. A polarization of a symplectic manifold (S,w) is a holomorphic Lagrangian
fibration 7 : S’ — E, where S’ C S is open.

Note that it is always possible to choose locally near a point p € S in the complex analytic
topology Darboux coordinates (x1,...,Zn,¥y1,...,Yys) and compatible coordinates x; on E such
that 7 can be identified with the projection (x1,...,Zn,Y1,.--,Yn) = (T1,...,Zn).

We will usually consider polarizations which are transverse to the Lagrangians whose intersec-
tion we wish to study. If L, M are complex Lagrangian submanifolds in (S,w), and we consider
the projection

T (Tl ey Ty YLy e ey Yn) = (X1, .oy Tp)

defining local coordinates on L, then we can always assume to choose such coordinates x;,y;
transverse to L, M at a point, and transverse to other coordinate systems too. Very briefly,
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this is because, if the projection 7 : (z1,...,Zn,y1,-..,Yn) — (Z1,...,2,) is not transverse, we
can change coordinates (Z1,...,Zn,J1,---,9Un) by a linear transformation by a generic matrix
M € Sp(2n,C). This matrix preserves the symplectic form, so w = > dZ; A dg;, and the generic

1
Lagrangian plane < 6%1’ ey % > intersects transversely 7, and T,M for p € S. Thus 7 :
(Z1y-- s &ny Y1y -« - Un) — (Z1,...,3,) is a polarization transverse to L, M near p, and so 7 is a
transverse polarization for L, M on S’, for an open neighbourhood S’ of p in S. In conclusion, we
are using the projection 7 as a polarization, and we assume that the leaves are transverse to the
two Lagrangians.
Recall now the Lagrangian neighbourhood theorem:

Theorem 8.1.7. If M C (S,w) is a complex Lagrangian submanifold, then there exists a complex
analytic neighbourhood V-C M of a point p € M isomorphic as a complex symplectic manifold to
a neighbourhood U of p in T*M, and M is identified with the zero section in T*M.

Note that (S,w) need not be isomorphic to T*M in a neighbourhood of M, but just in a
neighbourhood of a point p € M. So, we may identify locally M with N and, by making L smaller
if necessary, we have the following picture:

Lemma 8.1.8. Choose locally near a point p € S in the complex analytic topology Darboux

coordinates (X1,...,Tn,Y1,---,Yn) and compatible coordinates x; on E such that 7 : S — FE can
be identified with the projection (xi,...,Tn,Y1y-..,Yn) — (T1,...,2n). Now, given a polarization
(1, Tpy Y1y - - - Yn) = (X1, ..., 2p) defining local coordinates on L, then L is given by
d d
{(xl,...,xn,—f,...,—f> X1y, Xy € M'}
dxq dx,,

for a holomorphic function f(x1,...,2,) defined locally on an open M' C M C S, where M is
the Lagrangian submanifold identified with the zero section, and the polarization w with projection
™M — M.

So, in conclusion, if 7 : S — FE is a polarization, and M a Lagrangian submanifold with
m : M — E transverse near x in M, then locally there is a unique isomorphism S’ = T*M
identifying M with zero section and 7 with projection T*M — M. Then any other Lagrangian L
in S transverse to 7 is locally described by the graph of df, for a holomorphic function f locally
defined on M. It is now straightforward to deduce that, as M is graph of 0, and L is graph of df,
then the intersection X = L N M is the critical locus (df)~%(0).

We can summarize in this way. Let (S,w) be a complex symplectic manifold, and L, M C S
be Lagrangian submanifolds. Let X = L N M be the intersection as a complex analytic space.
Then X is complex analytically locally modelled on the zero locus of the 1-form df, that is on
the critical locus Crit(f : U — C) for a holomorphic function f on a smooth manifold U. So, X
carries a natural perverse sheaf of vanishing cycles PV, s in the notation of §1.3, and a natural
problem to investigate is the following. Given open R;, R; C S with isomorphisms R; = Crit(f;),
R; = Crit(f;) for holomorphic f; : U; — C and f; : Uj — C, we have to understand whether the
perverse sheaves Py = PVy;, ;, on R; and Py = PVy, ;. on R; are isomorphic over R; N R, and
if so, whether the isomorphism is canonical, for only then can we hope to glue the Py, for i € I
to make P7 ;. We will develop this program in §8.2.

8.2 Canonical perverse sheaves on Lagrangian intersections

We can state our main result.
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Theorem 8.2.1. Let (S,w) be a complex symplectic manifold and L, M oriented complex La-
grangian submanifolds in S, and write X = LN M, as a complex analytic subspace of S. Then
we may define P} € Perv(X), uniquely up to canonical isomorphism, and isomorphisms

EL,M:PLM_)]D)X(PI.,,M)v TL,MZP[./,M_>P[.,,M7 (8.2.1)

respectively the Verdier duality and the monodromy isomorphisms. These P}, € Perv(X), ¥y,
Tr . are locally characterized by the following property. 7

Given a choice of local Darboux coordinates (z1,...,Tn,Y1,...,Yn) in the sense of Definition
8.1.1 such that L is locally identified in coordinates with the graph TUqj .. o, of df for [ a
holomorphic function defined locally on an open U C C", and M is locally identified in coordinates
with the graph Uagy,, . 2,) of dg for g a holomorphic function defined locally on U, and the
orientations K}/Q, Kjl\f are the trivial square roots of Ky = (dxy A -+ Adxy,) = Ky, then there
s a canonical isomorphism PLM = PV,'Jjg_f, where PV'U’g_f s the perverse sheaf of vanishing
cycles of g— f, and X py and T, pr are respectively the Verdier duality oy g— ¢ and the monodromy
Tu,g—f ntroduced in §1.3. The same applies for Z-modules and mizved Hodge modules on X.

A convenient way to express this is in terms of charts, by which we mean a set of data locally
defined by the choice of a polarization 7 : S — E. Charts are analogous to critical charts defined
by [87, §2], as in §2. We will show in §8.3 that they are actually critical charts and they define
the structure of a d-critical locus on the Lagrangian intersection, but for this section we will not
use it.

We explained in §8.1 that the local choice of a polarization on (S,w) yields a local description
of the Lagrangian intersection as a critical locus P = Crit(f) for a closed embedding i : P — U,
P open in X, and a holomorphic function f : U C L — C, where U is an open submanifold
of L. We have a local symplectic identification S = T*U C T*L, which identifies L. C S with
the zero section in T*L, and M C S with the graph I'qy of df, and 7 : § — E = L with the
projection T*L — L. So, for each polarization 7 : § — E we have naturally induced a set of
data (P,U, f,i), which we will call an L-chart. We will also consider M-charts, namely charts
coming from polarizations that identify the other Lagrangian M with the zero section, that is,
charts like (Q,V, g,7) where Q = Crit(g) for a closed embedding j : Q@ < V, @ open in X, and a
holomorphic function g : V C M — C, where V is an open submanifold of M. We have a local
symplectic identification S = T*V C T*M, which identifies M C S with the zero section in T* M,
and L C S with the graph I'q, of dg, and 7 : S — E = M with the projection T*M — M. We
will use also LM-charts.

