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Preface

The knowledge of which geometry aims is the knowledge of the eternal.
- PLATO

Calibrated geometry, since conception, has been tied to the exceptional geometries occurring in seven
and eight dimensions. Harvey and Lawson [17, §IV], in their seminal paper on the subject, dedicate
a chapter to the relationship between these two fields. In seven dimensions the relevant holonomy
group is Go and the calibrated submanifolds are known as associative 3-folds and coassociative
4-folds, whereas in eight the group is Spin(7) and Cayley 4-folds form the calibrated geometry.

The dearth of concrete formulations of calibrated submanifolds in manifolds with exceptional
holonomy, even in the simple cases of 7- and 8-dimensional Euclidean space, is markedly evident.
The exhibition of examples in mathematics, perhaps particularly in geometry, is crucial to our un-
derstanding of the theory involved. Part I of this thesis addresses this need by presenting methods
of constructing calibrated submanifolds of R” and R® related to the exceptional geometries and,
moreover, utilising them to produce explicit descriptions of associative, coassociative and Cayley
submanifolds. Much of this work has already appeared in the author’s papers [38] and [39]: specifi-
cally, Chapter 4, apart from §4.2, and §5.4 form the material of the former and the latter respectively,
with the addition of further examples.

Having studied what one may tentatively label the ‘applied’ aspects of the subject, Part 2 tackles,
remaining cautious with our verbiage, more ‘abstract’ problems. It is concerned with deformations
of two distinguished classes of noncompact coassociative 4-folds which are, in a sense, dual to one
another: asymptotically conical (AC) and 4-folds with conical singularities (CS). Informally, AC
submanifolds ‘look like’ cones near infinity, whereas CS submanifolds have a finite number of points
at which they locally have the appearance of a cone near its vertex. McLean [45, §4] fully describes
the deformation theory of compact coassociative 4-folds, demonstrating that the moduli space of
deformations is a smooth manifold of known dimension. This result motivates our study as both
AC and CS submanifolds are natural extensions from the compact case. The material in Chapter 7

on AC deformations forms the core of the author’s paper [40].



The incentive for the research detailed within this dissertation is not limited to mathematics. In
high-energy theoretical physics there are areas of study known as String Theory, M-theory and F-
theory. The ultimate goal of String Theory is to combine Quantum Theory and General Relativity.
The key concept is that particles are not modelled as points in space but rather as a 1-dimensional
object, called a ‘string’. An unusual feature of the theory is that the universe is forced to have a
dimension higher than four. The most popular version of String Theory requires the universe to
have ten dimensions. However, the dimension of the universe may be eleven (for M-theory), twelve
(for F-theory) or possibly even twenty-six.

String theorists hypothesise that, geometrically, the universe comprises a large, observable, 4-
dimensional piece and a very small extra piece which has six, seven, eight or more dimensions. For
an 11-dimensional universe the additional constituent must be a compact Gy manifold; that is, a
compact 7-dimensional Riemannian manifold with holonomy group contained in Gy. Associative
and coassociative submanifolds of a G, manifold then have physical significance in M-theory, with
a particular interest shown for their singularities. A similar picture may hold for a 12-dimensional
universe in F-theory, where the relevant 8-dimensional piece might be a Spin(7) manifold, but the
physics is as yet unclear.

An area of conjectures in String Theory is called Mirror Symmetry. There is a proposed geometric
explanation of this result for 10-dimensional String Theory known as the SYZ conjecture, which
involves the consideration of fibrations of a compact Calabi—Yau 3-fold by 3-dimensional calibrated
submanifolds, known as special Lagrangian 3-folds, that are allowed to have singularities. It has
been conjectured, based on physical arguments, that the analogous situation in seven dimensions is
true. The hope is that the work in this document will aid in the solution of this difficult problem.

It may appear that we have spent much of this preface detailing the usefulness of the research
discussed in this thesis. Although this is certainly true, it would only be honest to close with the

following quotation with which the author agrees wholeheartedly.
The mathematician does not study pure mathematics because it is useful; he studies it

because he delights in it and he delights in it because it is beautiful.
— HENRI POINCARE

vi



Chapter 1

Introduction

The research presented here lies within the broader subject of calibrated geometry. In this chapter the
basic theory underlying this topic is given. Certain types of asymptotic behaviour of submanifolds
at infinity are also discussed and a section is dedicated to some elementary properties of number
systems and their relationship with group theory. This final section of the chapter provides the reader
with background material before the exposition of the octonions, or Cayley numbers, in Chapter 2.

The focus of the second chapter is on the exceptional Lie groups Go and Spin(7) and the formula-
tion of calibrations on R” and R® which are associated to these groups. This allows the definition of
associative 3-folds and coassociative 4-folds in R” and Cayley 4-folds in R®. Moreover, it is demon-
strated that there is a generalisation of these calibrations and calibrated submanifolds for particular
7- and 8-dimensional Riemannian manifolds, known as Gy and Spin(7) manifolds respectively.

Following these two preliminary chapters, the rest of the dissertation is split into two parts
each containing three chapters. Part I begins, in Chapter 3, with a review of the theory and
constructions of special Lagrangian m-folds in C™ which shall be pertinent in the sequel. Chapter
4 gives construction methods and examples for associative 3-folds in R”. The final chapter in Part
I is a similar presentation for coassociative 4-folds in R” and Cayley 4-folds in RR8.

Chapter 6, the first chapter in Part II, reviews various definitions and results from the study
of analysis on asymptotically conical (AC) manifolds and manifolds with conical singularities (CS).
This material is predominately based on a paper by Lockhart and McOwen [37]. The final chapters
are dedicated to the study of deformations of AC coassociative 4-folds in R” and CS coassocia-
tive 4-folds in a Go manifold. In Chapter 7 it is proved that an AC coassociative 4-fold, which
converges with generic rate in a specified range to a cone at infinity, has a locally smooth moduli
space of deformations of known dimension. In Chapter 8, three different deformation problems for

CS coassociative 4-folds are studied. For each case there is a weaker result: the moduli space is



locally homeomorphic to the kernel of a smooth map between smooth manifolds. However, if the
obstructions in the problem are known to be zero, the moduli space is locally smooth and a lower

bound is given on its dimension.

In this thesis, manifolds are taken to be smooth and nonsingular almost everywhere and sub-

manifolds are assumed to be immersed, unless otherwise stated.

1.1 Calibrated Geometry

We define calibrations and calibrated submanifolds following the approach in [17].

Definition 1.1.1. Let (M, g) be a Riemannian manifold. An oriented tangent k-plane V on M is
an oriented k-dimensional vector subspace V' of T, M, for some x in M. Given an oriented tangent
k-plane V on M, g|y is a Euclidean metric on V' and hence, using g|y and the orientation on V|
there is a natural volume form, voly, which is a k-form on V.

A closed k-form n on M is a calibration on M if 5]y, < voly for all oriented tangent k-planes V
on M, where 7|y = & - voly for some k € R, so |y < voly if Kk < 1. An oriented k-dimensional

submanifold N of M is a calibrated submanifold or n-submanifold if n|r,n = volp, n for all z € N.

Calibrated submanifolds are minimal submanifolds [17, Theorem II.4.2]. Minimal submanifolds
of R™ are related to harmonic functions, i.e. functions f satisfying Af = d*df = 0, by the following

elementary result [35, Corollary 9].

Theorem 1.1.2. A submanifold of R™, with immersion ¢, is minimal if and only if ¢ is harmonic;

that is, each component of ¢ mapping to R is harmonic.

If n is a k-form satisfying the restrictions in Definition 1.1.1 but is not closed, n-submanifolds are
no longer minimal, yet may still be defined. We shall return to this point in Sections 2.3.2 and 2.4.2
and, with greatest interest, in §8.5. However, the minimality of calibrated submanifolds provides

the following property, as discussed in [17].

Theorem 1.1.3. A calibrated submanifold is real analytic wherever it is nonsingular.

One may think of the calibrated condition as corresponding to a partial differential equation
which has solutions described by calibrated submanifolds. Given the analytic techniques employed
in this thesis and the many appearances which differential equations make during the course of our
study, this viewpoint is one we encourage the reader to adopt. Having chosen this perspective,
the inherent difficulty we face lies within the fact that the calibrations we consider correspond to

equations that are strictly nonlinear, for which solutions are hard to find in general.



A particular result from the theory of partial differential equations that we use is the Cauchy-

Kowalevsky Theorem [48, Theorem B.1], which we now state.

Theorem 1.1.4 (Cauchy—Kowalevsky Theorem). Let u = (uq,...,uy) = u(x,t) be a vector-
valued function of x = (x1,...,2,) € R" and t € R. Let a;-k and b; be real analytic functions of
z = (x,u) in a neighbourhood of zero in R"™N fori=1,....,n and j,k =1,...,N. The system of

differential equations

Ou; U i Ouy, )
aitjzbj(z)—’—zzajk(z)axza j:17"'aNa

with initial condition u(x,0) = 0 has a real analytic solution in a neighbourhood of zero in R"*1.

Moreover, this solution is unique in the class of real analytic functions.

1.2 Asymptotics

On a number of occasions we study the asymptotic behaviour of submanifolds and thus make a few

definitions relating to this area.

Definition 1.2.1. Let M and Mj be closed submanifolds of R™. We say that M is asymptotic with
rate A at infinity in R™ to My if there exist constants R > 0 and A < 1, a compact subset K of M
and a diffeomorphism ¥ : My \ Bg — M \ K such that

|T(x) — x| = O(r) as r — 00,
where 7 is the radius function on R™ and Bp is the closed ball of radius R.

We continue by considering cones and conical behaviour at infinity, using the convention that

N=1{0,1,2,...}.

Definition 1.2.2. A cone in R™ is a submanifold of R™ which is invariant under dilations and is

nonsingular except possibly at 0. A cone C is said to be two-sided if C = —C.

Definition 1.2.3. Let M, be a closed cone in R™ and let M be a closed nonsingular submanifold
of R™. Then M is asymptotically conical (AC) to My with rate \ if there exist constants R > 0 and
A < 1, a compact subset K of M and a diffeomorphism W : My \ Bg — M \ K such that

VI (U (x) — u(x))| = O(r*9)  for j € Nasr — oo, (1.1)

where Bp is the closed ball of radius R in R®, + : My — R™ is the inclusion map and r is the radius
function on R™. Here |.| is calculated using the cone metric on My \ Bg, and V is a combination
of the Levi—Civita connection derived from the cone metric and the flat connection on R™ acting as

partial differentiation.



If A > 0 in the definition above, M is AC with rate A to any translation of My in R™, since
translations correspond to O(1) displacements. If we could take A > 1, M would be AC with rate A
to any SO(n) x R™ transformation of My, since rotations in R™ are O(r) displacements, which would
be a very weak kind of convergence.

The proposition below shows the relationship of AC behaviour to calibrated geometry.

Proposition 1.2.4. Let n be a calibration k-form on R™ and let M be an n-submanifold of R™
which is AC with rate X\ to a closed cone My in R™. Provided My is k-dimensional, it is calibrated

with respect to n.

Proof. Use the notation of Definition 1.2.3. Write My = (0,00) x &, where ¥ = MyNS™ 1, let (r,0)
be coordinates on My and let gs; be the induced metric on ¥ from the round metric on S”~!. Note
that there are two different metrics on Mo: the cylindrical metric gey1 = dr? + gs and the conical
metric geone = dr? + r2gs.

Let gg be the Euclidean metric on R™. Since M is calibrated with respect to 7,

‘d\II|’{T7 O_)(n)‘ —1 and hence ‘r—kd\m;m)(n) —1 (1.2)

dv|7. 5y (90) r=2d¥le. ) (g0)

by the scaling properties of 7 and gy under dilations.

From (1.1),
’d‘llm’ oy (M) = dlf,, () - =0 as r — oo.
Therefore,
[rRAWL () = e, () L =00 sy (1.3)
by the relationship between gcone and geyr. Similarly;
[r2 W o (90) 2y (90)] | =00 as oo (1.4)

Since A < 1, 7*~1 — 0 as r — oo. Moreover, gy is independent of r, so using (1.2)-(1.4) we deduce

— 1 as r — 00.
r=2de|7, y(90)

rrduG, o) ()

However, since ¢(r,0) = ro, r*kdb|’(“7, (1) and T’QdL|2‘r » (90) are independent of r. Thus, dv*(n) is
equal to the volume form with respect to dv*(go) on Ty, ,) My for all o € ¥. Finally note that, since

My is a cone, T, )Mo = T(1,5)Mp for all r > 0. The result follows. O

Another required result related to asymptotics is a Mazimum Principle for harmonic functions

due to Hopf [35, p. 12].

Theorem 1.2.5 (Maximum Principle). Let f be a smooth function on a Riemannian manifold
M with boundary OM. If f is harmonic and assumes a local mazimum (or minimum) at a point in

M\ OM it is constant.



1.3 Number Systems

We reiterate that throughout this document we suppose that N ={0,1,2,...}.

We may define the orthogonal group O(n) as the set of nxn real matrices preserving the Euclidean
metric on R™. Alternatively, O(n) preserves the dot product on R™. The special orthogonal group
SO(n) is the subgroup of O(n) of determinant 1 matrices; i.e. it preserves the orientation on R™.
Similarly, on C", we have the unitary and special unitary groups, U(n) and SU(n) respectively, for
which we simply replace real matrices by complex matrices. For the next stage we want to describe

the compact symplectic group Sp(n), for which we choose to consider the quaternions H.

The quaternions are a 4-dimensional generalisation of complex numbers discovered by Hamilton

in 1843. They are spanned by 1 and elements i, 7 and k satisfying the following multiplication law:

i J k
i -1 k —j
J -k -1 4
k j -1 -1

This can be summarised in the following elegant diagram.

Then Sp(n) is the group of n X n quaternionic matrices preserving the dot product on H". The ori-

entation preserving group, or ‘determinant 1’ group if you will, associated with Sp(n) is Sp(n) Sp(1).

We complete our discussion of number systems with the octonions, or Cayley numbers, Q. They
are an 8-dimensional generalisation of complex numbers discovered in 1843 by Hamilton’s college
friend John Graves, but first appeared in a publication by Arthur Cayley in 1845. They will be
discussed in detail in §2.1. Here it is not as obvious to define the groups Spin(7) and Gy associated
with O to complete the sequence of groups described here, so we shall leave this until §2.1.3. However,
we hope that the reader will appreciate that, rather than Go and Spin(7) appearing ‘out of the blue’,

they are the final stage of a natural progression often called the Cayley—Dickson process.



Chapter 2

The Exceptional Geometries

We study the exceptional geometries in seven and eight dimensions, described by the Lie groups
G2 and Spin(7), making extensive use of the octonions which are discussed in §2.1. In Sections 2.3
and 2.4, we expose the relationship of Gy and Spin(7) with calibrated geometry, both for Euclidean

spaces and, more generally, for certain types of Riemannian manifold.

2.1 The Octonions

The octonions, or Cayley numbers, O help us provide an elegant description of the exceptional

geometries and are used on many occasions in Chapters 4 and 5.

2.1.1 Cayley multiplication table

Let {e1,...,e7} be a basis for In@. Then a Cayley multiplication table for O is as shown.

1 €1 €2 es €4 es e er
1 1 €1 €9 €3 €4 €5 €g (&rd
e1 er -1 e —eg es —ey er —eg
€9 €y —€3 -1 €1 €g —€7r —€4 €5
€3 €3 €2 —€1 -1 —er —€g €5 €4 (21)
eq eq —es —eg er —1 el ey —e3
es es ey er eg —e1 —1 —eg3 —eo
€6 € —€7 €4 —€5 —€9 €3 -1 €1
er er eg —€5 —ey es es —ep —1

This table is not standard but chosen to agree with our later conventions. The information can be



encoded in a diagram known as the Fano projective plane, which is referred to, for example, in [49,

p. 157).

The multiplication is neither commutative nor associative. However, there are 4-dimensional asso-
ciative subalgebras of O which, along with their complements, will be used to describe calibrated

3-planes and 4-planes in R”.

2.1.2 Cross products

We define cross products and multiple cross products of octonions which help us to describe and
interpret the geometry of R” and R®. The material is mainly derived from [17, Appendix IV.B]. We
must note however that, because of the conventions adopted, there are some minor modifications to
the formulae given in [17]. The differences come from our choice of basis for O, so our formulae are
equivalent up to a coordinate transformation and possible reversal of orientation, amounting to a

change in sign. We endeavour to make these discrepancies apparent to the reader.
Definition 2.1.1. Let x,y, 2z, w € Q. The cross product of x and y is
1, _ _
xxy:—i(a:y—yx). (2.2)

Note that = x y = Im(gz), which shows that the cross product is imaginary-valued.

The triple cross product of x,y, z is

TXYXz= —%(m(yz) — z(yz)) (2.3)



and the fourfold cross product of xz,y, z,w is

rxyxzxw=—(Tlyxzxw)+yzxzxw)+ 2z xyxw)+ oy xzXz)). (2.4)

FNg-

The triple cross product of z, y and z can also be defined as the alternation of —z(jz). Hence, the

triple and fourfold cross products are alternating multilinear forms.

Equations (2.2)-(2.3) are the opposite sign to the equivalent formulae in [17] and (2.4) is unaltered
because the sign change is already accounted for by the choice in (2.3). Note that = X y x z #
x X (y X z) # (x X y) X z in general and a similar statement is true for the fourfold cross product.

We make some observations about the real parts of the products [17, Lemma IV.B.9].

Proposition 2.1.2. If z,y,z,w € O and 2',y', 2’ are the imaginary parts of x,y, z respectively,

Re(xz x y) =0,
Re(x x y x 2) = go(x’ x ¢/, 2") and

Re(z Xy x z x w) = go(z X y X z,w),
where go is the Euclidean metric on O = R,
Recall the commutator [x,y] = 2y — yz of 2 and y. This leads us to define the associator.
Definition 2.1.3. The associator [z,y, z] of x,y,z € O is given by:
[y, 2] = (xy)z — =(y2).

Whereas the commutator measures the extent to which commutativity fails, the associator gives the
degree to which associativity fails in @. In §4.4 we require some properties of the associator which

we state as a proposition taken from [17, Proposition IV.B.16].

Proposition 2.1.4. The associator [x,y,z] of x,y,z € Q is alternating, imaginary-valued and

orthogonal to x,y, z and to [a,b] for any subset {a,b} of {x,y,z}.
On Im O we can also define the coassociator.

Definition 2.1.5. The coassociator [x,y, z,w] of z,y, z,w € Im O is given by:
[y, 2,w] = —(g0(y, 2w)x + go(z, 2w)y + go (2, yw)z + go(y, x2)w),
where gq is the Euclidean metric on Im O = R”.

If we restrict to considering Im O we get the following neat result [17, Proposition IV.B.14].



Proposition 2.1.6. For z,y,z,w € ImQ,

2Im(z x y) = [z,9],
2Im(x x y X z) = [z,y, 2] and
2Im(x X y X z X w) = [x,y, 2z, w].
We conclude by focusing on the cross product (2.2) restricted to Im Q. Let z,y € Im O and write
r=x161+...+x767, Yy =111+ ... +yrer and T X y = z1€1 + ...+ zrer. Then
Z1 = XYz — T3Y2 + TaYs — TsY4 + TeY7 — T7Y6,
Z = X3Y1 — T1Y3 + TaYe — TeYa + TrYs — T5Y7,
23 = T1Y2 — T2Y1 + T7Ys — TaY7 + TeYs — TsYs6,
24 = TpY1 — T1Y5 + TeY2 — TaYe + T3Yr — T7Y3,
Z5 = T1Y4 — TaY1 + T2Y7 — TrY2 + T3Ye — T6Y3,
26 = T7Y1 — T1Y7 + T2Ya — TaY2 + Tsys — T3y and
27 = X1Ye — TeY1 + TsY2 — T2Ys + T4y3 — T3Y4.

We can use this to prove the proposition below.

Proposition 2.1.7. If z,y € ImQ and go is the Euclidean metric on ImQ = R,
& % g% + (9o, ))® = [a?[y]*.
Hence x x y =0 if and only if v and y are linearly dependent.

Proof. Establishing the formula is a straightforward calculation. We have that go(x,y) = |z||y| cos 6,
where 6 is the angle between z and y, so (go(z,y))? = |z|?|y|? if and only if § = 0, i.e. when z and

y are linearly dependent. We deduce the result. O
2.1.3 Gy and Spin(7)

We now define the exceptional Lie group Gs in terms of the octonions.

Definition 2.1.8. The subgroup of the automorphisms of Im @ preserving the cross product (2.2) is
Go. It is a compact, connected, simply connected, simple, 14-dimensional Lie group which preserves

the orientation on Im Q.

This definition leads to the next proposition, which is in fact an instance of a general result from

the theory of normed algebras, as discussed in [16, Chapter 6].



Proposition 2.1.9. The Euclidean metric go on ImQ is preserved by Go. Thus Go C SO(7).

Proof. Let x,y € Im O and define
cpr(u) =z xu and cpy(u) =y xu for u € Im Q.

Then cp, and cp, are linear maps and so have matrices A, and A, with respect to the basis

{e1,...,e7} of ImO. If x = x1€1 + ...+ z7e7, consultation of the table (2.1) shows that

0 T3 —Io Ty —X4 Tr7 —Xg
—XI3 0 T e —X7 —X4 xIs
o —T1 0 —T7 —Tsg Is T4
Ay = —T5 —Ig T7 0 T To —X3 (2.5)
Xy T7 Tg —X1 0 —Tr3 —X2
—x7 Ty —I5 —X9 T3 0 T
Tg —Ts —I4 T3 Tro —I1 0

and we have a similar expression for A,.

A straightforward calculation using formula (2.5) then gives:
—6go(z,y) = Tr(AzAy).
We deduce the result from the definition of Gs. O

We can also define Spin(7) using O.

Definition 2.1.10. The subgroup of the automorphisms of Q@ preserving the triple cross product
(2.3) is Spin(7). It is a compact, connected, simply connected, simple, 21-dimensional Lie group,
which preserves the Euclidean metric and the orientation on @. Thus Spin(7) C SO(8). It is

isomorphic to the double cover of SO(7).

The fact that Spin(7) preserves the metric can be proved in a similar way to Proposition 2.1.9.

2.2 Holonomy Groups

For this section, let (M,g) be an n-dimensional Riemannian manifold and let V denote the Levi-

Civita connection of g. We begin with the definition of parallel transport.

Definition 2.2.1. Let v : [0,1] — M be a piecewise-smooth path from z to y in M. For each

v € T, M there exists a unique section s of v*(T'M), which is smooth whenever « is smooth, such
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that s(0) = v and V;)s(t) = 0 for all ¢ € [0,1]. Define P, (v) = s(1). Then P, : T,M — T, M is
a linear map called the parallel transport map. If v(0) = v(1) = x, v is a loop based at x and the

parallel transport map P, is an invertible linear map from T, M to itself.
We may now define the holonomy groups of g at x € M.

Definition 2.2.2. The holonomy group of g at x is
Hol,(g) = {P, : ~v is a loop based at z}.
The restricted holonomy group of g at x is
Hol%(g) = {P, : v is a null-homotopic loop based at z}.
They are subgroups of GL(T, M), the group of invertible linear transformations of T, M.

If M is connected, [23, Propositions 2.2.3 & 2.5.2] show that the holonomy groups are independent

of the point x at which they are based and are subgroups of O(n).

Proposition 2.2.3. If M is connected, Hol,(g) and Hol’(g) can be considered as subgroups of
O(n) defined up to conjugation in O(n) and are then independent of x. We thus use the notation

Hol(g) and Hol%(g) for the subgroups of O(n).
This allows us to make our main definition.

Definition 2.2.4. Let M be connected. Define the holonomy group of g and restricted holonomy
group of g to be Hol(g) and Hol"(g) respectively. The holonomy group Hol(g) is a subgroup of O(n)
and, by [23, Theorem 3.2.8], Hol’(g) is a closed, hence compact, connected Lie subgroup of SO(n),
each defined up to conjugation in O(n). Note that if M is simply connected, Hol(g) = Hol’(g) since

all loops in M are null-homotopic.

In 1955, Berger made an important advance in the classification of holonomy groups of Rie-

mannian metrics with the following theorem [4, Theorem 3] which also appears in [49, p. 1].

Theorem 2.2.5. If (M, g) is an oriented, simply connected, connected, n-dimensional Riemannian

manifold which is neither locally a product nor symmetric, Hol(g) must equal one of
SO(n), U(g), SU(3), Sp(%)Sp(1l), Sp(}), Ga(forn=7) or Spin(7) (for n=8).

The theorem also gives the particular subgroups of O(n) which are isomorphic to each of the Lie
groups in the list. In Berger’s Theorem, Spin(9) was included as a possible holonomy group but
Alekseevskii [2] first showed that any Riemannian metric with holonomy Spin(9) is symmetric. The

group SO(n) is the holonomy group of a generic metric.
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Suppose M is of dimension n = 2m. If Hol(g) C U(m) then g is a Kdhler metric and if Hol(g) C
SU(m) then g is called a Calabi-Yau metric. Suppose further that n = 4k. If Hol(g) C Sp(k), g is
called a hyperkdhler metric and if Hol(g) C Sp(k) Sp(1), g is a quaternionic Kdihler metric.

Examples of all but the quaternionic Kahler metrics are known to exist in both the compact and
complete cases. Calabi—Yau and hyperkéhler metrics are Kéhler and Ricci flat, even though generic
Kéhler metrics, which have holonomy U(m), are not. Quaternionic Kéhler metrics are neither Kéhler

nor Ricci flat but they are Einstein.

The groups Gy and Spin(7) in Theorem 2.2.5 are thus the exceptions in the list of possible
holonomy groups. They are therefore known as the exceptional holonomy groups. Metrics with
exceptional holonomy are Ricci flat. The local existence of metrics with holonomy Gg and Spin(7)
was proved in 1985 by Bryant [6]. Complete examples were given by Bryant and Salamon in [9] and

compact examples were constructed by Joyce in [20], [21] and [22].

2.3 The Gy Calibrations

2.3.1 G, geometry on R’
We start by defining calibrations on R as in [23, Chapter 10].

Definition 2.3.1. Let (21,...,27) be coordinates on R” and write dx;j.. 1 for the form dx; A dxj A

... Ndxg. Define a 3-form ¢q by:
Yo = dx123 + dX145 + dX167 + dX246 — dXo57 — dX347 — dX356. (2.6)

By [17, Theorem IV.1.4], ¢ is a calibration on R” and submanifolds calibrated with respect to g
are called associative 3-folds.

The 4-form *pg, where g and *pg are related by the Hodge star, is given by:

*p0 = dX4567 + dX2367 + dXa345 + dX1357 — dX1346 — dX1256 — dX1247. (2.7)

By [17, Theorem IV.1.16], @y is a calibration on R” and *pg-submanifolds are called coassociative

4-folds.
We make a few observations, identifying the standard basis on R” with (eg,...,e7) on Im Q.
Proposition 2.3.2. If z,y,z,w € ImO = R and gy is the Euclidean metric on ImQ,
wo(z,y,2) =go(x X y,2z) and *po(z,y,z,w)= %go([m,y,z],w), (2.8)
where the cross product is defined by (2.2) and the associator is given in Definition 2.1.3.
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The proof of this proposition is immediate from (2.1) and Definitions 2.1.1, 2.1.3 and 2.3.1. We are

now able to make further definitions.

Definition 2.3.3. Let go be the Euclidean metric on R”. Define a cross product for vectors x,y € R”

using index notation by
(x x ¥)* = (0)abex"y" (90)°". (2.9)

This coincides with the definition of the octonionic cross product in (2.2) by (2.8).

We also define the associator on R” by

[x,¥,2]° = 2(*¢0)abeax"y "z (g0) ™ (2.10)

for vectors x,y,z € R7. This agrees with the identification of R” with Im Q by (2.8).

Finally, if x,y,z € R, we define the triple cross product of x,y,z by
(x Xy % 2)° = (%00) abeaXy "z (g0) 4. (2.11)

This agrees with the triple cross product (2.3) if ¢ (x,y,2) = 0 by Propositions 2.1.2 and 2.1.6, the

formula for ¢g given in (2.8) and equation (2.10) for the associator.
We can use the associator to characterise associative 3-planes [17, Corollary IV.1.7].

Proposition 2.3.4. A 3-plane in R7 with basis (X,y,z), appropriately oriented, is associative if

and only if [x,y,z] =0.

This has a useful corollary which follows from Proposition 2.1.7 and a straightforward calculation

using (2.9) and (2.10).

Corollary 2.3.5. If x and y are linearly independent vectors in R7, (x,y,x X y) is an oriented

basis for a 3-plane V in R7. Moreover, V, with this orientation, is associative.

We may also characterise coassociative 4-planes in ImQ = R” as ones on which the coassociator,
given in Definition 2.1.5, vanishes [17, Proposition IV.1.25]. However, we have a far more useful

description of coassociative 4-folds which follows from [17, Proposition IV.4.5 & Theorem IV .4.6].

Proposition 2.3.6. A 4-dimensional submanifold M of R”, with an appropriate orientation, is

coassociative if and only if po|pr = 0.
We now give an alternative characterisation of Go.
Proposition 2.3.7. The stabilizer of pg in GL(7,R) is Go. Moreover, Go preserves xqy.

Proof. Since Gy preserves the cross product on Im Q by Definition 2.1.8 and g9 by Proposition 2.1.9,

it preserves (g by (2.8). Note that Go preserves the Hodge star on R” and hence preserves x@g. [
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The form ¢y is often referred to as the Gy 3-form on R”, which is justified by Proposition 2.3.7.
It, along with xpg, which we may call the Gy 4-form, is the central component of our study of

calibrated geometry on R”.

2.3.2 G, structures on 7-manifolds

We start with two definitions following [8, p. 7] and [23, p. 243].

Definition 2.3.8. Let M be an oriented 7-manifold. For each x € M there exists an orientation
preserving isomorphism ¢, from T, M to R” and thus t%(po) € A3T;M. Since dim Gy = 14,
dim GLy (T, M) = 49 and dim A3T M = 35 for all z € M, the GL (T, M) orbit of ¢(¢o) in
A3T* M, denoted AiT;M, is open. A 3-form ¢ on M is definite, or positive, if @|r, ar € AE’"_T;M for
all z € M. Denote the bundle of definite 3-forms A% T*M. It is a bundle with fibre GL(7,R)/ G2
which is not a vector subbundle of A3T*M.

Essentially, a definite 3-form is identified with the Gy 3-form on R” at each point in M. Therefore,
to each definite 3-form ¢ we can uniquely associate a 4-form *p and a metric g on M such that the

triple (¢, *¢, g) corresponds to (¢o, *@o, go) at each point. This leads us to our next definition.

Definition 2.3.9. Let M be an oriented 7-manifold, let ¢ be a definite 3-form on M and let g be
the metric associated to ¢. We call (p,g) a Gg structure on M. If dp = 0, (p,g) is a closed Go
structure, and if d*¢ = 0 then (i, g) is a coclosed Gg structure. A closed and coclosed Gg structure

is called torsion-free.

Our choice of notation here agrees with [8]. Fernandez [14] calls closed G, structures associative and
coclosed Gg structures coassociative. However, the author feels that this is potentially confusing,
which justifies our choice of notation. Moreover, a Go structure (¢, g) defines a unique principal G
subbundle of the frame bundle and so there is a 1-1 correspondence between pairs (¢, g) and Go
structures in the sense of bundles.

Our definition of torsion-free Go structure is not standard, but agrees with other definitions by

the following result [49, Lemma 11.5].

Proposition 2.3.10. Let (p,g) be a Gy structure and let V be the Levi—Civita connection of g. The

following are equivalent:
dp=d"¢=0; Vo =0; and Hol(g) C Gs with ¢ as the associated 3-form.

We now complete our definitions.
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Definition 2.3.11. Let M be an oriented 7-manifold endowed with a Go structure (i, g), denoted
(M, p,g). We say that (M, ¢, g) is a p-closed, or p-coclosed, 7-manifold if (p, g) is a closed, respec-

tively coclosed, Gy structure. If (p, g) is torsion-free, we call (M, ¢, g) a G2 manifold.

If M has a Go structure (¢, g) then, since o and *pq are calibrations on R7, ¢ and x¢ are
calibrations on M if we relax the condition that a calibration is closed. Therefore, although it
is most natural to consider calibrated submanifolds of Gy manifolds, they can be defined for Gg

structures which are not torsion-free.

Definition 2.3.12. An oriented 3-dimensional submanifold N of (M, p,g) is associative if it is
calibrated with respect to ¢. An oriented 4-dimensional submanifold N of (M, ¢, g) is coassociative

if it is calibrated with respect to .
Note that, by Proposition 2.3.6, we have an alternative characterisation of coassociative 4-folds.

Proposition 2.3.13. A J-dimensional submanifold N of (M, p,g), with an appropriate orientation,

is coassociative if and only if ¢|n = 0.

McLean [45] studies the deformation theory of compact coassociative 4-folds in a Go manifold.

We state a key result, required in Chapters 7 and 8, which follows from [45, Proposition 4.2].

Proposition 2.3.14. Let N be a coassociative 4-fold in (M, p,g). There is an isomorphism between

the normal bundle v(N) of N in M and A2 T*N given by v — (v-¢)|rn.
We finish this section with McLean’s main result on compact coassociative 4-folds [45, Theorem 4.5].

Theorem 2.3.15. Let N be a compact coassociative 4-fold in a p-closed 7-manifold (M, ¢, g). The
moduli space of compact coassociative deformations of N in M is a smooth manifold of dimension

b2 (N).

The result is actually for Go manifolds but analysis of the proof, as noted in [15], shows that closed
Gg structures suffice. McLean [45, §5] also considers deformations of compact associative 3-folds N
in a Go manifold. As shown in [1, §4], the proof works for any Go structure and, for generic choices

of (¢, g), one expects that N will admit no deformations.

2.4 The Spin(7) Calibration

2.4.1 Spin(7) geometry on R®

We define a 4-form on R® as in [23, Chapter 10]
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Definition 2.4.1. Let (z1,...,2s) be coordinates on R® and write dx;j.. 1 for the form dx; A dx; A

... Ndxg. Define a 4-form &y by:

D = dxX1234 + dX1256 + dX1278 + dX1357 — dX1368 — dX1458 — dX1467

+ dxs5678 + dX3478 + dX3456 + dX2468 — dX2457 — dX2367 — dX2358. (2.12)

By [17, Theorem IV.1.24], ® is a calibration on R® and submanifolds calibrated with respect to ®q
are called Cayley 4-folds.

We first relate ®, to octonionic multiplication, where we take R® 22 O by identifying the standard

basis on R® with (1,e1,...,e7).
Proposition 2.4.2. If z,y,z,w € O =2 R® and gg is the Euclidean metric on O,

Do (z,y,z,w) = go(x X y X z,w), (2.13)
where the triple cross product is defined by (2.3).

The proof of this result is immediate from inspection of (2.1), (2.3) and (2.12). We are thus led to

make the next definition.

Definition 2.4.3. Let gy be the Euclidean metric on R3. Define the triple cross product of vectors

x,y,z € R® using index notation by
(x Xy x 2)° = (P0)abeax”y"z°(g0) ™. (2.14)

This agrees with the identification of R® with Q@ by Proposition 2.4.2. Note, from (2.13), that

X X y X z is orthogonal to x, y and z.

We may characterise Cayley 4-planes using the fourfold cross product on O, defined by (2.4), as
in [17, Corollary IV.1.29].

Proposition 2.4.4. A j-plane in O = R® with basis (z,y, z,w), appropriately oriented, is Cayley

if and only if Im(z X y x z x w) = 0.
This has a useful corollary, which follows from a straightforward calculation using (2.4) and (2.14).

Corollary 2.4.5. If x, y and z are linearly independent vectors in RS, (X,y,2z,X Xy X z) is an

oriented basis for a 4-plane V in R®. Moreover, V, with this orientation, is Cayley.

In order to use Proposition 2.4.4 effectively, as required at various stages in the proof of Theorem
5.4.3, we desire efficient methods for computing the fourfold cross product. We give details of these

methods now.
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For our purposes we need only consider fourfold cross products of the form
fjk.zeoxel X €j X €,

where we take ey = 1. It is clear by Definition 2.1.1 that f;; is antisymmetric and that f;, = 0 for
0 < j,k <1 since the fourfold cross product is alternating.
We only want to consider the case when Im f;i # 0. By Proposition 2.4.4 this occurs if and only
if {eq, €1, €j, e} does not lie in a Cayley 4-plane. Hence Im f;, = 0if {j, k} is {2,3}, {4,5} or {6, 7}.
We next make the following observation. By the invariance of the fourfold cross product under
Spin(7), if {e;j, ex,er, em} is an ordered basis for a Cayley 4-plane, then either fj; = fim or fjr =
— fim, depending on whether {e;, ex, €1, e} is a positively oriented basis or not.

Therefore, the only fourfold cross products we require are given below.
Proposition 2.4.6. Let fjr =1 x ey xej x e € Q. The only f;;, with Im fj;, # 0 are:
Jar = e2 = f5e6; Ji6 = e3 = [f15; Jo3 = €4 = fra;
Jar =e5 = fe2; J25 = €6 = f34; and Jaa = e7 = f53.

We observe that associative 3-folds and coassociative 4-folds in R7 can be thought of as special

cases of Cayley 4-folds in R® in the following sense.

Proposition 2.4.7. If we consider R® = R ® R, with x1 as the coordinate on R and coordinates

on R7 labelled as (xo,...,x3), then
(I)O = d.’lfl A ®o + *QQ.- (215)

Hence, L is an associative 3-fold in R” if and only if R x L CR @ R7 is a Cayley 4-fold in R® and
N s a coassociative 4-fold in R” if and only if {0} x N CR @R is a Cayley 4-fold in RE.

The proof follows from (2.6), (2.7) and (2.12) and Definitions 2.3.1 and 2.4.1. The equation (2.15)
is also given in [23, Proposition 13.1.3].

We now give an alternative characterisation of Spin(7).
Proposition 2.4.8. The stabilizer of ®¢ in GL(8,R) is Spin(7).

Proof. From Definition 2.1.10, Spin(7) preserves the triple cross product on @ and the metric go.

