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Abstract

In this thesis we study the desingularizations of Calabi—Yau and special Lagrangian (SL) 3-folds
with conical singularities. Let (M, Jo, wo, Qo) be a Calabi—Yau 3-fold with conical singularities x;
fori=1,...,n modelled on Calabi-Yau cones (V;, Jy,,wv,, Qv;). Suppose (Y3, Jy;,wy,, Qy;) is an
Asymptotically Conical (AC) Calabi-Yau 3-fold modelled on the Calabi-Yau cone (V;, Jy,, wy;,
Qy,) fori=1,...,n.

For the Calabi—Yau desingularization, we first rescale each Y; by a small ¢ > 0 and then glue
into My at x;. This gives a family of nearly Calabi—Yau 3-folds My, and when ¢ is sufficiently
small, we show by applying Joyce’s existence result for torsion-free Go-structures to S* x M;
that the nearly Calabi—Yau structures can be deformed to genuine Calabi—Yau structures, and
hence obtaining a desingularization of My. We first treat the case A\; < —3 and proceed to the
obstructed case \; = —3 where )\; denotes the rate at which the AC Calabi—Yau 3-fold Y; con-
verges to the cone V;. The principal analytic tool we use in the obstructed case is the theory of
weighted Sobolev spaces from Lockhart and McOwen.

Our result on the case \; < —3 can be applied to desingularizing Calabi—Yau 3-orbifolds
with isolated singularities which enable us to describe what the Calabi—Yau metrics locally look
like on crepant resolutions of orbifolds. When A\; = —3 our result gives a desingularization of
Calabi—Yau 3-folds with ordinary double points, which is an analytic version of Friedman’s result
giving necessary and sufficient conditions for smoothing ordinary double points. Our approach
in both cases uses the metrics on the Calabi—Yau 3-folds and is analytic, rather than the complex

structure and being complex algebraic.

For the special Lagrangian desingularizations, suppose Ny is an SL 3-fold in My with conical
singularities at the same points x; modelled on SL cones C; in V;, and suppose L; is an AC SL
3-fold in Y; modelled on an SL cone C;. We then simultaneously desingularize My and Ny by
gluing in rescaled Y; and L; at each ;. The construction is achieved by applying Joyce’s analytic
result on deforming Lagrangian submanifolds to nearby special Lagrangian submanifolds. As
an application, we take two examples for My, namely the orbifold T°/Z3 and a quintic 3-fold.
We construct some singular SL 3-folds Ny in My and AC SL 3-folds L; in the corresponding
Y;, and glue them together to obtain examples of nonsingular SL 3-folds in the desingularized
Calabi—Yau 3-folds.
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Chapter 1

Introduction

This thesis is devoted to the study of a class of singular Calabi—Yau and special Lagrangian
3-folds. A Calabi-~Yau manifold is a Kéhler manifold (M, J,w) with a covariant constant holo-
morphic volume form Q satisfying w™ /m! = (—1)""=1/2 (§/2)™ Q A Q, where m is the complex
dimension of M. The canonical line bundle Kj; of a Calabi—Yau manifold M is always trivial,
so that the first Chern class ¢ (M) of M must vanish, and the vanishing of ¢; (M) is necessary
for having a Ricci-flat metric. To prove that it is also sufficient is difficult, and this problem was
first considered by Calabi in a more general context. He raised the famous conjecture on whether
any representative of ¢ (M) can be the Ricci-form of some Kéhler metric. Calabi showed that if
such a Kéhler metric exists, then it must be unique. Yau then provided the proof that such a

metric always exists if M is compact.

From the holonomy point of view, a Calabi—Yau manifold is precisely a Riemannian manifold
(M, g) with holonomy group Hol(g) contained in SU(m). For Calabi—Yau m-folds with holonomy
group SU(m), the Hodge numbers h?¢ satisfy: h%° = h™0 =1 and h?* = 0 for 0 < p < m. If we
collect results on the Hodge numbers of Calabi—Yau manifolds for the case m = 3, we find that
the only independent Hodge numbers are h*' and h?!, and the Euler numbers of Calabi-Yau
3-folds are then y = 2(hl! — h2%1).

In the most popular version of string theory, a branch of theoretical physics, the space we
live in looks locally like a product of 4-dimensional Minkowski space and a compact Calabi—Yau
3-fold M. The Calabi-Yau condition on M is necessary because of supersymmetry. Mirror
symmetry, which had been known to both physicists and mathematicians for some time, is a
phenomenon in string theory that there are mirror pairs of Calabi-Yau 3-folds M and M which
are physically equivalent. Much efforts have been put on explaining mirror symmetry in terms
of mathematical contents. One feature of a mirror pair is the interchange of Hodge numbers, i.e.
hP4(M) = h3~P4(M). This in particular means that the two non-trivial Hodge numbers h'!

and h?! are interchanged between M and M, i.e.

RBY M) = BN (M) and K2 (M) = hVI(MD),

and that x(M) = —x(M). In fact, mirror symmetry is a much stronger statement than the
mere existence of mirror pairs of Calabi-Yau manifolds and the exchange of Hodge numbers.

1
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It involves an idea that, roughly speaking, there is a natural isomorphism which identifies the
complex moduli of M and the complexified Kahler moduli of M, and vice versa. If such a mirror
map existed, then information on holomorphic invariants of one Calabi—Yau 3-fold M could yield
information on symplectic invariants of the mirror M, and vice versa. One of the very first
examples constructed by physicists is the study of the mirror family to quintic 3-folds, see [12].

Take a one-parameter family of quintics

My = [20,21, 22,23, 22) € CP*: > 22 =5y [[ 2 = 0
J

J

which is a family of Calabi-Yau 3-folds with h'!(M,) = 1 and h*!(My) = 101. Consider an ac-
tion of {(ao,...,as) € (Zs)° : []; a; = 1} = (Z5)* given by rescaling of z; by fifth roots of unity.
Dividing by the diagonal Zs projective stabilizer we get a (Zs)3-action on My. Then the mirror
of the quintic is given by crepant resolutions My of the quotient My /(Zs)? with hb1(M,) = 101
and h?(My) = 1.

Singularities and their desingularizations are important for understanding the mirror quin-
tic. There are many different types of singularities and ways of desingularizing them. One kind
of frequently appearing singular Calabi-Yau manifolds is known as conifolds (see [11]), which
are smooth Calabi—Yau manifolds apart from a number of isolated conical singularities. Coni-
folds correspond to the points where the moduli spaces of Calabi—Yau manifolds meet. The

neighbourhood of a singular point of a conifold X can be described by a complex quadric in C*,
242542+ 2 =0,

which is known in the mathematical literature as an ordinary double point or node. The quadric is
in fact topologically a cone over S2 x S3. There are two different ways of repairing the singularities

in a conifold. The first is by deformation, where the quadric is deformed to
zf—&—zg—l—zg—i—zf:e

for some nonzero € € C. The deformed conifold X is a smooth manifold, each singular point
having been replaced by an S3. As this smoothing of the singularity results from changing the
polynomial, it corresponds to the desingularization arising from deforming the complex struc-
ture. Another way to remove the singularities on a conifold is by making a small resolution of X.
This yields a smooth manifold X in which each singular point is replaced by an 52 =2 CP!. The
process of varying a complex structure from a smooth Calabi-Yau manifold X so that a conifold
singularity appears, and then resolving that conifold so that a new S2 = CP! appears is called a
conifold transition. Thus conifold singularities provide a transition between topologically distinct
Calabi-Yau’s X and X.

These issues provide the primary motivation for the first half of this thesis: the study of
Calabi—Yau 3-folds with conical singularities and their desingularizations, including the smooth-
ings of Calabi—-Yau 3-folds with ordinary double points. A novel feature of our approach is that
it uses the metrics on singular Calabi—Yau 3-folds and is analytic, rather than just the complex
structure, and being complex algebraic. Thus we provide new analytic proofs of results previ-

ously known in complex algebraic setting.
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Special Lagrangian (SL) submanifolds in Calabi-Yau manifolds play an important role in the
explanation of Mirror symmetry. They are examples of calibrated submanifolds, appearing in Har-
vey and Lawson [22], which generalizes the concept of volume-minimizing property of complex
submanifolds of K&hler manifolds. Let (M, J,w, ) be a Calabi—Yau manifold of complex dimen-
sion m. Then Re(f2) is a calibrated form whose calibrated submanifolds are real m-dimensional

special Lagrangian submanifolds (SL m-folds).

There has been extensive research in the mathematics literature on special Lagrangian and
other calibrated submanifolds. Moreover, a lot of SL m-folds in C™ have been constructed ex-
plicitly using various techniques. For example, Joyce [29] constructed SL m-folds by using large
symmetry groups. In particular, a large family of cohomogeneity one SL m-folds are constructed
using moment map techniques. Moreover, he constructed SL cones in C™, providing local models
for conical singularities in SL m-folds in general Calabi-Yau m-folds. Haskins [23] focused on
dimension three and explored examples of SL cones in C3. In [42] McLean studied the deforma-
tion theory for calibrated submanifolds. In particular, he showed that local deformations of a
smooth compact SL m-fold L in a Calabi-Yau m-fold (M, J,w, ) are always unobstructed and

the moduli space M, is a smooth manifold of dimension b; (L), the first Betti number of L.

Special Lagrangian submanifolds attracted much interest in connection with the SYZ con-
jecture proposed by Strominger, Yau and Zaslow [49] in 1996, which explains Mirror symmetry
between Calabi—Yau 3-folds. The precise formulation of the conjecture has not yet been worked
out. Roughly speaking, it states that given a mirror pair (M, M ) of Calabi—Yau 3-folds there
should be SL T3-fibrations f, f degenerating over a common discriminant locus A C B and such
that for each b € B\ A, the fibres F;, = f~(b) and F, = f~'(b) are nonsingular SL 3-tori T in
M and M which are in some sense dual to one another. Much progress has been made on it, in
particular, Joyce [30] tried a local geometric approach to the conjecture, and suggested that the
final form of the SYZ conjecture should be an asymptotic statement about 1-parameter families

of Calabi—Yau 3-folds approaching the large complex structure limit.

A part of the conjecture asserts that the mirror M of a Calabi-Yau 3-fold M can be obtained
by some suitable compactification of the dual of the SL T3-fibration on M. Therefore to find a
compactification and understand the relations with the Mirror symmetry one should understand

the singularities of the moduli space of SL m-folds.

Perhaps the simplest singularities to understand are isolated singularities modelled on SL
cones. Joyce has developed a comprehensive programme on the desingularization of SL m-folds
with conical singularities in (almost) Calabi-Yau manifolds and their deformation theory in his
recent series of papers [31]-[35]. The SL m-folds with conical singularities are desingularized
by gluing in at the singular points some nonsingular SL. m-folds in C™ which are asymptotic
to SL cones at infinity. Furthermore, Joyce [28] proposed to define an invariant of Calabi—Yau
3-folds, analogous to Gromov-Witten invariants in symplectic geometry, by a weighted count
of SL homology 3-spheres in a given homology class. Understanding the singularities and the

compactifications of the moduli space of SL m-folds will also be important for this programme.

The second half of the thesis will then be devoted to the study of a simple kind of singular SL
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3-folds living in singular Calabi—Yau 3-folds with singularities at the same points. We shall simul-
taneously desingularize the singular Calabi—Yau and SL 3-folds. This can be compared with the
work by Joyce [33] where singular SL 3-folds are desingularized in nonsingular Calabi—Yau 3-folds.

A guide to the chapters

The objects of our study are Calabi—Yau and special Lagrangian 3-folds with a kind of sin-
gular points known as conical singularities. Our aim is to develop an analytic desingularization
theory for both Calabi—Yau and SL 3-folds with conical singularities. With this goal in mind, we
are concerned mostly with the following two constructions in this thesis:

(1) Desingularizing Calabi-Yau 3-folds My with conical singularities z; for ¢ = 1,...,n mod-
elled on some Calabi—Yau cones V; by gluing in Asymptotically Conical (AC) Calabi—Yau
3-folds Y;;

(2) Desingularizing SL 3-folds Ny (in the Calabi-Yau 3-fold My) with conical singularities at
the same points x; modelled on SL cones C; (in the Calabi—Yau cones V;) by gluing in AC
SL 3-folds L; (in the AC Calabi-Yau 3-folds Y;).

This thesis is organized as follows. In Chapter 2 we describe some standard material from
Calabi—Yau manifolds, special Lagrangian geometry and give an introduction to analysis on com-
pact manifolds. We define Calabi—Yau manifolds and look at some of their properties in §2.1.3.
Section 2.1.4 gives some examples of Calabi—Yau manifolds, with emphasis on the crepant resolu-
tions of quotient singularities in Example 2.6, and the cotangent bundles of spheres in Example
2.7. Section 2.2 introduces special Lagrangian geometry, in which we begin with some basic
concepts in Symplectic geometry. The study of SL m-folds in C™ and their constructions will be
given in §2.2.3 and 2.2.4. We then study SL m-folds in Calabi—Yau m-folds in §2.2.5, including
McLean’s deformation result and a discussion on fixed point sets of antiholomorphic involutions.
Finally in §2.3, we give some necessary notations and concepts in analysis for our later chapters,

involving the Sobolev Embedding Theorem and an elliptic regularity result.

In Chapter 3 we study Calabi—Yau desingularizations mentioned in (1). A Calabi—Yau 3-fold
(Mo, Jo,wo, o) with conical singularities is a Calabi-Yau 3-fold with a finite number of distinct
singular points x; for ¢ = 1,...,n, such that near each singular point x;, My looks like some
Calabi—Yau cone V;, and all the structures Jy,wq, {29 on My converge to the cone structures
Jv,,wy;, Qy, with some rate v and with all their derivatives. We shall assume the existence of
such kind of singular Calabi—Yau 3-folds throughout the thesis, in other words, we assume that
there are singular Calabi—Yau metrics on some complex manifolds with conical singularities. As-
ymptotically Conical (AC) Calabi—Yau 3-folds Y; are nonsingular Calabi—Yau 3-folds which have
a similar definition to that of Calabi—Yau 3-folds with conical singularities, so that all the struc-
tures Jy;,wy;, Qy, approach the cone structures Jy,,wy,, Qy, at infinity with some rate A; and
with all their derivatives. We then apply a homothety to each Y;, in other words, rescale Y; by a
small £ > 0, and glue them into M, at each x;. This gives a family of nearly Calabi-Yau 3-folds
M;. The point is then to prove that for sufficiently small ¢ > 0, the nearly Calabi—Yau structures
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on M; can be perturbed or deformed to genuine Calabi—Yau structures. We show this step by
inducing G-structures on the real 7-dimensional manifolds S* x M, from the nearly Calabi-Yau
structures on M;. The induced Gs-structures have small torsion for sufficiently small ¢t > 0, and
we then apply Joyce’s existence result [26, Thm.11.6.1] for torsion-free Go-structures to show
that the induced Gs-structures can actually be deformed to have zero torsion. We can now pull

back the torsion-free Ga-structures to the 6-folds M; to obtain genuine Calabi—Yau structures.

Section 3.1 provides some background material on SU(3)- and Ga-structures on real 6- and
7-folds respectively. These concepts are useful throughout the chapter. In §3.2 we define nearly
Calabi—Yau structures on some real 6-folds. We start by introducing nearly Calabi—Yau struc-
tures in §3.2.1. Then we induce G-structures from them on 7-folds S! x M in §3.2.2. We go on
in §3.2.3 to prove our main result on the existence of Calabi—Yau structures on some 6-folds. As
the proof requires results from Joyce’s proof on the existence of torsion-free Ga-structures, we
include them there and modify some of the conditions to fit into our situation. The analytic result
we obtain in §3.2.3 will be important to the constructions of Calabi—Yau desingularization later.
Section 3.3 studies Calabi-Yau cones V;, Calabi-Yau 3-folds M, with conical singularities and
AC Calabi-Yau 3-folds Y;. We give definitions and examples, and prove a Darboux type theorem
for both My and Y;. In §3.4, we prove our desingularization result for an easier case A\; < —3.
We first construct a family of nearly Calabi—Yau 3-folds M; by gluing Y; into My, and then we
show that the nearly Calabi-Yau structures have “small enough torsion” when ¢ is sufficiently
small so that our analytic result applies, thus obtaining genuine Calabi—Yau structures on M;.
Finally in §3.4.4 we give an application of our result and provide an example of desingulariz-
ing the Calabi—Yau 3-orbifold 7°/Z3. The appropriate AC Calabi—Yau 3-folds are given by the
canonical line bundle K¢p2 over CP2. The resulting desingularization we obtained is in fact the
crepant resolution, the blow-up the singular points, in which each singular point is replaced by
a copy of CP2. An application of our result gives a description of what the Calabi-Yau metric,

whose existence is proved by Yau [52], looks like on the crepant resolution of the orbifold T /Zs.

Chapter 4 is an extension or a generalization of Chapter 3. During the gluing process, we may
encounter a kind of cohomological obstruction to defining a 3-form £2; on M; which interpolates
between the 3-form Qg on My and the scaled 3-form 32y, on Y; if the AC Calabi-Yau 3-fold
Y, has rate \; = —3. We then extend our desingularization theorem to the more complicated
situation when \; = —3. Allowing \; = —3 also causes analytical difficulties in the way that the
3-form €2; will contribute an error of size which is too large for some of the hypotheses of our

desingularization theorem to hold.

In order to extend our result to the case \; = —3, we replace the 3-form Qg on My by Q4+ x,
where x is a closed (2,1)-form on My such that wg A x = 0 and x is asymptotic to some given
closed (2,1)-form &; with order O(r=2) on V;. The advantage of adding such a (2,1)-form x to
is that it corresponds to a change of Calabi—Yau structure up to first order, that is, the “error”
from being a Calabi—Yau 3-form is of order O(|x|?), and this will have the effect of squaring the
size of the original error term, which will then be small enough to apply our desingularization

result.

The machinery we use to construct such a (2,1)-form x is the analytic theory of weighted
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Sobolev spaces on manifolds with ends developed by Lockhart and McOwen [39].

We begin in §4.1 by establishing the necessary notations. Section 4.2 studies the analytic
theory for weighted Sobolev spaces due to Lockhart and McOwen [39]. In §4.3, we construct
our desired (2,1)-form x on My. We then glue Y;’s into My, constructing the nearly Calabi—
Yau structures in §4.4. Section 4.5 gives the main result on Calabi—Yau desingularization when
Ai; = —3 which generalizes the result in Chapter 3. Finally in §4.6 we focus on a kind of singular
Calabi—Yau 3-fold where the singularities are known as ordinary double points. We shall assume
the existence of such kind of singular Calabi—Yau manfolds for the methods developed to apply.
The desingularization of this kind of Calabi—Yau 3-folds belongs to the case A; = —3, and we
apply our main result to repair ordinary double points. We conclude by showing that our result
is in some way equivalent to Friedman'’s result [16], giving necessary and sufficient conditions for

smoothing ordinary double points.

In Chapters 5 and 6, we focus on the SL desingularizations mentioned in (2). SL 3-folds
inside the above Calabi—Yau 3-folds My, V; and Y; are studied. An SL 3-fold Ny with conical
singularities at x; is basically a singular SL 3-fold in My that approaches an SL cone C; near
each x;. The way we define Ny is to express it near x; as a graph of some exact 1-form da; on
C; with decay rate u > 0. To be more precise, Ny is locally the image of the graph of da; under
the embedding V¢, mapping from a Lagrangian neighbourhood of C; to the Calabi-Yau cone V;.
Next we define AC SL 3-folds L;, which are nonsingular SL 3-folds in the AC Calabi—Yau 3-folds
Y; asymptotic to SL cones C; at infinity. Similar to the definition of Ny, we define L; at infinity
to be the image of the graph of some exact 1-form db; on C; with rate x; under a Lagrangian
neighbourhood embedding. During the Calabi—Yau desingularization, the AC Calabi—Yau 3-folds
Y;’s are glued into My at x;, thus we can pick AC SL 3-folds L; in Y;, so that they can be glued
into Ny at z;. This yields a 1-parameter family of compact nonsingular 3-folds Ny in the nearly
Calabi—Yau 3-folds M;. We construct N; to be Lagrangian.

After deforming the nearly Calabi—Yau structures to genuine Calabi—Yau structures on My,
the nonsingular 3-fold IV is still Lagrangian after applying a diffeomorphism of M; close to the
identity. Our next step is to deform N; to SL 3-folds N, for small enough ¢. In a recent paper
[33], Joyce proved an analytic existence result for SL m-folds, showing that under certain condi-
tions a compact nonsingular Lagrangian m-fold in a Calabi—Yau m-fold which is close to being
special Lagrangian can be deformed to a nearby SL m-fold. Our second objective, the special

Lagrangian desingularizations, can then be achieved by adapting Joyce’s result.

In order to illustrate our desingularization theorem, we include some examples of SL 3-folds
in the Calabi—Yau 3-folds we discussed before. We construct Ny in the Calabi—Yau 3-orbifold
T%/Z3 and L; in the corresponding AC Calabi-Yau 3-fold Kcpz. In particular, we show that
an SL T2 in T%/Zs with one conical singularity is desingularized by gluing in the real canonical
line bundle Kgp> in Kcpe, yielding a T3#R3. We also construct Ny in some quintic Calabi-Yau
3-fold which contains ordinary double points, and L; in the corresponding AC Calabi-Yau 3-fold
T*S3. An example is given by taking Ny as the fixed point set of some antiholomorphic isometric

involution, and L; as some SO(3)-invariant R3’s or S? x R’s or S%’s in T*93.
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Section 5.1 discusses SL cones and the Lagrangian Neighbourhood Theorem on them. We give
definitions of SL m-folds with conical singularities in §5.2 and AC SL m-folds in §5.3. Finally in
§5.4, examples of AC SL m-folds are constructed in two kinds of AC Calabi—Yau m-folds. Section
§5.4.1 gives SL m-folds as fixed points of antiholomorphic isometric involution o, 7"~ !-invariant
SL m-folds, and SO(m)-invariant SL m-folds in Kcpz. In §5.4.2, we provide fixed point sets

examples in T*S™, together with T2-invariant and SO(3)-invariant examples in 7*S3.

In Chapter 6, we desingularize SL 3-folds with conical singularities, and produce some new
SL 3-folds in crepant resolutions of T¢/Z3 and some quintics. Section 6.1 states Joyce’s SL
desingularization result. We construct a family of Lagrangian 3-folds Ny in §6.2. In order to
apply Joyce’s result, we need to have estimates of various norms of some 3-forms restricted on
N;. We use analysis to obtain all the estimates we need in §6.3. We prove the main theorem on
desingularizing SL 3-folds with conical singularities in §6.4. In the last section, §6.5, we construct
examples by gluing different AC SL 3-folds we obtained in Chapter 5 into some SL 3-folds with

conical singularities in the Calabi~Yau 3-orbifold T7°/Z3 and in some quintic 3-folds.



Chapter 2

Background material

2.1 Calabi—Yau manifolds

In this thesis we shall approach the subject of Calabi—Yau manifolds very much from the point
of view of differential geometry, rather than algebraic geometry. Here we would like to introduce
them via Kahler geometry and holonomy groups. We begin with a very brief description of the
necessary concepts from holonomy groups and a discussion on the Calabi conjecture. Then we
go on to the definition and general properties of Calabi—Yau manifolds. Finally, we will explore

some examples of both compact and non-compact Calabi—Yau manifolds.

2.1.1 Brief review on Holonomy groups

We introduce the notion of holonomy groups in this section. For further details and discus-

sions about holonomy groups, we refer the reader to [3, Chapter 10] and [26, Chapters 2 and 3].

Let (M, g) be a Riemannian manifold of dimension n with Levi-Civita connection V. Given
p € M, define the holonomy group Hol,(g) of g at p to be the group of linear automorphisms of
T, M obtained from parallel transports defined by V around loops based at p. If M is connected,
the holonomy group is independent of basepoint because if we join any two points p,q € M by
a piecewise smooth curve v in M, then we have a group isomorphism Hol,(g) = Hol,(g) given
by z — Pyoxo P L where P, denotes the parallel transport map along . Hence we shall often

drop the subscripts p and write the holonomy group as Hol(g).

For all Riemannian metrics g, Hol(g) is a Lie subgroup of O(n). One important result about
holonomy groups is that the covariant constant (parallel) tensors on the manifold are invariant
under the holonomy group Hol(g), and conversely a tensor at a point which is invariant under
Hol(g) can be extended to a unique covariant constant tensor on the manifold. This is based on

the fact that the covariant constant tensors are invariant under parallel transport and so they are
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entirely determined by Hol(g). In 1955, Berger [2] gave a list of all possible subgroups of O(n)
that can be the holonomy groups of a Riemannian manifold (M, g) under certain assumptions
on M and g :

Theorem 2.1 If (M,g) is a simply-connected Riemannian manifold of dimension n, and g is

irreducible and non-symmetric, then exactly one of the following seven cases holds.
(i) Hol(g) = SO(n),
(ii) n =2m with m > 2, and Hol(g) = U(m) in SO(2m),

(iii) n =2m with m > 2, and Hol(g) = SU(m) in SO(2m),

(iv) n =4m with m > 2, and Hol(g) = Sp(m) in SO(4m),
(v) n=4m with m > 2, and Hol(g) = Sp(m) Sp(1) in SO(4m),

(vi) n =7 and Hol(g) = G5 in SO(7), or

(vii)) n =8 and Hol(g) = Spin(7) in SO(8).

Our focus will be on type (iii) as, by the next definition, they are holonomy groups for Calabi—
Yau metrics. Note that Ké&hler metrics g on a complex manifold have holonomy groups Hol(g)
C U(m), and this property can also be used to define Kéhler metrics. Metrics g with Hol(g) C
Sp(m) are called hyperkdhler metrics.

2.1.2 The Calabi conjecture

Let (M, J,w) be a compact Kéhler manifold with Kéhler metric g and Ricci form 7. We know
that 1 is a real, closed (1,1)-form representing c;(M) in H?(M,R). Calabi raised the famous
conjecture about prescribing the Ricci curvature on (M, J,w), namely, given a real, closed (1,1)-
form ¢ representing c; (M), can we find a Kéhler metric h on M whose Ricci form is ¢ ? This is

known as the Calabi conjecture and it was solved by Yau [52] in 1976. We state it as the following :

Theorem 2.2 Suppose (M, J,w) is a compact Kihler manifold with Kihler metric g. If ¢ is
a closed real (1,1)-form representing c1(M), then there exists a unique Kdhler metric h, with
Kdhler form &', on M such that [w] = [W'] € H?(M,R), i.e. g and h are in the same Kdhler

class, and the Ricci form of h is .

One of its applications is that when ¢;(M) = 0, it implies there exists a unique Ricci-flat
Kahler metric in each Kéhler class of M. Calabi—Yau manifolds, which we shall discuss in the
next section, are Ricci-flat, thus an important consequence of the Calabi conjecture is the exis-
tence of large families of Calabi—Yau manifolds. Note that Yau’s proof of the Calabi conjecture is

based on existence theorems for solutions of non-linear partial differential equations, but it does
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not provide a way to write down the Ricci-flat metric explicitly. In the non-compact case the
situation is better in this respect. Examples are the Calabi metrics [10] and the Eguchi-Hanson
metrics [15] on the crepant resolutions of quotient singularities, and the Stenzel metrics [48] on
cotangent bundles of rank one symmetric spaces. They will play an important role in this thesis,
providing examples of a kind of Calabi—-Yau manifolds known as Asymptotically Conical (AC)
Calabi—Yau manifolds.

2.1.3 Basic definitions and properties of Calabi—Yau manifolds

For some further reading on Calabi—Yau manifolds, we refer the reader to [26, Chapter 6] and
[25, Chapter 6].

Definition 2.3 A Calabi-Yau m-fold is a Kahler manifold (M, J,w) of complex dimension m

with a covariant constant holomorphic volume form €2 satisfying
W™ /m! = (—1)™m=D/2 (1 /2)m QA Q. (2.1)

Then we say that (J, w, Q) constitutes a Calabi—Yau structure on M and we shall denote a Calabi—
Yau manifold as a quadruple (M, J,w, Q).

We should note here that there are several inequivalent definitions of Calabi—Yau manifolds in
use in the literature. For example, one may define Calabi—Yau manifolds to be compact Kahler

manifolds with vanishing first Chern class. We will explain more on ¢q (M) = 0 later this section.

Clearly the holomorphic volume form €2 is unique up to a change of phase Q — Q) from the
normalization formula (2.1), and the constant factor there is chosen so that the real part Re(2)

of Q is a calibration on M. (We shall discuss calibrations in §2.2.2)

Another equivalent way of defining a Calabi—Yau m-fold is to require that the Riemannian
2m-fold (M, g) has holonomy group Hol(g) contained in SU(m). This can be seen using the result
about holonomy groups mentioned in §2.1.1. Suppose there is a covariant constant holomorphic
volume form Q on M, then for each p € M, the holonomy group Hol(g) must preserve {2, on
C™, where we identify the tangent space T, M with C™. But the subgroup of O(2m) preserving
Q, is SU(m), so Hol(g) must be contained in SU(m). Conversely, if we define a holomorphic
(m,0)-form 6 on C™ by 6 = dz; A -+ Adzy,, then, since it is preserved by SU(m) and thus by
Hol(g), 6 can be extended to a covariant constant tensor € on M and 2 can be written in the
form dzy A --- Adz,, at each p of M.

In complex dimension 2, the holonomy groups of Calabi—Yau manifolds are contained in
SU(2), which is isomorphic to Sp(1). Thus all Calabi—Yau 2-folds are hyperkdhler and have the
whole 2-sphere S? of integrable complex structures. By the classification theory of compact com-
plex surfaces, it turns out that all compact Calabi—Yau 2-folds are either K3 surfaces or 4-tori

T*. Hence they are well understood, and we shall normally focus on Calabi-Yau m-folds for
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m > 3.

We see that a Calabi—Yau m-fold (M, J, w, 2) admits a covariant constant holomorphic (m, 0)-
form € which is analogous to the holomorphic volume form dzi A---Adz,;, on C™. It is a section of
the canonical bundle Ky = /\m’0 T*M of M. Thus the canonical bundle Kj; admits a nowhere
vanishing holomorphic section €2 and such a section exists if and only if Ky, is trivial. Then the
connection on K induced from the Kéhler metric g must be flat. By the fact that the curvature
of this connection is the Ricci-form of g, we conclude that the Ricci curvature of g vanishes.
Consequently, every Calabi—Yau m-fold is Ricci-flat.

Recall from §2.1.2 that an important application of the Calabi conjecture is the construction
of compact Calabi—Yau m-folds. Here is how it works. Suppose (M, J) is a compact complex
manifold admitting Kahler metrics with ¢; (M) = 0, then by Yau’s proof of the Calabi conjecture,
every Kéhler class on M contains a unique Ricci-flat metric g. Thus (M, J,w) is a compact Ricci-
flat Kéhler manifold, where w is the Kéhler form of g. Assume further that K}, is trivial, i.e.
there exists a nowhere vanishing holomorphic section €2 on M. Then by applying the “Bochner
argument” on compact Ricci-flat K&hler manifolds, one can show that any (p,0)-form on M is
closed if and only if it is covariant constant. It is easy to see that 2 is closed and thus is covariant
constant. Therefore, up to a change of phase, we can make (M, J,w) into a Calabi-Yau m-fold
(M, J,w, Q).

Now suppose (M, J,w, ) is a compact Calabi-Yau m-fold with Hol(g) = SU(m). It follows
by using general facts about compact Ricci-flat manifolds that (M, J,w, Q) has finite fundamental
group 71 (M). Also, by using the “Bochner argument” mentioned before, one can prove that on
(M, J,w, ), the (p,0)-th Dolbeault cohomology group Hg"o (M) is isomorphic to the vector space
of covariant constant (p,0)-forms on M. It can be shown that this vector space is equal to C
when p = 0 or m, and 0 otherwise. Therefore on a Calabi-Yau m-fold (M, J,w, Q) with Hol(g)
= SU(m), its Hodge numbers hP>? (the dimensions of the (p, ¢)-th Dolbeault cohomology groups)
satisfy: h00 = h™0 =1 and h?° = 0 for p # 0,m. For the case m = 3, h%° = h30 = 1 and
h'0 = h29 = 0, together with the symmetry properties of a Hodge diamond, i.e. h?? = h%P and

hP4 = pm=P™m=4 (the Serre duality, m = 3 in this case), we end up with the following :

1
0 0
hl,l
1 h>t h>t 1
0 ht:t 0
0 0
1

2.1.4 Examples of Calabi—Yau m-folds

We collect some examples of Calabi—Yau manifolds in this section. Examples 2.4 and 2.5 are
taken from [26, §6.7], Example 2.6 from [10, p.284-5] and [26, Example 8.2.5], and Example 2.7
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from [48, §7].

Examples 2.4 In this example we consider complex hypersurfaces in CP”* which are expressed
as the zero set of a homogeneous polynomial. Let X be a nonsingular hypersurface of degree d
in CP™, i.e.

X ={lz05---,2m] € CP": f(z0,...,2m) =0}

where f(zo,...,%m) is a nonzero homogeneous polynomial of degree d. One can show by the ad-
gunction formula ([20, p.147]) that the canonical bundle Kx is trivial, and therefore ¢;(X) = 0,
if and only if d = m+1. Since X is compact and Kéhler, thus if the degree of X is m+1, then by
Yau’s proof of the Calabi conjecture, X admits a Ricci-flat metric. Therefore, the holomorphic
section € of X is covariant constant, and X can be made into a Calabi—Yau manifold. Con-
sequently, any nonsingular hypersurface of degree m + 1 in CP™ is a Calabi—Yau (m — 1)-fold.
Thus we have found a simple way of constructing Calabi—Yau m-folds. For m = 2, we have cubic
curves in CP?, which are 2-tori 72, and for m = 3, we have quartic surfaces in CP3, which are
K3 surfaces. As we are mainly interested in Calabi—Yau 3-folds in this thesis, we shall discuss

more on quintic hypersurfaces in CP* later.

Examples 2.5 Suppose X C CP™ is a complete intersection of hypersurfaces, i.e. X =
Hy N --- N Hg where Hy, ..., H; are hypersurfaces in CP™ which intersect transversely along
X, so that dim X = m — k. In a similar way to the previous example, one can show that X is a
Calabi—Yau (m — k)-fold if and only if dy + -+ + dp = m + 1 where di,...,d; are the degrees
of Hy,...,Hy. Now if d; = 1 for some j, then X can be regarded as the intersection of k£ — 1
hypersurfaces in CP™~! omitting H;, so we can assume d; > 2 for all j. This construction yields

a finite number of topologically distinct Calabi—Yau m-folds for each m.

Examples 2.6 (Crepant resolutions of quotient singularities)

We now want to consider the crepant resolution X of some quotient singularities C™/G,
where G is a finite subgroup of SU(m) acting freely on C™ \ {0} (some references are given by
Joyce [26, §6.4-86.6] and Roan [45]). A quotient singularity C™ /G is a singular complex manifold
obtained by taking the quotient of C™ by the G-action, where G is a nontrivial finite subgroup
of GL(m,C). For each p € C™, G - p represents a G-orbit of p in C™ and it is a singular point
in C™/G if the stabilizer Stab(p) = {y € G : v-p = p} of p is nontrivial. Hence 0 is always
a singular point of C™/G and it will be the unique singular point if G' acts freely on C™ \ {0}.

3

Also, geometric structures can be “pushed down” from C™ to the nonsingular part of C™/G if

and only if they are G-invariant.

Now suppose G is a finite subgroup of SU(m) acting freely on C"™\ {0}. Let X be a nonsingu-
lar complex manifold. Then adopting an analytic definition, rather than an algebraic one, (X, )
is called a resolution of C™/G if 7 : X — C™ /G is a proper holomorphic map which is surjective
and is a biholomorphism between X \7~1(0) and C™/G\{0}. Often 7—1(0) will be a compact

submanifold of X, or a finite union of submanifolds. Thus we can repair the singularities through
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the process of resolution by replacing each singular point by a submanifold. One technique to
construct a resolution is to apply a blow-up. A resolution (X, ) of C™ /G with ¢;(X) = 0 is called
a crepant resolution. Crepant resolutions of C™ /G for m = 2,3 exist for every finite subgroup of
SU(m) (see for instance Roan [45, Thm. 1] for m = 3) and are well understood. In particular,

they are unique for m = 2.

On a crepant resolution (X,7) of C™/G where G is some finite subgroup of SU(m) acting
freely on C™ \ {0}, one can define an Asymptotically Locally Euclidean (ALE) Kdhler metric on
it, making it an ALE Ké&hler manifold (for an introduction to ALE metrics, see [26, §8.1-§8.2]).
Recall that one of the applications of the Calabi conjecture is the existence of a unique Ricci-flat
Kahler metric in each Kahler class on a compact Kéhler manifold whose first Chern class van-
ishes. Joyce [27, Thm. 3.3] proved a result analogous to this for ALE Kéhler manifolds (X, ),
asserting that in each Ké&hler class of ALE Kéahler metrics on X there exists a unique Ricci-flat
ALE Ké&hler metric g satisfying certain asymptotic conditions. Moreover, he showed ([27, Thm.
3.4]) that such a Ricci-flat ALE Ké&hler metric g has holonomy SU(m).

An explicit example of a Ricci-flat ALE Kéhler manifold asymptotic to C™/Z,, for m > 3 is
given by Calabi [10, p. 284-5]. Let ¢ = ¢*™/™ be the m-th root of unity, and define an action
generated by ¢ on C™ by

Ck'(Zl,...7Zm) = (Ckzlw"v(kzm)

for 0 <k <m — 1. The group Z,, = {1,¢,...,{™ '} is a subgroup of SU(m), as (™ = 1, and it
acts freely on C™\{0}. Then the quotient C™/Z,, has a resolution of singularities (X, ) given by
a blow-up of C™/Z,, at 0. In fact, X is the total space of the canonical bundle over CP™~! with
771(0) =2 CP™ ! and it is a crepant resolution of C™/Z,,. Now define f : C™/Z, \ {0} — R
by

m—1

f:”‘r2m+1+%2<"log(m—<j)7 (2.1)

Jj=0

where r is the radius function on C™/Z,,. Then f is a well-defined, smooth real function on
C™/Zm \ {0}, so it defines a Kihler metric g on X \ 7~1(0) which has f as the Kihler potential.
Calabi [10] shows that g can be extended to all of X and is a Ricci-flat metric with Hol(g) =
SU(m). Moreover, from the explicit form of f, we see that f = r? + O(r?>=2™) for large 7, which
implies that g is an ALE Ké&hler metric on X. It follows that with Calabi’s metric, the crepant
resolution X of C™/Z,,, or equivalently the total space Kcpm-1 of the canonical line bundle over
CP™~1, is a Calabi-Yau m-fold asymptotic to C™/Z,,.

Examples 2.7 (Cotangent bundles of spheres)

In [48], Stenzel constructed complete, Ricci-flat Kéhler metrics on the cotangent bundle 7*.S™
of the sphere S™, and more generally on the “complexification” of compact rank one globally
symmetric spaces, making them into Calabi—Yau m-folds. His approach was to use the large
symmetry group of these manifolds to reduce the problem to solving an ordinary differential

equations. For the case m = 2, Stenzel’s metric coincides with the Eguchi-Hanson metric [15].
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The Calabi-Yau 3-fold T*S3, which is known in the physics literature as the deformed conifold,

is of particular interest to us.

Let us realize the cotangent bundle T*S™ as follows:
T*S™ = {(v,&) e R x R™ ! 1 o] =1, (v,&) =0}.

According to [50], we can map the cotangent bundle 7*S™ diffeomorphically to the affine quadric

m+1

Ql = {(zlv ~'~;Zm+1) S Cm+1 : Z z]2 = 1}
j=1

via the identification T*S™ — (@1 given by

(v,€) — wvcosh|f| + zé sinh|¢]

€l

so that the standard symplectic form on C™*! restricted to @, is identified with the canonical

symplectic form on T*S5™.

We now briefly describe the Kéhler potential of the Stenzel metric on Qq [48, §7], and thus
on T*S™ using the above identification. Let (21,...,2nt1) be coordinates on C™*1 and r? =
|11 + -+ 4+ |zm+1|%. Then Stenzel’s Ricci-flat metric on Q; is given by

m—+1 82 )
= dzs dz
9Q. j;l aZjaikf(T ) 25 A2k

where f is a smooth real function of r? satisfying the differential equation

d /,df \m
%((é) ) = me(sinhw)™ !,
where w = cosh™" (r2) and ¢ is some positive constant. We shall come back to this again and
focus on m = 3 in Chapter 4 when we study the desingularization of Calabi—Yau 3-folds with

ordinary double points.

2.2 Special Lagrangian geometry

We begin in §2.2.1 with some background from Symplectic geometry. The standard Darboux
Theorem and the Lagrangian Neighbourhood Theorem will be discussed. Section 2.2.2 provides
an introduction to calibrated geometry. In §2.2.3 and 2.2.4 we discuss special Lagrangian geome-
try in C™ and construct some explicit examples. Finally, §2.2.5 is devoted to the study of special
Lagrangian submanifolds in Calabi—Yau manifolds, and we will give a result on deformations of

compact special Lagrangian submanifolds.
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2.2.1 Some basic concepts in Symplectic geometry

We shall recall some elementary definitions and results in symplectic geometry. A basic ref-

erence is McDuff and Salamon [41].

Let M be a smooth manifold of even dimension 2m. A symplectic structure on M is a
closed nondegenerate 2-form w. Endowed with the symplectic structure w, the smooth manifold
M is a symplectic manifold, and we shall write it as (M,w). If (M,w) and (M,®) are symplec-
tic manifolds, a diffeomorphism F : M — M satisfying F*@ = w is called a symplectomorphism.

An important example of a symplectic manifold is the cotangent bundle of any smooth n-
dimensional manifold L, which carries a canonical symplectic structure wca,, that we now describe.
Recall that the standard coordinates of (p,«) € T*L are defined to be (z1,...,Zn, Y1, -+, Yn),
where (21, ..., 2,) denotes the coordinate representation of p, and (y1, ..., ¥,) denotes the cotan-
gent coordinate representation of a on the fibre T)7L so that o = Z?Zl y;dz;. The symplectic

form is then given by wea, = —da = Z?=1 dx; N dy;.

The nondegeneracy condition on the 2-form w means that there is a canonical isomorphism
between the tangent and cotangent bundle via TM — T*M : X — (X )w. A smooth vector
field X on M is said to be symplectic if «(X)w is a closed 1-form.

Recall that given a smooth vector field X on a compact manifold M, for any p € M, one can

generate a family of diffeomorphisms v;, the flow of X, by

d
Z00) = Xy o) =p.

Using Cartan’s formula and the fact that w is a closed 2-form on the symplectic manifold (M, w),
we see that the vector field X is symplectic if and only if Lxw = 0, i.e. w is invariant under the

flow of X, or equivalently, 1; is a symplectomorphism for each t¢.

The next theorem, known as Darbouz’s Theorem [41, Thm. 3.15], is one of the most funda-
mental results in the theory of symplectic structures. Basically it states that every symplectic
manifold (M,w) is locally symplectomorphic to the standard symplectic form (R?™,&). In other

words, the prototype of a local piece of a 2m-dimensional symplectic manifold is (R?*™,&).

Theorem 2.8 (Darboux’s Theorem) Let (M,w) be a 2m-dimensional symplectic manifold.
For any p € M, there exist local coordinates (x1,...,Tm,Y1,.-.,Ym) centered at p in which
w=>"" drj Ady;.

Any coordinates with this property are called Darboux coordinates or canonical coordinates.

A submanifold L in (M,w) is called Lagrangian if w|y = 0 and dim L = m. The real m-

dimensional space {(z1,...,%m,0,...,0) : ; € R} = R™ is certainly a Lagrangian submanifold
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of C™. There is a natural way of manufacturing Lagrangian submanifolds in C™. Suppose f is
a smooth real function on R™, then the graph of df,

of ofr \ . ..
{(x1,...7l'm,axl,...,6x7n>.ijR},

is Lagrangian. More generally, if « is a smooth 1-form on a smooth manifold L, and if I'(«)
denotes the graph of « in the cotangent bundle T* L with its canonical symplectic structure weap,
one can show that wean|r(a) = —7*(da), where 7 : I'(a) — L is the natural projection, and
therefore the graph I'(a) of « in T*L is Lagrangian if and only if « is closed. By taking a = 0,

we see that the zero section of T*L is a Lagrangian submanifold.

Next we discuss the Lagrangian Neighbourhood Theorem [41, Thm. 3.33], which shows that
any compact Lagrangian submanifold L is locally symplectomorphic to the zero section in T L.

Theorem 2.9 Let (M,w) be a symplectic manifold and L C M a compact Lagrangian subman-
ifold. Then there exists an open tubular neighbourhood U of the zero section in T*L, and an
embedding ¥ : U — M such that

U* (W) = Wean, U, =1d,

where Wean 8 the canonical symplectic form on T* L.

The proof is based on the fact that the normal bundle v(L) of L in M is isomorphic to the
cotangent bundle T*L. Indeed, as w(u,v) = g(u, Jv) for any u,v € TM, where J is an almost
complex structure and g the Hermitian metric on M, and as w|;, = 0, it suggests that J induces
an isomorphism between T'L and v(L). Together with the isomorphism between T%L and T'L
provided by the metric g, we thus obtain v(L) & T*L.

Now we try to look at the Lagrangian submanifolds that are “close” to L in M. Suppose L
is a submanifold that is C'-close to L in M. Then we may consider it as the image of the graph
of a small section of v(L) under the exponential map. The argument before suggests that L can
also be considered as the image W(I'(c)) of the graph I'(«) of a C'-small 1-form « on L. If L is
also a Lagrangian submanifold in M, then

0=V"wl;) = wcan|p(a) = —7"(da).

Therefore we have established a 1-1 correspondence between Lagrangian submanifolds L close to
L in M and small closed 1-forms on L.

In the final part of this section, we discuss moment maps for actions of Lie groups on a
symplectic manifold. These maps are an important tool for studying Lagrangian and special

Lagrangian submanifolds.

Let G be a compact Lie group with Lie algebra g. An action of a Lie group GG on a manifold

M is a smooth group homomorphism

¢ G — Diff (M)
g%ﬂb;
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where Diff (M) is the group of diffeomorphisms of M. Let (M,w) be a symplectic manifold, and
G a compact Lie group with an action ¢ : G — Diff (M). The action 9 is symplectic if 14 is
a symplectomorphism for every g € G, in other words, ¥ € Symp (M, w), where Symp (M, w) is
the group of symplectomorphisms of (M, w).

The symplectic action of G on (M,w) induces a linear map from the Lie algebra g of G to

the space of vector fields:
¢ g— C°(TM)
d
€T (]5(33‘) = a wexp(taj) L

where exp : g — G is the exponential map. (For instance, when G = S*, we identify g with R,
and the exponential map exp : R — S becomes 6 — €27%.) Recall that the flow of a vector
field is a symplectomorphism if and only if the vector field is symplectic. It follows that ¢(x) is
symplectic for every = € g, and so the 1-form ¢(¢(x))w is closed for each x.

Let G be a compact Lie group with a symplectic action ¢ : G — Symp (M,w), and g the
Lie algebra of G with dual vector space g*.

Definition 2.10 A moment map for the G-action on (M,w) is a smooth map p : M — g*
satisfying

(i) t(p(x))w = (x,dp) for any = € g, where (-,-) denotes the pairing between g and its dual
g,
(ii) pis equivariant with respect to the G-action 1, on M and the coadjoint G-action Ad* on

g%, i.e. the following diagram commutes for all g € G:
M —E g

¥g l lAdZ

M —— g*
“w
Note that p is determined up to an additive constant by (i). A first example is given by
the angular momentum in R?, in which G = SO(3) acts diagonally on R® = R3 x R3 with its
standard symplectic structure (see for instance [41, p.165]). This case is indeed the origin of the

term moment map.
Define the centre Z(g*) to be the subspace of g* fixed by the coadjoint G-action, i.e.
Z(g") ={ceg": Adj(c) =c forall g € G}.
Using the equivariance p(v4(p)) = Ad, (u(p)) from the definition, one can easily see that the

level set u~!(c) in M is G-invariant if and only if ¢ € Z(g*).

Now consider M = C™ with the standard symplectic form @, and the group U(m) x C™
acting on C™ by : z — Az + b for A € U(m) and b € C™. It is the group of automorphisms of
C™ that preserves g, @ and so it takes Lagrangian m-folds to Lagrangian m-folds. Suppose G
is a connected Lie subgroup of U(m) x C™ with Lie algebra g. Then G preserves the symplectic
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form & and hence the G-action is symplectic. We state here a useful result [29, Prop. 4.2] that

relates G-invariant Lagrangian m-folds and level sets of the moment map of G:

Proposition 2.11 Let G be a connected Lie subgroup of U(m) x C™ with Lie algebra g and L
a connected G-invariant Lagrangian m-fold in C™, then G admits a moment map u : C™ — g*,
and L C p~(c) for some c € Z(g*).

Here is why the moment map g is constant on L. Since L is invariant under the G-action,
the vector fields ¢(z) € C°°(T'C™) are tangent to L for all € g. Let v be a vector tangent to
L. As L is Lagrangian, &|;, = 0, we have 0 = &(¢(z),v) = (x,du(v)) for any x € g. Thus the
differential of the moment map du is zero on L, and the result follows. Consequently, G-invariant

Lagrangian m-folds in C™ lie in level sets of the moment map p of G.

Later in §2.2.4, we shall apply the technique of moment maps to construct special Lagrangian

submanifolds in C™ and in Calabi—Yau manifolds.

2.2.2 Brief review on calibrated geometries

The concept of calibrated geometry was first introduced by Harvey and Lawson [22] in 1982.
Calibrated submanifolds, in particular special Lagrangian submanifolds, are believed to play an
important role in mirror symmetry, and hence they have recently received a lot of attention. The
simplest examples of calibrated submanifolds are complex submanifolds of Kéahler manifolds.
This suggests that complex submanifolds can be placed in the more general context of calibrated

submanifolds.