Using this general technique, let us fix the following notation we will use for the rest of the
paper. We will consider mainly three kinds of charts, where by charts we basically mean a set of
data associated to a choice of one or two polarizations for our complex symplectic manifold:

(a) L-charts (P,U, f,1) are induced by a polarizations 7 : S’ — E transverse to L, M with ' C S
open, P C X open, and U C L open, and f : U — C holomorphic, and ¢ : P — U C L the
inclusion, with ¢ : P — Crit(f) an isomorphism, so that we have local identifications

o (S,w)=T"U;

e [ = zero section;
o M =Tqy;

e F=L=U;

o 7:5 = FE withnw:T*U = U.
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(b) M-charts (Q,V,g, ) are induced by a polarization 7 : S — F transverse to L, M, with S C S
open, Q C X open, and V C M open, and g : V — C holomorphic, and j: Q =<V C M
the inclusion, with j : @ — Crit(g) an isomorphism, so that we have local identifications

o (S, —w)=T"V;

e M = zero section;

o L= ng;

e F=M=YV;

o 7: 5S> Fwithmn:T*V - V.

(¢) LM-charts (R, W, h, k) are induced by polarizations 7 : S" — E, 7 : S — F transverse to
L, M and to each other on S = §’NS. We have W C L x M open, h : W — C holomorphic,

kE:R— W C L x M the diagonal map, with k£ : R — Crit(h) an isomorphism, and local
identifications

(8", w) x (S, —w) = T*W;

e . X M = zero section;

diagonal Ag = Lgp;
e EXF=LxM=W,
e T x7:8— ExF withm:T*W — W.

Note that R = P N Q. These three kinds of charts will be related by Proposition 8.2.2,
which will give an embedding from an open subset of an L-chart (P,U, f,i) into an LM-
chart (R, W, h, k), and similarly an embedding from an open subset of an M-chart (Q,V, g, j)
into (R, W, h, k).

Moreover, we will explain in §8.2.1 that the choice of a polarization 7 : § — E naturally
induces local biholomorphisms L—M or M —L, and thus isomorphisms

@:KL|Xi>KM|X or E:KM|XE>KL|X (8.2.2)

between the canonical bundles of the Lagrangian submanifolds. We define wpy ; : Qpu,fi — P
to be the principal Zy-bundle parametrizing local isomorphisms

9 K xSK P x or &K x—K Pk

(8.2.3)
such that 9 @9 =0 or £ ®E =2

Also, on each L-chart, M-chart, LM-chart, we have a natural perverse sheaf of vanishing cycles
associated to the local description of the Lagrangian intersection as a critical locus. So we get a
perverse sheaf of vanishing cycles i*(PVy; ) on P, j*(PVY, ) on Q, and k*(PVy,,) on R. These
perverse sheaves together with principal Zs-bundles parametrizing square roots of isomorphisms
(8.2.2) are the objects we want to glue.

Then P}, € Perv(X) is characterized by the following properties:

(i) If (P,U, f,i) is a an L-chart, M-chart, or LM-chart, there is a natural isomorphism

wpu.fi s PLlp — 7 (PV ) ®z, Qpuifis- (8.2.4)
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Furthermore the following commute in Perv(P):

PE lp SrOTa *(PVlf) ®2, Qpusi
Seilp i*<au,f>®idQP,U,f,il (8.2.5)
Dr (P2, 1r) Dp(wp,u,s,i) * (Dexisr) (PVEf)) @z, QP g
P P
o = Dp(*(PVE ;) @z, QP 1)
P ulp s "(PVU5) ©z, QPu i
TL,MlP i*(TUJ)@idQP’U’fJJJ (826)
. Wp,U,fi - .
Pr yvlr el *(PV ) ©z, Qpu,fi-

(ii) Let 7: 8’ — E and 7 : S — F be polarizations transverse to L, M, and transverse to each
other on S’ N'S. Then from 7 we get an L-chart (P,U, f,i), from T we get an M-chart
(Q,V,qg,7), and from 7 and 7 together we get an LM-chart (R, W, h, k). Write (P",U’, f,i’)
for the L-chart determined by 7[g -5 : S’ N S — E, and (Q',V',¢,i) for the M-chart
determined by 7|g,~g : S’ NS — F. Then P' C P, U’ C U are open and f' = f|y, i’ = i|pr,
so (P, U, f',1') is a subchart of (P, U, f, 1) in the sense of §2. We write this as (P',U’, f',i') C
(P,U, f,4). Similarly, (Q/,V',¢',j) C(Q,V,g,7). Also PP =Q' =R=XnNSNS.

In this situation, Proposition 8.2.2 will show that there exist closed embeddings ® : U' — W
and ¥ : V' < W such that so that ho® = f: U’ — C and hoW¥ = g : V' — C. Moreover
Crit(f) = Crit(h) = Crit(g) as complex analytic spaces, and f,h and g,h are pairs of
stably equivalent functions. Inspired by [87, Def. 2.18|, we will say that ® : (P, U’, f',i') —
(R, W, h, k) is an embedding of charts if ® is a locally closed embedding U’ < W of complex
manifolds such that ® oi’ = k|pr : P - W and f = ho® : U’ — C. As a shorthand
we write @ : (P U’  f',i') — (R,W,h,k) to mean ® is an embedding of (P',U’, f’,i)
in (R, W, h,k). In brief, Proposition 8.2.2 in §8.2.1 will define two embeddings of charts
O (PLU i)~ (RW,h,k) and ¥ : (Q',V',¢',j) — (R,W,h, k).

Given the embedding of charts ® : (P, U’, f',i') < (R, W, h, k), there is a natural isomor-
phism of principal Zs-bundles

Ao : Qrwnklp — i (Ps) @z, Qpr v g0 (8.2.7)
on P’ for Pg defined as follows: local isomorphisms
1/2 - 1/2 .
(67 K)(/ ‘Plred — 1 (KU/)’P/red, B : K)(/ |Plred — j/ (KW)|P/red,
’}/ : Z./*(KU/)‘P/red — j*(KW)|P/red

with a®@a = tpr yr 14, BRB = LRW,h k| prred; Y®Y = @[ prea (Jo) correspond to local sections
Sa : P = Qpryr i, 3 PP —= Qrwnilp, sy PP — i"*(Pg), for Jp as in Definition 4.3.2,
and for isomorphisms tgw .k : Kx — i* (K%}Q)\ pred induced by the polarization Ey x Ep.