Thus, by Proposition 2.4.2, Spin(7) preserves ®. O

This result justifies referring to ®( as the Spin(7) 4-form.
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2.4.2 Spin(7) structures on 8-manifolds

For completeness we discuss the analogy of Ga structures for 8-manifolds, following [23, p. 255].

Definition 2.4.9. Let M be an oriented 8-manifold. For each x € M there exists an orientation
preserving isomorphism ¢, from T, M to R® and thus 1% (®g) € A*TM. Since dim Spin(7) = 21,
dim GL4 (T, M) = 64 and dim A*T; M = 70 for all z € M, the GL, (T, M) orbit of . (®g) in A*T M,
denoted AXT M, has codimension 27. A 4-form ® on M is admissible if ®|7,p € ALTFM for all x €
M. Denote the bundle of admissible 4-forms AXT*M. Tt is a bundle with fibre GL, (8, R)/ Spin(7)

which is not a vector subbundle of A*T*M.

An admissible 4-form ® defines an isomorphism between T,, M and R® for all x € M such that ®|7, 1/
is identified with ®y. Thus, ® uniquely defines a metric g on M such that (P, g) corresponds to
(®g, go) for all z € M.

Definition 2.4.10. Let M be an oriented 8-manifold, let ® be an admissible 4-form on M and let
g be the metric associated to ®. We call (®,g) a Spin(7) structure on M. If d® = 0, we say that

the Spin(7) structure is torsion-free.

As for Go structures, there is a 1-1 correspondence between pairs (®, g) and Spin(7) structures as
in the theory of bundles. Again, our definition of torsion-free is not standard, but is equivalent to

other definitions by the following result [49, Lemma 12.4].

Proposition 2.4.11. Let (®,g) be a Spin(7) structure and let V be the Levi-Civita connection of

g. The following are equivalent:
d® = 0; V® =0; and Hol(g) C Spin(7) with ® as the associated 4-form.
We now define Spin(7) manifolds.

Definition 2.4.12. Let M be an oriented 8-manifold with a Spin(7) structure (®,g), which we
denote (M, ®,g). We call (M, ®, g) a Spin(7) manifold if (D, g) is torsion-free.

As for Gg structures, if (P, g) is a Spin(7) structure on M then ® satisfies the calibration condition
since ®( does and is a genuine calibration if it is closed. It is therefore most natural to describe
Cayley 4-folds in Spin(7) manifolds, but they can be defined for any Spin(7) structure by relaxing

the closed restriction.

Definition 2.4.13. An oriented 4-dimensional submanifold N of (M, ®, g) is Cayley if it is calibrated

with respect to .
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McLean [45, §6] studies the deformation theory of Cayley 4-folds N in a Spin(7) manifold
(M,®,g). His work involves a twisted Dirac operator J). For generic choices of (®,g) one ex-
pects N to admit a moduli space of deformations with dimension equal to the index of ), provided

this index is non-negative.
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Part 1

Constructions in Euclidean Space

...the source of all great mathematics is the special case, the concrete example. It is
frequent in mathematics that every instance of a concept of seemingly great generality

is in essence the same as a small and concrete special case.
— PauL R. HALMOS
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Chapter 3

Special Lagrangian m-folds in C"

Of all the work on calibrated submanifolds, the greatest attention has been paid to the special
Lagrangian category, particularly the area of special Lagrangian 3-folds. This chapter presents a
selection of definitions and results relating to special Lagrangian geometry, with the papers [24],
[25] and [26] as the main sources. We shall show that special Lagrangian 3-folds and 4-folds can
be considered as particular examples of, respectively, associative 3-folds and Cayley 4-folds. This

observation will aid us in Chapters 4 and 5.

3.1 Basic Theory

We begin with the definition of special Lagrangian m-folds in C™.

Definition 3.1.1. Let (z1,. .., zm,) be complex coordinates on C™. Define a metric g,,, a real 2-form

wp, and a complex m-form €, on C™ by:
Gm = |dz1 > + .+ |dzm|?;
Wy, = % (dz1 Ndzy + ... + dzpm A dZ,,); and
Qp =dz1 A ... ANdzyy,.
A real oriented m-dimensional submanifold L of C™ is a special Lagrangian (SL) m-fold in C™ with

phase €' if L is calibrated with respect to the real m-form cosRe,, + sin 0 Im €,,,. If the phase

of L is unspecified it is taken to be one so that L is a Re (2,,-submanifold of C™.

One may define SL m-folds more generally in Calabi—Yau m-folds, or even in almost Calabi—Yau
m-folds, but this shall not be required. Harvey and Lawson [17, Corollary I11.1.11] give the following

alternative characterisation of SL m-folds in C™.
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Proposition 3.1.2. Let L be a real m-dimensional submanifold of C™. There is an orientation on
L making it into an SL m-fold in C™ with phase € if and only if wy|r = 0 and (sinfReQ,, —

cos0Im Q,,)|L = 0.

The relationship between the Gy and Spin(7) forms and the special Lagrangian calibrations is
given in the propositions below, the proofs of which are immediate from Definitions 2.3.1, 2.4.1 and

3.1.1. These results are also given in [23, Propositions 11.1.2 & 13.1.4]

Proposition 3.1.3. Let (x1,...,27) be coordinates on R”. Consider R” = R & C3 with x1 as the
coordinate on R and (21, 22,23) as coordinates on C3, where z1 = x9 + i3, 20 = x4 + 15 and

23 = xg + tx7. Then
1
©®o :dl'l /\W3+R693 and * o = 5&]3 /\W3—d£E1 /\Ing,. (31)

Thus, L is an SL 3-fold in C* with phase 1 if and only if {0} x L is an associative 3-fold in R”.
Moreover, L is an SL 8-fold in C3 with phase —i if and only if R x L is a coassociative 4-fold in R”

with ws|, = 0.

Proposition 3.1.4. Let (21,...,78) be coordinates on R8. Consider R® = C* with (21, 22, 23, 24)
as coordinates on C*, where z1 = x1 + i, 20 = X3 + iT4, 23 = x5 + ixg and z4 = x7 + ixg. Then
1
Py = B wg AN wyg + ReQy. (32)
Hence, L is an SL j-fold in C* if and only if L is a Cayley 4-fold in R® with wy|r, = 0.

In C3 we may define a cross product which will be useful in describing the construction in §3.3.

Definition 3.1.5. Define a cross product x : C* x C* — C?, using index notation, by

(x x y)* = (Re Q3)ancx"y(g3)" (3.3)
for x,y € C?, regarding C? as a real vector space.
We can relate this product to the cross product on R” given in Definition 2.3.3.

Proposition 3.1.6. Consider R” = R @ C3 as in Proposition 3.1.3. Let xg7 and X¢s denote the

cross products on R” and C? given by (2.9) and (3.3) respectively. For vectors x,y € C> C R,

X XR7ry = (W3(X,y)7 X X3 Y) (34)
Thus, the cross products on R” and C? are equivalent for x,y € C* such that w3(x,y) = 0.

The proof is immediate from the definitions of the cross products and (3.1). Proposition 3.1.6 has

the following corollary.
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Corollary 3.1.7. Use the notation of Proposition 3.1.6. If x andy are linearly independent vectors
in C3 such that w3(x,y) =0, (X,y,X Xcs y) is an oriented basis for a 3-plane V in C3. Moreover,

V', with this orientation, is an SL 3-plane.

Proof. From Corollary 2.3.5, (x,y,X Xgr y) is an oriented basis for a 3-plane U in R” which is
associative. However, since x Xp7 y = (0,x xc3 y) by (3.4), U = {0} x V where V is an oriented

3-plane in C? with basis (x,y,X xcs y). Then V is an SL 3-plane in C* by Proposition 3.1.3. O
On C* we have a triple cross product.

Definition 3.1.8. The triple cross product of vectors x,y,z € C* is
(x Xy x 2)° = (Re Q) apeax?y’z"(g4) %, (3.5)

using index notation for tensors on C*. By (3.2), this triple cross product agrees with (2.14) when

W4(X,y) = w4(y7z) = (U4(Z7X) =0.
We may then prove the following.

Proposition 3.1.9. If x, y and z are linearly independent vectors in C* such that ws(x,y) =
wi(y,z) = wy(z,x) =0, (X,y,2,X Xy X z) is an oriented basis for a real 4-plane V in C*. Moreover,

V', with this orientation, is SL.

Proof. By Definition 3.1.8, x x y X z agrees with equation (2.14) for the product on R® = C*. By
Corollary 2.4.5, (X,y,2,X X y X z) is an oriented basis for a Cayley 4-plane V in R®. Calculation in

coordinates shows that, for w € C* such that wy(w,x) = ws(W,y) = ws(w,z) = 0,
wi(x Xy Xz,W) = Im(eabcdx“ybzcwd),

where €gpeq is the permutation symbol. Hence wy|y = 0, so V' is SL by Proposition 3.1.4. O

3.2 Evolution Equations

In this section we review the work of Joyce in [24] and [25] on the construction of special Lagrangian

m-folds in C™ by evolution equations.

Joyce, in [24], derives an evolution equation for SL m-folds, the proof of which requires the

following theorem [17, Theorem II1.5.5].

Theorem 3.2.1. Let P be a real analytic (m—1)-dimensional submanifold of C™ with wy,|p = 0.

There locally exists an SL m-fold L in C™ containing P. Moreover, L is locally unique.
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The use of the Cartan—Kdhler Theorem in the proof of Theorem 3.2.1 necessitates the requirement

that P be real analytic. We now give a key result from [24], taken from [24, Theorem 3.3].

Theorem 3.2.2. Let P be a compact, orientable, (m —1)-dimensional, real analytic manifold, x
a real analytic nowhere vanishing section of A" TP and ¢ : P — C™ a real analytic embedding
(immersion) such that Y*(wy,) =0 on P. There exist € > 0 and a unique family {i; : t € (—¢,€)}

of real analytic maps ¥y : P — C™ with vy = 1 satisfying

d b
<;ﬁt> = (wt)*(X)alm dm—1 (Re Qm)al... Ay 1Gm (gm)GMb7

using index notation for tensors on C™. Define U : (—e,e) x P — C™ by ¥(t,p) = ¥i(p). Then

M = Image V¥ is a nonsingular embedded (immersed) SL m-fold in C™.

In [25, §3] Joyce introduces the idea of affine evolution data with which he is able to derive an
evolution equation, and therefore reduces the infinite-dimensional problem of Theorem 3.2.2 to a

finite-dimensional one.

Definition 3.2.3. Let 2 < m < n be integers. A set of affine evolution data is a pair (P, x), where
P is an (m—1)-dimensional submanifold of R™ and x : R® — A™~!R" is an affine map, such that
x(p) is a nonzero element of AT P in A™~!R" for each nonsingular p € P. We suppose also that
P is not contained in any proper affine subspace R* of R™.

Let Aff (R™,C™) be the affine space of affine maps ¢ : R” — C™ and define Cp™ to be the set of
¥ € Aff (R™,C™) satistying:

(i) ¥ (wm)lp = 0;
(ii) 9|7, p : TP — C™ is injective for all p in a dense open subset of P.

Then (i) is a quadratic condition on 1 and (ii) is an open condition on 1, so Cp™ is a nonempty

open set in the intersection of a finite number of quadrics in Aff (R™, C™).

The conditions upon y in Definition 3.2.3 are strong. The result is that there are few known examples

of affine evolution data. The evolution equation derived in [25, Theorem 3.5] is given below.

Theorem 3.2.4. Let (P, x) be a set of affine evolution data and let ¢ € Cp™, where Cp™ is defined
in Definition 3.2.3. There exist € > 0 and a unique real analytic family {1y : t € (—e,€)} in Cp™

with Yo = 1, satisfying
dwt ’ _ A1... Qyp—1 amb
di (@) ] = @) (x(z)) (ReQn)ay ... apm_1am (9m)

for all x € R™, using index notation for tensors in C™. Moreover, M = {i4(p) : t € (—¢,€), p € P}

is an SL m-fold in C™ wherever it is nonsingular.
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3.3 An Explicit Construction in C3

We conclude this chapter by discussing the material in [26], which is particularly pertinent to §4.4,
where Joyce, for the majority of the paper, focuses on constructing SL 3-folds in C? using the set of

affine evolution data given below [26, p. 352].

Example 3.3.1. Let ¢ : R?2 — R® be the embedding of R? in R? given by

oy, y2) — (1 W+ ), L

5 5 (W1 —u2) 1w, w1, yz) : (3.6)

Then P = Image ¢ can be written as

1
P = {(xl,...,x5) ER?:xy = (xi—l—xg), Ty = i(xi—xg), T3 :x4x5},

DN | =

which is diffeomorphic to R?. Writing e; = % , we calculate from (3.6):
J

0 0
s | 57— | =y1€e1 +y1es +yoe3 +eq; P E = y2€1 — Y2€2 + y1€3 + €es;

o Y2

and thus

0 0

Py (/\) :(yf—i—y%)eg/\eg—i—(y%—yg)el ANes —2y1ys e N e
8y1 Byz

+y1(e1/\e5—|—e2/\e5—e3/\e4)—|—y2(—e1/\e4—|—e2/\e4+e3/\e5)—|—e4/\e5.

Hence, if we define an affine map x : R® — A%R® by

X(z1,...,25) =2x1e2 Nes+2x0e; Aes —2x3e; Nea+x4(e; ANes+exNes —es Aey)

+ x5 (781 /\e4+e2/\e4+e3 /\e5)+e4/\e5, (37)

then x = ¢. (6—21 A %) on P. Therefore (P, ) is a set of affine evolution data with m = 3 and

n =5, in the notation of Definition 3.2.3.
The main result [26, Theorem 5.1] is stated below.

Theorem 3.3.2. Suppose that z1,...,z¢ : R — C? are differentiable functions satisfying

ws(2z2,23) = w3(21,23) = ws3(z1,22) =0, (3.8)
ws(21,25) + ws(22,25) — ws3(2z3,24) =0, (3.9)
— w3(2z1,24) + w3(2z2,24) + w3(2z3,25) =0 and (3.10)
w3(z4,25) =0 (3.11)
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att =0, and the equations:

d d d
% = 2Z2 X Z3; % = 221 X Z3; % = 72Z1 X Z9; (312)
d d
%:zlxzf)—l—mxz;)—z;;xzél; %Z—Z1XZ4+Z2XZ4+Z3XZ5;CLHCZ (3.13)
d
% = 24 X 25 (3.14)

for all t € R, where x is defined by (3.3). The subset M of C3 given by

1 1
M = {2 (WT +93) 21(t) + 5 (W7 = ¥3) 22(t) + y19223(1) + y124(t) + y225(t) + 26(1) 1 Y1, 4, € R}

is a special Lagrangian 3-fold in C? wherever it is nonsingular.

Joyce [26] solves (3.12)-(3.14) subject to the conditions (3.8)-(3.11), dividing the solutions into
sets based on the dimension of (z;(t),z2(t), z3(t))r for generic t € R. Our concern shall lie with the
case dim (z;(t), z2(t),23(t))r = 3, which forms the bulk of the results of [26]. The solutions here
involve the Jacobi elliptic functions: sn(u, k), cn(u, k) and dn(u, k) for k € [0,1]. A description of

these functions may be found in [10, Chapter VII].

The embedding given in Example 3.3.1 was constructed by considering the action of SL(2, R) x R?
on R2. Hence, Joyce [26, Proposition 9.1] shows that solutions of (3.12), satisfying the condition
(3.8), are equivalent under the natural actions of SL(2,R) and SU(3) to a solution z; = (z1,0,0),
zo = (0, 22,0), z3 = (0,0, z3), for differentiable functions 21, 29, 23 : R — C. We therefore assume z1,

zy and zg are of this form. Equations (3.12) become

d d d
% = 2723, % = 273721 and % = —2Z12. (3.15)

The next result is taken from [26, Proposition 9.2].

Proposition 3.3.3. Given any initial data, z1(0), 22(0) and z3(0), solutions to (3.15) exist for all

t € R. Wherever the z;(t) are nonzero they may be written as:

221 = 1y /a? 4 v; 229 = €2y /a2 —v; and 223 =€ \/a2 — v,

where a; € R for all j and v,0,,0,,03 : R — R are differentiable functions. Let 0 = 01 + 02 + 03
and let Q(v) = (a2 4+ v)(02 — v)(a? — v). There exists A € R such that Q(v)2 sinf = A.

We conclude with the statement of a theorem [26, Theorem 9.3] that shall be of great use in §4.4.

Theorem 3.3.4. Use the notation of Proposition 3.53.5. Let a; > 0 for all j with ozl_z = a2_2 +a§2.
Suppose that v has a minimum at t =0, 02(0) = 05(0) =0, A > 0 and s < ag. Ezactly one of the

following four cases holds.
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(i) A=0, as = ag and 21, 22, 23 are given by:
221(t) = V/3aq tanh (\/§a1t> and 229(t) = 223(t) = V3ay sech (\/§a1t> .

(i) A=0, as < a3 and z1, 29, 23 are given by:

221(t) = /a2 + a3 sn(ot,T);
225(t) = \/a? + a3 cn(ot, T); and

2z3(t) = \/a2 + o2 dn(ot, 1),

2 4 2

o +«
where 0 = \/a? + a2 and 7= || % .

aj +aj

(iii) 0 < A < ajagas. Let the roots of Q(v) — A% be v1,72,73, ordered such that y1 < 0 < 7o < 3.

Then v, 01,02, 03 are given by:

U(t) =7+ (72 - M) SDQ(Ut’ T);

t
ds
01(t) =61(0 —A/ ;
1t) = 6:(0) 0 ai +7 + (v2 —7)sn%(os, 7)
t
ds
0 (t :A/ s and
=) 0 a5 =7 — (72 —7)sn(os,7)
t
ds
9 t :A/ )
() 0 a3 =7 — (92 —7)sn(os,7)
where 0 = \/y3 — 1 and T = 2o .
Y3—MN
(iv) A = ajasas. Define aq,as,a3 € R by:
Q03 Q30 a1
a, = — ; ap = ——; and a3z = .
a1 (65) (0%

Then ay + as + ag = 0, since 041_2 = a2_2 + a;Q, and z1, z2, z3 are given by:

221(t) = et ™t; 225(t) = e’ and 223(t) = asetst,
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Chapter 4

Associative 3-folds in R’

In this chapter we construct examples of associative 3-folds in R” by three separate methods. The
first method, described in §4.2, produces 3-folds with symmetries using evolution equations. In §4.4
an affine evolution equation gives a 14-dimensional family of associative 3-folds. Finally, in §4.5, we
consider I-ruled 3-folds. The material exhibited is a generalisation of the work of Joyce in [24], [25],

[26] and [27].

4.1 The First Evolution Equation

To derive our evolution equation we shall require two results related to real analyticity. The first is

an immediate corollary of Theorem 1.1.3.
Theorem 4.1.1. An associative 3-fold in R” is real analytic wherever it is nonsingular.

The proof of the next result [17, Theorem IV.4.1] relies on the Cartan—Kdhler Theorem, which is

only applicable in the real analytic category.

Theorem 4.1.2. Let P be a 2-dimensional real analytic submanifold of ImQ = R”. There locally

exists a real analytic associative 3-fold N in R” which contains P. Moreover, N is locally unique.

We now formulate an evolution equation for associative 3-folds, given a 2-dimensional real ana-

lytic submanifold of R”, following Theorem 3.2.2.

Theorem 4.1.3. Let P be a compact, orientable, 2-dimensional, real analytic manifold, x a real
analytic nowhere vanishing section of A>T P and : P — R” a real analytic embedding (immersion,).
There exist € > 0 and a unique family {1, : t € (—¢,€)} of real analytic maps vy : P — R” with
o = Y satisfying

die\ " _ b cd

—r ) = W) 00™ (@o)abe(90)*, (4.1)
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where (go)°? is the inverse of the Euclidean metric on R”, using index notation for tensors on R”.
Define U : (—¢,€) x P — R” by U(t,p) = ¢4(p). Then M = Image ¥ is a nonsingular embedded

(immersed) associative 3-fold in R”.

Note that, if (¢¢).«(x) = >, cf, Ajk(t) € A eg, where e; = % , the right-hand side of (4.1) is equal
to > o Ajk(t) €j x eg by (2.9).

Proof. The theorem is proved in an entirely similar way to Theorem 3.2.2, so we only give a sketch of
the key ideas. Since P is compact and P, ¥, ¢ are real analytic, the Cauchy—Kowalevsky Theorem
(Theorem 1.1.4) gives a family of maps 1; and hence M as stated. Theorem 4.1.2 implies there
locally exists a locally unique associative 3-fold N containing ¢(P). Showing that N and M agree

near ¢ (P) allows us to deduce that M is associative. O

4.2 Constructions Using Symmetries

Now that we have a means of constructing associative 3-folds we shall consider the situation where
the associative 3-fold has a large symmetry group. The study of symmetric geometry usually leads
to more straightforward calculations than the general case, so this motivates our first method of
construction. We know from Proposition 2.3.7 that we must consider subgroups of Go xR as
symmetry groups for our associative 3-folds. Suppose that G is a Lie subgroup of G, xR which has
a two-dimensional orbit O. Theorem 4.1.3 allows us to evolve each point in O orthogonally to the
action of G and hence, hopefully, construct an associative 3-fold with symmetry group G.

It may seem natural to first consider U(1)2-invariant associative 3-folds, but the construction will
in fact only yield U(1)2-invariant special Lagrangian 3-folds in C3, which have already been studied

[24]. However this does motivate our first construction.

4.2.1 A subgroup of R x U(1)?

We may decompose R” 2 R & C3 and so the action of R x U(1)? on R” may be written as:
(21,21, 22, 23) — (21 + ¢, P12y, €192 2y, e_i(¢1+¢2)23) for ¢, ¢1, 02 € R. (4.2)
However, we want a two-dimensional orbit, so we choose a two-dimensional subgroup of R x U(1)2.

Definition 4.2.1. Let A, u, v be real numbers which are not all zero. Define G to be the subgroup
of R x U(1)? which acts as in (4.2) with the following imposed:

Ac+ pdr +vos = 0. (4.3)
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If w = v =0 then G is U(1)2. Suppose uv # 0. If there exist coprime integers p and ¢ such that
up +vg =0 then G is R x U(1) and otherwise it is an R? subgroup.

Define smooth maps 1, : G — R” by:
Yi(e, €91, e2) = (21 (t) + ¢, 121 (1), €92 25(t), e 71 01792) 25(1)), (4.4)

where 1(t), 21(t) = x2(t) + ix3(t), 22(t) = x4(t) + ix5(¢) and 23(t) = 26(t) + iz7(t) are smooth
functions of ¢.

Using (4.4) we calculate:

(2 mi (s D (5l s D
V=W 80, ) T "\PYaz, T Paz ) T T\ Pan T Poz

0 0 0 0
g T G T o
vam Wi [(2) mi(52 250 ) Zi( 2 — 50
2T AT 02 B 2822 2622 3823 3823
0 0
= 487%71:5873';417‘%6873}74»39787_%6’ and (46)
0 0
vs = (Y1)« <3c) = D21 (4.7

where z1 = z9 + ix3, 20 = x4 + ix5 and 23 = xg + ix7. These three vectors are tangential to the
action of R x U(1)?; the vector v corresponds to a rotation of z; by i and of z3 by —i, and similarly

for vy. The condition (4.3) corresponds to the choice of a nowhere vanishing section y of A2TG:

o 000 0
Opy~ Oc  Oc Op1

If welet u=viAvy, v=vyAvsand w =v3 A vy then
(160). () = M+ v + v,

Therefore, using (4.5)-(4.7) and equation (2.6) for ¢y we find that, writing e; = ai

)
Tj

(1)« ()™ (0) abe(90)“* = (/\(155337 — T4T6) — sz)eg + (/\(x5a:6 + xqx7) — 1/333)83
+ (/\(.733.’1,‘7 — Toxg) + M$4)64 + (/\(.1‘31‘6 + xow7) + /wc5)e5

+ ()\(xgajs —zoxy) + (Vv — u)xg)eg + ()\($3$4 + zows) + (v — ,u)a:7)e7. (4.8)

We also have that .
dipy dax;(t)
—_ = ;. 4.9
dt ~ 2t (4.9)

j=

Equating both sides of (4.1) using (4.8) and (4.9) and applying Theorem 4.1.3 provides the

following theorem.
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Theorem 4.2.2. Let x1(t) be a real-valued function and let z1(t), zo(t), z3(t) be complex-valued

functions such that

d.’El

& _ g, 410
o (4.10)
dz

ditl = —vz — \Z323, (4.11)
d

@2 _ lzo — AZzz1 and (4.12)
dt

d

== (v -z —Nam, (4.13)

using the notation from Definition 4.2.1. There exists € > 0 such that these equations have a solution

fort € (—e¢,€) and the subset M of R @ C3 =2 R” defined by
M = {(z1(t) +c, €121 (1), 2 25(t), €_i(¢1+¢2)23(t)) ct € (—€€), (c, e e12) ¢ G}

is an associative 3-fold in RT. Moreover, M does not lie in {x} x C3 for any x € R, as long as not

both 1 and v are zero, and (4.11)-(4.13) imply that Tm(z12023) = A, where A is a real constant.

Proof. We only need to prove the last sentence in the statement above. We deduce immediately from
(4.10) that x; is constant in the direction perpendicular to the group action, though it is changing
along the group action (as long as not both u and v are zero), which means that M does not lie in

{xz} x C3 for any real constant x in this case. We also note from (4.11)-(4.13) that

d
o (12223) = —A(|22?|z3]? + |23 |21 )% + |21 [*|22]?),
which is real, therefore Im(z;2223) is a real constant. O

The case A = 0 is not geometrically interesting since it implies that G contains all possible

translations in the first coordinate. We can solve (4.11)-(4.13) in this case and show that
M =R x {(Alei¢l—yt7 A26i¢2+ut, A3e—i(¢1+¢z)+(v—#)t> ctER, pdy + vy = 0} ,

where A;, Ao, A3 are complex constants such that Im(A; AsA3) = A. The expression in brackets
above defines a holomorphic curve in C3.

We now restrict to A # 0 and hence we can normalise so that A = 1. We may also suppose that
1 and v are not both zero, since u = v = 0 forces ¢ = 0 in G and so there is no translation action in

G, which means that M will be an embedded U(1)2-invariant SL 3-fold as studied in [17, §II1.3.A]:
M = {(z1,21,22,23) ER" : 21 =z, Im(212023) = A, |21|* — |23 = B, |22|* — |23)* = C}
for some x, A, B,C € R.
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Writing 2;(t) = r;(t)e’®® for j = 1,2,3 and 6 = 61 + 05 + 03, equations (4.11)-(4.13) with the

condition Im(z12223) = A become:

d

% = —ury — rar3cosb; (4.14)

dr

d7t2 = pro — rary cosb; (4.15)

d

% = (v — p)rg — rire cosb; (4.16)

do; .

TJQCT; = A for j =1,2,3; and (4.17)

rirarssinf = A. (4.18)

Asymptotic Behaviour

Suppose A > 0. This forces sinf > 0 and r; > 0 for j = 1,2,3 by equation (4.18). Since we can use
the U(1)? symmetry to rotate 2, and z3 onto the real axis at t = 0, we may take 6(0) = 6,(0) € (0, 7).
Moreover, sin(t) > 0 for all ¢ and 6(t) is continuous by assumption, so 6(t) € (0, ) for all ¢t. Then
(4.17) implies that the functions 6; for j = 1,2, 3 are strictly increasing and hence they are positive
for all ¢ > 0. Furthermore, 6 is strictly increasing and bounded above, so each 6; is bounded above.
Let T > 0 and 77 > 0 be maximal such that solutions exist for all ¢ € (—=T",T), where we allow T
and T to take the value infinity.

Suppose first that solutions exist for all ¢ € R. Suppose further, for a contradiction, that rjz <B
for some B > 0 and some j. Then % > % for all ¢, which implies that §; — oo as t — oo,
contradicting the boundedness of ;. Therefore, r; is unbounded for all j as t — $o0.

Alternatively, suppose T' > 0 and 7" > 0 are finite. If r; is bounded for all j then it is possible to
show that solutions exist for all ¢ € R, which is a contradiction to our discussion above. Therefore,
at least one of r; becomes unbounded as t / T. Let a; = v, aa = —p and a3 = ¢ — v and let
fj = €**'r? for all j. Then (4.14)-(4.16) become:

Yi - 2ot S s — AT forj—1.2.3, (4.19)

dt

where we have used (4.18). It is then clear that the ratios | f;(t) — f;(0)|/|fx(t) — fx(0)] are bounded
ast /' T for all j and k. Thus, r; is unbounded as ¢t /T for all j. Similar arguments show that r;
becomes unbounded as ¢t \, —7" for all j.

In both cases, r; is unbounded for all j as ¢t /T and t \, —T". Suppose, for a contradication,
that rirers remains bounded. Equations (4.19) and the boundedness of fifofs imply that r; is
bounded for any j such that a; > 0: our required contradiction. Thus, rirers is unbounded and

equation (4.18) implies that there exist sequences (¢,) and (—¢/,), tending to T" and —7T" respectively,
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such that (siné(t,)) and (sinf(—t)) are strictly decreasing sequences tending to 0. However, 6 is
a strictly increasing function taking values in (0,7) and hence sin @ must be eventually decreasing
ast /T and t \, —T1’. Therefore, sind — 0 ast / T and t \, —7’. We conclude that § — 7 as
t /T and @ — 0 ast\, —T'. Moreover, rirorg — oo ast /T and t \, —T".

The upshot of this analysis is that we can now write down the asymptotic differential equations.

Since cos§ — —1, the approximate equations as t /' T" are thus:

dr
= pre +r3ry;  and d—tg = (v —p)rs +rira.

d’l“l + d’l“g
— = =T r9T3; —_
dt 1 273, dt

Equations (4.19) imply that 1, o and r3 must eventually grow at the same rate as t /' T, so we
approximate further by neglecting the linear terms, which will be dominated by the quadratic parts

ast /T, to give:
d?“j

i = T1rars for j =1,2,3.

These equations can be solved to show that, for ¢ sufficiently near T', which must be finite,

T for j =1,2,3.

T
Hence the functions 1,7, and r3 reach infinity in finite positive time. Similarly, since cosf — 1 as

t \, =T’ we deduce that 7’ must be finite and that, for ¢ sufficiently near —T",

T for j =1,2,3.

T Tt
Hence the functions 71,72 and 73 reach infinity in finite negative time.

We conclude that, at infinity, these associative 3-folds behave like the standard U(1)2-invariant

SL 3-fold as studied by Harvey and Lawson [17, §II1.3.A]:
{(21,22,23) € C®: |21| = |22| = | 23], Im(212023) = A, Re(z12023) > 0}.

This is the result expected since the translation component of the group action becomes negligible

in comparison to the U(1)? action as r1, 72 and 73 become large.

4.2.2 U(1l)-invariant cones

In this subsection we consider associative 3-folds which are invariant both under an action of U(1)

on the C? component of R” 2 R @ C3, and under dilations.

Definition 4.2.3. Let RT denote the group of positive real numbers under multiplication. The

group action of RT x U(1) on R” = R @& C? is given by, for some fixed oy, as, az € R:

(21,21, 22, 23) — (ray, re"zy, re®®*2zy, re'**3z3) r>0,seR.
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To ensure we have a U(1) action in Gg, we choose a1, ag, az to be coprime integers satisfying

a1+ ag +ag =0.
Define smooth maps ¢; : Rt x U(1) — R7 by:
VYi(r, €)= (ray (t), re’s 21 (t), re™*“22o(t), re’**2 23(t)), (4.20)

where x1(t), 21(t) = xa(t) + ix3(t), 22(t) = x4(t) + iz5(t) and z3(t) = z¢(t) + ix7(t) are smooth
functions of ¢.

Using (4.20) we calculate the tangent vectors to the group action given in Definition 4.2.3:

) 9
u = (¢P)« (ar) = Zx]a—m] and
j=1
ve @0 (L) o (202 — 02 ) o (302 — 252 ) g (w62 — 22
- b Os - 28173 38$2 2 48x5 53934 3 68I7 73:E6 '
If we take x = 2 A 2 then (¥).(x) = uAv. We deduce that, writing e; = s

uxv=(o(23+ 23) + az(af + 23) + as(zg + 23)) ey

+ ( — 12122 + (042 — 043)(.%431‘7 + 1‘51‘6))82 + ( — 1r123 + (042 — 043)(1‘4316 — $5.T7))83

+ ( — o174 + (a3 — o) (w227 + 3?3336))94 + ( — o125 + (a3 — 1) (w226 — 963567))65

+ (= aszizs + (a1 — a2)(wows + x334) )€ + ( — agziar + (0 — o) (w2xy — T375))€r.

We also have that ;
dvn N~ do)
dt 4 a7

Equating both sides of (4.1) using the above formulae as in §4.2.1 we obtain the following theorem.

Theorem 4.2.4. Use the notation of Definition 4.2.3. Let f1 = as — a3, P2 = ag — a1 and
B3 = a1 — as. Let 21(t) be a real-valued function and let z1(t), z2(t), z3(t) be complex-valued

functions such that

d$1

dt = a1]z1|® + clzf® + sl (4.21)
% = —a1x121 + 1012273, (4.22)
% = —aux122 + 027321 and (4.23)
% = —a3x123 + 10321 22- (4.24)

These equations have a solution for all t € R and the subset M of R @ C3 = R” defined by
M = {(rz1(t), re”** z,(t), re"*“zy(t), re"***z3(t)) : r € RT, s,t € R}
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is an associative 3-fold in R7. Moreover, (4.21)-(4.24) imply that 3 + |21)? + |22]? + |23|? can be

chosen to be 1 and that Re(z12023) = A, where A is a real constant.

Proof. Noting that (31 + B2 + 33 = 0, we immediately see that x2 + |21]? + |22]? + |23]? is a constant
which we can take to be one. This is hardly surprising since the associative 3-fold was constructed

so as to be a cone. We also see from (4.22)-(4.24) that

d .
a(zlzzzzs) = i(B1|22/?| 23] + Balzs?|21]* + Bslz1[*|22]?),

which is purely imaginary, and therefore Re(z12223) = A is a real constant.

The proof that (4.21)-(4.24) have solutions for all ¢ € R is deferred until later in the subsection.

O
Writing z;(t) = rj(t)ewf(t) for j =1,2,3 and 6 = 61 + 05 + 603, (4.21)-(4.24) become:
d
% = a1 + asr? + asrd; (4.25)
d
% = —ax171 + P1rersgsinb; (4.26)
d
% = —qox1T9 + Bor3ry sinb; (4.27)
d
% = —agx173 + P3rire sinf; and (4.28)
do; .
rf.d—tﬂ =B;A for j =1,2,3, (4.29)
with the conditions
22 +ri4ri+r2 =1 and (4.30)
rirorz cosf = A. (4.31)

Unlike in §4.2.1, we are restricted in our choices of the real parameter A. The problem of

maximising A2, by (4.30) and (4.31), is equivalent to the problem of maximising r%r3r3 subject to
r? 4+ 734712 = 1. By direct calculation the solution is 72 = 73 = r2 = % Therefore A € [fﬁ, ﬁ} .
We can restrict to A > 0 since changing the sign of A corresponds to reversing the sign of cos, so
the addition of 7 to 6.

The case where A = ﬁ is immediately soluble since this forces r1 = ry = r3 = %, which
implies z; = 0 by (4.30) and cosf =1 by (4.31), so we can take § = 0. Equations (4.29) become

a1

3dt 33"

which can easily be solved, along with the condition 8 = 0, to give:

05t = 2L

for j =1,2,3,

t+; for j =1,2,3,
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where 71, 72, 3 are real constants which sum to zero. Then
M = {(07 Teid)la T6i¢27 T6i¢3) ir >0, ¢1’¢2a¢3 € Ra ¢1 +¢2 +¢3 = 0} )

which is a U(1)2-invariant special Lagrangian cone, as studied in [17, §II1.3.A], embedded in R7 and
is therefore in itself not an interesting object of study here. Any associative 3-fold constructed with
21 = 0 will be at least a U(1)-invariant special Lagrangian cone and so we shall not consider this
situation further. However, we know that M must be the limiting case of the family of associative

. . 1
3-folds parameterised by A as it tends to VR

We may also solve the equations in the following special case.

Theorem 4.2.5. Use the notation of Theorem 4.2.4. Suppose that as = az. Then x1, 21,22 and z3

may be chosen to satisfy ¥3 + |z1|> + |22]? + |23|> = 1 and ITm z; = 0. Moreover, they satisfy:
Re(z12923) = A; |z1| (22 + |21|*> = 1) = B; Re(z1(22 —22)) = C; and TIm(z (22 +23)) =D
for some real constants A, B, C and D.

Proof. Since /1 = 0, (4.29) implies that the argument of z; is constant. Using U(1) we can take
it to be zero so that z; is real. Moreover, 8; = 0 and (4.30) imply that z; and z; evolve amongst
themselves and hence, using (4.21) and (4.22), we deduce that the real function f = |21 |(z2 4|21 —1)

is constant. Note that SU(2) acts on the (22, z3)-plane. We are thus led to calculate

d - . - .
dt (21(azz + bzs)(—bzy + az3)) = —4if2|21|* Re(abzazs) + ifa|z1|* (|a]* — [b[*)(|2s]* — |22/)

for constants a,b € C, which is purely imaginary. Equating real parts for (a,b) = (1,—1) and

(a,b) = (i,1) leads to the final two conserved quantities in the statement of the theorem. O

Note that in the theorem above we have six conditions on seven variables, which thus determine the
associative cone constructed by Theorem 4.2.4 for as = 3. Moreover, we may construct a function
7 :R@C3 — RS by mapping (21,21, 22,23) to the six real constant functions given in Theorem
4.2.5, which are defined by the initial values (z1(0), z1(0), 22(0), 23(0)).