Let (M, g) be a Riemannian manifold, and ¢ a closed k-form on M. ¢ is called a calibration if
for each oriented tangent k-plane V in T, M, |y < vol(V) for all z € M. Here vol(V') denotes the
volume form on V induced by the Riemannian metric g. An oriented k-dimensional submanifold
N is a calibrated submanifold if |y, n = vol(T,N) for all z € N, i.e. ¢ restricts to the volume
form of the induced metric on N. It follows from Stokes’ theorem that any compact calibrated
submanifold N has least volume in its homology class. Indeed, if N’ is another compact oriented
k-dimensional submanifold of M, with [N'] = [N] € Hy(M,R), then

Vol(V) :/ vol(T,N) :/ olr,n = / olrn < / vol(T,N") = Vol(N').
zeN €N zEN' TzEN’

Classical examples of calibrated submanifolds are given by complex submanifolds of Kéahler
manifolds. Suppose (M, J, g) is a Kéhler manifold and w is the Kéahler form of g. Set @) = % Wk
for some 1 < k < m = dimg M. Since w is closed on M, so ¢y, is a closed 2k-form. Further-
more, by Wirtinger’s Inequality, oy < vol(V') for any oriented tangent real 2k-plane V', with
equality if and only if V is the tangent complex k-plane. As a result, @y is a calibration and if
N is any oriented real 2k-dimensional submanifold of M calibrated by ¢y, then it is a complex
k-dimensional submanifold. It follows that compact complex submanifolds of a Kahler manifold

are volume-minimizing in their homology class.
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Another class of examples of calibrated geometries given by Harvey and Lawson [22] is that
of special Lagrangian geometry. The flat version of the geometry exists on C™ and gives a dis-
tinguished class of minimal real m-dimensional submanifolds of C™. These submanifolds can
also be defined in a wider class of complex manifolds - Calabi—Yau manifolds. The calibration
is given by Re (¢?Q) where (2 is the holomorphic (m, 0)-form on the Calabi-Yau manifold, and
these special Lagrangian calibrations are one of the main objects of the thesis. Note that there is
a S! family of these calibrations on each Calabi-Yau manifold, and since Calabi-Yau manifolds

are Kéhler, they possess the Kahler calibration as well.

There are also two natural classes of calibrated submanifolds in Ga-manifolds. A Ga-manifold
M is 7-manifold equipped with a torsion-free Ga-structure (¢, g) where @ is a closed 3-form and
g its induced metric. More discussion on Ga-structures will be given in §3.1. Associative 3-folds
and coassociative 4-folds in M are 3- and 4-submanifolds with calibrations given by ¢ and ¢

respectively. Here * is the Hodge star of the metric g.

2.2.3 Special Lagrangian submanifolds in C™

We start by defining special Lagrangian submanifolds in the flat complex Euclidean space
C™. Take standard complex coordinates z; = z1 + iy1,...,2m = Tm + Ym on C™. Let § be
the Euclidean metric, @ the Kéhler form of § and Q0 =dz A--- Adzy, the volume form on C™.
The real part of ©, Re(Q), and the imaginary part, Im(Q), are closed real m-forms. Harvey and

Lawson [22, II1. 1] showed that Re(f2) is indeed a calibration, thus we can define :

Definition 2.12 Let L be an oriented real m-dimensional submanifold in C™. L is called a
special Lagrangian submanifold (SL m-fold) of C™ if it is calibrated by Re(£2) and we call Re(€2)
the special Lagrangian calibration. More generally, we say L is an SL m-fold with phase €' for

0 € [0,2n) if it is calibrated by Re(e™% Q).

We will usually work with 8 = 0, i.e. SL m-folds with phase 1, and when we discuss SL
m-folds without specifying a phase, it means that we are talking about SL m-folds with phase 1.

Note that every special Lagrangian submanifold L in C™ is non-compact. For if L is com-
pact, then by Stokes’ theorem, we know that [, n = 0 for any exact m-form 1 on L. Now Q
is a real closed m-form on C™ which can be written as d(z1 dza A -+ A dzy). Thus Q) is exact
and Re(Q)|;, is an exact m-form on L and so I Re(Q)|r, = 0. But L is calibrated by Re(Q),
giving [, Re(Q)|L = [, vol(L) = Vol(L) # 0, which is a contradiction. Thus compact special
Lagrangian submanifolds only exist in general Calabi-Yau manifolds.

Define the special Lagrangian m-planes to be those oriented real m-planes in C™ calibrated
by Re(Q) and denote the set of all special Lagrangian m-planes by SLag. Now consider a real
vector subspace U = {(x1,...,2m,0,..., 0) : z; € R} C R?™ equipped with the standard

orientation. The SU(m)-orbit of U in the Grassmannian Gr(R™,R*™) is the set {V = A- U :
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A € SU(m)}. Clearly, SU(m) acts transitively on it. Also, the stabilizer Stab(U) of U is SO(m).
Thus the SU(m)-orbit of U has the structure of a homogeneous manifold which is isomorphic to
SU(m)/SO(m) and has real dimension % (m? + m — 2). Note that U is calibrated by Re(Q) and
since SU(m) preserves go and Q, so A - U is also calibrated by Re({2) for all A € SU(m). On

the other hand, any oriented real m-plane V € C™ calibrated by Re(Q2), i.e. V € SLag, is of the
form V =AU for some A € SU(m). As a result, we have the following identifications :

SLag = SU(m)-orbit of U in Gr(R™,R*™) = SU(m)/SO(m).

Observe that the Kéhler form @ and the imaginary part Im(fl) of ) restrict to zero on U. By
the fact that SU(m) preserves & and € and acts transitively on SLag, we have &y = Im(Q)]y
=0 for all V € SLag. Consequently, if L is an SL m-fold in C™, then &|; = Im(Q)|, = 0. It
turns out that the vanishing of these two real forms gives a necessary and sufficient condition for
a submanifold in C™ being special Lagrangian [22, III. Cor. 1.11], and can be regarded as an

alternative characterization of the special Lagrangian condition:

Proposition 2.13 Let L be a real m-dimensional submanifold of C™. Then L admits an ori-

entation making it into a special Lagrangian submanifold of C™ if and only if &|; = Im(Q)|, = 0.

We shall use this as the definition of SL m-folds most of the time. Recall from §2.2.1 that
a real m-dimensional submanifold L of a real 2m-dimensional symplectic manifold (M,w) is La-
grangian if w restricts to zero on L. Thus by Proposition 2.13, special Lagrangian submanifolds
are Lagrangian submanifolds in C™ satisfying an extra condition Im(Q)|;, = 0. The next result
shows that special Lagrangian submanifolds with some phase e’

manifolds [22, Prop. 2.17]:

are minimal Lagrangian sub-

Proposition 2.14 A connected Lagrangian submanifold L in C™ is minimal (mean curvature

H =0) if and only if L is special Lagrangian with phase €* for some 6 € [0,27).

In the case m = 1, one can see that U = R is the only special Lagrangian plane in C, so this
case is trivial. For m = 2, we know that C? carries three distinct complex structures I,.J and K
satisfying I? = J? = K? = —Id and K = I.J. It turns out that, by using Proposition 2.13 for
instance, a real surface L in C? is special Lagrangian with respect to one complex structure if and
only if it is holomorphic with respect to another one of these complex structures. Thus special

Lagrangian geometry is equivalent to complex geometry in this case, and is well understood.

Examples 2.15 (Special Lagrangian Graphs) We have seen that if f : R™ — R is a
smooth function, then the graph I'(df) of the 1-form df is a Lagrangian submanifold of C™. We
shall discuss here the additional condition for I'(df) to be special Lagrangian.

Denote by Hess(f) the Hessian matrix of f, namely the m x m matrix

0*f
Hess(f) = <8xi 8Ij>1<z‘,j<m.
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The tangent space to I'(df) at the point (x1, ..., Zm, %’ . aif) is the image of R™ under the
linear map Id + i Hess(f)(z1, ...,z ). Hence the graph T'(df) is special Lagrangian if and only
if
Im (detc (Id + 3 Hess(f))) =0 on C™.

For m = 1, the differential equation is f”(x) = 0, and so y = f'(x) = constant, which just says
the horizontal real lines are special Lagrangian. For m = 2, the equation becomes % 227]; =0,
and hence I'(df) is a special Lagrangian 2-fold if and only if f is harmonic. Note that the con-
dition is linear. This is, however, no longer the case starting from dimension 3. The function f
has to satisfy the above nonlinear second order elliptic partial differential equation for m > 3.
When m = 3, the condition is Af = det Hess(f), where A is the Laplacian on R3. Observe that
the first order term in this partial differential equation is Af, so the linearization of this equa-
tion is Af = 0. This should be compared with McLean’s Theorem (Theorem 2.24 below) on the

deformation theory of compact special Lagrangian submanifolds in general Calabi—Yau manifolds.

2.2.4 Constructions of SL m-folds in C™

In this section we describe some ways of constructing SL m-folds in C™. These yield many
explicit examples, including some singular SL m-folds, for later chapters where we will consider

these examples in Calabi—Yau m-folds.

(i) Construction by moment maps

We shall give here a construction of SL m-folds as level sets of m moment maps for some
G-action on C™. With the discussion in §2.2.1, we assume that G is a connected Lie subgroup
of U(m) x C™, so that the G-action is symplectic. Proposition 2.11 shows that G-invariant La-
grangian m-folds in C™ lie in the level sets of the moment map of G. If we instead consider the
group SU(m) x C™, which is the group of automorphisms of C™ preserving the structures g,
and Q, we get the result for SL m-folds, that is, G-invariant SL m-folds contained in the level
set of the moment map of G. But so far we have only been using the Kéhler form @ and the
moment map associated to it. As SL m-folds are characterized by the vanishing of the two forms

w and Im(Q), one may ask whether there is an analogue of moment maps associated to @, i.e. a

kind of “generalized moment map” associated to Im(2) such that these maps are constants on

SL m-folds. First we need the following lemma:

Lemma 2.16 Let G be a connected Lie subgroup of SU(m) x C™ with Lie algebra g. Define a
k k-1
natural product A\, : N\"g— N\" g by

Me(zi A Aag) = Y (D) g Amy A AT A AT A A
1<i<j<k
where [,] denotes the Lie bracket on g and x1, ...,z are elements in g. Let ¢ : g — C(TC™)

be the matural action of g on C™ by wvector fields, and it induces a linear map /\kg —
C=(N*TC™). Then for any x1,...,2x € g,

d(e(p(z) A A ¢(xk))lm(f2)) =1(pe(zr A Aay))) Im(Q2).
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We can show this by induction on k, and the proof can be found in [13, Lem. 4.3]. Now
suppose 0#£ £ € A™ ' g. If Au_1(€) = 0, then by Lemma 2.16, we have

d((¢(€)Im(Q)) = t(G(Am—1(€)))Im(Q) = 0.

Thus ¢(¢(£))Im(S2) is a closed 1-form on C™, which is therefore equal to dn for some smooth
function 7 : C"™ — R. If L is any connected G-invariant SL m-fold in C™, then for each p € L,
o€y € A" T,L and so dn|r,. = 0, as Im(Q)|TPL = 0. Hence 7 is constant on L. Conse-
quently, the function 7 suits our requirement and can then be viewed as a “generalized moment

map” associated to Im(2).

For any connected Lie group G, if € € /\k g is invariant under the induced Ad(G)-action on
/\l’C g, i.e. the Lie derivative £, of £ vanishes for any v € g, then A\;(£) = 0. This is because if we
set DE(v) = L€, then DE gives a linear map from g to /\k g, and so is an element of g* ® /\k g.
Now one can show that A (¢) = m(DE) where 7 : g* ® A¥g — A" ' g is a contraction map that
contracts g* with the first factor in /\k g, and hence £,£ = 0 for any v € g implies A\ (£) = 0.

Suppose that dimG = m — 1 and that there is an element £ € /\m_1 g which is invariant
under the induced Ad(G)-action on A" ' g. As the consequence of Lemma 4.3, the “generalized
moment map” n exists and L must lie in the level set of n and hence it lies in the level set of m
functions :

{z€C™: u(z) =c, n(z) =}
for some ¢ € Z(g*) and ¢ € R.

Now we describe a method of constructing SL m-folds using moment map techniques:

Proposition 2.17 Let G be a connected (m—1)-dimensional Lie subgroup of SU(m) x C™ with
Lie algebra g. Suppose 0 # £ € /\m_1 g s invariant under Ad(G). Identify the dual g* of the
Lie algebra with R™~1. Suppose G admits a moment map p = (j1,...,ptm—1) and let n be the
“generalized moment map” of G. For each ¢ = (c1,...,¢m) € R™ with (¢1,...,¢m-1) € Z(g*),
define

Lo={z€C":m(z)=c1, ...y m-1(2) = cm-1, N(2) =cm}.

Then L. is an SL m-fold in C™ wherever it is nonsingular.

The proof can be found in [13, Prop. 4.4]. Goldstein [19] proved a similar result where he
considered non-compact Calabi—Yau manifolds with a Hamiltonian structure-preserving torus
action. He showed if M is a non-compact Calabi-Yau m-fold with H'(M) = 0, and suppose
there is a Hamiltonian structure-preserving (m — 1)-torus action on M, then for a generic point
(c1y -+ -yem) € R™ the level set {u = (¢1, .-, ¢m—1), § = ¢} is an SL m-fold in M.

Examples 2.18 This example is given by Harvey and Lawson [22, II1.3.A]. Let G be the
subgroup 771 = {(e®1,... e?m-1): 0; € R} acting on C™ by :

(€, ... efm=1) . (2, ... zm) = (012, ..., e0m-1z, g, e 01T HIm1)
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Then G lies in SU(m). The moment map for this G-action is u = (p1,...,m—1) Where
wi(z1y - oy zm) = |z;]* — |2m|?. Since G is abelian, the coadjoint action of G is trivial and
hence Z(g*) = g* = R™~1. Moreover, \,,_1 is a zero map and so the “generalized moment map”
7 exists. One can show that 7 is some constant multiple of 21 - - - 2, + (—=1)™Z21 - - - Z,, and so we
can take n(z1, ..., 2m) = Re(z1 -+ - 2,) if m is even and Im(zq - - - 2, ) if m is odd. Then for each
c=(c1,...,cm) € R™, define

Le={(z1, .-, 2m) €EC™ 1 |2* = |zm|* = ¢; for j =1,...,m — 1, and

Re(z1 - 2m) = ¢m if mis even, Im(zy - 2zy) = ¢ if m is odd}.

By Proposition 2.17, L. is an SL m-fold in C™ wherever it is nonsingular. One can show that
if ¢, # 0, then L. is nonsingular and diffeomorphic to 7! x R. When ¢,, = 0, it may be
nonsingular or have various kinds of singularity, depending on the values of ¢1,...,¢,—1. We are
particularly interested in SL 3-folds, so let us take m = 3. Then L, has an isolated singular point
at the origin if ¢ = (0,0,0), and is topologically the union of two copies of T* x C intersecting at
T (where the singularities are located) if ¢ = (r,0,0), (0,7,0) or (=, —7,0) for r > 0. All other
L.’s are nonsingular and diffeomorphic to 72 x R.

Examples 2.19 This example is taken from Marshall [40] which gives an application of Propo-
sition 2.17 to a non-abelian Lie group G that is a subgroup of SU(4) isomorphic to SU(2), and
it acts on C* by the usual matrix multiplication. One can take a basis for the Lie algebra g of G

to be the matrices:

3. 0 0 O 0 V3 0 0 0 W3 0 0

0 ¢ 0 O -3 0 2 0 iv3 0 2 0
e = ,62: 7@3:

0 0 —i O 0 -2 0 3 0 2 0 V3

00 0 -3 0 0 —v3 0 0 0 w3 0

We have the following relations :
[e1,ea] = 2e3, [e2,e3] =261 [e3,e1] = 2ea.

Take £ =e; ANea Neg € /\‘3 g, then £ is Ad(G)-invariant and so A3(¢) = 0. The moment map for
this G-action is given by p = (u1, pi2, pi3) where

w1 (21,22, 23, 24) = V3Re(21 23 + 23%) + 2Re(22%3),

wo (21, 22, 23, 24) = \/§Im(2122 + 2324) + 2Im(2223),

p3(z1, 22, 23, 22) = 3|21 > + |2f* = |2)* — 3|2 /?
and the generalized moment map 7 is given by

9 3
n(z1, 22, 23, 24) = Im(2\/§(zlz§ + 2524) — 921202324 + 3 2222 — B z%zg)

Since Z(g*) = Z(su(2)*) = {0}, then for each c € R,
L. = {(21,22,23,21) € ct: w=0,n=c}

is a G-invariant SL 4-fold in C%.
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(ii) Cohomogeneity one examples

We will discuss a kind of G-invariant SL m-fold L with cohomogeneity one, i.e. the G-orbits
are of codimension one in L, and construct examples of cohomogeneity one SL m-folds in C™.
This technique of using a large symmetry group can reduce the problem of solving partial differ-

ential equations to ordinary differential equations.

Suppose G is a connected Lie subgroup of SU(m) x C™ with Lie algebra g and moment map
p: C™ — g*. Let O be a G-orbit in C™ with dim©® = m — 1 and O C p~1(c) for some
¢ € Z(g*). Joyce [29, Thm. 4.5] showed that there exists a locally unique, G-invariant SL
m-fold L in C™ containing O. Also, L C p~1(¢) and L is locally diffeomorphic to (—e,e) x O
for some € > 0. His construction is to solve an ordinary differential equation in a 1-parameter
family of (m — 1)-dimensional G-orbits in C™. The strategy of constructing cohomogeneity one
G-invariant SL m-folds in C™ is to first choose a suitable Lie subgroup G in SU(m) x C™ with
moment map g, and then work out the types of G-orbit O in p~!(c) for ¢ € Z(g*), and see if
any have dimension m — 1. We can then construct L by solving a first-order ordinary differential
equation in (m — 1)-dimensional G-orbits. Details can be found in [29, Thm. 3.3 & 4.5].

Here is another example taken from Harvey and Lawson [22, II1.3.B]:

Examples 2.20 Let G be the subgroup SO(3) of SU(3). Then its Lie algebra g = s0(3) consists
of skew-symmetric 3 x 3 real matrices. One can show that the moment map p of G is

(21, 22, 23) = (Im(2122), Im(2223), Im(2521)).

Now, since Z(g*) = {0}, we have to find G-orbits in z=1(0). It can be shown that x~1(0) is equal
to {(A\x1, Am2, Az3) : A € C, 21,72, r3 € R}. Then we normalize 1, ro, x3 so that 22 +22+23 = 1.
Hence the G-orbits in p=1(0) are of the form Oy = {(Az1, A\x2,A\x3) : z; € R, 2% + 23 + 2% = 1}
for each A € C. Then dim Oy = 2 for A # 0, which is of the type cohomogeneity one. Now
we set up a first order ordinary differential equation on G-orbits Oy. Let P be the unit sphere
S? = {(x1, 72, 23) € R : 23 +23+23 = 1}. Define ¢ : P — C3 by ¢ (21, 72, 3) = (A\11, A2, AT3)
where A = A(t) € C. Then calculation shows that the ordinary differential equation is given by

A o,
=X

One can see that since d(\3)/dt = 3(\%)d\/dt = 3|A[*, so it is real, and d(Im(A3))/dt = 0.
Consequently, for each ¢ € R,

Le = {(Av1, \v2,A\z3) 12, €ER, 27 + a5+ 25 =1, A€ C, Im(A\*) =c }

is an SL 3-fold in C3. When ¢ = 0, it is a union of three copies of R? intersecting at 0, and when

¢ # 0, it is nonsingular and is diffeomorphic to three disjoint unions of S? x R.

This example can be generalized to higher dimensional cases. For G = SO(m) in SU(m), and
for each ¢ € R, then

Lei={(\z1, ..., A\zp) i 2 €R, 2f 4+ 422, =1, A e C, Im(A\™) =c}
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is an SL m-fold in C™. When ¢ = 0, it is a union of m copies of R™ intersecting at 0, and when
¢ # 0 and m is even (resp. odd), it is nonsingular and is diffeomorphic to m/2 (resp. m) disjoint
unions of S™~1 x R. It is not hard to see that if we restrict arg(\) to the range (0, 7/m), we get
one copy of such S™~! x R, converging to R™ U e*™/™R™. This illustrates the following result
on SL cones and Asymptotically Conical (AC) SL m-folds in C™, proved by Haskins [23, Thm.
A] and Joyce [29, Thm. 6.4]:

Theorem 2.21  Let C be a closed SL cone in C™ with isolated singular point 0, and write
Y ={z€C:|z| =1}. For each ¢ > 0, define

L.={Xz:2z€X, AeC, Im(\") =¢, arg(\) € (0,7/m) }
= {(csin(m@)) "™z : 2 €%, € (0,7/m)}.

Then L. is an immersed AC SL m-fold in C™ diffeomorphic to ¥ x R, and asymptotic to C U
iw/mC
e .

Roughly speaking, a SL cone C is an SL m-fold in C™ invariant under dilations, and an AC
SL m-fold L in C™ is a nonsingular SL m-fold which converges to some SL cone C' at infinity.
We will discuss these submanifolds in detail later in Chapter 5. Note that for sufficiently small
6, we have (csin(mf))~"/™sin® ~ (me)~'r'=™ where r is given by (csin(m#))~Y/™ from the
theorem, and we see that one end of L. is approaching the cone R™ with “rate” 1 —m when
r — 00. We shall define precisely what we mean by “rate” in Chapter 5. The same happens on
the other end as well. Thus Theorem 2.21 associates to any SL cone C a 1-parameter family of
AC SL m-folds L., asymptotic to the union of two SL cones C U e!™/™C with rate 1 —m. We
recover Example 2.20 if we take C = R™ and ¥ = §™~1,

2.2.5 SL m-folds in Calabi—Yau m-folds

We now extend the notion of special Lagrangian submanifolds from C™ to Calabi—Yau man-
ifolds. In order to define SL m-folds, one needs an analogue of the constant holomorphic (m, 0)-
form dz; A --- Adzy, on C™. Recall that there is such a constant holomorphic (m,0)-form on a
Calabi—Yau m-fold, therefore the concept of special Lagrangian geometry can be generalized to
the Calabi-Yau setting. Now suppose (M, J,w, Q) is a Calabi-Yau m-fold. The normalization
condition assures that at each point, w and € can be written as the standard Kéahler form @
and holomorphic volume form Q on C™. Then Re(f), and also Re(¢Q) for 6 € [0,2x), are

calibrations and we can define SL m-folds in Calabi—Yau m-folds in a similar way:

Definition 2.22 Let (M, J,w, Q) be a Calabi—Yau m-fold and L an oriented real m-dimensional
submanifold in M. L is a special Lagrangian submanifold (SL m-fold) with phase €% if it is cal-
ibrated by Re(e=?Q).
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Thus each Calabi-Yau m-fold naturally comes with an S'-family of special Lagrangian sub-
manifolds. By Proposition 2.13, we can also take the following alternative definition of SL m-folds:

Proposition 2.23 Let (M, J,w,Q) be a Calabi-Yau m-fold and L a real m-dimensional sub-
manifold in M. Then L admits an orientation making it into an SL m-fold with phase e® in M
if and only if w|y = Im(e=Q)|; = 0.

Suppose L is a compact SL m-fold in (M, J,w, ) with phase ¢, then
Q]-[L] = / Q=e" / e 00 = ¢t / Re(e™ Q) + iew/ Im(e= Q) = eVol(L),
L L L L

where [Q)] € H™(M,C) and [L] € H,,(M,Z). Here we used the fact that Re(e=%Q) is a cali-
bration and Im(e~*(Q) vanishes on L. Thus we see that the homology class [L] determines the
phase €% of L. If we only study SL m-folds in a fixed homology class in M, we can rescale the

phase Q — €Q), so that we can always suppose L has phase 1.

In [42], McLean studied the deformation theory for calibrated submanifolds. In particular,
he proved the following result for SL m-folds in Calabi—Yau m-folds [42, Thm 3.6]:

Theorem 2.24 Let L be a compact SL m-fold in a Calabi-Yau m-fold (M, J,w,Q)). Then the
moduli space My, of special Lagrangian deformations of L is a smooth manifold of dimension

b (L), the first Betti number of L.

Thus if L is a compact SL m-fold with H'(L,R) = 0, for example, if L is a homology m-
sphere for m > 2, then M has dimension 0, and so L admits no nontrivial special Lagrangian

deformations in M.

Here we briefly sketch the proof of Theorem 2.24. Let U be an open tubular neighbourhood
of L in T*L, and ¥ : U — M the Lagrangian neighbourhood embedding of Theorem 2.9 with
U*(w) = Wean and ¥|;, = Id. Suppose L is a submanifold of M which is C*-close to L in M, and
write C(U) = {a € C°(T*N) : T(a) C U}. The argument after Theorem 2.9 shows that L can
be written as the image W(I'(c)) of the graph I'(a) of some C'-small 1-form o € C*°(U). More-
over, L = ¥(T'(«)) is Lagrangian if and only if da = 0, as we have discussed. Let 7 : U — L be
the natural projection. Then one can show that L = W(T'(a)) is an SL m-fold in M if and only
if da = 0 and 7, (¥*(Im(2))|r(a)) = 0.

Since 7, (¥*(Im(€2))|r(a)) is an m-form on L, it is a multiple of the volume form dV of the
induced metric gz on L. Define a function F' : C*(U) — C*°(L) by m,(¥*(Im(Q2))|r)) =
F(a)dV. Then L is special Lagrangian if and only if do = 0 = F(«). Calculation shows
(see Prop. 2.10 in [32]) that the linearization dF|o(«) of F is given by d*«, where * is the
Hodge star of g|r. Therefore the first order special Lagrangian deformations correspond to
closed and coclosed 1-forms, or equivalently, harmonic 1-forms on L. Consider a function G

mapping « — (da, F(«) dV') between appropriate Banach spaces of differential forms, then one
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can show that G actually maps to some Banach spaces of exact 2-forms and exact m-forms,
and can rewrite the problem such that the linearization of G is surjective. Hence the Banach
space Implicit Function Theorem implies that G71(0,0) is a manifold with tangent space at 0
isomorphic to the vector space of harmonic 1-forms, and elliptic regularity shows that 1-forms in
G~1(0,0) are smooth.

As a result, the local moduli space has the same dimension as the de Rham cohomology
groups H'(L) and H™ (L) (by Poincaré duality). Note that the product H*(L) x H™ (L)
has a natural symplectic structure that makes it into a symplectic manifold. Using this observa-
tion, Hitchin [24] proved that the local moduli space My, of the SL m-fold L can be immersed
in the symplectic manifold H'(L) x H™~*(L) as a Lagrangian submanifold.

There is a natural way of manufacturing SL m-folds in some Calabi—Yau m-folds (M, J,w, Q)
endowed with a real structure, which is an antiholomorphic isometric involution o : M — M
on M satisfying 02 =1Id, o*(J) = —J, 0*(9) = g, 0*(w) = —w and ¢*(Q) = Q. This involution
generalizes the concept of the usual complex conjugation in C™. The following result shows
that the fixed point set of o on M is a real m-dimensional submanifold, and is indeed special
Lagrangian (cf. [26, §11.9 Method 2]):

Proposition 2.25 Suppose (M, J,w, Q) is a Calabi—Yau m-fold possessing an antiholomorphic
isometric involution o : M — M, then the fized point set L of o is an SL m-fold of M.

Proof. Choose any holomorphic chart (Us,,ps) on M, then the pullback ¢%o of o is a real
structure on C™, whose fixed point set is diffeomorphic to R™. Hence the fixed point set L of
o on each chart U, is diffeomorphic to R™, and is therefore a real m-fold. To see L is special
Lagrangian, note that for each point p € L, o(p) = p and (04), : T,M — T,M with (U*)Z =
Id. Decompose the real 2m-dimensional vector space T, M into the (+1)-eigenspace U and (—1)-

eigenspace V. Clearly, U is just the tangent space T,,L of L at p. It follows that
—w(u,v) = 0" w(u,v) = w((0.)p U, (04)pv) = w(u,v)

for any u,v € T, L, thus w|;, = 0. Similarly Im(2) restricts to zero on L, and thus L is special

Lagrangian. O

We shall see some examples of SL m-folds constructed by this method in Chapter 5.

2.3 Analysis on compact manifolds

In this section we are going to provide basic material on analysis on compact manifolds. Some
good references are given by Aubin [1, Chapters 2,3], Besse [3, Appendix] and Joyce [26, Chapter
1].
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We shall refer to spaces L?, L, C* and C** as the Banach spaces defined in [26, §1.2]. Let
(M, g) be a Riemannian m-fold. It is usual to consider these Banach spaces as vector spaces of
functions on M. Here we will consider vector spaces of sections of vector bundles over M, in
particular the bundles A"T*M of r-forms for 0 < r < m. Let E — M be a vector bundle over

M with a fibre metric and a compatible connection V.

Definition 2.26 Let (M,g) be a Riemannian m-fold. Denote by dV the volume form of the
Riemannian metric g. For p > 1, we define the Lebesque space LP(E) to be the set of sections &
of E over M that are locally integrable and such that the norm

1/p
felor = ( [ 16vav)

is finite. For k > 0, we define the Sobolev space L} (E) to be the set of sections & of E over M

that are k times weakly differentiable and for which the norm

1/p

k
el = (2 / VLePdv
j=0 "M

is finite. Then L?(E) is a Banach space for each p > 1, and in addition, L} (E) is a Hilbert space.
Next we introduce the C* spaces and the Holder spaces C*2.

Definition 2.27 Let (M, g) be a Riemannian m-fold. For k > 0, we define C*(E) to be the

space of sections £ of F over M with k continuous derivatives such that the norm

k
I€llor =D supp| V€]

Jj=0

is finite. Let d(z,y) be the distance computed w.r.t. g and let « € (0,1). A section n of E over

M is Holder continuous with exponent « if

* c#£yeM d(:ﬂ,y)a
d(z,y)<d(g)

is finite. Here §(g) is the injectivity radius of the metric g. The quantity |1, — n,| can be
understood by using the identification between the fibres over x and y obtained from parallel
translation along a geodesic from x to y of length d(x,y). Then the Hélder space C*%(E) is the
set of £ € C*(E) such that V¢ is Holder continuous with exponent o and the norm

IEllcra = llcr + [VEEa
is finite.

The relationships between these L} and C* spaces can be seen from the Sobolev Embedding

theorem on Riemannian manifolds. The proof can be found in [1, Chapter 2].

Theorem 2.28 (Sobolev Embedding Theorem) Let (M, g) be a compact Riemannian m-
fold. Suppose k > 1> 0 are integers, p,q > 1 and o € (0,1). Then
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(a) If L
() If &

IN

% + %, then LY (E) — L{(E) is a continuous inclusion.
k—l—«
m

IN

, then LY (E) — CY*(E) is a continuous inclusion.

We shall need a “weighted” version of the Sobolev Embedding Theorem in Chapter 4 to deal
with some kinds of noncompact manifolds.

Next we discuss elliptic operators on a compact Riemannian m-fold (M,g). For an intro-
duction, see [3, Appendix D-G] and [26, §1.3]. Let E, F — M be vector bundles over M, and
let P: C®(E) — C°(F) be a smooth, linear differential operator of order | > 1. In index
notation, denote by A% the leading coefficients, i.e. the coefficients of the highest order deriv-
ative, of P. Then for any 1-form § € T*M, A0, ...0; takes values in E* ® F, i.e. a linear
map from E to F. Define oy(P) = A%40, ...0; for any 1-form 6. Let o(P) be the map
o(P):T*M x E — F which assigns each (6, &) to the value og(P)(&). Then o(P) is called the
principal symbol of P, and we say P is an elliptic operator if for each nonzero 8 € T*M, the
linear map og(P) is invertible.

Now consider P acts by P : L} (E) — LJ(F) and P : C**h*(E) — C**(F). On a
compact Riemannian m-fold (M, g), for p > 1 and k > 0, we have the smooth, linear elliptic,

self-adjoint operator
d+d*: Ly, ( Dio NT*M) — Li( Do AT*M)
of order 1, and the Laplacian
A =dd* +d*d = (d+d*)?: L£+2(®;‘n:0 AjT*M) — Li(@;’;o AjT*M),

which is a linear elliptic, self-adjoint operator of order 2. Similar definitions hold for Hélder

spaces.

Elliptic operators are important in analysis on compact manifolds, as they have the following

nice regularity property:

Theorem 2.29 Let (M,g) be a compact Riemannian m-fold, E,F — M be vector bundles
over M, and P a smooth, linear elliptic operator of order | > 1. Let p > 1 and k > 0 be an
integer. Suppose & € L*(E) and n € LY(F) with P§ = n holds weakly. If n € LY (F), then
§e Ly (E), and

léllzg, < Clnllzg + 1€l1Le),

k+1 T

for some C > 0 independent of £, 1.

For a proof, see Morrey [43, Thm. 6.4.8]. The analogous result holds for Holder spaces, that is,
if n € C%*(F), then ¢ € CFL(E), and

€llcrsta < C(lInllora +1IElco),

for some C' > 0 independent of £,7. These estimates are called the LP estimates and Schauder

estimates respectively. One of the reasons for introducing the more complicated Sobolev and
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Holder spaces is that the C! spaces do not have this kind of regularity property. If ¢ € L'(E)
with P€ = 0, then by Theorem 2.29 we have £ € L} (E) for all k > 0, which implies £ € C*(E).
As a result, the kernel KerP of P is independent of p and k, and is a subspace of C*°(E). In
fact, it is also of finite dimensions ([26, Thm. 1.5.1]).

If one restricts ¢ so that it is L2-orthogonal to KerP, then we obtain ([26, Prop. 1.5.2]):

Proposition 2.30 Let (M, g) be a compact Riemannian m-fold, E, F — M be vector bundles
over M, and P a smooth, linear elliptic operator of order | > 1. Let p > 1 and k > 0 be an
integer. If & € LZH(E) and £ 1. KerP, then there is a constant D > 0, independent of &, such
that

€112y

k41
Similarly, if o € (0,1) and k > 0 is an integer, and if ¢ € C**5(E) and ¢ 1 KerP, then there
is a constant D > 0, independent of €, such that

< D|P¢] 1y

[€llcr+t.a < D|[PE||cra-

We shall finish this section by giving an existence result for the equation P¢ = 7. Recall that
if X,Y are finite-dimensional inner product spaces and P : X — Y is a linear map, one can
solve the equation Px = y if and only if y | Ker P*, where P* is the dual of the linear map, and
we have the orthogonal decomposition ¥ = P(X) @ Ker P*. We will see in the next theorem
that the same criteria is needed for linear elliptic operators, and hence the existence theory for
a linear elliptic operator on a compact manifold is very similar to the finite-dimensional case.
Suppose P : C®(E) — C*°(F) is a smooth, linear elliptic operator of order [ > 1, then the
formal adjoint P* : C*°(F) — C*°(E) of P is the unique linear elliptic operator of order [ with
(PE,m) 2y = (&, P™N) 12y Whenever £ € C®(E),n € C*(F).

Theorem 2.31 Let (M,g) be a compact Riemannian m-fold, E,F — M be vector bundles
over M, and P a smooth, linear elliptic operator of order 1 > 1. Let k > 0 be an integer, p > 1
and a € (0,1). Then the maps P : L}, (E) — LY(F) and P : C*™-*(E) — C**(F) have

closed images. If n € LY(F), then there is a solution & € LQH(E) of P¢ = n if and only if
n L Ker P*. Similarly, if n € C**(F), then there is a solution ¢ € C¥*LY(E) of P¢ = n if and

only if n L Ker P*. In both cases, the solution & is unique if & 1 Ker P.

The proof can be found in [26, Thm. 1.5.3]. Thus we have from Theorem 2.31 the L2-

orthogonal decompositions:

LY(F) = P(LY,,(E)) ®KerP* and C"%(F)= P(C**"*(E)) ® KerP*.



Chapter 3

Desingularizations of Calabi—Yau

3-folds with conical singularities

In this chapter we study Calabi-Yau 3-folds My with conical singularities at a finite number
of points x1,...,x, modelled on Calabi-Yau cones Vi,...,V,. Throughout this thesis we shall
assume the existence of such kind of manifolds M, or in order words, we shall assume that there
exist singular Calabi—Yau metrics on some compact complex manifolds with conical singularities.
We then construct desingularizations of My, obtaining a 1-parameter family of compact, non-
singular Calabi—Yau 3-folds which has Mj as the limit. We shall achieve this by first choosing
Asymptotically Conical Calabi—Yau 3-folds Y;, for i = 1,...,n, where Y; converges to the Calabi—
Yau cone V; at infinity, and then gluing Y; into M, at z; after applying a homothety. We thus
obtain a l-parameter family of nearly Calabi—Yau 3-folds M; depending on a small real variable
t. For sufficiently small ¢t > 0, we show that the nearly Calabi—Yau structures on M; can be de-
formed to genuine Calabi—Yau structures, and therefore obtaining the desingularizations of M.
Our result can be applied to resolving orbifold singularities and hence provides a quantitative

description of the Calabi—Yau metrics on the crepant resolutions.

We begin in §3.1 by giving some background material for this chapter. Section 3.2 introduces
nearly Calabi—Yau structures on 6-dimensional manifolds and the induced Ga-structures on 7-
dimensional manifolds. We also prove the existence result for genuine Calabi—Yau structures,
using Joyce’s existence result for torsion-free Go-structures [26, Thm. 11.6.1] with some modifi-
cations. Then we define in §3.3 the main objects of this chapter, namely the Calabi—Yau cones,
Calabi—Yau m-folds with conical singularities and Asymptotically Conical Calabi—Yau m-folds,
and provide some examples. Finally we show in §3.4 the construction of the desingularization
in the simplest case where there are no obstructions. We shall then give an application of our
result in §3.4.4 which involves desingularizing Calabi-Yau 3-orbifolds with isolated singularities.
Note that in the orbifold case, the existence of singular Calabi—Yau metrics is known. We can
then describe what the Calabi—Yau metrics on the crepant resolution of the orbifold locally look
like. Our approach in this chapter is analytic and metrics on singular Calabi—Yau 3-folds are
considered, rather than just their complex structures. In this way, we provide an analytic way
to study results previously known in algebraic geometry.

31
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3.1 Background material on SU(3)- and Gs-structures

In this section we provide some background on Calabi-Yau 3-folds, SU(3)-structures on 6-folds
and Gao-structures on 7-folds. They will play an essential role in our construction of desingular-
izations of compact Calabi—Yau 3-folds with conical singularities. Let us begin with studying
Calabi-Yau 3-folds. Some useful introductory references on Calabi-Yau manifolds are [21] and
[26, Chapter 6].

Definition 3.1 A Calabi-Yau 3-fold is a K&hler manifold (M, J,g) of complex dimension 3
with a covariant constant holomorphic volume form € such that it satisfies w® = % QA Q where
w is the K&hler form of g. We say that (J,w,2) constitutes a Calabi-Yau structure on M and
write a Calabi—Yau manifold as a quadruple (M, J,w, Q).

Thus for each € M, there is an isomorphism between T, M and C? that identifies g, w,
and €2, with the flat metric gg, the real 2-form wg and the complex 3-form Qg on C? given by

go = |dz1)? + |dzo|* + |dz3|?, wo = %(dzl AdZy + dzo A dZy + dzg A dZ3)
and Qo = dz; A dze A dzs,

where (21, 22, 23) are coordinates on C3. Calabi-Yau manifolds are automatically Ricci-flat, and
one can use Yau’s solution of the Calabi conjecture ([52] and [26, Chapter 5]) to show the ex-
istence of families of Calabi—Yau manifolds. Another equivalent way of defining a Calabi—Yau
3-fold is to require that the Riemannian 6-fold (M, g) has holonomy group Hol(g) contained in
SU(3). One can then show that M admits a holomorphic volume form satisfying the normaliza-

tion formula.

We shall now consider SU(3)-structures on 6-folds and Ga-structures on 7-folds and relate
them to Calabi—Yau structures. An SU(3)-structure on a real 6-fold M is a principal subbundle
of the frame bundle of M, with fibre SU(3). Each SU(3)-structure gives rise to an almost complex
structure J, a real 2-form w and a complex 3-form 2 with the properties that

1. wis of type (1,1) w.r.t. J and is positive,
2. Qis of type (3,0) w.r.t. J and is nonvanishing, and

3. w3:%§2/\ﬁ.

We will refer to (J,w,Q) as an SU(3)-structure. If in addition dw = 0 and d2 = 0, then J
is integrable and 2 is a holomorphic (3,0)-form, and the closedness of w implies the associated
Hermitian metric g is Kéhler. Thus dw and df) can be thought of as the torsion of the SU(3)-
structure, and when they both vanish the SU(3)-structure is torsion-free. Note that property
(3) implies that the holomorphic (3,0)-form £ has constant length, so it is covariant constant.
Therefore we have
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Proposition 3.2  Let M be a real 6-fold and (J,w,Q) an SU(3)-structure on M. Let g be the

Hermitian metric with Hermitian form w. Then the following are equivalent:

(1)) dw=0and dQ=0 on M,

(J,w, Q) gives a Calabi-Yau structure on M, and

)
(#1) (J,w,Q) is torsion-free,
(iii)

)

(iv) Hol(g) € SU(3).

Now we discuss Gy-structures in 7-folds. The books by Salamon [46, §11-§12] and Joyce [26,
Chapter 10] are good introductions to Ga. In the theory of Riemannian holonomy groups, one
of the exceptional cases in Berger’s classification [2] is given by G5 in 7 dimensions. Bryant
and Salamon [8] found explicit, complete metrics with holonomy G2 on noncompact manifolds,
and Joyce [26] constructed examples of compact 7-folds with holonomy G2. The exceptional Lie
group G5 is the subgroup of GL(7,R) preserving the 3-form

o = dx1 Ndre Adxs + dxy Adrg A dxs + dry A dxg A drr 4+ dxo A dxg A dzg
—dxo Ndxs Ndr7 — dxs A dry Adry — dxs A des A dag

on R” with coordinates (x1,...,z7). This group also preserves the metric
90 :d:rf+~o+dm$,
the 4-form

*pg = dxg A dxs N\ dxg A\ drr + dze A dxs A dxg A dey + dze A dxs A dxg A dxs
+ d.]?l A d.133 N d$5 A d.]?7 - dl‘l A d$3 N d.134 A dxﬁ — dacl A dl‘g A d$5 A d.136
—dxy ANdxo ANdxg N dxy,

and the orientation on R7. Let X be an oriented 7-fold. We say that a 3-form ¢ (a 4-form 1)
on X is positive if for each p € X, there exists an oriented isomorphism between 7, X and R”

identifying ¢ and the 3-form ¢( (the 4-form ).

A Go-structure on a 7-fold X is a principal subbundle of the oriented frame bundle of X,
with fibre G3. Thus there is a 1-1 correspondence between positive 3-forms and Gs-structures
on X. Moreover, to any positive 3-form on X one can associate a unique positive 4-form ¢
and metric g, such that ¢, xp and g are identified with g, *pg and gy under an isomorphism
between T}, X and R7, for each p € M. We shall refer to (¢, g) as a Ga-structure. Suppose (¢, g)
is a Go-structure on X, and V is the Levi-Civita connection of g. We call Vy the torsion of the
Go-structure (p, g), and if Vi = 0, then the Ga-structure is torsion-free. Here is a result from
[26, Prop. 10.1.3]:

Proposition 3.3  Let X be a real 7-fold and (p,g) a Ga-structure on X. Then the following
are equivalent:

(7) (p,g) is torsion-free,
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(i11) Vo =0 on X, where V is the Levi-Civita connection of g,
(#i1) dp =d*e =0 on X, and

(iv) Hol(g) C G2, and ¢ is the induced 3-form.

Now if (M, J,w, Q) is a Calabi—Yau 3-fold with the Calabi—Yau metric gps, then by Proposition
3.2, (J,w, Q) gives a torsion-free SU(3)-structure on M, and Hol(gas) € SU(3). By considering
SU(3) as a subgroup of G, the 7-fold S x M has a torsion-free Go-structure, which is constructed
by the following result [26, Prop. 11.1.2]:

Proposition 3.4  Suppose (J,w, ) is a torsion-free SU(3)-structure on a 6-fold M. Let s be

a coordinate on S'. Define a metric g and a 3-form ¢ on S* x M by
g=ds*+ gy and ¢ =dsAw+Re(Q).
Then (p,g) is a torsion-free Go-structure on S x M, and

1
*(p:iw/\w—ds/\lm(ﬁ).

3.2 Nearly Calabi—Yau structures

This section introduces the notion of a nearly Calabi—Yau structure on an oriented 6-fold M.
We begin in §3.2.1 by giving the definition of a nearly Calabi-Yau structure (w, ) on M, and
showing that if M admits a genuine Calabi—Yau structure, then any real closed 2-form w and
complex closed 3-form €2 on M which are sufficiently close to the genuine Calabi—Yau structure
gives a nearly Calabi-Yau structure. Section 3.2.2 constructs Ga-structures on the 7-fold S x M.
Finally, we give the main result of the section, the existence of genuine Calabi—Yau structures on
M, in §3.2.3. It is based on the existence result for torsion-free Ga-structures on compact 7-folds
by Joyce [26, Thm. 11.6.1].

3.2.1 Introduction to nearly Calabi—Yau structures

Let M be an oriented 6-fold. A nearly Calabi—Yau structure on M consists of a real closed
2-form w, and a complex closed 3-form €2 on M. Basically, the idea of a nearly Calabi—Yau
structure (w, ) is that it corresponds to an SU(3)-structure with “small torsion”, and hence ap-
proximates a genuine Calabi—Yau structure, which is equivalent to a torsion-free SU(3)-structure.
So let us start with generating an SU(3)-structure on M from (w, Q).

First we write Q = 0y + if5, so 0, and 0 are both real closed 3-forms. Suppose #; has
stabilizer SL(3,C) C GL,(6,R) at each p € M, then the orbit of #; in A® Ty M under the ac-
tion of GL4(6,R) is GL,(6,R)/SL(3,C). For each p € M, define /\‘3_ Ty M to be the subset of
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3-forms € \® T M for which there exists an oriented isomorphism between 7}, M and R = C3
identifying 6 and the 3-form Re(dz; A dza A dz3) where (21, 22, 23) are coordinates on C3. Then
/\‘3_ TyM = GL4(6,R)/SL(3,C), as Re(dz1 A dz2 A dz3) has stabilizer SL(3,C). Then 6], lies in
/\3_ Ty M for each p € M. It is easy to see that dim /\i_ TyM = dim GL4(6,R)/SL(3,C) = dim
/\3 TyM = 20, so /\i Ty M is an open subset of /\3 Ty M for each p € M. Therefore any 3-form
on M which is sufficiently close to a 3-form in /\i Ty M still lies in /\i Ty M, or equivalently, has
stabilizer SL(3,C) at each point on M.

The oriented frame bundle F; of M is the bundle over M whose fibre at p € M is the set of
oriented isomorphisms between T, M and R®. Let P be the subset of F consisting of oriented
isomorphisms between T, M and R® which identify 6; at p and Re(dz; A dza A dz3). 1t is well-
defined as we have assumed that 64, € /\‘3_ Ty M. Thus 6; defines a principal subbundle P of the
oriented frame bundle F'y, with fibre SL(3, C), that is, an SL(3, C)-structure on M. As SL(3,C)
acts on R 22 C? preserving the complex structure Jy on C3, we obtain a unique almost complex

structure J' on M.

Note that the forms w, Q are not necessarily of type (1,1) and (3,0) with respect to J' re-
spectively. We then denote by w1 the (1,1)-component of w with respect to J’ and define
a 3-form 05 on M by 604(u,v,w) = 61(J u,v,w) for all u,v,w € TM, or in index notation,
(05)ave = (J)% (61) ape- Suppose that w1 is a positive (1,1)-form, that is, w1V (v, J'v) > 0 for
any nonzero v € TM. Write ' = 6, + 6}, then ' is a (3,0)-form with respect to J’. In general,

64 will not be a closed 3-form, unless J' is integrable.

We want (J/,w®D Q') to be an SU(3)-structure, but the problem with this is the usual
normalization formula defining a Calabi-Yau manifold may not hold for w1 and €, that is,
(w1)3 £ 3 AQY (= 2 6, ABh) in general. We then define a smooth function f : M — (0, 00)
by

A103 _ ¢ 3 /
(W) _f~§91/\02. (3.1)
Consequently, if we rescale w)) by setting w’ = f~% w1 we have w3 = 3.6, A05. Given that
w®Y and hence w’, is positive, then one can determine a Hermitian metric gy on M from o’
and J' by gy (u,v) = w'(u, J'v) for all u,v € TM.

Now we are ready to give the definition of a nearly Calabi—Yau structure on M:

Definition 3.5 Let M be an oriented 6-fold, and let w be a real closed 2-form, and 2 = 6, +i65
a complex closed 3-form on M. Let ¢y € (0, 1] be a fixed small constant, to be chosen later in

Lemma 3.7. Then (w, () constitutes a nearly Calabi-Yau structure on M if

(i) the real closed 3-form 6 has stabilizer SL(3,C) at each point of M, or equivalently, it lies
in /\iT;M for each p € M.
Then we can associate a unique almost complex structure J’ and a unique real 3-form )
such that Q' = 0; + 46} is a (3,0)-form with respect to J'.

ii) the (1,1)-component w1 of w with respect to J’ is positive.
p p p
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Then we can associate a Hermitian metric gp; on M from w’ and J’, where ' = f_% w1
is the rescaled (1,1)-part of w and f is defined by (3.1).

(iii) the following inequalities hold for some € with 0 < e < €:

|02 — 65],,, <e, (3.2)
w0, < e, and (3.3)
3
Wi — 5 01 A 05 < € (34)
gm

where the norms | - are measured by the metric gy;.

‘91\/1

If (w, Q) is a nearly Calabi—Yau structure on M, one can show that the function f defined in
(3.1) satisfies

|f = 1] < Coe, (3.5)

for some constant Cy > 0, i.e. f is approximately equal to 1 for sufficiently small €, as we would

expect.

The next result shows that if M admits a genuine Calabi—Yau structure, then any real closed
2-form w and complex closed 3-form €2 on M which are sufficiently close to the genuine Calabi—

Yau structure gives a nearly Calabi—Yau structure.

Proposition 3.6  There exist constants €;,C,C’" > 0 such that whenever 0 < € < €1, the fol-
lowing is true.
Let M be an oriented 6-fold. Suppose (j,d,fl) is a Calabi—Yau structure with Calabi—Yau

metric g, w a real closed 2-form, and Q = 01 + 102 a complex closed 3-form on M, satisfying
0 —wlg<e and |Q—Ql;<e (3.6)
then (w,Q) is a nearly Calabi-Yau structure on M with metric gy satisfying
9 —gulg < Ce and [§7" — g3/l < Ce, (3.7)

Proof. From (3.6) we have [Re(Q) — 6:1]; < ¢, which means that if we choose €; to be sufficiently
small, then 67 has stabilizer SL(3,C) since the stabilizer condition is an open condition as we
mentioned before. So we can associate a unique almost complex structure J', with |J —J'|; < Cye
for some constant C; > 0, and a unique real 3-form 6} such that Q' = 6; + 6} is a (3,0)-form

with respect to J'.