(8.2.8)

Then for each embedding of charts, the following diagram commutes in Perv(P’), for O as

in (4.3.13):
® . [ ]
PL P T i*(PViy pr) @2, Qv i
WR,W,h,k| pr (92)®idqp, 1y 11 (8.2.9)
idj*(pv‘./V,h)®Aq>

7 (PViva) P @2, Qrwnklpr ——— " (2% (PViy,) ©z, Ps) @z, Qprur p,ir-
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We will have an analogous commutative diagram induced by ¥ on Perv(Q’) :

*(PVY,) ®z, Qqrvr g g

WR,W,hkl Q! j/*(@‘l’)@dQQ’,V’,g’,j’ (8.2.10)

Pf,M|Q/

wQ' v g 5!

idj/* (pv‘o/v )®A\I/

e . N2 " .
3™ (PVivn)lor ®z, Qrwnklg (V% (PViyg) @z, Pu) @z, Qv g j-

Using Theorem 4.3.4, we get isomorphisms
a: (("(PVY ) @ Qe prin)lr = (K" (PViys) @ Qrwnk)s
B: (1" PV ) @ Qqrvrgi)Ir = (K" (PViyy) @ Qrwnk)-

Combining these, we get an isomorphism

B oas (" PV 1) © Qoo )l = (7 PV ) © Qargglles (82.11)
that is, an isomorphism of perverse sheaves from L-charts and M-charts in Perv(P' N Q").
Later, in §8.2.2 we will involve also two other polarizations for an associativity result. More

precisely, following notation of §8.2.2 we want that if we have two L-charts (Py, Ui, f1,41)
and (P37 U37 f37/i3) and two M-charts (QQ, VVQ?QQ)]Q) and (Q47 ‘/Zlag47j4) then

32|y 0Bsaly © Bralyt o araly = asalyt o Baaly o Bialyt o analy

. R (8.2.12)
(Ple,fl ®z QP17U17f17i1)‘Y — (PVU3,f3 Xz, QP37U37f37i3) ’Y'

Theorem 8.2.1 will be proved in §8.2.1-§8.2.3. In §8.2.3, we will provide a descent argument,
which is the most technical part of the paper. We outline here our method of the proof.

Let {U,}qer be an analytic open cover for X = L N M, induced by polarizations 7, : S, — E,
for a € I, transverse to both L and M, and write Uy, = U, N Uy for a,b € I. Similarly, write
Uape = U, NU,NU, for a,b, c € I. Define P, to be iZ(PVZ]a,fa) Q7 QP, Ua,fu i from the discussion
above, and isomorphisms g, : Pg|v,, — Pilu,, in Perv(Uy) for all a,b € I with B4, = id and

/ybC|Uabc o ’yab|Uabc = /yaC‘Uabc : Pa’Uabc — 7Dc|l]abc

in Perv(Ug,) for all a,b,c € 1.

The construction is independent of the choice of {U, }qcr above. Then by Theorem 1.3.5, there
exists P* in Perv(X), unique up to canonical isomorphism, with isomorphisms w, : P*|y, — P§
for each a € I, satisfying v o walv,, = wslv,, : P*lu,, = Pplu,, for all a,b € I, which concludes
the proof of Theorem 8.2.1. We will carry out this program in §8.2.1-§8.2.3.

Theorem 8.2.1 resolves a long-standing question in the categorification of Lagrangian intersec-
tion number: our perverse sheaf P7 ,  categorifies Lagrangian intersection numbers, in the sense
that the constructible function

p— Y (=1)?" dime Hy,, (X, P7 ),

is equal to the well known Behrend function vx in [5] by construction, using the expression of the
Behrend function of a critical locus in terms of the Milnor fibre, as in [5] and recalled in §7.1, and
SO
X(X,vx) =) (1) dimy H'(X, P} ), (8.2.13)
7

for a base ring A, which in this case is a field. If the intersection X is compact, then [L] N [M] is
given by (8.2.13), where [L], [M] are the homology classes of L and M in S.

Theorem 8.2.1 and its proof provide thus a direct construction of the perverse sheaf defined
in Corollary 4.4.4 in §4. Moreover, our construction may have exciting far reaching applications
in symplectic geometry and topological field theory, as discussed in §8.4.
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8.2.1 Canonical isomorphism of perverse sheaves on double overlaps

Given a complex symplectic manifold (S,w) and Lagrangian submanifolds L, M in S, define X
to be their intersection as a complex analytic space. Using results in §8.1, locally in the complex
analytic topology near a point z € X, we can choose an open set S’ C S and a polarization
transverse to both L and M such that S’ = T*L and M = T4y so that X = Crit(f) for a
holomorphic function f defined on U = L N S’. Thus we get a perverse sheaf of vanishing cycle
PV ¢ In this section we will investigate how two such local descriptions are related.

Consider 71, mo : S1,S52 — E1, Es two polarizations transverse to each other and both trans-
verse to both L and M. Choose open neighbourhoods U; of X NSy in L NS} with m(Uy) C
m(M N Sy) and V5 of X NSy in M N Sy with me(V3) C mo(L N S2). Then we get respectively the
local identifications

U, = 7T1(U1) CEl, Sl D) Wfl(ﬁl(Ul)) = T*Ul, Lﬂﬂ'fl(ﬂ‘l(Ul)) & Fo,
MY (mi(U)) = Tagy, fi: U = G,

Vo & my(Va) CEa, 8o D my ' (ma(Va)) & T*V, M Ny (ma(Va)) = Iy,
Lﬂﬂ-2_1(7r2<‘/2)) = Fd927 g2 V2 — C.

Choose an open neighbourhood Wig of {(z,x) : x € XNS1 NSy} in Uy x Va with (w1 x me)(Wia) C
(m1 % m2)(Ag N (S1 x S2)). Choose open neighbourhoods U] of X NS1N Sy in Uy with {(I, 72|} o
m(l)) : 1 € U} € Wi and V4 of X NSy NSy in Va with {(m1| ' omi(m)) : m € V§} € Wia. Then
we have:

Proposition 8.2.2. In the situation above, starting from polarizations mwy,mo : S1,50 — E1, Eo
and defining f1: Uy — C using m1 and gs : Vo — C using mo and using the given notation, there
exists locally a holomorphic function his : W12 — C such that the following diagram

‘1312=idUi ><7T1|;,1 \1/12=7T2‘;,1><idv2/
U; 2 Wis - vy
Ay 921y (8.2.14)
hi2
C
1s commutative, that is
hlz(l,ﬂll‘_@,l (l)) = fl(l), and h12(71'2’(_]{1(m),m) = gg(m), (8.2.15)

for every l € Uy, m € V. Moreover, ®19 = iy x 7r1]‘_,2,1 and Uig = 7r2|5{1 X idyy induce isomor-
phisms Crit(hi2) = Crit(f1) = Crit(g2) as complex analytic spaces locally in the complex analytic
topology. In particular, from Theorem 4.3.1, we can choose (z1,...,z,) coordinates normal to
(idp x 7r1|;/2,1)(U{) in Wia, and (ws, ..., wy) coordinates normal to (772|Z,{1 x idyy) (V) in Wig, un-

der which we can write his & f1 H z% +...+ sz and his = go H w% + ...+ w%. Following §4, we
will say that fi and go are both stably equivalent to hys.
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Proof. Consider the product symplectic manifold (S xS, w®(—w)), where S denotes the symplectic
manifold S corresponding to the symplectic form with the opposite sign. In S x S consider the
Lagrangian submanifolds Ny := L x M and Ns := Ag, the diagonal. As explained in §8.1,
identify locally (S x S,w @ —w) with (T*(L x M),wrx ), where wp s is the symplectic form on
T*(L x M), and thus 7 x 7o is identified with the projection 7 : T*(L x M) — L x M, that is Ny
with the zero section, and Ny with the graph I'gp,, for a holomorphic function hip : L x M — C
normalized by hi2|(x, xm)((LxM)nag) = 0. Consider the submanifold P := S x M C § x S and
intersect the Lagrangians N; and Ny with this submanifold, yielding respectively Ny P = Nj and
NoN P = Ay, which both lie in S x M. Observe that w @ (—w)|p = pl_lw, where p; : S xS — S
are the projections to the i-th factor. Consider the following diagram of inclusions and projections
in $ xS and S:

p1 i _

NoNP=Ay ¢ c P=SxM c Sx S (8.2.16)
ipl L c lm p1l
M S S S.