Sard’s Theorem [33, p. 173] states that, if f : X — Y is a smooth map between finite-dimensional
manifolds, the set of y € Y with some z € f~!(y) such that df|, : T, X — T,)Y is not surjective is of
measure zero in Y. Therefore, f~1(y) is a submanifold of X of dimension dim X —dim Y for almost
all y € Y. Applying Sard’s Theorem, generically the fibres of m will be 1-dimensional submanifolds
of R ® C? = R7. Moreover, we know that these fibres are compact by the conditions in Theorem
4.2.5. Hence, the variables form loops in R” for generic initial values; i.e. the solutions are periodic

in t. We deduce the following result.
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Theorem 4.2.6. Use the notation of Theorem 4.2.4 and suppose that as = 3. For generic values
of the functions x1, z1, z2 and z3 at t = 0, the associative 3-folds constructed by Theorem 4.2.4 are

closed U(1)-invariant cones over T? in R".

Domain of Definition

Theorem 4.1.3 gives us that a solution to (4.21)-(4.24) in Theorem 4.2.4 exists for sufficiently small
values of ¢, but we want to be able to say more about the domain of the solutions.
Rewriting (4.25)-(4.29) using y = r17pr3sin6 and s; = r3 for j = 1,2,3:

dy
i B15253 + B25351 + B35152.

3
dry ds; .
T ]2:1 0853 d—tj = —2a;715; + 208y for j =1,2,3; and 7

(4.32)

Using (4.30) and (4.31), the solutions to (4.32) lie on the manifold
Na = {(z1,51,52,83,Y) : 27 + 51+ 82+ 53 = 1, A> +y* = 515253, 51, 52,53 > 0}.

If we write x = (1, 51, 2, 53, ), (4.32) can be cast in the form

&

for some appropriate function f : R® — R®. It is clear that f is continuous on N4, and since the
solution lies in N4 it follows that f is bounded on N4, as N4 is a closed and bounded and hence
compact subset of R. Moreover, f will be bounded on a sufficiently small open neighbourhood U
of N4. We may then multiply f by a smooth bump function which takes the value one on N4 and
is zero outside of U. We have thus constructed a function which equals f on N4 and is continuous

and bounded on R®. We are then able to apply a result from the theory of ordinary differential

equations taken from [11, p. 53] after a couple of definitions also taken from [11].

Definition 4.2.7. Given a solution z(¢) to an ordinary differential equation defined on an interval

(a,b), an extension is another solution Z(t) defined on (¢, d) 2 (a,b) which equals z(t) on (a,b).

Definition 4.2.8. A solution z(t) to an ordinary differential equation defined on an interval (a, b)

is mazimal if for any extension Z(t) which is defined on (¢, d) then (a,b) = (¢, d), hence z = .

Theorem 4.2.9. Suppose f is continuous on (t,x)-space and that f is bounded. Any mazimal

solution x(t) to the equation

has the t-azis as its domain.
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Therefore, since we can find maximal solutions to equations (4.32), they must be defined for
all ¢ € R, and hence there exist solutions to (4.21)-(4.24) defined for all ¢ € R. This provides the

missing detail in the proof of Theorem 4.2.4.

4.3 The Second Evolution Equation

In general it is difficult to use Theorem 4.1.3 as stated to construct associative 3-folds since it is an
infinite-dimensional evolution problem. We follow the material in [25, §3] to reduce the theorem to

a finite-dimensional problem.

Definition 4.3.1. Let (P, x) be a set of affine evolution data, in the sense of Definition 3.2.3, for
m = 3 and some n > 3. Let Aff(R",R") be the affine space of affine maps 1) : R® — R”. Define
Cp as the set of ¢ € Aff (R",R”) such that Ylr,p : TP — R7 is injective for all p in a dense open
subset of P. Let V be an associative 3-plane in R”. Generic linear maps 1 : R® — V will satisfy

the condition to be members of Cp. Hence Cp is non-empty.
We formulate our second evolution equation following Theorem 3.2.4.

Theorem 4.3.2. Let (P,x) be a set of affine evolution data and n, Aff (R",R") and Cp be as in
Definition 4.3.1. Suppose ¥ € Cp. There exist € > 0 and a unique real analytic family {¢y : t €

(—e,€)} C Cp with g = 1 satisfying

d
(d;i (x)) = () (@)™ ($0)avcl90) (433)

for all v € R™. Define U : (—¢,€) x P — R” by U(t,p) = 1(p). Then M = Image V¥ is an associative

3-fold wherever it is nonsingular.

Proof. As for Theorem 4.1.3, the proof is almost identical to the special Lagrangian case (Theorem
3.2.4), so we omit the details. Since (4.33) is of the form % = Q(¢;) where @ is a quadratic, the
Cauchy—Picard Theorem [11, p. 14] of ordinary differential equations gives existence and uniqueness
of the family of maps stated. The proof then mirrors that of Theorem 3.2.2, noting that we can
drop the compactness condition for P since it was only needed previously to establish the existence

of the maps ;. Finally, ¥y € Cp for t sufficiently small since 19 € Cp and the condition to lie in Cp

is an open one. O

Before we construct associative 3-folds using this result, it is worth noting that using quadrics
to provide affine evolution data as in [25] would not be a worthwhile enterprise. Suppose @ C R3 is

a quadric and that L : R — R7 is a linear map. Then we can transform R7 using Gy such that, if
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we write R” = R @ C3, then L(R?) C C? is a Lagrangian plane. Therefore, evolving @ using (4.33)

will only produce SL 3-folds, which have already been studied in [25].

4.4 An Explicit Affine Evolution Construction

Let us now return to the affine evolution data described in §3.3 and use Theorem 4.3.2 to construct

associative 3-folds. Let (P,x) be as in Example 3.3.1 and define affine maps v : R®> — R7 by
’L/Jt(.’l?l, ey 56‘5) = Wl(t)wl +...+ W5(t)$5 + W6(t),

where w; : R — R are smooth functions for all j. Using the notation of Example 3.3.1, (¢;).(e;) =

w; for 7 =1,...,5. Hence equations (3. or . or the cross product on an .
j for j =1,...,5. Hence, by equations (3.7) for x, (2.9) for th prod R™ and (4.33),

d

%(ml,...,%) = 201Wo X W3 + 22oW1 X W3 — 223W1 X Wa + T4(W1 X W5 + Wa X W5 — W3 X Wy)
+.’L‘5(—W1 X Wyq + Wo X Wy + W3 X W5)+W4 X Ws

for all (x1,...,25) € R5. Using the formulae above and Theorem 4.3.2 gives the following.

Theorem 4.4.1. Let wi,...,ws: R — R7 be differentiable functions satisfying

d d d
% = 2W2 X W3, % = 2W1 X W3, % = —2W1 X Wog, (434)
dW4 dW5
o =W X W5 + Wo X W5 — W3 X Wy, T W X Wy + Wa X Wy + W3 X Wy and  (4.35)
d
% = W4 X W5. (436)

The subset M of R7 defined by

1 1
M = {2 (y%+y§)w1(t)+§ (7 — Y3 )wa(t) + y1y2aws (L) + y1wa(t) + yows (t) + we(t) : y1, 92, € R}

is an associative 3-fold in R” wherever it is nonsingular.

Theorem 4.3.2 only gives us that the associative 3-fold M is defined for ¢ in some small open
neighbourhood of zero, but work later in this section shows that M is indeed defined for all ¢ as
stated in the above theorem.

The equations we have just obtained fall naturally into three parts: (4.34) shows that wi, wa, wg
evolve amongst themselves; (4.35) are linear equations for wy and ws once wi, wao, w3 are known;
and (4.36) defines wg once the functions wy and ws are known. Moreover, these equations are very
similar to (3.12)-(3.14), given in Theorem 3.3.2, the only difference being that here our functions

and cross products are defined on R” rather than C3. If we could show that any solutions wq, wo, W3
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are equivalent to functions z1,zs, z3, lying in C?, satisfying (3.8) and (3.12), then we would be able
to use results from [26] to hopefully construct associative 3-folds which are not SL 3-folds. It is to

this end that we now proceed.

Suppose that w1 (), wa(t), ws(t) are solutions to (4.34). Let w; = w;(0) for all j and let
v = [wy, we, ws], as defined by (2.10).

If v = 0, then, by Proposition 2.3.4, (wy, w2, w3)g lies in an associative 3-plane which we can map
to R* C C3 C R" 2 R @ C3, since Gy acts transitively on associative 3-planes [17, Theorem IV.1.8].
Let z1, 29,23 be the images of wy,ws, w3 under this transformation and let w3 be the standard
symplectic form on C3, given in Definition 3.1.1. Then 21, 29, 23 lie in R? C C? and so ws(z;,2;) = 0
for j # k.

If v # 0, then v is orthogonal to w; for all j by Proposition 2.1.4, so we can split R” & R ¢ C3
where R = (v) and C3 = (v}J‘. Hence, w; lies in C? for all j with respect to this splitting. By

Proposition 2.1.4, v is orthogonal to [w;, wg] = wjwg — wrw; = 2w; X wy, and therefore, from (2.8),
((po)abcvawjbwkc =0.

Using (3.1), we calculate (¢0)ascv® = |v|(w3)pe and hence, since |v| # 0, wz(w;, w) = 0.

We have shown that, using a Gy transformation, we can map the solutions wi(t), wa(t), ws(t)
to solutions z1(t),z2(t),z3(t) such that z;(0) € C3 C R” and ws(z;(0),2x(0)) = 0. Our remarks
above about (4.34) and the relationship (3.4) between the cross products on C3 and R” show that
z1(t), z2(t), z3(t) must remain in C? and satisfy (3.12) along with condition (3.8). Hence, any solution
of (4.34) is equivalent up to a Go transformation to a solution to the corresponding equations in

Theorem 3.3.2.

We now perform a parameter count in order to calculate the dimension of the family of associative
3-folds constructed by Theorem 4.4.1. The initial data w1(0),...,wg(0) has 42 real parameters,
which implies that dim Cp = 42, using the notation of Definition 4.3.1, so the family of curves in
Cp has dimension 41, which corresponds to factoring out translation in ¢. It is shown in [26] that
GL(2,R) x R? acts on this family of curves and, because of the internal symmetry of the evolution
data, any two curves related by this group action give the same 3-fold. Therefore we have to reduce
the dimension of distinct associative 3-folds up to this group action by 6 to 35. We can also identify
any two associative 3-folds which are isomorphic under automorphisms of R”, i.e. up to the action
of Gy x R7, so we reduce the dimension by 21 to 14.

In conclusion, the family of associative 3-folds constructed in this section has dimension 14,

whereas the dimension of the family of SL 3-folds constructed in Theorem 3.3.2 has dimension 9
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by a similar parameter count. Thus, not only do we know that we have constructed new geometric

objects, but also how many more interesting parameters we expect to find.

4.4.1 Singularities

We study the singularities of the 3-folds constructed by Theorem 4.4.1 by introducing the function
F :R3® - R7 defined by:

Flyi,y2,t) = 5 (Wi +u3)wi(t) + 5 (y7 — y3)wa(t) + y1y2ws(t) + y1wa(t) + yaws(t) + we(t). (4.37)

Clearly, F is smooth and, if dF| : R? — R7 is injective for all (y1,y2,t) € R, then F is an

y1,92,t)
immersion and M = Image F' is nonsingular. Therefore the possible singularities of M correspond

to points where dF is not injective. Since we have from (4.34)-(4.36) that

or oF _or
dyy Oy Ot

%—f is perpendicular to the other two partial derivatives by (2.8) and it is zero if and only if the
y1 and y, partial derivatives are linearly dependent by Proposition 2.1.7. We deduce that F' is an
immersion if and only if g—i and % are linearly independent, since dF’ is injective if and only if the
three partial derivatives of F' are linearly independent. The condition for F' to be an immersion at

(0,0,0) is therefore that w4(0) and w5(0) are linearly independent.

We perform a parameter count for the family of singular associative 3-folds constructed by
Theorem 4.4.1. The set of initial data wy(0), ..., wg(0), with w4(0) and w5(0) linearly dependent,
has dimension 28 + 8 = 36, since the set of linearly dependent pairs in R” has dimension 8. We
saw in the earlier parameter count above that the set of initial data without any restrictions had
dimension 42. Hence, the condition that F is not an immersion at (0,0, 0) is of real codimension 6,
but this is clearly true for any point in R? and therefore it is expected that the family of singular
associative 3-folds will be of codimension 6 —3 = 3 in the family of all associative 3-folds constructed
by Theorem 4.4.1. Therefore the family of distinct singular associative 3-folds up to automorphisms
of R” should have dimension 14 — 3 = 11. Thus generic associative 3-folds constructed by Theorem
4.4.1 will be nonsingular. Moreover, the dimension of the family of singular associative 3-folds is
greater than the dimension of the family of singular SL 3-folds constructed from the same evolution

data, which has dimension 8 by a similar count.

We now model M = Image F near a singular point, which we take to be the origin without loss of
generality. Therefore, we expand wi(t), ..., wg(t) about t = 0 to study the singularity. Since dF is

not injective at the origin, w4(0) and ws(0) are linearly dependent. As mentioned above, Joyce [26,
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§5.1] describes how internal symmetry of the evolution data gives rise to an action of GL(2,R) x R?
upon wy (t), ..., we(t), under which the associative 3-fold constructed is invariant. A rotation of R?

by an angle 6 transforms w4 (0) and w5 (0) to
Ww4(0) = cos w4 (0) —sinfws(0) and W5(0) = sinf wy(0) + cos 8 ws(0).

Since w4 (0) and w5(0) are linearly dependent, § may be chosen so that w5(0) = 0. We may therefore

suppose that w;(0) = 0 and take our initial data to be:
wi(0)=v+w; wy(0)=v—-w; w3(0)=x; wy(0)=u; and w;5(0)=wg(0)=0,
for vectors u, v, w,x € R7. Expanding our solutions to (4.34)-(4.36) to low order in ¢:

wi(t) = v+ w+2t(v — w) x x + O(t?); wo(t) = v —w+ 2t(v + w) x x + O(t?);
w3(t) = x +4tv x w + O(+%); wy(t) = u+tu x x + O(t?);

ws(t) = 2tu x w + 8t2x x (u x w) + O(t?); and we(0) = 10t%u x (x x (u x w)) + O(t*).

Calculating F'(y1,y2,t) near the origin, we see that the dominant terms in the expansion are de-
pendent upon w1y, wo, w3, which we have shown to be equivalent under Go to solutions as given in
Theorem 3.3.2. Following Joyce [26, p. 363-364], we consider F(e2yy, eys, et) for small e

1 1
Fleyr, ey, et) = (1 + 190, w))u+ (5 — 1 [u*)w + 2yztu x w]

+ 3[4y2tx X W 4 192X + y1tu X X + Syot?x x (1 x w) + 103u x (x x (u x w))] + O(e?). (4.38)

Here we have assumed that ws(u, w) = 0 in order to simplify the coefficient of u. The € terms in
(4.38) give us the lowest order description of the singularity. If we suppose that u and w are linearly
independent, which will be true in the generic case, then u, w and u x w are linearly independent
and generate an SL R? by Corollary 3.1.7. Hence, near the origin to lowest order, M is the image
of the map from R3 to R? given by

1 1
(y17 Y2, t) = (?Jl + Zgo(ua W)t27y§ - 1‘11\2?527 2y2t) (439)

Note that the first coordinate axis is fixed under (4.39) and, moreover, y, and ¢ are allowed to
take either sign. Therefore, (4.39) is a double cover of an SL R? which is branched over the first
coordinate axis. This is the same behaviour as occurs in the SL case [26, p. 364].

In order to study the singularity further we consider the €3 terms in (4.38). It is generally not
possible to simplify the final cross product in the €3 terms to give a neat expression using only four

vectors. However, if {eq,...,e7} is the basis for Im @ =2 R” described in §2.1 and we choose u = e;,
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W = ey and x = ey, we can calculate each of the vectors appearing in (4.38) explicitly. Thus, in this

case, the next order of the singularity is the image of the following map from R? to R”:

1
(y1, Y2, t) — (y1, 3 — 1 t2, 2yat, ey1ya, eyit, —deyst — 10et®, Seyat?).

Note that the singularity does not lie within C* C R” and so we have a model for a singularity which

is different from the SL case.

4.4.2 Solving the equations

From the work above, any solution wy(t), wa(t), w3(t) in R7 to (4.34) is equivalent under a Go
transformation to a solution z1(t),z2(t),z3(t) in C® to (3.12) satisfying (3.8). We can thus use
results from [26] to produce some associative 3-folds. However, we must exercise some caution: we
require that (z1(t),z2(t),23(t) : t € R)g = C3. If this does not occur, there may be a further Go
transformation that preserves the subspace spanned by the z;(¢), but transforms C? so that w4 and
ws are mapped into C3, and thus the submanifold constructed will be an SL 3-fold embedded in R”.

When dim (z;(t), z2(t), 23(t))r < 3, for generic ¢ € R, the z;(¢) define a subspace of an SL R?
in C3, which corresponds to an associative R? in R” by Proposition 3.1.3. The subgroup of Gs
preserving an associative R? is SO(4) [17, Theorem IV.1.8], and the subgroup of SU(3), which is
the automorphism group of C3, preserving the standard R? is SO(3). Hence, the family of different
ways of identifying R” =2 R® C? such that (z1(t), z2(t), z3(t))r is mapped into the standard R? in C?
contains SO(4)/SO(3) =2 §3. We therefore have sufficient freedom left in using the Go symmetry,
after mapping wi, wo, w3 into C3, to map wy and ws into C? as well. This means that these cases
will only produce SL 3-folds.

It is also true in (i) and (ii) of Theorem 3.3.4 that the solutions z;(t) define a subspace of an SL
R3 in C3 and so these cases will not provide any new associative 3-folds either. Therefore we need

only consider (iii) and (iv) in Theorem 3.3.4.

Suppose we are in the situation of Theorem 3.3.4 so that, if we write R” =2 R @ C3, w; =
(0,w1,0,0), wa = (0,0,w2,0) and ws = (0,0,0,ws) for differentiable functions wy,we,ws : R —
C. Let wy = (y,p1,p2,q3) and ws = (—z,q1, —q2,p3), where all the functions defined here are

differentiable. Equations (4.35) become

dx _ _ _

i Im (w1 p1 — Wape — W3p3), (4.40)
d . d . d .
% = 17w + Wa2p3 + W3pz, % = 1Xxwz — W3p1 — W1pPs, % = 1XW3 — W1p2 — W2P1; (4~41)
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and

d

d%{ = Im(w1q1 — Wagqe — W3qs3), (4.42)
d . d . d . _
% = 1ywy + Waqs + W3q2, % = 1YWz — W3q1 — W1G3, % =iyws — Wigz — Waqi- (4.43)

Note that the equations on (z, p1, p2, p3) are the same as on (y, g1, g2, ¢3). Moreover, (z,p1,p2,p3) =
(0, w1, wa, ws3) gives an automatic solution to (4.40)-(4.41) and (y, ¢1,¢2,q3) = (0, w1, wa, w3) solves
(4.42)-(4.43).

If we write wg = (2,71, 72,73), where z : R — R and r1,r9, 73 : R — C are differentiable functions,

(4.36) becomes

% = Im(p1g1 — P2g2 — P3q3), (4.44)
% = ixp1 + iyq1 + D2Ps + G203, (4.45)
dstQ = ixpo — 1Yq2 — P3D1 + 31, (4.46)
% = ixq3 + iyps — P1G2 — D2q1- (4.47)

Note that the conditions that z,y, z are constant correspond to (3.10), (3.9) and (3.11) in Theorem
3.3.2 respectively. Calculation using (4.40)-(4.41) gives

d2
=7 = allwi? = |wsf? = |us]?).
Suppose that z is a nonzero constant. Then |w1|? — |wz|? — Jwz|? = 0. Using (2.8), (4.34) and the

alternating properties of ¢q:

d 9 9 9 dw1 dws dws
- — =2g0| — —2g0| — —2go| —=
dt(|w1| |wa| lws|”) go p y W1 9o p y W2 9o dt » W3

= 4(go(Wa2 X W3, W1) — go(W1 X W3, Wa) + go(W1 X Wa, W3))
= 4(po(Wa, W3, W1) — ©o(W1, W3, Wa) + o(W1, W2, W3))

= 12()00(W1, Wo, W3).

By (3.1), @o(w1, w2, w3) = Re(wjwaws) = 0, which occurs if and only if (iv) of Theorem 3.3.4

holds. However, in case (iv), |wy|? — Jwz|? — |w3|* = a2 — a3 — o3, which, together with the condition

a7? = ay? +a3?, forces a; = 0 for all j which is a contradiction. Hence, if z is constant then x has
to be zero, and we have a similar result for y. Therefore (3.9)-(3.11) correspond to x = y = 0 and

z constant. This is unsurprising since having * = y = 0 and z constant corresponds to wy, ws, wg

remaining in C3 and thus the associative 3-fold M constructed will be SL and hence satisfy ws|as = 0.
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Following the discussion earlier in this subsection we consider (iii) and (iv) of Theorem 3.3.4.
However, no solutions are known in case (iii), so we focus on case (iv). We therefore let oy, as, a3
be positive real numbers satisfying 041_2 = oz2_2 + ozgz and define a4, as, a3 by:

Q203 a3 102
a1 = — 5 ag = s as = . (448)
a1 [6%) Qs

By Theorem 3.3.4, we have that

2wy (t) = ialeimt 2w2(t) = azeiaﬂ and 2’LU3(t) _ a3€ia3t.

Hence, if we let (1, 81, 83 : R — C be differentiable functions such that
p1 (t) = ieialt/gl (t>7 Y2 (t) = eia2t62 (t)7 b3 (t) = eia3t63(t)7
we have the following result.

Proposition 4.4.2. Using the notation above, (4.40)-(4.41) can be written as the following matric

equation for the functions x, 31, B2, B3:

: T e AV
51 a —2aq 0 0 0 —ag3 —as 051
B2 ' Qo 0 —2as 0 a3 0 a B
% B3 :% az 0 0 —2a3 ay o 0 By |- (4.49)
Bl —o 0 a3 as  2a1 0 0 61
o -y —O3 0 - 0 2a9 0 B
Bs —az3  —ay  —og 0 0 0 2as Bs

Proof. Using (4.40),

dzx 1 ]

73 Im(a1 81 — 2B — azfs) = = (a1(B1 — B1) + a2(B2 — B2) + as(Bs — Bs)) ,

S

which gives the first row in (4.49). Since a; + a2 + ag = 0, the equation in (4.41) for p; shows that

dg 1 _ _
i—t —a1f = 5 (1@ + azfs + asfa),
dt 2
which, upon rearrangement, gives the second row in (4.49). The calculation of the rest of the rows

follows in a similar fashion. O

In order to solve (4.49), we find the eigenvalues and corresponding eigenvectors of the matrix.

Proposition 4.4.3. Let T denote the 7 x 7 real matriz given in Proposition 4.4.2 and let a =

(0, a1, g, a3, a1, o, a3) T, where T denotes transpose. There exist nonzero vectors by, ¢y, d € R7
such that

Ta= 0, Tbi = i)\bi, TCi = i/\Ci, Tdi = i3)\di,
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where X\ > 0 is such that \?> = a% — aja3 and

by = (b1,b2,0,b3,b4,0,b5)", b_ = (b1,bs,0,b5,b5,0,b3)",
cy = (c1,0,¢2,¢3,0,¢4,05)", c_ = (c1,0,¢4,05,0,02,¢3) ", (4.50)
d-‘r = (07d17d27d37d47d57d6)T7 d— = (07d4yd57d67d17d27d3)T7

for nonzero constants b;, c;, d;j € R. In particular, the pairs {b+,c+} are linearly independent.

Proof. Most of the results in this proposition are found by direct calculation using Maple. The only

point to note is that if w is a p-eigenvector of T', for some p € R, and we writew = ( z y 2z )T,
where 7 € R and y,z € R®, then w = ( ¢ 2 y )T is a —p-eigenvector of T. Hence we can cast

the eigenvectors of T' into the form as given in (4.50). O

From Proposition 4.4.3 we can write down the general solution to (4.49):

x 0 b1 b1

B1 (o7} b ba

B2 o) 0 0

Bs =A| o + B+6%At bs + B_e M bs

B oy by bs

Ba o) 0 0

Bs a3 bs bs
c1 c1 0 0
0 0 dy ds
ca ¢y d2 ds

+ C+e%/\t es |+ C_e~ 32X s |+ D+e%’\t ds |+ D_e~ %X dg (4.51)

0 0 dy di
Cy 1) ds da
Cs c3 de ds

for constants A, By,Cy, D1 € C. However, the last three rows in (4.51) are equal to the complex
conjugate of the three rows above them, which implies that B_ = B, C_ = Cy, and D_ = D,.
Moreover, if we translate R?, as given in the evolution data, from (y1,v2) to (y1 — 4,y2), then w;

is unaltered for j = 1,2,3 but wy is mapped to wy — Aw;. Therefore, we can set A = 0.

From the discussion above, we may now write down the general solution to (4.40)-(4.41) and
(4.42)-(4.43) and then simply integrate equations (4.44)-(4.47) to give an explicit description of

some associative 3-folds constructed using our second evolution equation. This result is given below.
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Theorem 4.4.4. Define functions z,y,z: R — R and w;,p;,q5,7; : R — C for 5 =1,2,3 by:

2U)1(t) = ialeialt 27.U2(t) _ @26ia2t 2’1U3(t) _ ageia{it’
where ay, az, oz are positive constants such that ar® = a3 +a3” and a1, az, a3 are given in (4.48);
z(t) = 2Re (Bb1e%>‘t + CclegAt) 7
pi(t) = e (Bhoe?™ + Boge ¥ 4 Dy ¥ 4 Dage™ $21),
pa(t) = €2t (Cpe™ 4 Ceye™ 13 4 Ddye ¥ + Ddse M),
pa(t) = €2t ((Bby + Ceg)ed™ + (Bbs + Ces)e™ M + Ddge 3N + Ddge™ ¥
y(t) = 2Re (B'ble%)\t + C/clegxt) 7
Q1(t) = Z'eimt (B/b2e%kt + B/b4e—%/\t + D/dle%”\t n D/d4e—%>\t) 7
qo(t) = ezt (C’cge%” 4 Clege 3N + Ddye 3N 4 D’d5e—%kt) |

q3(t) = e*@st ((B'b3 + C’03)e%’\t + (B'b5+é/05)€_%>\t + D/d3€%>\t + D’dﬁe_%)‘t) ; and

dz B _ _

— = Im(p1q1 — P2g2 — P3g3),
dt
d?"l . . —_— —_—
i 1xp1 +1yq1 + p2pPs + G243,
de . . - —_—
T~ P2~ Y42 — Pspi + g3q1,
dT’3 . . -
s =12q3 + 1Yyps — P1q2 — P2q1,

where the real constants A and b;, ¢;,d; are as defined in Proposition 4.4.3 and B, B',C,C’,D, D’ € C
are arbitrary constants.

The subset M of R® C?> =2 R" given by

8 = { (1030) = 1) + 5000 568+ B0 0) 4 10 () + 1en(0)+ a0,

%(y% — y3)wa(t) + yip2(t) — y2qa(t) + ra(t), yryows(t) + y1gs(t) + yops(t) + 7“3@)) 1Y, Y2t € R}
(4.52)

is an associative 3-fold in R”.

We now count parameters for the associative 3-folds constructed by Theorem 4.4.4. There are four
real parameters (a7, a2, a3 and the constant of integration for z(¢)) and nine complex parameters

(B,B',C,C",D, D" and the three constants of integration for 71 (¢),r2(t), r3(t)), which makes a total
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of 22 real parameters. The relationship 041_2 =ay 24 oy 2 then reduces the number of parameters
by one to 21. Recall that we have the symmetry groups GL(2,R) x R? and Gy x R for these
associative 3-folds. By the arguments proceeding Theorem 4.4.1 and the proof of [26, Proposition
9.1], we have used the freedom in Go transformations and rotations in GL(2,R) to transform our
solutions wy, wg, wg of (4.34) to solutions of (3.12), satisfying (3.8), of the form wy = (0,w1,0,0),
wa = (0,0,w2,0), w3 = (0,0,0,w3). We have also used translations in R? to set the constant A
in (4.51) and the corresponding constant A’ in the general solution to (4.42)-(4.43) both to zero.
Therefore, the remaining symmetries available are dilations in GL(2, R) and translations in R7, which
reduce the number of parameters by eight to 13. Translation in time, say ¢t — t + tg, corresponds
to multiplying B, B’,C,C" by ez Mo and D, D’ by e%”‘), which thus lowers the parameter count by
one. We conclude that the dimension of the family of associative 3-folds generated by Theorem 4.4.4

is 12, whereas the dimension of the whole family generated by Theorem 4.4.1 is 14.

4.4.3 Periodicity

Note that the solutions in Theorem 4.4.4 are all linear combinations of terms of the form ei(@itmA)t

for j =1,2,3 and m = O,i%,il,i%,il +3, since a; = n\ # 0 for n = 0,1,2,3, which ensures
that 71, 79,73 do not have any linear terms in ¢. It is therefore reasonable to search for associative
3-folds M as in (4.52) that are periodic in t. Define a map F : R® — R” by (4.37), so that
M = ImageF. Then M is periodic if and only if there exists some constant 7' > 0 such that
F(y1,y2,t +T) = F(y1,y2,t) for all y1,y2,t € R.

The periods of the exponentials in the functions defined in Theorem 4.4.4 are proportional to
(a; + mA)~! for j = 1,2,3 and the values of m given above. In general F will be periodic if
and only if these periods have a common multiple. By the definition of a; in (4.48), as = —za;
and az = (z — 1)a; for some z € (0,1). Then \? = a3 — ajaz = a?(2? — x + 1) and, if we let
y = Va2 —z + 1, we deduce that A = —ya; since a; < 0 and A,y > 0. The periods thus have a
common multiple if and only if z and y are rational. We have therefore reduced the problem to

2

finding rational points on the conic y? = 22 — x 4 1. This is a standard problem in number theory

and is identical to the one solved by Joyce [26, §11.2], so we are able to prove the following result.

Theorem 4.4.5. Given s € (0, %) NQ, Theorem 4.4.4 gives a family of closed associative 3-folds in

R” whose generic members are nonsingular immersed 3-folds diffeomorphic to S* x R2.

Proof. Let s € (0, %) N Q and write s = % where p and ¢ are coprime positive integers. Then, as in

[26, p.390], we define ay, as, as, A either by

a =p*—¢° as = ¢* — 2pq, az = 2pq — p, A=p*—pg+q*
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or, if p + ¢ is divisible by 3, by

3a1 =p* — ¢°, 3as = ¢ — 2pq, 3as = 2pq — p°, 3N=p" —pg+q*

In both cases, hef (a1, as, as) = hef (aq, as, as, A) = 1. Moreover, A is odd since at least one of p, g is
odd. Thus a; + mA is an integer for integer values of m and half an integer, but not an integer, for
non-integer values of m. Hence, by the form of the functions given in Theorem 4.4.4 and equation
(4.37) for F, F(y1,ya,t + 2m) = F(—y1,—ya2,t) for all y;,ys,t. We deduce that F' has period 4,
using the condition that hef(aq, as,as) = 1.

If we define an action of Z on R? by requiring, for n € Z, that

(y1792>t) = ((_1)ny17 (_1)ny27t + Qnﬂ-) )

we can consider F' as a map from the quotient of R? by Z under this action. Since this quotient
is diffeomorphic to S' x R? and generically F is an immersion, M = Image F is generically an

immersed 3-fold diffeomorphic to S' x R2. O

Joyce [26] has considered the asymptotic behaviour of the SL 3-folds constructed by Theorem
3.3.4(iv) at infinity, which is dependent on the quadratic terms in F. However, since solutions
w1, Wo, W3 in Theorem 4.4.1 are essentially equivalent to solutions zi, 22,23 in Theorem 3.3.4, the
asymptotic behaviour of the 3-folds given by Theorem 4.4.5 must be identical to that found by Joyce
[26, p. 391].

Theorem 4.4.6. Every closed associative 3-fold defined by s € (0, %) NQ, as described in Theorem
4.4.5, is asymptotic with rate 1/2 at infinity in R”, in the sense of Definition 1.2.1, to a double cover
of the SL T? cone given by:

3
{(07ieza1tx17ezaztm%ezastxs) X1, X9, T3,t € R7 z1 >0, E aix? = 0} ,
i=1

where the constants a1, as,as are defined by s as in the proof of Theorem 4.4.5.

The associative 3-folds in Theorem 4.4.5 actually diverge away from the SL cone given above, but
Theorem 4.4.6 gives a measure of the rate of divergence.
We show that if an associative 3-fold were to converge to an SL 3-fold at infinity it would in fact

be SL, which we know is not the case for generic members of the family given by Theorem 4.4.5.

Theorem 4.4.7. Suppose M is an associative 3-fold in R =2 R & C3 and L is an SL 3-fold in C3.
If M is asymptotic with rate A < 0 at infinity in R7 to L, it is an SL 3-fold in C* embedded in RT.

49



Proof. Since M is associative, it is minimal [17, Theorem I1.4.2]. Therefore, the immersion of M in
R7 is harmonic by Theorem 1.1.2. In particular, if we write coordinates on M as (x1,...,z7), T1 is
harmonic. We may assume, without loss of generality, that the SL 3-fold L to which M converges
lies in {0} x C* C R7. Since M is asymptotic to L at infinity with rate A where A\ < 0, z; — 0
as 7 — oo. By the Maximum Principle (Theorem 1.2.5), 1 = 0 and M is an SL 3-fold in C?® by
Proposition 3.1.3. O

4.5 1-Ruled Associative 3-folds

In this final section we focus on I-ruled 3-folds and give methods for constructing associative exam-
ples. This is a generalisation of the work in Joyce’s paper [27] on 1-ruled SL 3-folds in C3 and it is

from this source that we take the definitions below.

Definition 4.5.1. Let M be a 3-dimensional submanifold of R”. A 1-ruling of M is a pair (3, ),
where ¥ is a 2-dimensional manifold and 7 : M — X is a smooth map, such that for all o € ¥ there
exist v, € 8% and w, € R” such that 771(0) = {rv, + w, : » € R}. We call the triple (M, X, 7) a
1-ruled submanifold of R”.

An r-orientation for a l-ruling (3,7) of M is a choice of orientation for the affine straight line
7~ (o) in R7, for each ¢ € X, which varies smoothly with o. A 1-ruled submanifold with an
r-orientation for the 1-ruling is called an r-oriented I1-ruled submanifold.

Let (M,X,7) be an r-oriented 1-ruled submanifold. For each o € X, let ¢(c) be the unique
unit vector in R” parallel to 77 !(o) and in the positive direction with respect to the orientation on
7~ 1(o), given by the r-orientation. Then ¢ : ¥ — S% is a smooth map. Define ) : ¥ — R such
that, for all o € 3, 9(0) is the unique vector in 7~*(o) orthogonal to ¢(c). Then 1 is a smooth
map and we may write:

M = {r¢(c)+ (o) : 0 € 3, r € R} (4.53)
Define the asymptotic cone My of a 1-ruled submanifold M by:

My = {v € R" : v is parallel to 7~ '(o) for some o € X}.

If M is also r-oriented,

My ={r¢(o):0 € XL, reR} (4.54)
and is usually a 3-dimensional two-sided cone; that is, whenever ¢ is an immersion.

Note that we can consider any r-oriented 1-ruled submanifold as being defined by two maps ¢
and 1 as given in Definition 4.5.1. Hence, r-oriented 1-ruled associative 3-folds may be constructed

using partial differential equations for ¢ and .
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Ionel et al. [19] give a method for constructing associative 3-folds in R” which are necessarily

1-ruled. Explicit examples obtained from this construction are given in [19, §4].

Suppose we have a 3-dimensional two-sided cone My in R7. The link of My, My N S%, is a
nonsingular 2-dimensional submanifold of S closed under the action of —1 : 8 — S%. Let X be
the quotient of the link by the 1 maps on S%. Clearly, ¥ is a nonsingular 2-dimensional manifold.
Define My C ¥ x R7 by:

My = {({#0},r0) : 0 € MoNS®, r € R}.

Then My is a nonsingular 3-fold. Define 7 : My — X by n({£0},r0) = {0} and ¢ : My — R”
by t({#c},70) = ro. Note that t(My) = My and that ¢ is an immersion except on +~*(0) = X,
so we may consider My as a singular immersed submanifold of R7. Hence (M, X, 7) is a l-ruled
submanifold of R7. Therefore, we can regard M as a l-ruled submanifold and dispense with M.
Suppose further that My is an r-oriented two-sided cone. We can thus write My in the form (4.53)
for maps ¢, 1, as given in Definition 4.5.1, and see that ¥ must be identically zero. It is also clear
that any 1-ruled submanifold defined by ¢, with ¢ = 0 is an r-oriented two-sided cone.

We now justify the terminology of asymptotic cone as given in Definition 4.5.1. Suppose that
M is an r-oriented 1-ruled submanifold and let My be its asymptotic cone. Writing M in the form
(4.53) and M in the form (4.54) for maps ¢, v, define a diffeomorphism ¥ : Mo\ By — M\ K, where
K is some compact subset of M and B is the closed unit ball in R, by ¥ (r¢(c)) = r¢(o)+ (o) for
all 0 € ¥ and |r| > 1. If ¥ is compact, so that 1 is bounded, ¥ satisfies (1.1) as given in Definition

1.2.3 for A = 0, which shows that M is asymptotically conical to My with rate 0.

4.5.1 The associative condition

Let ¥ be a 2-dimensional, connected, real analytic manifold, let ¢ : ¥ — S® be a real analytic
immersion and let 1 : ¥ — R” be a real analytic map. Define M by (4.53), so that M is the image
of the map ¢ : R x X — R7 given by «(r,0) = ré(c) + (o). Clearly, R x X is an r-oriented 1-ruled
submanifold with 1-ruling (3, 7), where 7 is given by m(r,0) = 0. Since ¢ is an immersion, ¢ is an
immersion almost everywhere in R x 3 and thus M is an r-oriented 1-ruled submanifold.

We now suppose that M is associative in order to discover the conditions that this imposes upon
¢ and 1. Note that the asymptotic cone My of M, given by (4.54), is the image of R x ¥ under the
map tg, defined by ¢o(r, o) = r¢(c). Since ¢ is an immersion, ¢o is an immersion except at r = 0, so
My is a 3-dimensional cone which is nonsingular except at 0.