One can deduce from (3.6) and |J — J'|; < Cye that |& — w(MV|; < Cae for some Cy > 0.
Make €, smaller if necessary, then w(*! is a positive (1,1)-form with respect to J' since the
positivity is also an open condition. Then we can define a metric gasr by gar(u,v) = ' (u, J'v)
for all u,v € TM, where ' = f~5 w1 and f is defined by (3.1). Now we show that f is close
to 1. In fact,
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(f = D5 = [(wtD)? — w5

3 - -
< (w3 — &35 4 @ — S Re(2) A Tm(€2)

+ ’gRe(Q) ATm(§) — gel A

g9

(§.8)

Since |@— w5 < Cye, the first term of right hand side of (3.8) is of size O(e). The second term
vanishes as (@, ) is a Calabi-Yau structure. From [Re(Q) — 6|5 < €, and |J — J'|; < Cie, we

have [Im(§2) — 05|5 < C3e for some C3 > 0 and hence the third term also has size O(e). Summing
up, we have f — 1 is of size O(e).

Using the fact that |[&—w(®V|; < Cae and |f —1| = O(e) we can show |©—w’|; < Cye for some
Cy > 0. Together with |J — J'|; < Cye, we obtain first part of (3.7), that is, [§ — gar|z < Ce for
some C' > 0. If € is small enough such that Ce < 3, then one can deduce that |[§—! —agnils < Cle
for some C’ > 0. This implies that § and gj; are uniformly equivalent metrics, and hence norms
of any tensor on M taken with respect to g and with respect to gjs differ by a bounded factor.

It remains to check (3.2)-(3.4) of Definition 3.5. But it is not hard to get bounds for (3.2)-(3.4)
in terms of € with respect to the metric g, and so by making ¢ smaller and using the equivalence
of the metrics, we obtain (3.2)-(3.4). O

3.2.2 (Go-structures on S' x M

Let (w, Q) be a nearly Calabi—Yau structure on M. From §3.2.1 we know that (J',w’, ') gives
an SU(3)-structure with metric gy on M. In this section, we would like to discuss Ga-structures
on the 7-fold S' x M, which is essential for the main result in next section. Let s be a coordinate
on S'. Now define a 3-form ¢’ and a metric ¢’ on S* x M by

' =dsAw' +6; and ¢ =ds*+ gu. (3.9)

It turns out that (¢, g') defines a Go-structure (with torsion) on S x M. The associated 4-form
xg0" on ST x M is then given by

1
kgrp) = 3 W AW —ds A0} (3.10)

Also, we can construct another 3-form ¢ and 4-form y on S' x M by
1
p=dsANw+6; and Xziw/\w—ds/\ﬁg. (3.11)

The next lemma shows that the forms in (3.11) are close to the Ga-forms ¢’ and g ¢" if we

take €y in the definition of nearly Calabi—Yau manifolds to be sufficiently small.

Lemma 3.7  There exist constants C1,Co,C3 and Cyq > 0 such that if eg in Definition 3.5 is

chosen sufficiently small, then the following is true.
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Let (¢',g") be the Go-structure given by (3.9), xg¢" the associated 4-form given by (3.10), ¢
the S-form and x the 4-form given by (3.11) on S* x M. Then

lp —¢'lyy < Cre (3.12)

where € € (0, €o] is the small constant in (iii) of Definition 3.5. Hence ¢ is also a positive 3-form
on S' x M, and it defines another Ga-structure (¢, g). Moreover, the associated metric g and

the 4-form x4 satisfy

lg—g'ly < Cae, |g7t =gty <Cse and (3.13)
[*g¢ — x|y < Cae. (3.14)

Proof. From (3.9) and (3.11), we have | — ¢'|g = [ds A (w—w') |y = |w—w'|g,, < Ci € for some
constant C; > 0, where we used (3.3) and (3.5). Now we choose €y in Definition 3.5 such that
C1 € is small enough and ¢ is a positive 3-form on S* x M. Then we can associate a metric g

from . Using the fact that such associations are continuous we have |g — ¢'|;s < C5 € for some

Cs > 0. Also, by using the same argument as in Proposition 3.6, we obtain [¢g7! — ¢'7![, < Cs €
for some C3 > 0, which shows (3.13). For (3.14), we have
%90 = Xlg' < [xgp — %9l + [*g¢" — Xlo
< [(xg = *g)plg + %g (0 =@ )g + g " = Xlgr- (3.15)

The first term of right hand side has the same size as |g — ¢'|4/, which is bounded in (3.13). The
second term is just |p — ¢'|y since *4 is an isometry with respect to ¢/, and so it is bounded in
(3.12). For the last term, we have

1
g0 — Xlg = 3 (W AW —wAw)—dsA (05— 02)
g/
from (3.10) and (3.11). Using |w — w'lg,, < Ci€ and (3.2), we can show that this term has size
O(€). Summing up together, we get [+,¢ — x| < Cy € for some constant Cy > 0. O

3.2.3 An existence result for Calabi—Yau structures on M

In the last part of this section we present our main result which shows that when ¢; is suffi-
ciently small, the nearly Calabi-Yau structure on M can be deformed to a genuine Calabi—Yau
structure. The proof is based on an existence result for torsion-free G'o-structures given by Joyce
[26, Thm. 11.6.1], which shows using analysis that any Ga-structure on a compact 7-fold with
sufficiently small torsion can be deformed to a nearby torsion-free Go-structure. We shall adopt
a slightly modified version of this result, which improves the bounds of various norms to fit into

our situation.

Our problem is clearly a 6-dimensional one, but we jump into 7-dimensions to consider Gs-
structures. Apparently this seems to complicate the problem, but there is an advantage that we
already have the analytic existence theorem from Joyce, which is the key result that makes the

entire thing work. Another advantage is that while the Calabi—Yau structure involves J, w, 2,
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the Go-structure is packaged in a single 3-form ¢ such that small perturbations of ¢ still give a

Go-structure. This makes the proofs simpler in 7-dimensions.

We refer to the spaces L9, L], C* and C*© as the Banach spaces defined in Chapter 2. Let
us begin by stating Joyce’s result, with improvements to powers of ¢:

Theorem 3.8  Letk > 0 and D1, Dy, D3 > 0 be constants. Then there exist constants e € (0, 1]
and K > 0 such that whenever 0 < t <€, the following is true.

Let X be compact 7-fold, and (p,g) a Ga-structure on X with dp = 0. Suppose 1 is a smooth
3-form on X with d*¢) = d*p, and

(i) l[llze < Ditz+*, |¢)lco < Dit* and ||d*||pia < Dyt~ 345,
(i) the injectivity radius 6(g) satisfies 6(g) > Dat, and
(iii) the Riemann curvature R(g) satisfies |R(g)|co < Dst=2.

Then there exists a smooth, torsion-free Ga-structure (@, g) on X such that ||¢ — ¢|lco < Kt©
and [§] = [¢] in H3(X,R).

The proof of it depends upon the following two results. We state them here and then we will
improve the powers of ¢ so that Theorem 3.8 can be modified to fit into our situation for the
7-fold S' x M.

Theorem 3.9  Let Dy, D3, t > 0 be constants, and suppose (X, g) is a complete Riemannian 7-
fold, whose injectivity radius 6(g) and Riemann curvature R(g) satisfy (g) > Dat and ||R(g)||co <
Dst=2. Then there exist K1, Ko > 0 depending only on Dy and D3, such that if x € LI*(A3T*X)N
L?(A3T*X) then

IVxllzs < Ky (ldx|pas + [|d* x| pia + ¢4 (|x] 22)
1 _T
and ||xl[co < Ko (t2]|[Vx|[z1s + 12| x||£2)-

The second result is:

Theorem 3.10 Let k > 0 and D1,K1,K5 > 0 be constants. Then there exist constants
e € (0,1], K5 and K > 0 such that whenever 0 < t < e, the following is true.

Let X be a compact 7-fold, and (p,g) a Ga-structure on X with dp = 0. Suppose ¥ is a
smooth 3-form on X with d*¢ = d*p, and

() l[¢llz2 < Dit3*, [fllco < Dat* and [|d*¢|1a < Dyt=3+*,
(i) o x € Li"(A°T*X) then ||Vx|[pas < Ki (ldxlles + ld*xllz2s + 4 Ix 22),

(i) if x € LY (APT*X) then [|x[|co < Ko (¢2[|Vx[| s + 73 [x] 2).
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Let €1 be as in Definition 10.5.8, and F as in Proposition 10.3.5 of Joyce [26]. Denote by m
the orthogonal projection from A3T*X to the 1-dimensional component of the decomposition into
irreducible representation of Go. Then there exist sequences {n;}32, in LI (A’T*X) and {f; 1520
in L1*(X) with ny = fo = 0, satisfying the equations

* * * * 7
(dd* 4+ d*d)n; = d* + d*(fj—19) + xdF (dnj—1) and fjp = gm(dm)

for each j > 0, and the inequalities

(a) [ldnj |2 < 2125+, (d) lldn; — digy |2 < 2Dy2 9454,
(b) [ Veln; |1 < Kt ™27, (¢) IV (dn; — dnj—1)l| s < Ka2777277,
(c) lldnjllco < Kt" < e and (f) lldn; — dnj—1llco < K277¢7.

We shall first modify Theorem 3.9 by considering the 6-dimensional version of those analytic
estimates. In Theorem 3.9, the first inequality is derived from an elliptic regularity estimate for
the operator d+d* on 3-forms on X. The second inequality follows from the Sobolev Embedding
Theorem, which states that L] embeds in che if % < ’HT_“ where n is the dimension of the
underlying Riemannian manifold. For the 7-dimensional case, we have Li* embeds in Cco-1/2
which then embeds in C°, whereas in 6 dimensions, we have L1? embeds in C%'/2. We can use

this to show

Theorem 3.11  Let Do, D3, t > 0 be constants, and suppose (M, g) is a complete Riemannian
6-fold, whose injectivity radius 6(g) and Riemann curvature R(g) satisfy (g) > Dat and ||R(g)||co <
Dst=2. Then there exist K1, Ko > 0 depending only on Dy and Ds, such that if x € L12(A3T*M)N
L?(A3T*M) then

* _7
IVxllzrz < K1 (|ldx| oz + [|[d" x|l 22 + 72| x|l z2)

1 _
and ||x|lco < Ky (t2[|VxllL2 + 72| x]l22).

The proof of it is similar to [26, Thm. G1, p.298]. We can first prove the case for t = 1,
and the case for general ¢t > 0 follows by conformal rescaling: apply the ¢ = 1 case to the metric

t=2g. The factors of t compensate for powers of ¢ which the norms scaled by in replacing g by t~2g.

By considering S'-invariant forms and S'-invariant G-structures on the 7-fold S x M, we
can use the Sobolev Embedding Theorem in 6 dimensions, rather than in 7 dimensions. This has
an advantage that the powers of ¢ and the inequalities are calculated in 6 dimensions, though
the norms are computed on the 7-fold S' x M. Note that the length of S is fixed, i.e. inde-

pendent of ¢ while the metric on M is rescaled by t. Here is the modified version of Theorem 3.10:

Theorem 3.12 Let k > 0 and D1, K1,Ko > 0 be constants. Then there exist constants
e €(0,1], K3 and K > 0 such that whenever 0 < t < ¢, the following is true.

Let M be a compact 6-fold, and (p,g) an S*-invariant Go-structure on S x M with dyp = 0.
Suppose 1 is an S'-invariant smooth 3-form on the 7-fold S* x M with d*¢» = d*¢, and



CHAPTER 3. DESING. OF CY 3-FOLDS WITH CONICAL SINGULARITIES 41

(i) [[llee < Dit®™, [[llco < Dit* and [|d*¢]| sz < Dyt~ 2+,
(ii) if x € Li2(A3T*(S* x M)) is St-invariant, then ||Vx|/p12 < Ki (|ldx|pz + | d* x|l e +
t73x|lz2),
(iii) if x € LY2(ABT* (S x M)) is S*-invariant, then ||x||co < K (£2||Vx| 12 + 3| x||L2)-
With the same notations as in Theorem 3.10, there exist sequences {1;}52, in L5*(A*T*(S' x M))

and {f;}52, in L2(SY x M) with n;, f; being all S*-invariant and ny = fo = 0, satisfying the

equations

% * * * 7
(dd* +d*d)n; = d* +d*(fj—1¢) + *dF(dnj—1) and fjo = gm(dnj)

for each j > 0, and the inequalities

(a) [|dnyllze < 2Dt (d) lldn; — dnj—1|lz2 < 2D12798347,
(b) [ Vdnjl| 12 < Kst~2**, (€) [V (dn; — dnj—1)|| 12 < K32 7t 247,
(c) lldnjllco < Kt" <& and (f) lldn; —dnj-illco < K277,

Here V and || - || are computed using g on S* x M.

Thus Theorem 3.12 is essentially an S!-invariant version of Theorem 3.10. We are now ready

to state the modified version of Theorem 3.8, to be used to obtain our main result.

Theorem 3.13 Let k > 0 and D1,D5,Ds > 0 be constants. Then there exist constants
€ € (0,1] and K > 0 such that whenever 0 < t <, the following is true.

Let M be a compact 6-fold, and (¢, g) an S'-invariant Go-structure on St x M with dp = 0.
Suppose 1 is an S'-invariant smooth 3-form on S* x M with d*¢» = d*¢, and

(1) ||1/)HL2 S D1t3+ﬁ, ||’l/)||co S Dlt'{ and ||d*¢||L12 S DltiéJﬂ{,
(ii) the injectivity radius 6(g) satisfies 6(g) > Dat, and
(iii) the Riemann curvature R(g) satisfies |R(g)|co < Dst=2.

Then there erxists a smooth, torsion-free S'-invariant Go-structure ($,g) on S* x M such that
¢ —¢llco < Kt* and [p] = [p] in H3(S' x M,R).

Theorem 3.13 follows from Theorems 3.11 and 3.12 as on [26, p.296-297]. Note that since all
the data n;, f;, etc. in Joyce’s proof are S'-invariant, so the limit of sequence is still S-invariant

as it is unique, and hence the limiting Go-structure obtained is also S'-invariant.

In the remaining part of this section, we shall derive an existence result for genuine Calabi-
Yau structures. Our strategy is the following. We start with the nearly Calabi—Yau structure
(w,Q) on M, then from §3.2.2 one can induce a Go-structure (¢, g) on S* x M. It can then be
shown in the following theorem that, under appropriate hypotheses on the nearly Calabi—Yau
structure (w, Q), the induced Ga-structure satisfies all the conditions in Theorem 3.13, and there-
fore can be deformed to have zero torsion. Finally, we pull back this torsion-free G'o-structure to
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obtain a genuine Calabi—Yau structure on M.

Theorem 3.14  Let kK > 0 and Fq, Es, E3, E4 > 0 be constants. Then there exist constants
€ € (0,1] and K > 0 such that whenever 0 < t < ¢, the following is true.

Let M be a compact 6-fold, and (w,)) a nearly Calabi-Yau structure on M. Let w', gpr and
04 be as in §3.2.1. Suppose

(1) ||w - w/HLz < E’ll‘,g-i_ﬁ7 ||w - w’||Co < Eqtr, ||92 — 9/2||L2 < E1t3+ﬁ,
and ||02 — HIQHCO S Eltn,

(i) |V(w—w)||p2 < Eyt=3F%, |Vowl||pe < Bit=3+r,
and ||V0y|[pr2 < Eyt—2ts,

(iii) [|V(w —w)|lco < Eot® 1, and [|[V3(w — ')||co < Eat®™2,

(iv) the injectivity radius §(gar) satisfies 6(gar) > Est, and

(v) the Riemann curvature R(gns) satisfies || R(gar)|co < Eqt=2.

Then there exists a Calabi-Yau structure (J,&,Q) on M such that |& — w|co < Kt* and

1Q — Qlco < Kt*. Moreover, if H'(M,R) = 0, then the cohomology classes satisfy [Re(Q)]
= [Re(Q)] € H¥(M,R) and [w] = c[&] € H*(M,R) for some ¢ > 0. Here the connection V and

all norms are computed with respect to gus.

Proof. Let ¢ be the 3-form on S x M given by (3.11). Then Lemma 3.7 shows that (¢, g) is a
Ga-structure on S x M, with dp = 0 as dw = df; = 0. Define a 3-form ) = ¢ —*,x on S* x M,
where x is the 4-form given by (3.11). Then d*i) = d*p — d*(x4x) = d*¢ + *,dx = d*y, since
d*xy = — *4 d on 3-forms and dx = 0. Now

[V|g = g0y = g0 — Xlg < Clrg0 — x|y

where C' > 0 is some constant relating norms w.r.t. the uniformly equivalent metrics g and
g = ds®+gnr. From (3.15), one can show that pgo—x|g < Cr(|lw—w'|2, +w—w'|g, +[02—05]g,,)

for some C; > 0, and hence
|w|q < 02 ( |w - wll_(Q]M =+ |w - w/|gM + ‘92 - 9l2|gM)
for some Cy > 0. Consequently, we have

[¥llco < Co (Jlw = w'l[Eo + llw = w'llco + [102 = B3llco), and
[PllL2 < Cs (llw = wllco - lw = w'llz2 + llw = w'||L2 + |62 — 05]|2)

for some Cs > 0, which then imply

[1]|co < Cyt™ and  ||9]|r2 < Cut3T*  for some Cy > 0, (3.16)
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where we have used condition (i) and ¢ < € < 1. This verifies the first two inequalities of (i)
in Theorem 3.13, and we now proceed to the last one. Denote by V9 and V¢ the connections
computed using g and ¢’ respectively. Since d*y = d*p, we get

|d*¢|g = |d*%p‘g < |vg§0|g < C|vg@|g’- (3.17)

Denote by A the difference of the two torsion-free connections V9 and VY. Thus A transforms

as a tensor and it satisfies Afj = Afl We need the following proposition to obtain the bound for

™).

Proposition 3.15  In the situation above, we have

V9 0lg < |Vwlgy + Vi lgur, (3.18)
V96 g < |V(w = lgas + Vg + [VOilgr, (3.19)

Al < 5 197 g IVl (3.20)

and |V gly < BV (o — ¢y + Balp — @'y - (V9 0l + V9 ¢ |yr) (3.21)

for some By, By > 0 depending on a small upper bound for |¢ — ¢'|g4.

Proof. For the first one, note that
V9 plg = V9 (ds Aw +61)|
< |vg/d5‘g’ wlg + |dslgr - |vglw|g’ + |vg/91‘g"

Since ds is a constant 1-form with length 1 w.r.t. the metric ¢, equation (3.18) follows. The
second inequality follows easily from the first one. For (3.20), we have from the definition of the

tensor A,
\k.— 1k _ 'k
ij = Lij ij

where l"fj and 1";;“ are the Christoffel symbols of the Levi-Civita connections V9 and V¢  respec-

tively. Consider now the term vY' g, and expressing it in index notation,
VY gbe = Oagbe — Ly gde — L gba.
Then

ij 9" (Digji + 0j94 — D19i;)

N~ DN —

9" (V] g0 + 17 gt + Ti" gjm) + (V9 git + U7 gt + T gim)
- (viq 9ij + 10" gmj + Fl;'ngim)]

1 ’ ’ ’ /

=3 9" (VY g + V4 g — Vi gij +2 L7 gt

by the fact that V¢ is torsion-free. Hence,

k _ 1Tk 'k
Al =14 T

1 ’ ’ ’
5 9" (V7 951+ V9 g = Vi 9i5),
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which gives rise to (3.20).

To verify the last inequality, first let F' be the smooth function that maps each positive 3-form
to its associated metric. Then F(p) = g and F(¢') = ¢’. As F(p) depends pointwise on ¢, we
can write F(p)(z) = F(z, p(x)) for all z € S* x M and ¢(x) in the vector space A T (S x M).
We may then take partial derivative in the ¢(z) direction without using a connection, and write

0 for the partial derivative in this direction. Now,

IV gly =1V (9= )y
= [V7(F(p) = F()lg

Vg
_ / LV (F(z, ¢ () + r(p(z) — ¢ (2)))) dr

g/

N / vg’<%F(x7¢/(x)+r(¢(x)_W»)) dr
0

g/

’

N / V9 (OF (2,6 (2) + r(p(e) = ¢' (@) - (p(x) — ¢'(2)) dr |

g

= / (V9 OF) (2, ¢ (z) + r(p(x) — ¢ (2))) + O*F(z, ¢ (z) + r(p(z) — ¢'(2)))
VI (@ (@) + () — ¢ (@)] - (p(z) — (@) + OF (2, ¢ () + r(p(x) — ¢ (2)))
-V (p(x) — ¢/ (x)) dr

’

g

It can be shown, by using the fact that continuous functions are bounded over compact spaces,

that for any ¢ which is close enough to ¢’, we have
|0F (z,9(x))|y < B1 and  |0*F(z, ¢(x))]y < 2Bs

for some constants By, B; > 0, and as this is a calculation at a point, B, By are constants depend
only on a small upper bound for |¢ — ¢'|s. Moreover, if we choose geodesic normal coordinates
at x, then the Christoffel symbols F;f of V9" vanish at T, SO V9" reduces to the usual partial
differentiation at z and it follows that

VI OF (2, ¢ () + r(p(z) — ¢'())) = 0

since F', and hence OF is invariant under translation along the directions of coordinate vectors.

Consequently,
IV gly < Bi VY (() — ¢/ (2))
+25, |p(@) / V7 () + (@) = /2y dr
< Bl\Vg/(w(ff) —¢'(@)lg + Balp(z) — ¢ (x)lg/'(\vg/solg/ +|V )

and this finishes the proof of Proposition 3.15. O
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Applying the above estimates to (3.17) shows that

[d* )|y < CIVIply
< C|V9/<p|g/ + C|A|g’ : |<P|g’

3 _ ’
< OVwlgy +CIVOLgy +5C lg g - [V gly - lily by (3.18) and (3.20)

< C|Vwlgy, +CIVbilg, +Cs (B |V (¢ = @)y + Bzl = ¢'lg - IV 0lg + VI ¢ |g1))
by (3.21) and the fact that g~ ! and ¢ are bounded by some constants w.r.t. ¢’

< C|vw‘9M + C|V91|9M + Cﬁlv(w - wl)|gM + C7|w - C‘}/‘QM : (‘V(w - w/)|gM + 2|vw|91\1
+ 2|V91|9M) by (3'19)7

where C5, Cg, C7 > 0 are some constants. From the second inequality of (i), we have ||jw—w'||co <
Eqt" < Ey as t < e < 1. Combining with condition (ii) shows that

|d* |12 < C|[Vw||paz + C|[VO: ] 12 + Co[|V(w — ') || 12
+ Crllw — w'llco - ([V(w — &)Lz + 2 Vw| 12 + 2[| V61 ]| £12)
< (OEl + CEy + CgE1 + CrEq (El + 2F + 2E1))t_%+n.

Thus, together with (3.16), we have verified condition (i) of Theorem 3.13.

Given (iv) and (v), the injectivity radius and the Riemann curvature of ¢’ = ds? + gys satisfy
§(¢’) > min(ut, ) = ut for small ¢, and |R(¢")||co < vt~2 for some u, v > 0. This is equivalent
to saying that §(t=2¢') > p and ||R(t72¢')||co < v. To verify (ii) and (iii) of Theorem 3.13, it is
enough to show that the metrics t ~2¢ and ¢ ~2¢’ are C?-close w.r.t. t~2¢’, since this would imply
§(t72g) > ji and |R(t~29g)||co < ¥ for some i, 7 > 0, which is what we need. But the second in-
equality of condition (i) and condition (iii) in the hypotheses ensure that ||g—¢'||co, t|V(g—g") | co
and t2||V2(g — ¢')|co are all of size O(t*), where the connection V and all norms are computed
using ¢'. It follows that [|[t72g — t72¢|co, [[V(t72g — t72¢)||co and [|[V2(t72g — t72¢)||co are
all of the same size O(t"), where the connection V and all norms are computed with respect to
t~2¢’ this time. Hence t~2g is C?-close to t~2¢' w.r.t. t~2¢’.

Therefore Theorem 3.13 gives a torsion-free Ga-structure (,§) on S* x M. It remains to
construct a Calabi—Yau structure on M from (¢, g). Denote % by the Killing vector w.r.t. g
such that ¢ (%) ds = 1. Then % is also a Killing vector w.r.t. § since (p,§) is S!-invariant.
Using the fact that Killing vectors on a torsion-free compact Go-manifold are covariant constant
(this can be shown by applying Lemma 10.2.5 of [26] and the Bochner argument on the 2-form
t(v)@ where v is a Killing vector), we have Vgﬁ = 0, and hence ‘%‘g equals to some constant
c. Define a 1-form d3 on S' x M by (d3), = %gab(%)b. Then ds is closed, of unit length w.r.t.
g, and ¢ (%) d5 = ¢, and we may write d5 = cds + o' for some closed 1-form o/ on S* x M
with ¢ (%) o’ = 0. The 1-form o is thus the pullback of some closed 1-form « on M via the
projection map 7 : St x M — M, i.e. o/ = 7*(«). Since by assumption H*(M,R) = 0, a, and
hence o, is exact. Therefore we have [ds] = c[ds].

Using the fact that % is a Killing vector and ¢ is a closed 3-form, we have

A((2)5) =245 =0
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SO ¢ (%) @, and similarly ¢ (%) (x3¢) are both S'-invariant closed forms on S' x M. Then we
can define a closed 2-form @ and closed 3-forms #; and 6 on M by

Do = % (L (%) S5)(5,95) ToM

and (0~2)3: = —% (L (%) (*§ 95))(5@)

for each z € M and any s € S'. Identify T(s,2) (ST x M) with R” =2 R & C? such that T, M is
identified with C3, (4, g) with the flat Ga-structure (o, go), %(%) with 3%17 and d§ with dx,
where z; is the coordinate on R. Then calculation shows that at each z € M, (J,®,Q) can be
identified with the standard Calabi-Yau structure (Jo,wo, o) on C3, where Q=6+ i0~2, and J
is the associated complex structure. It follows that (j , 0, Q) gives a Calabi—Yau structure on M

with @ = d5 A@ +0; and %3¢ = 20 AD — d5 A0 on ST x M.

5 (91)96 = Sb(s,x) - (d‘§ A cz))(s,ac) ‘TmM’

Te M

It is not hard to show ||@—w| co < Kt* and, by making K larger if necessary, |Q—Q|co < Kt*
provided that || — ¢||[co < Kt*, which is a consequence from Theorem 3.13. Moreover, as
(@] = [¢] and [d3] = ¢|ds], it follows that [w] = ¢[@] and [f] = [#1]. This completes the proof of

Theorem 3.14. O
Remarks
1. In general we can’t guarantee [Im(Q)] = [Im(€2)] since, roughly speaking, [Im(Q)] is locally

determined by [Re(Q)], whereas [Im(f2)] is free to change slightly, as long as the inequality

(3.2) is satisfied. Hence [Im(2)] is independent of [Re(€2)] and it follows that [Im(2)] can’t
possibly be determined by [Im(€2)].

2. If HY(M,R) # 0, then o/ may not be exact, and we have to modify the cohomological

formula for [Re(€2)] to
[Re()] = [Re()] - [a] U [@].

3. There is an alternative way of obtaining the Calabi—Yau structure on M from the holonomy
point of view. Since (@, ) is torsion-free, Hol(g) C G3. Moreover, Hol(g) fixes the vector
% as Vg% = 0. It turns out that Hol(g) actually lies in SU(3) and hence the torsion-free

Go-structure (¢, §) must come from a Calabi-Yau structure on M.
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3.3 Calabi—Yau cones, Calabi—Yau manifolds with conical
singularities and Asymptotically Conical Calabi—Yau

manifolds

In this section we define Calabi—Yau cones, Calabi—Yau manifolds with conical singularities
and Asymptotically Conical Calabi-Yau manifolds. We will give some examples and provide
results analogous to the usual Darboux Theorem on symplectic manifolds for the Calabi-Yau
manifolds with conical singularities and Asymptotically Conical Calabi—Yau manifolds. The
conical singularities in Calabi—Yau 3-folds will be desingularized in section 3.4 by using the ex-

istence result obtained in section 3.2.

3.3.1 Preliminaries on Calabi—Yau cones

We will give our definition of Calabi—Yau cones and provide several examples in this section.
Let us first consider the C™ case. Write C™ as S?™~! x (0,00) U {0}, a cone over the (2m — 1)-
dimensional sphere. Let r be a coordinate on (0,00). Then the standard metric g, Kéahler form

w and holomorphic volume form Q) on C™ can be written as

G=7120|gem +dr?, & =12d|gem-1 +rdr A

and Q= TmQ|S2m—1 + ™ Ldr A B,
where « is a real 1-form and 3 a complex (m — 1)-form on S?™~!. Hence they scale as

g‘SQ""*lx{r} = T2g|5’2m—1, (:(\)|S2m71><{r} = 7”2(I)|52m71

and Q|52m—1><{r} = TmQ|52m—1.

Motivated by this standard case, we give our definition of a Calabi—Yau cone:

Definition 3.16  Let I be a compact (2m — 1)-dimensional smooth manifold, and let V' =
{0} UV’ where V' =T x (0, 00). Write points on V' as (v,r). V is called a Calabi—Yau cone if V'
is a Calabi—Yau m-fold with a Calabi-Yau structure (Jy,wy,Qy) and its associated Calabi—Yau

metric gy satisfying

gy :T2gv|rx{1} +dr?, wy = r2wv\px{1} +rdr A a

X (3.22)
and Qv = r"Qu|pxqy + 7" dr AL

Here we identify " with ' x {1}, and « is a real 1-form and 8 a complex (m — 1)-form on T

We remark here that in Sasaki-Einstein geometry, a Riemannian manifold (M, g) of dimension
(2m — 1) is Sasaki-Einstein if and only if the cone over M with metric r2g + dr? is Calabi—Yau,
i.e. a Calabi—Yau cone. Thus in our case, V' is a Calabi—Yau cone is equivalent to I' being

Sasaki-Einstein. There has been considerable interest recently in Sasaki-Einstein geometry due
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to a new construction of an infinite family of explicit Sasaki-Einstein metrics on five dimensions,
particularly on S? x $3 [18]. Much work has been done by Boyer and Galicki on Sasaki-Einstein
and 3-Sasakian geometry, see for examples [5] and [6].

Let X be the radial vector field on V' such that X, .y = %r% for any (,r) € I x (0, 00).
Then r?a = 2¢(X)wy and r™B = 21(X)Qy. Moreover,

Lxwy = d(L(X)wv) as dwy =0

1
= id(rza)

1
= §r2da + rdr A a.

It can be shown that da = 2wy |r by using dwy = 0 and the formula for wy in (3.22). Therefore
we have Lxwy = wy. The flow of X thus expands the Kahler form wy exponentially and X is
then a Liouville vector field, which is a kind of vector field satisfying £Lxw = w on a symplectic
manifold (M,w). In a similar way, we can show LxQy = ZQy and Lxgy = gv. It follows
that LxJy = 0, and hence X is a holomorphic vector field. In particular, the 1-form « defines
a contact form on I', which makes I" a contact (2m — 1)-fold.

The tangent space T{,,,V decomposes as T(, )V = T,I'® < X(,,) >r for any (y,7r) €
I’ x (0,00). Note that Z := Jy X is a vector field on T', and it is complete as I is compact. Now
((Z)wy is a 1-form such that «(X)(«(Z)wy) = gv (X, X) = 3r% and L(Z)wV}FX{T} = 0, hence we
can write t(Z)wy = 1rdr. It follows that

Lzwy = d((Z)wy) = d(rdr) = 0.

For the holomorphic volume form, we use the fact that if 2 is a holomorphic (m, 0)-form and v
a holomorphic vector field, then L ;,Q = iL,€) where J is the complex structure. Now Z = Jy X
is a holomorphic vector field, this gives Lz} = imQy .

Now we define a complex dilation on the Calabi—Yau cone V. The flow of Z generates the
diffeomorphism exp(6Z) on I" for each § € R. Thus for each § € R and ¢t > 0, we can define a
complex dilation 1 on V which is given by (0) = 0 and ¢ (v, r) = (exp(60Z)(7), tr).

Lemma 3.17  Let ¢ : V — V be the complex dilation defined above. Then 1*(gv) = t’gv,
w*(wv) = tQWV and 1/J*(Qv) — tmeimG QV-

Proof. Tt follows from £zwy = 0 that exp(0Z)*(wy) = wy and hence *(wy) = t?wy by the
scaling of ¢. The formula for the metric gy follows similarly. For the holomorphic (m,0)-form
Qy, observe that

d .
o7 exp(02)* (W)|,_y = L2 = im Qv,

and this means exp(02)*(Qy) = €™ Qy,. Thus together with the scaling of ¢, we have ¥*(Qy) =
tmemO Q. O
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In the situation of our standard example C™, the complex dilation is given by complex mul-
tiplication 1) : C™ — C™ sending z to 1z, where ¢ = te’® € C. It is easy to see the above

properties for the standard structures g, @ and Q.

Examples 3.18 A trivial example is given by C™, a cone on S?™~!. Some nontrivial examples
can be constructed as follows: Let G be a finite subgroup of SU(m) acting freely on C™ \ {0},
then the quotient singularity C™ /G is a Calabi-Yau cone. An example of this type is given by
the Z,,-action described in Example 2.6: define an action generated by ¢ on C™ by

Ck~(zl,...,zm) = (Ckzh...,gkzm)

where ¢ = *™/™ and 0 < k < m — 1. Note that (™ = 1, 50 Z,, = {1,(,...,(™ '} is a subgroup
of SU(m) and acts freely on C™ \{0}. Then C™/Z,, is a Calabi—Yau cone.

Examples 3.19  Consider the cone V defined by the quadric Z;’Zl zi = 0on C"* As
we have mentioned in Chapter 1, the singularity at the origin is known as an ordinary double
point, or a node. It can be shown that the link I' of V is an S™ !-bundle over S™. We are
particularly interested in the case m = 3. Then I' has the topology of S? x S2, and hence
V is topologically a cone on S? x S3 since any S%-bundle over S3 is trivial. Candelas and
Ossa [11] constructed a Calabi-Yau metric on V, thus making it a Calabi-Yau cone. Under the
correspondence between Sasaki-Einstein metrics on the link and Calabi—Yau metrics on the cone,
the existence of a homogeneous Sasaki-Einstein metrics on S2 x S3 even dates back to the work
of Tanno [51]. One can also describe V as follows. Consider the blow-up C* of C* at origin. It
introduces an exceptional divisor CP2, and the blow-up V of the cone V inside C* meets this
CP? at S = CP! x CP'. The exceptional divisor CP? corresponds to the zero section of the line
bundle L given by Cct— CP3, and so its normal bundle is isomorphic to L. Hence the normal
bundle O(—1, 1) over CP! x CP! is isomorphic to the line bundle V — S. This gives us the

following isomorphisms:

VA\{0} 2 V\S = O(-1,-1)\ (CP' x CP").

Examples 3.20 Suppose S is Kéhler-Einstein with positive scalar curvature, Calabi [10,
p-284-5] constructed a l-parameter family of Calabi—Yau metrics g; for ¢ > 0 on the canoni-
cal line bundle Kg. When t > 0, g; is a nonsingular complete metric on Kg and when t = 0, g
degenerates on S and thus gives a cone metric on Kg\ S, which then makes Kg\ S a Calabi-Yau

cone with S “collapsed” to the vertex of the cone.

(i) Onme of the standard examples of Kahler-Einstein manifolds with positive scalar curvature
is given by the complex surface S = CP! x CP!. Calabi’s construction thus applies to it
and yields a Calabi—Yau metric on Kg = O(—2,—-2) — S. Note that O(—1,—-1) is a
double cover of O(—2,—2) away from the zero section S, so we have the following relation

between the cone Kg \ S and the cone V' described in Example 3.19:

Ks\§ = (V\{0})/Zs.
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(ii) Boyer, Galicki and Kollar [7] constructed Kéhler-Einstein metrics on some compact orb-
ifolds, particularly on orbifolds of the form given by the quotient (L \ {0})/C*, where
L =A{(z,...,2m) € C™: ZT:I z}lj = 0} for some positive integers a; satisfying cer-
tain conditions. The set L is a hypersurface in C™, and C* acts naturally on C™ by
Ai (21, 2m) = (A2, .0, A% 2,). Tt follows from Calabi’s construction, in the cate-

gory of orbifolds, that L\ {0} is a Calabi-Yau cone.

3.3.2 Calabi—Yau m-folds with conical singularities

We define Calabi—Yau m-folds with conical singularities in this section. As we have discussed
before, we shall always assume the existence of Calabi-Yau metrics on such kind of singular
manifolds in this thesis. A class of Calabi—Yau m-folds with conical singularities are given by
orbifolds, in which case the existence of such singular Calabi—Yau metrics is known (see [26,
Thm. 6.5.6]). We shall see an example in §3.4.4. After the definition of Calabi-Yau m-folds
with conical singularities, we show that there exist coordinate systems that can trivialize the

symplectic forms of Calabi—Yau m-folds with conical singularities.

Definition 3.21  Let (M, Jy,wo, ) be a singular Calabi-Yau m-fold with isolated singu-
larities x1,...,z, € My, and no other singularities. We say that M, is a Calabi—Yau m-fold
with comical singularities x; for i = 1,...,n with rate v > 0 modelled on Calabi—Yau cones
(Vi, Jv,,wv,, Qv,) if there exist a small € > 0, a small open neighbourhood S; of z; in My, and a
diffeomorphism ®; : T'; x (0,€) — S; \ {x;} for each ¢ such that

[VH(@; (wo) = wvi)lgy, = O(r"™"), and (3.23)
|VF(®5(Q0) — Q) gv, = O(r*=%) as r — 0 and for all k > 0. (3.24)

Here T'; is the link of V;, and V, | - |4, are computed using the cone metric gy;.

Vi

Note that the asymptotic conditions on gg and Jy follow from those on wy and €2, namely,

[VE(®5 (90) = 9v:)lgy, = O(r"™"), and (3.25)
|V*(®7 (Jo) — Jvi)lgy, = O(r*=%) asr — 0 and for all k > 0, (3.26)

and so it is enough to just assume asymptotic conditions on wy and €.

We will usually assume that M is compact. The point of the definition is that Mj is locally
modelled on T'; x (0, €) near x;, and as r — 0, all the structures g, Jo,wp and €y on My converge

to the cone structures gy;, Jv,,wy, and Qy, with rate v and with all their derivatives.

Two diffeomorphisms, or two coordinate systems, ®; and @/ are equivalent if and only if the
following relation holds:

IVE(®,; — gy, = O(r**17F) asr — 0 and for all k > 0.
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Here we interpret the difference between ®; and @/ using local coordinates on the image S; \ {xz;}.
Thus if ®; and P, are equivalent, we have

V(@] (wo) — wvs)

o, < [VH (@ (wo) = (@) (wo))gy, + [VF((®))* (wo) = wvy)
=0("™") + [VH(#7)" (wo) — wv;)

gv;

gv;

and we see that ®; satisfies (3.23) (and similarly (3.24)) if and only if @/ does.

The 2-forms @} (wp) and wy; are closed on I'; x (0,¢€) and so ®f(wy) — wy, represents a coho-
mology class in H?(T; x (0,¢),R) = H?(T;,R). Similarly, ®:(Qq) — Qy; represents a cohomology
class in H™(T'; x (0,¢),C) = H™(T';,C). It turns out that in the conical singularity case, these

two classes [®](wo) — wy;| and [®F(Qp) — Qy,] are automatically zero:

Lemma 3.22  Let (My, Jo,wo, o) be a compact Calabi—Yau m-fold with conical singularities
x; for i = 1,...,n with rate v > 0 modelled on Calabi-Yau cones (Vi, Jy,,wy,,Qv,). Then
[‘bf(w()) — wVJ =01 H2<Fi,R) and [(I):K(Qo) — QVL] =01n Hm(l“l,(C).

Proof. Suppose ¥; is a 2-cycle in I'; for ¢ = 1,...,n. Then

/ (@ (wo) —wy; ) = vol(Z;) - O(r”) by (3.23)
EiX{’I‘}
=0(r'*?)

Hence v > 0 implies the above integral approaches 0 as » — 0. Then
(@7 (wo) —wv;] - [5i] =0

for any 2-cycle 3;, and hence [®} (wg) — wy,] =0 € H?(I'; x (0,¢),R) = H?(I';,R). The case for
[@F(Q0) — Q] follows similarly by considering m-cycles in T';. |

One may ask whether the symplectic form wg on S; near z; in My can actually be symplec-
tomorphic to the cone form wy, near the origin, rather than just having an asymptotic relation
in (3.23). Theorem 3.24 below shows that this is indeed the case for Calabi—Yau m-folds with
conical singularities, and can be regarded as an analogue of the usual Darboux theorem on sym-

plectic manifolds. Before that, we need the following lemma:

Lemma 3.23  Let X;; be a smooth family of vector fields on T'; x (0,¢) for t € [0,1] and
i=1,...,n with | X lg, = O(r?) for some § > 1. Then there exist an € € (0,¢) and a family
of smooth maps Py ; : Ty x (0,€') — Ty x (0,¢) such that iy ; is a diffeomorphism with its image

and satisfies

d
%d}t,i(’%r) = Xtvi|wt,i('77r) € th,'i('yaT) (Fl X (076/))7 ¢0,i(%7’) = (’Yvr)

for all (y,7) € T; x (0,€) and all t € [0,1], i =1,...,n.
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This may be proved using the method of [41, p. 93-95]. Roughly speaking, the condition that
| Xt,ilgy, = O(r?) for some & > 1 prevents the r-coordinate of 1 ;(7,r) from going to 0 or e for
small r and for any ¢ € [0, 1], and therefore v, ; (7, 7) exists for all ¢ € [0, 1].

Theorem 3.24  Let (Mg, Jo, wo, Qo) be a compact Calabi—Yau m-fold with conical singularities
x; fori=1,...,n with rate v > 0 modelled on Calabi-Yau cones (V;, Jv,,wv,, Qv,). Then there
exist an € > 0, an open neighbourhood S. of x; and a diffeomorphism @ : T'; x (0,€¢') — S{\{z;}
for each i such that (®))*(wo) = wy, and |[V*((®1)* () — Qv;)lgy, = O(rv=k) for all k > 0.

Proof. By the definition of a Calabi—Yau m-fold with conical singularities, there is an ¢ > 0 and a
diffeomorphism ®; : T; x (0,€) — S;\ {2} for each i such that |[V* (@] (wo) —wv;)|gy, = O(r" ")
as r — 0 and for all k > 0. Write w’ = ®}(wp). Thus we have two symplectic forms,/ namely the
cone form wy, and the asymptotic cone form w’ on I'; x (0,¢€). Following Moser’s proof of the

usual Darboux Theorem [41, p.93], we construct a 1-parameter family of closed 2-forms
W = wy, Ftw' —wy,) forte[0,1] (3.27)

on I'; x (0,€). Make € smaller if necessary so that w?? is symplectic for all ¢ € [0,1]. Then

d .. .

aw“ =w' —wy,. (3.28)
By Lemma 3.22, [w® —wy,] = 0 in H?([';, R) and hence w’ — wy, is exact. Suppose n = w’ — wy;,
and write 0’ as 14 (y,7) + 1} (y,7) A dr, where nj(y,r) € A*TT; and nj(y,r) € A'T:T;. Then n’
is an exact 2-form such that p

t,i 7
d i i
d n

Now we want to choose a 1-form ¢* such that n° = do?. Define

o (y,r) = / i, )ds. (3.20)

By the fact that |77i|gvi = |wt — wy, o, = O(r”) as r — 0, we have |n8\gvi =0(r") = |nﬂgvi

as r — 0. For each fixed r, ni(vy,r) is a 1-form on I'; 2 I'; x {1}, and so |771i(7’r)|9vi\rix{1} =
(v, 7)lgy, = O(*"). Then o' is well-defined since 7] is of size O(r**!) w.r.t. the fixed
metric gv,|r,x{1} where v +1 > —1 as v > 0. It follows by integration that a'(y,r) is of size

O(r**2) w.r.t. the fixed metric gv,|r, x {1} and of size O(r**1) w.r.t. the cone metric gy;.

Since dn® = 0, we have dr,n} = 0 and

ol
or

+dr,n} =0, (3.30)
where dr, denotes the exterior differentiation in the 7 direction. Therefore,

do'trr) == [ dr tiCrosds = ar n ([ iGres)as)

" oy
0 65

(v,8)ds — dr Ami(y,) by (3.30).
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Applying the argument before, the 2-form nj is of size O(r**2?) w.r.t. the fixed metric gy,
Thus [115(7, s)
Therefore, we obtain a 1-form o? on T'; x (0, €) such that

FiX{l}'
— 0 as s — 0. This gives do'(y,7) = ni(v,7) + ni(y,r) Adr = n'(y,r).

|9vi|ri><{1}

4
dt

wht = dot.
Now from the definition of o?(+,), it can be shown that

T
‘vkal(’% T)‘gvi\rix{l} S k |vk7177§ (’Y? T)|gvi|pi><{1} + / |vk’r}i (V? S)|gvi|r‘i><{1}d8'
0
Moreover, the (0, k + 1)-tensor V¥n! satisfies
VR0 8) g ey = 8" IVIRL (7, 8) gy, = s5T1O(s77F) = O(s"H)

as |77 (7, 8)|gy, = O(s”). Thus the integral in the right hand side of the above inequality converges.
Note that we have the same condition for ¢(v,r) and its k-th derivative V¥o?(7,7) to be well-
defined, namely ¥+ 1 > —1, which holds automatically in our case where » > 0. We then deduce
that |[VFai(y,r) = O(r**?) and hence

|gVi|r,-><(1}

|Vkai('y,r)|gvi =O0(@r" ™1 asr — 0 and for all k> 0. (3.31)

Now define a family of vector fields X;; via
ol (X)Wt = 0.
Then we have
IV*X4ilgy, = O(r***1) asr — 0 and for all k > 0. (3.32)

Lemma 3.23 thus yields a family of diffeomorphisms %;; on V; such that z/J;i(wt’i) =%, In
particular, we have constructed 1 ; : I'; x (0,¢') — T'; x (0,¢) for some ¢’ € (0,€) which is a

diffeomorphism with its image satisfying
Uiiw) = (W) =W = wy.
Write @) = ®; 041, and S, = D, o ¢y ,(T; x (0,¢')), then @} : I'; x (0,¢') — Si\ {x;} is a
diffeomorphism such that
(1) (wo) = ¥14(P (wo)) = 91 ;(w') = wvi,

as required.

From (3.32) we have |vkwtai|9w = O(r*=k+1) for all k > 0 since, roughly speaking, 1;; =
Id + fg X,ids to the first order. It doesn’t exactly make sense as i;; and Id map to different
points on V;. But we could express them in terms of local coordinates (z1,...,Z2m,—1,7) on
T; x (0,€). Let 1/J{7i(x1, ..., Zam—1,7) be the j-th component function of ¢ ,; for j =1,...,2m.
Then 0% ( {72-(:31, ey @1, ) — i) = O(r* kL) for j =1,...,2m — 1 and for all k > 0, and
WP (1, ...y wom—1,7) — 1) = O(r’"F*1) for all k > 0 where & denotes the usual partial
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differentiation at the point (z1,...,22,—1,7). It follows that 0% (¢ ;,—1d)(z1,. .., T2m—1,7) =
O(r*=*+1) for all k > 0. Consequently we have

10" (91 — 1d)* (@} (R0))lgy, = O ™")
at the point (x1,...,Zom—1,7). As a result, we have at each point on T'; x (0,€’)

[VE((@5)* (Q0) — Q)

o, = V@17 (Q0)) = )],
< |0 (W1(®7 () = 0} (),
+|04(®; () ~ )

gv;

=00 "+ 0ok =00 )

for all £ > 0. This completes the proof. O

3.3.3 Asymptotically Conical Calabi—Yau m-folds

In the last part we study Asymptotically Conical (AC) Calabi—Yau m-folds. We shall provide

some examples and give an analogue of Theorem 3.24 for AC Calabi—Yau m-folds.

Definition 3.25 Let (V, Jy,wy, Qy) be a Calabi—Yau cone of complex dimension m with link
T. Let (Y, Jy,wy,Qy) be a complete, nonsingular Calabi-Yau m-fold. Then Y is an Asymptoti-
cally Conical (AC) Calabi-Yau m-fold with rate A < 0 modelled on (V, Jy, wy, Qv ) if there exist
a compact subset K C Y, and a diffeomorphism T : T X (R,00) — Y \ K for some R > 0 such
that

IVF(X*(wy) — wv)lgy = O "), and (3.33)
IVE(T*(Qy) — Qv)|gy = O ) asr — oo and for all k > 0. (3.34)
Here V and | - | are computed using the cone metric gy .

Similar asymptotic conditions on gy and Jy can be deduced from (3.33) and (3.34). The
coordinates T and Y’ are equivalent if and only if |[V*(Y — Y’)|,, = O(r**17F) as r — oo and
for all £ > 0.

Remark If Y is an AC Calabi—-Yau m-fold which is not a C™, then Y can only have one
end, or equivalently, the link T" is connected. One can show this by using the Cheeger-Gromoll
splitting theorem (see for example [3, §6.G]). Suppose Y has more than one end. AsY is complete
and Ricci-flat, Cheeger-Gromoll splitting theorem tells us that we can always split off a line so
that Y is isometric to a product N x C, where C carries the Euclidean metric. Now, either IV is a
flat C™~!, in which case Y = C™, or N has nonzero curvature at some p € N, in which case the
curvature of N x C is of order O(1) as we go to infinity in {p} x C. But then this contradicts the
AC condition which requires the curvature to decay at O(r~2). Therefore Y cannot have more

than one end, and so from now on, we shall always take the link I'" to be a compact, connected
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(2m — 1)-dimensional Sasaki-Einstein manifold.