Under the local symplectomorphisms S = T*U; and S x S = T*(U; x V3), equation (8.2.16) is
identified with the diagram:

z(Uh) x z(Va) _c

TT* Uq

Fdhlz‘(idlewﬂVQ,l)(Uli T"U1 x Z(VZ) T*(Ul 8 VQ) (8 2 17)
\LWT*Ul Z(Ul) \C) le*Ul ﬂ—T*Ul\L
Taf, = T*U, T*Us.

Here z : Uy — T*Uy, z : Vo — T*V; are the zero section maps. To see that No N P = Ay, is
identified with Fdh12|( )(Uy ) Dote that Ny is identified with I'gp,,, and

idy, ><771\‘_/2/1
(m1 % m2)(Avy) = (milyy x idy,)(Va) = (idy, ¥ 7r1|‘72,1)(U1) C Uy x Va,
so that Ay, is identified with a subset of T*(U; x Vg)](idlewl@)(Ul) C T*(Uy x Va).
Equation (8.2.17) shows that 7+, maps
Fanszlag, xm| 2w = Tan:

Writing points of T7*U; as (x, «) for x € Uy and « € T;;Uy, and points of T%V3 as (y, 8) for y € Vs
and 8 € TxVa, we have
Cap = {(z,df1(2)) : x € Ur },

Fdh12|(idylxm;})(u1) = {(SU,dxh12($,ﬁl|\;2}($))7Wl“;Q/l(-T)a0) cx e Uy},
2

where the final term 8 = 0 as Fdh12|(idU wm|-Hwyy © T7UL % z(Va). The projection mr=y, :
1 V2’
T*Uy xT*Vy — T*Vo maps (z, a, y, 8) — (z, ). So from (8.2.17) we see that dhi2(z, 7r1]‘_,,1(x)) =
2
ds f1(z) for x € Uy, that is, d(h12 o (idg, % 7r1\‘_/,1)) = df in 1-forms on U;. Therefore hiso (idU1 X
2

771|‘_/2,1)) = fi+cfor some ¢ € R. But f; and h12 are normalized by fi|y,nv, = 0 and hia|n,An, = 0,
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so as p1(Ny N Ny) C Uy N Ve we see that ¢ = 0. Hence hjs o (idU1 X 7r1]‘_/,1)) = f1, and the left
2

hand triangle of (8.2.14) commutes.
Using an analogous argument replacing (8.2.16)—(8.2.17) by the equations:

NiNQ=N; *
NaNQ=Ap fz - Qi=LxS—— Sx S
lm M c ipz pzl
L = \S 3,
z(Uy) x z2(Va) _ ¢
Fdhl?’(TrzluilXidvg)(‘@)lﬂwv2 c z(Ur) x T*Va T*(Uy x Va)

[ z(Uh)

TT* Ve TT* V-
e |
C

T*Va T*Vs.

ngz

we see that the right hand triangle of (8.2.14) commutes.
Finally, the last part of Proposition 8.2.2 follows directly from Theorem 4.3.1(i). O

Note that the local biholomorphisms 771|‘;,1, 7T2|{]/1 coming from polarizations 7y, wo, induce
2 1

isomorphisms (8.2.2) between the canonical bundles of the Lagrangian submanifolds. In terms of
charts, we have an L-chart (P, Uy, f1,11), an M-chart (Q2, V2, g2, jo) and an LM-chart (Ry2, Wia, hi2, k12)
induced by Ej, Es, Ey x Ey respectively, where P, = X NUy, Q2 = X NV, Rig = {z € X :

(x,xz) € Wig}. Let us denote the corresponding principal Zo-bundles Qp, 17, #1115 @RQs,Va,0.0

and QR,,, Wio,hia,k1, Parametrizing square roots of these isomorphisms of canonical bundles as
explained in the introduction of §8.2.

Note that Proposition 8.2.2 defined two embeddings ®12 : U] < Wig and Uyg : V§ — Wio
which satisfy all the properties of Definition 4.3.2, giving embeddings of charts ®15 : (Pf, U7, f1,4}) <
(ng, ng, hlg, klg) and \1112 . (QIQ, VQ/, gé,jé) — (ng, le, h12, klz), where (Pll, U{, f{, 2/1) is a sub-
chart of (P1,Un, f1,i1), and (Q%, V5, g, j5) is a subchart of (Q2, V2, g2, j2) with P{ = Q4 = Rys.

Thus Definition 4.3.2 gives isomorphisms of line bundles on Pred:

2

= % ®
Pllred — ¢12‘Pllrcd (KW12)7 (8218)

2
1

Jo, Kf]@

induced by (I)lg : (Pl/v U{, f{, Z’l) — (R12, Wm, h12, ku), and

. e ®2
Jw,, + Ky,

= * 2
QlQred — \Ij12 ’lered (K%)/12)7 (8219)

induced by W13 : (Q5, V3,95, 75) <= (Ri2, Wiz, hi2, k12).

Following Definition 4.3.2, define 7¢,, : Ps,, — Py, mvy, : Py,, — Q5 to be the principal

Zs-bundles parametrizing square roots of Jg,,, Jy,, on RS Then we naturally get isomorphisms

of principal Zs-bundles Ag and Ay
A<1>12 : QR12,W12,h12,k12 — P‘Pm Xz QPl,Ul,fl,il ‘R127 (8.2.20)

A‘Ifm : QR127W12:h127k12 — P‘I’m Xz, QQ2,V2792J2‘R12- (8'2'21)

Thus, we can apply Theorem 4.3.4, which yields natural isomorphisms of perverse sheaves

Oy, : PV 1 — P12l (PViynis) €72 Poas (8.2.22)
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Oy : PV;/Q/,gé — \1112’22/2 ('PVI./VH,;”Q) Q74 P\I;12, (8.2.23)

where pV.U{, f{,PV{,z,’ gé,PV§V127h12 are the perverse sheaves of vanishing cycles from §1.3, and if

Q°® is a perverse sheaf on X then Q°® ®z, Pg,, is as in Definition 1.3.7. Also diagrams (4.3.14)
and (4.3.15) commute. Now, combining the isomorphisms (8.2.20)—(8.2.23) we get isomorphisms

-1 ° °
a2 =BOg,, @ A<I>12 : (PVUl,fl Qs QPlyUlyflyil)’R12 — valz,hlg Qs QR12,W127h12,k127 (8'2'24)

P2 = Ou,, ® A\iig : (PV;/Q,QQ iz, QQ2,V27927]'2) | Ry — PV:/V12,}Z12 ®25 @Ri2,Wiz,hiz kias  (8.2.25)

-1 . .
Bra caz: (PVU17f1 Oz, QP17U1,f17i1)|R12 — (PVVQ,QQ Q74 QQ27V2792,j2)|R12' (8.2.26)

8.2.2 Comparing perverse sheaves of vanishing cycles associated to polariza-
tions

Given a complex symplectic manifold (S,w) and L, M Lagrangian submanifolds in S, define X
to be their intersection. From §8.1, locally in the complex analytic topology near a point x € X,
we can choose an open set S’ C S and we can choose a polarization transverse to both L and M
such that S" = T*L and M = Ty so that X NS" = Crit(f) for a holomorphic function f defined
on U C L NS". Thus we get a perverse sheaf of vanishing cycle PV, s In §8.2.1 we compared
perverse sheaves of vanishing cycles associated to two transverse polarizations. In this section we
will investigate about how they behave if we consider four polarizations, pairwise transverse in a
4-cycle. This result will be used in §8.2.3 to prove Theorem 8.2.1.