Let p € M. There exist r € R, o € 3 such that p = r¢(0) + (o). Choose local coordinates (s, t)
near o in 3. Then T,M = (x,y,z)r, where x = ¢(0), y = r%(a) + %—f(a) and z = 122(0) + 2% (o).

ot ot
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Since M is associative, T), M is an associative 3-plane, which by Proposition 2.3.4 occurs if and only
if [x,y,2] = 0. This condition forces a quadratic in r to vanish for all » € R, and thus the coefficient

of each power of 7 must be zero. The following set of equations must therefore hold in X:

o9 991
|:¢7 %7 a_ - 07 (455)
¢ Oy oy 99| _
[‘baat} ' [¢’ 05 ot ) ~ % (4.56)
oy ] _
{@ 95 ot | 0. (4.57)

Note firstly that, if we do not suppose M to be associative but that (4.55)-(4.57) hold locally in
3, then, following the argument above, each tangent space to M is associative and hence M is
associative. Moreover, (4.55) is equivalent to having that tangent spaces to points of the form
ro(o), for r € R, o € ¥, are associative, which is precisely the condition for the asymptotic cone M

to be associative. We deduce the following result.

Proposition 4.5.2. The asymptotic cone of an r-oriented 1-ruled associative 3-fold in R” is asso-

ciative provided it is 3-dimensional.

Note that ¢(X) is the link of an associative cone if and only if it is a holomorphic curve in S% [43,
Theorem 2.2]. Bryant [5, §4] shows that any compact Riemann surface can be realised as such a
curve.

Since M is associative, ¢q is a non-vanishing 3-form on M, that defines the orientation on Mj.
This forces ¥ to be oriented, for if (s,t) are some local coordinates on %, we can define them to be

oriented by imposing the condition that

06 0¢
900(¢78878t> > 0.

In addition, if g is the natural metric on 8% the pullback ¢*(g) is a metric on ¥ making it a
Riemannian 2-fold, since ¢ : ¥ — 8% is an immersion. Therefore we can consider ¥ as an oriented
Riemannian 2-fold and hence it has a natural complex structure, which we denote as J. Locally in %
we can choose a holomorphic coordinate u = s + it, and so the corresponding real coordinates (s, t)
satisfy the condition J (%) = %. Following Joyce [27, p.241], we say that local real coordinates
(s,t) on ¥ that have this property are oriented conformal coordinates.

We now use oriented conformal coordinates in the proof of the next result, which gives neater

equations for maps ¢, ¥ defining an r-oriented 1-ruled associative 3-fold.

Theorem 4.5.3. Let ¥ be a connected real analytic 2-fold, let ¢ : ¥ — S5 be a real analytic

immersion and let ¢ : X — RT be a real analytic map. If M is defined by (4.53), it is associative if
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and only if

o¢ o¢
and Y satisfies
(1) aa—f =¢ X g—w + f¢ for some real analytic function f: ¥ — R,
S
or

(ii) g—f(a), g—zf(a) € <¢(U), %(0‘), ?;f(a)>R forallo € X,

where X is defined by (2.9) and (s,t) are oriented conformal coordinates on X.

Proof. Above we noted that (4.55)-(4.57) were equivalent to the condition that M is associative, so
we show that (4.58) is equivalent to (4.55) and that (i) and (ii) are equivalent to (4.56) and (4.57).

Let 0 € X, C = g—f(aﬂ > 0. Since ¢ maps to the unit sphere in R”, ¢(o) is orthogonal to
%(U) and Cg—‘f(o). As (s,t) are oriented conformal coordinates, we also see that %(O’) and %‘f(a)
are orthogonal and that |%2(o)| = C. We conclude that the triple (¢(c),C~%2(0),C122(0)) is
an oriented orthonormal triad in R7, and it is the basis for an associative 3-plane in R” if and only if
(4.55) holds at o. Since Go acts transitively on the set of associative 3-planes [17, Theorem IV.1.8],

if (4.55) holds at o we can transform coordinates on R” using Gy so that

% (0) =Cey and 9 (o) = Ces,

¢(0-) = €1, (915

where {e1,...,e7} is a basis for InQ = R7. We note here that (4.58) holds at o since the cross
product is invariant under Gy by Definition 2.1.8. If (4.58) holds at o, the 3-plane generated by
{¢(0), %(0)7 %‘f(o)} is associative by Corollary 2.3.5.

Under the change of coordinates of R” above, we can write %—f(o) = aie1 + ...+ are; and
%—f(a) = byey + ... + brey for real constants aj,b; for j = 1,...,7. Calculations show that (4.56)

holds at ¢ if and only if
b4 = —as, b5 = a4, bﬁ = —ar, b7 = Gg¢, (459)

and (4.57) holds at o if and only if

—aygb; — asbg 4+ agbs + byar = 0, —aybg + asbr + agby — a7bs =0, (460)
a2b7 + (131)6 - a6b3 - a7b2 = 0, a266 - a3b7 - a6b2 + a7b3 = 0, (461)
7&2[)5 - 0,3[)4 + a4b3 + a5b2 =0 and 7@21)4 + 0,31)5 + a4b2 - a5b3 =0. (462)
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Substituting condition (4.59) into the above equations, (4.60) is satisfied immediately and (4.61)-
(4.62) become:

ag(az — b3) — ar(az + b)) = 0; —ag(as + b)) — ar(ag — bg) = 0;

—a4(a2 — b3) + a5(a3 + bz) = 0; and a4(a3 + bg) + as(ag - bg) =0.
These equations can then be written in matrix form:

—ag a as —b —a4 as as — b
o 77 ) =0 and ! T =0 (4.63)
ar  ag as + by as a4 asz + by

We see that equations (4.63) hold if and only if the vector appearing in both equations is zero or the
determinants of the matrices are zero. We thus have two conditions which we shall show correspond
to (i) and (ii):

as = bg, —az = bg; and (464)

a4 = a5 = 0= ag = Qary. (465)

Using ¢(o) = ey, (4.64) holds if and only if

9%
ot

(0) = bier — azez + azez — aseq + ases — areg + ager = ¢(0) X %(U) + flo)o(o),

Os

where f(c) = by. Therefore, (4.64) corresponds to condition (i) holding at o by virtue of the
invariance of the cross product under G,. The fact that f is real analytic is immediate from the
hypotheses that ¢ and 1/ are real analytic and that ¢ is nonzero, since ¢ maps to S°.

Similarly, (4.65) holds if and only if

0 0
a—f(a) = qaqe1 + ases + azes and —w(o) = bie1 + baes + bses,

ot

which is equivalent to condition (ii) holding at o, since (e, €2, e3)r = (¢(0), gf (o), %(U»R.

In conclusion, at each point o € 3, condition (i) or (ii) holds. Let ¥y = {o € ¥ : (i) holds at ¢}
and let o = {o € ¥ : (ii) holds at o}. Note that (i) and (ii) are closed conditions on the real
analytic maps ¢,%. Therefore, 31 and X5 are closed real analytic subsets of 3. Since X is real
analytic and connected, ¥; must either coincide with X or else be of zero measure in ¥ for j =1, 2.

However, not both ¥; and X5 can be of zero measure in X since ¥ U Xy = 3. Hence, X1 = X or

Y5 = X, which completes the proof. O

It is worth making some remarks about Theorem 4.5.3. Note that (i) and (ii) are linear conditions
on ¢ and, by the remarks made above, (4.58) is the condition which makes the asymptotic cone M

associative. So, if we start with an associative two-sided cone Mj defined by a map ¢, then ¢ and a
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function 1 satisfying (i) or (ii) will define an r-oriented 1-ruled associative 3-fold M with asymptotic
cone My. We also note that conditions (i) and (ii) are unchanged if ¢ is fixed and satisfies (4.58), but
1 is replaced by 1) 4+ fé where f is a real analytic function. We can thus always locally transform

¥ such that f in condition (i) is zero, if we relax the condition that v is orthogonal to ¢.

4.5.2 The partial differential equations

Our first result follows [27, Proposition 5.2]. We make the definition that a function is real analytic

on a compact interval I in R if it extends to a real analytic function on an open set containing 1.

Theorem 4.5.4. Let I be a compact interval in R, let s be a coordinate on I and let ¢o : I — S% and
o : I — R7 be real analytic maps. There exist € > 0 and unique real analytic maps ¢ : I x (—¢,€) —

S8 and 1) : I x (—¢,€) — R7 satisfying ¢(s,0) = ¢o(s), ¥(s,0) = 1o(s) for all s € I, and

0 _ 00 o v

o =~ % 55 ot % s

¢ x (4.66)

where t is a coordinate on (—e¢,€) and X is defined in (2.9). If M is given by
M = {r¢(s,t) + (s, t):r €R, s €I, t € (—¢,€)},
it is an r-oriented 1-ruled associative 3-fold in RT.

Proof. Since I is compact and ¢q, 19 are real analytic, we may use the Cauchy—Kowalevsky Theorem
(Theorem 1.1.4) to give us functions ¢ : I x (—e,e) — R7 and ¢ : I X (—¢,¢) — R7 satisfying the
initial conditions and (4.66). It is clear that % g(b, ¢) = 2g(9, %‘f) =0, since % is defined by a cross
product involving ¢ and hence is orthogonal to ¢ by (2.8). We deduce that |¢| is independent of ¢
and is therefore one, so that ¢ maps to S°. We conclude that M is an r-oriented 1-ruled associative

3-fold using (i) of Theorem 4.5.3. O

Theorem 4.5.4 shows that (4.66) can be considered as evolution equations for maps ¢ and v satisfying
(i) of Theorem 4.5.3. We now show that condition (ii) of Theorem 4.5.3 does not produce any
interesting 1-ruled associative 3-folds. We say that two 1-rulings (3, 7) and (i, 7) are distinct if the

families of affine straight lines Fx = {7~ (¢) : 0 € X} and Fg = {7#71(5) : & € X} are different.

Proposition 4.5.5. Any r-oriented 1-ruled associative 3-fold (M, %, ) satisfying condition (ii) but

not (i) of Theorem 4.5.3 is locally isomorphic to an affine associative 3-plane in R”.

Proof. By Theorem 4.1.1, M is real analytic wherever it is nonsingular and so we can take (X, 7) to
be locally real analytic. Let I = [0,1], let v : I — X be a real analytic curve in ¥ and let ¢, be

the functions defining M. Then we can use Theorem 4.5.4 with initial conditions ¢g = ¢(y(s)) and
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Yo = ¥(y(s)) to give us functions ¢ and ¢ which define an r-oriented 1-ruled associative 3-fold M
satisfying (i) of Theorem 4.5.3. However, M and M coincide in the real analytic 2-fold 7~ (v(I)),
and hence, by Theorem 4.1.2, they must be locally equal. We conclude that M locally admits a
1-ruling (%, 7) satisfying (i) of Theorem 4.5.3, which must therefore be distinct from (X, 7).

The families of affine straight lines Fx, and Fg, using the notation above, coincide in the family
of affine straight lines defined by points on v, denoted F.,. Using local real analyticity of the families,
either Fy is equal to F, locally or they only meet in F, locally. The former possibility is excluded
because the 1-rulings (X, 7) and (X, 7) are distinct and thus the latter is true.

Let 1 and 72 be distinct real analytic curves near v in ¥ defining 1-rulings (X1, 71) and (3g, m2),
respectively, as above. Then Fy N Fy, is locally equal to F,, for j = 1,2. Hence, (X1, m) and
(X2, m2) are not distinct (that is, Fx, = Fx,) if and only if F,,, = F,,, which implies that v, = ..
Therefore, distinct curves near v in 3 produce different 1-rulings of M and thus M has infinitely
many 1-rulings.

Suppose that {7 : t € R} is a one parameter family of distinct curves near v in X, with vo = 7.
Each curve in the family defines a distinct l-ruling (3;,m;), hence there exists p € M with M
nonsingular at p such that L; = 7, ' (7;(p)) is not constant as a line in R”. We therefore get a one
parameter family of lines L; in M through p with % # 0 at some point, i.e. such that L; changes
nontrivially. We have thus constructed a real analytic one-dimensional family of lines {L; : t € R}
whose total space is a real analytic 2-fold IV contained in M. Moreover, every line in M through p
is a line in the affine associative 3-plane p + T, M, so N is contained in p 4+ T, M. Then, since N
has nonsingular points in the intersection between M and p + T, M, Theorem 4.1.2 shows that M

and p + T, M coincide on a component of M. Hence, M is planar, i.e. M is locally isomorphic to

an affine associative 3-plane in R7. O

In the course of the proof above, we have shown that a 1-ruled associative 3-fold which admits a
one parameter family of distinct real analytic 1-rulings is planar. This is analogous to the result [7,
Theorem 6 part 2], which relates to 1-ruled SL 3-folds.

We combine our results on 1-ruled associative 3-folds into the following theorem.

Theorem 4.5.6. Let (M, %, 1) be a non-planar, r-oriented, 1-ruled associative 3-fold in R”. There

exist real analytic maps ¢ : X — SO and 1 : ¥ — R such that:

M = {r¢(0) + (o) : v €R, 0 € B} ;

oo} d9

Fri ¢ X D5 and (4.67)
oY oY

vl ¢ x Bs + fo, (4.68)
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where (s,t) are oriented conformal coordinates on ¥ and f : ¥ — R is some real analytic function.
Conversely, suppose ¢ : ¥ — 8¢ and ¢ : ¥ — R” are real analytic maps satisfying (4.67) and
(4.68) on a connected real analytic 2-fold X. If M is defined as above, it is an r-oriented I1-ruled

associative 3-fold wherever it is nonsingular.

4.5.3 Holomorphic vector fields

We now follow [27, §6] and use a holomorphic vector field on a Riemann surface ¥ to construct
1-ruled associative 3-folds. Note that here, and later in §5.4.5, we use the terminology ‘holomorphic

vector field’” to describe what is, strictly speaking, the real part of a holomorphic vector field.

Proposition 4.5.7. Let My be an r-oriented, two-sided, associative cone in R7. We can then write
My in the form (4.54) for a real analytic map ¢ : ¥ — S¢, where ¥ is a Riemann surface. Let w
be a holomorphic vector field on ¥ and define a map ¥ : ¥ — R” by ¥ = L,¢, where L, is the Lie
derivative with respect to w. If we define M by (4.53), it is an r-oriented 1-ruled associative 3-fold

in R7 with asymptotic cone M.

Proof. We need only consider the case where w is not identically zero since the alternative is trivial.
Then w has only isolated zeros and, since the fact that M is associative is a closed condition on
the nonsingular part of M, it is sufficient to prove that (4.68) holds at any point o € ¥ such that
w(o) # 0. Suppose o is such a point. Then, since w is a holomorphic vector field, there exists an
open set in ¥ containing o on which oriented conformal coordinates (s,t) may be chosen such that
w= % . Hence, ¢ = g—f in a neighbourhood of ¢ and differentiating (4.67) gives:

0? 0 0 0?

it e A
Interchanging the order of the partial derivatives on the left-hand side and noting that the cross
product is alternating, we have that

R Y

ot " osor X s

The result follows from Theorem 4.5.6. O

Having proved a result which enables us to construct 1-ruled associative 3-folds given an as-
sociative cone on a Riemann surface ¥, we consider which choices for ¥ will produce interesting
examples. The only nontrivial vector spaces for holomorphic vector fields on a compact connected
Riemann surface occur for genus zero or one. We therefore focus our attention upon the cases where
we take ¥ to be 8% or T2. The space of holomorphic vector fields on S§? is (real) 6-dimensional, and

on T? it is (real) 2-dimensional. The dimension of these spaces can be computed by knowing the
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degree of the holomorphic tangent bundle of the Riemann surface, which is itself obtained from the
Riemann—Roch Theorem. In the SL case, any SL cone on S has to be an SL 3-plane [18, Theorem
BJ; Bryant [5, §4] shows that this is not true in the associative case and that, in fact, there are many

nontrivial associative cones on S2.

Theorem 4.5.8. Let My be an r-oriented, two-sided, associative cone on a Riemann surface ¥ = S?
(or T?) with associated real analytic map ¢ : ¥ — 8% as in (4.54). There exists a 6-dimensional
(or 2-dimensional) family of distinct r-oriented 1-ruled associative 3-folds with asymptotic cone My,

which are asymptotically conical to My with rate —1 in the sense of Definition 1.2.3.

Proof. If (s,t) are oriented conformal coordinates on 3, we may write holomorphic vector fields on
it in the form:

0 0
w = u(s, t)g + v(s, t)g , (4.69)

where u,v : R? — R satisfy the Cauchy-Riemann equations. For each holomorphic vector field w,

as written in (4.69), define a 3-fold M, by:

My = {r06.0) + s 0 52050 4 (6.0 G 600) 1R (.0 €2

By Proposition 4.5.7, M, is an r-oriented 1-ruled associative 3-fold with asymptotic cone My, and
it is clear that each holomorphic vector field w will give a distinct 3-fold.

We now construct a diffeomorphism ¥ as in Definition 1.2.3 satisfying (1.1) for A = —1. Let
R > 0, w be a holomorphic vector field as in (4.69) and let Br denote the closed ball of radius R in
R7. Define ¥ : My \ Bp — M,, by:

\Il(rd)(s,t)):r(b(s—%,tfg)Jr @(sfgvtfg)jL %(S,E’t79>’

u v

r ds r r ot r r
where |r| > R. Clearly, ¥ is a well-defined map with image in M, \ K for some compact subset K
of M,,. Note that, by choosing R sufficiently large, we can expand the various terms defining ¥ in

powers of ! as follows:

(]5(8— ’u,(‘j:t) t— U(iat)> :¢(S,t) _ @%(S,t) _ M%+O(T72);

o¢ (s _uls) t— U(S’t)> = a—gb(s,t) +O(r7'); and

0s ro r 0s
0 , ) 0 _
X (3— LU ”) = 2(s,0)+ 0(r ).

We deduce that
(@ (ro(s, 1)) = re(s,t)] = O(r™").
The other conditions in (1.1) can be derived similarly. We conclude that M, is asymptotically

conical to My with rate —1. O
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4.5.4 Examples

There are many examples of associative cones over T? given by the SL tori constructed by Haskins
[18], Joyce [24], McIntosh [44] and others. However, by Theorem 4.4.7, applying Theorem 4.5.8 to
them will only produce 1-ruled SL 3-folds and the result reduces to [27, Theorem 6.3]. However, we
also have the associative cones over T2 given by Theorem 4.2.6. This family of cones is determined by
four real parameters, whereas the corresponding SL family, as discussed in [24, §7], is parameterised
by one rational variable. Therefore, these cones are generically not SL and so we get the following

examples of 1-ruled associative 3-folds.

Theorem 4.5.9. Use the notation of Theorem 4.2.4 and suppose that aa = a3 = —1. Let M,
as given in Theorem 4.2.4, be an associative cone over T2, which, by Theorem 4.2.6, occurs for
generic choices of x1(0), z1(0), 22(0) and 23(0). Let u,v : R> — R be functions satisfying the
Cauchy—Riemann equations and let Mo = M U (—M) U {0}. The subset M, , of R® C3 given by
My = { (ra1(8) + (s, ) 21210 = 122D = 25(0)[2), € (r + 2iu(s, 1) = 20(s, a1 (8)) 21 (1),
e ((r —iu(s,t) +v(s, t)w1(t)) 22(t) — iv(s, t)Z321 ),
e ((r —iu(s,t) +v(s, t)a1(t)) 23(t) + 3iv(s,t)%)) trs,t e R}

is an r-oriented 1-ruled associative 3-fold in R” 2 R@® C3. Moreover, M, , is asymptotically conical

to My with rate —1 in the sense of Definition 1.2.5.

Proof. Define ¢ : R?> — R@ C? =2 R7 by
$(s,1) = (21(), e*21(t), €™ 2a(t), e z3(t)).

Since z% + |21]? + |22]2 + |23/ = 1, ¢ maps into S and we can write M in the form (4.54). Define
a holomorphic vector field w using v and v as in (4.69). Applying Proposition 4.5.7 and using
equations (4.21)-(4.24) of Theorem 4.2.4 gives M, , as stated. Since My is a cone over T2, Theorem
4.5.8 gives us the final line. O

Note that, although M and hence M, is U(1)-invariant, M, , will not be in general.
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Chapter 5

Coassociative 4-folds in R’ and

Cayley 4-folds in R®

The focus of this chapter is on constructing examples of coassociative and Cayley 4-folds in R7 and
R respectively. Our examples can be split into two categories. The first set, described in Sections
5.2 and 5.3, comprises 4-folds with symmetries which are constructed using evolution equations. The
second consists of 2-ruled submanifolds and forms the content of Section 5.4. The motivation for

our study comes from [24], [27] and the work in the previous chapter.

5.1 Evolution Equations

To derive evolution equations for coassociative and Cayley 4-folds we need some results related to

real analyticity. The first is an obvious corollary of Theorem 1.1.3.

Theorem 5.1.1. A coassociative 4-fold in R” or a Cayley 4-fold in R® is real analytic wherever it

is nonsingular.

The next two results, [17, Theorem IV.4.3] and [17, Theorem IV.4.6], use real analyticity since their

proofs rely upon the Cartan—Kdhler Theorem, which is only applicable in the real analytic category.

Theorem 5.1.2. Suppose P is a 3-dimensional real analytic submanifold of Im O = R such that
wolp = 0. There locally exists a real analytic coassociative 4-fold N in RT which contains P.

Moreover, N is locally unique.

Notice here that, unlike Theorem 4.1.2 for associative 3-folds in R?, we have to impose an extra

condition on the boundary submanifold P in order to extend it to a coassociative 4-fold in R”.
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Theorem 5.1.3. Suppose P is a 3-dimensional real analytic submanifold of Q = RE. There locally

exists a real analytic Cayley 4-fold N in R® which contains P. Moreover, N is locally unique.
We now formulate our evolution equations, which are analogues of Theorems 3.2.2 and 4.1.3.

Theorem 5.1.4. Let P be a compact, orientable, 3-dimensional, real analytic manifold, x a real
analytic nowhere vanishing section of ASTP and ) : P — R a real analytic embedding (immersion)
such that ¥*(po) =0 on P. There exist € > 0 and a unique family {1, : t € (—¢€,€)} of real analytic
maps V- P — R” with ¥y = ¥ satisfying
d,l/} ¢ aoc €
<dtt> = (wt)*(X) b (*@O)abcd(g())d (51)

using index notation for tensors on R”, where (go)®° is the inverse of the Euclidean metric on R”.

Define ¥ : (—¢,€) x P — R” by U(t,p) = ¢4(p). Then M = Image ¥ is a nonsingular embedded

(immersed) coassociative 4-fold in R”.

Proof. The proof is again almost identical to that of Theorem 3.2.2, so we omit the details. Note
that the condition ¥*(pg)|p = 0 implies that ¢y vanishes on the real analytic 3-fold ¥(P) in R”.
Hence, by Theorem 5.1.2, there locally exists a locally unique coassociative 4-fold NV in R” containing
(P). The use of the Cauchy—Kowalesky Theorem (Theorem 1.1.4) allows us to construct ¢; and
thus M as stated. Since M contains ¥(P), we may show that it agrees locally with N and so is

coassociative. O

Note that if (¢1)«(x) = X Ay A z, the right-hand side of (5.1) is the triple cross product x X y X z
defined by (2.11). Our result for Cayley 4-folds is proved entirely similarly using Theorems 5.1.1
and 5.1.3.

Theorem 5.1.5. Let P be a compact, orientable, 3-dimensional, real analytic manifold, x a real
analytic nowhere vanishing section of ATP and : P — R® a real analytic embedding (immersion,).
There exist € > 0 and a unique family {1; : t € (—e,€)} of real analytic maps vy : P — RS with
o = Y satisfying

(%) = 0000 @heatan) (5.2)

using index notation for tensors on R, where (go)? is the inverse of the Euclidean metric on R®.
Define W : (—e,e) x P — R® by U(t,p) = (p). Then M = Image ¥ is a nonsingular embedded

(immersed) Cayley 4-fold in RE.
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5.2 Coassociative 4-folds with Symmetries
We follow the construction method in §4.2 using symmetries, except we now want a Lie subgroup

of Gy xR with a 3-dimensional orbit O such that ¢ vanishes on O.

5.2.1 U(1)*invariant cones

We first consider coassociative 4-folds invariant both under the action of U(1)? on the C* component

of R” 2 R @ C? and under dilations.

Definition 5.2.1. Let RT denote the group of positive real numbers under multiplication. Define

an action of R* x U(1)? on R” 2 R ¢ C? by:
(1,21, 29, 23) — (Tx1, TP 2y, ret®2zy, re H(91792)45) r >0, ¢1,02 € R. (5.3)
Define smooth maps 9; : Rt x U(1)? — R” by:
Yu(r, €91, €192) = (rzy(t), 7€' 21 (1), re2 2(t), re " #1782) 25(4)), (5.4)

where x1(t), z1(t), 22(t) and z3(t) are smooth functions of ¢.

Using (5.4) we calculate the vectors tangential to the group action given in (5.3):

u= () N 2y 2050 4,0 052 1,2 59 (5.5)

=W\ 5r ) T Mge, T, TR a5 T 0, T 205, TR0 T Bes, '
0 ) 0 _ 0 . 0 _ 0\

VvV = ("/’t)* (%> =1 <2182’1 - Zl@a) —1 <23823 — 23823> N and (5.6)
0 ) 0 _ 0 ) 0 _ 0

W = (wt)* (%> =1 <Z26Z2 - Z2az2> —1 <23823 — ZB@Z;),) . (5.7)

If we set x = ar A 8d> A (% , then (Y1).(x) =uAvAw.
Using (5.5)-(5.7) and equation (2.7) for x¢y we find that

(1)« ()™ (500) abea(90) ™ = (1 x v x W) = *3Im(212223)8ixl
T (1l = [25[2) + i2153%8) = + (Ba(|2f? — |28f?) — iw17%5) o
0z 0z,
+ (22(|23 = |21 %) + i1 Z520) 2, (22(]28* = |21]?) — iw12521) i_
0z 0%
+ (z3(|z1\2 — |z + i717172) 9 + (23(\z1|2 — |z — iT12122) i_
Oz3 0zZ3

Using (5.4) with (5.5)-(5.7) and equation (2.6) for ¢y we see that

(¥1)" (o) - x = —3Re(z12223).

62



Therefore (1¢)* (o) = 0 is equivalent to Re(z12223) = 0.

We also see that s
diby . dxy dZ] dz; 0
at — dt aml Z dt dz; T2 -

We then deduce our result from Theorem 5.1.4.

Theorem 5.2.2. Let 1 : R — R and 21, 22,23 : R — C be differentiable functions satisfying

d
o —3Im(z12223), (5.8)
dt
dz - 2 2 L
o = z1(|z2)” — |z3|%) + iz1 2273, (5.9)
dz 2 2 p—
= zo(|z3]° — |z1|%) + iz1Z321 and (5.10)
ng - 2 2 . 11
o z3(|21]" = [22]°) +iz1 7772, (5.11)
along with the condition
Re(z12223) =0 (5.12)

att =0. The subset M of R@® C3 = R" defined by
M= {(rxl(t), ret1 2 (t), rei®? zy(t), re N1 2y (1)) 1 > 0, ¢y, ot € R}

is a coassociative 4-fold in R7. Moreover, (5.12) holds for all t € R and 2% + |21|? + |22]? + |23/? is

a constant which can be taken to be 1.

Proof. Tt is immediate from (5.8)-(5.11) that 2% + |21]? + |22|*> + |23/ is a constant which can be

chosen to be 1 without loss of generality. We may also calculate

dt(212223) = iz (|22*|23]? + |2s)*|21* + |21 ][ 22)?)

using (5.8)-(5.11) and deduce that Re(z12223) is a constant which has to be zero since (5.12) holds
at ¢ = 0. Theorem 5.1.4 only gives us that solutions to (5.8)-(5.11) exist for ¢ € (—e, €) for some
€ > 0, but it is possible, as in §4.2.2, to show that solutions exist for all ¢ as the functions involved

are all bounded. O

5.2.2 SU(2) symmetry 1

There are three different natural actions of SU(2) on R” in Gy. The first is where SU(2) acts on
R” = R3 @ C? with the standard SU(2) action on C? and trivially on R®. The construction using

this action produces an affine C> C R7 as the coassociative 4-fold. The second has SU(2) acting on
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R” =2 R @ C3 as SO(3) on C? and trivially on R. The construction then produces a complex surface

in R” as the coassociative 4-fold, which we may be written as follows:
{(z1,21,22,23) : Bt =A1 = B}, where A € C and B € R are constants.

The final action on R” =2 R3 @ C2, where the isomorphism R* = C? is given by (x4, s, z6, 27) —
(x4 + iz, w5 + ix7), has an SU(2) action on C? and an action of SO(3) = SU(2)/{£1} on R3.
Harvey and Lawson [17, IV.3] have already studied coassociative 4-folds invariant under this action

by different means.

Definition 5.2.3. Let X € SU(2) and let (21, 72,23, 21, 20) € R®@C? 2 R7 with z; = x4 + iz and

29 = x5 + iz7. There exist a,b € C such that |a|? + |b]?> = 1 and

a b
X:

fwpll

a

We define the action of X on (z1,x2,x3, 21, 22) by:

X1 la|> — [b]>  2Re(ab) —2Im(ab) Z
o | = | —2Re(ab) Re(a? —b%) —Im(a®—b?) Zo
x3 —2Im(ab) Im(a®+b%) Re(a® +b?) x3
21 a b 21

| _
29 —b a zZ9

Denote this action by X - (21, 9, x3, 21, 22).

Define smooth maps 1; : SU(2) — R7 by:

i(X) = X - (21 (2), 2a(t), w3(t), 21(1), 22(1)), (5.13)

where x1(t), z2(t), z3(t) are smooth real-valued functions of ¢ and z;(t) = x4(t) + iws(t), 22(t) =
x5(t) + ix7(t) are smooth complex-valued functions of t.
Calculation shows that we can take the following three matrices as a basis for the Lie algebra of

SU(2) acting on R” in this way:

00 0 0 0 0 O 0 02 0 O0O0 O

00 -2 0 0 0 O 0 00 O OO0 O

02 0 0 0 0 O -2 00 0 00 O
Ur=]100 0 0 1 0 0 [; U= 0 00 O 01 O ; and

00 0 -1 0 0 O 0 00 0 OO0 -1

00 0 0 0 0 1 0 00 -1 0 0 O

00 0 0 0 -1 0 0 00 0 1 0 O
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0 -2 000 0 0
2 0 000 0 0
00 000 0 0
Us=|1 0 0 000 0 -1
00 000 -1 0
00 001 0 0
00 0010 0 0

If we let u; = ()« (U;) for j = 1,2,3, (5.13) and Definition 5.2.3 imply that

u; = —2xzeq + 2xse3 + r5€4 — T4€5 + T7€6 — Tg€7,
Uy = —2x1e3 + 2x3eq + Trgeq4 — T7€5 — T4€6 + Tse7 and
ug = —2x9€e1 + 2x1€e9 — T7€4 — Xg€5 + T5€6 + T4€7,

where e; = %. Hence, if x = Uy A Uy A Us, then (¢:)«(x) = u1 A uz A us. Using the equations
J

above for u; and equation (2.11) for the triple cross product, we calculate:

3 7
UXVXW= 42@(%21 + 22 + 22 + 22)e; +chk(4m% +4x3 + 4o — 22 — 22 — 22 — 22)ey,.
j=1 k=4
(5.14)
We may also note that
7
dipy dz;
— = —e;j. 5.15
ar = (5:15)

Writing 21 = x4 + ixg and z9 = x5 + ix7, we then equate (5.14) and (5.15) to get the following:

d .

% = 4z;(|21)2 + |22)) for j =1,2,3 and (5.16)
d

% =z (422 + 22 + 22) — (|22 + |22]?)) for k=1,2. (5.17)

It is apparent from (5.16) that x; = c;x for some function # : R — R and real constants ¢; for
j =1,2,3. Similarly, from (5.17), z = dyz for some function z : R — C and complex constants dj,
for k = 1,2. By rescaling « and z, we may take ¢ = (c1, ¢2,¢3) and d = (dy,dz2) to be unit vectors.

Hence, (5.16) and (5.17) become:

dx dz
— =4 2 — = z(42? — |z]?). 1
n x|z|* and : z(4x E) (5.18)

If we let r = |z| and use (5.18), we notice that z/r is constant and

dxr drx

dr  4z2 —1r2’
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which is the same differential equation that defines an SU(2)-invariant coassociative 4-fold as given
in [17, Lemma IV.3.7]. The vanishing of ¢ on the SU(2) orbit does not give any extra condition on
2 and r. Moreover, since the argument of z is constant, we may rotate it to equal r using SU(2).

Thus Theorem 5.1.4 provides the following result.

Theorem 5.2.4. For c € R and unit vectors ¢ € R? and d € C?, the subset M. of R® @ C? = R”
defined by

M.={X (zc+rd) : z(42®> —5r*)> =¢, forz €R, r >0 and X € SU(2)},
where the action of SU(2) is given in Definition 5.2.3, is a coassociative 4-fold in R .

We shall return to this example in §7.6.

5.2.3 SU(2) symmetry 2
There is another action of SU(2) on R” which is described in [43, §3].

Definition 5.2.5. Let the Lie algebra of an action of SU(2) on R” be spanned by the following

three matrices:

00 0 0 0 0 O

00 =40 0 0 0

04 0 0 0 0 0
Ur=100 0 0 -2 0 0 [;

00 0 2 0 0 0

00 0 0 0 0 —6

00 0 0 0 6 0

0 0 0 0 -2v6 0 0

0 0 0 —V10 0 V6 0

0 0 0 0 V10 0 -6
U2=| 0 V10 0 0 0 0 0 ; and

2v6 0 V10 0 0 0 0

0 —v6 0 0 0 0 0

0 0 V6 0 0 0 0
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0 0 0 2v6 0 0 0
0 0 0 0 V10 0 -6
0 0 0 -0 0 —v6 0
Us=| -2v6 0 V10 0 0 0 0
0 —V10 0 0 0 0 0
0 0 V60 0 0 0
0 V6 0 0 0 0 0

This corresponds to the induced action of SU(2) on S®C?, the six-fold symmetric product of C2,

from the usual action of SU(2) on C? and then a suitable identification of S°C? with R” @ C.

It is possible to follow the method of our previous subsections and derive ordinary differential
equations defining coassociative 4-folds with this SU(2) symmetry group. However, this calculation
is rather unwieldy and thus omitted.

Mashimo [43, Theorem 4.3] shows that are exactly two types of orbit of this SU(2) action which
are totally real 3-dimensional submanifolds of S°; that is, submanifolds N such that the almost
complex structure on S maps T, N into the normal space v,(N) of N in 8¢ for all p € N. By [43,
Theorem 2.3], such submanifolds of S® correspond to links of coassociative cones. One of the orbits
has constant curvature 1/16 and Dillen et al. [12, p. 580] give an explicit formula for it in terms of
harmonic polynomials of degree 6 on S3. This allows us to write an expression, albeit ugly, for a

coassociative cone in R7.

Theorem 5.2.6. For K > 0 let S"(K) = {(y1,---,ynt1) € R™T S0 = LY and let

¥ RT x 83(1/16) — R be given by ¥(r,y1, Y2, Y3, ya) = (r21, 722, 7T3, 7Ty, TT5, TT6, TT7), Where
21 (Y1, Y2, Y3, ya) = 270V 15(y1ys + yaua) (v1ya — y2u3) (U3 +v5 — v3 — vi),

2a(y1, 2, Y3, ya) = 2712 Zy + >Ry ) — Y 30yt |

1<i<j<4 1<i<j<k<4
23(y1,y2,y3,ya) = 2710 (ysya(ys — v2) (W3 + 43 — 5y7 — 595) + vav2 (¥7 — v3) (U7 + v5 — 5y3 — 543))
2a(y1,y2, Y3, ya) = 27 (yaya(ya + 3y3 — v — 3u1) + 1ys(y3 + 3ya — yi — 3y
+2(y1ys — y2ua) (U3 (45 + 4u3) — 13 (V3 + 493))),
x5(y1,y2,y3,y4) = 584(2127 *yl,y37y4),
26(y1,y2, Y3, ya) = 27 V6 (yrys(yi + 5ys — ys — 5y4) — vava(ys + 5yi — v — 5y3)
+ 10(y1ys — y2ua) (Y3ys — y3y3)) and

!E7(y1,y2ay3,y4) = 966(1/27 _y15y37y4)-
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Then M = ¢(R* x 83(1/16)) is a coassociative cone in R”.

Note that the choice of scaling in Theorem 5.2.6 ensures that ({1} x §3(1/16)) C S¢(1).

5.3 Cayley 4-folds with Symmetries

We continue to follow our now familiar construction method, using Lie subgroups of Spin(7) x R®

with a 3-dimensional orbit.

5.3.1 U(1)*invariant cones

Definition 5.3.1. Let G C U(1)* be defined by:

G = {(e,e"*2,€"* ") 1 a1, 02,03, 04 € R satisfying

a1 +as +as3+as =0 and ajaq + asas + azas + agoy = 0}

for coprime integers a1, as,as,as with a1 + as +asz + a4 = 0 and a1 < as < ag < ay4. This acts on

C* = R?® in the obvious way as a U(1)? subgroup of U(1)%.
We consider G-invariant Cayley cones. Thus define embeddings v, : RT x G — C* = R® by:
Uy (r, (e, etz ema,em“)) = (re"z1(t), re"*2 2y (t), re' ™ 23(t), re’* 24(t)), (5.19)

where 21(t), 22(t), z3(t) and z4(t) are smooth functions of ¢.