Unlike the conical singularity case, [T*(wy) — wy] and [Y*(Qy) — Qy] need not be zero co-

homology classes. Here are some conditions:

Lemma 3.26  Let (Y, Jy,wy,Qy) be an AC Calabi-Yau m-fold with rate A < 0 modelled on
Calabi-Yau cones (V,Jy,wy,Qv). If A < =2 or H*(I,R) = 0, then [Y*(wy) — wy]| = 0. If
A< —m or H*(T',C) =0, then [T*(Qy) — Qy] =0.

The proof of it is similar to that of Lemma 3.22, except we now have O(r**2) for the integral
of the difference of symplectic forms and O(r**™) for the holomorphic (m,0)-forms. Hence if
A < —2, the integral approaches 0 as r — oo, which implies [T*(wy) — wy] = 0. The same

argument applies to the holomorphic (m, 0)-forms.

We shall normally consider the case A < —2, so that T*(wy) — wy is always exact. More-
over, when \ < —2, the proof for the analogue of Darboux Theorem works similarly to that
for the conical singularities case. It is not clear whether the theorem holds for A\ > —2 and

[T*(wy) —wy] = 0 or not.

Theorem 3.27  Let (Y, Jy,wy,Qy) be an AC Calabi-Yau m-fold with rate A < —2 mod-
elled on Calabi-Yau cones (V, Jy,wy,Qyv). Then there exist a R’ > 0 and a diffeomorphism
YT x (R,00) — Y\ K such that (Y')*(wy) = wy and [VF((Y)*(Qy) — Q)| = O F)
for all k > 0.

One can prove it in the same way as the proof of Theorem 3.24. The condition on the rate
A is essential for this proof to work. Since |m],, = O(r?), we need A < —2 to construct the
1-form o. Moreover, in proving Theorem 3.24, we encountered the norm of 7g(v,r) w.r.t. the

fixed metric: |1 (y, ) 72|10(7,7)|gv , which is equal to O(r**+2) in this case. Therefore

|gv\rx{1} =
we need A < —2 in order to have 179 — 0 as r — oc.

Examples 3.28 Let G be a finite subgroup of SU(m) acting freely on C™ \ {0}, and (X, )
a crepant resolution of the Calabi-Yau cone V' = C™/G given in Example 3.18. Then in each
Kaéhler class of ALE Ké&hler metrics on X there is a unique ALE Ricci-flat Kéahler metric (see
Joyce [26], Chapter 8) and X is then an AC Calabi—Yau m-fold asymptotic to the cone C™/G.
In this case, it follows from [26, Thm. 8.2.3] that the rate A is —2m.

If we take G = Z,, acting on C™ as in Example 3.18, then a crepant resolution is given by
the blow-up of C™/Z,, at 0, which is also the total space of the canonical line bundle K¢pm-1
over CP~1. An explicit ALE Ricci-flat Kihler metric is given in [10, p.284-5] and also in [26,
Example 8.2.5]. We have seen this in Example 2.6.

Examples 3.29  Consider the Calabi-Yau cone V = {2 + 22 + 22 + 22 = 0} described in
Example 3.19. As we have discussed in Chapter 1, manifolds with such kind of singular points are
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known as conifolds, and there are two different ways of repairing the singularities, corresponding
to two kinds of AC Calabi-Yau manifolds. The first one is called the small resolution of V', given
by

V= {((217...,24), [wi,ws]) € C* x CP! : 2ywy = 24wy, 23wy = zzwl}.

It is essentially isomorphic to the normal bundle O(—1) & O(—1) over CP! with fibre C?, and
is also isomorphic to V away from the origin where it is replaced by the whole CP'. Note that
one can obtain a second small resolution by swapping z3 and z4 in V. Candelas and de la Ossa
[11, p.258] constructed Calabi—Yau metrics on V, and it is an AC Calabi-Yau 3-fold with rate —2.

The other is known as the deformation or smoothing, where V is deformed to Q. = {2% +
23 + 22 + 23 = €} with € a nonzero constant. This has the effect of replacing the node by an S3.
We have seen this in Example 2.7, in which we mentioned that the cotangent bundle T*S3 of S°
can be identified with @1, or @, and there is a symplectomorphism which identifies the stan-
dard symplectic form on C* restricted to Q. and the canonical symplectic form on the cotangent
bundle T*S53 of S3. More importantly, Stenzel [48, p.161] constructed a Calabi-Yau metric on
Q. whose Kéhler potential has to satisfy a certain ordinary differential equation. Thus @, or
equivalently 7%S3, is an AC Calabi-Yau 3-fold (with rate A\ = —3). More details will be given
in §4.6 of Chapter 4.

Examples 3.30 Calabi [10, p.284-5] constructed a 1-parameter family of AC Calabi-Yau
metrics on the canonical bundle Kg of any Kéhler-Einstein (m — 1)-fold S with positive scalar
curvature, so that Kg is an AC Calabi—Yau m-fold modelled on the Calabi-Yau cone Kg \ S
with rate A = —2m.

For the case in Example 3.20 (i), the O(—2, —2)-bundle is AC Calabi—Yau asymptotic to the
cone O(—2,—-2)\ (CP* x CP!) with rate —6.

Note that if we take S = CP™~!, then we recover the case in Example 3.28 with G = Z,,,.

3.4 Calabi—Yau desingularizations

This section studies desingularizations of a compact Calabi—Yau 3-fold M, with conical sin-
gularities using an AC Calabi—Yau 3-fold Y; with rate A\; for i = 1,...,n. We shall only treat
the simplest case here, in which A\; < —3 so that T;i(t?’QYi) — Qy, is exact by Lemma 3.26. We
explicitly construct a 1-parameter family of diffeomorphic, nonsingular compact 6-folds M; for
small ¢ in §3.4.1. Then in §3.4.2 we construct a real closed 2-form w; and a complex closed 3-form
Q; on M, and show that they give nearly Calabi—Yau structures on M; for small enough ¢. Sec-
tion 3.4.3 contains the main result of this chapter, in which we show that the nearly Calabi—Yau
structure (wy, ;) on M; can be deformed to a genuine Calabi—Yau structure (&, Qt) for small
t by applying Theorem 3.14. Finally in §3.4.4, we apply our result to some examples studied

before. We shall also discuss the case when \; = —3.
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3.4.1 Construction of M,

Let (Mo, Jo,wo, Qo) be a compact Calabi—Yau 3-fold with conical singularities x; with rate v
modelled on Calabi-Yau cones (V;, Jy,,wy,,Qy,) for i = 1,...,n. By Theorem 3.24, there exists
an € > 0, a small open neighbourhood S; of z; in My and a diffeomorphism ®; : T'; x (0,¢) —
Si \ {z;} for each i such that ®;(wg) = wy;.

Let (Y, Jy;,wy;, {ly;) be an AC Calabi-Yau 3-fold with rate A\; < —3 modelled on the same
Calabi-Yau cone V;. Theorem 3.27 shows that there is a diffeomorphism Y; : T'; x (R, 00) —
Y; \ K; for some R > 0 such that

Ti(wy,) =wy, and |[V*(Y}(Qy,) = Q,)lg, =0 F)

gv; —

as r — oo for all £ > 0. We then apply a homothety to Y; such that
(YivJﬁv“)YmQYi) — (Y3, ‘]YivtzwythQYi)'

Then (Y;, Jy,, tPwy,, t3Qy;) is also an AC Calabi-Yau 3-fold, with the diffeomorphism Y;; :
I; x (tR,00) — Y; \ K; given by

Tt;i (77 T) = Tl(’yv t_1T>.

Our goal is to desingularize (Mo, Jo,wo, Qo) by gluing (Y, Jy,, t2wy,, t3Qy,) in at x; to produce

a family of compact nonsingular Calabi—Yau 3-folds.

Fix a € (0,1) and let ¢ > 0 be small enough that tR < t* < 2t® < e. Define
P ;=KUY ;(I'; x (tR,2t*)) CY; and

Qi = Mo\ | ®i(T'i x (0,t%)) € My
i=1
The diffeomorphism ®; o T;ll identifies Yy ;(I'; x (¢%,2t*)) C Py; and ®;(I'; x (t*,2t%)) C Q4,
and we define the intersection P, ;N Q; to be the region Yy ;(T'; x (%, 2t%)) = &,;(T; x (%, 2t%)) =
I; x (t*,2t*). Define M, to be the quotient space of the union (|J!_; P;;) U Q¢ under the equiva-
lence relation identifying the two annuli Y ;(T'; x (¢, 2t%)) and ®,(T; x (t*,2t¥)) fori =1,...,n.

Then M, is a smooth nonsingular compact 6-fold for each t.

3.4.2 Nearly Calabi—Yau structures (w;,(2;): the case \; < —3

In this section we construct on M; a real closed 2-form w; and a complex closed 3-form €,

and show they together give nearly Calabi—Yau structures on M; for small enough t. Define

wo on Qy,
we =

t2wy, on P;fori=1,...,n.
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This is well-defined as ®}(wo) = wy, = Y} ,(t°wy,) on each intersection P;; N Q; by Theorem
3.24 and 3.27. Thus w; gives a symplectic form on M;.

Let F : R — [0,1] be a smooth, increasing function with F(s) =0 for s <1 and F(s) =1
for s > 2. Then for r € (tR,¢e), F(t7“r) =0 for tR < r <t* and F(t%r) =1 for 2t* <r < e.
We now define a complex 3-form on M;. From (3.24), we have |®} () — Qv; |4, = O(1”). As

v > 0, it follows that ®} () — Qy; is exact, and we can write
7 (Q0) = Qv; +dA; (3.35)
for some complex 2-form A;(vy,r) on I'; x (0, €) satisfying
\VkAi('y,r)\gvi =O0@" %) asr — 0 forall k> 0. (3.36)

The case k = 0 follows by defining A; by integration as in Theorem 3.24. Similarly, as we have
assumed \; < —3 to simplify the problem, the 3-form Y7 (Qy;) — Qy; is exact by Lemma 3.26 and
we can write

T (Qy,) =Qy, +dB;
for some complex 2-form B;(vy,r) on I'; x (R, 00) satisfying
|VkBi(’y,r)|gVZ = 0@ N TR asr — oo and for all k > 0.

Then we apply a homothety to Y; and rescale the forms to get B;(vy,t~1r) on I'; x (tR, o0) such
that

Y;(t*Qy,) = Qu, +t2dBy(v,t ') (3.37)
and
IV*Bi(y,t7'7) gy, = O™ 72721 7F)  for # > tR and for all k > 0. (3.38)

Define a smooth, complex closed 3-form €; on M; by

Qo on Q\ [(UiL; Pri) N Q.
Qe = Qu, +d[F(t7or)Ai(v,r) + 3(1 = F(t=r))Bi(,t7'r)] on P, NQy, fori=1,...,n,
t3Qy, on P\ (PiNQy) fori=1,... ,n.
(3.39)

Note that when 2¢t* < r < e we have F(t~%r) = 1 so that Q; = ®(Qp) by (3.35), and when
tR <1 < t* we have F(t~%r) = 0, so that €, = T} ;(¢*Qy,) by (3.37). Therefore, Q; interpolates
between @7 (Qo) near r = e and Y;,(t*Qy,) near r = tR.

Recall that if we get a real closed 2-form w and a complex 3-form 2 which are sufficiently close
to the Kéhler form @ and the holomorphic volume form 2 of a Calabi-Yau structure respectively,
then Proposition 3.6 tells us that (w,)) gives a nearly Calabi—Yau structure on the manifold.

Making use of this idea, we have

Proposition 3.31  Let My, wy and Q be defined as above. Then (wy, ) gives a nearly Calabi—

Yau structure on My for sufficiently small t.
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Proof. We only have to prove the statement on each P, ; N Qy, as (M, wy, Q) is Calabi-Yau on
P\ (PiN Q) and on Qy \ [(U;_; Pr,i) N Qy, and hence is nearly Calabi-Yau. We prove it by
applying Proposition 3.6, that is, we show on each P, ; N Q; that (w, ;) is sufficiently close to
the genuine Calabi-Yau structure (wy;, Qy; ) coming from the Calabi-Yau cone V; for small ¢. We
choose to compare with (wy;, y;) rather than either of the Calabi—Yau structures (wo, {2g) and
(Pwy,, t3Qy,) on P;; N Qy since we have already got bounds on norms for various forms w.r.t.

the cone metric gy,. Now w; = wy; on P;; N Qy, while
Q —Qy, = d[F(t_o‘r)Ai(’y, r)+ t3(1 — F(t~“r))Bi(y, t_lr)] on P;NQ,
by (3.39). Calculation shows that
(R — Q) (7. 7)lgy, = O M=)+ 0(™)  for r € (%, 2t%), (3.40)

and hence [Q; — Qv,|g,, < Cot” where Cy > 0 is some constant and v = min(—\;(1 — a), av).
Hence Proposition 3.6 applies with € = Cpt” if ¢ is small enough such that Cyt? < €, and so
(wt, ) gives a nearly Calabi-Yau structure on P, ; N Q. This completes the proof. O

Therefore we can associate an almost complex structure J; and a real 3-form 65 , such that
Q; == Re(%) + i, is a (3,0)-form w.r.t. J;. Moreover, we have the 2-form wj, which is the
rescaled (1,1)-part of w; w.r.t. Ji, and the associated metric g; on M;. Following similar argu-

ments to Proposition 3.6, we conclude that [g: —gv; |4, = Ot =N OtY) = |g; ' — gy lgv, -

3.4.3 The main result

We are now ready to prove our first main result in this thesis: the desingularization of com-
pact Calabi—Yau 3-folds My with conical singularities in the simplest case \; < —3, assuming the
existence of singular Calabi—Yau metrics on them. We prove it using Theorem 3.14, the analytic

existence result for genuine Calabi—Yau structures.

Theorem 3.32  Suppose (My, Jo,wo, Qo) is a compact Calabi-Yau 3-fold with conical singu-
larities x; with rate v > 0 modelled on Calabi-Yau cones (Vy, Jv,,wv,, Qv,) fori=1,...,n. Let
(Y3, Jy,, wy,, Qy,) be an AC Calabi—Yau 3-fold with rate \; < —3 modelled on the same Calabi-
Yau cone V;. Define a family (My,wt, %) of nonsingular compact nearly Calabi—Yau 3-folds, with
the associated metrics g, as in §3.4.1 and §3.4.2.

Then M, admits o Calabi-Yau structure (Jp, &, Q) such that ||@; — willco < Kt* and
Hflt — Qllco < Kt* for some k, K > 0 and for sufficiently small t. The cohomology classes
satisfy [Re(Q)] = [Re()] € H3(M;,R) and [wy] = ¢ [@] € H2(M;,R) for some ¢; > 0. Here
all norms are computed with respect to g;.

Proof.  First we estimate the norms of w; —w; and Im(Q;) — 05, = Im(€2;) — Im(2}) on each
P, ;N Qy, as in part (i) of Theorem 3.14. Since w; depends on Re(€;) and w; (= wy, on P, NQy)
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on Re(Qy,), it follows that

A

|wt - w1/£|gt

< Cilwr — wilgy, < C2Re(%) — Re(Q;)
_ O(t_/\i(l_a))-i-O(tow)

g, < C2lQ —Qy,

gv;

for some constants C7,C5 > 0 and hence
Jlwr —willo = O =) 4+ O(F"). (3.41)
From the fact that vol(P;; N Q;) = O(t°*), we have
lwr = willz = O@%7?) - [lwy = willco = O =) L O+ ). (3.42)
Furthermore,

Im () — Im(2})]g, < C3 [Im(2e) — Im ()] gy,

< C3 [Im() — Im(Qw;) gy, + C3 [Im(Q;) — Im() g,
Cs | — Qvilgy, + Ca|[Re(Qv;) — Re(Qt)] g,
Ot~ =)y L O(t*)

A

for some constants Cs5,Cy > 0, as Im(Qy;) is determined by Re(Qy,) and Im(£;)" by Re().
Therefore,

Tm(Q) — Im(€))[|co = O 7)) + O(t*) (3.43)
and

[T (€) — Im(Q) || 2 = O3 (=) L o(g3ater), (3.44)

It can be deduced from (3.39) and (3.40) that |V9 (2 — Qy; )|y, = Ot (=¥ =2) L O(tov =)
and [(V9)2(Q — Qv)|g, = O (=) =20) 1 O(1*¥=2%) which imply the equalities

199 (@i = whlleo = O N0==2) 4+ Ot —) (3.45)
and
1(V9)? (@ = wp)lloo = Ot A= =20) L O =2, (3.46)
Then the L'2-norm satisfies

V9 (wr — w)[[piz = O@*12) - || V9 (wy — wp) | co
= O(t~ MU=y L ot~ t+a), (3.47)

Finally, we estimate the L'2-norms of V9%w; and V9 Re(£2;). Note that
(VIwilg, < C5 (VI = V&V )w gy, + Cs5 [V&Viwylgy, = C5 (VI = VI )w, g,

for some constant Cs > 0, as w; = wy; on P, ; N Q¢ and V9iwy, = 0. Then

IN

(V9 wilg, < C5| (VI — v!]vi)‘gw ) |Wt|gvi

A

3 _
=35 Cs |gq 1|gvi '|vgv"9t‘gvi ) |Wt|gvi by (3.20)

Cs|Vi (gt — gvi)lgy, as VVigy, =0.
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Here Cp is an upper bound for £ Cs [g; | gv, * |wtlgy, which is independent of ¢. It follows that
[Vl = O(FH0=)=) 1 O,
and consequently
V9w, ||z = O~ 2~ N0=0)) L o= 5+v), (3.48)
A similar argument shows
|97 Re(@) |2 = O(FF-N0-0)) 4 O~ F+av), (3.49)

Now for parts (i) to (iii) of Theorem 3.14 to hold, we need:

“Ai(l—a) >k, av>xk from (3.41) and (3.43),

3a—XN(1—-—a)>3+k, 3a+av>3+k from (3.42) and (3.44),

- XN(1l-a)>2—3+kr —S+ar>—1+r from (3.47), (3.48) and (3.49),
Al—a)—a>k-1, av—a>k—1 from (3.45),
“A(l—a)—2a>Kk—-2, av—2a>k—2 from (3.46).

Observe that the second set of inequalities imply all the others, as @ < 1. Therefore, calcu-
lations using these two inequalities show that there exist solutions o € (0,1) and x > 0 for any

v > 0 and \; < —3. For example, we could take

a:;@iz) €(0.1) and w=min((1-a)(=3 )., (1= a)(-3 =), 5) > 0.

For parts (iv) and (v) of Theorem 3.14, note that under the homothety gy, — t2gy, on the
AC Calabi-Yau 3-fold Y; we have 6(t2gy.) = t §(gy;) and ||R(t2gy;)||co = t~2||R(gy;)

over, the dominant contributions to §(g;) and ||R(g;)||co for small ¢ come from §(t?gy,) and

co. More-

|R(t%gy,)|lco which are proportional to ¢ and t~2. Thus there exist constants E3, F; > 0 such
that (iv), (v) of Theorem 3.14 hold for sufficiently small ¢. Hence by Theorem 3.14, M; admits a
Calabi-Yau structure (J;, &y, ;) such that |&; — wy|lco < Kt® and [|[Q — Qo < Kt* for some
Kk, K > 0 and for sufficiently small ¢.

Finally, the cohomology condition in Theorem 3.14 holds automatically here. This can be

seen by applying the following lemma:

Lemma 3.33  Let (Y, Jy,wy,Qy) be an AC Calabi-Yau m-fold with rate A < 0 modelled on
a Calabi-Yau cone (V, Jy,wy,Qy) with link T'. Then'Y has holonomy {1}, or Gx Sp(m/2) for

some finite group G and m even, or SU(m).

Remark A related argument in the ALE case is given by Joyce [26, Thm. 8.2.4] in which he
shows that Hol(gy ) = SU(m) when Y is the crepant resolution of the Calabi-Yau cone C™/G
for a finite subgroup G of SU(m) acting freely on C™ \ {0}.

Proof of Lemma 3.33.  First of all, we show that the universal cover ¥ of Y is also AC, and
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then we exclude the reducible holonomy groups of Y except {1} and use Berger’s holonomy clas-
sification on Y to show the lemma. We have the compact subset K C Y, and a diffeomorphism
T:T x (R,00) — Y \ K. Since I' is a compact manifold with positive curvature Einstein
metric, its fundamental group 71 (T") is finite (see [3, cor. 6.67]). Denote by 7 the covering map
7:Y — Y, and K the preimage 7 1K) in Y. Then Y \ K is some number (possibly infinite)
of copies of I x (R, c0), where IV is some connected cover of I'. But I must be a finite cover of
T, say a k-fold cover, as T" has finite fundamental group, so it is compact, and IV x (R, 00) is an
AC end. The remark after Definition 3.25 now shows that Y can have only one end, so Y is AC
asymptotic to IV X (R, c0), and is a finite k-fold cover of Y.

Now the universal cover Y is AC. If the holonomy of Y is reducible, then either it is {1} in
which case Y is a C™, or Y is isometric to a product. We claim that in this case Y can be writen
as Y = W x X where W has nontrivial holonomy and X is noncompact. To see this, since Y
is not a C™, so one of W and X has nontrivial holonomy, and since Y is noncompact, so one
of W and X is noncompact. By considering the cases (a) W = CF for some 1 < k < m — 1;
(b) W has nontrivial holonomy and is compact; (¢) W has nontrivial holonomy and is noncom-

pact, and same for X, it is not hard to see that, swapping W and X if necessary, the claim is true.

We now take w € W with nonzero curvature R,,, which is possible as W has nontrivial
holonomy. Consider {w} x X in Y, then the curvature of of W x X is of order O(1) as we go to
infinity in {w} x X since X is noncompact, but this contradicts the AC condition of ¥ which re-
quires the curvature to decay at O(r~2). Therefore we have excluded reducible holonomy groups
for Y except {1}, and hence by Berger’s classification, the possibilities for holonomy of Y are
SU(m), Sp(m/2) and {1}. Then the holonomy of our AC Calabi—Yau m-fold Y is either SU(m),
G x Sp(m/2) for G a quotient group of the finite covering group of 7 : ¥ — Y, or {1}. This
completes the proof of Lemma 3.33. O

Now, back to the proof of Theorem 3.32, Hol(gy;) lies inside the holonomy group Hol(g;), as
g+ equals gy, on appropriate region of M;. Thus Lemma 3.33 implies that Hol(g;) = SU(3) as
well. Since gy converges to ¢g; as t — 0, and since holonomy groups are semicontinuous under
limits, i.e. Hol(ggr%)gt) C 251(1) Hol(g:), therefore Hol(g;) must be the whole SU(3). The first

cohomology group H'(M;,R) therefore vanishes for each sufficiently small ¢, and the theorem
now follows from Theorem 3.14. |

3.4.4 Conclusions
We conclude by applying the above result to some examples given in §3.3. First consider the

situation in Example 3.28 and take m = 3. Then the crepant resolution X of the Calabi—Yau
cone C3/G is an AC Calabi-Yau 3-fold with rate —6. Thus Theorem 3.32 applies and we can
desingularize any compact Calabi—Yau 3-fold My with conical singularities modelled on C3 /G, or
equivalently, any Calabi—Yau 3-orbifold with isolated singularities, by the gluing process. Note
that in general we have to assume the existence of singular Calabi—Yau metrics on manifolds
with conical singularities, but in the orbifold case, there is a result asserting the existence of
Calabi—Yau metrics: if M is a compact Kéhler orbifold with ¢y (M) = 0, then there is a unique
Ricci-flat Kéhler metric in each Ké&hler class on M (see for instance [26, Thm. 6.5.6]).



CHAPTER 3. DESING. OF CY 3-FOLDS WITH CONICAL SINGULARITIES 63

If we take G = Z3, a standard example of compact Calabi—Yau 3-orbifold with isolated
singularities is given in [26, Example 6.6.3]. Define a lattice A in C3 by

A=7°® (7% = {(a1 + b1, az + b2, ag + b3() : a;,b; € Z}

where ¢ = —1 +i§ = €2™/3 denotes the cube root of unity. Let T° be the quotient C3/A, with
a flat Calabi-Yau structure (J,w, Q). Write points on T as (21, 29, 23) + A for (21, 22, 23) € C3.
We can also regard T° as the product of three 7%’s where each T? is the quotient C/(Z @ (Z).

Define an action generated by ¢ on T by
C : (Zla 22, 23) + A— (Czla CZ%CZB) + A.

This (-action is well-defined, as ¢ - A = A. The group Z3 = {1, ¢, (?} is a finite group of automor-
phisms of T, preserving the flat Calabi—Yau structure on it. Thus the toroidal orbifold 7°/Zj3 is
a Calabi-Yau 3-orbifold, which can also be expressed as C3/A, where A is the group generated
rotations by ¢ and translations in A. Write points on T°/Z3 as Zs3 - (21, 22, 23) + A.

In each T2 there are three fixed points of ¢ located at 0, % + 2\1/5, ﬁ The element ¢2 = (!

clearly has the same fixed points. Altogether the orbifold 7 /Z3 has then 27 isolated singularities.

Note that % + Q\i/g = % — ¢, so we write the 27 fixed points on 7° as

i 2
c1,¢9,¢3)+AN:ci,e0,c3€ 40, —,—1} ¢ .
{( 1,C2,C3) 1,€2,C3 { NCRVE }
Now these singular points are locally modelled on the Calabi—Yau cone C3/Zs, thus making the
orbifold T%/Zs3 a Calabi—Yau 3-fold with conical singularities. Applying Theorem 3.32, we can
desingularize T°/Z3 by gluing in AC Calabi—Yau 3-folds Kcpz (with rate —6) at the singular
points, obtaining a Calabi-Yau desingularization of T°/Zs.

Now the Schlessinger Rigidity Theorem [47] states that if G is a finite subgroup of GL(m,C)
and the singularities of C™ /G are all of codimension at least three, then C™ /G is rigid, i.e. it
admits no nontrivial deformations. It can then be shown by using this rigidity theorem that if we
desingularize a Calabi-Yau 3-orbifold with isolated singularities modelled on C3/Z3 by gluing,
we shall obtain a crepant resolution of the original orbifold.

On the crepant resolution the existence of Calabi—Yau metrics is guaranteed by Yau’s solution
to the Calabi conjecture [52]. However, it does not provide a way to write down the Calabi—Yau
metrics explicitly, and so in general we do not know much about what the Calabi—Yau metrics
are like. But in the orbifold case, our result tells a bit more by giving a quantitative description
of these Calabi—Yau metrics, showing that these metrics locally look like the metrics obtained by
gluing the orbifold metrics and the ALE metrics on the crepant resolution of C3/G.

Our result can also be applied to desingularize compact Calabi-Yau 3-folds with conical
singularities modelled on the Calabi-Yau cone O(—2,—2)\ (CP! x CP!) by gluing in the AC
Calabi-Yau 3-fold O(—2, —2)-bundle with rate —6. Thus we could resolve a kind of singularity
which is not of orbifold type.



CHAPTER 3. DESING. OF CY 3-FOLDS WITH CONICAL SINGULARITIES 64

Theorem 3.32 deals with the simplest case \; < —3, and we shall extend it in Chapter 4 by
including the case \; = —3, so that the result can be applicable to a larger class of AC Calabi—Yau
3-folds.



Chapter 4

Desingularizations of Calabi—Yau
3-folds with conical singularities:

The obstructed case

In the last chapter we have developed an analytic tool to desingularize Calabi—Yau 3-folds
with conical singularities. There we used AC Calabi—Yau 3-folds Y; with rate \; < —3, and hence
[T :(t*Qy,)—Qy,] = 0 by Lemma 3.26. This chapter extends Theorem 3.32 to a more complicated
situation, in which we relax the assumption A; < —3 to allow A; = —3 and [}, (t*Qy,) —Qy,] # 0
in H3(T';,C). But the cohomology class [®*(£2g) —Qy,] is always zero by Lemma 3.22, so there are
cohomological obstructions to defining the closed 3-form Q; which interpolates between ®*({2g)
and Y} (t3Qy,). Thus allowing \; = —3 introduces global problems to our gluing method. More-
over, since we have now |Y;(t3Qy,) — Qy, g, = O(r=3), our definition of ; will contribute
O3 =) + O(t*) to the error, which is too large for parts (i)-(iii) of Theorem 3.14 to hold.

The method we use here is to replace the holomorphic (3,0)-form Qo on My by Qg + t3x,
where x is some closed and coclosed (2,1)-form with appropriate asymptotic behaviour, and
(@7 (x)] = [Y7;(£*Qy)] on H?(T;,C). We shall show in the following that such y exists and it

cancels out the O(t~37r3) terms such that Theorem 3.14 can handle the size of the error introduced.

As mentioned in the last chapter, we shall restrict ourselves to the case \; < —2 so that
T*(wy,) — wy, is always exact. Here we only make the improvement from \; < —3 to A < —3
since the case A € (—3,—2) will introduce extra terms which contribute errors that we cannot
cope with in our estimates later. This seems not a big step forward. However, there are some
examples of AC Calabi-Yau 3-folds with rate —3 and [Y7,(t*Qy,) — Qy;] # 0, so that our result
can be applicable to a larger class of AC Calabi—Yau 3-folds.

We begin in §4.1 by setting up notations and giving a brief account of why a (2,1)-form is
needed for our construction. Section 4.2 provides a detailed discussion on the analytic theory of
Weighted Sobolev spaces due to Lockhart and McOwen [39]. In §4.3, we apply materials in §4.2

to construct our desired (2,1)-form on My. We then glue Y;’s into My, constructing the nearly

65
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Calabi—Yau structures in §4.4, as in Chapter 3. Section 4.5 gives the main result on Calabi—Yau
desingularization when \; = —3 which generalizes the result in Chapter 3.

In contrast to Chapter 3, where the desingularization result is local, there are global topolog-

ical conditions for the desingularization to be possible, which can relate different singular points.

In the last section we focus on some singular Calabi-Yau 3-folds where the singularities are
known as the ordinary double points. Unlike the orbifold case we discussed in last chapter, we
shall assume the existence of singular Calabi—Yau metrics on compact complex 3-folds with or-
dinary double points, as we do not currently know any existence result of Calabi—Yau metrics on
such kind of manifolds. The desingularization of Calabi—Yau 3-folds with ordinary double points
belongs to the case A; = —3, as the AC Calabi-Yau 3-folds Q. have rate —3. After construct-
ing a nice coordinate system on ., we apply our main result to repair ordinary double points.
We conclude by showing that our result is in some way equivalent to Friedman’s result [16] on
smoothing ordinary double points, hence providing another analytic proof of a known result in

algebraic geometry.

4.1 The geometric set-up

We shall consider the following situation. Let (My, Jo, wo,$2) be a compact Calabi—Yau
3-fold with finitely many conical singularities at z1,...,x, with same rate ¥ > 0 modelled on

Calabi-Yau cones Vi,...,V,. Write M = My \ {x1,...,2,}. For simplicity we suppose M| is

connected. Denote by I'y,..., T, the links of Vi,...,V,,. As was discussed in the remark after
Definition 3.25, we take I'y, ..., T, to be connected. For i = 1,...,n and some small € > 0, there
should exist an open neighbourhood S; of x; such that the closures Si,...,5, are disjoint in Mj.

By Theorem 3.24, there should exist a diffeomorphism ®; : I'; x (0,e) — S; \ {z;} such that

@} (wo) = wy; and [V*(®@] () — Qv;)

o, = 00" ™) (4.1)

forte=1,...,nand all £ > 0.

Let (Y3, Jy,,wy;, Qy,) be AC Calabi-Yau 3-folds with rates A\; = —3 modelled on the same
cones V;. Then there should exist a compact subset K; C Y; and, by Theorem 3.27, a diffeomor-
phism Y; : T; x (R,00) — Y; \ K; for some R > 0 such that

T (wy,) =wy; and |[V*(T(Qy,) = Qv;)lgy, = O™ )

fori=1,...,n and all k > 0. Suppose there is a closed homogeneous (2,1)-form &; of order —3

on V; with wy, A& =0, and a diffeomorphism T; such that
T} (wy,) = wy, and [VH(T7(Qy,) = Qu; = &)lgy, = O(H ") (4.2)

fori = 1,...,n, A} < —3 and all k¥ > 0. We shall see the meaning of a homogeneous k-form
of order « in the beginning of §4.2.2. The point of this condition is to give a nice coordinate
system on Y; so that (wy.,Qy,) can be written as (wy,,Qy, + & + O(r*)) on V;. Note that
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the term O(r*i) for A, < —3 is an exact 3-form as it decays faster than O(r~3), so we have
(&) = [T7(Qy,) — Qv,] € H3(T;,C), and P, [&] € D), H*(I';,C). We shall assume the
existence of such a &; throughout the chapter, and will justify this when we apply our result to

desingularize Calabi—Yau 3-folds with ordinary double points in the last section.

We would like to construct a closed (2,1)-form x with the properties that wg A x = 0 and
127 (x) — &ilgy, = O(r=3%9) for some small § > 0. The reason for using such a (2,1)-form is that
the change of the Calabi-Yau structure (wp, Qo) — (wo, Qo + x) is a deformation of Calabi-Yau
structures to first order. Here is a way to see this: Suppose (J,w,2) is a Calabi-Yau structure
and (J',w, ) is a nearby Calabi—Yau structure with the same Ké&hler form w. From the fact
that the tangent space of the set of (3,0)-forms w.r.t. some complex structures is the space of
(3,0)-forms and (2,1)-forms, we have ' = Q+ (3,0)-piece + (2,1)-piece to first order. We can
just write Q' = Q+ x for a (2,1)-form Y if there is no rescaling of 2 involved. Since (J,w, () and
(J',w, Q) are Calabi-Yau structures, so w AQ =0 and w A Q' = 0. Then w A (2 + x) =0, and
it follows that w A x = 0, which is why we want the (2,1)-form y to satisfy wo A x = 0.

The advantage of adding a trace-free (2,1)-form x to o is that it introduces a torsion to
(wo, Q0+ x) of order O(|x|?), rather than O(|x|). It will turn out in §4.5 that the effect of having
the term O(|x|?) will change a O(t3r=3) term to a O(t57~°) term which will be a small enough
error to apply our result.

Observe from (4.2) that (Jy,,wy;,Qy;) and (Jy;,wy;,Qy;) are two Calabi-Yau structures
“close” to each other for large 7, with T#(wy,) = wy, and T¥(Qy,) = Qu, + & + O(r*). The
argument before then shows that (wy,, Qv,) — (wv;, Qv;, + &) is a change of Calabi-Yau struc-
tures to first order, which implies that &; is of type (3,0) and (2,1) with wy, A& = 0. Thus (4.2)

is consistent with what we have assumed on &;.

To construct the (2,1)-form x we have to do some analysis on M}, which takes up sections
§4.2 and §4.3. We will be first showing that there exists a closed complex 3-form x’ on M{) with
the prescribed asymptotic behaviour under the condition that @?:1 [¢;] lies in a certain subspace
of @®;_, H3(;,C). We then project x’ to its “trace-free” (2,1)-component (see §4.3) to obtain

our desired y.
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4.2 Analysis on Calabi—Yau 3-folds with conical singulari-

ties

The principal analytical tool we shall be using to construct the (2,1)-form x is the theory of
weighted Sobolev spaces on manifolds with ends due to Lockhart and McOwen [39], particularly
the Fredholm properties of the linear elliptic operators d + d* and dd* + d*d on differential forms
on the noncompact Calabi-Yau 3-fold M.

It is known that on compact manifolds, elliptic operators such as d + d* and dd* + d*d have
good regularity properties and they are Fredholm maps between appropriate Sobolev spaces,
which are therefore useful tools in problems involving elliptic operators on compact manifolds.
Now as M is noncompact, the Sobolev spaces do not have such kind of properties, and it suggests
that these spaces are not good choices of Banach spaces for studying elliptic operators on M.

Instead, it turns out to be helpful to introduce the concept of weighted Sobolev spaces.

4.2.1 Weighted Sobolev spaces

As the central object in this chapter is a Calabi—Yau manifold, it is enough for us to consider

even dimensional manifolds in the following sections.

Definition 4.1 Let (M, g) be a compact Riemannian 2m-fold with finitely many conical singu-
larities at x1,...,2,. That is, there are Riemannian cones V; 2 T'; x (0,00)U{0} fori=1,...,n
with T'; (identified with T'; x {1}) compact, small open neighbourhoods S; of z; in M, and
diffeomorphisms ®; : T'; x (0,€) — S; \ {z;} such that

V5 (@} (9) — gv)

gv, = O(r”*k) asr — 0 and for all £k >0

for some rate v > 0 for all i, where r is a coordinate on (0,¢€), gv, = 7gv,|r,x{1} + dr? is the

cone metric on V; and V is the Levi-Civita connection of gy;,.

Write M = M \ {x1,...,2,}. Define a radius function p on M’ to be a smooth function
p: M’ — (0,1] such that ®;(p) =r on I'; x (0,5¢) fori =1,...,nand p=1on M\, S;.

Essentially it measures the distance to the singular points. Radius functions always exist.

For 3 € R, the function p? is well-defined and smooth on M’ , and equals to p(y)” for
yeSi\{z;},i=1,...,n,and 1 fory € M\J]_, S;. Note that in our case, we will only consider

the same power 3 of p for each i.

Now we are going to define the weighted Sobolev spaces of complex k-forms on M’. Let
A(’ET*M " be the vector bundle of complex k-forms on M’, equipped with the metric g and the
Levi-Civita connection V. For p > 1, [ > 0 and § € R, we define the weighted Sobolev space
Lfﬂ(A(’éT*M’) to be the set of complex k-forms  on M’ that are locally integrable and [ times
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weakly differentiable, and for which the norm
1/p

!
H77||LLP’[, = Z/M/ |p PHINIn|P p=2madV (4.3)
=0

is finite. Then LﬁB(A(’ET*M’) is a Banach space, and LEB(A(]ET*M’) a Hilbert space. Note that
the norm is defined in a way similar to the usual Sobolev norm, with an addition of a weight
p~BPtir=2m  The idea of this is an element 7 in L} s(AET*M') is a L} k-form on M’ which
decays at most like p” near z; as p — 0, and thus the index 3 € R can be interpreted as an order
of growth. Moreover, V71 decays at most like p®~7 near x; for j = 1,...,1. As a vector space
of forms, Lf’) ﬂ(A(’éT*M ") is independent of choice of radius function p, and all choices of p give

equivalent norms.

It is often important to know for which rate 3 the L{ s-norm equals the standard LP-norm of
forms on M. Note that from (4.3), the rate we need is § = —2m/p, and therefore

LY gy (AET* M) = LP(AZT™M). (4.4)

We shall need the analogue of the Sobolev Embedding Theorem (Theorem 2.28) for weighted
Sobolev spaces, which is adapted from [39, Lem. 7.2]:

Theorem 4.2 (Weighted Sobolev Embedding Theorem) In the situation above, suppose
Il >n >0 are integers, p,q > 1 and B,y € R. If}lJ < % + lz_—m" and either

(i) p < q with >, or

(i) q < p with B >,

then
LY y(AET*M") — L3 (AET*M')

18 a continuous inclusion.

We can also define weighted Sobolev spaces on AC Riemannian 2m-folds in a sense analogous
to Definition 4.1. However, we shall only treat it very briefly here since our main focus will be on
the case for conical singularities and we shall only need the analysis for AC Calabi—Yau 3-folds
in Theorem 6.10 later.

Let (Y, g) be a complete, nonsingular Riemannian 2m-fold. Then Y is Asymptotically Conical
(AC) with rate A < 0 if there is a Riemannian cone V 2 T" x (0, 00) U{0} of dimension 2m with T’
compact and connected, a compact subset K C Y, and a diffeomorphism Y : I'x (R, 00) — Y\ K
for some R > 0 such that

IVF(Y*(g) — av)lgy = O(r**) asr — oo and for all k > 0,

where 7 is the coordinate on (R,o0), gv = r?gy|rxq1} + dr? is the cone metric on V and V

is the Levi-Civita connection of gy. Define a radius function p on Y to be a smooth function
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p:Y — [R,00) such that p = Ron K and T*(p) = on I' x (2R, 0). Let ALT*Y be the vector
bundle of complex k-forms on Y, equipped with the metric g and the Levi-Civita connection V.
For p > 1,1 > 0 and 8 € R, we define the weighted Sobolev space Lﬁﬁ(AéT*Y) to be the set
of complex k-forms 7 on Y that are locally integrable and [ times weakly differentiable, and for

which the norm
1/p

1
lillg, = {32 [ 1o 90 p-2may
: =y
is finite. Then L?B(A(IET*Y) is a Banach space, and leﬁ(AféT*Y) a Hilbert space.

Generally speaking, the theory of weighted Sobolev spaces on AC manifolds is very similar
to that on manifolds with conical singularities, except that for some cases like the embedding
theorems, we have to reverse the directions of the inequalites involving the rates, e.g. we need
B <, B <~ for the AC version of Theorem 4.2.

4.2.2 d+ d* and dd* + d*d on manifolds with conical singularities

Next we discuss the analysis of the elliptic operators d + d* and dd* + d*d on manifolds with
conical singularities. In the situation of §4.2.1, suppose M is a compact complex manifold of real

dimension 2m with conical singularities, we are interested in studying the maps

(d+d*)f+1ﬁ : l+1 (ALT*M') — Lfﬁ J(AZT*M')  and

Aligp=(dd" +d"d)] 55 + Liss(ALT"M N — L] 5 o(ACT™ M').

for p>1,1> 0 and 8 € R. Here we denote by A:T*M’ the direct sum of spaces ART*M' for
k=0,...,2m.

To begin with, we shall study the operators
d+dy, : CPATV)) — C®(ALT*V]) and
Ay, =ddy, +dy,d : CCALTV]) — C®(A:T*VY)
on the Riemannian cone V; for each 1.

ForaeR, k=0,...,2mand i = 1,...,n, we say that a k-form 77}'€ on the Riemannian cone

V; is homogeneous of order « if
. . . ,
A A Y/ VN

for some k-form ~; and (k — 1)-form 4;_; on I';. We set 74, = 0 and §°; = 0 for all 7. It follows
that
|771ic|gv,i =0(r")
since
|71ic‘gvi =O(r*) and |5’i€—1|gvi = O(r—k+),
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We remark here that this definition is different from the usual sense of a k-form being homoge-
neous of degree p (meaning that the Lie derivative by r% is multiplication by p). A k-form being
homogeneous of order « in our sense is in fact homogeneous of degree o + k in the usual sense.
Write n! = Zimo n, € C(ALT*V/). Then 7' lies in the kernel Ker(d + dj,) of the operator
d+dy, if and only if dnj, +dj, nj o = 0 for k = 0,...,2m. On the other hand, 7’ lies in Ker(Ay,)
if and only if Ayl =0 for k = 0,...,2m, as Ay, takes k-forms to k-forms for k = 0,...,2m.
We now give a more explicit description of the kernels of these two operators for homogeneous
forms of order a:

Proposition 4.3 Letn} = r“+k’y,i+r"+k_1dr/\(5,i_1 be a homogeneous k-form of order a on the
Riemannian cone V] =T; x (0,00) for k=0,....2m,i=1,...,n, and for vi € C°(ALT*T;)
and 8, € C¥(AETYT*T;). Write )’ = Zk oM € C(ALT*V/). Then

(i) (d+di)n" =0 if and only if

D+ ity = (@ = b+ 2m = 2)3f. and

doj_y 4+ dp 6 = (+ k), fork=0,...,2m. (45)
(ii) Ay, n* =0 if and only if

AF?’Y’i =(a+k)(a—k+2m— 2)’y,.i€ +2do;_ 4, .and (46)

Ar, 6y 1 = (a—k+2m)(a+k—2)0;,_ + 2dp, vy
fork=0,...,2m
Here df., and Ar, = ddy., + df.,d are computed using the metric gy, |r,x {1}
Proof. Direct computation shows:
dni = (o + k)yro ™= Ydr i 4 roTFdyl — ot ldr A dS_ (4.7)

*thn,i = (a+ k)erﬂkk*z T, ’y,i + (fl)kﬂrzm*o‘*k*‘gdr A *I‘id’)/]i

_ 7,2m+o¢7k72 *Fi da]zc_l

dxy,dni = (o + k)r?mTo=F=2q 4 i
+ (a+k)2m + o —k — 2)r* T =3 dr A xp i
+ (=D p2mta=k=3qp A dsp, dyi — r2mHOTR 20 Aot
— @2m+a—k—2)r¥™ e 30 A xp,dot

sy dry,dn = (1) (a + k)ro 2 de A sr,d s, vy,
+ (=D)*CMIR (0 4 k) (2m 4+ o — k — 2)roth240
+ (=D)Froth =2 g dp, dyl
+ (=1)2m iR et =S g A kg d e, A6y
- (-1)

DFECM=1=K) (9, 4+ o — k — 2)roTF2450 .
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Hence with df. = (=1)% sp, d*p, on k-forms and dj, = — v, d*y, (since dimg I'; = 2m — 1 and
dimg V; = 2m)

i dnfy = — (o + k)r*t*=3dr A d} A
— (@ +E)2m+a—k—=2)r* T2y 4 o2 dy
+ RS dr A dfdéj_y + 2m+a—k— 2)r T 2dg . (4.8)

Analogously

j k, 2m+a—k—1 i 2mta—k ;
sy = (1) O e Awp g+t e, 0y

dxy,mi = (=1)FHp2mto=k=lgr A dxp, ~L
+ 2m+ o — k)yrPmre R lae Asp 68 4 o Rd e 58
sy diy gy, = (=) g dr,
+ (_1)(k—1)(2m—k)(2m +oa— k)ra+k—25]i€71

+ (—1)2m—ktlpatk=3gp A s d xp, 6L,
Thus
v = rO‘J”“_zd;ﬂ,’; — 2m+a—k)roth2s
— roth=3 e A d;id,i_l, (4.9)
and hence
ddyni = (o +k — 2)r*t*=3ar Adf v + ro TR 2ddy )

— 2m+a—k)(a+k—2)r TP 3dr ASE_,
— @2m+a— k)t 2ds,_y + vt 3dr Addy 5. (4.10)

Now replace k by k + 2 in (4.9). Together with (4.7), these yield (i) of the proposition as
(d+dy, )n" = 0 if and only if dnj, + d}, 1}, = 0 for k = 0,...,2m. Equations (4.8) and (4.10)
yield
Av, my, = di,dnj, + ddyn;
=r*T 2 (Ar L — (a+k)@2m+ o —k —2)y) — 2d0}_))
+ R 3dr A (Aol — Cmta—k)(a+k—2)5_, — 2d5, 1) (4.11)

Hence (ii) follows from (4.11), as Ay, n* = 0 if and only if Ay, ni =0 for k=0,...,2m. O
Recall that an operator between Banach spaces is Fredholm if it has finite-dimensional kernel
and cokernel. Write
AEvenT*M/ — @;nzo AéjT*M/ and A%ddT*M/ — @;n:—ol A(%j—i_lT*M/.
We are going to study the operators

(d+d)py g : LYy, p(AES"T* M) — LV

Doy (AT M)
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and
Af+2,ﬂ l+2 ﬁ(AevenT*M) - Lfﬁ 2

forp>1,1>0 and 8 € R, and give a result which shows that they are Fredholm under certain

(AG’UBTLT* M/)
conditions on (.

The corresponding operators on the cone V; are:
d+dy, : COAF"TV)) — C®(AZT*V/) and
A‘/’L . COO (A(%ven T* ‘/’L/) RN COO (AE’UE”L T* Vi/).

Note that the kernel of d+dy, on all forms splits into kernels on even forms and odd forms. Thus
for n* = Z?:O ny; € C(AZ" T*VY), (4.5) still holds for even k. It is easy to see that (4.6) is
also true when 1’ = Z?L:O néj and k = 2j, as the kernel of Ay, on all forms splits into kernels on

each k-form.

Before stating the result, we define:

Definition 4.4 In the situation of §4.2.1 and §4.2.2, define

Daya;, = {«@ € R : there exist 773;‘ for j =0,...,m, not all zero, such that
(4.5) holds for k = 2j}, (4.12)

and for k =0,...,2m, define

Dpr = { o € R: there exist a nonzero ni. such that (4.6) holds}, (4.13)

where we denote by A’f/i the Laplacian of k-forms on V.

We shall sometimes refer to these sets as the exceptional sets of the corresponding operators.
Effectively Dder% is the set of « € R for which there exist homogeneous 2j-forms néj, for
j =0,...,m not all zero, of order o on V; satisfying dnéj +dy, n§j+2 = 0. On the other hand,
DAk is the set of & € R for which there exists a nonzero homogeneous harmonic k-form n}, of
order « on V/. By the property that the kernel of the Laplacian Ay, on even forms is graded

into the kernels of A"“,i for even k, we have

m

v =U Day-
, i
Jj=0

Then Lockhart and McOwen show [39, Thm. 1.1]:

Theorem 4.5 In the situation above, Ddﬂﬁ/v and DAV,- are discrete subsets of R. Moreover,
forp>1,1>0 and B € R, the map
(d+ d*)f—i-l,ﬁ l+1 ﬁ(Aevm M) — Lfﬂ 1(A0dd M')
is Fredholm if and only if B € R\ Dd+d; fori=1,... ,n. Similarly the map
Alvag i Lo

is Fredholm if and only if 3 € R\ D, fori=1,...,n

(AE’UE’I’LT*M/) l ﬁ Q(AEUSTLT*M/)
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We shall require an elliptic regularity result for weighted Sobolev spaces analogous to Theo-
rem 2.29, which is taken from Lockhart [38, Thm. 3.7]:

Theorem 4.6 In the situation above, supposep >1,1>0 and 5 € R. Ifn € Lgﬂ(A%”e”T*M/)
lies in LY locally, and & € Llpﬁfl(A%ddT*M') with (d+d*)], gn =&, thenn € L, | z(AZ"T*M')
and ||| L» < C(||77||Lgﬁ + [[€llze . ) for some C >0 independent of n and .

+1,8 l,B—1

An analogous result also holds for A? 2.8 We shall now look at how the kernels of the two
operators depend on p, [ and 5. As 3 € R\Dd”% fori=1,...,n, (d—i—d*)fﬂﬁ is Fredholm, and
Ker((d+d*)],, ) is finite-dimensional. Let n € Ker((d+d*);\, ), then n € L, | 5(AZ*"T*M’)
and (d + d*)n = 0. By using Theorem 4.6 with £ = 0, we have n € Ker((d + d*)¥ , 5) for all

+1,8
[>0.