We choose four polarizations w; : S — E; fori = 1,...,4 all transverse to each other except per-
haps for the pairs E1, F3 and Fs, E4. Define L-charts (Py, Uy, f1,11), (Ps, Us, f3,43) from my, 73 and
M-charts (Qa, Va2, g2, j2), (Q4, Vi, ga, j4) from ma, 74, as in the beginning of §8.2. Define L M-charts
(Ri2, Wia, hia, k12) from my,mo, (R32, W32, ha, k32) from 73, ma, (Raa, Waa, haa, k3a) from w3, 7y,
(R14, W4, hi14, k14) from 7y, w4 as in §8.2.1, with embeddings of charts ®19, U1, ..., P14, U1y from
subcharts of (P, Uy, fa,i4), (Qb, Vb, gbs J) 10 (Rap, Wap, hap, kap)-

Similarly to Proposition 8.2.2, we have the following result:

Proposition 8.2.3. Given a complex symplectic manifold (S,w) and L,M Lagrangian submani-
folds in S, define X to be their intersection. Suppose we are given four polarizations wy, ..., T4, and
choose data (Py,Ug, fa,iq) fora =1,3, (Qv, Vi, g, Jb) fora = 2,4 and (Rap, Wap, hap, kab), Paps Yab
for ab=12,32,34,14 as above.

Then there exist an open set Z in Uy X Vo x Us x Vi, a holomorphic function F : Z — C, and
open neighbourhoods U;, of X NS1 N S2NS3N Sy in Uy, and V/, of X NS1NS2NS3N Sy in Vi,
and Wyy of {(:c,x) creXNSiNSyNSyN 54} in Wy for all a = 1,3, b = 2,4 such that the
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following diagram commutes:

Uy Wia vy

‘I>12‘U{:1dU1><7"1|V2 \1’12\V2/:7r2 L ><wlv2/

Uy X Ty X
(m3]aromyy ) X

‘1’32|V2/=
. —1 .
(I)M‘Ui: idy, X711y, 1>< ) zdv2/ X
”1‘\7411X [momilyy )Xl 92\V2/ malt

idy;,

Ué><(772|L07rUé)><(7r3\M07rV2/)><7rV

Wia
(8.2.27)
‘1’14|V4/=

idy, X
Va

mal ! P32y =

1 —1
1l x(malpomaly ") x
7r4\£1><idv4/

h14\wl/4

1.
‘1’34\\/4/:”4|L dev4’

Moreover, locally in the complex analytic topology Crit(F) = Crit(h;;) = Crit(f;) = Crit(g;) as
complex analytic spaces for all i,j. In particular, we can choose appropriate coordinate systems
under which we can write F' as the sum of functions h;; or f; or g; and non degenerate quadratic
forms, that is they are all stably equivalent to each other in the sense of Theorem 4.5.1.

Proof. In equation (8.2.27) there are three kinds of small triangles:

(i) Eight triangles with vertices U}, W/, Z or V), W/, Z.

(ii) Eight triangles with vertices U,, W/,,C or V], W/, C.
(iii) Four triangles with vertices W/,, Z, C.

To show that (8.2.27) commutes, we must show all these triangles commute. For the triangles of
type (i) we can just check this by hand in an elementary way. The triangles of type (ii) commute
by Proposition 8.2.2 applied to 7y, wo or w3, my or 73, w4 or w1, 4. This leaves the triangles of type
(iii), which we will show commute by a similar proof to Proposition 8.2.2.

Consider the product symplectic manifold (S x S x S x S,w® —w B w P —w), where S denotes
the symplectic manifold S corresponding to the symplectic form with the opposite sign. Write
pi : SxSxSxS — S for the projection to the i-th factor. In S x.S xS x S consider the Lagrangian
submanifolds Ny := L X Ag x M and Ns := Ag x Ag. Identify it with T*(L x M x L x M), and
thus 1 X w9 X w3 X w4 with 7w : T*(L x M x L x M) — L x M x L x M, that is Ny with the zero
section, and Ny := I'qr for a holomorphic function F' : Z — C for open Z C L x M x L x M
normalized by F|(r, xryxmsxms)(NinNe) = 0. Consider the submanifolds

Pio:=SxSxAY¥ Pyp:=LxSxSxM, P34::A152><S><S, P14::S><A§2><S.

In the same style as the proof of Proposition 8.2.14, intersect the Lagrangians with these
submanifolds. We can either identify N; with the zero section and Ny = I'qp, or Ny = ['_gp
and Ny with the zero section. We will use both the options. Let us start with the submanifold
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Py, for which we use the second identification. Consider the following diagram of inclusions and
projections in S x S xS x S and § x S:

— 234
Nlﬂplg—LXAM c
‘p1><pz =

NonN Pig = Ny Py =8 xS x A3 SxSxSxS
| c s c (8.2.28)
ipl Xp2 LxM ipl Xp2 p1 Xle

Ag R —

Under the local symplectomorphisms S x S = T*(L x M) and Sx Sx Sx S = T*(Lx M x Lx M),
equation (8.2.28) is identified with the diagram:

SxS S xS.

P_dF’(ﬂ'LXWIVIX(Tl'3|]\l°7rlw)><7rM)(W1,2)

\C
12

2Z(L)xz(M)xz(L)xz(M 2(L)X2(M)xT*LXT* M T*LX T*M x T*LxT*M
T2 I _anyy 12 T2
\
2(L) x z(M) < T*L x T*M T*L x T*M.

(8.2.29)
Here z : L — T*L, M — T*M are the zero section maps. To understand this, note that

1 X9 X g X T4 Iaps Nlﬂplz = LXA%\%’L to the submanifold (7TL X T X (7T3‘MO7TM) XWM)(LXM)
in Lx M x L x M. Our identification Sx S x S xS = T*(Lx M x L x M) maps Ny — I'_qp. Hence
the top term N1 N P2 in (8.2.28) is identified with the top term I'_qr|(r, xmy; x (rs]aromar) xmar) (W)
in (8.2.29). As for (8.2.16)—(8.2.17), we see from (8.2.28)—(8.2.29) that the triangle of type (iii) in
(8.2.27) with vertices the top centre L x M, and L x M x L x M, and C, commutes.

Similarly, taking intersections with the submanifold P4 gives a diagram analogous to (8.2.28):

NiNPy=N; c
1934 ‘p1><104 T—
NoN Py = AS

lpl XPa LxM

\C\ lpl Xp4 p1 ><p4l
As <

S xS S x S.