We take our nowhere vanishing 3-vector x to be:

r 0 -
X = E/\ Z (—1)]+k_1(aj —ak)al/\...Aaj,l/\aﬂl/\.../\8;0,1/\8“1/\84, (520)

2 ;
1<j<k<4

where 0; = % . Using the formula (5.19) for ¢; we find that

9 ~( 9 _ 9 9.0 .
('(/)t)* (7"87’) = Zl (Zjazj + Zjafj) and (wt)*(aj) = szaizj — @Z]aizj for J = 1,2,3,4.

i=
We may then use these equations to calculate (1)¢).(x) from (5.20). Using equation (2.12) for & we

can calculate the right-hand side of (5.2) and the left-hand side can be written as:

Ay~ (dz; @ dz D
dt_z<dtazj+dtazj '

j=1

Equating both sides of (5.2) and implementing Theorem 5.1.5 gives the following.
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Theorem 5.3.2. Use the notation of Definition 5.5.1. Let z; : R — C for j =1,2,3,4 be differen-

tiable functions satisfying

dz 1

ditl = Q17223724 + 3 zl((a4 —a3)|z|? + (az — ay)|23)* + (a3 — a2)|24\2), (5.21)
dz L 2 2 2

E = (9232421 + 5 22(((14 - a1)|23\ + (a1 — ag)‘24| + (a3 - a4)|2’1‘ ), (5.22)
ng o . 1 2 2 2 d 2
T a37Ziz1%22 + 5 23((a2 —a1)|z4]* + (ag — a2)|z1|* + (a1 — a4)|22] ) an (5.23)
dZ4 o - 1 9 9 9 4
- —a4z1zzz;>,+§z4((a2 — ag)|z1]® + (a3 — a1)|2z2]* + (a1 — a2)|z3]?). (5.24)

The subset M of C*=2R8 given by
M = {(re"™ z1(t),re" 2 25(t), re"** z3(t), e’ 24(t)) = 7> 0, (€', €'*2, ', e*) € G, t € R}

is a Cayley 4-fold in R®. Moreover, |21|? + |z2|* + |23|% + |24]? is a constant which can be taken to

be 1 and Im(z1222324) = A for some real constant A.

Proof. Theorem 5.1.5 only gives existence of solutions of ¢ € (—¢, €) for some ¢ > 0. However, as in
§4.2.2, we can prove we have solutions that exist for all t € R using the boundedness of the functions
involved. Tt is clear from (5.21)-(5.24) that |z1|* + ...+ |z4|? is a constant and that we can take this

constant to be 1 without loss of generality. Furthermore,

d
— (z1222324) = (11|2223Z4|2 + 612\2’32’42’1|2 + 03|Z42122|2 + a4|z12223 2,

dt

which is purely real. Therefore Im(z1222324) = A is constant. O

5.3.2 SU(2) symmetry 1

We consider three different natural actions of SU(2) on C* = R® in Spin(7). The first is where
SU(2) acts on C* =2 C? @ C? in the usual manner upon one C? and trivially upon the other. The
construction using this action gives an affine C? C C* as the Cayley 4-fold. The second is where
SU(2) acts on C* =2 C? @ C as SO(3) on C? and trivially on C. The construction then produces a

complex surface in C* as the Cayley 4-fold, which may be written as follows:
{(zl, 29,23,24) i Zh FaE b E = A, 24 = B} , where A, B € C are constants.
We therefore turn our attention to the diagonal action of SU(2).

Definition 5.3.3. Let



where a,b € C such that |a|? + [b]? = 1. Then X acts on (z1, 22, 23, 24) € C* = R® as:
X (21,22, 23, 24) = (az1 + bzo, —bzy + G20, az3 + bzy, —bzs + G24).
Define smooth maps 9; : SU(2) — C* =2 R8 by:
Pi(X) = X - (21(t), 22(1), z3(1), 24(1)),

where 21 (t), z2(t), z3(t) and z4(t) are smooth functions of ¢.
Calculation shows that we may take the following three complex matrices as a basis for the Lie

algebra of SU(2) acting in this way:

i 0 0 0 0O 1 0 O 0z 0 O

0 — 0 O -1 0 0 O 0 0 O
Ur = ; Uy = ; and Uz =

0 0 ¢ O 0O 0 0 1 0 0 0 ¢

0 0 0 —2 0O 0 -1 0 00 ¢ O

If we let u; = (¢4)«(U;) for j =1,2,3,

A R R A N N N e )
VUM Moz TPz Tozm | 0z 0z t0m 0m))
0,0 o o o o o a8
t2 =22 02 = 071 A1 029 A1 07o = 0z3 = 073 3 024 & 0Z4 an
AT R ST R T R N R )
3 2 021 2 0z, ! 029 ! 07s 4 0z3 4 073 3 0z4 3 0z4

Thus, if we take x = U1 A Uz A Us, (¢1)+«(x) = w1 A uz A ug. Using the equations above for u; and
the formula (2.12) for ®(, we may calculate the right-hand side of (5.2), which is u; x up X ug as

defined by (2.14). Moreover,
Ay ~dz; O —dz; O
ovt _ 8e5 Y 8e5 Y
ar 2 D D e
Equating both sides of (5.2) and using Theorem 5.1.5 gives the following result.

Theorem 5.3.4. Let z1(t), 22(t), 23(t), 24(t) be smooth complez-valued functions of t satisfying

le

P! (J212 + |22|® + |23]> — |24]?) + 2(2124 — 2223 + 2223) 24, (5.25)
dzp 2 2 2 2 — -

E = Z9 (|Z4‘ + ‘Zl| + |ZQ| — |Z3| ) — 2(2’12’4 — 2923 — 2’124)2’3, (526)
dz _

ditg = 23 (|23‘2 + ‘Z4|2 =+ |Zl|2 — |22|2) — 2(2124 — 2223 — 2124)22 and (527)
dzg _ 2 2 2 2 — -

o (Jz2]® + |23]* + |24]® — |21]?) + 2(2124 — 2223 + 2223) 71 (5.28)
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for all t € (—e,€), for some € > 0. The subset M of C*=R® defined by
M = {X - (21(8), 25(8), 25(8), 24(8)) : £ € (—e,6), X € SU@)},
where the action of SU(2) on C* is given in Definition 5.5.3, is a Cayley 4-fold in R®.

We are able to give an explicit description of the Cayley 4-folds constructed in Theorem 5.3.4.

Let u(t) be a real-valued function satisfying

du
o = 2ull= P+ [zl + [zl 4 [za])- (5.29)

We observe, using (5.25)-(5.28), that the following quadratics satisfy (5.29):

21 = |z2|* + |23]* — [2a)%; 2122 + 23743

Re(z124 — 2223); and 2123 + 2074
Hence, each of these quadratics is a constant multiple of u. The first two correspond to the moment
maps of the SU(2) action and the latter two are SU(2)-invariant. The first two quadratics are not
SU(2)-invariant, but

Q(21, 22,23, 21) = (|21 = [22]? + |23]° — |2a|*)® + 4|21 22 + 237a]?

= (|Zl|2 + |22‘2)2 + (|2’3|2 + |Z4|2)2 + 2‘2’123 + 2224‘2 - 2|le4 - 2223|2 (530)

is SU(2)-invariant and is a constant multiple of u2.

Using (5.25)-(5.28) we calculate:

% Im(z1Z4 — 2’22’3) = —21m(z124 — 2223)(|2’1|2 + |22|2 + |2§3‘2 + ‘Z4|2).

Therefore, by (5.29), Im(z124 — 2223) is a constant multiple of u~! and it is an SU(2)-invariant

quadratic. We then state our result, which is immediate from our discussion above.

Theorem 5.3.5. Let A, B, C and D be real constants. Let M C C* = R® be defined by:
M ={X - (21,22,23,21) : X € SU(2)},

where the action of X € SU(2) on C* is given in Definition 5.3.3 and 21, z2, 23, 24 satisfy:

Q(z1, 22, 23, 24) (Im(z124 — 2223))2 =4 (5.31)
Re(z124 — z223) Im(z124 — 2223) = B; (5.32)
Re(z12Z3 + 2224) Im(z124 — 2223) = C; and (5.33)
Im(z123 + 2924) Im(2124 — 2023) = D, (5.34)

where Q(21, 22, 23, 24) is given by (5.30). Then M is a Cayley 4-fold in RS.
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The set of conditions (5.31)-(5.34) on the complex functions z1, 29, 23, 24 consists of setting one real
octic and three real quartics to be constant, which defines a 4-dimensional subset of C*. Hence,

Theorem 5.3.5 completely describes the SU(2)-invariant Cayley 4-folds given by Theorem 5.3.4.
5.3.3 SU(2) symmetry 2

We now consider another action of SU(2) on C*, which is also studied by Marshall [41, §3.4].

Definition 5.3.6. The usual action of SU(2) on C? induces an action on S3C2. We then identify
S$3C? with C* in an appropriate way so as to define a subgroup G of SU(4) that is isomorphic to

SU(2). Write the action of X € G on (z1, 22, 23, 24) € C* 2 R® as X - (21, 29, 23, 24).

Define smooth maps 1, : G — C* =2 R® by:

r(X) = X - (21(8), 2(1), 23(t), za (1)),

where 21 (t), 22(t), 23(t) and z4(¢) are smooth functions of .
Marshall [41, §3.4] shows that we may take the following three matrices as a basis for the Lie

algebra of G:

3% 0 0 0 0 V3 0 0 0 V3 0 0

0 i 0 0 -3 0 2 0 V3 0 2 0
U1: ;UQ— ;andUg,:

00 —i 0 0 -2 0 V3 0 2 0 3

0 0 0 =3 0 0 —vV3 0 0 0 V3 0
If u] - (wt) ( ) fOI‘ .7 - 152,3

u; =1 3z 9 — 3z 4 + 2 4 Ei—zi—&-éi—iﬁzi—i—&éi

te 1621 Y92, " P02z P0za P02 | 0z 402 407, )

d

\[22 +\[22 (—\/§Z1 +223) 0

82 ( \[214—22’3)

0%

+ (=229 4+ V3z4) =— 0

% + (- 222+\f24)—f\f23 f\f@,— and
23

, 0 _ 0 _ .0
us = 'L<\/§Zgazl — \/5228721 =+ (\/521 =+ 22’3)8722 — (\/521 =+ 223)877

z2

0 0 0 0
+ (22’2 + \/§Z4)87 — (222 + \/§24)6723 + \/323872:4 — \/§Z3az4> .

23
Therefore, if we set x = Uy A Uz A Us, (¢1)«(x) = u1 A ug A uz. Using the formulae above we may
calculate u; X ug X ug as given in (2.14). Equating both sides of (5.2) and applying Theorem 5.1.5

as in previous subsections gives our result.
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Theorem 5.3.7. Let z1(t), 22(t), z3(t), z4(t) be smooth complex-valued functions satisfying

% = 521(9\21|2 +9]22]% — 3|23)% — 9|24]?) + 2\/523(2% + 223%) + 32023724
+ 18z4(z121 — Z223), (5.35)
dzz 1 2 2 2 2 - - -
% =3 20(9]21 )% + |22 + 7|23]® — 3|24]?) + 2V/3823(221 22 + 23Z4) + 3212324
+ 12%,(V37271 — 272) — 18%3(%121 — 7223), (5.36)
dzzg 1 2 2 2 2 - - =
= =3 23(9]24)? + |23]% 4 7| 22? — 3|21)?) + 2V/320(224%3 + 2271) + 3245221
+1223(V373721 — 2737) — 18%:(Z171 — Z223) and (5.37)
et a0l + 9125l — 3lzal? — 91al?) + 2VEa (25 + 220) + B2z

+ 1821 (2’124 — 2’223) (538)
for all t € (—e,€), for some € > 0. The subset M of C*=R® defined by
M ={X - (21(t), 22(t), 23(t), z4(t)) : t € (—¢,€), X € SU(2)},

where the action of SU(2) is described in Definition 5.3.6, is a Cayley 4-fold in RS. Moreover, there

is a real constant A such that

. 9 3
Im (2\/§(zlz§’ + 2324) — 921202324 + 52%22 - 2232%) = A. (5.39)

Proof. We need only derive (5.39). Using (5.35)-(5.38), we have that

d 9 3
— [ 2V3(2128 4 2324) — 921202324 + = 2222 — Z2222
dt 2 2
is purely real. Thus the left-hand side of (5.39) is a real constant as claimed. O

5.3.4 Some U(1l)-invariant examples

We finish this section with a description of a distinguished class of U(1)-invariant Cayley 4-folds.

These are in fact 2-ruled in the sense of §5.4.

Definition 5.3.8. Let aq,as,a3,a4 € Z be coprime such that a1 + as + ag + a4 = 0. Define 4 x 4

complex matrices X and Y(s), for s € R, by:

tap 0O 0 0 elars 0 0 0

0 a2 O 0 efees 0 0
X = and Y(s) = .

0 0 a3 O 0 0 e'ass 0

0 0 0 iag 0 0 0  elass
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Multiplication by Y (s) on C* corresponds to a U(1) action. Note that Xv is orthogonal to v for

any v € C*.
Define smooth maps 1; : R? — C* = R® by:
d)t(s, )\1, )\2) = Y(s)()\lvl (t) + )\QVQ(t) + W(t)),

where v, vy, w : R — C* are smooth functions.

If we take x = % A 8%1 A 8%2 , (5.2) becomes:

dv dv dw
Alditl +>\2d7t2 + i =vy X vy X (M XV + AXvy + Xw)

for all A1, A2 € R, where the triple cross product is defined by (2.14). Applying Theorem 5.1.5 gives

the result below.

Theorem 5.3.9. Use the notation of Definition 5.3.8. Let vi,vo,w : R — C* be smooth maps,

such that v1(0),v2(0) are orthogonal unit vectors, satisfying

d d d
%:levale, %:le"QXXVQ and d—‘::vl X Vg X Xw, (5.40)

fort € (—e,€), for some € > 0, where the triple cross product is defined by (2.14). The subset M of
C* =2 R® given by

M = {Y(s)()\lvl(t) + )\QVQ(t) + W(t)) : )\1, A9, S € R,t S (—67 6)}
is a Cayley 4-fold. Moreover, v1(t) and vo(t) are orthogonal unit vectors for all t € (—e, ).

Proof. Theorem 5.1.5 gives existence of the solutions for ¢ € (—¢, ) for some € > 0. Recall that the

triple cross product is orthogonal to each of the vectors in the product by Proposition 2.4.2.

v DY 2= gy (ve, B2
g0 1’dt =U=4o Q’dt'

Thus |vi|? and |v3|? are constant and hence equal to 1 since v;(0) and vo(0) are unit vectors.

Clearly, from (5.40),

Furthermore,

ﬁgo(vhvz) = go(v1i X va X Xv1,V2) + go(v1,v1 X Va2 X Xvq) =0,

which implies that go(vi,ve) is constant, hence zero by the initial conditions as claimed. This

completes the proof. O
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5.4 2-Ruled Calibrated 4-folds in R” and R®

Our study now turns to 2-ruled 4-dimensional submanifolds of R™, which are analogous to 1-ruled
3-folds as given in Definition 4.5.1. We focus on providing constructions for Cayley examples, from
which we derive methods for producing special Lagrangian and coassociative 2-ruled 4-folds.

We begin with the basic definitions.

Definition 5.4.1. Let M be a 4-dimensional submanifold of R™. A 2-ruling of M is a pair (3, ),
where ¥ is a 2-dimensional manifold and 7 : M — ¥ is a smooth map, such that 7=1(o) is an affine
2-plane in R” for all 0 € ¥. The triple (M, X, ) is a 2-ruled 4-fold in R™.

An r-framing for a 2-ruling (X, 7) of M is a choice of oriented orthonormal basis, or frame, for
the linear 2-plane associated to m~*(o) given by the 2-ruling, for each o € %, which varies smoothly
with 0. Then (M, X, ) with an r-framing is called r-framed.

Let (M, %, m) be an r-framed 2-ruled 4-fold in R™. For each o € X, define (¢1(0), ¢2(0)) to be the
oriented orthonormal basis for 7~!(o) given by the r-framing. Then ¢1,¢s : ¥ — 8™~ are smooth
maps. Define 1 : ¥ — R™ such that, for all ¢ € ¥, 9(0) is the unique vector in 7~!(o) orthogonal

to ¢1(0) and ¢a2(0). Then ¢ is a smooth map and
M = {7’1(,251(0’) + 7’2(}52(0’) + 1/}(0') L0 € Z, r1,T9 € R} (541)

Define the asymptotic cone My of a 2-ruled 4-fold M as the set of points in planes II including

the origin such that II is parallel to 7~!(o) for some o € . If M is r-framed,
Mo = {r1¢1(0) + 12¢2(0) : 0 € 5, 11,72 € R} (5.42)

and is usually a 4-dimensional cone; that is, whenever the map ¢ : ¥ x S' — S™~! given by

t(o,€?) = cos O ¢1(c) + sin 6 ¢o(c) is an immersion.

In [19] Tonel et al. derive a method for constructing coassociative 4-folds in R” and Cayley 4-
folds in R8. Their technique produces examples which are 2-ruled. However, the Cayley 4-folds they
produce are only either R x L for some associative 3-fold L or lie in R” and hence are coassociative.

Explicit examples obtained from this construction are given in [19, §4].

Let (M, 3, ) be a 2-ruled 4-fold in R™. Let
P={(v,0) € S" ! x ¥ : v is a unit vector parallel to 7~ (o), o € £}

and let mp : P — ¥ be given by 7p(v,0) = 0. Clearly, 7p : P — ¥ is an S! bundle over .
Note that (M, 3, 7) admits an r-framing if and only if this bundle is trivializable. Therefore, if M

is orientable and ¥ is non-orientable, e.g. ¥ = K where K is the Klein bottle, a 2-ruling (X, ) of
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M cannot be r-framed. Moreover, if M is r-framed then M is not necessarily 4-dimensional. For
example, if we take X = R? and define ¢1, ¢ and ¥ by ¢1(z,y) = (1,0,0,0), ¢2(z,y) = (0,1,0,0)
and ¥(z,y) = (0,0,2,y) for x,y € R, then M, as defined by (5.41), is an r-framed 2-ruled 4-fold
since M = R*, but My = R?. We also note that any r-framed 2-ruled 4-fold is defined by three maps
o1, @2 and ¢ as in (5.41). We may thus construct 2-ruled calibrated 4-folds by formulating partial
differential equations for ¢1, ¢o and .

In an analogous manner to the 1-ruled case, one may show that an r-framed 2-ruled 4-fold is

asymptotically conical with rate 0 to its asymptotic cone if ¥ is compact.

5.4.1 The partial differential equations

We wish to construct 2-ruled calibrated 4-folds in R” and R® by solving partial differential equations
for maps ¢1, ¢2,1. By Propositions 2.4.7 and 3.1.4, it is sufficient to consider the Cayley case.

Let ¥ be a 2-dimensional, connected, real analytic manifold, let ¢, ¢y : ¥ — S” be orthogonal
real analytic maps such that ¢ : ¥ x S' — S7 defined by i(c,€?) = cos ¢, () + sinf¢ (o) is an
immersion and let 1 : ¥ — R® be a real analytic map. Clearly, R? x ¥ is an r-framed 2-ruled 4-fold
with 2-ruling (3, 7), where 7(r1,r2,0) = 0. Let M be defined by (5.41). Then M is the image of the
map ¢y : R?2 x ¥ — R8 given by 1/(71,72,0) = r1¢01(0) + roga(c) + (o). Since ¢ is an immersion,
tpr is an immersion almost everywhere. Thus M is an r-framed 2-ruled 4-fold in R®, possibly with
singularities.

Suppose M is Cayley and p € M. There exist (ry,72) € R? and o € ¥ such that p = ri¢; (o) +

ro¢2(0) + (o). Choose oriented coordinates (s,¢) near o in ¥. Then T,M = (x,y,z, W)g, where

(J)+%(U) and w = r1%(0)+rz%(o)+%(a)'

x=01(0), ¥ =0a(0), 7= (o)t

Os
> s
The tangent space T, M is a Cayley 4-plane. By Proposition 2.4.4 this is true if and only if Im(x x
y xzx w) = 0, identifying R® with Q. This implies that a quadratic in 71 and r, must vanish for all
(r1,7m2) € R2, so each coefficient in the quadratic is zero. Therefore, the following set of equations

must hold in X:

Im <¢1 X g X % X 8;;1) =0; (5.43)
Im (¢1 X (g X % X 8;;2) =0; (5.44)
Im<¢1><¢2><a;;1X%?)JrIm(gblxngx%fxa;;l)—O; (5.45)
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0
(qSl X ¢hg X a—w X (;f) = 0; (5.46)
(gzﬁl X gy X isl 815) + Im (qbl X g X —f X 8;;) = 0; and (5.47)
<¢1x¢2x%?x%qf> <¢1x¢2x81§x6§?):0. (5.48)

If we do not suppose M to be Cayley but instead insist that (5.43)-(5.48) hold in ¥ then,
following the argument above, each tangent space to M must be Cayley and hence M is a Cayley
4-fold. Noting that (5.43)-(5.45) are precisely the conditions for the asymptotic cone My of M to

be Cayley, we deduce the following result.

Proposition 5.4.2. The asymptotic cone of an r-framed 2-ruled Cayley 4-fold in R® is Cayley

provided it is 4-dimensional.

It is apparent, from consideration of Proposition 2.4.7, that +(X x S') C &7 is the link of a Cayley

cone if and only if it is an associative 3-fold in S7.

Clearly, My is the image of the map 1o : R? x ¥ — R3 given by 1o(r1,7r2,0) = r1¢1(0) +rada (o).
Since we suppose that ¢ is an immersion, ¢ is an immersion except at (r1,72) = (0,0), so My is
nonsingular except at 0 and thus is a cone.

Note that ®¢ is a nowhere vanishing 4-form on M, that defines its orientation, since My is Cayley.

Hence, if (s,t) are local coordinates on ¥, we can define them to be oriented by imposing

o1 5¢2 01 0
<¢17¢2,T18+ ro—/— D5 E—F 20— ot ) >0 (5.49)
for all (r1,7m2) € R?\ {(0,0)}. It follows that
Opr O Opa 02
(¢1a¢27 s ) Ot ) >0 and (I)O (¢17¢27 s ) ot ) > 0. (550)

Consequently, {1, ¢, 8;; ,%} is a linearly independent set for j = 1,2. Moreover, (5.49) is

equivalent to the condition that ¢ is an immersion.

We now construct a metric on ¥, under suitable conditions, using ¢, ¢2 and the metric on RS,
For a function f : ¥ — RS, we define f+ : ¥ — R® by choosing f*(c) to be the component of
f(o) that lies in the orthogonal complement of (¢1(0), ¢p2(0))r. Since the fourfold cross product is
alternating, (5.43)-(5.45) hold if and only if

1 1
m<¢1 X g X <cos€ o1 sn@% ) X (cosﬂ ;;1 +sin0% )) =0 (5.51)

for all # € R. Let 0 € . From Proposition 2.4.4 and (5.49) we see that, for each 6 € R, the four

terms in (5.51), evaluated at o, form a basis for a Cayley 4-plane IIy. By Corollary 2.4.5, we may
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also take

¢1 D1~

), cos Oy X ¢ X —( ) + sinf¢py X ¢ X ﬂ (a))

1
<¢1<a>,¢2< ), 002 (o) + 5in0 22 (o

as a basis for IIy. Therefore,

i
COSG% (o) +sind ¢2( )= Ay (cos@él( )+s naﬂ( )>

1
+B9 <COSH¢1 X ¢2 X 88%( )+SIH9¢1 X (,252 X %( )) (552)

for constants Ay, By depending on 6. We set 6 = 0, § in (5.52) and substitute back in the expressions

found for the ¢ derivatives to obtain:

cos 6 ((Ao - Ag)a;)l (o) + (Bo — Bg)o1 x 9o X %( )) =
€
sin 0 ((Ag _ A%)aa‘f (0) + (By — Bz )é1 x 62 ﬂ( )) . (5.53)

To proceed in defining a metric on ¥ we impose a condition on the dimension of

VU:<8§<0> %92 (.1 ¢ 62 ¢ 221 (), 01 o x 22 o >>
R

Let W, = (¢1(0), ¢2(0))zg C R® and define J, : W, — W, by J,(v) = ¢1(0) x ¢2(0) x v. It is
clear, through calculation in coordinates, that Jg = —1 on W,. Note that V, C W, is closed under
the action of J,, which can thus be considered as a form of complex structure on V. Hence, V, is
even-dimensional. Since the case dim V,, = 0 is excluded by (5.50), dimV,, = 2 or 4. Recall that ¥
is real analytic and connected. Therefore {c € ¥ : dimV, = 2} is a closed real analytic subset of ¥
and consequently either coincides with X or is of zero measure in 3.

Suppose that dim V, = 4. The four vectors in (5.53) are then linearly independent and hence
(Ao — Ap)cosd = (Bo — Bg) cost) = (Az — Ag)sint = (Bz — Bp)sind =0

for all §. This clearly forces Ay and By to be constant and equal to A and B, say, respectively.

Define a metric gs; pointwise on X, up to scale, by the following equations:

o 9\ ) 0 0N _ g2, py, (0 O
(e ) =0 (g ) o ox(og) =0 s ) - oo

Using (5.52) and the fact that J2 = —1 on V,

L
1% 62 % 2 () 25 0)
=K 5

O
$1 X P2 X (bj() %(U)
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for j = 1,2, where K is the 2 x 2 matrix given by:

I 1 —A 1

B\ —42+B2) 4
If we change coordinates (s,t) to (5,%) with Jacobian matrix L, K transforms to K = LKL™!.
Calculation shows that the corresponding A and B defining K satisfy (5.54) for the coordinates
(3,t). Thus, gs. is a well-defined metric, up to scale, covariant under transformation of coordinates.
Having defined the metric gs; we can consider ¥ as a Riemannian 2-fold, which has a natural
orientation derived from the orientation on M and on the 2-planes (¢1(0), ¢2(0))r. Therefore it
has a natural complez structure which we denote as J. If we choose a local holomorphic coordinate
u = s + it on X, the corresponding real coordinates must satisfy % =J %. We say that local real

coordinates (s,t) on X satisfying this condition are oriented conformal coordinates as in §4.5.1. This

forces A =0 and B =1 in the notation of (5.54), since B > 0 by (5.50).

We now state and prove a theorem in this case.
Theorem 5.4.3. Let ¥ be a connected real analytic 2-fold, let ¢1,¢2 : & — S7 be orthogonal real
analytic maps such that 1 : ¥ xS' — 87 defined by 1(0, ) = cos 0¢, (o) +sinO¢ps (o) is an immersion,
and let v : ¥ — R® be a real analytic map. Define M by (5.41) and suppose that diim V, = 4 almost

everywhere in X.. Then M is Cayley if and only if

0 0
R ELE L (55)
0 0
ALY ey (5:50)

for some function f : 3 — R, and v satisfies

aaif = ¢1 X ¢2 X % + 9101 + ga2 (5.57)

for some functions g1,g2 : ¥ — R, where the triple cross product is defined in (2.14) and (s,t) are

oriented conformal coordinates on ¥. Moreover, sufficiency holds irrespective of dim V.

Proof. Recalling that (5.43)-(5.48) correspond to the condition that M is Cayley, we show that
(5.43)-(5.45) are equivalent to (5.55)-(5.56), and that (5.46)-(5.48) are equivalent to (5.57).

Let o € ¥. Since ¢; maps to S” it is clear that ¢;(o) is orthogonal to %(0) and %(U). By
(5.52) and the work above, there exist a1, aq, a3 € R such that

%(0) = a1¢1 X g2 X %(U)‘Faz(ﬁz(g)‘FGB%(a)' (5.58)

We then calculate:

017\ D1
% (;1 (), 2 <o>) - a
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The left-hand side is zero by (5.54) since (s, ) are oriented conformal coordinates, and hence az = 0.

Moreover, following a straightforward calculation,

2

o1 x 6 x 22)]

2 |01
25 @)

=a _a1

2
L
Opy 0‘ 2

and thus a? = 1 by (5.54). Taking the inner product of (5.58) with the triple cross product gives:

o056 x B340 0= (221,00 x 02 2210)) = 0 (n00), 00, 202, 201

using equation (2.13). Therefore a; > 0 by equation (5.50). Hence a; = 1 and (5.55) holds
at o with f(o) = as. If (5.55) holds at o then, by Corollary 2.4.5, the 4-plane spanned by
{$1(0), d2(0), G2 (0), %t (o)} is Cayley.

Similarly, we deduce that (5.44) holding at o is equivalent to

8¢2_¢1X¢2X%+JC¢1

at o, for some function f’: ¥ — R. However,

%90(@51,@52) = 90(85?,%) +90<¢176@2) =0

ot
and so f' = —f.
Let (e1,...,es) be the standard orthonormal basis of R®, identified with O such that e; corre-
sponds to 1 and (es,...,eg) corresponds to the basis of Im @ described in §2.1.1. It follows from

[17, Theorem IV.1.38] that Spin(7) acts transitively upon oriented orthonormal bases of Cayley 4-
planes. Hence, we can transform coordinates on R® using Spin(7) such that a Cayley 4-plane has
basis (e1, e, €3, e4). Moreover, any orthonormal pair can be mapped to (e, ez).

By the remarks above, transform coordinates on R® using Spin(7) such that

0
%(U) = b181 + ...+ bgeg and 512( ) = b’lel + ...+ bseg

p1(0) =e1, ¢2(0) = e,
for some real constants b; and b}. If (5.55) and (5.56) hold, we may calculate %(a) and %(o—). A
straightforward calculation in coordinates then shows that (5.43)-(5.45) hold at o. Since the triple
cross product is invariant under Spin(7) by Definition 2.1.10, we conclude that (5.43)-(5.45) are
equivalent to (5.55) and (5.56).

Suppose now that (5.46)-(5.48) hold at o € 3. Using Spin(7), transform coordinates such that

0
1(0) = ey, ¢2(c) = ez and %(a) =bie; + ...+ bsey,
where by, ..., by are real constants, which we are free to do by (5.43). In these coordinates write
0 0
%(J):Clelﬂ-...ﬂ-Cgeg and %(U):dlel+...+dseg.
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Calculating %(O’) using (5.55), we then evaluate the terms in (5.47) as follows:

—by —b ds + ¢ b b d7 +c¢
v T =0 and o TR =0 (559
7b3 b4 d6 — Cs bg 7b4 dg — C7

The values of the fourfold cross product required may be found in Proposition 2.4.6. The determinant

of the matrices in (5.59) is —b% — b3 # 0, since 88¢>81 (0) ¢ (¢1(0), p2(0))r. Therefore

d5 = —Cg, d6 = Cs, d7 = —Cg and dg = C7. (560)

We may also evaluate (5.46):

csds + cgdr — crdg — cgds = 0 csdy — cgds — crds + cgdg = 0 (561)
—c3dg + crdy — cudy + cgds = 0; —c3dy 4 c4dg — cgdy + c7d3z = 0; (5.62)
ng(; + C4d5 — C5d4 - CGdg = 0; and 03d5 - C4d6 - C5d3 + 66d4 =0. (563)

Again, calculation of the fourfold cross product may be found in Proposition 2.4.6. Substituting in

(5.60), (5.61) are satisfied trivially and (5.62)-(5.63) become:

c c ds +c —cg —C ds +c
= T ) 20 and ¢ T 200 (5.64)

Cy —Cg d4 — C3 —Cx Cg d4 — C3

We deduce that the determinants of the matrices in (5.64) are zero, or the vector appearing in both

equations is zero. Therefore,
(1) d3 = —C4 and d4 = C3

or
(11) C5=C6=C7268:O.

Condition (i) implies that (5.57) holds at o with ¢g1(0) = di and g2(0) = da, by the definition of

the triple cross product and its invariance under Spin(7). Condition (ii) corresponds to

9 W 0¢;

00;
e (0).570) < (). 0m0). G10). G0 ) (5.65)

ot
holding for j = 1. Thus, (5.46) and (5.47) are equivalent to (5.57) or (5.65) for j = 1 holding at o.
We similarly deduce that (5.46) and (5.48) are equivalent to (5.57) or (5.65) for j = 2.

We conclude that (5.43)-(5.48) are equivalent to (5.55), (5.56) and condition (5.57) or (5.65) for
7 =1,2 at each point 0 € X. Recall that ¥ is connected and ¢4, ¢2,% and ¥ are real analytic. Note
that 1 = {o € ¥ : dimV,, = 4} is an open subset of 3 whose complement is measure zero in ¥ by

hypothesis.
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Let o € 37 and suppose that (5.65) holds for j = 1,2 at 0. Then there exist real constants Cjy,
for j=1,2 and 1 < k <4, such that

%
Os

1 1
(0) = le(bl((f) + Cquf)z(ﬂ) + Cj3% (0) + Cj4% (U)

Clearly, Cy;, = Cyy, for k = 1,2 by the definition of g+ for a function g. Since dim V,, = 4 ensures the
linear independence of the partial derivatives of ¢y and ¢o, Cjr = 0 for j = 1,2 and k = 3,4. Hence,
%—f(a) and, similarly, %—f(a) lie in (¢1(0), p2(0))r for almost all o € X. Thus ¢ satisfies (5.57).
Consequently, (5.57) holds in 3. Moreover, X3 = {0 € ¥ : (5.57) holds at ¢} is a closed real
analytic subset of ¥ and so must either coincide with 3 or be of zero measure in X. Since 31 C X,

Y5 cannot be measure zero and so must equal X. This completes the proof. O

Note that (5.57) is a linear condition on 1 given ¢; and ¢, and that (5.55) and (5.56) are
equivalent to the fact that the asymptotic cone My of M is Cayley. Therefore, if we are given an
r-framed 2-ruled Cayley cone My defined by ¢; and ¢, any solution ¢ of (5.57), together with ¢;
and ¢, defines an r-framed 2-ruled Cayley 4-fold with asymptotic cone My. Moreover, (5.57) is
unchanged if ¢, and ¢2 are fixed and satisfy (5.55) and (5.56), but 1 is replaced by ¥ + G1¢1 + G2¢2
for real analytic maps g; and go. We can thus locally transform 1), if we relax the condition that ¢

is orthogonal to ¢; and ¢s, such that g; and g, are zero.

If we suppose instead that dimV, = 2 for all ¢ € 3 then we are unable, in general, to define
a suitable metric and hence oriented conformal coordinates on . However, we shall show that if
we exclude planar r-framed 2-ruled 4-folds, (5.55)-(5.57) of Theorem 5.4.3 characterize the Cayley

condition on ¢1, @2 and v and there is a natural conformal structure on X.

5.4.2 Gauge transformations

Let ¢1 and ¢9 satisfy (5.55) and (5.56) in Theorem 5.4.3 for some map f. Taking the triple cross
product of (5.55) and (5.56) with ¢; and ¢o gives:

0p1 091 ' 0py lo /
E**¢1X¢2XW+JC¢2 and g**éf’lxéfhxﬁffébla (5.66)
for some function f : ¥ — R since ¢y X ¢ X (¢1 X ¢2 X v) = —v for any v orthogonal to ¢; and ¢s.

We are allowed to perform a rotation O(o) to the (¢1(0), ¢2(0))-plane at each point ¢ € ¥ as long
as the function © is smooth. The choice of © will then alter f and f . We call such a transformation
a gauge transformation.

We now show that under certain conditions there exists a gauge transformation such that f =
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f/ =0. Let © : ¥ — R be a smooth function and define ¢~>1 and d~>2 by

<Z~)1 cos® sin® 01
¢~>2 —sin® cos© o2

Then ¢, and ¢ satisfy (5.55) and (5.56) with f replaced by f = f + %—?. Moreover, they satisfy
(5.66) with f’ replaced by f' = f’ + @. Therefore, locally, there exists a smooth function © such
that f = f/ = 0 if and only if 3f = %ft .

If we differentiate (5.55) with respect to s and differentiate the first expression in (5.66) with

respect to t we get

0? 0 0 82 0
83(21 = ¢1 X % % + ¢1 X P2 X (bl f <Z>2 +f = ¢2 (5.67)
0? 0 0 2 8 ! 8
6t§; =—¢1 X % X ¢1 — ¢1 X g X 816(21 f ¢2 + == ¢2 (5.68)

We must have that (5.67) and (5.68) are equal. In particular, the inner products of ¢o with (5.67)
and (5.68) must be equal. Note that, by (2.13),

2
(¢2,8¢1> <I>o(¢1,¢2,8¢1 8¢2)+af nd

0s0t ds
829, 7 b1 O of
90<¢27 8tas> = (d)l’%’@t’@t) 5
and that
‘I)o(¢17¢27&¢1 8;5;) =g (8;?78;12> nd q>0<¢1,¢2,&¢1 8;12) _ _90(8;1 8(;12)
(5.69)
However,

¢0(¢13¢27&¢2 ag?) = (%?a%?)

Hence, since @ is alternating, 5 af = af if and only if all the terms in (5.69) are zero.

We say that functions ¢y and ¢ satisfying (5.55), (5.56) and (5.66) with f = f’ = 0 are in the
flat gauge.

We now give a geometric interpretation of the flat gauge. Let (X, 7) be a 2-ruling. Then, there
is an S' bundle 7p : P — X as described after Definition 5.4.1. An r-framing, which is equivalent
to a choice of ¢1 and ¢9, gives a trivialization of P and we can consider it as a U(1) bundle. Define
a connection Vp on P by a connection 1-form given by df — f’ds — fdt, where 6 corresponds to the
U(1) direction. This connection is independent of the choice of r-framing, by the work above, and
has curvature 2-form (% - —)ds A dt. Hence, the connection Vp defined by ¢, and ¢ is flat if

and only if ¢1 and ¢o can be put in the flat gauge by some gauge transformation locally.
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5.4.3 Planar 2-ruled Cayley 4-folds

In this subsection we show that maps ¢1, $2,1 which do not satisfy (5.55)-(5.57) for any local
oriented coordinates (s,t) on ¥ define a planar Cayley 4-fold.

The next result shows that (5.55)-(5.57) can be considered as evolution equations for ¢1, 2 and
1p. We recollect the definition, made at the start of §4.5.2, of a function being real analytic on a

compact interval in R.