Lockhart and McOwen show [39, Lem. 7.3] that the kernel Ker((d +d*);,, ) is independent
of p > 1 for n = 1, where n is the number of singular points of My. The case for n > 1 is
generalized in [39, §8]. Moreover, they show [39, Lem. 7.1] that if [3, 3 + €] C R\ Dgyq;, , then

Ker((d +d*)},, 3) = Ker((d+d")],, 4, .)- This proves:

1+1,8
dent of p > 1, and Il > 0, and is invariant under small changes of 3, i.e. Ker((d + d*)fﬂﬁ)

= Ker((d+d*)], 1 s1c) for [3,8+€¢] CR\Dayay, . An analogous result also holds for Ker(A],, 5).

Theorem 4.7 For 3 € R\ Dyia; fori=1,...,n, the kernel Ker((d + d*)? . 3) is indepen-

Now let p,q > 1 with % + % =1 and § € R, define a map
(,) i LB J(AGT*M') x L _5 5 (AZ"*T*M') — R

forall k =0,...,2m by

n,§) = /M,MS.

Then (4.3) gives np~#=2m/P ¢ LP(AET*M'), and by using % + % = 1, we have £pPt2m/r ¢
Lq(A%m_kT*M ). Here LP and L? denotes the usual Lebesgue spaces. It can then be deduced,
by applying the Holder’s inequality, that (, ) is well-defined and continuous, and defines a pairing
between Lgﬁ(AfET*M’) and Lg’fﬂizm(A%mfkT*M’) so that they are dual Banach spaces.

Note that this pairing between certain weighted Sobolev spaces of complex k and (2m — k)-
forms induces pairings between weighted Sobolev spaces of even forms and between weighted

Sobolev spaces of odd forms, thus we have maps
L (AL T M) X Ly, (AST* M) — R
and

LY 5(AZT*M") x L

o ﬂ_Qm(AgddT*M’) — R

These maps will also be written as (, ).



CHAPTER 4. DESING. OF CY 3-FOLDS WITH C.S.: THE OBSTRUCTED CASE _____ 75

Following similar arguments as in [31, Lem. 2.13], it can be shown that if p, ¢ > 1 with %—I—% =
1, k,1 > 0 and 8 € R, then for all n € Liﬂ (AZe"T*M') and € € Lz+1 ﬁfzmH(A{é‘idT*M’),

integration by parts is valid, so that we have

((d+d*)n,&) = (n,(d+d")E) .

Note that the left side is the pairing between odd forms whereas the right side is that between

even forms, as the operator
* dd *
(d+d )z+1 —B—2m+1 L?+l,—ﬁ—2m+1(A0 M) — L —B— o (AE T M)
on the right side is the adjoint, or the dual operator, of
(d + d*)erl, k+1 B(AevenT*Ml) k . 1(Aodd I)

From now on, we shall denote by d + d}, and d + d; the operator d 4+ d* on even and odd forms
on M’ respectively, and by (d + d*vi)ev and (d + dy;, )oq the operator d + dj, on even and odd

forms on V; respectively.

Likewise, for all n € L}, s(AZ"T*M') and § € L, 5 5, o(AG"T*M’), integration by
parts is valid and we have

(An, &) = (n,AL).

Using the idea of the proof of [31, Thm. 2.14], we can now describe the cokernels of the
operators (d + d;,)},, 5 and A}, 5

Theorem 4.8 In the situation above, let p,q > 1 with % + % =1 and k,l > 0, we have

(i) For all B € R\ D(d+d* Jeo Jori=1,....m,n € L} 5 L(A24T* M) lies in the image of
(d+d;,)i1p if and only if (n,€) =0 for all § € Ker((d+djg)iy 1 _p_omy1)- Hence we
have the isomorphism

Coker((d + dg, )} 41 [3) = Ker((d + dod)l+1 ﬁ72m+1)*' (4.14)

(ii) Forall 3 € R\Da,, fori=1,....n,n¢€ Li’ﬁd(Ag’e"T*M’) lies in the image of Aiﬁﬁ if
and only if (n,&) = 0 for all§ € Ker((d+d*){ 5 5 o,,42)- Hence we have the isomorphism

Coker(A} 5 5) = Ker(Afy 5 9,,10)" (4.15)

The index ind(A4) of a Fredholm operator A is defined by ind(A) = dim Ker(4) — dim
Coker(A). When 8 € R\ D44z, ),, for all i, we see from (4.14) that

ind((d +d;, )41 5) = dim Ker((d +d, )34 5) — dim Ker((d + d3a)i' 1 _5_amy1)s (4.16)
and when 3 € R\ Da,, for all 4, (4.15) gives

ind(A},, 5) = dim Ker(A7,, 5) — dim Ker(Af, 5 5 5,,10)- (4.17)
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Definition 4.9 Let @ € D414y, ),,- Define di () to be the dimension of the vector space of
solutions of (d + dy, )es (1) = 0 of the form

t m
ZZ log 7) 77%75 (4.18)
5s=0 5=0

where 75, o = %5, + r*t¥71dr A S5, is a homogeneous 2j-form of order a on the
Riemannian cone V;/ =T'; x (0,00) for i =1,...,n, s =0,...,¢ and for 'y;j}s € C‘X’(Aéj 7*T;)
and &; ;. € C‘X’(A?ijl T*T;). Thus pi(y,r) is a polynomial in log r of degree ¢ with coefficients
in 0% (AgPen T*T;) & C°° (A4 T*T).

We can also define di(a) for Ay, in a similar way. But we will not need this quantity, so we

shall not discuss it in details.

Lockhart and McOwen show [39, Thm. 1.2] that:

Theorem 4.10 In the situation above, let p > 1,k > 0, and (1,02 € R\ D(dtdz, )ew for i =
1,....,n with B1 < B2. Then

n

ind((d + d2,)} 1 5,) — ind((d+ d5, )5y 5) = > di(a). (4.19)

=1 QGD(d+d* )E,U N(B1,62)

4.2.3 d+d* and dd*+d*d on Calabi—Yau 3-folds with conical singularities

Now we restrict to the situation when M = M is a Calabi—Yau 3-fold with isolated conical
singularities at x1, ..., x, modelled on Calabi—Yau cones V1,...,V,,. We have m = 3 in this case.
Also,

AZT* My = AQT* My © AZT* My @ AgT* Mg @ AZT* M
and  AZMT* M) = ALT* M © AXT* M} @ ALT* M.

We see from (4.4) that for k =0,...,6,

Lg —6/p

(AET*Myg) = LP(AET* My)
and in particular,

L3 _s(AET* M) = L?(AET* MY). (4.20)

First of all we study the kernels of the operators
(d+dZ) st Lo g(AT"T™Mg) — Li+1,ﬁ—1(AOddT*M6)

and

A£+2)ﬂ k+2 B(Aeven *M(l)) k; e 2(AevenT* M(l))
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Lemma 4.11 Forp>1, k>0 and 8 € R, we have
Ker((d + d:U)Z-&-Q,ﬁ) - Ker(Az—&-lﬁ)a
and equality holds if 8 > —2.

Proof. The inclusion follows from the fact that A = dd* 4+ d*d = (d + d*)? on any space of twice
differentiable forms. Suppose now 3 > —2 and x = xo + X2 + X4 + X6 € Ker(Azﬁﬂ). Then, as
Ker(A},, 5) is graded, xo; € Ker(A},, 5) for j =0,...,3. Since the kernel Ker(AiJrzﬁ)‘ is inde-
pendent of p > 1 by Theorem 4.7, we have x2; € Ker(AzHﬁ). Thus x2; lies in Li+27B(A<2CJT*M(’)),
and hence dx2; € Liﬂﬂ_l(AéjHT*M{)) and d*xo; € Liﬂ,ﬂ_l(Aéj_lT*Mé). Now using the
Weighted Sobolev Embedding Theorem (Theorem 4.2 (i)), we have

dxoj, d*X2j € Lj1 51 — L§ 5 =1L*
for § > —2. Consequently, integration by parts gives

ldx25ll72 + ld*x2;l172 = (dxaj, dx2s) 2 + (d* X2, d*X25) 12 = (X255 AX2) 2 = 0,

which implies dx2; = d*x2; = 0. It follows that x2; and hence x lies in Ker((d + d;,)} 5 5)- O

Lemma 4.11 is certainly true when we restrict to k-forms, that is, for p > 1,1 > 0 and § € R,
we have
Ker ((d+d")],5 glax) € Ker (A7 glax),

and equality holds for § > —2.

Proposition 4.12 (i) There are no nonzero homogeneous harmonic functions (and 6-forms)

of order a on V/ fori=1,...,n and o € (—4,0). Hence we have
Dy, N (—4,0) = Dag, N (—4,0) = 0. (4.21)
(ii) There are no nonzero homogeneous harmonic 1-forms (and 5-forms) of order o on V for
t=1,...,n and a € (—3,—1). Hence we have
Day, N(=3,-1) = Doy N(-3,-1) = 0. (4.22)

Proof. 'We shall apply Proposition 4.3 to deduce this result. Suppose 73 = r%v{ is a nonzero

homogeneous harmonic function of order « € (—4,0). Then (4.6) gives
Ar, v = aa+4)7

for 0 # ~v$ € C°°(T';), which means a(« + 4) is an eigenvalue of Ar,. As a € (—4,0) this contra-

dicts the fact that eigenvalues of Ap, are nonnegative.
For (ii), we suppose that n} = r®*1yi 4 r®dr A 6} is a nonzero homogeneous harmonic 1-form
of order a € (=3, —1). Thus i and &) are not both zero. Again, (4.6) gives

Ar,vi = (a+1)(a + 3)7i +2ds}, and (4.23)
Ar, 84 = (a+5)(a — 1)8) + 2d}. ~i. (4.24)
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Apply d to both sides of (4.23), we get
Ar,dvi = (o + 1) (a + 3)d;.

Since a € (=3, —1), (a + 1)(a + 3) is always negative, and hence dvi = 0. Now (4.23) becomes

dd} i = (a+ 1)(a+ 3)7; + 2d6;. (4.25)
Apply d to both sides of (4.24), then

Ar,dd; = (a+ 5)(a — 1)dd; + 2ddy, 71,
and by (4.25) it becomes
Ar,dsi — (o +5)(a — 1)dsh = 2(a + 1) (o + 3)7! + 4d6.

It follows that

i (Ard = (e +5)(a—1) +4)5
%_d< et a3 0)’

Ar, 5 —((a+5)(a—1)+4)5]
2(a+1)(a+3) '

thus 7 is an exact 1-form, and we define f* = It is well-defined as

a € (—3,—1). Now (4.23) becomes
Ar,df' = (o +1)(a + 3)df" + 2d55.

Integrating this we obtain

Ar, f' = (a+1)(a+3)(f" + ) + 25, (4.26)
where ¢ is an arbitrary constant. Also, (4.24) becomes

Ar, 84 = (a+ 5)(a — 1)85 + 2Ar, f*. (4.27)
We now claim that there exist A, A € R such that

Ar,(ff+c+M\53) = A(fP + ¢+ \6)) (4.28)
holds. Indeed, (4.26) and (4.27) give

Ar, (f' +c+ \5h)

= (a+ D) (a+3)(f" +c) + 25 + Ma +5)(a — 1)8) + 2\Ar, f*
= (a4 D(a+3)1+20)(f  +¢) + (2 + 44X+ Ma + 5)(a — 1))5.
Setting A = (o + 1)(a + 3)(1 + 2X) and AX = 2 +4X\ +A(a + 5)(a — 1), we obtain a quadratic
equation upon A:
A? 4+ (6 —2(a+2)*)A+ (@ — 1) (a+ 1)(a+3)(a+5) =0.

Solving it we get A = (av+1)(a+5) or (e — 1)(ax+ 3), which respectively gives A = O%LS or a_—Jrll

Hence for a € (—3,—1), A is always negative whereas X is always positive.

We have shown there exist A < 0 and A > 0 such that (4.28) holds for o € (=3, —1), which
then implies f* + ¢+ A5} = 0. Putting f* = —\J} — ¢ into (4.27), we get

(1420 Ar, 05 = (a +5)(a —1)55.
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Since A > 0, (a+ 5)(a — 1)/(1 4 2)) is negative and so 64 = 0. But then +¢ = df* = 0, which is
a contradiction. This completes the proof. O

Now Theorem 4.7 and Proposition 4.12 prove that Ker (AZ+2,5|A8) and Ker (AZ+2,B|A8) are
independent of 3 for 3 € (—4,0), whereas Ker (A}, 5a1) and Ker (A}, 553) are independent
of 8 for B8 € (—3,—1). Together with Lemma 4.11, we obtain

Proposition 4.13 Forp > 1, k>0 and § € R, we have:
(i) If x € Ker (A} 5 glao) or Ker (A} 5 5lac) and B> —4, then x is covariant constant.

(i) If x € Ker (A7 5 5laz) or Ker (A}, 5las) and B> =3, then x is closed and coclosed.

In our main construction of the 3-form x on M}, we will come across the kernel Ker ((d +
d%y)i 1o _o_5) of d+dZ, for some small § > 0. The reason is basically that we need to solve an
equation 1nv01v1ng the elliptic operator d 4 d’,; with rate —3 4 6, which means we need to study
its cokernel and hence the kernel of d + d7, at rate —2 — § by Theorem 4.8.

Observe from Proposition 4.3 that if b2(I';) > 0, then there exist nonzero homogeneous even
forms of order —2 in the kernel of (d + dj, )c, (by taking nj = nj = ng = 0 and 7} = ~5 for
some nonzero closed and coclosed 2-form 4 on T;), so —2 € Ddraz, Deo . Now choose § > 0 small
enough such that D(‘Hd%) ,N[—2—-6,—-246 € {-2} for i =1,...,n. Here we include the
case when D(d+d*vi)ev N[-2—§,—2+ d] = 0 for some 4, so that the situation when b*(T;) = 0 is
allowed. By the fact that (d + d* )l+2 5 and (d+ dod)k+2 _p—5 are dual operators for p,q > 1
with % + % =1, k, 1 >0 and § € R, they are Fredholm for the same rate 3, and hence we have

Diata;,)oa = {=8—5: 5 € D@atay,).. }-

It follows that D(d+dz, ),q 18 the reflection of D(a+dz, )., at —5/2. Furthermore, we have

od
Diata, ). N[~2 = 6,2+ 6] C {~2} <= Diata ,, N[~-3—6,-3+06] C {3}

for i = 1,...,n, and if b*(I';) = b3(I';) > 0 for some i, then —2 € D(dtds, )., or equivalently,
-3 € D(d+d;_)od~ We shall see later that the other direction is also true.

In [39, §5], Lockhart and McOwen show that the kernels of some elliptic operators on manifolds
with conical singularities have asymptotic expansions in terms of homogeneous solutions. More
precisely, suppose A is a certain kind of elliptic operator on a manifold with a conical singularity
with rate v and D4 denotes its exceptional set. If 31,02 € R\ Dy with 8; < (s, then any
u € Ker (A}, ;) can be written as

t N
ZZ IOgT‘ . s +O( min(m-+v, [32))

s=0 j=1

on the asymptotic ends, where u,; s denotes the homogeneous solution of order «; € (01, 2) for

j=1,...,N and m is the minimum of o;.
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In our case, we have chosen ¢ > 0 so that D44z, )., N [-2—4,—240] C {2} fori=1,...,n.

ev

We also choose § such that 0 < § < v, where v is the rate of the conical singularities of

Mg. This implies that any x in the kernel Ker ((d + df,){ , _,_5) of d + df, can be written

as @ (x) = p' + O(r—2%9), where u'(7,r) is of the form (4.18) for a = —2, on I'; x (0,¢) for

i=1,...,n. We are going to show that u’(vy,r) is actually of degree 0, i.e. t = 0, and therefore
®;(x) =n'+O(r %)

where n' = nj + 04 + ni +ni € C®°(AZ"T*V/) of order —2. Let us first describe the kernel of
(d+ dy, )ev for homogeneous even forms of order —2.

Lemma 4.14 Let K; be the vector space of solutions of (d + d3; )ev(n') = 0 for homogeneous
forms n' =y + 0k + nh +ni € C°(AL"T*V}) of order —2. Then

Ki ={vi+rdr N6§ € C®(NET* V! @ ALT*V/) : dvh = df 75 = 0 and
sy = df. 65 = 0}.
Proof. Putting a = —2 and m = 3 in (4.5), it becomes
dryg + di, 73 = 267, dys +df, 7, =0, dyy = —243,
dp. 0% = =27, do} + df. 65 =0, do% + df. 6% = 2. (4.29)
Since dA and dy., B are mutually orthogonal, the middle two equations imply
ol = di 2 = B = 7 B = 0,

As —2 € (—4,0), by (i) of Proposition 4.12, we have nj = n§ = 0, and hence v} = §i = 0. Now

8t is coexact from the first equation of (4.29) and dd% = 0, we have
2(01,01) 12 = (01, d7,72) 2 = (d61,72) 12 = 0.

Thus 6} = 0, and hence di‘iﬂ% = 0. Similarly we have 74 = 0, so that dd} = 0. The result follows.
O

Observe that the kernel IC; splits into two components which correspond, after some calcula-
tion, respectively to the kernel of d+dj, for homogeneous 2-forms and the kernel for homogeneous

4-forms of order —2. Using the fact that I'; is compact, we have

Corollary 4.15 The map
Ki — H*(;,C) ® H*(I;,C)

given by ¥4 + rdr A 64 — ([v4], [04]) is an isomorphism, and hence dim KC; = 2b2(T;).

If =2 € Digyaz, )., then K; # 0, and so b*(T';) = b*(T;) > 0. Thus we have shown that for

1=1,...,n, 4
— bA([y) = b3(Ty) > 0.

=2 € Diavay)e, < =3 € Diatay, )ou
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Proposition 4.16 Suppose ji'(v,7) is a solution of (d+dj; )ev(p') = 0 of the form (4.18). Then
for a = =2, ui(vy,7r) is of degree t = 0.

Proof. In our case u’(y,r) can be written as

¢
pi(yr) = (log 1)*(nh o+ o + s + )
s=0
Comparing the leading coefficient we then deduce from Lemma 4.14 that v5, = ~i, = 0}, =
6g¢ = 0, and vé’t + rdr A 5§,t € Ki, so that d’yéyt = d;ﬂ%,t = 0 and déé,t = dl*qjéé’t = 0. Now
(d+dy,)ev(p') = 0 gives

t
Z d((log T)Snéj,s) + d*((log T)Snéﬁz,s) =0
=0

S

for j =0,1,2. Lets focus on the equation for j = 1, which is equivalent to

¢
Z (logr)*~ ' (r~'sdr A 7578 + (log r)d’yg,s —r~Y(logr)dr A déi)s
s=0

+ (logr)df i o — 565 . — v~ '(logr)dr A df 65 ) =0,
Suppose t > 1, then comparing coefficients of (log7)!~1 gives
t’Y;,t = déi,t—l + dltidg,t—la taé,t = dﬂ)é,t—l + dl*“ﬂi,t—r (4.30)

Since ~4 , and 85, are both closed and coclosed, and hence harmonic, it then follows from the
orthogonality of the Hodge decomposition on compact manifolds that ~4 , = 65 , = 0. This con-
tradicts the fact that p’(v,r) is a polynomial of degree ¢ with leading coefficient ~4 , 4 rdr A 0% ;.
This completes the proof. O

We can now say something about the change of index of d + df, at rate —2. Recall that
the quantity di(a) in Definition 4.9 is the dimension of the vector space of solutions of (d +
dy )ew (u*) = 0 of the form (4.18). Then Corollary 4.15 and Proposition 4.16 imply

di(—2) = dim K; = 2b*(T})
and it follows from (4.19) that we have
Corollary 4.17 Suppose p > 1, k >0 and 0 < § <v with D(ayaz, )., N [-2—9,—24+0] C {-2}

fori=1,...,n. Then

n

ind((d + d:u)z+2,—2—6) —ind((d + d:v)z+2,—2+6) =2 Z b*(Ty). (4.31)

i=1

Before presenting the main theorem (Theorem 4.19) in this section, we need the following
result, Proposition 4.18, which can be deduced from Lockhart’s example [38, Example (0.15) &
(0.16)]. For later purpose, we also include the result for the AC case.
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Proposition 4.18 (i) Let (My, Jo,wo, Qo) be a compact Calabi—Yau 3-fold with finitely many
conical singularities x1,...,x, with rate v > 0 modelled on Calabi-Yau cones Vi,...,V,. Then
the vector space of closed and coclosed k-forms in L2(A(’§T*M6) s isomorphic under the map
0+ [n] with H*(M{,C) for k < 3, and with the image of HX.(M},C) in H*(M{,C) for k = 3.

(ii) Let (Y, Jy,wy,Qy) be an AC Calabi-Yau 3-fold with rate A < 0 modelled on a Calabi-Yau
cone V. Then the vector space of closed and coclosed k-forms in L2(AET*Y) is isomorphic under

the map n — [n] with H*(Y,C) for k > 3, and with the image of H*.(Y,C) in H*(Y,C) for k = 3.

Proof. Part (i) follows from Lockhart’s Example (0.16) in [38]. From our definition, we have
ix{1} + dZ2) + O(e_zy) for
z = —logr. Then go is admissible in Lockhart’s sense [38, §2], p := —z is decreasing and satisfies
the inequality p < —[(1+ §)/2]logz on I'; x [1,00) for some & > 0. Taking our |J;, S; \ {;} to
be Lockhart’s Mo, our My \ J;—, Si to be his My and our []"_; I'; to be his 9Mj, these fit into
the situation in Lockhart’s Example (0.16), and the result follows by taking his n to be 6.

®*(go) = gv, + O(r"), which can be written as ®(go) = e~ %*(gv,

For the AC case, the proof follows from Lockhart’s Example (0.15), and is similar to the
argument in the conical singularities case except that we take z = logr and p = z, so that p is
an increasing function of z this time, which is the reason for the inequality of k being reversed
in the AC case. |

Theorem 4.19 Supposep > 1, k>0 and 0 < § < v with D(dtds, ye, N [-2—0,—-240] C{-2}

ev

fori=1,...,n. If x lies in the kernel Ker ((d +dZ,)} o o ;) of d+d,, then we have
DI (x) =75 +rdr A+ O(r~ 2% on Ty x (0,¢),

where ¥4 +rdr A 84 € K;. Furthermore, the kernel Ker ((d + diy)hya, o) is graded so that it is

a direct sum of vector spaces of closed and coclosed 0-forms, 2-forms, 4-forms and 6-forms.

Proof.  Applying [39, §5] and the argument just before Lemma 4.14, we have ®7(x) = p' +
O(r=%%9). The first part of the proposition then follows from Lemma 4.14 and Proposition
4.16. Write x = Xo + X2 + Xa + X0 € Ker ((d + d7,)i45 5 5)- Then @ (xo) = O(r—**7),
Or(x2) = 7% + O(r=2%9), ®*(x4) = rdr A 8% + O(r=2%9) and @} (xs) = O(r~2*%). Moreover, y
satisfies

dxo+d*x2 =0, dxs +d* x4 =0 and dyx4+ d"xs = 0. (4.32)

Now dysz is a 3-form which is exact, and hence closed, and is coclosed by the second equation
above. Also, ®*(dxz2) = dvi +O(r—3%%) = O(r=3*9). Since Diards, ), N [-2—6,—2+0] C {-2}
for i = 1,...,n, we have —2 —§ € R\ D(d-s-d*{,i)ew As discussed earlier, this implies that
—-34+0€eR\ D(d+d;i)od' Using Theorem 4.7 we have dxs € Ker ((d + d;d)i+2,_3+6|/\g).

Now from Proposition 4.18, the vector space of closed and coclosed 3-forms in L*(AZT* M)
is isomorphic to the image of H3, (M}, C) in H3(M{,C). By (4.20), the vector space of closed and

coclosed 3-forms in L2(AZT* M) is just Ker ((d + d;d)i+2)73|A%). This implies that we have an
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injective map from Ker ((d + d2d>i+2,—3|A§) to H3(M{,C). Together with the natural inclusion
from Ker ((d + d})7 12 _345a3) to Ker ((d+ ;)¢ 40 _3las), the 3-form dxo being exact implies
that dyo = 0. This gives d*x4 = 0 as well.

Observe that x € Ker ((d + dg,); 15 _5_s) C Ker (A, 5 ;), and since Ker (Al , 5 ;) is
graded, we have xg, x6 € Ker(AzH’fzfé). Using (i) of Proposition 4.13, both xo and yg are
constants. It follows that dyo = 0 and d*xs = 0, and hence d*xo = dx4 = 0 from (4.32). This

proves the theorem. O

We would like to finish this section by studying some algebraic topology on the compact
Calabi-Yau 3-fold My with conical singularities. Consider M| as the interior of a compact
manifold M}, with boundary M|, the disjoint union [}, I';. We have the usual de Rham coho-
mology groups H*(M{,C) and H*(I';,C), and the compactly-supported de Rham cohomology
groups HE (M}, C). Let b* (M), b*(T';) and b* (M) be the corresponding Betti numbers. Note
that by Poincaré duality we have HE (M}, C) = H~k(M},C)* and H*(I';,C) = H5~*(T;,C)*,
which give b% (M}) = b5=%(M/}) and b*(I';) = b°~%(T;). We are going to build a long exact
sequence of cohomology groups H* (M, C), H*(T;,C) and HE (M{,C). Clearly, we have the
natural maps

O« Hiy (Mg, C) — H" (Mg, C)

given by ¢x([x]) = [x]. For r € (0,¢), let ¢& : T'; — T; x (0, ¢€) be the inclusion v — (v, r). Thus
the maps ®; 0. : T; — S;\ {;} give embeddings from T'; to M/, and they induce the pull-back
maps

pr s HE(M,C) — @, HH (T, C)

defined by p([x]) = B, [(®; o L)*x]. Finally, let F be a smooth function on M} such that
F =1on®/(T; x(0,%¢)) forall i =1,...,n and F = 0 on M} \ |J_, S;. Then we can define
the boundary maps

O+ iy H*(I';,C) — HIM (Mg, C)

by Ok(D;_,[xi]) = [d(Frix1 + -+ Frlixn)], where m; : T'; x (0,6) — T; is the projection
map. Using the natural long exact sequence for relative homology and the Poincaré duality

isomorphisms, we obtain the following long exact sequence:

o HE (M, C) 25 HE (MG, C) 25 @) HH(D0,€) 2 HEFU(MG,C) = (4.33)
for £ = 0,...,6. For simplicity we suppose that M{ has no compact connected components so

that HY,(M},C) = HS(M],C) = 0.

Consider now the dual vector spaces @, H*(I;,C) and @, H*(T';,C), and the pull back
maps pe : H*(M{,C) — @, H*([;,C) and ps : H3(M},C) — @, H*T;,C). The
following result shows the subspaces po(H?(M{,C)) in @, H*(T;,C) and p3(H?(M,C)) in
@;_, H3(T;,C) are annihilators of each other:

Proposition 4.20 Let [o] € H2(M,C) and [8] € H3(M,,C). If ps(la]) = D7 o] and
p3([B]) = @?:1[51‘], then
(D= [ea]) U (D= [8:]) = 0,
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where U : @, H*(I';,C) x @, H3(T;,C) — C denotes the cup product. Moreover,
it pa(H2 (M}, ©) + dis (P (03, ©)) = Y 12(T).
i=1
Hence pa(H2(MY(,C)) and p3(H3(M{,C)) are annihilators of each other, and in particular, if
@, (3] lies in @), H*(T;,C), then

D181 € ps(H? (M, C)) = (B, [ew]) U (D}, [8:]) =0
for all @[] € pa2(H*(M{, C)).

Proof.

=> / i A Bi

= / aAB  since @) [o;] and @, [3] lie in the
M

image of po and p3 respectively.

= /ﬁ d(a A\ B) by Stokes’ Theorem

=0 as both o and 3 are closed.

Note that p2(H?(M{, C)) = Ker 0 by exactness of (4.33), and p3(H?3(M},C)) = 0(D;_, H*(I';,C))
as H3 (M{,C) = H3(M},C)* and @, H*(T;,C) = @;_, H*(I';,C)* by Poincaré duality. It
follows that

dimn pa(H2(M), ©)) + dim po( H (M), ©))
= dim Ker 8, + dim d>(P}_, H*(T;,C))
=dim @}, H*T;,C)

= ZbQ(Fi).

This completes the proof. O

4.3 Construction of y

As was mentioned in §4.1, what we need for our desingularization is a closed (2,1)-form y
with wg A x = 0 and prescribed asymptotic behaviour ®f(x) = & + O(r~3+°) on each I'; x (0, ).

Obviously .-, [&] € D, H*(T;,C) lies in p3(H?(M{,C)) is a necessary condition for such
a 3-form x to exist. It is because if y exists, then dx = 0 and [x] is well-defined in H3(M}, C).
The asymptotic condition ®;(x) = & + O(r—3?%) would imply ps([x]) = P, [&], and hence
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.., [&] lies in the image of ps.

In this section we prove that this is also a sufficient condition for the existence of such a
complex 3-form x on M{j. We shall apply the theory in §4.2 and show that the image of ps
in @, H 2(T;,C) causes obstruction to solving a certain elliptic equation. The existence of
X is equivalent to the existence of solution to this elliptic equation. Thus if @, [¢;] lies in
p3(H3(M},C)), then Proposition 4.20 tells us that it annihilates the image of py and so the

elliptic equation is indeed unobstructed, which means we can solve for x.
Let us first fix our attention on the complex 3-forms AT* M} on M}. It has complex dimen-
sion 20. Using the complex structure Jy it can be decomposed according to the type:
AZT* My = A*° @ A @ AD? @ A%

The Hodge star %, acts as a complex linear operator, maps A%T*M{) to itself with 2 = —1. We

can then decompose A2T* M| into parts:
AST* M = A3 @ A3,

where A3 denotes the +i eigenspaces of * on A%T*Mé. Note that complex conjugation gives an

isomorphism between Ai and A2, thus
. ; 1 ;
dime A3 = dim¢ A? = 3 dime AZT* M} = 10.
Given any ¢ € AXT*M{ we can write ¢ = ¢, + p_ where ¢ = 2 (p —i*¢) € A3 and
o_ =1 (p+ixp) e A3,
Using the Kihler form wy we can split A>! and A2 into:
A2V = A2 @ (wo AAYY) and AN = A2 @ (wo A ADY),

where A2 and Ay? denote respectively the kernels of the maps A>' — A2 and A2 — A23,
both given by a —— wg A . We shall sometimes call these spaces the trace-free components.

Certainly every form in A3° and A%3 is also trace-free. Here is an algebraic relation:

Lemma 4.21 The (+4i)-eigenspace of the Hodge star x on AXT* M) is
A =AD" @ (wo AADT) @ AP

and the (—i)-eigenspace is
A% = A0 @ (wo AAY) @ A

We shall see this by direct checking from the model space C3: Let (z1,22,23) be complex

coordinates on C3. The trace-free (2,1)-forms are spanned by

1
dzg Ndzy NdzZ. and  —=(dzq Adzy Adzy — dzg A dze N dZe),

V2

the forms in wy A A%! by

(dza A dZa A dze + dzy A dZy A dZe),

Sl
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and the A%3-forms by
dz1 Ndzy N\ dzs

for a, b, ¢ distinct. Together they give rise to a space of complex dimension 10, which is the same

as Ai. As x is complex linear, we have
aAxa = (a,a) - vol

where (+,-) is the pointwise inner product, and vol is the volume form idz; A dzo A dzg A dz; A
dzs A dzs3. Putting o to be the basis elements and since they are of unit length, we check that

they all satisfy xa = ia.

Before moving on to the construction of y, we pause to look at the harmonic 1-forms in
Ker (A£+2,B|Aé) for § > —3 through (covariant) constant 1-forms on M{:

Proposition 4.22 Forp > 1, k > 0 and B € R, we have Ker (A£+2)ﬂ|A;) =0 for 8 > —3.
Hence H'(M},C) = 0.

Proof. Take a € Ker (A +2’73| Aé)~ Using the upper semi-continuous property of the kernel
Ker (A7 45 _3la1) , we have

Ker (Ai+2,—3|/\é) = Ker (Ai+2,—3+5|/\(};)

for small enough 6 > 0. The kernel is upper semi-continuous at rate —3 because when —3 € DA%/ .
all elements added to the kernel of A\Aé at rate —3 look like O(r—3(logr)!) by the argument
before Lemma 4.14. However, the L§ _z-norm for these things does not exist, which means
that they do not lie in L§ 3, and hence not in Ker (Ai+2’73|,\;). We then conclude that
Ker (A%+2,M|Aé) = Ker(A%+27_3|Aé) for -3 < p < -3+46. Toéether with Theorem 4.7 we
have o € Ker (A}, 3la1) = Ker (A7 5 _5,5a1)-

Similar to the argument in showing Proposition 4.13, we have a € Ker (Ai+2,717#|%) for
small p > 0, which then imply Vo € Li-&-l,—?—u > L§ 3 = L?. Now the Weitzenbock formula
for 1-forms shows that A£+2,73 a = V*Va since gg is Ricci-flat. As a result, integration by parts
gives

IVal3: = (Va,Va),. = (V*Va,a). = (A, yaa) =0,

L2
which is valid as we have Va € L2. Hence Va = 0, and « is therefore a constant 1-form on M.

Thus we have shown that every 1-form in the kernel Ker (A£+2__3|Aé) is constant.

Suppose there is a nonzero constant 1-form on M. Then there exist constant vector fields
vy, v2 on M. Define an integrable distribution (vy,v2) on My, and we see that My is locally a
product N x R2, with product metric. As the flow along a constant vector field is an isometry,
so it takes singular points to singular points, and hence the leaf of foliation passing through
the singular point z; is all singular, which is a contradiction as the singularities are nonisolated
in My. Thus there are no nonzero constant 1-forms on M{. Combining this with the previous

paragraph, we obtain Ker (A£+2,_3‘Aé) =0.
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Applying Proposition 4.18 on 1-forms, the vector space of closed and coclosed 1-forms in
L7 o _3(AET*Mp) is isomorphic to H' (M, C). We then deduce

H' (Mg, C) 2 Ker ((d+ dgg)iya,—slaz) C Ker (A7, _slar) =0.

This completes the proof. O

Using the upper semi-continuity and Proposition 4.13 (ii), we know that the 1-forms in
Ker (A}, 5 glaz) for 3 > —3 are closed and coclosed. Proposition 4.22 is thus a stronger result,
showing that all of them are zero by using the property that Calabi—Yau 3-folds with conical

singularities do not support constant 1-forms.

A similar result holds for 5-forms, as Ker (A}, , 4 AL) = Ker (A7 2 4l Az). Furthermore, we
have H3,(M],C) = H'(M},C) = 0.

Now consider the elliptic operator

di +d*: C®(AL ®AL) — C®(AL @ AD)
(¢3,¢5) = (dp3 + d*ps,dps).

Here d is the restriction of d to the forms in Ai. We shall apply the theory in §4.2 to study
the operator

(dy + d*)2+2,73+5 : LZ+2,73+5(A1 G AZ) — L’2+1,74+5(A?é @ AL). (4.34)

Define V. C H3(M{,C) to be the image of ¢3 : H2,(M},C) — H3*(M},C). Its dimen-
sion can be calculated using the long exact sequence (4.33): As we have assumed that M|,
I';’s are connected and M/, has no compact connected components, then H(M/,C) = C,
@, H°(I';,C) = C" and HY,(M{,C) = 0. Combining these with H'(M{, C) = 0 from Proposi-
tion 4.22 gives a short exact sequence in the beginning of (4.33). Hence taking alternating sums

of dimensions shows that

dim V' = b, (M, Zzﬁ ) + 6% (M) — b2,(Mg) + > b' (T
1=1
=07 (M) + b3 (Mg) — b* (M) + > b'(Ty) = Y b*(T
=1 =1

Proposition 4.18 shows that V' is isomorphic to Ker ((d—i—dod),ﬂ_2 _3laz). Suppose V.=V, @& V_is
the decomposition of V' into +i eigenspaces of x. Then dim V; = dim V_ = % dim V', as V, is iso-
morphic to V_ under complex conjugation. We now identify the kernel of (d +d*)7 42,345 and
V.., and hence one can interpret Ker ((d4 +d*)} 5 _5,5) as a “half” of Ker ((d +d}; Dirso, _slaz)-

Theorem 4.23 Suppose p > 1, k > 0 and 0 < 0 < v with D(gyaz, ),, N [-3—-0,-344] C
{=3}. Then the kernel Ker ((dy +d*)} o 3,5) is a vector space of closed A3 -forms. The map
Ker ((d+ +d*)j o 3.5) — H3(M{, C) given by x — [x] induces an isomorphism of Ker ((dy +
d*)p o _3ys) with Vi defined above. Hence dimKer ((dy +d*)7 5 5,;5) = dim V.
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Proof. Suppose (3, ¢s5) € Ker ((d4 +d*); 5 3,5). Then we have dps +d*p5 = 0 and dyps = 0.
Applying * to dys + d*ps = 0 and using the fact that xp3 = ips, we get d*¢3 + i d(*xps5) = 0.
Therefore (d + d};)(i*ps + w3 + ¢5) = 0, that is, the mixed form i* s + @3 + @5 lies in
the kernel of (d + d};);, o 3,5 It follows that ixws + 3 + 5 € Ker (AL, 3.5), and so
ixp5 € Ker (Az+2,73+5|Aé)- Proposition 4.22 then gives i*5, and hence 5 = 0. Consequently
the kernel Ker ((d4 +d*)},, _3,5) is a vector space of closed A3 ~forms.

By Theorem 4.7 and the upper semi-continuity of the kernel (see the proof of Proposition
4.22), we have Ker ((dy + d*)} o _g,5) = Ker ((dy +d*) 5 _5y5) = Ker ((dy +d*)2 5 _5) Tt
follows that x — [x] induces an isomorphism of Ker ((d4 +d*)},, 5,5) With closed L2-forms in
Ai at rate —3, which is just the space V. This proves the theorem. O

Consider now the dual operator
di+d: C®(AE ®AL) — C=(A3 @A)
(P4, 06) — (d’Lpa, dps + d* @),

where d’} is the projection of d* to Ai—forms.

The following result identifies the kernel and cokernel of dy + d* for small 6 > 0:

Theorem 4.24 Let p,q > 1 with %—f—% =1,k 1>0and0 <6 <v with Dgta; N [-3—4,-3+
8] € {—3}. Then the operator dy + d* in (4.34) is Fredholm with

Coker ((dy +d*)} o _315) = Ker (d} +d)f,5 _5_s)"-

Moreover, Ker ((d. + d)?+2 _o_s) s a direct sum of vector spaces of closed and coclosed 4-forms

and constant 6-forms.

Proof.  The first part follows from §4.2. To prove the last part, we use a similar tech-
nique as in the proof of Theorem 4.23. Suppose (¢4, ps) € Ker ((d% + d)?+2.7275)7 so that
dips = 0 and dpg + d* g = 0. The first one implies d*p4 + id(xp4) = 0. Therefore we have
(d+d:,)(i* g+ ix w4 + pa + pe) = 0, which means the mixed form ix @g + i* @4 + @4 + g lies
in Ker ((d +dZ,) o o 5)- Hence Ker ((d} +d)f,, o 5) € Ker((d+d;,){ 5 5 ;). The result
then follows from Theorem 4.19 showing that Ker ((d + dZ, ), 5 ;) is graded. O

After so much analytic background and preparation, we finally come to the construction of our
desired 3-form on M. Take any smooth complex 3-form x’, not necessarily closed or coclosed,
in LZ+27_3+5(A1) for some p > 1,k > 0 and 0 < § < v with D(d+d§‘,i)od N[-3—40,—-3+4] C {-3},
such that

V(@5 (X)) = &)lgy, = O(r™*T°79) forall j >0 (4.35)

for i =1,...,n, where V is the Levi-Civita connection of the cone metric gy;.

Write x = x' + ¢ for some complex 3-form ¢ on M. We shall try and solve the following
elliptic equation:

(d+ + d*)(cpv C) = (7dX/70)7
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that is, dp + d*¢ = —dx’ and d¢ = 0. From (4.35) we have ®}(dx’') = O(r~**%). Then by
an elliptic regularity result (Theorem 4.6 with | = k+ 1,8 = =3 + ), if (¢, () exists, it lies in
LYo _3.5(A% @ AZ). Thus we hope to solve

(dy +d")io _545(0, Q) = (=dX', 0). (4.36)

A general fact about the existence of solution to the equation (4.36) is that a solution (¢, ¢) exists
in L} 5 5, 5(A% @ A2) if and only if (—dx’,0) is L*-orthogonal to the cokernel Coker ((dy +
d*)} 42, _315)s O equivalently to the kernel Ker ((d% + d),, _,_5) by Theorem 4.24. We shall
prove that under the condition that @ _,[&] € @, H*(T;,C) lies in the image of ps, then
(=dx’,0) is automatically orthogonal to Ker ((d} +d)},, 5 5), and hence the equation is indeed
unobstructed and so is solvable. Furthermore, we shall show that ¢ = 0, and hence dp = —dy/,
which then implies dx = 0. Since x/, ¢ € Ai, we have y € Ai as well. Here is our main result
in this section:

Theorem 4.25 Suppose @;_,[&] € @i, H*(L';,C) lies in ps(H*(M{,C)). Then there exists
a complex 3-form x on M| satisfying

(i) x € AL, and dx =0,
(ii) |V (®F(x) — &)lgy, = O(r=3+9=J) fori=1,...,n and all j > 0.
Proof.  The discussion above suggests that the desired x exists if we can solve (4.36) for

(p,0) € Lk+2 3+5(Ai © AZ).

Take any (o, ) € Ker ((d +d)},5 o 5) where %Jr% =1 and | > 0. Equation (4.36) is
solvable if and only if

<(dX/a 0)7 (Ot, 5)>L2 -

Theorem 4.24 tells us that « is a closed and coclosed 4-form, then

((dx',0), (o, 3)) ;2 = lim dxX' Nxa + 0A*3  where K, := {x € M| : p(z) > r}

r—0 K,

= lim d(x' A xa) as «a is coclosed
r—0 K,

= lim X' A*a by Stokes’ Theorem.
r—0 K,

Recall that ®7(y') = & + O(r=2%9) on I'; x (0,€). As « lies in the 4-form part in Ker ((d% +
A)fyg o) € Ker((d+d},) s 5 5), Theorem 4.19 shows that ®(a) = rdr A 05 + O(r=2+9)
where 05 € C°(A}T*T;) with do§ = df 65 = 0. We then have @} (xa) = *p,85 + O(r—2°) on
I'; % (0,¢). Using the fact that & = O(r=3) and *r,d% = O(r=2) we obtain

((dX",0), (o, B)) 2 = = lim Z /1‘ (& A *p, 0% + O(r~5T9%))

; x{r}

= lim [«Sl] [¥r,05] + O(r~=5%9).O(r®) by the definition of cup
product and using vol(T; x {r}) = O(r°)

= Z (€] U [r, 03] (4.37)
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as 0 > 0 and the cohomology classes are independent of r. From the hypothesis, we have
D, [&] € ps(H?(M{, C)). Thus by Proposition 4.20, (P, [&]) U(B;_,[6:]) =0, or >, [&]U
[0;] = 0, for all @;_,[6;] € p2(H?*(M{,C)). Since po([*a]) = D, [*r,0%] from P (xa) =
sr,05 +O(r=2%°), so @], [*r,0%] lies in the image of ps and hence Y1, [&] U [*r,65] = 0. Thus
from (4.37) we have shown that ((dx’,0), (o, 8)) . = 0 for any (o, 3) € Ker ((d + )i,y 5 5)-
It follows that a solution (¢, () to (4.36) exists.

Asx',p € A3, x = x'+palso lies in A3. Since dp+d*¢ = —dx’, we have dd*( = 0. Together
with d¢ = 0, we see that ¢ € Ker (AZ+27_3+5|A3), which is then equal to zero by the remark after
Proposition 4.22. This gives dx = dx’ +dp = 0. Moreover, using the asymptotic condition (4.35)
for X’ and the fact that ¢ is a smooth 3-form decaying at rate O(r~3+%) near z;, we obtain (ii)
of the theorem. This completes the proof. O

The space Ker ((d% + d)?+2’7275) is in effect the obstruction space to the existence of the
3-form Yy, as it is the obstruction space to solving (4.36). However, we can overcome all the
obstructions by fixing @, [&] € ps(H?*(M{,C)), which cause (4.37) to vanish automatically.
As we explained before, this condition is clearly necessary for the existence of x, thus we have

shown that the necessary condition is also sufficient.

Proposition 4.26 The complex 3-form x in Theorem 4.25 can be projected to the Ag’l-component
X(()z,l) of x, satisfying

(1) dxém) =0 and hence d*x(()z’l) =0, and
(ii) ®7(xy"") = & +dCi,

where C; is a complex 2-form on T; x (0,¢€) and |[VICily, = O(r=2%t9=9) fori=1,...,n and all
Jj=0.

Proof. As x € A%, the algebraic relation from Lemma 4.21 gives
x = X(()2,1) + (wp A OOD) 4 (03), (4.38)

Since x is closed and coclosed, it is harmonic and thus all its components in (4.38) are also
harmonic. In particular, 6(>1) is harmonic. Note that wy A x = wo Awp A0 as both X(()z’l) and
x(%3) are trace-free. Using Theorem 4.25 (ii) we have ®}(x) = & + O(r~3+%). It follows that
wo Awp ABOD = O(r=3+9) as & Awy, = 0. Hence (%1 € Ker (A§+2,73+5‘Aé)7 which then gives
61 = 0 by applying the Weitzenbock formula for 1-forms as in the proof of Proposition 4.22.

This kills the bit wp A #(>1) in x and (4.38) implies

0=dxy = dxém) + dx(03).
The components in dy are of type (3,1) and (2,2) coming from dx((f’l) and of type (1,3) coming
from dy(®3). Consequently, we have dx(()2’1) = dx(3) = 0. This proves (i) as ng’l) € Af_.

To show (ii), let 7 : A2 — A(Q)’1 be the projection of complex 3-forms on M| to their Ag’l—

components, using structures on M}, and let 7y, be the similar projection on V;, using structures
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on V;. Hence we have m(y) = X(()2’1), and 7y, (&) = &, as & is by assumption a trace-free (2,1)-
form on V;. Since the Calabi—Yau structures on My and V; agree up to order O(r") by definition,
we have ®7 o m = my, o ®F + O(r—3%%). It follows that

O (xy") = @5 (n(x)) = v, (@5 (%) + O 3+7) = 7y, (&) + O(r~3+0) + O(r=3+7)
=&+ 003 asd <.

The error term is an exact 3-form as it decays faster than O(r~2), and we may now define C; by
integration as in Theorem 3.24. so that @f(x((f’l)) = &; + dC;. The size of the derivatives of C;
can be deduced from the result of integration, as we have seen in Theorem 3.24. This proves the

proposition. O

4.4 Nearly Calabi—Yau structures (w,€2;): the case \; = —3

This section constructs a 1-parameter family of smooth, nonsingular compact 6-folds M;, as
in §3.4.1. We then construct nearly Calabi—Yau structures (w¢, Q) on M; for small enough ¢, in
which we include a correction term to the definition of €2 in §3.4.2. We use the notation in §4.1,
§4.2 and §4.3. Suppose that @;_,[&] € D), H3(T;,C) lies in p3(H3 (M}, C)), so that X
exists on M by Proposition 4.26. We shall use n in place of X02,1) from now on. Fori=1,...,n
apply a homothety to Y; as before. Then (Y;, Jy,, t?wy, t3Qy,) is also an AC Calabi—Yau 3-fold,
with the diffeomorphism Y;; : I'; x (tR,00) — Y; \ K; given by Yy ,(v,7) = Y;(v,t7r). The
nonsingular 6-fold M; will be constructed exactly in the same way as in §3.4.1. We now define
the nearly Calabi—Yau structures (wy, ;) on M;. The 2-form w; will have the same definition as

in §3.4.2. As discussed in §3.4.2, we can write

7 () = Qv, +dA; (4.39)
for i =1,...,n and some complex 2-form A;(vy,r) on I'; x (0, €) satisfying
\VkAi(fy,r)\gVi =O0(r"" %) asr —0 forall k> 0. (4.40)

Then by Proposition 4.26 (ii), we have
07 (Qo + 1) = Qu; + 7€ + d(4; + £°C;) (4.41)
for i =1,...,n. As for the AC Calabi—Yau 3-folds, we have from §4.1
T (EQy,) = Qu, + 76 + t7dB; (4.42)
for i = 1,...,n and some complex 2-form B;(7,t 1) on I'; x (tR,c0) satisfying

IVEBi (7, t7' ) gy, = O™ 3PN H=F) for v > R, N < -3
and all k > 0. (4.43)

Let F : R — [0,1] be the smooth function introduced in §3.4.2. We now define a smooth
complex closed 3-form €; on M; by
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Qo+t on Q¢ \ [(Ul; Pri) NQ:l,

Oy, + 3¢ + d[F(t_ar)Ai(% r)+3Et)Ci(y,r)

Q={  +5(1— FEr)Bi(, )] (4.44)
OIlPtviﬂQt fori:l,...,n,

t3Qy, on P\ (P;NQ) fori=1,...,n.

Then when 2t* < r < € we have F(t~%r) = 1 so that {; = ®}(Qo +t3n) for each i by (4.41), and
when tR < r < t* we have F(t~%r) = 0 so that Q, = T} ;(t*Qy,) by (4.42). Thus €, interpolates
between @7 (Qq + t3n) near r = € and Y7 ,(t*Qy,) near r = tR.

Let M;,w; and € be defined as above. For i = 1,...,n, (M, wy, ) is just (Y5, t2wy,, t3Qy,)
on P, ;\ (P;NQ¢). On each P,; N Q, we have w; = wy, and

Q — Qv, = B3& + A[F(tr)Ai(y,7) + 3 F (1) Ci(v,7)
+ t3(1 — F(t™r))B;(~, tilr)]

by (4.44). Then Proposition 4.26, (4.40) and (4.43) gives

|Qt - Q‘/i

v, = O(tS(l—a)) + O(tal/) + O(t3(1—a)+a6) + O(t—)\g(l—a))
=O0(t) + 0> =) for r € (%, 2t%) (4.45)

since both O(t3(1=®)+ad) and O(t~*i(1=®)) absorb in the term O(t3~)). Hence | — Qy, o, <
Kot™ where Ko > 0 is some constant and £ = min(av, 3(1 — a)). On Q; \ [(Ui_; Pri) N Q¢], we
have

|Qt - Q()'go = |t377|go = O(t3(1_a))7 (446)

thus [Q; — Qg < K137 where K; > 0 is some constant. Consequently, (w;, ;) is sufficiently
close to the genuine Calabi—Yau structures on Q; \ [( U?:l thi) N Qt] and P;; N Q: and is equal
to (t2wy;, t3Qy,) on P;; \ (Pi N Q:). Thus by Proposition 3.6, we have proved:

Proposition 4.27 Let My, w; and Q; be defined as above. Then (wy, Q) gives a nearly Calabi—

Yau structure on My for sufficiently small t.