P14=SXA%3><S

SxSxSxS

Using the first identification, this is identified with the diagram

z2(L) x z(M) x z(L) x z(M)
C
T4 \
Lar | (r x (ol o(mal p x 1 [ag)~1) x —2(L) xT*M x T*L x 2(M) —=T*(L x M x L x M)
(ms|aro(malp xmi ar) ) xmar) (W14)

14 Z(L) X Z(M) 14 14

\Ci

C

Tan.s T*(L x M) T*(L x M).

Here m1 X mo X o X 4 maps NoN Py = A}g234 to (7TL X (7T2’L o (7T4‘L X 7T1|M)_1) X (7T3‘Mo (7T4|L X
mlam) ™) x ) (L x M), and we identify Ny with T'qz, which is how we get the first term on
the middle line. From this we see that the triangle of type (iii) in (8.2.27) with vertices the left
hand L x M, and L x M x L x M, and C, commutes. The remaining two type (iii) triangles
can be shown to commute in a similar way. Hence (8.2.27) commutes. Finally, the last part of
Proposition 8.2.3 follows directly from Theorem 4.3.1(i). O
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In the situation of Proposition 8.2.3, set Y = X N.S1NS2NS3NS,4. Then following the reason-
ing of (8.2.18)—(8.2.26) which defined the isomorphisms of perverse sheaves 12, 812 in (8.2.24)—
(8.2.25), from (8.2.27) we get a commutative diagram of isomorphisms of perverse sheaves:

(Pvzjl 182 (PV‘./Vlz,hw ®zo
QP11U17f1»11)|Y aizly QR12,W127h12»k12)|Y Przly

alaly
(P \

{ ]
Wia,h1a D22 o
1ahd —> PV p Qu, Qzp <—

(PV:/%QQ Xz,
QQz,Vzvgfz»jz) ‘Y

/ Baaly
(P

L]
VW327h32 ®zy

) (8.2.30)

Y

QR14,W14J114J€14)|Y
B1aly /

Q3327W32 yh32 k12
\ asz|y

(PV:/4’94 2/ Baaly (PV‘./V34,h34 2/ azaly (,PV.Uayfe, &Kz,

QQ4,V4,g4,j4)‘Y QR341W34J134J€34)|Y QP37U3»f37i3)‘Y
Since (8.2.30) commutes, we deduce that
32|y 0Bsaly © Bralyt 0 araly = azalyt o Baaly o Bralyt o analy (8.2.31)

(Pvfh,fl Xz, QPLUwa'l) ‘Y — (vas,fs Q74 QPS’Us,fs,is)’Y'

Equation (8.2.31) tells us something important. Suppose we start with polarizations m :
S1 — FEj and 73 : S3 — Ej3 transverse to L, M, and use them to define L-charts (P, Uy, f1,41)
and (Ps,Us, f3,i3), and hence perverse sheaves PVl @y QP Uy friy o0 PL = X N Sp and
PVUs. fs @2 QP Us, f,i5 00 P3 = X N .S3. We wish to relate these perverse sheaves on the overlap
X NS NS3. To do this, we choose another polarization mo : S9 — FE» transverse to L, M, mq, w3,
and define an M-chart (Qg, Va, g2, ]2) and LM -charts (R12; Wia, hia, k:lg) and (Rgg, Wsa, h3a, k32).
Then as in (8.2.26), agy © B2 0 Biy © g2 provides the isomorphism PYVU, 1 ®zy QP Uy frin &
PV, 1, ®75 Q Py Us, 3,1 We want on XN S51NS2NS3. Equation (8.2.31) shows that this isomorphism
is independent of the choice of polarization 7y : Sy — Fo.

8.2.3 Descent for perverse sheaves

To conclude the proof of Theorem 8.2.1, we use Theorem 1.3.5, so in particular a descent argument
to glue and get a global perverse sheaf. In this section we adopt the point of view of charts induced
by polarizations. This proof follows similar ideas to [18, §6.3].

Let (S,w) be a complex symplectic manifold and L, M complex Lagrangian submanifolds in
S, and write X = LN M, as a complex analytic subspace of S. Suppose we are given square roots
Ké/ 2, K}Vf for Ky, Kjr. We may choose a family of polarizations 7, : S, — E, which defines
a family {(Pa,Ua,fa,ia) ta € A} of L-charts (P,,Ug, fa,iq) on X such that {P, : a € A} is
an analytic open cover of the analytic space X, so that P, = Crit(f,) for holomorphic functions
fa : Uy — C, and U, complex manifolds (Lagrangians), and i, : P, — U, closed embeddings.

Then for each a € A we have a perverse sheaf

in(PVE, 1) ©2y QPaUs,fusia € Perv(Pa), (8.2.32)

for Qp, v,,f..i. the principal Zs bundle defined in §8.2 point (i) parametrizing choices of square
roots of canonical bundles Ki/ QiK}\f which square to isomorphisms (8.2.2). As explained
already in the introduction of §8.2, the idea of the proof is to use Theorem 1.3.5(ii) to glue the
perverse sheaves (8.2.32) on the analytic open cover {P, : a € A} to get a global perverse sheaf

P? ,;on X.



8.2. Canonical perverse sheaves on Lagrangian intersections 106

We already know from Proposition 8.2.2 that, given an L-chart (P,U, f,i) and an M-chart
(Q,V,g,j) we have the isomorphism (8.2.11), which we recall here:

B loa: (i"(PV ) ® Qrupa)lp —= (75 (PVY,y) ® Qqvg.)lp,
that is, an isomorphism of perverse sheaves from L-charts and M-charts in Perv(P N Q).

Now, to develop our program, we have to show that if (P, Uq, fa,iq) and (By, Uy, f3, 1) are
L-charts, then we have a canonical isomorphism

dab * (15 (PVY, 1) @ QPy Ua.fusia) | Panp, — (i5(PVY, 1,) @ QP Uy fy.1,) | Pany (8.2.33)

with the property that for any M-chart (Q,V,g,j) coming from 7 : S — F transverse to m, and
Ty, We have

-1
PanPyQ © By v gl PanPin@ © QU fu,win| PanPNG-
(8.2.34)

To prove this, we first use Proposition 8.2.3, which provides an associativity result as in (8.2.12)
or (8.2.31). In particular, it shows that if (Q’,V’,¢’, ') is another such M-chart, then

-1
Sabl P.nPyNQ = anVfb,WQh"PamemQ ° Bwi . vg

a71 /Oﬁ N | 10/871 1 Oy | =
Uy, f5,W’,h! | PaNP,NQNQ W’k V,g| PsNP,NQNQ W,h,V,g ! PaNPyNQNQ Ua,fa,W;h|PaNP,NQNQ" =

0[71 | /05 " R ’ /| /Oﬁ71 ‘ /A oNe) " ///| ’
Uy, fo, W' b/ P,NP,NQNQ W h'" V' g | P,NP,NQNQ W Vgl P,NP,NQNQ Ua,fa,W"" R | P,NP,NQNQ’ -

Fix two charts (Py, Ug, fa,1q) and (Py, U, f3, 1), and choose a family {(Qc, VeyGeyje) 1 ¢ € I}
of M-charts (Qc, V¢, ge, je) on X transverse to both (P, Uy, fa,a) and (Py, Up, fp,ip), such that
{Q. : c € I'} is an analytic open cover of P,NP;,. Then, we can use the sheaf property of morphisms
of perverse sheaves in the sense of Theorem 1.3.5, to get d4 as in (8.2.34) by gluing

—1 —1
ag b owr | PanPn@ © Bw w viglPanPin@ © By v gl PanPn@ © QU o, Wk Pan PG

on the open cover {Q. : ¢ € I'}. Also, d4 satisfy (8.2.34) for all (Q,V, g,7), and this is independent
of choice of (@,V,g,j). This is because we can run the construction above with the family
{(Pa, Ua, fayia) : a € A} II {(Q, V,g,j)}7 yielding the same result.