Theorem 5.4.4. Let I be a compact interval in R, let s be a coordinate on I, let ¢, ¢y : I — ST be
orthogonal real analytic maps and let ¢’ : I — R be real analytic. Let N be a neighbourhood of 0
mR andlet f:1x N — R be a real analytic map. There exist € > 0 and unique real analytic maps
b1, 02 2 I x(—€,€) — 87, with ¢1, po orthogonal, and 1) : I x (—e,€) — R® satisfying ¢1(s,0) = ¢ (s),
¢2(s,0) = ¢h(s), ¥ (s,0) =’ (s) for all s € I and

%Zd)lng)gx%—F'f@ﬁQ, %:gﬁlx@x%—ﬁbl and %:(leQSzX%, (570)

where t is a coordinate on (—e€,€) and the triple cross product is defined in (2.14). If M is given by
M = {r1¢1(s,t) + ropa(s,t) + (s, t) : (r1,72) ER? s €I, t€ (—¢€)},
it is an r-framed 2-ruled Cayley 4-fold in RS,

Proof. Since I is compact and ¢}, ¢%, ', f are real analytic, we may apply the Cauchy—Kowalevsky
Theorem (Theorem 1.1.4) to give unique functions ¢1, ¢a,% : I x (—e¢,€) — R® satisfying the initial
conditions and (5.70). We must now show that ¢;, $2 map to S7 and are orthogonal.

We first note that
%go(fi)b $2) = go (8;;1 ,¢2> + 9o <¢17 85;) = f(g0(2, ¥2) — go(¢#1,¢1)) and

(61, 01) = 2fgo(¢1,P2) = (@2, P2)

ot 9o ot 9o
Then go(¢;, ¢r) for j,k = 1,2 are real analytic functions satisfying this system of partial differential

equations, together with the initial conditions

go(é1,01) = go(@2,92) =1 and  go(¢1,P2) = %90<¢ja¢k) =0 att=0

given by assumption. The functions go(¢1, ¢1) = go(d2, d2) = 1 and go(¢1, ¢2) = 0 also satisfy these
equations and initial conditions. It therefore follows from Theorem 1.1.4 that these two solutions
must be locally equal and hence, for € > 0 sufficiently small, |¢1| = |¢2| = 1 and ¢, and ¢ are

orthogonal.

We conclude from Theorem 5.4.3 that M is an r-framed 2-ruled Cayley 4-fold. O
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Let (X, 7) and (X, 7) be 2-rulings of a 4-fold in R™. We say that these 2-rulings are distinct if
the families of affine 2-planes, Fx, = {7~'(0) : 0 € £} and Fg, = {7~1(5) : & € ¥}, are different. If
F™ is the family of all affine 2-planes in R™ we can consider (3, 7) as a map from ¥ to F™ given by
o — n (o) with image Fs..

We now give the result claimed at the start of the subsection, which is analogous to the results

[27, Proposition 5.3] and Proposition 4.5.5 for 1-ruled SL and associative 3-folds respectively.

Proposition 5.4.5. Any rframed 2-ruled Cayley 4-fold (M, X, ) in R® defined locally by maps ¢1,
@2 and ¢ which do not satisfy (5.55)-(5.57) for any local oriented coordinates (s,t) on X is locally

isomorphic to an affine Cayley 4-plane in RE.

Proof. We may take the 2-ruling (X, 7) to be locally real analytic since M is real analytic by Theorem
5.1.1. Let I =[0,1] and let v : I — ¥ be a real analytic curve in X. If we set ¢ (s) = ¢1(7(s)),
Py (s) = d2(7(s)) and ¢/ (s) = 1h(7(s)), then by Theorem 5.4.4 we construct ¢1, ¢o and 1 defining an
r-framed 2-ruled Cayley 4-fold M satisfying (5.55)-(5.57) of Theorem 5.4.3. Thus M and M coincide
in the real analytic 3-fold 7=*(v(7)) and hence, by Theorem 5.1.3, they are locally equal. Therefore,
M locally admits a 2-ruling (X, %) satisfying (5.55)-(5.57) of Theorem 5.4.3.

The proof now follows in a similar manner to that of Proposition 4.5.5 so we omit the details.
We can show that different real analytic curves near « in ¥ produce distinct 2-rulings. Hence, a one
parameter family of such curves allows us to define, using the 2-rulings, a real analytic family of
2-planes through some point p € M whose total space is a real analytic 3-fold N in M. Moreover,
each plane lies in p + T, M, so N C p+T,M. Thus M and p + T, M are locally equal by Theorem
5.1.3 and the result follows. O

Note that in the proof of Theorem 5.4.3 the condition (5.57) on ¢ was forced by the linear
independence of the derivatives of ¢; and ¢2. However, as we shall see in §5.4.6, non-planar 2-ruled
4-folds can be constructed when the derivatives of ¢; and ¢- are linearly dependent.

Proposition 5.4.5 tells us that for any non-planar 2-ruled Cayley 4-fold M defined by maps ¢,
¢2 and 1 on 3 there exist locally oriented coordinates (s,t) on ¥ such that (5.55)-(5.57) are satisfied.
We shall see in the next subsection that there is therefore a natural conformal structure upon X,

and (s,t) are oriented conformal coordinates with respect to this structure.

5.4.4 Main results
Our first theorem follows immediately from Theorem 5.4.3 and Proposition 5.4.5.

Theorem 5.4.6. A non-planar, r-framed, 2-ruled 4-fold (M, %, ) in R®, defined by orthogonal real

analytic maps ¢1,¢2 : X — ST and a real analytic map 1 : X — RS as in (5.41), is Cayley if and
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only if there exist locally oriented coordinates (s,t) on ¥ such that ¢1, ¢2 and ¢ satisfy (5.55)-(5.57)

for some real analytic functions f,g1,92 : % — R.
We now prove the result claimed at the end of the last subsection.

Proposition 5.4.7. Let (M,X, ) be a non-planar, r-framed, 2-ruled Cayley 4-fold in RS. There
exists a unique conformal structure on o with respect to which (s,t) as given in Theorem 5.4.6 are

oriented conformal coordinates.

Proof. Let (s,t) be local oriented coordinates as given by Theorem 5.4.6. Define a complex structure
J on ¥ by requiring that u = s + ¢t is a holomorphic coordinate on ¥, i.e. that % = J%. Note
that, by (5.55)-(5.56) and (5.66), ¢; and ¢2 as given in Theorem 5.4.6 satisty

L L L L
90 =¢1><¢2><8¢J and 99 =—¢1X¢2X%

Y e 95 for j =1,2. (5.71)

Suppose that (8,¢) are local oriented coordinates on 3 such that ¢; and ¢ also satisfy (5.55)-(5.56)

in these coordinates. Hence, ¢ and ¢2 satisfy (5.71) for the coordinates (§,t).

We calculate:

aW%%L&%fwqué%LaMW>

of 0t Os ot ot of s Of Ot

and

d¢; " _ 0509, | 0t 9g;*
05 95 0s 95 ot

1L 1L L
Note that, from (5.71), ag’t-’ is orthogonal to 86(;;7 and, moreover, that 85;7 # 0 if and only if
1L
% # 0 by the definition of f+ for a function f : ¥ — R and the properties of the triple cross
product. Using (5.71) for (3,) we deduce that
ds Ot s ot

oL oL
since not both % and % are zero.
Therefore, using (5.72),

0 _09s0 o0to _ 0to 0s0 _ ,(0t0 050\ 0
ot O0tds  Otot  950s 050t

250t 93 0s

s

Hence we have the result. O

It is clear that the conformal structure given by Proposition 5.4.7 coincides with the one given by

the metric as described in the preamble to Theorem 5.4.3.

We now use Propositions 2.4.7 and 3.1.4 to prove analogous results for coassociative 4-folds in
R” and SL 4-folds in C*. We begin with the SL case, for which we recall the triple cross product on
C* described in Definition 3.1.8.
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Theorem 5.4.8. A non-planar, r-framed, 2-ruled 4-fold (M, X, w) in C* = R®, defined by orthogonal
real analytic maps ¢1, ¢z : ¥ — S and a real analytic map ¢ : ¥ — RS as in (5.41), is SL if and
only if wa(p1,P2) =0 and there exist locally oriented coordinates (s,t) on ¥ such that:

Wy <¢J, 8;9’“) =0 forjk=1,2; ws <¢j, ?;f) =0 forj=12; (5.73)
0 0
%ZQX@X%‘FME; (5.74)
% = ¢1 X P2 X ;: — [¢1; and (5.75)
81/} =¢1 X ¢2 X %ﬁ + g101 + 9292, (5.76)

where the triple cross product is defined by (3.5) and f,q1,92 : ¥ — R are some real analytic

functions.

It is worth making clear that (5.74)-(5.76) are not the same as (5.55)-(5.57) because of the different

definitions of the triple cross product.

Proof. By Proposition 3.1.4, M is SL if and only if M is Cayley and wy|ps = 0. We thus conclude
from Theorem 5.4.6 that M is SL if and only if ¢1, ¢2 and ¢ satisfy (5.55)-(5.57) and w4|r, s =0

for all p € M. Therefore wy vanishes on (x,y,z, w)g, where

9 % B B B
x=01(0)s ¥ = balo). 5= GO GO G0 and w =G ) e ) 50

for all (r1,72) € R? and o € ¥. Hence, the equations that must be satisfied are: w4(¢1, ¢o) = 0;

Wy <¢j ; 8;:) = <¢7 , M) =0, for j,k=1,2; (5.77)
wy <¢j : ?ﬁ) = wy <¢j : ?f) =0, for j =1,2; (5.78)

o (%ﬁﬂ a;;ﬂ) — @f ?;f) —0, for j = 1,2 (5.79)
w4<8£ : agjf) +w4<8£" : 85?) =0; and (5.80)
W4<86¢J %f) + 4(212} , %’?) =0, for j =1,2. (5.81)

However, if ¢1, ¢2 and ¢ satisfy (5.77)-(5.81) and (5.55)-(5.57), they satisfy (5.74)-(5.76). Hence, it
is enough to show that the conditions in the theorem force (5.77)-(5.81) to hold to prove the result.

If x,y,z, w are vectors in C* such that w, vanishes on (x,y,z, w)g, direct calculation in coordi-
nates shows that

wi(x Xy Xz,W)= Im(eabcdxaybzcwd), (5.82)
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where €4pcq is the permutation symbol. Noting that ws(d1,¢2) = 0, that conditions (5.73) are
satisfied, and the relationship between the triple cross products on C* and R, we see that (5.74)-
(5.76) hold. Hence wy(¢;, %) = 0 for all 4,k using (5.74)-(5.75) and (5.82). Therefore (5.77) is
satisfied. Moreover, (5.76) and (5.82) imply that (5.78) is satisfied. If we use (5.73), (5.74)-(5.76)
and (5.82) again, we have that (5.79) holds.

Calculation using (5.73), (5.74)-(5.75) and (5.82) gives:

w4<65¢;176;12)+w4<85¢;276;11)_ (%7¢1X¢2X%)+ 4<%7¢1X¢2X¢1)
=Im <€abcda¢1 ¢1¢2 8;2 ) + Im <€abcda¢2 ¢1¢2 384)1 )

=Im ((eabcd + 6dbca) a¢1 ¢1¢2 86¢2 > =0

by the definition of the permutation symbol. Hence (5.80) is satisfied. An entirely similar argument

using (5.73)-(5.76) and (5.82) gives that (5.81) is satisfied. O
For the coassociative case we recall the triple cross product on R” given in Definition 2.3.3.

Theorem 5.4.9. A non-planar, r-framed, 2-ruled 4-fold (M, %, ) in R”, defined by orthogonal real
analytic maps ¢1,¢2 : X — S® and a real analytic map ¢ : ¥ — R7 as in (5.41), is coassociative if

and only if there exist locally oriented coordinates (s,t) on X such that:

®o <¢17¢2) ¢j> =0 fO’f’j = 172; ®o (¢17¢27 a@f) = 07 (583)
% = ¢1 X P2 X % + [¢2; (5.84)
00 — g xonx 22 for: and (5.85)
%f = ¢1 X ¢ X %ﬁ + 9101 + 9202, (5.86)

where the triple cross product is defined by (2.11) and f,g1,92 : ¥ — R are some real analytic

functions.

Proof. By Proposition 2.4.7, M is coassociative if and only if {0} x M C RHR” = R8 is Cayley. We
may deduce from Theorem 5.4.6 that {0} x M is Cayley if and only if there exist locally coordinates
(s,t) such that ¢1, 2 and 1 satisfy (5.55)-(5.57). We then note that (5.83) and the relationship
between the triple cross products on R” and R® ensure that (5.84)-(5.86) are equivalent to (5.55)-
(5.57). The result follows. O
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5.4.5 Holomorphic vector fields

We give a means of constructing r-framed 2-ruled calibrated 4-folds from r-framed 2-ruled calibrated
cones using holomorphic vector fields, which is analogous to [27, Theorem 6.1] and Proposition 4.5.7.
Again, we take the term ‘holomorphic vector field’ to refer to the real part of a holomorphic vector
field as in §4.5.3.

Suppose that My is an r-framed, 2-ruled, Cayley cone in R® defined by maps ¢1, ¢ : & — R® as
in (5.42). Proposition 5.4.7 gives us a conformal structure on X related to ¢1, ¢2 and hence we can
consider X as a Riemann surface. Therefore 3 has a natural complex structure J and we may define
oriented conformal coordinates (s,t) on 3. Suppose further that ¢; and ¢ are in the flat gauge.
Hence the equations ¢; and ¢ satisfy are:

9¢; _ 9¢;
ot Os

for j=1,2 and %z—(blxd)gx
s

09;

¢1 X ¢2 X E fOI'j = 1, 2. (587)

These equations indicate a correspondence between ‘1 X ¢ox’ and the complex structure J on X.

Theorem 5.4.10. Let My be an r-framed, 2-ruled, Cayley cone in R® defined by maps ¢1,¢s : ¥ —
S in the flat gauge, where ¥ is a Riemann surface. Let w be a holomorphic vector field on ¥ and
define a map ¥ : X — R8 by ¢ = Loyd1 + Liwda, where Ly, and Ly denote the Lie derivatives with
respect to w and iw respectively. If M is defined by ¢1, ¢p2 and ¥ as in (5.41), it is an r-framed
2-ruled Cayley 4-fold in RS.

Proof. We need to show 1 as defined satisfies (5.57). If w is identically zero, v trivially satisfies
(5.57). Therefore we need only consider the case where w has isolated zeros. Since the condition for
M to be Cayley is a closed condition on M, it is sufficient to prove that (5.57) holds at any point
o € X with w(o) # 0.

Let 0 € ¥ be such a point. Then, since w is a holomorphic vector field, there exists an open set

in ¥ containing ¢ with oriented conformal coordinates (s,t) such that w = %, so that w = %.

Hence ¢ = 852531 % in a neighbourhood of o.
Let (ey,...,eg) be an oriented orthonormal basis for R® =2 O such that e; corresponds to 1 and
(eg,...,es) corresponds to the basis of Im @ described in §2.1.1. Let A = |%(U)\. We transform

coordinates on R® using Spin(7) such that

0 0
o1(0) =e1, a(0) = ey, %(U) = Ae; and %(U) =aje; + ...+ ages,

091
ot

for some real constants a;. Clearly, by (5.87), (0) = Aey and hence a; = a2 = ag = 0 by the
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orthogonality conditions imposed on if in the flat gauge. Differentiating (5.87) gives:

0? 0 0 0?
6521 = ¢1 X ¢2 % + ¢1 X o ¥ ¢1 and
Poa  0p1 02 O 5’¢2 9%y
ae T o <P gs T X gp X gy T XX g
Therefore,
v _ 0 (90 00,
ot ot\ 9s ot
AL IO I SN 9 (001 060
=01 X Gy X s T (P2 gy TN gy X gy ToLX P2 (as+at)'
Calculation using (2.14) and (5.87) shows that
0 0
o1 X (‘3(22 ;;1 (o) = A(ares — aseg — aser + agesg),
8(;51 X dg X 8¢2( ) = A(—a361 — ayes + ageg + aser — ageg) and
0 0
1 X % X %(o—) = —(a3 + aZ + ag + a2 + a3)ey

We conclude that (5.57) holds for ¢ at o with ¢1(0) = —Aas = —go(a¢1( ),%(J)) and go(0) =
- %(0‘”2. By the invariance of gy and the triple cross product under Spin(7), and the discussion

above, 1 satisfies (5.57) for some g1, gs : ¥ — R. Applying Theorem 5.4.6, the proof is complete. [

This result does not generalise to the SL case in the way we might expect. The construction
starting with a 2-ruled SL cone M, will generally produce a 2-ruled Cayley, but not SL, 4-fold M.
The fact that M is Cayley follows trivially from Theorem 5.4.10, but if we impose the condition

wa|lpr =0, @1 and ¢o must also satisfy

“\ 0s ’ 0s \ ot ot “\0s ot *\ ot 0s

wherever w # 0. At such a point, either all the derivatives of ¢, and ¢ are zero or at least one is
nonzero. In the first case both ¢; and ¢- are locally constant. Otherwise, suppose without loss of

generality that % # 0 at a point o such that w(o) # 0. Then (M; , 8(,;‘;1) = C? and it is orthogonal

to (¢1, da)c = C% since M is SL and ¢1, ¢ are in the flat gauge. Therefore a% € <88¢51 , 8521) . Note

that gd% , aa‘f) = w;;(% , 85’52) =0 and wy (60‘11 , 804;2) = 0. Hence there exists § € R such that

cos 988(1;1 +Sin98ad;2 = 0. Using (5.87), cos 0%1 +sm93¢; = 0. Therefore, cos 0¢; +sin ¢, is constant

on a neighbourhood of ¢ and thus on the component of ¥ containing o. We deduce the following.

Theorem 5.4.11. Let My be an r-framed, 2-ruled, SL cone in C* = R® defined by ¢1,¢ps : X — ST
in the flat gauge, where ¥ is a Riemann surface. Let w be a holomorphic vector field on ¥ and

define ¥ : X — C* by 1) = Loyo1 + Liwd2, where Ly, and L, denote the Lie derivatives with respect
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to w and iw respectively. If M is defined by ¢1,d2 and ¥ as in (5.41), it is an r-framed 2-ruled
SL 4-fold in C* if and only if w = 0 or there exists € R for each component K of ¥ such that

cos Oy + sin ¢ is constant on K.
We do, however, have a similar result to Theorem 5.4.10 for coassociative 4-folds.

Theorem 5.4.12. Let My be an r-framed, 2-ruled, coassociative cone in R7 defined by ¢1,¢s : ¥ —
S in the flat gauge, where ¥ is a Riemann surface. Let w be a holomorphic vector field on ¥ and
define 1 : X — R7 by o = Loyd1 + Liwda, where Ly, and L;,, denote the Lie derivatives with respect
to w and iw respectively. If M is defined by ¢1,¢2 and ¢ as in (5.41), it is an r-framed 2-ruled

coassociative 4-fold in R”.

Proof. This follows immediately from Theorem 5.4.10 since {0} x M C R & R” = R8 is Cayley and

therefore coassociative by Proposition 2.4.7. O

5.4.6 Examples
We conclude this section and the chapter with three sets of examples of 2-ruled 4-folds.

U(1)-invariant 2-Ruled Cayley 4-folds

Note that the 4-folds constructed in Theorem 5.3.9 provide U(1)-invariant examples of r-framed 2-
ruled Cayley 4-folds with, using the notation of that result, ¥ = R2, ¢1(s,t) = Y (s)vi(t), ¢pa(s,t) =
Y (s)va(t) and (s, t) = Y (s)w(t). It is straightforward to check that ¢; and ¢9 are in the flat gauge
if ®4(v1(0), v2(0), Xv1(0), Xv2(0)) = 0, so we may apply Theorem 5.4.10 to the cone defined when

w(t) =0 to give the following examples, noting that they are not U(1)-invariant in general.

Theorem 5.4.13. Let u,v : R2 — R be smooth functions satisfying the Cauchy—Riemann equations.

Use the notation of Definition 5.3.8 and Theorem 5.3.9. Suppose further that
Po(v1(0), v2(0), Xv1(0), Xv3(0)) = 0.
The subset M of C*=R® defined by

M = {Y(s)((M +uls,t)X)vi(t) + (A2 — v(s, t) X)va(t)

+vi(t) X va(t) x (v(s,t) Xv1(t) + U(S,t)XVQ(t))) i A, A9, 8.t € ]R}
is an r-framed 2-ruled Cayley 4-fold in RS.

Proof. Using the notation above,

9¢;
Os

=Y (s)Xv; and % =Y (s)(vi x vo X Xv;)
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for j = 1,2. Further, we may write a holomorphic vector field w, and hence 7w, on R? as:

0 0 . 0 0
w= u(s,t)% + v(s,t)a and iw = —v(s,t)g + u(s,t)& .
The result follows from Theorem 5.4.10. O

Now consider the family of SL 4-folds in C* given in [17, Theorem I1L.3.1]. Let ¢ = (c1, c2, 3, c4)

in R* be constant and define M, C C* by:
M = {(z1, 22, 23, 24) € C*: Re(z1222324) = ¢1 and \21|2 — |zj|2 =¢; forj =2,3,4}.

Then M, is an SL 4-fold in C* invariant under U(1)3.
Taking ¢ = 0, My is an r-framed 2-ruled SL cone in C* with three different 2-rulings. For each
of the distinct 2-rulings we apply the holomorphic vector field result of Theorem 5.4.11 to obtain

families of r-framed 2-ruled Cayley 4-folds which are invariant under U(1).

Theorem 5.4.14. Let w: C — C be a holomorphic function. Then
M, = {;(ieis (re’+iw(s +it)) e " (re’ —iw(s +it)),
oit (re—i9+ w(s + it)) et (re_w— w(s + it)) ) 7, 8,t,0 € R},
My = {;(ieis (reie—i— iw(s+it)) e " (re*ie— w(s +it)),
et (re” ™+ w(s +it)) e (re’ — iw(s + it)) ) i1, 8,t,0 € R} and
M3 = {;(ieis (rew—!— iw(s +it)) e (7‘67’-0—1— w(s +it))
=1 (ret® — i (s + it)) , e (e~ — w(s + it)) ) i1y s, 1,0 € R}
are r-framed 2-ruled Cayley 4-folds in RS = C*.
Proof. We only prove the result for M; as the proof for the other two is similar. In this example we
define M, by functions ¢1, ¢ : R? — S7 C C* given by:
b1(s,t) = %(ieis,efis,eit,efit) and  ¢a(s,t) = %‘(ieis,e*is, —e't, —e7),
Thus, My is 2-ruled by planes of the form:

II, g = {rcosf ¢1(s,t) + rsinf ¢a(s,t) : s,t € R}

_ {g (iei(9+s)7ei(0—s)7e—i(9—t)7e—i(9+t)> is,t e ]R}.

We verify through direct calculation that g4(¢1, d2) = wa(d1,¢2) = 0, the first equation in (5.73)
holds, (5.74)-(5.75) with f = 0 are satisfied, and that ¢; and ¢o are in the flat gauge.
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Let w(s + it) = u(s,t) + iv(s,t) for functions u,v : R? — R. Then ¢ = L,¢1 + L2 is:

Y(s,t) = u(s,t)% + U(S,t)% - ’U(S,t)% +u(s,t)%

(iw(s +it)ie™, —iw(s + it)e ™" w(s + it)e', —w(s + it)e—it) '

1
2
We check that ¢ satisfies (5.57) with gy = 0 and g = —% , which agrees with the calculations in the
proof of Theorem 5.4.10. Therefore, by Theorem 5.4.10, M; is an r-framed 2-ruled Cayley 4-fold. [J

Note, from the proof above, that 2w4(¢q, %—f) = v and 2w4(¢1, %—f) = u, so that (5.73) of Theorem
5.4.8 is satisfied if and only if w = 0. Therefore, if w is not zero, Theorem 5.4.11 shows that M is
an r-framed 2-ruled Cayley 4-fold which is not SL. Similarly for My and Ms.

An interesting special case is when w in Theorem 5.4.14 is taken to be constant. Here, calculation
shows that, each M; is invariant under a U(1)? subgroup of U(1)3. Moreover, they are asymptotically

conical to My with rate —1, in the sense of Definition 1.2.3.

1-Ruled Associative and Special Lagrangian 3-folds
We can construct examples of 2-ruled 4-folds from I1-ruled associative 3-folds in R” and SL 3-folds
in C3, as described in §4.5 and [27] respectively. Recall the notation of Definition 4.5.1.

Suppose that (N, X, 7) is a l-ruled 3-fold. Let M = R x N and let 7 : M — 3 be given by
7(r,p) = w(p) for all p € N. Clearly, (M,¥,7) is a 2-ruled 4-fold since #=1(c) = R x 7~ 1(o) for
all ¢ € 3. Suppose further that (N, X, r) is r-oriented. Using the r-orientation, we have a natural
choice of oriented orthonormal basis for the plane 7~ (o), which varies smoothly with o. Therefore,
(M, X, 7) is r-framed.

We now state and prove the following theorem.

Theorem 5.4.15. (a) If N C R” is an (r-oriented) 1-ruled associative 3-fold, R x N C R@R" =
R® is an (r-framed) 2-ruled Cayley 4-fold.

(b) If L C C3? is an (r-oriented) 1-ruled SL 3-fold with phase —i, R x L C R @ C?* = R7 is an

(r-framed) 2-ruled coassociative 4-fold.

Proof. Let N be an associative 3-fold in R”. By Proposition 2.4.7, R x N is Cayley. The comments
before the theorem then give the result (a). Similarly, (b) follows from Proposition 3.1.3 and the

comments above. O

Complex Cones

Define a complex cone C in C* by:
C = {(21, 22,23, 24) € C*: P(21, 22, 23, 24) = Q(21, 22, 23, 24) = 0},
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where P and @) are homogeneous complex polynomials such that C' is non-planar and nonsingular
except at 0. Define a projection 7 from C \ 0 to CP3 by 7((21, 22, 23, 24)) = [(21, 22, 23, 24)] and let

3. be the image of 7. Let
M() = {(2’1,22,23,24,0') ceCxX: (21722723,24) c O’}

and define ¢ : My — C* by 1(21, 22, 23, 24,0) = (21,22, 23, 24). Then ¢ is an immersion except at 0
and thus My is an immersed submanifold of C* which is only singular at 0. Let 7 : My — X be
given by (21, 22,23, 24,0) = 0. Clearly, My is 2-ruled by complex lines 7=1(¢) in C*. Since any
complex surface in C* = R® is Cayley by [17, §IV.2.C], (Mo, X, 7) is a 2-ruled Cayley 4-fold.

We can define a local holomorphic coordinate w, hence oriented conformal coordinates (s,t), in
Y by w — [(21, 22, 23, 24)](w) in some open set U in 3. Suppose without loss of generality that
24 # 0 in U. Then, we may rescale so that z; = 1 and define maps ¢1, ¢ : U — S7 by:

21(3, t) 22(57 t) Z3(8v t)
r 0 r 7 r

onts.0) = 3) e o) i)

where 7 = (1+|21(s, £)|2 + |22(s, t)|2 + | 23(s, £)|2) 2. We can thus write My locally in the form (5.42),
where ¢ and ¢ satisfy (5.55)-(5.56), since C' and hence M is non-planar. If we define M by (5.41)
where v satisfies (5.57) then, from Theorem 5.4.6, M is a non-planar, r-framed, 2-ruled Cayley 4-fold

in RS.
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Part 11

Noncompact Coassociative

Deformations

Abstractness, sometimes hurled as a reproach at mathematics, is its chief glory and its
surest title to practical usefulness. It is also the source of such beauty as may spring

from mathematics.
— ERrIc TEMPLE BELL



Chapter 6

Analysis on Noncompact

Riemannian Manifolds

Various analytic techniques may be employed on certain classes of noncompact Riemannian manifold.
A key idea, presented in §6.2, is the introduction of weighted versions of Sobolev and Holder spaces.
This enables the study of Fredholm and index theory of uniformly elliptic operators between these

Banach spaces in §6.3 and the description of elliptic regularity results in §6.4.

6.1 AC and CS Manifolds

We are interested in two types of noncompact Riemannian manifolds: asymptotically conical mani-

folds and manifolds with conical singularities.

Definition 6.1.1. Let (M, g) be a Riemannian manifold with dim M = n. Then M is asymptotically
conical (AC) (with rate X) if there exist constants R > 0 and A < 1, a compact (n—1)-dimensional
Riemannian manifold (3, i), a compact set K C M and a diffeomorphism ¥ : (R,00) x ¥ — M\ K
such that

99 (7 (g) = Geone)] = OG179)  for j € Nasr — o, (6.1)

where 7 is the coordinate on (0,00) on the cone C' = (0,00) X ¥, geone = dr? + r2h is the conical
metric on C, V is the Levi-Civita connection derived from gcone and |.| is calculated using geone-

We call C' the asymptotic cone of M and define the ends My, of M to be the components of M \ K.

The choice of A < 1 ensures that the metric on M converges to the conical metric on C' at infinity
by (6.1). It is also clear, from Definition 1.2.3, that a Riemannian submanifold of R™ which is AC

with rate X to a cone My is an AC Riemannian manifold with rate A, where ¥ = My N S™~1.
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Definition 6.1.2. Let M be an AC manifold and use the notation of Definition 6.1.1. A radius
function p: M — [1,00) on M is a smooth function such that there exist positive constants ¢; < 1

and cg > 1 with ¢;7 < ¥*(p) < cor on (R, 00) X .

If M is AC we may define a radius function p : M — [1,00) on it using r, by requiring that p is

equal to 7 on W((R + 1,00) x X) and then extending p smoothly to a function on M.

Definition 6.1.3. Let M be a connected Hausdorff topological space and let z1,...,z, € M.
Suppose that M = M\ {z1,...,z} has the structure of a (nonsingular) n-dimensional Riemannian
manifold, with Riemannian metric g, compatible with its topology. Then M is a manifold with
conical singularities (at z1, ...,z with rate \) if there exist constants € > 0 and A > 1, a compact
(n—1)-dimensional Riemannian manifold (X;, h;), an open set U; 3 z in M with U; NU; = ) for

j # i and a diffeomorphism ¥; : (0,¢) x ¥; — U; \ {2;} C M, fori=1,...,s, such that

IVI(W5(g) — gi)| = O(r} " 77) forjeNasr; — 0, (6.2)

(2

where r; is the coordinate on (0,00) on the cone C; = (0,00) X X, g; = d?“i2 + T?hi is the conical
metric on C;, V; is the Levi-Civita connection derived from g; and |.| is calculated using g;. We call

C; the cone at the singularity z; and let the ends Moo of M be the disjoint union
i=1

We say that M is CS or a CS manifold (with rate A) if it is a manifold with conical singularities
which have rate A and it is compact as a topological space. In these circumstances it may be written
as the disjoint union .

M=Kul| |U,
i=1
where K is compact as it is closed in M.

The condition A > 1 guarantees that the metric on M genuinely converges to the conical metric
on Cj, as is evident from (6.2). Since M is supposed to be Hausdorff, the set U; \ {z;} is open in
M for all i. Moreover, the condition that the U; are disjoint may be easily satisfied since, if i # j,
z; and z; may be separated by two disjoint open sets and, by hypothesis, there are only a finite
number of singularities.

It is also important to note that M is a noncompact manifold.

Definition 6.1.4. Let M be a CS manifold. Using the notation of Definition 6.1.3, a radius function
on M is a smooth function p: M — (0, 1], bounded below by a positive constant on M \ Moo, such

that there exist positive constants ¢; < 1 and ¢y > 1 with

err; < Ui (p) < cory
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on (0,e) x X; fori=1,...,s.

If M is CS we may construct a radius function on M as follows. Let p(z) = 1 for all z €
M\ M. Define p; : U;((0,¢/2) x 2;) — (0,1) to be equal to r; for i = 1,...,s and then define
p by interpolating smoothly between its definition on M \ M and p; on each of the disjoint sets
U, ((e/2,€) x Xy).

For the purposes of this chapter only, we shall henceforth, when referring to a CS manifold, mean

the nonsingular part M of M, in the notation of Definition 6.1.3.

6.2 Weighted Banach Spaces

We define weighted Banach spaces of forms as in [3, §1], as well as the usual ‘unweighted’ spaces.

Definition 6.2.1. Let (M, g) be a Riemannian n-fold, let p > 1 and let k,m € N with m < n. The
Sobolev space LY (A™T*M) is the set of m-forms £ on M which are k times weakly differentiable

and such that the norm

1
k p
lely = | 3 [ 1vierav, (63)
j=07M
is finite. The normed vector space LY (A™T*M) is a Banach space for all p > 1 and L (A™T*M) is

a Hilbert space.

We introduce the space of m-forms
LZIOC(A’"T*M) ={¢: fEe LY(AT"T*M) for all f € CZ (M)}

where C°(M) is the space of smooth functions on M with compact support.
Suppose further that M is AC or CS. Let p € R and let p be a radius function on M. The
weighted Sobolev space Ly, (A™T*M) of m-forms § on M is the subspace of Ly |, (A™T*M) such

that the norm

P

k
lelly, = (X [ 1 rieppay, (6.4)
j=07M
is finite. Then L ,(A™T*M) is a Banach space and L%”(AmT*M) is a Hilbert space.

We may note here, trivially, that LE(A™T*M) is equal to the standard LP-space of m-forms
on M. Further, by comparing equations (6.3) and (6.4) for the respective norms, LP(A™T*M) =

L n (A™T*M). In particular,

L*(A™T*M) = L§ _ (AT M). (6.5)

n
2
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For the following two definitions we take Cff (A™T*M) to be the vector space of k times con-

tinuously differentiable m-forms.

Definition 6.2.2. Let (M, g) be an n-dimensional AC or CS manifold and let p be a radius function
on M. Let u € R and let k,m € N with m < n. The weighted C*-space Cl’j (A™T*M) of m-forms ¢

on M is the subspace of C¥

loc

(A™T*M) such that the norm

k
— J—1\7J
I€llcx = z%sbplp vi¢|
j:

is finite. We also define

Coo(A™T*M) = (1) CE(A™T*M).
E>0

Then Cﬁ(AmT*M) is a Banach space but in general C2°(A™T™ M) is not.

In the next definition we refer to the usual normed vector space C*(A™T*M) of k times contin-

uously differentiable m-forms such that the following norm is finite:

k
= sup |[V7€].
1€l ZMp| |

§=0
Definition 6.2.3. Let (M, g) be an n-dimensional AC or CS manifold, let d(x,y) be the geodesic
distance between points x,y € M and let p be a radius function on M. Let a € (0,1) and let

k,m € N with m <n. Let

H={(z,y) e M x M :z#y, cip(z) < ply) < c2p(z) and

there exists a geodesic in M of length d(x,y) from x to y},

where 0 < ¢; < 1 < ¢g are constant. A section s of a vector bundle V on M is Holder continuous
(with exponent a) if

[S]a = sup |8($) — S(y)|V < .

@wen  d(@,y)
We understand the quantity |s(z) — s(y)|v as follows. Given (x,y) € H, there exists a geodesic v of

length d(z,y) connecting = and y. Parallel translation along ~ using the connection on V identifies
the fibres over z and y and the metrics on them. Thus, with this identification, |s(z) — s(y)|v is
well-defined.

The Hélder space C* ¢(A™T*M) is the set of & € C*(A™T*M) such that V*¢ is Holder contin-

uous (with exponent a) and the norm

€llcr.a = lIEller +[VEE"

is finite. The normed vector space C* @(A™T* M) is a Banach space.
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We also introduce the notation

CEHA™T*M) ={¢ € CE (A™T*M) : f& € C*4(A™T* M) for all f € C(M)}.

loc

Let 11 € R. The weighted Holder space C,’j’a(AmT*M) of m-forms £ on M is the subspace of
CF@(A™T* M) such that the norm

loc

€l s = lllcy + €1k

is finite, where
[l = [pFremrvkge.
Then Cﬁ’“(AmT*M) is a Banach space. It is clear that we have an embedding Cﬁ’“(AmT*M) —

CL (A™T* M) whenever | < k.

We shall need the analogue of the Sobolev Embedding Theorem for weighted spaces, which is
adapted from [37, Lemma 7.2] and [3, Theorem 1.2]. It is dependent on whether M is AC or CS.

Theorem 6.2.4 (Weighted Sobolev Embedding Theorem). Let M be an n-dimensional AC
(or CS) manifold. Let p,q > 1, a € (0,1), p,v € R and k,l,m € N with m < n.
(a) If k > 1, k—% Zl—% and either

(i) p<qgand p<vif M is AC (or p>v if M is CS) or

(ii) p>qand p<vif M is AC (or p>v if M is CS),
there is a continuous embedding Ly ,(A™T*M) — L} (A™T*M).
(b) If k— 3 = l+a, there is a continuous embedding L’,;’u(AmT*M) — C};“(AmT*M).

We shall also require an Implicit Function Theorem for Banach spaces, which follows immediately

from [34, Chapter 6, Theorem 2.1].

Theorem 6.2.5 (Implicit Function Theorem). Let X and Y be Banach spaces and let W C X
be an open neighbourhood of 0. Let G : W — Y be a C* map (k > 1) such that G(0) = 0. Suppose
further that dG|o : X — Y is surjective with kernel K such that X = K® A for some closed subspace
A of X. There exist open sets V. C K and V' C A, both containing 0, with V. x V' C W, and a
unique C* map V : V — V' such that

KerGN (V x V') ={(z,V(z)) : z €V}

mX=KaoA.
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6.3 Uniformly Elliptic AC and CS Operators

We must begin by defining the operators that we shall be concerned with.

Definition 6.3.1. Let V and W be bundles of forms over an AC or CS manifold M, let | € N,
let v € R and let P be a linear differential operator of order [ from V to W. Use the notation of
Definitions 6.1.1 and 6.1.3. Transform coordinates (r, ) on the ends of M to cylindrical coordinates
(t,0); that is, r = Re' in the AC case and r = ee~! in the CS case. Let P” = e”'P be the
operator on the cylindrical ends (0,00) x ¥ of M, where we take ¥ = LU$_;3; for the CS case. Let
7 : (0,00) X X — ¥ be the projection map and let Vs and Wy be the bundles of forms over X
such that Voo = 7*(Vy) and W = n*(Wyx) are bundles over the ends corresponding to V and W

respectively. Write
l
i=0

for ¢ € Cl_(Va), where the PY are tensors taking values in VX ® W, and V is the Levi-Civita

K2

connection of the cylindrical metric. We say that PY is asymptotically cylindrical if there exists a

linear differential operator P, of order [ from V,, to W, which may be written as

l
Poof = Z -Pi,oovig,

=0

such that P; o is translation invariant on the ends of M in cylindrical coordinates and
|VI(PY — P;.o0)| — 0 forjeNast— oo
for all 7. If P” is asymptotically cylindrical then P is AC or CS with rate v as appropriate.