Similar to the unobstructed case in Chapter 3, we can then associate an almost complex struc-
ture J; and a real 3-form 05, such that Q} = Re(§;) + 105, is a (3,0)-form w.r.t. J;. Moreover,
we have the 2-form wj, which is the rescaled (1,1)-part of w; w.r.t. Ji, and the associated metric
v, = 0t*) +O(E =) = |g; ' — gyt
gv, — O(t?’(l_a)) = |gf1 - 9\21 gy, on Q1 \ [(U?:l Pt’i) N Qt]

g+ on M. It follows from Proposition 3.6 that |g; —gv; |4

gv;

on P, ; N Qy, whereas |g; — gy,
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4.5 The main result when \;, = —3

Here is our main result on desingularizing compact Calabi—Yau 3-folds M, with finitely many
conical singularities, the analogue of Theorem 3.32, but allowing A; = —3 and [Y}(Qy,) —Qy,] # 0
in H3(T';, C).

Theorem 4.28 Suppose (My, Jo,wo, Qo) is a compact Calabi-Yau S-fold with finitely many

conical singularities x1,...,x, with rate v > 0 modelled on Calabi-Yau cones Vi,...,V,. Let
Y1, Iy, wyy s Qv ), - ooy (Yo, Jy,,wy,, Qy,) be AC Calabi—Yau 3-folds with rates —3 modelled on
the same Calabi—Yau cones Vi,...,V,.

Suppose that there is a closed, homogeneous, trace-free (2,1)-form &; of order —3 on V; such
that (4.2) holds fori=1,...,n, and that @, ,[&] € B, H*(T;,C) lies in ps(H?(M],C)).

Define a family (My,wy, %) of nonsingular compact nearly Calabi—Yau 3-folds with the asso-

ciated metrics g¢ as in §4.4.

Then M; admits a Calabi-Yau structure (jt,&)t,flt) such that ||y — willco < Kt* and
HQt — Qillco < Kit" for some k, K > 0 and for sufficiently small t. The cohomology classes
satisfy [Re()] = [Re(Qy)] € H3(M;,R) and [w;] = ¢ [@] € H*(My,R) for some ¢, > 0. Here

all norms are computed with respect to g;.

Proof. The scheme of the proof follows exactly in the same manner as in Theorem 3.32 for the
unobstructed case where \; < —3. Thus we only have to estimate various norms of forms on the
regions P;; N Q; and @y \ [(U?Zl Ptﬂ-) N Qt], so as to verify (i)-(iii) of Theorem 3.14. On the

annuli P,; NQ; for ¢ =1,...,n we have
Q% = (Q; + 26) gy, = O(t™) + Ot~ 07)

by (4.44) where \; < —3. Now fix z € V/ and consider the space of all (w,, ;) where w is a
real 2-form and Q a complex 3-form on V/. Let S, be the subspace of (wy, §,) which are SU(3)-
structures at x, that is, there is an isomorphism between T, V/ and C3 such that w, is identified
with & in C3 and Q, with € in C3 (cf. the discussion after Definition 3.1). Since &; is a trace-free
(2,1)-form on V;, changing Qy, by &; will give a deformation of an SU(3)-structures to first order,
and so there is an SU(3)-structure (wy,, Q) on V;, which is the projection of (wy;, Qy, + t3¢;)
onto the subspace S, for all z € V}/, such that

|(QV1: + tggi) - /Vi|gvi (|t3£i ZVZ)

=0
= O0(t51=%)  for r € (1%, 2t%).
Therefore,

|Qt - Q§/£|gvi < ‘Qt - (QVi + t3£i)|gvt + |(QVi + t3£i) - Q/V,i|gv7¢
_ O(tau) + O(t—/\g(l—a)) + O(tﬁ(l_a)).
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Following the argument from the proof of Theorem 3.32; the crucial things to look at are the

L?-norms:
lwe = wi]l 2 = O(E** ) + O~ 1=y 4+ O(t53) = |[Tm () — Tm() | 2.

Although there is an extra term O(t573%) in the estimate, we can still show that there exist

solutions « € (0,1) and x > 0 to the inequalities
3atar>3+k, 3a—-MN(1-a)>3+k and 6—3a>3+k

for any v > 0 and A, < —3, since the extra inequality holds automatically for any a € (0,1).
Hence on the annuli P;; N @y, we show that (i)-(iii) of Theorem 3.14 hold for sufficiently small
t, and it remains to estimate the norms on the region @Q; \ [( U?Zl Pt,z‘) N Qt].

The hypothesis ensure the existence of n on M{. Using the fact that n is of type (2,1),
Q=Q+t3non Q\ [(U, Pri) NQ] is then a change of (3,0)-form up to first order. Since
Qf = Re(Q) + b5, is of type (3,0) w.r.t. Jy, we have [, — Q,, = O(|t>n|2,), which gives
[Tm(Q¢) — Im(Q}) g, = O([t*n]2,). For r € (2t*,¢),

Tm(Q;) — Im(Q})],, = O(t51 =), (4.47)
Now note that
Re(€) A Tm () = Re(Q) A Tm(€) + Re(Q) A (Im () — Im(£;))

= (Re(Q + t37) ATm(Qq + t31)) + O(t51=%)) by (4.47)
= Re(Q0) ATm(Qo) + Re(t3n) ATm(t3n) + O(t51~))

as both wedge products Re(Qg) A Im(¢3n) and Im () A Re(t3n) cannot give (3,3)-forms. Hence

we have
Re(€) ATm() = Re(Q) AIm(Qy) 4+ O(t51=), (4.48)

For the difference between w; and wj, note that w; = wp on Q; \ [( Ui, Pt,i) N Qt], and hence

wy — w,gl’l) w.r.t. J; is essentially w(()o’2), which is isomorphic to wy A ©}. Now,

wo A =wo A (2 +4(Im(2}) — Tm(£)))
=wo A (Qo + 27+ O3~ by (4.47)
= O(tﬁ(lfa)) since wg A Qg =0=wg A7
Hence

wt(1,1) = wp + O(tG(lfoz)),

and
(w,§171))3 _ wg + O(tﬁ(l—a))

By comparing this to (4.48), we see that the function f for rescaling is equal to 1 + O(t6(1—)).
Thus w; = f*%wt(l’l) = wp + O(t501=)) " and we have

lwr — wylg, = O(t50 =), (4.49)
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Once again by focussing on the L?-norms, we obtain
lwr = willzz = O(t°73%) = [[Im(€) — Im ()] 2,

which have been handled before. As a consequence, (i)-(iii) of Theorem 3.14 hold on Q \
[( Ui, Pt,i) N Qt] for sufficiently small . The theorem now follows from Theorem 3.14, arguing

in the same way as in the proof of Theorem 3.32. O

Remark Theorem 4.28 can be regarded as a generalization of Theorem 3.32. If an AC Calabi—
Yau 3-fold (Y;, Jy;, wy;, Qy;) has rate A; < —3, it also has rate —3, in which case we take & =0
and the conditions for &; in Theorem 4.28 are then satisfied automatically. Hence Theorem 3.32

is a special case of Theorem 4.28.

4.6 Desingularizations of Calabi—Yau 3-folds with ordinary
double points

We now apply the theory of the previous sections to desingularize the simple kind of singulari-
ties known as ordinary double points, or nodes of Calabi—Yau 3-folds. We remark here that, unlike
the orbifold case, we need to assume the existence of singular Calabi—Yau metrics on compact
complex 3-folds with ordinary double points for the methods developed in the thesis to apply, as
we do not yet have any existence result for Calabi—Yau metrics on such kind of manifolds. As
we shall see in the following, the AC Calabi—Yau 3-fold we use for gluing is the cotangent bundle
T*S3 of S3. Our goal in this section is to construct a nice coordinate system on 7*S? so that the
conditions of (4.2) holds, and hence our main result is applicable to desingularizing Calabi—Yau
3-folds with ordinary double points. Some reading on ordinary double points are Friedman [16],
Joyce [26, Example 6.3.4] and Reid [44].

Definition 4.29 Let V' be the cone in C* defined by the complex quadric
{(21, 22,23, 24) € C*: 23 + 25 4+ 22 + 23 = 0},

which is smooth apart from the origin. The singularity at the origin is called an ordinary double
point, or a node. It is a kind of double point as both F' = 27 + 23 + 23 + 27 and dF vanish at
the origin, but the hessian Hess F'(0) is nondegenerate. We have seen this in Example 3.19. By
making a linear change of coordinates: © = 21 +iz0, y = 21 — 122, 2 = 23 +1i24 and w = —23 — 124,

we can write the quadric in the form
T,Y, 2, W e C*: zy = 2wl
Y Y

Stenzel constructed [48] Ricci-flat metrics on V' (in fact on any complex m-dimensional
quadric), thus making V' a Calabi-Yau cone. It can be shown that the link T' has the topol-
ogy of §2 x S3, and hence V is topologically a cone on S? x S2. One can also describe V as
follows. Consider the blow-up C* of C* at origin. It introduces an exceptional divisor CP3, and
the blow-up V of the cone V inside C* meets this CP3 at § = CP! x CP!. The exceptional
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divisor CP? corresponds to the zero section of the line bundle L given by Cct — CP3, and so
its normal bundle is isomorphic to L. Hence the normal bundle O(—1,—1) over CP* x CP! is

isomorphic to the line bundle V — S. This gives us the following isomorphisms:

V\{0} = V\S = O(-1,-1)\ (CP! x CP").

Let Vi,...,V, be Calabi-Yau cones defined by the complex quadric in C*. A Calabi-Yau
3-fold (My, Jo,wo, Qo) with ordinary double points x1,...,x, is a Calabi-Yau 3-fold with conical
singularities at x1, ..., x, with rate v > 0 modelled on the Calabi—Yau cones V1,...,V,,.

There are two different ways of repairing the ordinary double points, as we have discussed
briefly in first part of Chapter 1. The first is by making a small resolution, in which the singular
points are replaced by rational curves CP'. To see this explicitly, we define ‘71_+ C C* x CP! for
i=1,...,n by

V= {((a:,y,z,w), [ur,usg]) € C* x CP' : zuy = wuy, zug = yul}

K2

and define 7T;'_ : \N/i+ —— C* to be the projection to the first factor. Since u;,us are not both

zero, the two equations xus = wuy and zus = yuy imply zy = zw which is the defining equation
+

of the alternative form of V;. This means m;" maps V;" to V;. Moreover, 7} is an isomorphism

except at 0, and so ‘Z-Jr is isomorphic to V; away from the origin, and replaces the origin by

(7)~1(0) = CP!. Essentially V,* is the normal bundle O(—1) & O(—1) over CP' with fibre C2.

K2

Thus we have
Vi\ {0} = VP\(xf)71(0) = O(-1) ® O(=1) \ CP".
‘N/i+ is called a small resolution of V;. Note that one can obtain a second small resolution ‘2_

by swapping z and w (which preserves xy = zw, i.e. preserves V;) in X~/i+. These two small

resolutions are related by a process in algebraic geometry called a flop.

Candelas and de la Ossa [11, p.258] constructed Ricci-flat metrics on ‘N/ii, and in our notation,
these metrics satisfy Y (gy,) — gy, = O(r=2) for Y; = ‘Zi. Therefore the small resolutions ‘Zi are
AC Calabi—Yau 3-folds with rate —2, and this is a rate out of reach by our techniques developed
in this chapter.

Another way of desingularizing the ordinary double points is by deformation or smoothing

(cf. Example 2.7 and Example 3.29), where V; is deformed to
Qe ={(21,22,23,24) €EC* : 22 422+ 22+ 22 =€}

for some nonzero € € C. This has the effect of replacing the singularity by a 3-sphere S3. We
now relate the deformation to the cotangent bundle of the 3-sphere. By identifying the cotangent
bundle with the tangent bundle via the round metric, we can realize 7%S? as follows:

775" = {(0,6) € R x BY : o] = 1, (1.€) = 0.

It has a canonical symplectic structure, and following [50], we can map the cotangent bundle

T*S?3 diffeomorphically to the deformation Q. by
F.:T*S® — Q.
(0,€) — Veveoshle] + ive =
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so that the standard symplectic form on C* restricted to Q. is identified with the canonical

symplectic form on T*S3. We now fix our attention on € = 1.

Consider the action of the group SO(4) on @1 given by the usual matrix multiplication:
(21,20, 23,24)" — A- (21,22, 23, 24) 7 for A € SO(4),

and on T*S? given by
(v,8) — (Av, AL) for A € SO(4).

Observe that F; maps T*S® to @ equivariantly with respect to these SO(4)-actions. On T*S3,
the action is transitive on each level set |¢| = ¢ > 0. Take v = (1,0,0,0)” and ¢ = (0,¢,0,0)T,
the stabilizer at (v, &) is of the form

(é g) where I is the 2 x 2 identity matrix and B € SO(2).
Thus T*S? or Q1 admits an SO(4)-action with generic orbit SO(4)/SO(2), which implies that
the action is of cohomogeneity one, that is, each generic orbit has real codimension one in T*S3

or Q1. As the zero section S3 of T*S3 corresponds to the case when ¢ = 0, we have the fibration

0 — S0(4)/SO(2) — T*S3\ 8% — (0,00) — 0. (4.50)

As a complex hypersurface of C4, Q; inherits a complex structure. With respect to this
complex structure, Stenzel [48, p.161] constructed an SO(4)-invariant Ricci-flat metric on Qq,
and hence on the cotangent bundle 7*S®. Denote by wg, the Kihler form corresponding to
Stenzel’s Ricci-flat metric, and ¢, the holomorphic (3,0)-form which can be computed explicitly
by the relation:

1
5d(zf+z§+z§+szl)/\QQl = dz1 Ndza Ndzs N dzy.
Thus on {z; # 0}, we have

1
QQI = —dzg Ndzz Ndzy . (451)
21 Q

1

Note that Stenzel’s Kéhler form w, is the unique SO(4)-invariant Kéhler form (see [48], Lemma
5) normalized w.r.t. Qg,, that is, (Jo,,wq,,Ng,) is a Calabi-Yau structure on @, where Jg,

is the complex structure on @ inherited from the standard complex structure on C*.

We hope to construct a special section of the fibration (4.50), i.e. a map s : (0,00) — @1\ 53
such that s(z) is a unique point in the codimension one orbit SO(4)/SO(2) corresponding to

x € (0,00). Then we obtain a natural identification
SO(4)/SO(2) x (0,00) = @\ S*

given by (A4-SO(2), z) — A - s(z) for A € SO(4), which is well-defined as the stabilizer at s(x)
is also SO(2).
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For this purpose, we are going to construct a distinguished real curve in 7*5° = @Q; which
corresponds to the fixed point set of some automorphisms on );. The section s can then be
defined so that its image in ()1 is exactly the real curve. Here is an example of a suitable
automorphism o:

(21, 22, 23, 24) = (21, —Z2, 24, —Z3).

Clearly, 0* = Id, and hence o generates a group (o) of automorphisms of @; isomorphic to
Z4. Since o is defined by conjugation, we have 0.(Jg,) = —Jg,. From (4.51), we obtain
0.(Qg,) = —Qg,. With respect to the complex structure —o.(Jg,) = Jo,, —0«(wg,) is also
an SO(4)-invariant Ricci-flat Kéhler form, which is therefore equal to wg, by uniqueness of
SO(4)-invariant Kéahler forms normalized w.r.t. Qg,. Hence o preserves Stenzel’s Calabi-Yau
structure on 7%S® 2 (Q; up to a sign, which is the main reason of using such an automorphism
to make a Zj-action. Together with the SO(4)-action on @7 described before, we now have a
Z4 x SO(4)-action on @1, where the Zs-action interacts nicely with the SO(4)-action in the sense
that 00 Aoo~! € SO(4) for each A € SO(4), and that it commutes with the action of SO(2).
We will discuss this again later.

The fixed locus of ¢ is given by {(z1,i72,0,0) : 1,79 € R, 22 — 22 = 1}. Choose a para-
metrization by 1 = coshz and x5 = sinhz for x € R. Define s : (0,00) — Q; \ S® by
s(z) = (coshz,isinhz,0,0). Now we fix an identification ¢ : SO(4)/SO(2) x (0,00) — Q1 \ 93
given by

»(A-S0(2), ) = A (cosha,isinhz,0,0) for A € SO(4) and = € (0, 00).

Denote by X;; the 4 x 4-matrix with ¢j-th entry = 1, ji-th entry = —1 and all other entries zero.
Then {e; = X12, €2 = Xi3, e3 = X14, €4 = Xo3, e5 = Xa4, €6 = X34} gives a basis for the Lie
algebra so(4). Project it to s0(4)/s0(2), then {e,ea,e3,¢e4,e5} forms a basis. The differential
dy at (Id - SO(2),z) then identifies the tangent space T{cosh z,isinh z,0,0)Q1 With the vector space
50(4)/s0(2) x R by:

e — (Z sinhaz:a—z1 - coshxa—@) + (— z'sinhaca—Zl - coshxa—@)
0
eg — — coshgca—z3 — coshata—z3
e3 — — coshacaiz4 . cosha:a—g4 (4.52)

0 1o}
eq — —isinhz—— + i sinhx —
82:3 z3

0 0
e5 — —isinhz— + isinhex —
824 Z4

— (sinhm% +1 coshxi) + (sinhxi_ — icoshxi).
1

822 821 822

We are interested in looking at all the closed homogeneous 2-forms on SO(4)/SO(2) x (0, 00)
with ¢ = —1, as the K&hler form on the cone and on @ are of this type. This leads us to look at
the SO(4)-invariant 2-forms on SO(4)/SO(2), which is equivalent to considering the Ad(SO(2))-
invariant 2-forms on so(4)/s0(2). Regard the tangent space T{cosh z,i sinh 2,0,0)@1 as a C3 subspace



CHAPTER 4. DESING. OF CY 3-FOLDS WITH C.S.: THE OBSTRUCTED CASE ____ 99

of C* given by {(z1, 22,23,24) € C* : (coshz) 21 + i (sinhx) 2z = 0}. Write wy = 22, wy = 23
and w3 = z; so that the C3 with coordinates (wy,ws,ws3) parametrizes T cosh z,isinh 2,0,0)@1 DY

(w1, wa, ws) — (—i (tanhz) wy, wy, wa, w3).

The action of SO(2) can be written as:
(w1, wa, ws) — (w1, cos Bws + sin bws, —sin bwy + cosfws) for O € R.
Calculation shows that the invariant 2-forms are given by
dwy A dwy, dws A dig + dws A divg, Re (dwa A dws), Im (dws A dws) and Re (dws A dds).

Thus the space of SO(2)-invariant 2-forms on C? has real dimension 5. For the Z4-action o, we
have

(U]l, wa, w3) — (_wla 72]3, _'1212)

Note that this action commutes with the above SO(2)-action. Among the SO(2)-invariant 2-
forms, o acts as —1 on dw; A dw, dws A diwe + dws A dws and Im (dws A dws), and as 1 on
Re (dws A dws) and Re (dwg A dds).

We now proceed to work out the complex structure on so(4)/s0(2) x R which corresponds to
the complex structure on T\cosh #,isinh 2,0,0)@1, i-e. multiplication by 7 on C3. Then we can write
the above SO(2)- and Zg4-action in terms of ey, ..., e5,0/0x, and obtain the invariant 2-forms on
50(4)/s0(2) x R by pulling back by ¢. In view of (4.52), the corresponding complex structure .J
on s0(4)/s0(2) x R is given by

J:e— —2, eg — (cothx) ey, es — (cothz) es,
Oz o (4.53)
ey — —(tanhz) eq, es — —(tanhz) eg, Framdct
T
Denote by w?,...,w% dz the dual basis of ej,...,es,0/0x. Then {w!,... ,w®} is a basis for

(s0(4)/s0(2))*. Calculation shows that

(dzy) = icoshz - (dx + iw'),

©*(dz) = sinhz - (dz + iw), 29
dzy) = —coshz w® — isinh z w®

¢*(dz3) = —coshz w? — isinhz w?, (4.54)

80*
¥

—

and the SO(2)-invariant 2-forms with o = —1 on s0(4)/s0(2) x R are given by
go*(% dwy A dwy) = cosh®z - dz A w',
ga*(% (dwa A didg + dws A divz)) = cosh - sinhx - (W? A w* + w® A WD),
©*(Im (dws A dws)) = coshz - sinhz - (wW? Aw® — w? Aw?).

Write a = wl, B = wW? Aw? +w? Aw® and v = W? AW’ — w? Aw?. A general SO(4)-invariant

2-form with 0 = —1 can then be written as

fi(z)dz Ao+ fa(z) B+ f3(z)y

for some smooth real functions f1, fo and fs.
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On the Lie algebra so(4), the Lie brackets for the basis elements satisfy [Xap, Xoc] = —Xpe,
and [Xap, Xcq) = 0if a, b, ¢, d are distinct. Using these relations yields all the structural constants

Cf’j of the Lie bracket, and by applying the Maurer-Cartan equation dw® = — Yic j ij W AW,

we obtain
dot =W A + Wi AW, dw?= -l AWt + WP AWS, dwd = —wt AWS — WP AWE, (4.55)
do* =W A2 + WS AW, dw® =w Aw® —wt A WS, dw® = w2 Aw® +wt A WS, ’

It follows that 8 = dw' = da is an exact 2-form, and

dy = dw? A w® — w? A dw® — dwd A w? + w3 A dw?
=W AWIAP HWB AL AL — P AW AP F WAV AW Ot AWP AW
+ W AW AW+ AW AW WP AWR A WS
=2w' A (WA AW — Wt AWP) #0.

Suppose f1(z)dx Aa+ fo(x) B+ f3(x) v is a closed 2-form. For the remainder of this section, we

shall use a prime to indicate differentiation w.r.t. z. Then
0=d(f1(z)dz AN a+ fa(z) B+ f3(x)7)

= —fi(x)dx Ada + fi(x)de A B+ fa(x)dB + fi(z)dx Ay + f3(x) dy
(—fi(z) + fo(x)) dz ANda+ fi(x)de Ay + f3(x)dy.

This amounts to f5(x) = 0, as dy # 0. It follows that there is no v component in a closed 2-form,
and f}(x) = fi(x). We thus obtain

Lemma 4.30 The SO(4)-invariant homogeneous closed 2-forms on SO(4)/SO(2) x (0, 00) with

the Z4-action o = —1 are of the form
u(x)de Ao+ u(x) (4.56)

where u is some smooth real function.

On Q; Stenzel’s Kihler form is given by wg, = d(Jg,df(w)) where w = cosh™'(|21]? +
-4 |24)?) = cosh™*(|cosh 2| + |isinh z|?) = 2z, and f(w) is the Kéhler potential satisfying the

differential equation

% ((%)3) = 3¢ (sinhw)? (4.57)

for some constant ¢ to be fixed later. With the initial condition f/(0) = 0 the derivative of f is

given by
d 2w —2w 1/3
af _ (3c (L op_ & )
dw 4 2 2

or in terms of our coordinate z,

%f’(Zx) = (346 (ﬁ — 4z — 6_496))1/3. (4.58)
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Expressing wg, in the form of (4.56) we have

d? d
wo, = d—y}édw/\a—l—%ﬂ
or
wo, = % (F"(22)dz Ao+ f'(22)8). (4.59)

Next we proceed to compute the pullback of the holomorphic (3,0)-form Q¢, on SO(4)/SO(2) x
(0,00). At the point (coshz,isinhz,0,0), (4.51) and (4.54) yield

0" (Qg,) = (icosha - (dz 4 iw') A (—coshz w® — isinhz w*) A (—coshz w® — isinhz w®))
coshx
= i(cosh?z - dz A w? Aw® —sinh? z - dz A w? Aw® — coshz - sinhz - w! A w? AW®
— coshz - sinhz - w' Aw? Aw® +icosh? z - w! Aw? Aw® —isinh? z - w Aw? AW®
+icoshx - sinhx - dz A w* A w® +icosh o - sinha - do A w? A W),
Now we can determine the value of the constant ¢ in (4.57) by requiring the normalization formula
holds, i.e.

3
w%l = iReQQl ANlmQg,.

The above expression for Qg, gives
3 _ 2 12 1 5
§RGQQ1 AImQg, = —6cosh®z -sinh“z - (de Aw™ A--- Aw®).

whereas from (4.59),

Wb, = =2 f1a) (' (22) (dx AWt A AP

Equation (4.57) implies
f"(22)(f'(2x))? = 64 ccosh? x - sinh? z,
which then gives ¢ = 1/8.

Putting cosh? z = 7 (e + 2+ %), sinh?z =

1 (e* — e7%7) into the formula for Qg, yields

7(e*® =2+ €727) and coshz - sinhz =
1
ap*(QQl):ZeQx(d:C/\wQ/\wg’—dmAw4/\w5—w1/\w2/\w5—w1/\w4/\w3
+iw' Aw? Aw? —iwt Awt AW 4ide A wt A WP 4 ide A w? A W)
1
—|—i(dac/\uﬁ/\w3+dx/\w4/\w5+iw1/\w2/\w3+iw1/\w4/\w5)+0(6_2x)
11629’: (dz+iw1)/\(w2+iw4)/\(w‘3+iw5)+§(dx+iw1)/\(w2/\w3+w4/\w5)

+0(e ). (4.60)

Consider now the Calabi-Yau structure (Jg,,wq,,2q,) on the cone Q. Instead of us-

ing coshw = |z1]2 4 -+ + |z4]?, we use Je® = |z|> + -+ + |2|* for Qo case. Then w =
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log (2 (|z1]2+- -+ +124]?)). Again, we choose a parametrization of the fixed locus of o on Qg given
1e? 1e%,0,0) for @ € (0,00). Hence w = log (2 (|3€*|? + |4 [?)) = 27.

Let ¢ : SO(4)/SO(2) x (0,00) — Qo be a coordinate map for Qo defined by

1 . 4 -
6(4-50(2), &) = 4- (5", %er, 0,0) for A€ SO(4) and Z € (0, 0).

From this, we are going to get a new radial coordinate r € (0, c0) representing the radial distance

on (g, and write the Calabi—Yau structure in terms of r.

The same analysis for ) instead of Q) gives

S\ .4
wQO:(M) et /3(§dx/\oz—|—ﬁ),
. (4.61)

and ¢*(Qg,) = ~ > (dZ AW ANw® —dE AW N® =W AW? AW’ — W Aw? A WP

i
4
+iwt Aw? Awd —iw! Awt Aw® 4 idE A wt AW +idE A w? A W)

where we have used ¢ = 1/8.

On the other hand, in terms of the radial coordinate r, the complex 3-form {2g, on the cone
Qo with link SO(4)/SO(2) (or S? x S3) can be written as

?*(Qg,) =7 - (3-form on SO(4)/SO(2)) + r? dr A (2-form on SO(4)/SO(2)).

Comparing this with (4.61), we obtain

for some constant k to be determined later. It follows that

- 3 0 2r 0
dx—ﬂdr, or %= 3 o

As @)1 approaches the cone @y asymptotically when z — oo, and for large x, we have x =~ Z.
So from (4.53), the complex structure J on s0(4)/s50(2) x R corresponding to Jg, is given by

_9
0%’

€1

0
€1 — €2 > €4, €3 /> €5, €4 > —€g, €5 /> —€3, 9%
z

since tanh x, cothx — 1 as ¢ — co. With respect to this complex structure, the vectors e; and

%, using the relation % = %T %, transform as
2r 0 0 3
el — —— — — — —e1.
3 or’ or 2r

By definition of the cone metric gg, and the radial coordinate r, we have

o 0 a0 -
gQO(E, a) =1 = on(a’ J

— on(a’
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Substituting 7* = ke?* and di = 3 dr into wg, in (4.61) gives
3 1/3 ,
wQ, = <64> k=23 (2rdr A a+12%p).

The value for k can then be computed by applying % and e; to wg,:

1/3
i k72/3 L 2r = 21
64 3’

giving k = 9/8, and wq,, in terms of r, is given by

1
wQo = 3 (2rdr Ao+ 12 B), (4.62)

which also satisfies Lemma 4.30 for u(r) = %

Thus in terms of the radial coordinate r, the coordinate map ¢ : SO(4)/SO(2) x (0, 00) — Qo

can now be written as:

2 iV 2
P(A-SO(2),r)=A- (% 32, % r#/2,0,0) for A€ SO(4) and r € (0, 00),

and from (4.61) we have

24 3 3
¢*(QQO):ir3(—d7‘Aw2/\w3——dr/\w4/\w5—wl/\wZ/\w5—w1Aw4/\w3
9 2r 2r
31 34
+iw1/\w2/\w3—iwl/\w4/\w5+2—ldr/\w4/\w3+Zidr/\w2/\w5)
r r
2 3
:ér?’(?dr—&-iwl)/\(u}z—l—iw‘l)/\(w3+iw5). (4.63)
r

It is easy to check that the normalization formula wg, = 3 Re (Qg,) Alm (g, ) holds.

The relation between the radial coordinate r € (0,00) for the cone @y and the coordinate

x € (0,00) for Q1 can be obtained by equating wg, in (4.59) and wg, in (4.62) so that the map

T : Qo — Q1 we hope to construct preserves the symplectic forms. Explicitly, this is given by
1 1

3 r? = 5 f(2z),

which is equivalent to the relation
81 Az —4x 1/6
R CICTEo) s

9\ 1/3
r= (8) e?*/3 (1 + O(ze™ "))

This implies

and hence

e* = %7“3 (1 + O(r~logr)).

Putting this into (4.60), and using the fact that for large z, dz =~ d& = %dr, we have
% 2i 3 -6 3 1 2, . 4 3., . 5, 4.3 1
0" (Q0,) =57 (1 + O(r~"logr)) (gdr—i—zw YA (w? +iw®) A (W + iw )+§(§dr+zw )
AW AW+t AW?) +0(r?)
?

=¢*(Qg,) + O(r3logr) + 3 (2—3; dr +iw') A (W AW+t AW®) +O0(r3) by (4.63).
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We remark here that both O(r~3logr) and O(r—2) are measured w.r.t. the cylinder metric,
and notice that the term O(r~3) can be absorbed in O(r~3logr). Denote by ¢ the 3-form
L(Zdr +iw') A (W Aw® +w* AwP), thus we have

¢"(Qq,) = ¢"(Q,) + &+ O logr). (4.65)

Measuring (4.65) w.r.t. the cone metric gg,, the error terms & and O(r—3logr) will then have
size O(r=3) and O(r~Slogr) respectively. This suggests that ¢ is the 3-form we need.

We can finally define the map T : Qg — @1 so that the following diagram commutes:

SO(4)/SO(2) x (0, 00) ABOELI=ABORLD) g0y 4y 150(2) x (0, 00)

s |¢

Qo Q1

T

The map in the upper arrow is the change of variable from r to z on (0, 00) given by the inverse

of (4.64). We have therefore constructed a nice coordinate system such that
T*(le) = WQ, and T*(QQI) = QQO +&+ O(’I‘iGIOg’/’)

computed using the cone metric g¢g,. It is not hard to see that, for the holomorphic (3,0)-forms,

the equation for derivatives also holds, i.e.
VE(Y*(Qg,) — Qg, — &) = O(r~5Flogr) for all k>0

where V is the Levi-Civita connection of gg,. In order to show the conditions of (4.2) holds, we
still need to check if £ is a closed, trace-free (2,1)-form. Indeed,
3
dé = = ((idw') A (W A +w? AWP) — (gdr +iwh) Ad(w? Aw® + wt AWP))

N =0 DN =,

(W At + B AP A (WP AW+t AWP) - (;dr +iw') A d(dw®))  from (4.55)
r

(==

)

which shows & is closed. Moreover, it is of type (2,1) with respect to the complex structure Jg,
on the cone Q9. From the complex structure on s0(4)/s0(2) x R corresponding to Jg,, which is

the limit of the complex structure in (4.53), we have
AP+t A =w? A Jw — jwz/\ws,
which is of type (1,1), as it is J-invariant, and
3 S B S AN
—dr +iw = Jw +iw",
2r

which is of type (1,0). Hence { = £ (2dr+iw') A (w? Aw? +w? AwP) is a (2,1)-form. Finally, it
is easy to see that ¢ is trace-free by using Lemma 4.30, as (dr Aa) A =0and SAE=0.

Therefore we have just illustrated that there is a closed, trace-free (2,1)-form £ with order
O(r=3) w.r.t. the cone metric, and a diffeomorphism Y such that (4.2) holds. The cohomology
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class [¢] can be expressed as [£] = [T*(Qq,) — Qq,] = [Fw!' A (w? Aw? + w? AwP)], which is a
nonzero fixed class in H3(S? x §3,C). Thus Q; is an AC Calabi-Yau 3-fold with rate —3. By
transferring our nice coordinates from Qi to Q.,, where ¢; € C\ {0}, and i = 1,...,n, we can
then use Q,, or the cotangent bundle (7%5%);, as the AC Calabi-Yau 3-fold (Y, Jy,,wy,, Qy,)
to desingularize Calabi—Yau 3-folds with ordinary double points z1,...,z,. The transformation
can be achieved by using the map f, : Q., — Q1 given by (21,...,24) — (e;l/zzl, . ,6;1/224).
From (4.51), we have
Qq., = € f7,(2q,)-

Note that f., maps Qo to Qo and Qq, = € [ (Qq,). Define T, = fe_il oTof. : Qo Q... Tt
follows that
T:,(Qq.,) = Qq, + &+ O(r~Slogr)

where we have used f7 () = &, as { is invariant under scaling of r. The equation for deriv-
atives of the above formula also holds. Define &, = ¢;£. Then the cohomology class [£,] €
H3((S? x $3);,C) equals ¢; [¢], which is nonzero as both ¢; and [¢] # 0.

Our main result in §4.5 can then be applied to desingularize Calabi—Yau 3-folds with ordinary

double points, assuming the existence of these singular Calabi—Yau manifolds:

Theorem 4.31 Let (My, Jo,wo, Qo) be a Calabi-Yau 3-fold with ordinary double points x1, ...,
Ty, that is, a Calabi—Yau 3-fold with conical singularities x4, ..., x, with some rate v > 0 mod-
elled on the Calabi-Yau cones Vi,...,V, defined by the complex quadric in C*. If there exist
€ € C\{0} fori=1,...,n such that @®;_,[&,] € B, H3((S* x 5?);,C) lies in ps(H*(M{, C)),
then there exists a smooth family M; of nonsingular compact Calabi—Yau 3-folds M; for suffi-
ciently small t > 0 constructed by gluing the AC Calabi-Yau 3-fold Q.,, which is the cotangent
bundle (T*S3);, into My at x; fori=1,...,n.

We remark here that we can choose such ¢; for i = 1,...,n if and only if p3(H?*(M{,C))
contains an element with every component in @, H3((S? x 5%);,C) nonzero. In particular, if

the cohomology class [(5?);] of (S3); vanishes for some 4, then we can’t choose ¢; nonzero.

We finish this chapter by relating our theorem to an algebraic geometry result on smoothing
of singular Calabi-Yau 3-folds with ordinary double points given by Friedman [17, Cor. 8.8].
Suppose Y is a small resolution of the singular Calabi—Yau 3-fold M, with ordinary double
points at xi,...,x,, and suppose C; C Y is the S? introduced at each z;. Friedman proved
that My admits a smoothing if there is a linear relation between the homology classes [C;] of the
C; =2 S?, namely

o [Cl] =0 in HQ(K (C) with all a; # 0.
1

n
1=

We claim that our condition on the cohomology classes [{,] in Theorem 4.31 is equivalent to

Friedman’s condition on the homology classes [C;].

As we have shown, @, [&,] € ps(H?(M{,C)) implies there exists a closed 3-form x in M
such that ®¥(x) = &, + O(r=3+%). Thus for each i, f(S3)1: x = [&,] - [S?], which is nonzero as
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[€.] # 0 in H3((S? x §3);,C). Now consider a part of the exact sequence of the pair (Y, Y \
Uiz Ci):

— (Y \UL, Ci, ©) — HY(Y, Y \UiL, Ci, C) — HY(Y.C) — -+

Note that H3(M],C) = H*(Y \ U;_, Ci,C), and using the Thom isomorphism (see for ex-
ample [4, p.63]), we have H*(Y, Y \ U/, C;, C) = H°(J!_, C;,C), which is isomorphic to
Hy (Ui, Ci,C) (= @, C) by Poincaré duality. It then maps to H*(Y,C) = Hy(Y,C) by inclu-

sion. The exact sequence now becomes:
- — H?(Mg, C) — Hy(U;; Ci,C) — Ha(Y,C) — -+

with [x] € H3(M{,C) maps to > ., (Jis5), X) [Cil, and thus maps to 0 by exactness. This
gives Friedman’s condition on the homology classes [C], as f( 53y, X is nonzero for all . Thus
our cohomology condition implies Friedman’s homology relation, and it is not hard to see the
inverse is also true. It follows that our desingularization result in this chapter provides an ana-

lytic way, rather than the existing algebro-geometric way, of repairing the ordinary double points.

Friedman’s result, together with Yau’s solution to the Calabi conjecture, gives a unique
Calabi—Yau metric on the deformation or smoothing of M. Our result then describes explicitly
what this Calabi—Yau metric looks like, showing that it is in fact obtained by gluing the Calabi—
Yau metric on the singular Calabi—Yau 3-fold Mj with ordinary double points and the Calabi—Yau
metrics on each (T*S3);.



Chapter 5

SL m-folds with conical
singularities and AC SL m-folds

In Chapters 3 and 4 we studied the desingularization of Calabi-Yau 3-folds with conical
singularities. The objects or data we had were Calabi-Yau cones Vi,...,V,, a Calabi—Yau 3-
fold My with conical singularities x1, ..., z, modelled on Vi,...,V,, and AC Calabi—Yau 3-folds
Yi1,...,Y,, modelled on the same cones Vi,...,V,,. This chapter is devoted to studying spe-
cial Lagrangian 3-folds inside the above objects. The extra data in this chapter will be SL
cones C1,...,C, in Vi,...,V,, a singular SL 3-fold Ny in My with conical singularities at the
same points z1,...,x, and modelled on SL cones Cy,...,C,, and AC SL 3-folds Lq,...,L, in

Yi,...,Y, modelled on same cones C,...,C,.

We shall introduce the notion of SL cones in §5.1, SL m-folds with conical singularities in §5.2
and AC SL m-folds in §5.3. Finally, we give some examples of AC SL m-folds in AC Calabi—Yau
m-folds given by the canonical line bundle Kcpm-1 over CP™~! and the cotangent bundle 7*S™
of spheres.

5.1 Special Lagrangian cones and their Lagrangian Neigh-

bourhoods

We shall carry on using the notations in §4.1 for the ambient Calabi—Yau setting, and set up
new notations for the special Lagrangian submanifolds inside based on them. In this section we

consider special Lagrangian cones in Calabi—Yau cones.

Definition 5.1 Fori=1,...,n,let C; be an SL m-fold, which is closed and nonsingular except
at 0, in the Calabi-Yau cone (V;, Jy,,wy;, Qv;). Recall that V/ = V; \ {0} can be written as
I'; x (0,00) where I'; is a compact, connected (2m — 1)-dimensional smooth manifold. Then C;

is an SL cone in V; if C! = C; \ {0} can be written as ¥; x (0, 00) for some compact, nonsingular

107
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(m — 1)-dimensional submanifold %; of T';. Let g¢, be the restriction of the Calabi—Yau cone

metric gy, to C;.

We call 33; the link of the SL cone C;. Here we can allow ¥; to be disconnected, or equivalently

C! disconnected, though we have assumed for simplicity I'; is connected.

Recall from §3.3.1 that I'; is a contact (2m—1)-fold with a contact 1-form a; defined by r?a; =
1(X;)wy, where X; is the radial vector field on V;. The fact that the SL cone C! = 3; x (0, 00)
is Lagrangian in the Calabi-Yau cone V;/ = T'; x (0,00) implies ¥; is a (m — 1)-dimensional
Legendrian submanifold in I';. In §3.3.1, there is also a complex dilation \; g : V; — V;, given
by Ao(y,7) = (exp(0Z;)(7y), tr) for 6 € R and t > 0, where Z; = Jy, X;. When 6 =0, A\, o gives

a
ie. C; = A\ o(C;) for all t > 0. We note that A\, o(C;) is still special Lagrangian in V; since

‘real dilation” (v,7) +— (7,tr), and the cone C; is therefore invariant under this real dilation,

Ao(c),  and 0 = A7 o(Im(Qy;)

c;) = t"Im(Qy,)

o) = twy,

0= )\I,O(w‘/i At,0(Ci)*

Let ¢; : ¥; x (0,00) — Ty x (0,00) be the inclusion map given by ¢;(o,r) = (o,7). We
identify ¥; =2 ¥; x {1}. Let (o,7) € &; x (0,00). A 1-form on ¥; x (0,00) at the point (o,7)
can be expressed as n + cdr, where n € T*%,; and ¢ € R. Use (o,r,1,¢) to denote a point in
T (3 x (0,00)). Identify X; x (0,00) as the zero section {(o,r,n,¢) : n = ¢ = 0} of the

(o7)
cotangent bundle T%(%; x (0,00)). Define a dilation action on T%(%; x (0,00)) by

t-(0.r,m,0) = (o, tr, 2, te), (5.1)

where ¢ € Ry. This t-action restricts to the usual dilation on the cone ¥; x (0,00), and the

pullback of the canonical symplectic form wean, on T*(X; x (0, 00)) by ¢ satisfies t* (wean) = t2wWean-

As we have seen in Theorem 2.9, the Lagrangian Neighbourhood Theorem gives that any
compact Lagrangian submanifold N in a symplectic manifold looks locally like the zero section
in T*N. We are going to extend the Lagrangian Neighbourhood Theorem to special Lagrangian

cones C; in the Calabi—Yau cones V;:

Theorem 5.2 With the above notations, there exist an open tubular neighbourhood Uc, of
the zero section X; X (0,00) in T*(Z; x (0,00)), which is invariant under the t-action, and an
embedding $¢, : U, — V] 2 T; x (0,00) such that

\I]Ci|2i><(0,00) = i, ‘I’a (wv7) =Wean and Vg, 0t =X goUg,

fort € Ry, where t acts on Ug, asin (5.1), and At o is the dilation on the Calabi-Yau cone V;.

Theorem 5.2 can be proved by arguing in the same way as in the proof of [31, Thm. 4.3],
which applies [31, Thm. 4.2], a version of a result of Weinstein on Lagrangian foliations. Here
is the rough idea. In order to use Theorem 4.2 of [31], we need a smooth family L,y of non-
compact Lagrangian submanifolds in T'; x (0,00) containing the point (o,7) and transverse to
i x (0,00) at (o,7), i.e. Tior)Lior) N Ty (Xi x (0,00)) = {0}, with Ly = Ao (Lio,r))-
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Since ¥; & %; x {1} is compact, it is possible to choose such a family for » = 1, i.e. we can
choose noncompact Lagrangian submanifolds L, 1y for all o € X;, transverse to ¥; x (0, 00) at
(0,1). Define L4,y = Aro (L(o,1)), then the family { L, : (o,7) € ¥;x(0,00)} is what we need.

As we shall see, the Lagrangian neighbourhoods for C;, together with the Lagrangian neigh-
bourhoods for Ny (SL 3-fold with conical singularities) and L; (AC SL 3-fold), are useful in the
analytic result in Theorem 6.1 as we will glue all these neighbourhoods together.

5.2 SL m-folds with conical singularities

After defining SL cones in Calabi—Yau cones, we now define SL m-folds Ny with conical
singularities. Essentially, Ny is an SL m-fold in some Calabi—Yau m-fold M, with conical sin-
gularities at z1,...,x,, and it is asymptotic at x1,...,x, to the SL cones Ci,...,C, in the
Calabi—Yau cones Vi,...,V,. The idea is to define Ny as a graph of some 1-form (; on C; near x;
for i =1,...,n. The fact that Ny is Lagrangian implies (; is a closed 1-form. Moreover, for Ny
to approach C; near x;, ¢; should decay at least like O(r) which then implies (; is in fact exact.
As a result, we are able to express Ny as a graph of some exact 1-form da;.

We write (Mo, Jo,wo, o) for a Calabi—Yau m-fold with conical singularities at x1, . .., z, with
rate v > 0, modelled on Calabi-Yau cones Vi, ..., V, with diffecomorphism ®; : I'; x (0,¢) —
Si \ {z:} such that

O (wp) = wy, and |Vk(<I>2‘(QO) — QV71)|9V7; =0 *asr—0

fort=1,...,n and all £ > 0. Here is the definition of SL m-folds with conical singularities:

Definition 5.3 Let Ny be a singular SL m-fold in My, with singularities at z1,...,x, and no
other singularities. Then Ny is an SL m-fold with conical singularities at x1,...,x, with rate
€ (1, v+ 1), modelled on SL cones C1,...,C,, if there exist an open neighbourhood T; C S;
of x; in Ny, and a smooth function a; on X; x (0,€') for i =1,...,n and €’ < ¢, satisfying

IV¥ailge, = O 7%) asr — 0 and for all k > 0, (5.2)

computing V and |- |4, using the cone metric gc,, such that

where U¢, : Ug, — V/ is the embedding from the Lagrangian neighbourhood U, to the Calabi-
Yau cone V/, and I'(d a;) is the graph of the 1-form d a;. From (5.2), d a; has rate O(r*) as r — 0,
which shows it is a small 1-form, and by making ¢’ smaller if necessary, the graph I'(d a;) of da;

lies in Ug;.

We require the rate p to be greater than 1 to ensure Ny approaches the cone C; near x;. For
the upper bound, we choose p to be less than v 4+ 1 so that whether Ny is an SL m-fold with
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conical singularities with rate p is independent of the choice of the diffeomorphisms or coordinates
®,; amongst equivalent coordinates. Recall that two coordinates ®; and @} are equivalent if and
only if the following relation holds

VF (D, — gy, = O(r**1=F) asr — 0 and for all k > 0.

Here we interpret the difference between ®; and @, using local coordinates on the image S; \ {z;}.
From (5.3), T; \ {z;} is written as ®; o U, (T'(da;)). If a} is another smooth function such that
T; \{zi} = P, 0 U, (T'(dal)) under the coordinate ¥;, then

‘Vk-‘rla;lgci = |vk((1)i - (I);)|gv,i + |vk+1ai|gci
= 0@ TR+ O(r* %) from (5.2)
= O(r*=*) provided p < v +1

for k > 0. Integration then gives [aj|,. = O(r**'). Hence (5.2) for a; is equivalent to (5.2) for
a}, and the definition of SL m-folds with conical singularities with rate u is therefore independent
of the choice of ®;.

Now we give a result on the construction of Lagrangian neighbourhoods for Ny, compatible
with the Lagrangian neighbourhoods for C; in Theorem 5.2. The proof is similar to that of
Theorem 4.6 of [31].

Theorem 5.4 With the above notations, there exists an open tubular neighbourhood Uy, of the
zero section Ny in T* Ny such that

d(bilUciﬁT*(ZiX(O,e’)) (U01 n T*(Ez X (O, 6/))) = T*(TZ \ {xz}) n UNO fO?”i =1,...,n,

and there exists an embedding Yy, : Un, — My with Vy,|n, = Id, ¥}, (wo) = wr+n,, where

1d is the identity map on Ny and wr~n, the canonical symplectic structure on T* Ny, such that
\IJNO © d(I)i|UCi nT* (E,;X(O,e’))(U, T, C) = d;0 \IlCi (Ua r,n+ dazl (07 7"), c+ da? (Uv T))

fori=1,...,n, (o,7,n,¢) € Us, NT*(X; x (0,€)), and for da;(co,7) = da}(o,r) + da?(o,r)dr
with da}(o,r) € TS, and da?(o,r) € R.

Let us focus on the zero section {n = ¢ =0} 2 X; x (0,¢). The first part of the theorem gives
d®ilve, A+ (2% (0,e)) (0,7,0,0) = T; \ {z;}.
This is consistent with the second part of the theorem, as from the left hand side we have
U, © d®ilue, nre(six(0,e))(0:7,0,0) = Uno (T \{zi}) = T; \{x:},
using ¥ n,|n, = Id, and the right hand side gives
®; 0 Ve, (0,7,da} (0,7),da?(0,7)) = ®;0¥c, (T(day)) = T;\ {z:}

by (5.3).
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5.3 AC SL m-folds

We proceed to define AC SL m-folds L; in AC Calabi—Yau m-folds Y; for i = 1,...,n. Similar
to the conical singularities case, we want to define L; as a graph of some closed 1-form y; near
infinity. The condition for L; to converge to C; at infinity is that y; has size O(r"%) for large r
and k; < 1.

Let (Y3, Jy,,wy;, Qy;) be an AC Calabi-Yau m-fold with rate A; < —m modelled on Calabi-
Yau cones V; with diffeomorphism T; : I'; x (R,00) — Y¥; \ K; such that

T: (in) = Wy; and |vk(Tj(QY1> - QVi)

gv, = O(r*=*) as r — oo and for all k > 0.

Definition 5.5 Let L; be a nonsingular SL m-fold in Y; for i =1,...,n. Then L; isan AC SL
3-fold with rate k; € (A\; +1, 1), modelled on SL cones C; if there exist a compact subset H; C L;
and a smooth closed 1-form y; on ¥; x (R’,00) for R’ > R, satisfying

|kai|90i = O(r"~*) asr — oo and for all k > 0, (5.4)
computing V and |- 4., using the cone metric gc,, such that

Equation (5.4) implies x; has rate O(r") as r — oo, and by making R’ larger if necessary, the

graph I'(y;) of x; lies in Ug,.

Analogous to the upper bound for the rate p in the conical singularities case, we require
ki > A; + 1 so that the definition of AC SL m-folds with rate x; does not depend on the choice

of the coordinate T;.

Here we work with closed 1-forms with rate x; < 1 in the definition. However, assuming y; to
be closed is not enough for our purpose, as we hope to express L; as a graph of an exact 1-form
near infinity. The reason for that is if the 1-form x; was not exact, we shall come across global
topological obstructions (cf. the obstructed case in [34], or the A; = —3 case for Calabi—Yau
3-folds in Chapter 4) which we do not want to deal with.