Moreover, on P, N P, N P, we have dp. © 045, = dqe. This is because, given locally a polarization
7:S — F transverse to all of Ta, Tp, Te, then on P, N P, N P. N Q, we can easily check that

1 1
Sbe © Sab| PanPnP.nQ =0y 4 i jr © Bw w7 Vg © By s v g © QU £, W7 17 )O

—1 —1 —1
(@G, o1 © B vig © Bwin,vig © OUasfo.Wih)

-1 -1
(OéUc,fc,W",h” o Bwr i v,g © 5W,h,v,g © AU, fo,Wh) = OaclPanPNP.NQ-

As we can cover P, N P, N P. by such open P, N P,N P.NQ, we deduce that dp. 0 dqp = dgc by the
sheaf property of morphisms of perverse sheaves in the sense of Theorem 1.3.5.

In conclusion, we have an open cover of X by L-charts (P,,U,, fa,%4), and isomorphisms
(8.2.33), satisfying 0p.0d4p = dac. So by stack property of perverse sheaves in the sense of Theorem
1.3.5(ii), we get that there exists P ,, in Perv(X), unique up to canonical isomorphism, with
isomorphisms 7

. ° = 3 L] i
wPa,Uavfaﬂ:a . PL,M|Pa lq (PVUa,fa) ®Z2 QpaaUa:faﬂa

as in (8.2.4) for each a € A, with dqp 0 WP, U, fuia| PanP, = WP, Uy, fu.is| Panp, for all a,b € A. Also,
(8.2.5)-(8.2.6) with (Py, Uy, fa,14) in place of (P,U, f,i) define isomorphisms Xy, rr|p,, Tr P,
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for each a € A. The prescribed values for X, ys|p,, Tr.a|p, and Xp ar|p,, Tr a|p, agree when re-
stricted to P,N P, for all a,b € A. Hence, Theorem 1.3.5(i) gives unique isomorphisms X, a7, Tr m
in (8.2.1) such that (8.2.5)—(8.2.6) commute with (P,, Uy, fa,%q) in place of (P, U, f,i) for alla € A.

Also, the whole construction is independent of the choice of the family of L-charts and polar-
izations. This is because we can suppose {(Pa7 Uay faria) 1 a € A} and {(Pa, Uas farla) @ € A}
are alternative choices above, yielding Pz v 2o, Loy and ]55 Mo Y LM T r,m- Then applying
the same construction to the family { P, U,, fa,za) ta € A} I {(Pa, Ua,fa,ia) ja € fl} to get
PL > we have canonical isomorphisms PL = Pz M= Pz ar» which identify ¥y a7, Tp ar with
)y LM, T r,m- Thus P} M Yr.m, T m are independent of choices up to canonical isomorphism.

8.3 Analytic d-critical locus structure on complex Lagrangian
intersections

Pantev et al. [142] show that derived intersections L N M of algebraic Lagrangians L, M in an
algebraic symplectic manifold (S,w) have (—1)-shifted symplectic structures, so that Theorem
6.6 in [19], discussed also in §3, gives them the structure of algebraic d-critical loci. Here, we
will prove a complex analytic version of this. The result of this section, which is the complex
analytic version of Corollary 3.3.3 in §3, is Theorem 8.3.1, which states that the Lagrangian
intersection L N M of (oriented) complex Lagrangians L, M has the structure of an (oriented)
complex analytic d-critical locus. Notice at this point that we could have then used [18, Thm
6.9] to define a perverse sheaf PPy on LN M, instead of going through Theorem 8.2.1 in §8.2,
but we wanted to provide a clear and direct proof about how to glue perverse sheaves on complex
Lagrangian intersections in a complex analytic setup, and using only classical and symplectic
geometry. Note also that we cannot prove Theorem 8.3.1 by going via [142], as they do not do a
complex analytic version.
Here is the result of the section.

Theorem 8.3.1. Suppose (S,w) is a complex symplectic manifold, and L, M are (oriented) com-
plex Lagrangian submanifolds in S. Then the intersection X = L N M, as a complex analytic
subspace of S, extends naturally to a (oriented) complex analytic d-critical locus (X,s). The
canonical bundle Kx s is naturally isomorphic to K| xrea @ K| xred.

Proof. Let (S,w) be a complex symplectic manifold, and L,M C S two complex Lagrangian
submanifolds of S. Given the complex analytic space X = L N M, we must construct a section
s € H°(S%) such that (X,s) is a complex analytic d-critical locus. We use notation from §8.2,
and in particular the notions of L-chart, M-chart, and L M-chart.

We claim that there is a unique d-critical structure s on X, such that

1. every L-chart (P,U, f,i) from a polarization m : S; — Ej transverse to L, M is a critical
chart on (X, s);

2. every M-chart (Q,V,g,7) from a polarization 7 : So — Fy transverse to L, M is a critical
chart on (X, s).

where L-charts and M-charts are defined using transverse polarizations. To show this we note
that the L-chart (P, U, f,i) determines a d-critical structure sp on P, and similarly the M-chart
(@Q,V,g,j) determines a d-critical structure sg on Q.

Next, for given L-charts and M-charts, we use the LM-charts (R, W, h,k) and Proposition
8.2.2 in §8.2 to show that sp|png = sg|png-
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Then, we choose a locally finite cover of L-charts (P, Ug, fa,14) for a € A covering X, from
polarizations transverse to L, M. We choose M-charts (Qy, Uy, f3,1) for b € B covering X, from
polarizations transverse to L, M and all polarizations used to define the (Py, Uy, fa,%4). Then we
get: sp,|P.nQ, = 5Q,|P.nq, for all a,b. Hence sp,|p,np,nQ, = sP,|P.nP,nq, for all a,a’ € A,
b€ B. As the Qy cover X, we have sp,|p,np, = sp,|p.np,, for all a,a’ € A.

So there exists a unique section s with s|p, = sp,, for all a € A, as S% is a sheaf. Finally,
following the same technique of §8.2.3, the construction is independence of choices.

For the second part of the theorem, let (P, U, f,1), be a critical chart on (X, s). Then Theorem
2.1.6(i) gives a natural isomorphism

. 2
LPU,fi KX’S|Pred — 1 (K? )|Pred. (831)

Using (8.2.2), note that K = K, ® Ky, as the polarization 7 identifies both L, M with U locally,
giving isomorphisms Ky|x = Kp|x = Ky|x. Now comparing with (8.1.1), we get Kx ¢|prea =
det(Lx)|prea for each (P,U, f,i), critical chart on (X,s). Comparing two critical charts, one
can show that the canonical isomorphisms constructed above from two such charts are equal on
the overlap. Therefore the isomorphisms glue to give a global canonical isomorphism Kx , =
det(Lx)|xrea. This completes the proof of Theorem 8.3.1. O

Note that we did not use LM LM charts and Proposition 8.2.3 in §8.2.2. That is because
we are constructing a section s of a sheaf, (effectively, a morphism in a category), rather than a
(perverse) sheaf (an object in a category), so basically we only have to go up to double overlaps,
not triple overlaps.