Note that an AC or CS operator with rate v reduces the growth rate of a form on the ends of M by
v. Examples of AC or CS operators abound: d and d* are first order operators with rate 1 and the

Laplacian is a second order operator with rate 2.

Definition 6.3.2. Use the notation of Definition 6.3.1. We say that an AC or CS operator P is

uniformly elliptic if it is elliptic and P is elliptic.

We observe that the definition of uniformly elliptic above implies uniform ellipticity in the sense of
global bounds on the coefficients of the symbol. The operators d+d* and the Laplacian are examples

of uniformly elliptic operators.

6.3.1 Fredholm theory

We have a general Fredholm result adapted from [37, Theorem 1.1 & Theorem 6.1].
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Theorem 6.3.3. Let V and W be bundles of forms over an AC or CS manifold M, let p > 1, let

w,v ER letk,leNandlet P: LV , (V)— LY

bl k. (W) be a uniformly elliptic AC or CS operator,

respectively, of order 1 and rate v. There exists a countable discrete set D(P) C R, depending only

on Py, as in Definition 6.3.1, such that P is Fredholm if and only if u ¢ D(P).

We shall be primarily concerned with the uniformly elliptic map

d+d LY, (AMAT*M @ A'T*M) — LY

k1, p b (WT7M), (6.6)

where M is 4-dimensional. We give an explicit description of the set Dac for which (6.6) is not

Fredholm in the AC case, following [42, §6.1.2].

Recall the notation of Definition 6.1.1. Transform the asymptotically conical metric on M to a
conformally equivalent asymptotically cylindrical metric; that is, if (¢, o) are coordinates on (0, 00) X

¥, the metric is asymptotic to dt? 4+ gs. With respect to this new metric, d + d* corresponds to
(d+d*)oo _ efmt(d+e2td*)6mt

acting on m-forms on M. If 7 : (0,00) x ¥ — ¥ is the natural projection map, the action of (d+d*)

on *(A*T*%) @ m* (A°IT*%) is:

d+d* —(&+3-m
(d+d")oo = (o ) (6.7)
2 +m —(d+d*)
where m denotes the operator which multiplies m-forms by a factor m. However, we wish only to

consider elements of A'T*Y @ A2T*Y which correspond to self-dual 2-forms on M, so we define

Vs C A2T*Y @ A3 by
Ve = {(a,xa + ) : a € A’T*%, g € A3T*%}.

Then 7* (V) corresponds to A2T*M & A*T* M.
For w € C define a map (d + d*) oo (w) by:

(At )iy = | 4TF Tt 68)
w+m —(d+d*)

acting on Vs ® C. Notice that we have formally substituted w for % in (6.7).
Let
Wy = {(xa+ 3,0) : a € A°T*Y, § € A3T*%} C A°NT*S @ A°T*Y.

Define C C C as the set of w for which the map

(d+d)oo(w): L} 1 (Ve ® C) — LY (Ws ® C)
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is not an isomorphism. By the proof of [37, Theorem 1.1}, Dac = {Rew : w € C}. In fact, C C R by
[42, Lemma 6.1.13], which shows that the corresponding sets C(A™) are all real, where A™ is the
Laplacian on m-forms. Hence C = Djc.

The symbol, hence the index ind,,, of (d + d*)o(w) is independent of w. Furthermore, (d +
d*)oo(w) is an isomorphism for generic values of w since Dac is countable and discrete. Therefore

ind,, = 0 for all w € C; that is,
dim Ker(d 4 d*)oo(w) = dim Coker(d + d*) oo (w),

so that (6.8) is not an isomorphism precisely when it is not injective.
The condition (d + d*)s(w) = 0, using (6.8), corresponds to the existence of a € C*°(A2T*Y)
and 3 € C®(A3T*Y) satisfying

do =wpl and dxa+d 8= (w+2)a. (6.9)
We first note that (6.9) implies that
dd* g = Af = w(w+ 2)0.

Since eigenvalues of the Laplacian on ¥ must necessarily be positive, 3 = 0 if w € (=2,0). If w =0
and we take o = 0, (6.9) forces § to be coclosed. As there are non-trivial coclosed 3-forms on X,
(d+ d*)(0) is not injective and hence 0 € Dyc.

Suppose that w = —2 lies in Dac. Then (6.9) gives [3] = 0 in H3z(X). We know that £ is
harmonic so, by Hodge theory, 8 = 0. Therefore —2 € D¢ if and only if there exists a nonzero

closed and coclosed 2-form on X.

We state a proposition which follows from the work above noting that, with minor adjustment,

the same arguments will apply to the CS case.

Proposition 6.3.4. (a) Let M be a 4-dimensional AC manifold. Use the notation of Definition
6.1.1. Let D(p) = {(a, B) € C®(A2T*L @ A3T*Y) : da = puf, dxa+d*B = (u+ 2)a}. The

set Dac of real numbers p for which (6.6) is not Fredholm is given by:
Dac ={pn€R : D(p) # 0}.

(b) Let M be a 4-dimensional CS manifold. Use the notation of Definition 6.1.3. Fori=1,... s
let D(p,i) = {(a, B) € C°(A*T*Y; © A3T*Y;) : da = pB, dxa+d* B8 = (u— 2)a}. The set

Dcs of real numbers u such that (6.6) is not Fredholm is given by:

Dos = | J{n € R : D(p,i) # 0}.

i=1
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A perhaps more illuminating way to characterise D(u) and D(u,4) is by:

(o, B) € D(p) <= & = (r*2a + r#dr A xa, 7" 3dr A B)
is an O(r") solution of (d+d*)§ =0on C and
(o, B) € D(,i) <= € = (r*2a + r*~dr A xa, r"~3dr A B)

is an O(r*) solution of (d 4+ d*)¢ =0 on C;,

using the notation of Definitions 6.1.1 and 6.1.3.

6.3.2 Index theory
We begin with some definitions following [37].

Definition 6.3.5. Use the notation of Definition 6.3.1 and Theorem 6.3.3. Let p € D(P). Define

d(p) to be the dimension of the vector space of solutions of Py& = 0 of the form

E(t,o) =etp(t, o)

where p (t,0) is a polynomial in ¢ € (0,00) with coefficients in C*°(Vx ® C). We also define, for
AN ¢ D(P) with X < A, the quantity
NOX) = > dw).
pED(P)N(N, N)

The next result is immediate from [37, Theorem 1.2].

Theorem 6.3.6. Use the notation of Theorem 6.3.3. Let \,\' ¢ D(P) with X' < X. For any

v ¢ D(P) let ind,,(P) denote the Fredholm index of P: Ly, (V) — Ly, ,(W). If M is AC,

1nd>\(P) — ind)\/ (P) = N()\, /\/)

If M is CS,
indy/ (P) — indy(P) = N(\,\).

We make a key observation, which shall be used on a number of occasions in Chapters 7 and 8.

Proposition 6.3.7. Use the notation of Theorem 6.3.3. Let \,\' € R such that N < X\ and

[N, A ND(P) = 0. The kernels, and cokernels, of P : LY, (V) — L% (W) when p = X and

k+1, 1 k, p—v

uw=M\ are equal.

Proof. Denote the dimensions of the kernel and cokernel of P : L}, (V) — L} , (W), for
w ¢ D(P), by k(n) and c(u) respectively. Since [N, A]ND(P) =0, k(X) —c(A) = k(N) — ¢(N) and
hence

E(A) — k(N) = c(N) — c(\). (6.10)



Suppose that M is an n-dimensional AC manifold. We therefore know that k() > k()\’) because
L}y » = L,y by Theorem 6.2.4(a) as A > \'. Similarly, since ¢(u) is equal to the dimension
of the kernel of the formal adjoint operator acting on a Sobolev space with weight —n — (u — v),
¢(A) < ¢(XN). Noting that the left-hand side of (6.10) is non-negative and the right-hand side is less
than or equal to zero, we conclude that both must be zero. The result for the AC case follows from
the fact that the kernel of P in L7 41, is contained in the kernel of P in Ly 41, x> and vice versa for
the cokernels.

If M is a CS manifold, we need only note that the direction of embeddings of Sobolev spaces
is reversed from the AC scenario, so that the signs of each side of (6.10) are swapped. The same

deductions as above may thus be made and the proposition is proved. O

We now go further and give a more explicit description of the quantity d(u) in Definition 6.3.5
for the set Dac given in Proposition 6.3.4. We assume M is AC, but a similar argument will hold
if M is CS.

Use the notation of Proposition 6.3.4 and the work preceding it and Definition 6.3.5. Let p(¢, o)

be a polynomial in ¢ of degree m written as
m m
p(t,o) = pit? + > (sp; + @)t
§=0 j=0

where p; € C*®(A?T*Y) and q; € C*(A3T*Y) for j = 0,...,m, with p,, and ¢, not both zero, and

let £(t,0) = e'p(t, o). Using (6.7), (d + d*)s& = 0 is equivalent to
m

Dt (dp; —pgy) = >t gy =0 and Y #((n+2)p; — dxp; —d*q) + Yt 'p; = 0.
j=0

i=0 =0 =0
(6.11)

Comparing coefficients of ™ we deduce that (pm, gm) € D(p). We know for u € Dac that D(u) # 0,
so we may take m = 0.
Suppose that m > 1. Comparing coefficients of ™1 in (6.11):
dpm—1 — UGm—1 = MGy and  d*pm_1+d @n-1 — (1t + 2)Pm-1 = MPp. (6.12)

We then compute using (6.12):

(P> Pm) L2 = Py d¥pm—1 + A" qr1 — (14 + 2)pm—1) L2
= (d*pm — (1 + 2)Pm, Pm—1) 12 + {dPm, Gm—1) L2
= (~d"@m, Pm-1)12 + (lGm, Gm—1) 12
= —(qm, dPm—-1 — MGm—-1) L2

= _m<Qma Qm>L2-
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Hence,
m(|lpmll72 + llgmlZ2) = 0

and so p,, = ¢ = 0, which is a contradiction.

We deduce the following.

Proposition 6.3.8. Use the notation of Proposition 6.5.4 and Definition 6.3.5. If M is AC, d(n) =
dim D(p) for pn € Dac. If M is CS, d(p) = >_;_; dim D(u, i) for p € Des.

6.4 Elliptic Regularity

We now wish to discuss the regularity of solutions £ to P§ = 1, where P is a uniformly elliptic AC

or CS operator.

Theorem 6.4.1. Suppose M is AC or CS and let V and W be bundles of forms on M. Let P be a

smooth uniformly elliptic AC or CS operator as appropriate from V' to W of order | and rate v.

(a) Let p > 1, let k € N and let p € R. Suppose that P¢ = n holds for £ € L}, (V) and

I, loc
n e Lé,IOC(W). If €€ Lp (V) andn € L?H_V(W) then £ € LZH,M(V) and

leleg,, , <e(lmleg, , + el )

[ 0,

for some constant ¢ > 0 independent of & and 7.

(b) Let a € (0,1), let k € N and let p € R. Suppose that PE = 1 holds for £ € Cl,
neCL(W). If £€CYV) andn e Cl (W) then & € CELa(V) and

loc pn—v

(V) and

lellegrie < ¢ (Inllgre +Iilc)

for some constant ¢ > 0 independent of & and n. Moreover, these estimates hold if the

coefficients of P only lie in C’{Z’Ca.

These results are given in [42, §6.1.1] for AC manifolds and can be easily adapted for the CS case.

We have a useful corollary concerning the kernel of uniformly elliptic operators.
Corollary 6.4.2. In the notation of Theorem 6.4.1, if £ € C’L(V) satisfies P§ = 0 then & € C° (V).

This follows from Theorem 6.4.1(b), taking n = 0. In particular, if £ € Cﬁ(AmT*M) satisfies A& = 0,
it lies in CR°(A™T*M).

Thus far we have only considered linear elliptic operators. In Chapters 7 and 8 we need to
consider nonlinear ones. In general we do not have regularity results of the strength of Theorem

6.4.1 for nonlinear operators. However, we do have a result which follows from [46, Theorem 6.8.1].
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Theorem 6.4.3. Let M be AC or CS and let V' be a bundle of forms on M. Let P(§,VE&) =0 be a
smooth monlinear elliptic equation on & € CL (V) and VE. Then & € C(V).

6.5 Hodge Theory
Definition 6.5.1. Let (M, g) be a Riemannian manifold. Define
H™ = {¢ € LA (A™T*M) : d¢ = d*¢ = 0}.

If M is compact, H™ is equal to the space of smooth harmonic m-forms and Hodge’s Theorem shows
that these forms uniquely represent cohomology classes in the mth de Rham cohomology group

_ Ker{d: C®(A™T*M) — C®(A™1T*M)}
~ Image {d: C®(A™=1T*M) — C=(A™T*M)} "

Hp (M)

Recall that we may define the compactly supported cohomology groups by:

=T Image{d: OF(A™TIT*M) — CF(AmT*M)}

Define j: H} (M) — HJy (M) by 5 ([€]) = [¢] for a closed compactly supported m-form &.
We now give a generalisation of Hodge’s Theorem for AC and CS manifolds.
Theorem 6.5.2. Let M be an n-dimensional AC or CS manifold.

(a) If M is AC,

HL (M) if m>n/2,
H™ =0 J(H™M))  ifm=n/2 and
H (M) if m < n/2.
(b) If M is CS,
HE (M) if m>n/2,
H™ = J(H™M))  ifm=n/2 and
H (M) if m < n/2.

Moreover, the isomorphism when m > n/2 if M is AC or m < n/2 if M is CS is £ — [£].

Proof. Part (a) follows from [36, Example (0.15)] for m > n/2 and Poincaré duality for m < n/2.

Similarly, (b) follows from [36, Example (0.16)] for m < n/2 and Poincaré duality for m > n/2. O

In the last two chapters we shall be particularly interested in closed L? 2-forms on a 4-dimensional
AC or CS manifold M which are self-dual. Such forms are automatically coclosed. Hence, we now

consider H? in this situation.
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Example 6.5.3. Let M be a 4-dimensional AC or CS manifold. The Hodge star maps H? into

itself, so there is a splitting H? = Hi ® H? where
HE = H2NC®(ALT*M).

Let J = (HES(M )) If o, B € J, there exist compactly supported closed 2-forms £ and 7 such
that o = [£] and 8 = []. We define a product on J x J by

alpf= ENM. (6.13)
M

Suppose that & and 1’ are also compactly supported with a = [¢'] and 8 = [1/]. Then there exist
1-forms x and ¢ such that £ — & = dx and n — ' = d(. Therefore,

/5’An’=/<§—d><>A(n—do=/ EAn—dx An— & NdC
M M M

:/ gAn—d(XAn)—d(g’/\C)z/ ENAm,
M M

as both x An and £ A ¢ have compact support. The product (6.13) on J x J is thus well-defined
and is a symmetric topological product with a signature (a,b). By Theorem 6.5.2, dim 'Hi =a and

hence is a topological number.
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Chapter 7

Deformation Theory of
Asymptotically Conical

Coassociative 4-folds

In this chapter we study deformations of coassociative 4-folds N in R7 which are asymptotically
conical (AC) with rate A to some fixed cone C. We formulate a local description of the moduli
space, in §7.1, as the kernel of a nonlinear first order differential operator F. Consideration of the
elliptic map d+d*, related to the linearisation of F', allows us to prove, in §7.2, that the deformation
theory is unobstructed for A > —2. Section 7.3 contains the main result: when \ takes generic
values in (—2,1), N admits a smooth moduli space M (N, ) of coassociative deformations of N
which are AC to C with rate A\. Moreover, the theory of Chapter 6 provides us with the tools
necessary to calculate the dimension of M(N, ) in Section 7.4. The treatment by Marshall [42]
of the deformation theory of AC special Lagrangian m-folds inspires the material presented here,

though these SL deformations were in fact studied earlier by Pacini [47] using different methods.

Throughout the chapter we shall use a common notation. Let N C R7 be a coassociative 4-fold
which is AC to a cone C' C R7 with rate A in the sense of Definition 1.2.3. Let C' & (0,00) x %,
where ¥ = C'NSY, with coordinates (r, o). Using the notation of Definition 1.2.3, we have a smooth
map ¥ : (R,00) x ¥ — N\ K, for some R > 0 and compact subset K of N, satisfying (1.1) and an
inclusion map ¢ : (0,00) x ¥ — R7 given by t(r,0) = ro. Note that ¥ satisfies (6.1) and thus N,
considered as a Riemannian manifold, is AC with rate A as in Definition 6.1.1. We therefore have a

radius function p: N — [1,00) on N as in Definition 6.1.2.
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7.1 The Deformation Map

7.1.1 Preliminaries

We wish to discuss deformations of N; that is, coassociative submanifolds that are ‘near’ to N in

R”. We define this formally.

Definition 7.1.1. The moduli space of deformations M(N,X) is the set of coassociative 4-folds
N’ C R” which are AC to C with rate A such that there exists a diffeomorphism h : N — N’

isotopic to the identity.
The first result we need is immediate from the proof of [33, Chapter IV, Theorem 9.

Theorem 7.1.2. Let P be a closed embedded submanifold of a Riemannian manifold M. There
exist an open subset V' of the normal bundle v(P) of P in M, containing the zero section, and an

open set S in M containing P, such that the exponential map exp |y : V — S is a diffeomorphism.

The proof of this result relies entirely on the observation that exp |, (py is a local isomorphism upon

the zero section. This information provides us with a useful corollary.

Corollary 7.1.3. Choose ¥ : (R,00) x ¥ — N\ K C R" uniquely by imposing the condition
that ¥(r,0) — u(r,0) € (T,,C)* for all (r,0) € (R,00) x %, which can be achieved by making R
and K larger if necessary. Let P = 1((R,00) X ), Q@ = N \ K and define np : v(P) — R7 by
np(ro,v) = v+ W(r,0). There exist an open subset V of v(P) in R7, containing the zero section,
and an open set S in R7 containing Q, such that nply : V — S is a diffeomorphism. Moreover, V

and S can be chosen to grow like r on (R,00) X ¥ and such that P C S.

Proof. Note that np takes the zero section of v(P) to . By the definition of ¥, np is a local
isomorphism upon the zero section. Thus, the proof of Theorem 7.1.2 gives open sets V and S such
that np|y : V — S is a diffeomorphism.

Since ¥ — ¢ is orthogonal to (R,00) X X, it can be identified with a small section of the normal
bundle. Hence P lies in S as long as S grows with order O(r) as r — oco. As we can form S and V in
a translation equivariant way because we are working on a portion of the cone C, we can construct

our sets with this growth rate at infinity and such that they do not collapse near R. O

Recall that, by Proposition 1.2.4, C' is coassociative. Therefore, since U(r,o) — ¢(r,0) lies in
(T,.C)*t 2 1,5 (C) for r > R, ¥ — ¢ can be identified with the graph of an element ac of AZT*C
on (R, 00) x ¥ by Proposition 2.3.14. Then

|Viag| = O@*7) for j € Nasr — oo, (7.1)
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since N is AC to C with rate A, where V and |.| are calculated using the conical metric. Thus, ac

lies in C{°(AZT*C). Moreover, we have a decomposition:
R” = T\II(T,U)N S VTU(C)

at W(r,o) for large r. We can therefore identify vy, o) (V) with v,,(C) and hence we may identify

AiT*N and AiT*C near infinity. Formally, we have the following.

Proposition 7.1.4. Use the notation of Corollary 7.1.3 and let 3o and jn be the isomorphisms given
by Proposition 2.3.14 applied to C and N respectively. There exists a diffeomorphism Y : v(P) —
v(Q), with T(0) =0, and hence a diffeomorphism T: A2T*P — A2T*Q given by Y= noY 0361.

Proposition 7.1.5. Use the notation of Corollary 7.1.8 and Proposition 7.1.4. There exists an
open set U C AZT*N containing the zero section and W = (yn o Y)(V), a tubular neighbourhood T
of N in RT containing S, and a diffeomorphism 6 : U — T, affine on the fibres, that takes the zero

section of AiT*N to N and such that the following diagram commutes:

W —— jo(V)
5l lJEl (7.2)
S I V.

Moreover, we may choose both T and U to grow with order O(p) as p — 0.

Proof. Define the diffeomorphism 6|y : W — S by (7.2). Interpolating smoothly over the compact
set K, we extend S to T', W to U and d|w to § as required. Furthermore, by Corollary 7.1.3, V" and
S can be chosen to grow at order O(r) as r — oo, and hence U and T can be chosen to have the

growth rate at infinity as claimed. O

7.1.2 The map F and the associated map G

We introduce the notation C§¥(U) = {a € C¥(A2T*N) : o € U}, where U is given by Proposition
7.1.5. The fact that U grows with order O(p) as p — oo ensures that C¥(U) is an open subset
of C¥(A2T*N), since A < 1. We use similar conventions to define subsets of the Banach spaces

discussed in §6.2. We may now describe our deformation map.

Definition 7.1.6. Use the notation of Proposition 7.1.5. For a € C}_(U) let 7o : N — ', C U,
where T, is the graph of a in A2T*N, be given by 74 (z) = (z,(z)). Let fo = § o 7, and let
N, =90(T4) = fa(N), so that N, is the deformation of N corresponding to a. Then fX(¢o|n,) €
CPL (A3T*N), so we define F : CL_(U) — CL (A3T*N) by

loc loc

F(a) = faleo

No)-
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By Proposition 2.3.6, the space of coassociative deformations of N corresponds to Ker F'.

However, we wish only to consider coassociative deformations N, of N, for a € C (U), which are
AC to C with rate A. If N, is such a deformation, there exists a diffeomorphism ¥, : (R,00) x 3 —
N, \ K., where K, is a compact subset of N,. We may define ¥, such that ¥, (r,o) — t(r, o) is
orthogonal to T;.,C for all o € ¥ and r > R.

Before Proposition 7.1.4, using the notation there, we showed that ¥ — ¢ can be identified with
the graph of ac € C5°(A2T*P) and therefore with the graph of T(ac) € C°(AZT*Q). Similarly,
T, — ¢ can be identified with the graph of a + Y(ac) € C(A2T*Q). Hence, o € C°(U).

We conclude that N, is AC to C with rate X if and only if o € C5°(U) C C°(AZT*N).

Proposition 7.1.7. Using the notation of Definitions 7.1.1 and 7.1.6, M(N, \) is locally homeo-
morphic to the kernel of F: C3°(U) — C®(A3T*N).

This is immediate from our work above.

Definition 7.1.8. Use the notation of Definition 7.1.6. Note that dF|o(a) = da by [45, p. 731].
Define G : CL (U) x CL (A*T*N) — CP (A3T*N) by:

G(a,B) = F(a) +d*S.
Then G is a first order elliptic operator at (0,0) since

dG|(0,0) =d+d": Clloc(AiT*N@ A4T*N) — CE)C(A3T*N)

It is clear that da + d*f lies in C5°, (AST*N) if (o, B) € C°(U) x C5°(AYT*N), but showing that

G maps C5° into CY° requires the following proposition.
Proposition 7.1.9. The map F given in Definition 7.1.6 can be written as
F(a)(z) = da(z) + Pp(z, a(z), Va(z)) (7.3)

for x € N, where Pr : {(z,y,2) : (z,y) € U,z € TN ® A2T;N)} — A3T*N is a smooth
map such that Pr(z,y,z) € A3T:N. For a € C(U) with lallor sufficiently small, denoting
Pp(z,a(z), Va(z)) by Pr(a)(z), Prla) € C5 _o(A3T*N) C C° ((A3T*N), as A < 1. Moreover,
for each k € N, if a € CY™(U) and lallcr ds sufficiently small, Pr(a) € CE _o(A®T*N) and there

exists a constant ¢, > 0 such that

1Pr(e)lley, , < exllalEp -
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Proof. Firstly, by the definition of F'; F'(a)(x) relates to the tangent space to 'y, at 7, (x). Note
that T (,)I'a depends on both a(z) and Va(z) and hence so must F'(a)(z). We may then define
Pr by (7.3) such that it is a smooth function of its arguments as claimed.

We argued after Corollary 7.1.3 that we may identify the displacement ¥ — ¢ of N from C, at
least outside some compact subset, with ac € Cio(AiT*C’). Using the notation of Proposition

7.1.4, define a function Fo (o + ac), for a € CP(ALT*P), on (R,0) x ¥ by
Fola+ ac)(r,0) = F(T(a))(¥(r,0)). (7.4)
Define a smooth function P by an equation analogous to (7.3):
Fola+ac)(r,o) =d(a+ ac)(r,0) + Po((r,0), (o + ac)(r,0), V(a + ac)(r,0)). (7.5)

We notice that Fo and Pg are only dependent on the cone C and, rather trivially, on R. Therefore,
because of this fact and our choice of § in Proposition 7.1.5, these functions have scale equivariance
properties. We may therefore derive equations and inequalities on {R} x ¥ and deduce the result
on all of (R, 00) x ¥ by introducing an appropriate scaling factor of r.

Now, since a = 0 corresponds to our coassociative 4-fold N, F(Y(0)) = F(0) = 0. So, by (7.4),
Fo(ac) =dac + Pe(ae) =0, (7.6)
adopting similar notation for Po(a¢) as for Pp(Y(a)). Using (7.3)-(7.6), we deduce that

Pr(Y(a)) = dag + Pola + ac) = dac + Pola + ac) — (dac + Po(ao))

= Pc(a+ac) — Pe(ac). (7.7)
We then calculate
' d
Po(a+ac) — Polac) = &Pc(ta—i-ac)dt
0
1
:/0 Q- aa%(ta—i—ac)—i—Va- %(tu—l—ac) dt, (7.8)

recalling that Po is a function of three variables x, y and z. Using Taylor’s Theorem,

0P, OF,
Po(a+ac) = Polag) + o a—yc(ac) +Va- a—zc(ac) +0(r ?al? + |Val?) (7.9)

when |a| and |Va| are small. Since dF|o(T(a)) = d(T(e)), dFc|ac(e + ac) = do and hence
dP¢|a. = 0. Thus, the first derivatives of Po with respect to y and z must vanish at ac by (7.9).

Therefore, given small € > 0 there exists a constant Ay > 0 such that

0P,
—C(toz + ac)

3 < Ag(ral+ |Val)  (7.10)

S Ao(T‘72|O[| +’I"71|VOL|) and ’aapc(ta+0éc)
z
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for t € [0, 1] whenever
r~Yal, rHacl, [Val and |Vac| < e. (7.11)
By (7.1), r!|ac| and |Vae| tend to zero as r — oo. We can thus ensure that (7.11) is satisfied

by the ac components by making R larger. Hence, (7.11) holds if [|a[|c1 < e. Therefore, putting
estimates (7.10) in (7.8) and using (7.7),

|Pr(T(@)| = |Pe(a+ ac) = Pe(ac)| < Ao(r~!a| + [Val)? (7.12)

whenever [|af|c1 < €. Asr — oo the terms in the bracket on the right-hand side of (7.12) are of order
O(r*~1) by (7.1). Thus, |Pr(T(a))] is of order O(r?*~2), hence O(r*~1) since A < 1, as r — oo.
Similar calculations give analogous results to (7.12) for derivatives of Pg, but we shall explain

the method by considering the first derivative. From (7.8) we calculate

1
V(Fela+ac) - Petac) = [ 9(a-E(ta+ac)+ Va- S ta+ac))

. dy 0z
—/1V O | o (Vo +ac)- 228 £ V(a1 ac) - 22
T Y ey TN T g “) Byoz
dPc 02Po
+V2Q-W+Voz (V(toz+ozc) P 8 (ta+ac) - 5.2 )dt

Whenever [[af[c1 < € there exists a constant A; > 0 such that (7.10) holds with Ay replaced by A;
and, for t € [0, 1],

2 2

9*P,
and ’aZQC(tOz + a¢)

Pc
0y0z

(ta + agc) < Ay,

since the second derivatives of P are continuous functions defined on the closed bounded set given

by [lallc: <e. We deduce that

IV(Pr(T(a))| = IV(Pe(a+ ac) — Po(ac))| < A (Zriﬂvia)

=0
whenever [|af|c: < e. Therefore |V(PF(T(04)))‘ is of order O(r?*~3), hence O(r*~2), as r — c0.

In general we have the estimate

Jj+1
|VI(Pr(T(a)))| < 4, (Zri (J+1)V1a|>

for some A; > 0 whenever [laf/c1 < e. The result follows. O

2

It is immediate from Proposition 7.1.9 that G maps (a, 3) € C(U) x CS°(A*T*N), with o suffi-
ciently near 0 in Cf, into C° | (A3T*N).
Further, if G(a, 8) = 0 then

d(G(e, B)) = d(F(a)) + dd*5 = AB =0,
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since F(a) is exact because (g is exact near N in R”. If 8 decays with order O(p*) as p — oo, where
A < 0, then %0 is a harmonic function on N which tends to zero as p — oo. The Maximum Principle
(Theorem 1.2.5) allows us to deduce that *8 = 0 and conclude that § = 0. Thus, the kernel of F in
C$°(U) is isomorphic to the kernel of G in C5°(U) x C$°(A*T*N) for A < 0.

7.1.3 Regularity
We consider the regularity of solutions to the nonlinear elliptic equation G(«, 3) = 0 near (0, 0).

Suppose that (o, 3) € L} 4 (U) x L}, \(A*T*N) for some p > 4 and k > 2. Then « and /3 lie
in CL . by Theorem 6.2.4, since % > %.

Suppose further that G(a, ) = 0 and that [ s is sufficiently small. Since F' smoothly depends
on o and Ve, G is a smooth function of «, 5, Va and V3. We apply Theorem 6.4.3 to conclude
that « and 8 are smooth. However, we want more than this: the derivatives of a and  must decay
at the required rates.

Recall the observation made at the end of §7.1.2 that G(«, ) = 0 implies that A = 0. By
Theorem 6.2.4 and Corollary 6.4.2, 3 € CS°(A*T*N).

For the following argument we find it useful to work with weighted Holder spaces. By Theorem
6.2.4, a € C’f’a(U) with @ = 1 —4/p € (0,1) since p > 4. We also know that d*(G(a, ) =
d*(F(«)) = 0, which is a nonlinear elliptic equation on «. Using the notation and results of Propo-

sition 7.1.9, d*da + d*(Pp(a)) = 0 and d*(Pp(a)) € Chy %*(A2T*N). We see that
d*(F(a))(z) = Rr (2, a(z), Va(2))Via(z) + Br(z,a(z), Va()),
where Rp(z,a(z), Va(z)) and Er(z, a(zr), Va(z)) are smooth functions of their arguments. Define
Sa(7)(x) = Rp(z,a(z), Va(z))V?y(z)

for v € C?2

2 (ALT*N). Then S, is a smooth linear uniformly elliptic second order operator, if ol

is sufficiently small, whose coefficients depend on z, a(x) and Va(x). These coefficients therefore

lie in C’{f);l’a. We also notice that

Sa(a)() = —Ep(z, alz), Va(x)) € O 34 (AXT*N) C CX72 (AT N),

since A < 1. However, Er(z,a(z), Va(z)) only depends on o and Ve, and is at worst quadratic
in these quantities by Proposition 7.1.9, so it must in fact lie in C’f:é’a(AzT*N) since we are given
control on the decay of the first k£ derivatives of a at infinity.

If v € C3(AZT*N) and S, (v) € C’;:;’Q(A2T*N), applying Theorem 6.4.1(b) implies that v €

Cf“’a(AiT*N). Since k > 2, a and S, () satisfy these conditions by the discussion above. We
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deduce that o € Cf“’a(AiT*N) only knowing a priori that a € C’I;’a(AiT*N). We proceed by
induction to show that o € C];’ “(A2T*N) for all k > 2.

As a consequence of the regularity results above, we deduce the following.

Proposition 7.1.10. Let (o, 8) € L, ,(U) x LZH’/\(A‘lT*N) for some p > 4 and k > 2. If
G(a, B) = 0 and |l cr is sufficiently small, (o, 3) € CF°(U) x CP(AYT*N).

7.2 Study of the Cokernel
The work in §7.1 leads us to consider
G: Ly \(U) x Ly \(A*T*N) — Ly, ,_ (A’T*N), (7.13)

using the notation of Definition 7.1.8 and Proposition 7.1.10 and the results derived in the proof of

Proposition 7.1.9. As noted in Definition 7.1.8, the linearisation of (7.13) at (0,0) acts as
d+d* : i, \(MAT*N & A*T*N) — L} ,_,(A*T*N). (7.14)

In this section we are concerned with the cokernel of (7.14).

7.2.1 The image of d + d*

By Theorem 6.3.3, there exists a countable discrete subset D’ of rates A such that
d+d*: i \(AV"T*N) — L§ _ (A°YT*N) (7.15)
is not Fredholm. Clearly, D’ O D¢, where Dpc is given in Proposition 6.3.4(a). For A ¢ D’
LY L (AT N) = (d 4+ d)(LE,, (A" T*N)) & C,

where C is a finite-dimensional space which may be taken to consist of forms with compact support,
as well as closed under the Hodge star. Alternatively, if A > —1 (so that —A —3 < A —1), C may be

chosen as the kernel K of the adjoint map
d+ d* - L1 (AoddT*N) N L?’7>\74(AevenT*N>7 (716)

I+1, —A—3

where 1/p+1/q =1 and [ € N, which is graded and closed under the Hodge star.
For any A ¢ D’ define an inner product on Lzﬁ)\il(AOddT*N) x KC by

(v.m= /Nv-n. (7.17)
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We are able to take C to be any finite-dimensional subspace of Lk A— 1(AOddT*N ), with dimC =
dim K, such that the inner product on C x K is nondegenerate. In particular, there is a natural
isomorphism C 2 KC*, where the dual space is defined by the inner product (7.17).

Let A > —1 and choose C = K. If v € L} ,_,(A’T*N) then (xvy,7) € LZ))\_l(AOddT*N) and

hence there exist some 7, € LZJFL A(A™T*N), for m = 0,2,4, and n € C such that
(7, 7) = (d+ d*) (0, v2, 74) + -
By applying the Hodge star,
(7,7) = (d+d") (74, %72, ¥70) + *7).
Adding the above formulae and averaging gives:
v = d(’72 -;*72) n d*(*’m;-%) 4
where 7 € CN Ly, L(A3T*N). We deduce that
LR\ (NT*N) = (d(LRy \(AZTN)) + d* (L] (AT N))) & CP,
where C3 =C N Lz’Ail(AsT*N). Moreover, for A ¢ D/, A > —1,
d(Ly ) \(A*T*N)) = d(L}, \(AZTN)). (7.18)

We must surely have that the images are equal for A ¢ Dac, A > —1, as well.
The argument above shows that (7.18) will hold for any A ¢ Dac where the cokernel C can be
taken to be graded and closed under the Hodge star. We shall see in the next subsection that this

occurs whenever A € (=2,1) \ Dac.

7.2.2 Obstructions and the kernel of the adjoint map

We are concerned with solutions (a, 3) € L}, \(AZT*N & A*T*N) to G(a,3) = F(a) + d*3 =0
Using the notation of Proposition 7.1.9, F(a) = da+ Pp(a) with Pr(a) € L}, ,_(A’T*N). We can

thus consider the problem as solving:
da+d*6 = —Pp(a) =7.
Our deformation theory will be unobstructed if and only if
/ YAxn =0 (7.19)
N
for all 3-forms 7 in the kernel K of the adjoint map to (7.14):

diy+d: L]

T _as(NPT*N) — L] _,_,(AMT*N & A'T*N), (7.20)
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where 1/p+1/g=1and [ € N.
Suppose n € K2 and A > —2. Then d*n € L} _\_4(A2T*N). Note that we may embed Ll a3
in Ci)\_3 for [ > 4 by Theorem 6.2.4, recalling that p > 4. Thus,

/|d*77|2:/ —d*n/\d*n:/ —d*n/\d*n:/ —d(xn A dxn) =0,
N N N N

which is valid since [+n| = O(p=*73) and |d*n| = O(p=*7%) as p — oo, with A > —2. We deduce the

following result.
Proposition 7.2.1. If 5 lies in the kernel of (7.20) for A > —2 and | > 4, it satisfies dn = d*n = 0.

Under the conditions of Proposition 7.2.1, *n € L?JFL _y_3(A'T*N) with d+n = d*+n = 0. Recall
that N\ K 2 (R,00) x ¥ and so, on N \ K,

1) = X + fdr

for a function f and 1-form x on (R,00) x X, where x has no dr component. Write

0
d—dz}‘f'd’l"/\a

on (R, 00) x X. The equation d+n = 0 implies that

dsx =0 and % —dsf=0. (7.21)

Define a function ¢ on (R, 00) X X by

C(r o) = —/:O F(5,0) ds.

This is well-defined since the modulus of f is O(r~37*) as 7 — oo, where —3 — X\ < —1 since A > —2.
Noting that the modulus of x with respect to gs is O(r~27*) as r — oo, with —2 — A < 0, we

calculate using (7.21):

ac =~ [ dsisords+ far=— [ X (s.0)ds+ far

= [— X(s,o)} - + fdr = x(r,o0) + fdr = *n.

T

If {R} x ¥ has a tubular neighbourhood in N, which can be ensured by making R larger if necessary,
we can extend ¢ smoothly to a function on N. Hence ¢ € L?+2, _y_o(A°T*N) with d¢ = *non N\ K.

This leads us to the next proposition.

Proposition 7.2.2. Let 1 lie in the kernel K® of (7.20) for X > —2 and | > 4. There exists a
function ¢ on N of order O(p=2=*) as p — oo such that n—d¢ = £ is a closed compactly supported
1-form. Moreover, the map 1 — [£] from K2 to HL(N) is injective for A € (—2,1).
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Proof. Clearly our construction above ensures that £ is a closed 1-form which is zero outside of the
compact subset K of N. Thus [¢] € HL(N). Suppose that [¢] = 0. Then ¢ = d¢ for some function

f with compact support. Therefore
0=d"sn=d"(d+ &) =d*d(¢+ ).