Note that if we assume x; < —1, then y; is automatically exact, and it can be written as
db; for some smooth function b; on ¥; x (R',00). We can construct b; by integration: Write
xi(o,r) = xt(o,r)+ X3 (0,7) dr where i (o,r) € TY,; and x?(o,7) € R. Similar to the argument
we used before in defining the 1-form in Theorem 3.24, we define b;(o,r) = f:o X3 (o, s)ds, which
is well-defined if x; < —1, and it satisfies b;(c,7) = O(r®*1). Then x;(0,7) = db;(o,7). It
follows that assuming x; < —1 will suit our purpose, and in fact we shall see in Chapter 6 that
we need to assume x; < —3/2 to apply Theorem 6.1 (for the case m = 3). Thus from now on, we
adjust the rate x; of AC SL m-folds to be less than —1, so that k; € (A\; +1,—1), and equations
(5.4) and (5.5) in the definition become respectively

[VEbilge, = O(r" %) asr — 0o and for all k > 0, (5.6)
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and

In the last part of this section, we give the Lagrangian Neighbourhood Theorem for AC SL
m-folds L; (compare to [31, Thm. 7.5]), which is an analogue of Theorem 5.4:

Theorem 5.6 With the above notations, for i = 1,...,n, there exists an open tubular neigh-
bourhood Uy, of the zero section L; in T*L; such that

dTi‘UciﬂT*(EiX(R’,OO)) (U01 N T*(El X (RI7 OO))) = T*(Lz \ Hz) N ULN

and there exists an embedding Y, : Up, — Y; with Y, |, = Id, vy (wy;) = wr~r,, where Id
is the identity map on L; and wp~r, the canonical symplectic structure on T*L;, such that

\I/L,i © dTi|Uci nT™* (EiX(R’,oo))(O-7 T, C) = TZ o \IIC,', (07 N+ dbzl (07 7"), ¢+ db? (0-7 T))

for (o,m,m,¢) € Us, N'T*(E; x (R',00)) and for db;(o,r) = db}(c,7)+ dbZ(o,r)dr with db} (o, r) €
Tx%; and db?(o,r) € R.

5.4 Some examples of AC SL m-folds

This section gives some examples of AC SL m-folds in the following AC Calabi—Yau m-folds:
(i) the crepant resolution of the Calabi-Yau cone C™/Z,,, or equivalently, the total space of
the canonical line bundle Kgpm-1 over CP™~! endowed with Calabi’s metric, as described in
Example 3.28; (ii) the cotangent bundle T*S™ of S™ (= the complex quadric Q).) endowed with
Stenzel’s metric, as described in Example 3.29 and §4.6. We shall basically use methods described
in §2.2.4 of Chapter 2, and generalize the constructions to AC Calabi—Yau m-folds.

5.4.1 AC SL m-folds in Kcpn—1

Examples 5.7 Our first example of an AC SL m-fold will be given by the fixed point set of an
antiholomorphic isometric involution (Proposition 2.25) on the AC Calabi—Yau m-fold Kcpm-1
(Example 3.28). Counsider the usual complex conjugation oy : C™ — C™ having R™ as its
fixed point set. Since ogoyo 00_1 = ~~! for any v € Z,,, 0¢ induces an involution on C™/Z,,,
and then lifts to o on the crepant resolution of C™/Z,,, or Kcpm-1. This map o is actually an
antiholomorphic isometric involution on K¢pm-1: since ¢ is induced by the complex conjugation,
it satisfies 02 = Id and o*(J) = —J where J is the complex structure on Kcpm-1. We know
that o*(r) = r, where r is the radius function on C™/Z,, \ {0}, and hence ¢*(f) = f as the
Kihler potential f defined by Calabi is a function of 72. It follows that 0*(g) = g and hence
0*(w) = —w. Furthermore, ¢*(2) = Q on K¢pm-1 since the holomorphic volume form on Kgpm-1
is just the same as that on C™. Consequently, ¢ : Kcpm-1 — Kcpm—1 is an antiholomorphic
isometric involution on K¢pm-1, and the fixed point set of ¢ is an SL m-fold of K¢epm-1.
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Next we investigate the fixed point set of o in K¢pm-1, which is just the union of the fixed
points set Lo of o¢ : C™/Z,, — C™/Z,, with the origin removed and the fixed points set of
olepm-1 : CP™~t — CP™~! in CP™ 1. Now a point Z,, - (21, ..., 2zn) in C™/Z,, is fixed by

oo whenever (Z1, ..., Zm) = (z1 e2mik/m ezﬂk/m) for some 0 < k < m — 1. It follows that
Zj =T e™ /™ where r; € R, 7 =1,...,m and hence the fixed point set Ly in C™/Z,, is given
by
Lo=A{Z, - (Tlemk/m, ...,Tmemk/m) r; €R, k=0,1,...,m—1}.
Observe that Z,, - (ry e™*/™ . r, e™k/m) is equal to Zy, - (ri, ...,rm) for k even and Z,, -
(rye™/™ .. 1y e™/™) for k odd. Thus Lo has two components,
Lo = Zg - R™) /Loy U €™/ ™ (Zy - R™) ) ZLoy). (5.8)

(i) When m is even, then —1 € Z,,, and Z, is the subgroup of Z,, fixing R™. In this case, Ly
is topologically a union of two copies of R™/Zs, i.e. two cones on RP™~! meeting at 0;

(ii) When m is odd, then 21 € Z, and hence

em/mZm (1, ey Tm) = 6“i/m6271i(m;1)Zm (1, ey Tm)
ze”Zm~(r1, ceyTm)
=Zm (=71, ooy —Tm).

It follows from (5.8) that Ly = (Z,, - R™)/Z,,, which is topologically a copy of R™, or

equivalently, a cone on S™ 1.

Together with the fixed point set of o|cpm-1 : CP™~1 — CP™~!, which is just RP™~! this
yields the fixed point set L of o, i.e. an AC SL m-fold in K¢gpm-1:

(i) When m is even, L is homeomorphic to RP™~1 x R;

(i) When m is odd, L is homeomorphic to S™~! x (0,00) U RP™~1. We may regard L as the
quotient (S™~1 x R)/Zy, where Z, acts frecly on S™~! x R.

In both cases, L is the canonical line bundle Kgpm-1 over RP™~!. In fact, Kgpm-1 is trivial

(nontrivial) if m is even (odd), as RP™~! is oriented (non-oriented).

We are particularly interested in the case m = 3. From the above analysis we obtain an
AC SL 3-fold Kgpz as the fixed point set of some antiholomorphic isometric involution in the
AC Calabi-Yau 3-fold Kcpz. Observe that Krp2 admits a double cover which is diffeomorphic
to S? x R. We remark that this AC SL 3-fold Kgpz has rate “x = —o0”, since there will be
coordinates in which Kgp2 is a cone. As we have discussed before in the definition of AC SL
m-folds, we require 1 + rate for K¢cp2 < kK < —1. Thus we could say the rate for Kgpe is any
k € (—5,—1), as Kcpe has rate —6.

Examples 5.8 Next we describe an example of a 7™ l-invariant AC SL m-fold in Kcpm-1, as
given in [13, §5.1.1]. The idea of the construction is to use the method of moment maps, similar
to Proposition 2.17. The 7™ -action on K¢pm-1 is just the 7™~ -action on Kgpm-1 \ CP™~1 22
C™/Zy, \ {0} given by

(€1 e (2, zm) = (€92, €0 2,
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where 01 + - -+ + 0,,, = 0, and the 7™ -action on CP™~!. According to the calculation in [13,
§5.1.1], the moment map p for the T l-action on Kcpm-1 is given by:

1 1
2 2 1 o9 2 L1 o
et zm) = £02) (i = 2ol = L)

on the bit Kcpm-1 \ CP"~! = C™/Z,, \ {0}. Here f is the Kihler potential defined by Calabi.
On CP™ !, we have

1 1
sl =l = 2ol = )

where wy, . . ., w,, are normalized such that |w;|?>+- -+ |w,|?> = 1. Up to a constant factor, this
is just the same as the moment map of 7™ ! acting on CP""~! with the Fubini-Study metric.
The image of CP™~! under the moment map g is

-1 —1
M(CH"m1)2{(961,---,%)6Rm:x1+---+xm=07ijS . Vj}'
m m

m=1 =1 ;1)
m O m oy m )

This is a simplex in R™, and in fact the convex hull of m vertices given by (

(_Wl, mT_l, cee %)7 R (%’ _ﬁl, R mT_l), corresponding to the image of points py, . .., p,, under
j th
p, where p; = [0,...,0,°1,0,...,0]. Moreover, these p;’s are fixed points of the 7™ !-action

on CP™~ 1. This situation illustrates a well-known convezity theorem of Atiyah, Guillemin and
Sternberg (see for instance McDuff and Salamon [41], Thm. 5.47, p.180).

It follows that if ¢ = (c1,...,¢m) € R™ with ¢1 + - -+ + ¢, = 0 does not lie in the convex hull
of the m points u(p1), ..., (pm), then p=1(c) NCP™~! = ). On the other hand, for each ¢ in
the (m — 1)-simplex p(CP™~ 1), u=1(c)|cpm-1 is a T™ t-orbit in CP™~!. It turns out that if ¢
lies on a k-dimensional face of the simplex for some k = 0,1, ...,m — 1, u=(c)|cpm-1 will be a
k-torus T* in CP™~ 1. Note that a O-torus is just a point corresponding to one of the p;’s which
are the fixed points of the 7™ !-action on CP™ !,

The “generalized moment map” 1 of the 7™ -action on Kcpm-1 is basically the same as that
of the T™ !-action on C™, because the metric on Kgpm—1 constructed by Calabi has the same
holomorphic volume form as that on C™. Thus from Example 2.18, 5 is given by Re(z1 - - - zm)
if m is even and Im(zy - - - 2,,) if m is odd. Note that n =0 on CP™~ 1.

We can now write down the SL m-fold in Kcpm-1 as the level sets of p and 7. Let ¢ =

(¢1y...,¢m,c") where ¢1, ..., ¢, € Rand ¢1 + -+ + ¢, = 0. Define
m ) 2 1 5 .
LC:{(zl,...,zm)e(C \ {0} : () (|2 —%r):cwforjzl,...,m,
and Re(z1 -+ 2zp) = ¢ if mis even, Im(z1---2,) =c if mis odd}.

Then L. is a T™ L-invariant SL m-fold in C™ \ {0} with respect to Calabi’s metric. Since L, is
invariant under the Z,,-action on C™\ {0}, it follows that the quotient L./Z,, is a T™ !-invariant
SL m-fold in C™/Z,, \ {0}, and converges to the cone

1
{Zm (21, oy zm) 2P = = |zm]® = — %, and Re(z1 -+ - 2,,) = ¢ if m is even,
m

Im(zy -+ 2p) = ¢ if m is odd}
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in C™/Zy,.

Now suppose ¢’ # 0, then L./Z,, will not intersect CP™! in Kcpm-1, as n = 0 on CP™~ 1.
Consequently, L./Z, is a T™ l-invariant SL m-fold in Kgpm-1 for any ci, ...,cm,c € R with
c1+ -+ +c¢p=0andc #0.

For the case ¢ = 0, if (¢1, ..., ¢;n) does not lie in the convex hull of the m points p(p1), - . ., u(pm)
in R~ then L./Zy, is a T™ l-invariant SL m-fold in Kcpm-1. If the point (cy, ..., ¢y) is on
a k-dimensional face of the simplex for some £ = 0,1, ...,m — 1, then we have to include a
k-torus T* in CP™~! and hence in this case we obtain a 7™ -invariant SL m-fold L./Z,, UT*
in Kcpm-1. Note that the singular behaviour for these SL m-folds L./Z,, U T* is analogous to
the case in Example 2.18.

The case m = 3 gives examples of T?-invariant SL 3-folds in Kcpe. If k = 0, then L./Z3U{p;},
for j = 1,2,3, has an isolated singular point at p; € CP2. If k = 1, then the whole T" is where
the singularities located in L./Z3UT?, and for k = 2, we have a nonsingular SL 3-fold L./Z3UT?
in Kc]p2 .

Examples 5.9 This example constructs AC SL 3-folds in K¢pe invariant under the standard
SO(3)-action. From the calculation of the moment map of the U(m)-action on C™ w.r.t. Calabi’s
metric in [13, §5.1.1], it can be seen that the moment map p : Kcp: — 50(3)* =2 R3 of the SO(3)-

action on Kcpz is given by
p=f'(r*) (Im(z,22), Im(2223), Im(2321)).

Again, f denotes the Kéhler potential defined by Calabi. Since Z(s0(3)*) = {0}, it follows that
any SO(3)-invariant SL 3-fold in Kcpe must lie in the level set ;4 ~1(0). Using the same construc-
tion as in Example 2.20 of Chapter 2, we obtain a family of SL 3-folds L. in K¢p2 which has
the same form as in Example 2.20, since the level sets of both moment maps coincide. Thus
for ¢ # 0, L. is an AC SL 3-fold in K¢p> with Calabi’s metric and is diffeomorphic to S? x R.
As the cone (Zs - R3)/Zs is identified with the cone e'™/3 - (Z3 - R?)/Z3 in C3/Zs, L. converges
to two copies of (Z3 - R3)/Z3 in C3/Z3 from Theorem 2.21. We have seen that the rate for the
SO(3)-invariant SL 3-folds in C? is —2, thus L. also has rate —2. With the discussion in Example
5.7 the fixed point set Kgpz admits a double cover diffeomorphic to S? x R, which is just one
possible L., and hence we have obtained a family of deformations of a double cover of Example
5.7 for m = 3. One can generalize this example to higher dimensions and obtain SO(m)-invariant
AC SL m-folds in K¢pm-1.

5.4.2 AC SL m-folds in T*5™

Examples 5.10 As we have seen in Example 2.7 and §4.6, the cotangent bundle T*S™ can
be described as an AC Calabi—Yau m-fold, which can also be viewed as the complex quadric
Qe = {2, 27 = €} for 0 # e € C. We first use the fixed point set of an antiholomorphic isometric
involution to construct SL m-folds in Q.. Let ¢ : C™*! — C™*! be the usual complex
conjugation. Suppose € € R with ¢ > 0, then o maps Q. to @, and it is an antiholomorphic
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isometric involution on ). with respect to Stenzel’s metric. In this case, the fixed point set L is
the real points of Q., which corresponds to the zero section S™ of the cotangent bundle T*S5™,
and therefore S™ is an SL m-fold in T*S™. More generally, if we take o : Q. — Q. with

Uk(Zl, .. .,Zm+1) = (21, ey Ry Rl e s 7Zm+1)

for 0 <k <m+1 and write 2; = z; +1y; for j = 1,...,m + 1, then the fixed point set L, for

o} is given by
. . 1 2 2 2 2
L ={(z1,. ., %k, Wht1s -+ Wmt1) € cmtt TP+ T = Y1 — T Y1 & €}

If € > 0, then Lo = () and for k > 1, L, is topologically an S¥=1 x R™~*+1 in T*S™ and it follows
that S*~1 x R™~*+1 is an SL m-fold with phase i~ **+1 in T*S™ for each 0 < k < m. In fact this
agrees with a standard result in symplectic geometry that given a submanifold N in a manifold
M, the annihilator TN+ of TN is Lagrangian in T*M with its canonical symplectic structure.
Here those S¥~1 x R™~#+1’s are exactly the annihilators (T.S*~1)+ of T.S¥~! in T*S™. Similar

result holds for e < 0 where Ly now corresponds to S™ % x R¥ for 0 < k < m and L,, 1 = 0.

The case m = 3 yields four topologically distinct SL 3-folds S2, S% x R, S* x R? and 5% x R?
(or two disjoint copies of R?) in Q. = T*S3. Recall that the complex quadric Q. is the deforma-
tion of the singular Calabi-Yau cone Qq, a cone on S? x S3. As € — 0, the fixed point sets in
Q. converges to fixed point sets in @y with different topologies:

(i) the 3-sphere S3 collapses to a single point in Qo;

(ii) the S% x R converges to two cones on S?, i.e. two R? intersecting at 0;

(iii) the S1 x R? converges to one cone on S' x S! =2 T?2; and
(

iv) the SO x R? converges to two R? intersecting at 0.

Examples 5.11 We describe here an example of T%-invariant SL 3-fold (§5.2.2 of [13]) in Q.
constructed by the method of moment maps. Take T? as a subgroup of SO(4) defined by :

cosf; sinb; 0 0

—sinf; cos6y 0 0 )
0 0 cosly sinfy | ° 01,0, €R
0 0 —sinfy cos 6y

The associated vector fields for the two basis elements x1, x5 of the Lie algebra of T? are :

(b( )_ _ i+*i_*i
=% 0% 1 029 = 071 A1 07y

0 0 0
P(r2) =24 53— — 235~ + 215 — Z3 5

623 3 (924
The moment map x : Q. — R? for this T2-action is given by
(21, 22, 23, 2) = f'(r?) (Im(2221), Im(2423)),

where f is the Kahler potential defined by Stenzel.
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Let Qg, be the holomorphic volume form on @, as given in (4.51). Then by solving the
equation ¢(¢(x1) A ¢(x2)) Qo. = do for «, we obtain the generalized moment map 7 = Im(«).
Recall that dz1 A dzo A dzs A dza = (21dz1 + zedze + z3dzs + zadza) A Qg , thus taking interior
products with ¢(z1) A ¢(z2) on both sides gives

Wp(z1) A Pp(x2)) (dz1 Adzo ANdzg ANdzy) = (z1dz1 + -+ - + zadza) A (L(@(z1) A P(z2)) Q0.)

= (z1dz1 + 2z2dza + z3dzs + 24dz4) A da
= —d(a (z1dz1 + zodzo + z3dzs + z4d24)).

Here we have used the fact that 27 + 23 + 23 + 27 is T?-invariant, and so t(¢(x;))(z1d21 + z2dz2 +
z3dz3 + z4dzy) = 0 for j = 1,2. After some brief calculations, we obtain o = 2§ + 25 — 23 — 23
up to a constant multiple, and hence the generalized moment map 7 : Q. — R is given by

n=Tm(s} + 25 — 25 — 21).

Consequently, for each ¢ = (cy, 2, c3) € R?,
Le ={(21, 22,23, 24) € Qc : ['(r*)Im(2221) = e1, f'(r*)Im(z423) = c2,
Im(2% + 22 — 22 — 23) = c3}
is a T2-invariant SL 3-fold in Q.. As € — 0, L. converges to the following T?-invariant cone C
in Qo:
C = {(21,22,23,21) € Qo : Tm(2221) =0, Im(z423) = 0, Im(27 + 25 — 23 — 23) = 0}.

As we have 27 + 23 + 22 4+ 27 = 0 on Qo, the last equation defining C' thus becomes Im(z7 + 23) =
0 = Im(22 + 22). It can then be shown that the cone C' can actually be written as the union of
{($1a$27i93»iy4) T, Yj € R7 JJ? + .’E% - yg - yi = 0}

and {(iy17iy2ax37x4) Ty, Y4 € R7 _y% - y% + l'% + ‘Ti = 0}7

i.e. T?-invariant cones coming from the fixed point sets of some antiholomorphic isometric invo-
lution on Q. Note also that the fixed point set Lo for oo in Example 5.10 is a special case of

this example, as it corresponds to the case when ¢; = ¢y = ¢c3 = 0.

Examples 5.12 The last example we give here is on SO(3)-invariant AC SL 3-folds in Q. for
0 # € € C. Take an SO(3) subgroup of SO(4) with matrices of the form

(@ 9 acsosy.

We shall apply the construction by the cohomogeneity one method described in Example 2.20,
we first calculate the moment map u : Q. — s0(3)* =2 R? of this SO(3)-action, which is given
by

(21, 20, 23, 24) — £ (r2) (Im(21 Z2), Im(2223), Im(23%;))

where f is the K&hler potential defined by Stenzel. Following exactly the same technique in
Example 2.20, it can be shown that the SO(3)-orbits in ~1(0) can be written as

{(Ve=Xa1, Ve—Nxy, Ve—Nua3, \) : z; €R, 2 + 22 + 23 =1}
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for each \ € C, and the differential equation in A\ becomes

Im (dA m> =0. (5.9)

dt

Integrating (5.9) and we get

A 1
P\ = %arcsin (\ﬁ) + B AVe— A2 + constant.

Hence we have obtained a family of SO(3)-invariant SL 3-folds

L.= {(\/e—/\2x1,\/e—)\zxg,\/e—/\%cg, Az €R, i+ a3 +a23 =1, Im(P(/\)):c}

for ¢ € R. In what follows, we shall focus on the flow lines of P(X) given by (5.9) and describe the
topology of L.. Let us first consider the case when ¢ = 1. Then we have two singular points at

+1, and there is a flow line along the segment [—1, 1] where our SL 3-fold L. corresponds to an S3.

When X is close to 1, write A = 1 + w, then for w small enough, we have

Im(d)\\/l—)\Q) = Im<dw\/%).
dt dt

Calculation shows that this yields three flow lines ending at 1, one of which corresponds to the
line segment [—1,1], and the other two, A; and As, look like half lines {arg(z) = 7/3} and
{arg(z) = 57/3} near the point 1 respectively. Similarly, for A close to —1, the flow lines are
[-1,1], A and A4, where As, A4 look like half lines {arg(z) = 27/3} and {arg(z) = 47/3} near
the point —1 respectively. Consequently, we have four different SL cones on S2, i.e. four different
SL R3’s represented by A;, As, Az and Ay, in which the two R?’s corresponding to A; and A,
intersect at the point (0,0,0,1) on Q;, and the two R3’s corresponding to A3 and A4 intersect
at the point (0,0,0,—1) on Q;.

For large |A|, (5.9) for € =1 becomes:

Im (dA V1- )\2> ~ Im <d/\ (M)) )
dt dt

which implies Re(A?) = constant. It follows that A, Ao, A3 and A4 are asymptotic to the lines

{arg(z) = w/4}, {arg(z) = Tr/4}, {arg(z) = 37 /4} and {arg(z) = 57/4} respectively. Thus the

four R%’s represented by A;, Ay, Az, A4 are AC SL 3-folds in Q; asymptotic respectively to the

cones Cy, Cs,C1,Cs in Qg given by:

Oy = {i*e™* (ixy,ize,ixz, v4) s 75 €R, 24 >0, 22 + 22+ 22 —22 =0} for k=0,1,2,3.

All flow lines other than [—1, 1] and the A;’s correspond to S? x R, and we have four different
kinds of such of them, flowing between the regions bounded by A; U Ay, A3 U[—1,1]UA3, A3UA,
and A;U[—1,1]JUA,. These yields four families of AC SL 3-folds L., homeomorphic to S? x R and
asymptotic to the cones Cy U Cq, Ch UCy, Cy UC3 and C3 U Cy. Summarizing the above results,
we have obtained the following topologically distinct families of SO(3)-invariant SL 3-folds L. in
Q1:

(i) a 3-sphere S3;
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(ii) 4 different AC SL R?’s, converging to 4 SL cones C;’s in Qo; and

(iii) 4 different kinds of AC SL S? x R, converging to unions of cones Co U Cy, C; UCy, CoUCs
and 03 U C() .

After interpreting the case € = 1, we proceed to discuss the situation for € # 1 with Re(y/€)
> 0 and Im(y/€) > 0. The singular points for (5.9) are now £./e. Unlike the ¢ = 1 case, there
is no flow line along the line segment [—y/€,/€]. As a result, we have no special Lagrangian

3-spheres S3 (with phase 1) for this case.

When X is close to /€, we also have three flow lines By, By, B3 ending at /¢, converging to
three half lines near /e with slopes depending on arg(y/€). A similar situation appears near the
point —+/€, where we have three flow lines By, Bs, Bg ending at —+/e. Thus there are six different
special Lagrangian R®’s By, By, B3, By, Bs and Bg, where the first three intersect at the point
(0,0,0,/€) in Q., while the last three intersect at the point (0,0,0, —+/€) in Q.. Now for large
|A], the asymptotic behaviour of the flow lines is similar to the case e = 1 before. We fix B; to be
the flow line ending at /€ and converging to the line {arg(z) = 7/4} at infinity, By the flow line
converging to {arg(z) = 7w /4} and Bs the flow line converging to {arg(z) = 3w/4}. Thus By, By
and Bz are AC SL 3-folds in Q)., asymptotic respectively to the cones Cy, C3,C; in Qp. On the
other hand, we fix B4 to be the flow line ending at —+/e and converging to line {arg(z) = bn/4}
at infinity, Bs the flow line converging to {arg(z) = 37/4} and Bg the flow line converging to
{arg(z) = 7w/4}. Then By, Bs and Bg are AC SL 3-folds in Q., asymptotic respectively to
the cones Cy,C1,Cs in Qg. We note that although there are six different R3’s converging to six
cones at infinity, the pair { By, Bg} shares the same asymptotic cone C3, and { Bs, Bs } the cone Cf.

Apart from the B;’s, all other flow lines represent S* x R, flowing between the regions bounded
by By U By, By UB3, By U Bs, By U Bg and Bs U B3 U B; U Bg, and so we have five different
kinds of AC SL 3-folds S? x R. To summarize, when € # 1 with Re(y/¢) > 0 and Im(y/€) > 0,
we have the following two topologically distinct families of SO(3)-invariant SL 3-folds in Q.:

(i) 6 different AC SL R%’s, converging to 4 SL cones C;’s in Qo; and

(i) 5 different kinds of AC SL S2 x R, converging to 5 unions of cones CoUCy, C; UCy, CoUCs,
C3UCy and Cy U Cs.

Let us finish by stating the situation when e # 1 with Re(y/¢) > 0 and Im(y/€) < 0. The
whole picture of the flow lines will be a kind of rotation of the previous one by i. Again, we
have three flow lines B}, B}, B} ending at /¢, converge to {arg(z) = 7mw/4}, {arg(z) = 57/4} and
{arg(z) = w/4} respectively. The other three B}, B, B; ending at —/€, converge to {arg(z) =
3m/4}, {arg(z) = w/4} and {arg(z) = 5m/4} respectively. Hence the six Bj’s are AC SL R’s in
Q., with B} converges to the cone Cs, B, By to Ca2, B) to C; and B}, B to Cp. Similarly, we
have five kinds of AC SL S? x R, flowing between the regions bounded by Bj U Bj, B} U B,
B} UB{, B} UBj; and By U B; U B U By,



Chapter 6

Desingularizations of SL 3-folds

with conical singularities

After introducing SL m-folds with conical singularities and AC SL m-folds in the correspond-
ing Calabi—-Yau m-folds, we are going to study simultaneous desingularization of Calabi—Yau and
SL 3-folds. Suppose Ny is an SL 3-fold in M, with conical singularities at the same points x; for
i=1,...,n,and L; an AC SL 3-fold in Y;. When we glue in a rescaled Y; to My at each x;, we
also glue in a rescaled L; to Ny at each x;. The idea of the desingularization is to construct a fam-
ily of nonsingular 3-folds N; in the family of nonsingular nearly Calabi—Yau 3-folds (M, wy, ;)
so that Ny is Lagrangian in (M, wy, Q). Our result on Calabi—Yau desingularization then gives
genuine Calabi-Yau 3-folds (M, Ji, @, Qt). Choose a suitable coordinate/diffeomorphism t; on
M, so that wy = ¢ (¢;@¢). Then the pullback (jt, Wy, Qt) of (J;, @y, Q) under 1)y is also a genuine
Calabi—Yau structure on M;, and N, is Lagrangian in the Calabi—Yau 3-folds (M, Jy, @, Qt) as

well.

The analytic result we need in this chapter is adapted from Joyce [33, Thm. 5.3], in which he
shows that when ¢t is sufficiently small, we can deform the Lagrangian m-fold N; to a compact
nonsingular SL m-fold. The hypotheses in Joyce’s theorem involves estimates of various kinds of
norms of Im (€4)|x,. This suggest us to compute the term Im () restricting on different regions
of N;.

We begin in §6.1 by establishing necessary notations and discussing Joyce’s analytic result.
In §6.2 we construct Lagrangian 3-folds N; by gluing in L; to Ny at each x;. Then in §6.3 we
compute the estimates of the size of Im (Qt)\ N,- We divide the whole computation into three
components, as given in equation (6.4). Using the concept of local injectivity radius, together
with a kind of isoperimetric inequality and the elliptic regularity result, we finally verify all the
conditions, and so we are able to prove a result on SL desingularizations in §6.4. In the last
section, §6.5, we illustrate our main result by taking two examples of Calabi—Yau 3-folds with
conical singularities, namely the orbifold 7°/Z3 and some quintic 3-folds, and perform the desin-
gularization simultaneously for both Calabi-Yau and SL 3-folds with conical singularities. We
use AC SL 3-folds from §5.4 for gluing, thus obtaining various kinds of nonsingular SL 3-folds in

120
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the nonsingular Calabi—Yau 3-folds.

Results related to the desingularization of SL m-folds can also be found, for instance, in
Butscher [9], Joyce [33], [34], [35], and Lee [37]. Butscher shows existence of SL connected sums
of two compact SL m-folds (in C™ with boundary) at one point by gluing in Lawlor necks (for
definition, see [36]). Joyce proves a desingularization result of SL m-folds with conical singu-
larities in nonsingular almost Calabi-Yau m-folds by gluing in AC SL m-folds in C™. He also
studies desingularizations in families of almost Calabi—Yau m-folds. Lee considers a compact,
connected, immersed SL m-fold in a Calabi—Yau m-fold, whose self-intersection points satisfy an

angle criterion. She uses Lawlor necks for gluing at the singular points.

6.1 Joyce’s desingularization theory

Joyce has developed a comprehensive desingularization theory of SL m-folds with isolated
conical singularities in Calabi—Yau m-folds (and more generally in almost Calabi—Yau m-folds).
His approach is to glue in appropriate AC SL m-folds in C™ which are asymptotic to some SL
cones, thus obtaining a 1-parameter family of compact nonsingular Lagrangian m-folds. Then
he proves using analysis that the Lagrangian m-folds which are close to being special Lagrangian
can actually be deformed to SL m-folds in the Calabi—Yau m-fold. The whole programme on

SL m-folds with isolated conical singularities is given in the series of his papers [31, 32, 33, 34, 35].

We shall now fix m = 3 to fit into our situation for desingularizing SL 3-folds in Calabi—Yau
3-folds.

Before stating Joyce’s analytic result, we need to establish the necessary notations, which can
be found in Definition 5.2 of [33]. However we shall only consider the following particular case
of his definition:

Let (M, J,w,Q) be a Calabi—Yau 3-fold, with Calabi—Yau metric g. Since we only deal with
Calabi—Yau manifolds, not the more general class of almost Calabi—Yau manifolds, we can take
the smooth function ¢ in Definition 5.2 of [33] to be 1 on M, so that condition (ii) of Theorem

5.3 in [33] becomes trivial in our case.

Suppose N C M is a Lagrangian 3-fold. Restricting the Calabi—Yau metric g on NV, we obtain
a metric h = g|n, with volume form dV. The holomorphic (3,0)-form €2 restricts to a 3-form Q|
on N. As N is Lagrangian, we can write

Qly =€ av

for some phase function # on N, which equals zero if and only if N is special Lagrangian (with

phase 1). Suppose [Im(2)|y] = 0 in H3(N,R), or equivalently,

/ Im(Q2) :/ sind dV = 0.
N N
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Clearly, this is a necessary condition for NV to be special Lagrangian in M. Note that this can
be satisfied by choosing the phase of €2 appropriately, which means this is actually a fairly mild
restriction.

In (iii) of Theorem 5.3 in [33], we need a 3-form § and a connection V on T*N (V in the
original notation). For r > 0, define B, C T*N to be B, = {a € C®(T*N) : |a|p,-1 < r}, where
| - |n-1 is computed using the metric h~t. The Levi-Civita connection V of h on TN induces
a splitting TB,, = H @ V, where H =2 TN and V = T*N are the horizontal and vertical sub-
bundles of T*N. Define h on B, such that H and V are orthogonal w.r.t. h, and h|g = 7*(h),
hly = 7*(h™') where 7 : B, — N denotes the natural projection. Let V be the connection on
TB, given by lift of V on N in the horizontal directions H, and by partial differentiation in the
vertical directions V. Since N is Lagrangian in M, for small » > 0, the Lagrangian Neighbour-
hood Theorem gives an embedding ¥ : B, — M such that ¥*(w) = wean and ¥|y = Id, where
Wean 18 the natural symplectic structure on B, C T*N. Finally, we define a 3-form 8 on B, by
B = ¥*(Im (£2)), the pullback of the imaginary part of the holomorphic (3,0)-form € on M by
the Lagrangian embedding.

The finite dimensional vector space W in Definition 5.2 of [33] has to do with the number of
connected components of Ny \ {z1,...,2,} where Ny is a SL 3-fold with conical singularities at
Z1,...,Zn. We will make the nonsingular Lagrangian 3-fold N; (which is our N defined above) by
gluing AC SL 3-folds Lq,..., L, into Ng. If No\ {z1,...,2,} is not connected, then each of the
L;’s is connected but may contain more than one end, so that N; consists of several components
of Ny joined by “small necks” from L;’s. The vector space W will then be a space of functions
which is approximately constant on each component of Ny \ {z1,...,2,} and changes on small
necks. The dimension dimW will be the number of connected component of No\{z1,...,2,}. For
the sake of simplicity, we only study the case when Ny \ {z1,...,z,} is connected, which means
we can take W = (1), the space of constant functions. As a result, condition (vii) of Theorem
5.3 of [33] is trivial and we can drop it entirely. The natural projection 7y : L2(N) — W is now

given by

ww(v):vol(N)*l/Nudv

for W = (1), and we have 7y (v) = 0 <= [y vdV = 0. It follows that the last inequality of
Theorem 5.3 (i) in [33] holds automatically, as we have assumed [ sinf dV' = 0. Moreover, we

can replace my (v) = 0 by [y vdV =0 in (vi) of the theorem to leave W out of our definition.

We are now ready to state the following analytic existence result for SL 3-folds, adapted from
[33, Thm. 5.3]:

Theorem 6.1 Let ' > 1 and Ay,...,A¢ > 0. Then there exist ¢, K > 0 depending only on
k', A1, ..., Ag such that the following holds.
Refer to the notation in §6.1. Suppose 0 < t < e and r = A1t, and

(i) [|sin @] poss < Agt®T3/2 |Isinf]|co < Aot® "1 and ||dsinf| e < Agts —3/2.
(ii) [|[V*B|lco < Ast™® fork =0,1,2 and 3.

(iii) The injectivity radius 6(h) satisfies §(h) > Aat.
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(iv) The Riemann curvature R(h) satisfies |R(h)||co < Ast=2.
(v) Ifve LI(N) with [yvdV =0, then v € LY(N), and ||v| s < Agl|dv]| 2.

Here all norms are computed using the metric h on N in (i), (iv) and (v), and the metric h on
Ba,: in (ii). Then there exists f € C°°(N) with [ fdV =0, such that ||df||co < Ktv < At
and N = W, (T(df)) is an immersed special Lagrangian 3-fold in (M, J,w, ).

For a small 1-form o € C*°(T*N), ¥.(I'(«)) is a Lagrangian submanifold in M if « is closed,
and it is a special Lagrangian submanifold if « also satisfies d*(cosf ) = sinf + Q(«) where
Q is a smooth map with Q(a) = O(|a|? + |[Val?) (see [33, Lemma 5.7]). Now if f € C*(N)
is a small function in C'(NV), then df is a small 1-form, and W, (T'(df)) is special Lagrangian
if and only if d*(cos@df) = sinf + Q(df). Thus the function f in the theorem is basically the
solution to the above nonlinear elliptic equation. Joyce [33, §5.5] solved this equation by con-
structing inductively a sequence (fx)p2, in C*(N) with fo = 0 and [y frdV = 0 satisfying
d*(cos 0dfy,) = sin@ + Q(dfi—1) for k > 1. Then he showed that this sequence converges in some
Sobolev space to f which satisfies the nonlinear elliptic equation and is smooth by elliptic regu-

larity.

6.2 Construction of V;

In this section we are going to define a 1-parameter family of compact nonsingular Lagrangian
3-folds N in the nearly Calabi-Yau 3-folds M; for small ¢ > 0. Recall that we desingularize
the Calabi—Yau 3-fold M, with conical singularities by first applying a homothety to each AC
Calabi—Yau 3-fold Y;, and then gluing it into My at x; for ¢ = 1,...,n to make the nonsingular
My’s. For the special Lagrangians inside these Calabi~Yau’s, we then desingularize Ny (inside
(Mo, Jo,wo,Q0)) by gluing L; (inside (Y3, Jy,, t?wy,, t3Qy,)) into Ny at x; for each i. Note that
after applying the homothety to Y;, equations (5.6) and (5.7) now become

|kai(07t717')|gci = O(t—Fi~1pritI=k) a5 1 — oo and for all k > 0, (6.1)
and
Li\ H;= Ty;0¥c,(L({t*db;(o,t™'r))) (6.2)
where the diffeomorphism Y ; : T; x (tR,00) — Y; \ K; is given by Y¢;(v,7) = Ti(y,t'r).
Now for i = 1,...,n, @ € (0,1) and small enough ¢ > 0 with tR < tR' < t* < 2t* < €' <,
define a smooth function w;; on ¥; x (tR',€') by
ugi(o,7) = F(t7) a;(o,7) + t2(1 — F(t77)) bi(o,t 7). (6.3)

Again, F' is the smooth, increasing function we used before in defining 2; in Calabi—Yau desin-
gularizations. Thus we have F(t~*r) = 1 when 2t® < r < €, in which case u; (o, r) = a;(o,r),
and F(t~%r) = 0 when tR' <r <t in which case u ;(o,r) = t2b;(0,t71r).
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Here we are going to use the same « € (0, 1) as in the previous Calabi—Yau 3-fold desingular-

izations, and we shall require « to satisfy certain inequalities for this SL desingularization as well.

Define N; to be the union of (No \ Ui, T3), Ui—; Ve, (T(dut;)), and |J;—, H;. Basically, we
construct Ny in the way that for » > €', N is just (No \ U;—, T3) C Ny. For tR' <r <€, Ny is
diffeomorphic to the union of the graphs I'(du; ;) of the 1-forms du;; which in fact interpolate
between the graphs I'(da;) of da;, i.e. part of Ny, for 2t* < r < ¢ and the graphs I'(t?db;) of
t2db;, i.e. part of L;, for tR' < r < t®. Finally for r < tR', N, is the union of H; C L;.

Under our construction the boundary of each H; (= ;) joins smoothly onto |J;_, ¥¢, (T'(duy;))
at the ¥; x {tR’} end, and the boundary of (Ny \ U}, T;), which is the disjoint union of the
3, joins smoothly onto I, W, (I'(duy;)) at the ; x {¢'} end. Thus N; is a compact smooth

manifold without boundary. More importantly, V; is in fact a Lagrangian submanifold:

Proposition 6.2 N; is a Lagrangian 3-fold in the nearly Calabi-Yau 3-fold (My,ws, Q) for
sufficiently small t > 0.

Proof.  We shall look at the symplectic form w; restricts to different regions of N;. Since N,
coincides with Ny, which is Lagrangian in My, in the component Ny \ U?:l T;, and w; equals
wp on this part, we see that wy =0 on Ny \ U?:l T;. In the same way, as IV; coincides with the
union of L; in the component |J;'_; H;, and w; is now t*wy, on each L;, thus we have w; = 0 on
U, Hi, as L; is Lagrangian in Y;. For the middle part, N; is given by U, ¢, (I(due;)). As
wy is equal to wy; on each W, (I'(duy,;)), and W (wy;) = Wean from Theorem 5.2, where wean
is the canonical symplectic form on T*(X; x (0,00)), we get w; = 0 on Ui, Yo, (F(duy,)) as
I'(duy ;) is the graph of a closed 1-form du,; on X; x (tR',€’). It follows that wy|y, = 0, and Ny
is then Lagrangian in M;. O

Now we deform the underlying nearly Calabi—Yau structure on M; to a genuine Calabi—Yau
structure (jt,&}t, Qt) for small ¢ by applying Theorem 4.28. As shown in the theorem, we have
the relation [w;] = ¢ [©:] € H?(M;, R) for some ¢; > 0 between the cohomology classes of the
Kahler forms. Thus w; and ¢; w; are in the same cohomology class. Using Moser’s type argument
there is a diffeomorphism v, : My — M; on M, satisfying ] (c; &) = wy. Write @y = U] (@),
Jy = (), Ge = 7 (G) and Qp = 97 (Q) under the new coordinates. The fact that w; and
¢ty are close for small ¢ > 0 means that the diffeomorphism ; is close to identity, which then
implies that the complex 3-forms are also close under the new coordinates, i.e. O~ Q. We

shall evaluate this difference in the next section.

As we have arranged w; = ¢; @ by applying a diffeomorphism ¢, it follows that &y, = 0
since ¢; > 0, and so we obtain:

Proposition 6.3 N; is a Lagrangian 3-fold in the Calabi-Yau 3-fold (M, jt,d)t,flt) for suffi-
ciently small t > 0.
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6.3 Estimates of Im(Qt)\Nt

We have constructed a family of compact, nonsingular Lagrangian 3-folds N; by gluing L;
into Ny at each z;, and our next step is to apply Theorem 6.1 to deform N; to a special La-
grangian 3-fold N; in the Calabi-Yau 3-fold (M, Jy, @, Qt) for small enough ¢t > 0. This leads

us to consider the estimates of various norms of Im(€;)|n, for (i) of Theorem 6.1.

Let hy, h: and izt be the restrictions of g, g: and g; to N; respectively. In view of Theorem
4.28, or Theorem 3.32, the metrics g¢, ¢, and hence hy, th, are uniformly equivalent in ¢, so norms
of any tensor on N; measuring with respect to hy, hy only differ by a bounded factor independent

of t. We shall see later the uniform equivalence between h: and the other two.

Here is the basic estimate, computing with respect to R
|Im(§2t)|Nt|;Lt < (S —Qt)|Nt|;Lt + ] (€ = Q) |j, + Mm(Q)w.|;,- (6.4)

We hope to arrange for this error to be small enough that we can deform N; to an SL 3-fold
by using the analytic result in Theorem 6.1. The first term (Qt — Qt)|Nt in the right side of
(6.4) is basically the error coming from changing coordinates on My, which can be estimated by
considering the diffeomorphism ; from Moser’s argument. The second term (Qt —)|n, is the
error arising from deforming the nearly Calabi—Yau structure (wy, €2¢) to the genuine Calabi—Yau
structure (ju@t, Qt) on M;. We already have the C%-estimates from Theorem 3.32 or Theorem
4.28, but for part (i) of Theorem 6.1 to hold we need to improve and get a better control of this
term. We shall devote most of the section to achieving this. For the final term Im(Q)|y,, we

can estimate it by restricting €2; to different regions of NV;.

Let us first evaluate the last term Im(€;) on various components of N;. We first adopt the
definition of the complex 3-form €; from (3.39) when \; < —3, and we will treat the case \; = —3

afterwards. From (3.39) we have

Qo on Q:\ [(UiZy Pri) N Q4
Q= Qu, +d[F(t7or)A;(y,r) + t3(1 = F(t=°7))B;i(v,t7'r)] on P;NQy, fori=1,...,n,
t3Qy, on P\ (P;NQy), fori=1,...,n.

On Q: \ (Ui, Pri) N Q4], Q is given by Qp, and N is the union of Ny \ J;_, T; and
U, V¢, (D (da;)), which is a part of Ny. Thus Im(Q;) = 0 on this region of N, as Ny is special
Lagrangian in M. Similarly, on P;; \ (P;; N Q;) for each i, Q, is given by t3Qy,, and N; is the
union of J_, H; and |J;_, ¥, (I'(t3db;)) which lies in L;. It follows that Im(€2;) = 0 on this
region of N, as L; is special Lagrangian in Y;. For the annuli region, we have

Im()|n, = Im(Qy, + d[F(t7r)Ai(v,r) + t*(1 = F(t*r))B;(v,t"'r)]) (6.5)

|‘Pci (T (due 5))"

Consider the term Im(Qv;)|w., (r(du, .))- Regard C; as the zero section in T (%; x (0, 00)). Then
the difference between Im(Qv;)|w ., (r(du, ,)) and Im(Qy;)

¢, is given by

O(|VQy,

gv; |dut,i|gci) + O( |QV7’,‘9V1- ’ |Vdut7i|gci )7
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where V denotes a connection on T*(3; x (0,00)) (see §6.1 for the construction of V on T*N),
and V the connection on C; computed using the metric gc,. Roughly speaking, the first term is
coming from moving base points, whereas the second term from changing tangent spaces. Now we
have |VQy,

C; is special Lagrangian in V;, i.e. Im(Qy;)

gv, = O(t™%) on the annulus, and [Qy; |4, is a constant. Together with the fact that

c; = 0, we obtain the size for Im(Qy;)

Ve, (T(dug,;))*

| Tm(Qy;)

e, (T(dut,:)) |gci = O(t™%|durlge, ) + O(|Vduyilge, ) (6.6)
for r € (t*,2¢*). Using (5.2) and (6.1), and the definition of u,; in (6.3) we get

ge, = O(t") + Ot === and
9o, = O(t(u—l)a) + O(t(l—m)(l—oc)) for r € (t*,2t%).

|dut7i

6.7
|Vdum- ( )

Putting (6.7) into (6.6), and using the estimates for A; and B; from (3.36) and (3.38), we compute
the size for (6.5):
[ Im(Q)], |, = O@#D%) + O === 4 O(t) + Ot 1))
= Ot V) L o= I=)) for € (¢, 2t%). (6.8)
The term O(t*¥) is absorbed into O(t*~1*) as we have chosen p < v + 1 in the definition

of SL 3-folds with conical singularities, and similarly the term O(t=*:(1=®)) is absorbed into
Ot =)= a5 k; > \; + 1 in the definition of AC SL 3-folds.

Summing up all these, and using the uniform equivalence between metrics g¢, and h; (follows
from that between gy, and g¢;), we see that

Proposition 6.4 In the situation above, the error term Im(Q)|n,, for the case A\; < —3,
satisfies

0 on Nen(Qe\ (Ui Pri) N @),
| Im () | v, ’ht = O(t=Hy L o(t1—r)=2))  on NyN (P, N Q:i), for i=1,...,n,
0 on Ntﬁ(Pm\(PmﬂQt)), for i=1,....n.

Now we briefly sketch the case A; = —3. Note from (4.44) that on Q; \ [(Uj—; P::) N Q¢] the
extra term t*n contributes O(t3) on My \ U;—, S;, and O(t3r=3) on I'; x (2t*,€) to the error,
whereas on the annulus P; ;NQy, the extra terms t3¢; and t3F(t=%r)C;(v,r) contribute O(t3(1 =)
and O(t3(1=@)+ad) respectively. Calculation then shows that

Proposition 6.5 In the situation above, the error term Im(Q)|n,, for the case \; = —3,

satisfies

O(t*) on NN (Mo \U._;S:),

Ot3r=3) on N,N (I‘i X (2t°‘,e)), for i=1,...,n,

[ Im(Q)|w, [, = § O1=2) + O(t=De) + O(t1=+)0=))  on N, N (P N Q).
for i=1,... n,

0 on Ntﬂ(Pt,i\(Pt,iﬁQt)), for i=1,...,n.
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Next we estimate the term (Q, — )|y, in (6.4), which comes from deforming the nearly
Calabi—Yau structure to the genuine Calabi-Yau structure on M;. From Theorem 3.32 or Theo-
rem 4.28, we have the C%-estimates for Q, — €, on the whole M, given by [|Q; — Q||co = O(t*)
for some x > 0. This term then contributes O(t*) to the basic estimate (6.4), which in turn
contributes O(t*) to different norms of sin @ in Theorem 6.1. But for the L5/>-estimate to hold,
one needs k > k' +3/2 > 5/2 as ' > 1. Since we have no a priori control of £ > 0, this will put

a strong restriction on x, and in turn on the rates v and \; as well.

To resolve this problem we are going to improve the global L2-estimate for QO — Q to CO-
estimates locally by applying modified versions of Theorem 3.11 and Theorem 3.12 (see also
Theorems G1 and G2 in [26, §11.6] for 7 dimensions). Note that if we look back on the construc-
tion of Qt in Theorem 3.14, the size of Qt — () is of the same order as the size of dn;, = ¢ — ¢y,
in other words, the error introduced when deforming the nearly Calabi—Yau structure to the
genuine Calabi—Yau structure on the 6-fold M; is essentially the same as that introduced when
deforming the G-structure to the torsion-free G-structure on the 7-fold S* x M. It suggests
that in order to get a better control of the C%-norm of QO —Q on M, one could consider im-

proving the C%-norm of dn; on S' x M.

In [26, §11.6] Joyce proved an existence result for torsion-free Ga-structures by constructing
the 2-form 7 upon solving a nonlinear elliptic p.d.e. (equation (11.33) of [26]) in 7. His method of
solving the p.d.e. is to inductively construct sequences of 2-forms {n;}52, and functions {f;}32,
with ng = fo = 0, and then he showed that these sequences converge in some Sobolev spaces to
limits  and f which satisfy the p.d.e. The C-estimate of dn is derived from the C°-estimates
of the sequence elements dn;. So to improve ||dn||co, we need to improve Theorems G1 and G2
in [26], or more appropriately, the 6-dimensional version of them, i.e. Theorems 3.11 and 3.12 in

Chapter 3, in our situation.

Here is the modified version of Theorem 3.11:

Theorem 6.6 Let Do, D3 > 0 be constants, and suppose (M,g) is a complete Riemannian

6-fold with a continuous function p having the following properties:
(1) the injectivity radius of geodesics §(g). of (M,g) starting at x satisfies 6(g), > Dap(z),
(2) the Riemann curvature R(g) satisfies |R(g)|y < D3p~2 on M, and
(3) for all x € M, we have 1/2 p(x) < p < 2p(x) on balls Bp,,(»)(x) of radius Dap(x) about x.