8.4 Relation with other works and further research

In this section we briefly discuss related work in the literature, and outline some ideas for future
investigation.

The work of Behrend and Fantechi [8] The main inspiration for the present work was a
result by Behrend and Fantechi [8] in 2006. Their project aims to construct and study Gersten-
haber and Batalin—Vilkovisky structures on Lagrangian intersections. They consider a pair L, M,
of complex Lagrangian submanifolds in a complex symplectic manifold (S,w), and they show that
one can equip the graded algebra Tor%s (Or,Oypr) with a Gerstenhaber bracket, and the graded
sheaf Smt%s((’) L, Onr) with a Batalin—Vilkovisky type differential. The approach is the same as
our approach, and in fact we were inspired by that: it is based on the holomorphic version of
the Darboux theorem, that is, any holomorphic symplectic manifold is locally isomorphic to a
cotangent bundle, thus reducing the case of a general Lagrangian intersection to the special case
where one of the two Lagrangian is identified with the zero section of the cotangent bundle of the
symplectic manifold, and the second one is the graph of a holomorphic function locally defined
on the first Lagrangian.

In particular, Behrend and Fantechi [8, Th.s 4.3 & 5.2] claim to construct canonical C-linear
differentials

d: Extly (O, On) — Exty (O, On)

with d? = 0, such that (Extz‘gs ((’)L,(’)M),d) is a constructible complex, called the wirtual de
Rham complex of the Lagrangian intersection X. Conjecturally, (£°,d) categorifies Lagrangian
intersection numbers, in the sense that the constructible function

p— Z(—1)i—dim<s> dime HY,, (X, (E2ty,(Or, Om), d)),
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of fiberwise Euler characteristic of (€xtg, (Or, O ),d) is equal to the well known Behrend func-
tion vx in [5], and so

X(Xv VX) = Z(_l)i_dim(S) dimc HZ(X, (51‘%5 (O[n OM)7 d))

)

Their main theorem [8, Th. 4.3] claims that the locally defined de Rham differentials coming
from the picture given by the holomorphic Darboux theorem, do not depend on the choices of
coordinates involved in the choice of a polarization of S, so that they can claim the existence
of a global canonical differential. Unfortunately, there is a mistake in the proof. To fix this one
should instead work with SxtES(Ki/Q,KM% for square roots K£/2,K]1\/§2 as in §8.2. Also the
relation between their virtual de Rham complex and vanishing cycles relies on a conjecture of
Kapranov [88, Rmk. 2.12(b)], which later turned out to be true just over the ring of Laurent

series - see Sabbah [148, Th. 1.1] (deformation—quantization setting, see discussion below).

The work of Kashiwara and Schapira [91] Kashiwara and Schapira [92] develop a theory
of deformation quantization modules, or D@Q-modules, on a complex symplectic manifold (S,w),
which roughly may be regarded as symplectic versions of Z-modules. Holonomic DQ-modules
D* are supported on (possibly singular) complex Lagrangians L in S. If L is a smooth, closed,
complex Lagrangian in S and Ki/ 2 a square root of K, D’Agnolo and Schapira [29] show that
there exists a simple holonomic DQ-module D*® supported on L.

If D*, £® are simple holonomic DQ-modules on S supported on smooth Lagrangians L, M,
then Kashiwara and Schapira [91] show that R#om(D®,E®)[n] is a perverse sheaf on S over the
field C((h)), supported on X = L N M. Pierre Schapira explained to the authors of [18] how to
prove that R#Zom(D*,E*%)[n] = P} ), when P} ), is defined over the base ring A = C((h)).

The work of Baranovsky and Ginzburg [4] Apart from the mistake in the proof, Behrend
and Fantechi’s work [8] gives a new important understanding of a rich structure on Lagrangian
intersection, investigated also by Baranovsky and Ginzburg [4], who obtained analogous results for
any pair of smooth coisotropic submanifolds L, M of arbitrary smooth Poisson algebraic varieties
S considering first order deformations of the structure sheaf Og to a sheaf of non-commutative
algebras and of the structure sheaves O and Oj; to sheaves of right and left modules over the
deformed algebra. The construction is canonically defined and it is independent of the choices of
deformations involved. The proof of their main result, Theorem 4.3.1 in [4], shows that sometimes
the Gerstenhaber and Batalin—Vilkovisky structures on Tor or Ext are well-defined globally. In
their construction, this is the case, for instance, whenever in the setting of the proof of [4, Thm
4.3.1], some cocycles are defined globally.

The work of Kapustin and Rozansky [89] In [89], Kapustin and Rozansky study boundary
conditions and defects in a three-dimensional topological sigma-model with a complex symplectic
target space, the Rozansky-Witten model. It turns out that this model has a deep relation with
the problem of deformation quantization of the derived category of coherent sheaves on a complex
manifold, regarded as a symmetric monoidal category, and in particular with categorified algebraic
geometry in the sense of [14,176]. Namely, in the case when the target space of the Rozansky-
Witten model has the form of the cotangent bundle T*Y', where Y is a complex manifold, the 2-
category of boundary conditions is very similar to the 2-category of derived categorical sheaves on
Y. More precisely, given a complex symplectic manifold (S, w), Kapustin and Rozansky conjecture
the existence of an interesting 2-category, with objects complex Lagrangians L with Ké/ 2, such
that Hom(L, M) is a Zg-periodic triangulated category, and if L N M is locally modelled on
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Crit(f : U — C) for f: U — C is a holomorphic function on a manifold U, then Hom(L, M) is
locally modelled on the matrix factorization category M F(U, f) as in [139].

Matrix factorization and second categorification It would be interesting to construct a
sheaf of Zo-periodic triangulated categories on Lagrangian intersection, which, in the language of
categorification, would yield a second categorification of the intersection numbers, the first being
given by the hypercohomology of the perverse sheaf constructed in the present work.

Also, this construction should be compatible with the Gerstenhaber and Batalin—Vilkovisky
structures in the sense of [4, Conj. 1.3.1].

Fukaya category for derived Lagrangian and d-critical loci It would be interesting to
extend Theorem 8.3.1 to a class of ‘derived Lagrangians’ in (S, w).

Given a pair L, M, of derived complex Lagrangian submanifolds in the sense of [142] in a com-
plex symplectic manifold (S,w), with dim¢ S = 2n, Joyce conjectures that there should be some
kind of approximate comparison Hk(PE,M) ~ HFK(L, M), where HF*(L, M) is the Lagrangian
Floer cohomology of Fukaya, Oh, Ohta and Ono [45]. Some of the authors of [18] are working on
defining a ‘Fukaya category’ of (derived) complex Lagrangians in a complex symplectic manifold,
using H* (P} /) as morphisms. See [18] for a more detailed discussion.
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