Then there exist K1, Ky > 0 depending only on Do and Ds, such that if x € LI2(A>T*M) N
L2(A®T*M) then

1p™/2 Vx| < Ko (1072 dxllpez + [1p7 d* Xl 2= + lIx]Iz2 )

and ||p° xlloo < Kz (|p"*V x|z + [Ixl|2)-

We shall call p a local injectivity radius function on M. Condition (3) ensures that p does
not change quickly, and we may treat it as constant on Bp,,(,(x). Moreover, (1) and (3) imply
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6(g9)y = 1/2Dap(x) for all y € Bp,,4)(x), whereas (2) and (3) give |R(g)|y < 4Dsp(x)~? on
Bp,p()(®). The right hand sides of these inequalities are just constants, so that we get control
of injectivity radius and Riemann curvature on balls about = with radius at most Dyp(x), which

can then be compared with Euclidean balls.

As in Theorem 3.11, we can prove Theorem 6.6 using the same method of proof as that of
Theorem G1 in [26, p. 298], but we now use balls of radius Lp(z), where 0 < L < D5, about z
instead of Lt in the proof of Theorem G1. Note that it is important to have the constants Do, D3

in the theorem independent of ¢, so that we have K; and K are independent of ¢ as well.

Next we give the improved result for Theorem 3.12:

Theorem 6.7 Let kK > 0 and Dy, Do, D3, Dy, K1, K95 > 0 be constants. Then there exist con-
stants € € (0,1], K3 and K > 0 such that whenever 0 < t < ¢, the following is true.

Let M be a compact 6-fold, with metric gp; and a local injectivity radius function p satisfying
(1), (2) and (3) in Theorem 6.6. Suppose p also satisfies p > Dyt > 0 on M. Let (p,g) be an
Sl-invariant Gy-structure on S* x M with dp = 0. Suppose 1 is an S*-invariant smooth 3-form
on the 7-fold S* x M with d* = d*p, and

(@) [IWllzz < Dat®t™, [|p® ¢llco < Dit*** and ||p7/? d*4p|| 12 < Dit**",

(ii) if x € LI2(A’T*(S* x M)) is S'-invariant, then ||p"/> Vx| < Ky (|[p7/?dx| 2 +
lp™/? d*xllzr= + Il 2).

(iil) if x € LI2(A3T*(S* x M) is S'-invariant, then ||p° x||co < Ka (|p"*Vx||lpr2 + lIx||z2)-

With the same notation as in Theorem 3.10, there exist sequences {n;}32 in Ly*(A*T*(S* x M))
and {f;}52, in Li%(S' x M) with n;, f; being all S*-invariant and ny = fo = 0, satisfying the
equations

(dd* + d*dyny = d* + d° (f;—1) + * dF(dn—1) and fp = ~mi(dny)

3
for each j > 0, and the inequalities
(a) [ldnjl L2 < 2D+, (d) ldn; — dnj—1l[r2 < 2D1277¢%F",
(0) 17/ Ve 12 < Kat®*™, (e) lp™2 ¥V (dn; — dnj—1)l| 2 < K278,
() llp* dnyllco < Kt*** and (f) 11p* (dn; — dnj—1)[lco < K27787F.

Here V and || - || are computed using g on S* x M.

We can prove Theorem 6.7 by applying Theorem 6.6 in place of Theorem 3.11, and then
follow the same arguments in the proof of Theorem G2 [26, p. 299]. The only extra issue here
is that we need a lower bound for p: p > Dyt > 0 on M. The inequality in part (c) implies
ldn;ly < Kt3trp=3 < KD 3t" if p > Dyt. Thus assuming p > Dyt on M gives ldn;ly < el ift
is sufficiently small, where €; is the small positive constant defined in Definition 10.3.3 in [26].

The lower bound for p therefore ensures dn; is small enough for each j which is needed to apply
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Proposition 10.3.5 in [26]. We also make a remark here about the difference between (a), (d)
and (b), (¢), (e), (f) in the theorem: (a) and (d) are global estimates on the whole manifold, as
we get ||dn;||2. and ||dn; — dn;—1|%. from the elliptic equation in the theorem by integration by
parts. On the other hand, (b), (c), (e) and (f) are local estimates on small balls, and so we are

allowed to insert powers of p.

Let us now return to our Calabi-Yau 3-fold M;. Define a function p; on M; by

€ on Mo\ Ui, Si
r on I'; x (tR,e), for i=1,...,n, (6.9)
tR  on K,CY;, for i=1,...,n.

Pt =

We claim that p; is a local injectivity radius function on M;. To see properties (1) and (2),
recall that the way we construct g on M; is, on My \ U?:l S; it is equal to gg, on the annu-
lus T; x (tR,e€) it is gv,, and on K; C Y; it is t?gy,. It follows that for z € My \ Ui, S;,
we have §(g¢)e = 0(g0)e > Ci and |R(g)|g, = |R(g0)|go < Ca for some constant Cy,Cy > 0,
as the metric here is independent of ¢t. For x € I'; x (tR,¢€), we have 6(g:)x = d(9v;)z > Csr
and |R(g:)lg, = [R(gv:)
cone metric is given by r. Finally for x € K; C Y;, we have 6(g:). = 6(t?gy,) > Cst and
R(g0)ly, = IR(2gv,)
metric t2gy, is given by t. Thus from the explicit definition of p; in (6.9), (1) and (2) hold with
Dy = min(Cre™1,C3,Cs R™Y) and D3 = max(Cqe?, Cy, CgR?).

gv, < Cyr~2 for some constant Cs,Cy > 0, as the length scale for the

gy, < Cst™2 for some constant Cy,Cg > 0, as the length scale for the

Condition (3) holds with small enough Dy << 1/2, thus by making Dy smaller if necessary,
pr satisfies (3) as well. Therefore Theorem 6.6 applies to (My,¢g:) and p;. Let Dy = R, then
pt > Dyt on My, and we thus have a lower bound for p;. It follows that Theorem 6.7 also applies
to (My, g;) and p;.

As proved in Theorem G2, the sequence {n;} converges to 7 in some Sobolev space of
A2T*(S! x M). From part (c) of Theorem 6.7, we deduce that ||p3dn|lco < K37, that is,
ldnly = O(#**" p~?). Thus on our 7-fold S* x M;, we have |dn|,,, = O@t*** pr%), where the
norm is measured by the metric g,, associated to the G 3-form ¢; = ds A wy + Re(€2;). Using
(6.9) and the fact that the metrics g,, and ds? + g, on S* x M; are uniformly equivalent (see
Lemma 3.7), we obtain for (s,z) € S' x M,

Ot3+r) for z € My \ U, S,
| (dne) o) |Tanti],, = QO+ r=3)  for x €Ty x (tRe), for i=1,...,n, (6.10)
o(t") forxe K;CY;, for i=1,...,n,

which then implies the improved C%-estimate of € — given by:

Proposition 6.8 In the situation above, the error term (0, — Q)|n, satisfies



CHAPTER 6. DESING. OF SL 3-FOLDS WITH CONICAL SINGULARITIES 130

O(t3t+) on N¢N (Mo \Ui—, Si),
| (= Q)|w, ’ht =03 *r=3)  on NyN(T; x (tR,¢€)), for i=1,...,n,
o(t") on N;NK;, for i=1,...,n.

To finish the basic estimate, it remains to compute the error term (Qt —Qy)|n,. This term
arises from changing the coordinates on M; by applying the diffeomorphism v; obtained from

Moser’s argument. We claim that this term is of the same order as the term (Qt —Q)|n,-

Recall that we use Moser’s argument to construct the diffeomorphism v : My — M; so that
V5 (@) = wy, and we write O, = Uy (Qt) Thus the difference between €0, and €, is essentially
given by the term “0(; —Id)”, where Id denotes the identity map on M;. Here what we mean by
the difference between ¢, and Id can be interpreted in terms of local coordinates on M; (similar
arguments appeared in the proof of Theorem 3.24), and we use d to denote the usual partial

differentiation.

Now as c;w; and w; are cohomologous, we write c;w; — wy = doy for some smooth 1-form o;.
Note that c;or —wy = L(%)((ﬁt —¢) = L(%)dnt is just a component of dn;, and so |doy|,, is given
by (6.10). We claim that we can choose a small 1-form o; uniquely on M;, so that Moser’s argu-
ment defines “small” vector fields X (see also in the proof of Theorem 3.24), and then constructs
“small” diffeomorphisms 1; by representing them as the flow of X; on M;. Our technique is to
adopt a kind of isoperimetric inequality which is similar to the one in (v) of Theorem 6.1, but
we are working with 1-forms on the real 6-folds M] and Y;. Using the notation on the weighted

Sobolev spaces in Chapter 4, we have the following;:

Proposition 6.9 There exists a constant Cy > 0 such that ||o||ps < Cy(||do||p2 + ||d*c||L2) for
allo € L _o(AET*Mg).

Proof. By the Weighted Sobolev Embedding theorem (Theorem 4.2 (i)), LT _5(A¢) embeds in
L3 _5(Ag) in 6 dimensions. From (4.4), we have L?(Ag) = L§ _5(Ag). Then [|ofs < Dillof|z

for some constant Dy > 0.

Now (d+d;;)3 5 : L3 _5(A) — L3 _3(AZ°") is an elliptic operator, so we can apply el-
liptic regularity (Theorem 4.6) which gives ||O’HL572 < Do(l(d+d*)ollrz _, + ||a||L3172) for some
constant Dy > 0 independent of . If o is also L?-orthogonal to the kernel Ker((d + d};)3 _5),
then one can drop the term ||o|| 1z, on right hand side by increasing D, and thus obtain-
ing ”U”Li—fz < Dol|(d + d*)a||L§,73 (analogous result in Proposition 2.30). By (4.20), we have
L? = L§ 3, and so ||<7||L%72 < Do(||do||Lz+|d*a||L2). Moreover, the kernel Ker((d+dzd)87_3|%)
is exactly the vector space of closed and coclosed 1-forms in L?*(A{), which is isomorphic to
H'(M{,C) by Proposition 4.18. But H'(M/,C) = 0 from Proposition 4.22, so ¢ is always L2-
orthogonal to Ker((d+d},)7 _), and hence lollzz , < Da(||dol|rz +[|d*o||z2) holds. Combining
this with ||o||zs < D1||‘7||Li,27 the result follows with C; = Dy Ds. O

A similar result holds on AC Calabi—Yau 3-folds Y;:



CHAPTER 6. DESING. OF SL 3-FOLDS WITH CONICAL SINGULARITIES 131

Proposition 6.10 There exists a constant Co > 0 such that ||o||pz < Ca(||do]|r2 + ||d*o||L2)
forallo € L _o(ALT*Y;), fori=1,...,n.

The proof follows very closely the proof of Proposition 6.9, but this time we apply a result
from Dodziuk [14, Cor. 1, p.24], which tells us that there are no nonzero L?-harmonic 1-forms
on any complete, oriented, Riemannian manifold with nonnegative Ricci curvature and infinite
volume, on our AC Calabi-Yau 3-folds Y;. This implies that there are no nonzero closed and
coclosed 1-forms in L? (AéT*Yi), and hence ¢ is always L2-orthogonal to the kernel of d + d*.
We remark here that the inequality in Proposition 6.10 is invariant under homotheties, which
means the inequality also holds on (Y;, Jy,, t?wy;, t3Qy, ) with the same constant. Now take C' =
max(C1, Cs), we have ||o||ps < C(||do]|p2 +||d*o||12) for 1-forms o on M and Y; fori =1,...,n.

We now proceed to “glue” together the inequalities on M{ and Y; to obtain an inequality for
1-forms on M; for small t > 0. Choose u,v > 0 with v < u < «a such that tR < t* < 2t* < t* <
t¥ < e for small ¢ > 0. Let H : (0,00) — [0, 1] be a smooth decreasing function so that H(s) =1
for s € (0,v], and H(s) =0 for s € [u,0). Define a function Gy : My — [0,1] by Gi(x) = 1 for
z € Mo\ U, Si, Gi(z) = H(log r/log t) for z € I'; x (tR,€), i = 1,...,n, and Gy(z) = 0 for
z € K; CY;,i=1,...,n. Observe that G =0 on K; and I'; x (tR,t*) for i = 1,...,n, and
Gy=1onT;x (t',€) and My \J;_, S; fori =1,...,n.

Let o; be a smooth 1-form on M; with doy = ¢;&; — wy. Since H'(M;,C) = 0 from a general
fact on compact Calabi—Yau manifolds, so o is automatically orthogonal to the space of closed
and coclosed 1-forms on My, and it follows that we can choose o; uniquely by requiring d*o; = 0,

where d* is computed using the metric g;.

Write oy = Gior + (1 — Gi)or. We can regard Gyoy as a compactly-supported 1-form on M|,
and (1 — Gy)o; a sum of compactly-supported 1-forms on Y;. Applying Proposition 6.9 to Gioy,
using the metric gg on the support of G; and putting the constant C' = max(Cy,Cs) gives

1Gioills < C([ld(Gror)|le + |d*(Gror)||z2)
< O(lGrdotllrz + |G Aol + [|dGillzs - lloellLs + |G d ol 12)
< C(||Grdoy|lp> + 2[|dGyl s - lloellzs),

where we have used d*o; = 0 and Hoélder’s inequality. The same inequality holds with the metric
g, as it coincides with go on the support of G;. For the 1-form (1 — G¢)oy, since the support of
1-GyinY;is K;U(T; x (tR,tY)) for i = 1,...,n, we apply Proposition 6.10, using the constant
C, and get

(1 = Gt)ot|k,ur, x tr.tvy) | 28
< C([1d((1 = Go)oo) ko xtropllez + [[d*((1 = Ge)oy)
< C(1(1 = Go)dot| ko, xtreoy ez + 2||dGy

Ko x (e, || £2)

Kiu(Fix(tR,t“))HLG : H0t|Kiu(Fix(tR,tv))||L3

+ (1 = God*ou| k0w, (trtoy) I £2)

using the metric t2gy,. As the metric t?gy, coincides with g, for r < ¢, and is close to it for

t* < r < t¥, d*oy equals zero for r < t®, and is small for t* < r < ¢V, computed using t2gy;.
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Thus by increasing C, we have

(1 = Goorlk,umx@raopllee < C(I( = Go)doy) ko x ¢r,eo) || L2

+ 2||dG, liLs),

xrenllze - |

computed using g;. It follows that

o llzs

(1= Gooills < D (1= Gi)o
i=1

IN

C Z (1 = Go)doy) | ko, x (trev )l L2
1=1

+ 2[|dG,
Cvn(lI(1-Gy)

where we used the inequality of arithmetic and geometric means on the last row. Consequently

x(tre) ll2s)

wopllze - |

IN

Ize - lloell ),

we have

lotllzs < |Gioellrs + [I(1 — Gi) ol Ls
< C(Gedoy|lp2 + 2lldGy| s - [low]|1s) + C v (I[(1 = Gi) dol 2 + 2||dGyl| s - lloells),

which implies

(1=2CQA+vn) ldG|ze) - lowlls < ClGidorllr: + CVall(1—Gy)doyl|r2
< C(1+v/n)||doy| 2

as |Gy doy|| 2, ||(1—Gy)doy||p2 < ||doy] 2. Calculation shows that the LS-norm of dG, is given
by O(|log t|=%/6), which tends to zero as t — 0. Thus for sufficiently small ¢ > 0, we can make

C(1+ v/n) |dGy| e < 1/2.

Therefore
lotllzs < 20(14+/n) ||doy]| Lz,

and hence we have proved:

Theorem 6.11 Suppose oy is a smooth 1-form on M; with doy = ¢;@0; —wy and d*oy = 0. Then

there exists a constant K > 0, independent of t, such that

lowlls < Klldo|| 2

for sufficiently small t > 0.

As we have seen earlier, |doy|,, is of the same order as |(dn:)(s,q) |7, M, |g,» and so is given by
(6.10), i.e. |dotl,, = O(t3+%p,;3) on balls of radius O(p:(x)) about x € M;, where p; is given
n (6.9). Thus we have estimates of (d + d*)o; = do; and all derivatives, given by |Vldoy|,, =
O(t3+%p;371) for 1 > 0. Moreover, we have the global estimate ||doy| 12 = O(t*t*) on the whole
M, as in Theorem 6.7, which implies |o¢||ps = O(t37*) from Theorem 6.11. Now using similar
arguments to the proof of Theorem 6.7, the elliptic regularity for the operator d + d* and the
global estimate ||o¢||zs = O(t3T%) give

Vialg, = 0>+ p*7)
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for | > 0. It follows that we have the same estimates for |[V!X;|,,, and hence for |V!(¢y; — Id)|,,
which can be interpreted using local coordinates. Now this diffeomorphism estimate for [ =1 is

sufficient to prove our expected size for the term (Q, — Q)| n,:

Proposition 6.12 In the situation above, the error term (0 — Qy)|n, satisfies

o(t>+") on NN (Mo \ Ui Si),
| (Qt - Qf,)|N,, |ht =03 r=3)  on NyN(T; % (tR,¢€)), for i=1,...,n,
O(t") on NeNK;, for i=1,...,n.

Before proceeding to combining the errors to get the basic estimate in (6.4), let us return to
the issue on the uniform equivalence between the metrics hy and h,. We already got the size for
Q¢ — )|n, and (@ — wy)| N, , both have same order. The size for (€ — Q4)|n, and (& — @) |,
are essentially given by the “difference” between the diffeomorphism ¢, and the identity, and we
have shown that it is of the same order as the size for (Q; — Q)|n, or (& — wy)|n,. It follows
that the size for (; —Qy)|n, and (& —wy)|n, has the same order as (€ — Q)| n, or (@ —wy)|, .
This implies the metrics h¢ and hy are uniformly equivalent in ¢, and therefore Propositions 6.4,
6.5, 6.8 and 6.12 also hold for hy.

We summarize the above estimates from Propositions 6.4, 6.5, 6.8 and 6.12 in the following

table, measuring w.r.t hy:

(Qt — Qt)‘Nt (Qt - Qt)|Nt Im(Qt)‘N, (Az < *3) Im(Qt)\N, (AZ = *3)

Ne O (Mo \UiZ; S) O(t™") o(t™") 0 o(t*)
N:n (T x (2t%,€)) O*™ r=3)  O(t*Trr™3) 0 O(t3r™3)

O t(H—l)a O t3(1—04) o) t(M—l)Ot
NN (T x (62,2t%)) | O304y g@P=a)+r) ( ) ( )+ O( )

JrO(t(l—m)(l—a)) Jro(t(l—ﬁi)(l—a))
NN (Fi X (tR, ta)) O(t3+mr73) O(t3+r€r73) 0 0
N:NK; O(t”) O(tn) 0 0

Table 6.1 The estimate (6.4) on different regions of Ny

As in §6.1 we may write Qt|Nt = ¢t qV, for some phase function ¢** on N,. Here dV; is the
volume form induced by the metric ;. Then Im(€;)|n, = sin 6; dV;. We see from the table that,
for the case \; < —3,

o(#3+%) on Ny N (Mo \ U}, Si),
O(t3+rr=3) on Ny N (T; x (2t ¢)),

[sin by, = § 0= +r) 4 O(k=D) 4 O —*)(=2)) on N, N (T; x (t*,2t*)), (6.11)
O(t3+51—3) on Ny N (I'; x (tR,t)),
O(t%) on N; N K;,

for alli =1,...,n. For the case \; = —3, we have
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O(#) on Ny N (Mo \ Ui, Si),
O(#3r=3) on Ny N (I x (2%, ¢)),

[sinfej, = 4 OF*1=)) + O(t=Ve) + O =")1=) on Ny 1 (T x (t%,2t%)),  (6.12)
O(t3+r7=3) on Ny N (T; x (tR,t%)),
O(t) on N; N Kj;,

for all i = 1,...,n. Note that on each region the error from (6.12) dominates that from (6.11),
so (i) of Theorem 6.1 holds when \; = —3 implies it also holds when A; < —3. Thus it is enough

for us to consider (6.12) only.

We also need to estimate the derivative dsinf;. Using similar arguments it can be deduced
that (when \; = —3)

O(t?%) on Ny N (Mo \ U;—; ),
O3 r=%) on Ny N (T; x (2t%¢€)),

[dsin by, = § O(31-0=) + O(tr—Da~a) + O@t-r)l-a)=a)  on Ny N (I x (t%,2t%)),
O(t3Frr—4) on Ny N (T; x (tR,1%)),
o) on N; N K;,

(6.13)

for all i = 1,...,n. Here we used equations (5.2) and (6.1) to obtain the bound on N; N (T; x
(1, 2t%)).

As in part (i) of Theorem 6.1, we need bounds for ||sin 6| ;6/5, ||sinf:||co and ||dsin 6| s,
computing norms w.r.t. . Since vol(N; N K;) = O(t3) and vol(N; N (T; x (£%,2t%))) = O(£3),
and vol(N; N (Mo \ Ui, S:)) = O(1), it follows that

n € 5/6
lsin 0 || o5 = O(1)%/5-0@) + O (Z vol(%;)°/6 (/ (t3r—3)0/° 7"2d7’> )
2

i=1 e

+ O(t3a)5/6 . (O(tB(l—a)) + O(t(“_l)a) + ZO(t(l—m)(l—a)>>
=1

a

n t 5/6
+ 0 Z vol(Ei)5/6 (/ (t3+“7“_3)6/5 7“2d7‘> + O(t3)5/6 -O(t")
i=1 tR

_ O(tS(lfa)JrSa/Q) + O(t(ufl)a+5a/2) + ZO(t(lfni)(lfa)JrSa/Q) + O(tm+5/2)
=1
(6.14)

using (6.12). Similarly, we have
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lsin6eoo = O() + O(F(2t%)3) + O(F(=2) 4 O@=2) 4 3~ O1-r)(1-e))
=1

+ O3 (tR)™3) + O(t")

= O(t*17) + o=y + Y "ot Iy 4 O(tF). (6.15)
i=1
Using the estimate (6.13) for the derivative, we have

i=1

|dsinb,| s = O1)Y¢- 03 + O (i vol(%;)Y/¢ </ (t3r4)6r2dr>1/6>
2t~

n

+ O(t3a)1/6 . (O(tS(lfa)fa) + O(t(p,fl)afa) + ZO(t(lfm)(lfa)fa))

i=1
n o 1/6
+ 0D vol(zy)° ( / (t3+”r4)6r2dr> +O(*)Ve o)
i=1 tR
— O(tS(l—a)—a/Q) + O<t(u—1)a—a/2) + Zo<t(1—m)(1—a)—a/2) + O(tn—l/Q).
i=1
(6.16)
Now for part (i) of Theorem 6.1 to hold, we need:
k+5/2 >k +3/2, 3(1—a)+5a/2 >k +3/2,
(6.17)
(u—1)a+5ba/2 >k +3/2, and (1 —k;)(1—a)+5a/2 >k +3/2
from (6.14),
> K -1, 3(1—a)>w —1,
ren (1-a)zx (6.18)
(b—1a >k -1, and (1—k)(l—a)>r -1
from (6.15), and
k—1/2> K —3/2, 3(1—a)—a/2>r —3/2, (6.19)

(u—1a—a/2 >k —3/2, and (1—k)(1—a)—a/2>K —3/2

from (6.16).

Calculations show that given x > 0, ¢ > 1 and k; < —3/2, we can choose k' > 1 close to
1, and o € (0,1) close to 1, such that (6.17), (6.18) and (6.19) hold. Here is the place where
we need to assume the rate k; of AC SL 3-folds L; to be less than —3/2. As we have fixed the
rate \; of the AC Calabi—Yau 3-fold Y; to satisfy \; < —3, and also we require k; > \; + 1 in
Definition 5.5, so that assuming x; < —3/2 is still possible.

Therefore, we have shown that there exist & > 1 and Ay > 0 such that |[siné;||ze/s <
Aot +3/2 1sin Oy || co < Aot™ ~1 and [|dsinby|| e < Aot™ ~3/2 for sufficiently small ¢ > 0, i.e. (i)
of Theorem 6.1 holds for N;.
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6.4 Desingularizations of N

This section gives the main result of the chapter, the desingularizations of SL 3-folds Ny with
conical singularities. The proof of it is based on an analytic existence theorem for SL 3-folds,
Theorem 6.1, which is adapted from Joyce’s result [33, Thm. 5.3]. We have already verified part
(i) of Theorem 6.1 in §6.3, and it remains to check (ii) to (v) hold for the Lagrangian 3-folds IV
we constructed.

Theorem 6.13 Suppose (Mg, Jo,wo, Qo) is a compact Calabi-Yau 3-fold with finitely many

conical singularities at x1,...,x, with rate v > 0 modelled on Calabi—Yau cones Vi,...,V,. Let
(Y1, Jyy wyy, Qyy), <o, (Yo, Jy,,wy,, Qy;,) be AC Calabi-Yau 3-folds with rates Ay, ..., Ap < —3
modelled on the same Calabi—Yau cones Vq,...,V,.

Suppose that there is a closed, homogeneous, trace-free (2,1)-form &; of order —3 on V; such
that (4.2) holds for i = 1,...,n, and that @._[&] € D), H*([';,C) lies in ps(H3 (M}, C)),
where p3 denotes the natural pull-back map H3*(M},C) — @, H3(T;,C).

Then Theorem 4.28 gives a family of Calabi—Yau 3-folds (M, Jy, @, Qt) for sufficiently small
t > 0. Apply the diffeomorphism i, : My — M, on M, to get Calabi—Yau structures (jt,d)t,f)t),
as in §6.2.

Let Ny be a compact SL 3-fold in My with the same conical singularities at z1,. .., T, with
rate p € (1,v+1) modelled on SL cones C1,...,Cy. Suppose No\{x1,...,x,} is connected. Let
Ly,...,L, be AC SL 3-folds in Y1,...,Y, with rates k1 € (A1 +1,-3/2),...,kn € (An+1,-3/2)

modelled on the same SL cones Cy,...,C,.

Then there exists a family of compact nonsingular SL 3-folds N, in (M, Jy, &, Qt) for suffi-
ciently small t, such that Ny is constructed by deforming the Lagrangian 3-fold Ny which is made
by gluing L; into Ng at x; fori=1,...,n.

Proof. First of all, we have to check that N, satisfies the conditions in §6.1. Let us start
with evaluating the integral |’ N, Im(Qt). Calculation using (6.11) shows that

/ Im(Q) = O(t**7)
Ny
for some 7 € (0,x) when \; < —3. For the case \; = —3, we compute
/ Im(Q) = O(t’log t),
N

using (6.12). As mentioned in §6.1, we can rescale the phase for QO by Q, — e, such
that th Im(e¢*€);) = 0. Thus we have sinf, — sin(6; + ¢;) ~ sin(6;) + ¢;, and the size
for the term (; is approximately given by the ratio between [y Im((;) and [ N, Re(). Now
since [ Re(€) ~ vol(N;) = O(1), the correction term (; essentially contributes O(t3T7) when
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Ai < =3, and O(t3log t) when \; = —3 to sin(f;). As we have shown that ||sin(6;)| es =
O(t"'+3/2) for some &' > 1, then ||sin(f; + ¢;)|lzess = O T3/2) 4+ O(t3*7) when \; < —3 and
[sin(B;+C) || oss = O T3/2) +O(t3log t) when A; = —3. But for both cases the term O(¢" +3/2)
will be dominant if &’ is close to 1. As a result, the rescaling of phases does not affect the L5/5-
estimates in (i) of Theorem 6.1 at all. For the terms ||sin(f;)||co and ||dsin(f;)||Ls, calculation

shows that the rescaling of phases does not affect the estimates as well.

As we have assumed Ny \ {z1,...,2,} is connected, we can take the finite dimensional vector

space W to be the space of constant functions, i.e. W = (1), as in §6.1.

Under our construction, N, h and h in §6.1 are replaced by Vg, h: and f;t respectively, and
we thus need to show (i), (iii), (iv) and (v) hold using the metric h; on N, and (ii) holds using
the metric i, on T*N;. Basically the proof for (iii) and (iv) using the metric h; and for (i) using
the metric A; can be found in [33, Thm. 6.8], and the proof for (v) using the metric h; is given
in [33, Thm. 6.12]. Thus our approach to showing (ii)-(v) in Theorem 6.1 is to apply Theorems

6.8 and 6.12 in [33] together with the uniform equivalence between the metrics h; and hy.

We have shown in §6.3 that given k > 0, p > 1 and k; < —3/2 for i = 1,...,n, there exists
k' > 1 and As > 0 such that (i) of Theorem 6.1 holds for sufficiently small ¢ > 0, measuring

w.r.t. the metric iLt.

For part (v), Theorem 6.12 in [33] shows that there exists Ag > 0 such that (v) holds using
the metric h;. Note that the assumption on the connectedness of Ng \ {x1,...,x,} is used here.
The fact that v € L5(N;) follows from L3(N;) < L®(N,;) by the Sobolev Embedding Theorem
(Theorem 2.28). The idea of proving the inequality for the metric hy on N; for small ¢ is to
combine the Sobolev embedding inequalities on Ny \ {z1,...,2,} and L;. Now as h; and h, are
uniformly equivalent metrics, so (v) is true for h; if and only if it is true for he. As a result, by

making Ag larger if necessary, (v) holds with the metric hy.

To deduce (iii) and (iv) for h;, we first apply Theorem 6.8 in [33] to show they are true for
hy for some Ay, As > 0. The idea of which is to consider the behaviour of the metric h; for
small ¢. Since h; is t2gy,|r, on H; and on W¢,(T'(dus;)) near 3; x {tR'} for each i, we have
§(t%gy,|L,) = té(gy;|L,) and |R(t3gy.|L,)|lco = t 72| R(gv;|L,)||co. For small t > 0, the dominant
contributions to d(h¢) and || R(h¢)||co come from §(t2gy,|r,) and | R(t2gy.|r,)||co for some i, and
hence we have §(h;) = O(t) and ||R(h¢)|co = O(t=2). Now we prove (iii) and (iv) also hold,
increasing A4, As if necessary, for h; by showing the metrics t=2h; and t~2h; are C?-close w.r.t.

t=2h; (compare to the similar argument in the proof of Theorem 3.14). From the estimate we
know using elliptic regularity on balls of radius O(t), we have |(dn:)s,z)lT,00,]g, = O(t") for
(s,z) € ST x M;. Here we do not need to use the improved estimate for dn; as in §6.3. Then we
have [(V9)! (dne) (s,2)| a1, | g, = O(#"7F) for 1 > 0, where V9 denotes the Levi-Civita connection
of g;. This implies

(VI Qe = Qu)lg, = O@™") = [(V9) (@ —wi)lg, for >0,
and from Moser’s argument in §6.3, we also have

(V) (e = Qu)lg, = O(") = [(V9)! (@ —@n)lg, for 1 >0.
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Putting together implies
[(V9) (gt = g0)lg, = O@*") for 1> 0. (6.20)
Denote by V" the Levi-Civita connection of h; = g;|n,. Then we have
V9 (g — g1)|n, = V™ (he — hy) + bilinear terms in (g — g¢)|n, and T,

where T is the second fundamental form of Ny in M; w.r.t. g;. The largest contribution to ||,
comes from the second fundamental form T}, of L; in Y; w.r.t. t2gy,. As [Ty, lgv, |, 1s bounded
oI, = O(t=1). Thus we have |T|,, = O(t™ 1), and
more generally | (V)T |, = O(t~'~1) for | > 0. The estimate for the I** derivative of hy — hy
then follows from the relation

|(V!Jt)l(gt _ gt)|Nt|ht = ‘(Vht)l(ilt — ht) . + O (Z | (vh‘)jT|ht . |(V.€Jt)l—j—1(§t . gt)|Nt|ht)
£ O (TP T, - [PV T |, - (995523, — gl )
+ oo O(|T|ny -+ Ty - (96 = 90) I, |ne)-

Note that the terms O(-) all have size O(t*~!), and therefore by (6.20) we see that

on L;, conformal rescaling then shows |Tp,|;2

= O(t"7") forl>0. (6.21)

ht

(") e = o)

In particular, (6.21) shows |h; — hy|n,, t [V (hy — hy)|n, and 2 |(V)2(hy — hy)|s, are all of size
O((fﬁ) It follows that |t_2i’Lt — t_zht|t—2ht, |Vt72ht (t_2i7/t - t_zht)‘t—w” and |(vt72h")2(t_2ilt -
t72hy)|;-2p,, are all of the same size O(t*), where V!~ 7 and |- |,-2),, are computed using ¢~2h;.
Therefore the metrics t’QiLt and t~2h; are C?-close w.r.t. t~2h; for small ¢, and hence (iii) and

(iv) are true for hy as well.

We remain to show (ii), using the metric ht and the connection V7 on T*N;. Here we re-
call the construction of h; and Vh*, as in §6.1. Write T(T*N;) = H; & V;, where Ht =~ TN,
and Vt =~ T* N, are the horizontal and vertical subbundles w.r.t. Vhf, and define ht|Ht = ht
and ht|v, = ;. The connection Vhf is given by the lift of the Levi-Civita connection vhe of
hy in H;, and by partial differentiation in V;. Following the steps in Definition 6.7 in [33], w
define Lagrangian neighbourhoods Uy;,, ¥y, for N; by gluing together the Lagrangian neighbour—
hoods Uy, ¥, for Ny from Theorem 5.4and Lagrangian neighbourhoods Uy, ¥, for L; from
Theorem 5.6. The neighbourhood Uy, is an open tubular neighbourhood of N; in TN, and
Uy, : Uy, — M, is an embedding with ¥y, |y, = Id and Uy, (wt) = wps N, where wp«y, is the
canonical symplectic structure on T*N;. Recall that we have c;w; = wy, so U} N, (ctt) = wrsp, -
Now we define 3-forms 3; and 3; by B; = ¥y, (Im(£2)) and By = (Im(ct/ Qt))

Using arguments in Theorem 6.8 in [33], we have || (V/*)!8; ||co < Ast~! for I =0,1,2,3 on
Ba,: C Un, for some Ay, A3 > 0, where the norm is measuring w.r.t. ﬁt. To prove (ii) in our case,
we try to get from estimates on (; to estimates on Bt. Note that Bt and f3; are C'-close w.r.t. t2g;.
This follows from |(V9) (Q; — )]y, = Ot = |(V9) (& — wi)lg, for I > 0, which we have
discussed earlier. Combining the Ql+1—closeness of t=2h, and t~2h, from (6.21), we get a similar
estimate for B, using the metric hy. Thus making A, smaller and Az larger if necessary, we ob-
tain || (VA*)!8; ||[co < Agt=' for 1 = 0,1,2,3 on Ba,; C Un,, where the norm is computed using ;.
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The theorem now follows from Theorem 6.1 which shows that for sufficiently small t > 0 we
can deform Ny to a nearby special Lagrangian 3-fold Ny = (U, ). (L(dfy)) for some f, € C™(N;)
with th frdVe = 0 and ||dft]|co < Kt* < A;t. This completes the proof of Theorem 6.13. O

6.5 Applications of the desingularization theory

We conclude with applying the results of §6.4 to two cases where the ambient Calabi—Yau
3-folds My are taken to be (i) the Calabi-Yau 3-orbifold 7°/Zs, as described in §3.4.4, and (ii)
the Calabi—Yau 3-fold with ordinary double points given by some explicit quintic 3-fold. In most
cases, we shall take the SL 3-folds Ny with conical singularities as the fixed point set of some
antiholomorphic involutions on those Calabi—Yau 3-folds, whereas the AC SL 3-folds L; will be
taken from examples in §5.4 inside the corresponding AC Calabi-Yau 3-folds.

Example 6.14 Take the Calabi-Yau 3-fold M, with conical singularities to be the Calabi—Yau
3-orbifold T%/Zs given in [26, Example 6.6.3] and also in §3.4.4. Applying our desingularization
result in Theorem 3.32, we can desingularize T°/Zs by gluing in AC Calabi-Yau 3-folds Kcp:

at the singular points, obtaining the crepant resolution of T/Zs. We shall use the notations in
§3.4.4.

Now we produce examples of SL 3-folds Ny with conical singularities in 7°/Zs by using the
fixed point set of an antiholomorphic isometric involution (see Proposition 2.25), a well-known
way of producing special Lagrangians in Calabi—Yau manifolds. Recall that an antiholomorphic
isometric involution of a Calabi—Yau manifold (M, J, w, ) is a diffeomorphism o : M — M such
that 02 = Id, o*(J) = —J, 0*(w) = —w, 0*(2) = Q and 0*(g) = g, where g is the associated
Calabi—Yau metric.

Let 0g : T® — T be the complex conjugation given by
o0 ¢ (21,22,23) + A (21, 22, Z3) + A,

which is well-defined as A = A. The fixed points of oq satisfy z; = z; + a; + b;¢ for some
a;j,b; € Z. Write z; = x; + y;¢ for xj,y; € R. It follows that z; = z; + a,;¢ and b; = 2a;, and
hence the fixed point set of og is given by

{(z1,22,23) + A : 2 € R},

and is then topologically a T3.

Since o - ( - 00_1 = (¢~ !, the map o on T° induces a conjugation o on T°/Zs which is given
by
(02 Zg . (21,2’2,23) —+ A — Zg . (21,22,23) =+ A
Observe that oo swaps (T3 and (273, and fixes T2 as above. But in the orbifold level, T2,

(T? and (%T? are the same. Moreover, it is not hard to see that the map T¢ — T/Zs3 is

injective when restricted to 7% C T°, which means the image of T in T°/Z3 is homeomorphic
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to T%. As a result, the fixed point set of o is topologically a T3, and is given by (Zs3 - T°)/Zs,
which is then our SL 3-fold Ny in My = T°/Zs.

It is worth knowing how ¢ acts on those 27 orbifold singular points, and see how many of
them are being fixed by o, which will then be the singular points of the SL 3-fold Ny. It turns
out that o only fixes the point Zs - (0,0,0) + A, i.e. 0 in T°/Zs3, and swaps the other 26 points
in pairs, for example, Zs - (0, %, %) + A — Zs (0, %, ﬁ) + A. This means that we have
constructed an SL 3-fold Ny, which is topologically a T3, with one singular point at 0 in 7% /Zs,
modelled on the SL cone (Z3 - R?)/Z3 in C?/Zs.

To desingularize this Ny we glue in at the singular point some appropriate pieces of AC SL
3-folds in the AC Calabi-Yau 3-folds K¢p2, the canonical bundle over CP?. As we have discussed
in §3.4.4, the Calabi—Yau desingularization we get is the crepant resolution of orbifold T /Zs,
and so the nonsingular SL 3-folds we constructed will sit inside this crepant resolution. Our first
example of an AC SL 3-fold will be taken from Example 5.7 in which the real line bundle Kgp2
over RP? is constructed as the fixed point set of an antiholomorphic isometric involution. By
gluing this Kgp> into Ng = (Z3 - T®)/Z3 at the singular point, we obtain a nonsingular SL 3-fold
in the crepant resolution of My = T°/Z3. Topologically, what we obtain will be a real blow-up
of T? at a point, i.e. replacing a point by an RP?, which can also be interpreted as a T3#RP3.
As we have discussed in Example 5.7, the AC SL 3-fold Kgp2 has rate Kk = —oo, and in order to

fit into our desingularization theorem, we could choose the rate for Kgpe to be any k € (=5, —3/2).

The next example of AC SL 3-folds in Kcpz is given by Example 5.9. There we have con-
structed a family of SO(3)-invariant SL 3-folds L. diffeomorphic to S? x R which converges to
two copies of the cone ((Z3-R3)/Z3) in C?/Z3. If we now take Ny to be a connected double cover
of T% so that we have two singular points in the same place in My = T%/Z3 (and Ng \ {0} is
connected), we can desingularize this Ny by doing the connected sum with an S? x R, obtaining
an SL 3-fold which is homeomorphic to a T3#(S! x $?) in the crepant resolution of T°/Z3. We
mentioned in Example 5.9 that one possible L. will be a double cover of Kgp2, which means the
family of nonsingular SL 3-folds we constructed here will be deformations of a double cover of
the SL 3-fold T3#RP? in the first example. Notice also that each L. has rate —2, as discussed
in Example 5.9, and so our desingularization theorem works.

Here is an alternative way of producing SL 3-folds in the crepant resolution of T°/Z3. Split
TS as T® = T* x T?. Let X be an SL 2-fold (but not a 7?) in T*, or equivalently, a complex
curve w.r.t. another complex structure on 7. Take Ny to be the image of X x S* in T6/Zs, and
suppose Ny passes through a singular point in 7%/Zs. By gluing in Kgp2 at the singular point,
we get a real blow-up of Ny at a point, homeomorphic to No#RP3. In these examples, we obtain
SL 3-folds not from fixed points of an involution on the crepant resolution of 7°/Zs, as Ny does

not come from one.
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Example 6.15 Let us take My to be a quintic 3-fold (taken from [21, §18.2]) given by
My = {[20721,22,23,24] € CP*: f(20, 21, 22, 23, 24) = 25 + 2 + 25 + 25 + 25 — B2o21202324 = 0}.

We see that M is a hypersurface of CP* defined by a homogeneous quintic polynomial f, and
it has trivial canonical bundle by the adjunction formula, as we have seen in Example 2.4. Now
assume the existence of a singular Calabi—Yau metric on My, so that M is a Calabi—Yau 3-fold
with conical singularities given by the ordinary double points, and hence our desingularization

result can be applied to M.

By looking at the Jacobian of f, the singular points are given by [¢®°, (*, (%2, (3, (*] where
¢ = €2™/5 and a; € Zs with Y a; = 0. Thus there are 125 singular points in total. To see
why they are ordinary double points, let us first focus on the point [1,1,1,1,1] and investigate
the neighbourhood of it in My. Take 2y = 1, and write z; = 1+ w; for j = 1,...,4. Then
f(20,21,22,23,24) = 1L+ (1 +wy)® + -+ 4+ (1 +wy)® — 5(1 +wy) -+ (1 + wg). We see that the
constant and linear terms vanish, and the quadratic term is given by

q(wy, we, w3, wy) = 10(w% + w% + wg + wi) — 5(wywe + wrws + wrwy + wows + wewy + wawy).
Thus Mj is locally modelled on
{(w1, w2, w3,ws) € C*: q(wy, w2, w3, ws) = 0}

near the point [1,1,1,1,1]. In matrix representation, ¢ is given by

10 —5/2 —5/2 —5/2
—5/2 10 —5/2 —5/2
~5/2 -5/2 10 —5/2
-5/2 —5/2 —5/2 10

and the eigenvalues are given by: 5/2, 25/2, 25/2, 25/2. Tt follows that under an appropriate
linear change of coordinates, My is locally modelled on

{(wy, w2, w3, wy) € c*: w% +w§ +w§ —l—wi =0},

i.e. the cone Qo described in Example 3.19 and §4.6, near [1,1,1,1,1]. Hence the point
[1,1,1,1,1] is an ordinary double point for My. Similar arguments show that all the singu-

lar points [¢(®0, (%, (%2, (3, (*] are actually ordinary double points.

Consider the following 1-parameter family of quintic 3-folds:
My = {[zo,zl,z2,23,z4] e CP*: zg’ + zf + z§’ + 235, + zi’ — Szpz1202324 = 0}.

This family is well-studied, and a lot of work has been done on constructing “mirror Calabi—Yau
3-folds” of My, see [12]. It can be shown that when ®> = 1, M,; is singular with 125 ordinary
double points (our My belongs to this sub-family). When ¢° # 1, M, is nonsingular, with
h't(My) =1 and h?!(M,) = 101. Thus there are 101 families of complex deformations of My,
and so we can deform M, smoothly to obtain a family of nonsingular Calabi-Yau 3-folds M,

with 9 = 1+ € for some small nonzero € € C. In fact, M, is what we shall get by gluing in some
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Q. to each singular point x; at My, and so M, is a Calabi-Yau desingularization obtained in
Chapter 4. In addition, ¢ = oo corresponds to the singular variety {z9z1222324 = 0}, which is
the union of five CP%’s ({z; = 0}).
Consider the following involution on Mj:
o : (20,21, %2, 23, 24] —— (20, Z1, Z2, 24, 23]
The fixed point set of o is given by
Fix(0) = {[xo, x1, T2, T3 + ixg, T3 — izg) € CP*: zj € R, f(zo,x1, 22,23 + ix4, T3 — ix4) = 0}.

Among the singular points on My, five of which are fixed by o: p; = [1,1,1,1,1], ps =
[1,1,1,¢,¢4, ps = [1,1,1,¢%,¢3, pa = [1,1,1,¢3,¢?3, and ps = [1,1,1,¢%,¢]. As before, we
look at a neighbourhood of the point p1 = [1,1,1,1,1] by taking 2o = 1 and z; = 1+ w; for
j=1,...,4. Thus near p;, the fixed point set Fix(o) of o is locally modelled on

{(w1, 20, 73 + w4, 03 —i74) : q(T1, T2, T3 + 174, 73 — ixy) = O},

where q(x1,x9,x3 + 124, T3 — i24)

10 —5/2 —5/2 —5/2 T
. . -5/2 10 —5/2 —5/2 T
= (T1,T2,X3 +12T4,T3 —1T4) - - .
(@1, 22,3 + 24, @5 — i) —5/2 —5/2 10 —5/2| |as+izs
—5/2 —5/2 —5/2 10 I3 — i.’E4
1 00 0 10 —5/2 —5/2 —5/2 100 0 T
01 0 O -5/2 10 —=5/2 —=5/2 01 0 O o
= (w1, 22,73,24) - : i .
0 0 1 1 —5/2 —5/2 10 —5/2 0 0 1 =2 T3
00 i —i -5/2 —5/2 —5/2 10 00 1 —i T4
10 —5/2 -5 0 T
—(;v o, 2, 24) —5/2 10 -5 0 T2
- 1,42,43,44 75 75 15 O J,‘3
0 0 0 -25 T4

This matrix has three positive and one negative eigenvalues, and hence by performing a linear

change of coordinates, the fixed point set of ¢ is locally modelled on
{(z1, 29, 23,24) € R* : 22 + 22 + 22 — 22 =0} (6.22)

near pi, i.e. two cones on S? (or two copies of R3) meeting at 0. This is also the case for each

of the other four singular points po, ..., ps.

Let us look at the fixed point set Fix(o) of o restricted to the subspaces {zp = 21 = 22}, that

is, we consider

U={[1,1,1,z4iy,z—iy] : z,y € R, 22° — 2023y* + 102y* — 52* — 5y*> + 3 = 0}
U{[0,0,0,z + iy, z —iy] : z,y € R, y # 0, 22° — 2023y% + 10zy* = 0}.
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Calculation shows that the second bit of U consists of five points in CP*: a = [0,0,0,4, —i],
b=10,0,0,1+iv5+2V5,1—iv5+2V5], ¢ =[0,0,0,1 —iv/5+2vV5, 1 4+iV/5+2V5], d =
[0,0,0,1+4v/5 —2v/5,1—i 5—2V@amie:(L&Q1—vM5—2 ,1+¢V — 24/5]. For the

first bit, we illustrate it on R2:

-2 -1

Figure 6.1: Sketch of 2% — 202%y? + 10xy* — 522 — 5y? + 3 = 0 on R?

The above figure gives a representation of U on R?, with five asymptotic lines {z = 0},
{y =\/1+ Q‘fx} {y = —/1+ Q{m} {y =4/1 %x} and {y = —/1-— %x} corre-
sponding to the five points a,b, c,d, e in CP* respectively. We see that the graph is connected

and contains all five ordinary double points p1,...,ps, and so does U.

Now we take Ny as the connected component of Fix(o) containing p; = [1,1,1,1,1]. Then
U C Ny, and so Ny contains pi,...,ps as well. Thus Ny is a singular SL 3-fold with conical
singularities py, . .., ps modelled on cones of the form (6.22). As before, we need to know whether
N} = No \ {p1,...,p5} is connected or not in order to apply our desingularization theorem.
Observe from Figure 6.1 that the graph with pq,...,ps removed has 15 connected components,
but we have to include the five points a,b,c,d,e “at infinity”, which implies U \ {p1,...,ps}
has 10 connected components. Near each singular point, Ny is modelled on the cone given by
(6.22), which is a two-sided cone on S? ({(21,x2,23,24) € R* : 2 + 23 + 23 — 2] =0, 24 >
0} U {0} U{(z1,22,23,24) € R : 2 + 23 4+ 23 — 2 = 0, 24 < 0}) such that the sign of z4
determines the side of the cone. Thus the point A is actually connected to F in N/ as they lie in
the same side of the two-sided cone at p;. We now show by using an informal argument how to
connect the 10 components of U in Nj. From Figure 6.1, the point A is connected to F, as we
mentioned above, then F' is connected to K though the infinity point ¢, and K is connected to

D as they lie in the same side of the two-sided cone at p4, and so on. We can then trace a path:
A-FLK-D-L5G-B-HSP-E—-Q%1—-C—J2%R— A

We see that the 10 components of U \ {p1,...,ps} are connected in N, and hence N} is con-
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nected, which is what we want.

To desingularize Ny we take SO(3)-invariant AC SL 3-folds in Q. in Example 5.12 and glue
them into Ny at the singular points pi,...,ps. Recall in that example all the AC SL 3-folds we
constructed are asymptotic to the (one-sided) cones Cy, C1, Ca, C3, or to unions of cones Cj, U C)
in Q. The local model of Ny near each singular point is given by the two-sided cone of the form
(6.22). Thus at each p;, we can regard the cone as either the union Cy U Cy or C; U Cs5. Let us
fix it to be Cy U Cy at each p;.

(1) Im(+/€) > 0, Re(y/e) >0

In this case, we have only one option for desingularizing Ny. We glue in at each p; two
disjoint union of AC SL R*®’s By, By, ending at the points (0,0,0,/€), (0,0,0,—/€) in Q. and
asymptotic to Cy, Cy respectively.

(ii) Im(y/€) = 0, Re(/€) > 0

We specify this to the case e = 1. Again, we have only one option for desingularizing N,
which is given by gluing in at each p; two disjoint union of AC SL R*’s A;, A4, ending at the
points (0,0,0,1), (0,0,0,—1) in @ and asymptotic to Cy, Co respectively.

(iii) Im(y/€) < 0, Re(y/€) > 0

This time we have five varieties of choice for the desingularization. The options are: (1)
B} U B}, intersecting at (0,0,0,+/€); (2) BL U Bg, intersecting at (0,0,0, —/€); (3) disjoint union
of BY and Bi; (4) disjoint union of Bj and Bg; and (5) a family of AC SL S? x R’s given by the
flow lines between the region bounded by Bj, Bj, Bf and Bg. Thus at each pj, we have four
different choices of AC SL R3 U R?’s corresponding to (1)-(4) to glue in, or we can choose one
out of a family of AC SL 5% x R’s given in (5) to desingularize the p;’s in No. As a result, we
get different possibilities for the topology of Nt, and it would be interesting to consider how the

classes of SL 3-folds N; we construct vary as € goes round the loop.
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