Hence ¢ —|—C~ is a harmonic function which tends to zero, since —2 — A < 0, as p — oo. We may

employ Theorem 1.2.5 to deduce that ¢ + (f = 0 and the result follows. O

Proposition 7.2.5 below shows that the map from K3 to HL (V) is an isomorphism when A € (—2,0).

Recall that F(«), hence v = Pp(«), is exact. Use the notation of Proposition 7.2.2. Then

/Jv’y/\*r]z/]V'y/\dC+/]v’yA§.

Here, [y] € H3z(N), [(] € HL(N) and the product H3z (N) x HL(N) — R is well-defined, so

[ ane=t-1g =0
N
because 7 is exact. By integration by parts, using the fact that v is closed,
[ andc= [ a0 =0
N N
Therefore (7.19) holds for all n € K3 and A > —2. We write this result below.
Proposition 7.2.3. The deformation theory of AC coassociative 4-folds is unobstructed if the rate

A lies in (—2,1) but not in the set Dac defined in Proposition 6.3.4(a).

7.2.3 Dimension of the cokernel

We start with a result concerning functions on cones [28, Lemma 2.3].

Proposition 7.2.4. Suppose that f: C — R is a nonzero function such that
f(r,o) =rtfs(o)
for some fs : X — R and p € R. Denoting the Laplacians on C and ¥ by Ac and Ay, respectively,

Acf =r""(Asfs — plp+2) fs).

Therefore, since ¥ is compact, u(p +2) > 0 and so there exist no nonzero homogeneous harmonic

functions of order O(r#*) on C with p € (—2,0).
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Use the notation of Proposition 7.2.2 and let A € (—2,0). Clearly A{ = —d*¢ and hence d*¢ lies

in the image of the map
A yo=A:LL,  ,(A’T*N)— L} _,_,(A°T*N).

Therefore d*¢ is L2-orthogonal to the kernel of the L? adjoint of A_5_». Let u € (—2,0). Proposition
7.2.4 implies that there are no elements of D(A), defined in Theorem 6.3.3, between —A — 2 and
—pt — 2. Thus Coker A_y_o = Coker A_,_5. Obviously, d*¢ is then L?-orthogonal to the kernel of

the L? adjoint of A_,,_». Consequently, there exists ¢, € L?+27 _H_Q(AOT*N) such that A_,,_»(, =

—d*¢ and hence ¢ — (,, is harmonic. Moreover, ( — (,, = O(p~min(h, 1)=2)

as p — oo and, since
—min(\, #) — 2 < 0, we use Theorem 1.2.5 to deduce that ¢ — ¢, = 0. Hence *n and 7 lie in

L for any p € (—2,0). The dimension of the cokernel of (7.14) is therefore constant for

q
I+1, —pu—3
A€ (—2,0), A ¢ Dac.

Recall the space H™ given in Definition 6.5.1. Using (6.5), we notice that
H? = {y € Ly _,(A’T*N) : dy =d*y =0}

and hence it is equal to the kernel K? of (7.20) for ¢ = 2, A = —1 and [ = 0. By Corollary 6.4.2
applied to the uniformly elliptic operator given by (7.20), K3 in the case A = —1 is isomorphic to
H3. Moreover, the dimension of K3 is equal to the dimension of the cokernel of (7.14) if A & Dac
and H3 = H3; (N) by Theorem 6.5.2(a).

We put together our recent results and observations.

Proposition 7.2.5. For all A\ € (—=2,0), A ¢ Dac, the cokernel of (7.14) has dimension equal to
b3(N) and so it is independent of \.

Consider the cokernel of (7.15), which has equal dimension to the kernel I of the adjoint map
(7.16) as long as A ¢ D', using the notation of §7.2.1. Let A > —2. If (,n3) € K then dnp +
d*n3 = 0. However, an integration by parts arguments shows, valid since —4 — A < —2, that
dm = d*ns = 0. We may thus use the construction leading to Proposition 7.2.2 to map (1n1,7s3)
to a compactly supported 1-form. Then, using the arguments proceeding Proposition 7.2.4, (n1,73)
lies in L?Jrl,fu
cokernel of (7.15), is constant for A € (—2,0), A ¢ D’.

_3(A°YT*N) for any p € (—2,0). Therefore the dimension of K, and hence of the

We now deduce the result mentioned after (7.18), because we can take the cokernel of (7.15) to

be graded for A > —2, A ¢ Dac, since we know it is for A > —1.
Proposition 7.2.6. For A > —2 and X ¢ Dag,

d(Lyy \(N*T*N)) = d(Ly, \(AZT*N)).
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7.3 The Deformation Space

7.3.1 The image of F

Let v be the vector field given by dilations, which, in coordinates (x1,...,27) on R7, is written:
0 0
=T —+... — 7.22
v e 8501 + +ar 8937 ( )

Then the Lie derivative of ¢q along v is:
Lypo = d(v - o) = 30. (7.23)
Therefore, ¥ = %v - g is a smooth 2-form such that dy) = pg. Note that 1)|c = 0 since
(v-go)le =v-(polc) =0,
as v € TC and C is coassociative. Define, for a € CL (U), H(a) = fX(¢|n,) so that
Fle) = faldy|n,) = d(fo(¥In,)) = d(H(a)).

Recall the diffeomorphism ¥, : (R, 00) x X — N, \ K, where K, is compact, introduced before

Proposition 7.1.7. The decay of H(«) at infinity is determined by:

Vo) = (Vg = )W) + () = (Vg = )(¥)

since ¥|c = 0. For (r,0) € (R,00) x &,

(s =)Dl = (DWalo) (Pl :0)) = Al (Bl :00) ) + Dl Ular0) = o), (7:24)

using the linearity of di* to derive the last term. Since [¢)] = O(r) and ¥, satisfies (1.1) so that
|d¥% — di*| = O(r*~1) as r — oo, the expression in brackets in (7.24) is O(r*). The final term
in (7.24) is determined by the behaviour of dv*, V¢ and ¥, — «. Hence, as |d¢*| and |V| are
O(1), using (1.1) again implies that this term is O(r*). We conclude that if a € L7, A(U) then
H(a) € Ly, L(A?T*N). Notice that H(a) has one degree of differentiability less than one would
expect since it depends on « and Va.

Let A > —2 and let A\ ¢ Dac. By Proposition 7.2.1 the kernel K3 of (7.20) consists of closed and
coclosed 3-forms. The following integration by parts argument is therefore valid for a € L} 41 L(0)

and n € K3 C L?+17_>\_3(A3T*N):
(F(a), nrz = (d(H(a)), n)re = (H(a), d"n)r2 = 0.

Hence, F(a) is L?-orthogonal to K. Since A ¢ Dac, the map (7.14) is Fredholm and therefore has
closed image. Moreover, K2 is independent of k, hence F(a) must lie in the image of (7.14). We

deduce the following.
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Proposition 7.3.1. Forp>4,k>2, A€ (—2,1) and A ¢ Dac,
G: Ly \(U) x Ly \(A*T*N) — d(L{, \(AZT*N)) +d*(Lh,, \(A*T*N)) C L} ,_(A’T*N)
and has derivative

dGlo,0) =d+d": LZ+1,>\(A1T*N ®AT*N) — d(LZ+1,>\(AiT*N)) + d*(Li+1,>\(A4T*N))~

7.3.2 The moduli space

Let p >4, k > 2 and let A € (~2,1) with A ¢ Dac. By Definition 6.2.1, X = LV, ,(A3T*N @
AYT*N) is a Banach space. Clearly V = Ly 2 (U) x L£+1,)\(A4T*N) is an open neighbourhood
of (0,0) in X if L£+1,)\ embeds in CY, since A < 1 and U, given by Proposition 7.1.5, grows with
order O(p) as p — 0o. Theorem 6.2.4 gives the condition for this to occur as k+ 1 > % , which is
satisfied. Moreover, Y = d(L} LW(A2T*N)) +d* (L, L(A*T*N)) is a Banach space because it is
the image of a Fredholm map and hence a closed subspace of LZ’ y_1(A3T*N).

By Proposition 7.3.1, G maps V to Y and its derivative dG|(o,0) : X — Y is clearly surjective
with finite-dimensional kernel which splits X. Using the Implicit Function Theorem for Banach
spaces (Theorem 6.2.5), we deduce that G1(0) is locally diffeomorphic to the kernel of dG/( 0.
By Proposition 7.1.10, forms (a,3) in G~(0) such that [[allc; is sufficiently small are smooth.

Therefore G=1(0) is locally diffeomorphic to the kernel of the map
d+d*: O (AZT*N @ A*T*N) — C° (A’T*N).

Define a map 7 on G~1(0) by ng(a,3) = 8. Then 7¢ is a smooth map such that 7' (0) =
F~1(0). Let (o, 3) € G71(0) and recall that, by the work in §7.3.1, there exists H(a) € C°(A*T*N)
such that F(a) = d(H(«)). Therefore, since F(a) + d*3 = 0, d*3 € d(C(A2T*N)) and, by
Proposition 7.2.6, must then lie in d(C{°(A2T*N)). Hence

me G7H0) = {B € CF(AYT*N) + d*B € d(CP(A2T*N))} = B,

Therefore drg|(o,0) : KerdG|o,0) — Ba is surjective and so 7g is locally surjective. Consequently,
if « € F~1(0) and is sufficiently near 0 in C{, it is smooth.

We deduce the following theorem, which is the main result of the chapter.

Theorem 7.3.2. Let N be a coassociative 4-fold in R” which is AC to a cone C in RT with rate
for a generic A € (—2,1) (i.e. A\ ¢ Dac where Dac is given by Proposition 6.3.4(a)). The moduli
space M(N, ) of coassociative deformations of N, which are AC to C with rate X, is a (smooth)

manifold near N with dimension equal to that of the kernel of
d: CP(ALT*N) — O, (APT*N).
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This dimension is also equal to

dim G71(0) — dim By,
where G is given in Definition 7.1.8 and
By ={B€CT(A'T*N) : d*B € d(C(AZT*N))}.

We remind the reader that By = {0} if A < 0 by the comments made at the end of §7.1.2. This fact

makes our dimension calculations easier in the next section.

7.4 Dimension of the Moduli Space

We start with some notation.

Definition 7.4.1. Denote the kernel of (7.14) by K and the kernel of (7.20) by Cx. Note that, by
the results in §7.3.2,
lel./\/l(.Z\/v7 /\) = dlmIC)\ — dlmB)\

for A € (=2,1) \ Dac, where By is defined in Theorem 7.3.2.

Using Corollary 6.4.2, since L£+17 N = Ci by Theorem 6.2.4, and the Maximum Principle (Theorem
1.25), Kx = {a € C(ALT*N) : da = d*a =0} if A < 0. From (6.5),

H> ={a € L§ _,(A*T*N) : da = d*a =0}
where H? is given in Definition 6.5.1. Recalling Example 6.5.3, we deduce the following proposition.
Proposition 7.4.2. In the notation of Example 6.5.3 and Definition 7.4.1, dim K_5 = dim ’Hf_.

The next proposition we state follows from standard results in algebraic topology if we consider

N as the interior of a manifold which has boundary X.

Proposition 7.4.3. Let the map ¢y, : HZ(N) — HJL(N) be defined by ¢ ([€]) = [€]. Let r > R
and let ¥, : ¥ — N be the embedding given by U,(c) = ¥(r,0). Define py, : HiR (N) — HIL(X)
by pm([€]) = [VEE]. Let f € C°(N) be such that f = 0 on K and f =1 on (R+1,00) x .
If rs + (Ry00) x ¥ 2 N\ K — ¥ is the projection map, define Oy, : HiR(X) — HZTY(N) by
Om ([€]) = [d(frEE)]. Then the following sequence is exact:

C— H™(N) 22 g (N) 22 g (8) 2 g (V) — - (7.25)

We note that H(N) = Hjz (N) = 0, which enables us to calculate the dimension of various spaces

more easily using the long exact sequence (7.25).
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Since Dac is discrete, there exists a greatest A_ € Dac with A_ < —2 and a least Ay € D¢ with
Ay > —2. Recall that —2 € Dac if and only if b'(X) # 0 by the argument preceding Proposition

6.3.4. We are thus able to make the following proposition.

Proposition 7.4.4. Suppose that X\ € (A_,0), X ¢ Dac and b'(X) = 0, which is equivalent to
—2 ¢ Dpc. The dimension of M(N, ), as given in Theorem 7.5.2, is
dim H2 + Z d(p)
nEDac ﬁ(}\,,)\)

where d(u) is given in Proposition 6.3.8 and ’H_%_ is defined in Example 6.5.3.

Proof. The index of (7.14) is constant for A_ < A < A4 and hence the dimension of the kernel and

cokernel are also constant. Therefore, for A_ < A < Ay,
dim K = dim K_5 = dim H?.

by Proposition 7.4.2. Proposition 7.2.5 implies that the dimension of Cy is b*>(N) for all \_ < A < 0.

Applying Theorem 6.3.6 and the results of §7.3.2 completes the proof. O
The next result enables us to calculate the dimension of M (N, A) when —2 € Djc.

Proposition 7.4.5. For A\_ < A < =2, dimKy = dmK_5. If =2 < A < A4,
dim Ky = dimK_5 — b°(2) + b1 () + 0°(N) — b*(N) + b*(N).

Proof. For A < —2 it is clear, since LZ,A C L£,727 that Ky C K_s.

Since —2 € Dac, there exists a closed and coclosed 2-form 7 on ¥. By the work in [37, §3 &
84|, for n to correspond to a form which adds to the kernel of (7.14) at —2, there must exist a
closed self-dual 2-form « on N which is asymptotic to the 2-form ¢ = 1 + p~'dp A *n defined on
N\ K 2 (R,0) x . However, ¢ grows with order O(p~2) as p — oo and hence a must at least
grow at this rate. Therefore a does not lie in L? and hence a ¢ K_s.

Using the notation of Proposition 7.4.3, we see that such a form « will exist if and only if [r] lies
in p2(H3z (N)), since only then can we consider n as a form on N \ K. The dimension of this space

can be calculated using (7.25):
dim py(H3g(N)) = —b°(2) + b1(2) + b°(N) — b' (N) + b3(N).

By Theorem 6.3.6, there are no changes in Ky for A_ < A < —2 and the argument thus far
shows that the kernel forms added at A = —2 do not lie in K_5. We conclude that ICy, = K_5 for
A_ < A < =2. The latter part of the proposition follows from the formula and arguments above,

since Ky does not alter for —2 < A < A4. O

124



Note that —b%(3) 4+ b1(2) + b°(N) — b1(N) + b*(N) is zero if b(X) = 0, which can be easily checked
using (7.25). Therefore, Proposition 7.4.5 shows that the function k(\) = dim K, is lower semi-
continuous at —2 and is continuous there if and only if —2 ¢ Dac. Our next result shows that the

function ¢(\) = dimCj is upper semi-continuous at —2.

Proposition 7.4.6. For =2 < A < Ay, dimCy = dimC_q. If \_ < A < =2,
dimCy = b°(%) — b°(N) + b (N).

Proof. Since L;{ 3 C L;{ _; when A > =2, C\ CC_3 for A > —2.

Since —2 € Dac, there exists a closed and coclosed 1-form ¢ on ¥. The correspondence of ¢ to a
cokernel form implies, again by [37, §3 & §4], the existence of a 3-form v on N with (d* + d)y =0,
such that v is asymptotic to ¢ defined on N \ K = (R, 00) x X. Clearly, || = O(p~!) as p — oc.
Therefore v does not lie in C_s, as it must grow with at least order O(p~1).

Using the notation of Proposition 7.4.3 we see, as in the proof of Proposition 7.4.5, that such a
3-form ~ will exist if and only if [¢] lies in py (Hlz(IN)). We calculate the dimension of this space
using (7.25):

dim p1 (Hl (V) = B(5) — BO(N) + b (N) — B*().

Theorem 6.3.6 and Proposition 7.2.5 imply the result. O

Theorem 6.3.6, along with Propositions 7.2.5 and 7.4.5, give us the dimension of Ky, hence

M(N, \), for all A € (—2,0) with A ¢ Dac.

Proposition 7.4.7. Suppose that A € (—2,0) and A ¢ Dac. The dimension of M(N, ), as given

in Theorem 7.3.2, is

dimH2 — b°(2) +6'(2) + LO(N) = D' (N) +6*(N) + > d(p)
nEDAc N(—2, )

where d(w) is given in Proposition 6.3.8 and Hi is defined in Example 6.5.35.

We now discuss the case A > 0 and begin by studying the point 0 € Dac. Recall that d(0), as

given by Proposition 6.3.8, is equal to the dimension of
Dy = {(a, B) € C®(A*T*S @ A*T*Y) : da =0 and d+a + d* 3 = 2a}.
It is clear, using integration by parts, that the equations which (a, 8) € Dy satisfy are equivalent to

d¥a=2a and d*g=0.
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The latter equation corresponds to constant 3-forms on X, so the solution set has dimension equal
to b°(%). If we define
Z ={a € C®(A’T*Y) : d+a = 2a}, (7.26)

then d(0) = (%) + dim Z.

Suppose that 33 € C*®°(A3T*Y) satisfies d*33 = 0 and corresponds to a form on N which adds
to the kernel of (7.14) at 0. Then there exists, by [37, §3 & §4], a 4-form (84 on N asymptotic to the
form p3dp A B3 on N\ K = (R,00) x ¥ and a self-dual 2-form a of order o(1) as p — oo such that
dag +d* 34 = 0.

Since d* [, is exact, x4 is a harmonic function which is asymptotic to a function ¢, constant on
each end of N, as given in Definition 6.1.1. Applying [28, Theorem 7.10] gives a unique harmonic
function f on N which converges to ¢ with order O(p#) for all u € (—2,0). The theorem cited
is stated for an AC special Lagrangian submanifold L, but only uses the fact that L is an AC
Riemannian manifold and hence is applicable here. Therefore, x84 — f = o(1) as p — oo and hence,
by Theorem 1.2.5, %8, = f.

We deduce that d*34 and das are O(p~37¢) as p — oo for any € > 0 small, hence they lie in L2.
Integration by parts, now justified, shows that d*(54; = 0 and we conclude that x4 is constant on
each component of N. Hence, the piece of b°(3) in d(0) that adds to the dimension of the kernel
is equal to b°(N). Note that the other 3-forms (3 on ¥ satisfying d*33 = 0 must correspond to
cokernel forms and so °(X) — b°(V) is subtracted from the dimension of the cokernel at 0.

For each end of N, we can define self-dual 2-forms of order O(1) given by translations of it,

0 .

written as 5 -
Zj

o for 5 =1,...,7. If the end is a flat R*, we only get three such self-dual 2-forms

from it. So, if k&’ is the number of ends which are not 4-planes,
dim Z > 7k 4 3(0°(2) — k') = 3b°(%) + 4k'.

Moreover, the translations of the components of N must correspond to kernel forms, since they are
genuine deformations of N. Therefore, if k is the number of components of N which are not 4-planes,
at least 3b°(IN) + 4k is added to the dimension of the kernel at 0 from dim Z.

We state the following inequalities for the dimension of M(N, ) for A € (0,1).
Proposition 7.4.8. Use the notation of Theorem 7.3.2. If A € (0,1),

dim M(N,)) < dimKo + b°(N) + dim Z — dim By + Y d()
nEDAc N(0, A)

where d(u) is given in Proposition 6.3.8, Z is defined in (7.26) and

dim Ko = dim "3 — b°(2) + b1 (2) + 0O (N) = b (N) + b3 (N) + > d(p).
HEDAc 0(72,0)
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Moreover, if k is the number of components of N which are not a flat R*,
dim M(N,)) > dim Ko + () + 30°(N) + 4k — 8*(N) —dim By + > d(p).
HEDAc ﬂ(O, )\)
The first inequality follows from the arguments preceding the proposition. The second is deduced
from these same arguments and Proposition 7.2.5, which show, in particular, that the dimension of

the cokernel can be reduced by at most b3(N) — b°(Z) + b°(N) as X increases in (0, 1).

7.5 Study of Rates \ < —2

Suppose for this section that NV is a coassociative 4-fold which is AC with rate A < —2 and suppose,
for convenience, that N is connected.

Consider the deformation N — tN for ¢ > 0. Clearly ¢tV is coassociative and AC with rate A
for all ¢ > 0. If v is the dilation vector field given in (7.22), define a self-dual 2-form « on N as in

Proposition 2.3.14 by @ = (v - ¢g)|n, which corresponds to the deformation above. Using (7.23),
do=d(v-@o)|n =3wolny =0

since N is coassociative. As A < —2, & € L?(A2T*N) and hence a € H3, defined in Example 6.5.3.
Clearly, if dim 'Hi = 0 then a = 0, which implies that tN = N for all ¢ > 0; that is, N is a cone and
hence N = R* as it is nonsingular.

Since « lies in L2,
X) = [ Jaf = a3
N
This is a well-defined invariant of N. We define a second invariant as follows. Let " be a 2-cycle in

N and let D be a 3-cycle in R such that 9D =T. Define [Y(N)] € H3;(N) by:

YOI = [ e
D
We show that this is well-defined. Suppose that D and D’ are 3-cycles such that 9D = D’ =T.
Then O(D — D) =0 and so

/ o =[po] - [D—D'1=0

D-D’

since [po] € Hig(R7) is zero. Therefore [}, po = [, po. Now suppose that I' and I" are 2-cycles in
N such that I' — I = OF for some 3-cycle E C N. Let D and D’ be 3-cycles such that D =T" and
OD" =T’. Then 9D = 9(E + D’) =T and thus

Y= f o= =[] =] o=rur

since E C N and ¢g|n = 0. Hence [Y(N)] is well-defined.
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We notice that Y (tN) = t3Y(N), so

d
(Y (V) - 3Y (N).

Since we may consider « as defined by % lt=1, the left-hand side of the above equation is equal to «.
Hence 3Y (N) = a. Recall the definition of 7 in Example 6.5.3 as the image of HZ(N) in H3z (N).
As @ € ‘H? and the map from H? to J given by 7 +— [4] is an isomorphism, [Y(N)] lies in 7. In
Example 6.5.3 we showed that (6.13) defines a product on J x J and hence

Y (N)? = [o] U[o] :/NaAaz/NW — X(N).

We have used the fact that if @« = n + d¢, for some compactly supported 2-form 7 and & €

Cfﬁ_l(AlT*N), then an integration by parts argument, valid since A < —2, shows that

/a/\a:/n/\n.
N N

We have thus derived a test which determines whether N is a cone.

Proposition 7.5.1. Let N be a connected coassociative 4-fold in R which is AC with rate X < —2.
If dim Hi =0 then N is a cone and hence a linear R* in R”. Moreover, N is a cone if and only if

X(N) =0 or, equivalently, [Y (N)]?> = 0.

We note, for interest, that a similar argument holds for a connected SL m-fold L which is AC with
rate A < —m/2, in the following sense. By [45, Theorem 3.6], we may associate to the deformation
L — tL a closed and coclosed 1-form « which lies in L?(A'T*L), using (6.5) since A < —m/2. By
Theorem 6.5.2(a), the closed and coclosed 1-forms in L? uniquely represent the cohomology classes
in HL (L) or, equivalently, HJ; '(L). Therefore, if 5»~1(L) = 0 then L is a cone and hence a linear
R™ in C™. Moreover, we may define the invariant X (L) in an analogous way to X (N) and see that
L is a cone if and only if X (L) = 0.

We define two invariants, [Y (L)] € Hix (L) and [Z(L)] € Hi (L) by

V@I = [ on ad (Z@)-1 = [ e,

where T is a 1-cycle in L, D is a 2-cycle such that 9D =T, IV is an (m — 1)-cycle in L, D’ is an
m-cycle such that 9D’ =T and w,, and €, are given in Definition 3.1.1.

We can also define two further invariants of L, [Y'(L)] and [Z’(L)], for certain rates A. If A < —1,
we can map « to an element [Y’'(L)] € HL (L) using a similar construction to the one leading to
Proposition 7.2.2. Similarly, if A < 1 — m, we may associate to *«, and hence to «, an element

[2'(L)] € HEZ=H(L).
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For A < —m/2, since m > 2, we calculate:

om[Y'(L)] - [Z(L)] = [a] U[+a] = /La/\*a = /L laf? = X(L).

Hence X (L) = 0 if and only if [Y'(L)] - [Z(L)] = 0. If A < 1 —m, X(L) = 0 if and only if

[Y(L)] - [Z'(L)] = 0. We write these observations as a proposition.

Proposition 7.5.2. Let L be a connected SL m-fold in C™ which is AC with rate A < —m/2.
If b™~Y(L) = 0 then L is a cone and hence a linear R™ in C™. Moreover, L is a cone if and
only if X(L) = 0 or, equivalently, [Y'(L)]-[Z(L)] = 0. If A <1 —m, L is a cone if and only if
Y (L)]-[Z"(L)] = 0.

7.6 An Example

We return to the SU(2)-invariant coassociative 4-folds M, given by Theorem 5.2.4. These can
formulated as in [17, Theorem IV.3.2] in terms of the quaternions, described in §1.3, and the now
familiar octonions.

Let e € ImH be a fixed unit vector and let ¢ € R. Let Im O = Im H® (f)y, where f € (ImH)+ C
Im O such that |f| = 1. Then

M, = {sqeqG+rqf : ¢ € H, |¢| =1 and s(4s®> — 5r?)> = ¢ forr > 0, s € R}.

Suppose ¢ # 0 and take ¢ > 0 without loss of generality. This forces s > 0 and 452 — 52 # 0.

It is then clear that M, has two components, M} and M

-, corresponding to 4s® — 572 > 0 and

45% — 5r? < 0 respectively.

Considering M, we get one end which is AC to (0, 00) x §%. We calculate the rate as follows. For
large r, s is approximately equal to é 7 and hence 452 —5r2 = O(r~2). Therefore s = v r+O0(r=%)
and thus M converges with rate —3/2 to (0,00) x S3. For each r # 0 we have an 83 orbit in M,
but when r = 0 there is an S? orbit. Therefore, topologically, M is an R? bundle over S%. Hence
H?*(MF) = R. Suppose, for a contradiction, that dimH3 = 1. Therefore, there exists a smooth,
closed, self-dual 2-form in L2, which corresponds to a coassociative deformation of M that is AC to
the SU(2)-invariant cone with rate at most —2. However, this deformation must itself be invariant
under SU(2), and thus is AC with rate —3/2 as it lies in the family given by Theorem 5.2.4. Hence
dim Hi = 0 and, since the SU(2) action has generic orbit S®, we conclude that M is isomorphic
to the bundle O(—1) over CP!.

We now turn to M_ . Here there are two ends, one of which has the same behaviour as the end

of M} and the other is where s — 0. For the latter case, we quickly see that s = O(r~*) and so
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M converges at rate —4 to R*. As the case r = 0 is excluded here, M is topologically R x S and
converges with rate —3/2 to (0,00) x S and rate —4 to R* at its two ends. Hence H?(M_ ) = 0.

Consequently, for ¢ # 0, dim Hi = 0 for M.. However, the rate —3/2 is greater than —2, so M,
has a nontrivial deformation space.

For ¢ = 0, My is a cone with three ends, two of which are diffeomorphic to (0,00) x S* and the

third, corresponding to s = 0, is a flat R*.
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Chapter 8

Deformation Theory of
Coassociative 4-folds with Conical

Singularities

This final chapter is dedicated to the study of deformations of coassociative 4-folds in a Go manifold
which have conical singularities. In Section 8.2, we stratify the types of deformations allowed into
three problems, each with an associated nonlinear first order differential operator whose kernel gives
a local description of the moduli space. The main result for each problem, given in §8.3, states that
the moduli space is locally homeomorphic to the kernel of a smooth map between smooth manifolds.
Furthermore, using the material in Chapter 6 helps to provide a lower bound on the expected
dimension of these moduli spaces. The last section shows that, in weakening the condition on the
Go structure of the ambient 7-manifold, there is a generic smoothness result for the moduli spaces of
deformations corresponding to our second and third problems. The study of the deformation theory
of special Lagrangian m-folds with conical singularities by Joyce in the series of papers [28], [29],

[30], [31] and [32] motivates the research detailed here.

8.1 Basic Theory

Let B(0;n) denote the open ball about 0 in R” with radius n > 0, i.e. B(0;n) = {v € R" : |v| < n}.

We define a preferred choice of local coordinates on a G manifold near a finite set of points.

Definition 8.1.1. Let (M, p,g) be a G2 manifold as in Definition 2.3.11 and let z1,...,zs be

points in M. There exist a constant 7 > 0, an open set V; 3 z in M with V; NV, = 0 for
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j # i and a diffeomorphism y; : B(0;n7) € R” — V; with x;(0) = z;, for i = 1,...,s, such that
¢i = dxilo : R7 — T.,M is an isomorphism identifying the standard Go structure (¢, go) on R7 with
the pair (¢|r.,ar,gl7., 1) We call the set {x; : B(0;n) — Vi :i=1,...,s} a Ga coordinate system
Near 21, ..., Zs.

We say that two Go coordinate systems near zi,...,zs, with maps x; and x; for i = 1,...,s

respectively, are equivalent if dy;|o = dx:lo = ¢ for all 4.

The definition above is an analogue of the local coordinate system for almost Calabi—Yau manifolds
used by Joyce [20, Definition 3.6]. Although the family of Go coordinate systems near zq, ..., z; is
clearly infinite-dimensional, there are only finitely many equivalence classes, given by the number
of possible sets {(1,...,{s}. Moreover, the family of choices for each ¢; is isomorphic to G2. Note
also that this definition does not require the Gy structure (g, g) to be torsion-free, in the sense of

Definition 2.3.9.

Definition 8.1.2. Let (M, ¢, g) be a Ga manifold, let N C M be compact and let zy,...,z5 € N.
We say that N is a 4-fold in M with conical singularities at z1, ..., zs with rate A, denoted a CS
4-fold, if N = N\ {z1,..., 2} is a (nonsingular) 4-dimensional submanifold of M and there exist
constants 0 < € < 1 and A > 1, a compact 3-dimensional Riemannian submanifold (X;, h;) of
S6 C R7, where h; is the restriction of the round metric on S® to ;, an open set U; 3 z; in
N with U; C V; and a smooth map ®; : (0,¢) x ¥; — B(0;n) € R, for i = 1,...,s, such that
U, =x;0®P;:(0,€) x 3; = U; \ {z;} is a diffeomorphism and @, satisfies

\V{(@i(ri,ai) —i(riy00))| = O(T?‘_j) for jeNasr; — 0, (8.1)

where ¢;(r;, 0;) = r;0; € B(0;n), V; is the Levi-Civita connection of the cone metric g; = dr? + rf h;
on C; = (0,00) x ¥; coupled with partial differentiation on R”, |.| is calculated with respect to g;
and {x; : B(0;n) = V;:i=1,...,s} is a Gg coordinate system near z1,..., 2.

We call C; the cone at the singularity z; and X; the link of the cone C;. We may write N as the
disjoint union

N:KUDUZ‘,
i=1

where K is compact.

If N is coassociative in M, we say that N is a CS coassociative J-fold.

Suppose N is a CS 4-fold at 21, ..., zs with rate X in (M, ¢, g) and use the notation of Definition
8.1.2. The induced metric on N , 9], makes N into a Riemannian manifold. Moreover, it is clear
from (8.1) that the maps ¥, satisfy (6.2) in Definition 6.1.3 with the same constant A\. Thus, N may

be considered as a CS manifold with rate \.
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It is important to note that, if A € (1,2), Definition 8.1.2 is independent of the choice of Gy coor-
dinate system near the singularities, up to equivalence. Suppose we have two equivalent coordinate
systems defined using maps x; and x;. These maps must agree up to second order since the zero and
first order behaviour of each is prescribed, as stated in Definition 8.1.1. Therefore, the transformed

maps @Z corresponding to x; such that \i!l =X;0 <i>2 = x; o ®; = U, are defined by:
®; = (\; ' oxi)o®;.
Hence

\Vg(i)i(ri,ai) —®;(ri,04))| = O(r?_j) for jeNasr; — 0,

where V; and |.| are calculated as in Definition 8.1.2. Thus, in order that the terms generated by
the transformation of the Gy coordinate system neither dominate nor be of equal magnitude to the

O(r}7) terms given in (8.1), we need X < 2.

We now make a definition which also depends only on equivalence classes of Gy coordinate

systems near the singularities.

Definition 8.1.3. Let N be a CS 4-fold at z1, ...,z in a Go manifold (M, ¢, g). Use the notation
of Definitions 8.1.1 and 8.1.2. For i = 1,...,s define a cone C; in T,, M by C; = ({; 0 1;)(Cy). We

call C’Z the tangent cone at z; .

One can show that C; is a tangent cone to N at z; in the sense of geometric measure theory (see,
for example, [13, p. 233]). We also have a straightforward result relating to the tangent cones at

singular points of CS coassociative 4-folds.

Proposition 8.1.4. Let N be a CS coassociative 4-fold at z1,...,zs in a Go manifold (M, p, g).

The tangent cones at z1,...,zs are coassociative.

Proof. Use the notation of Definitions 8.1.1 and 8.1.2.

It is enough to show that +;(C;) is coassociative in R” for all i, since (; : R” — T,,M is an
isomorphism identifying (¢, go) with (<p|TZiM, 9|TziM)- This is equivalent to the condition ¢} (ypg) = 0
fori=1,...,s.

Note that ¢|g = 0 implies that, for all i, ¢[y,\(z,3 = 0. Hence, ¥ (p) = ®;(x;(¢)) vanishes on
C; for all 4. Using (8.1),

27 (xi () = i (i (@) = O(r}™Y)  as i — 0

for all 3. Moreover,

|67 (xi () = i (o) = O(ri) ~ as i =0



since

Xi () = 9o+ O(r;)) and |Vi|=0(1) as r; — 0.

Therefore, because A\ > 1,

i (po)| =0 asr =0

for all i. As Ty,5,0:(Ci) = Ty,0:(C;) for all (r;,0;) € Ci, [t¥(po)| is independent of r; and thus

vanishes for all ¢ as required. O

8.2 The Deformation Problems

We have a common notation for the next three sections. Let N be a CS coassociative 4-fold at
21,...,2s with rate A in a Gy manifold (M, ¢, g). Suppose A € (1,2) \ Dcs, where Dcg is defined
in Proposition 6.3.4(b), and the cone at z; is C; with link ;. We shall then use the notation of
Definitions 8.1.2 and 8.1.3. In particular, we let {x; : B(0;n) — V; : i = 1,...,s}, with dx;|o = &
for all 4, be the Go coordinate system near zp,...,zs used to define N and let C‘Z be the tangent
cone at z;. Recalling that IV is a CS manifold, in the sense of Definition 6.1.3, we therefore have a
radius function p: N — (0,1] on N as in Definition 6.1.4.

We consider deformations of N which are CS coassociative 4-folds at s points with rate A in
(M, ¢, g) with the same cones at the singularities as N, but the singularities need not be at the same
points, nor have identical tangent cone. We also, eventually, consider deforming the Go structure

on the ambient 7-manifold M.

8.2.1 Problem 1: fixed singularities and G, structure

The first deformation problem we consider is where the deformations of N have identical singular

points to N with the same rate, cones and tangent cones, and the G structure of M is fixed.

Definition 8.2.1. The moduli space of deformations M1(N,\) for Problem 1 is the set of N’ in
(M, @, g) which are CS coassociative 4-folds at z1,..., 2z, with rate A, having cone C; and tangent
cone C; at z; for all 7, such that there exists a homeomorphism h : N — N, isotopic to the identity,

with h(z;) = z; for i =1,...,s and such that h|g : N — N’ \ {z1,...,2s} is a diffeomorphism.

We begin our formulation of a local description of Mj (N, \) with a corollary to Theorem 7.1.2

which is an analogue to Corollary 7.1.3.

Corollary 8.2.2. Fori=1,...,s choose ®; : (0,¢) x X; — B(0;n) C R” uniquely by imposing the
condition that

O, (rs,05) — ti(ri, 00) € (Try0,04(Ci)) "
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for all (r;,0;) € (0,€) x 3;, which can be achieved by making € smaller and K larger if necessary. Let
P =1i((0,€) x ), Qi = ®:((0,€) x %) and define n; : v(P;) — RT by ni(rioi,v) = v+ ®4(ry, 04).
For all i, there exist an open subset V; of v(P;) in R, containing the zero section, and an open set

S; in B(0;n) C R7 containing Q; such that n1|V7 Vi — S isa diffeomorphism. Moreover, V, and

S’i can be chosen to grow like r; on (0,¢) x X;, for all i, and such that P; C S'Z

The proof of this result is almost identical to that of Corollary 7.1.3 so we omit it. Corollary 8.2.2

provides us with an analogue to Proposition 7.1.5.

Proposition 8.2.3. There exist an open set U C AiT*N containing the zero section, an open set
TCcM containing N and a diffeomorphism 6 : U — T which takes the zero section to N. Moreover,
U and T can be chosen to grow with order O(p) as p — 0 and 0 is compatible with the identifications

Ui\ {zi} = (0,€) x %; for all i and the isomorphism 7 : v(N) — AiT*]\Af given in Proposition 2.3.14.

Proof. Use the notation of Corollary 8.2.2 and define T, = Xl(S'Z) Then 7} is an open set in M such
that U; \ {z:} C T; C V;, since Xi(Qi) = U; \ {z}, and which grows with order O(p) as p — 0.
Consider the bundle (Ai)xj(g)T*((O, €) x %;), where the notation (A%), indicates that the Hodge

star is calculated using the metric h and we consider (0,¢€) x ¥; = P, C R”. Then

Ji - V(Pl> — (Ai)xf(g)T*PZ

v

rio; T (U rioq " X:(‘P) Qi(riyﬂi)) |Tr P;

is an isomorphism because U; \ {z;} is coassociative and thus P; is, with respect to the metric xf(g)

and 3-form x7 (), and hence we may apply Proposition 2.3.14. Note also that

U 1 (A2), T (U (=) — (A (o T ((0,€) x )

is clearly a diffeomorphism. Therefore, let U; C (A%),T*(U; \ {z:}) be such that H(U;) = 7:(Vh).
Note, by construction, that U; grows with order O(p) as p — 0.

Define a diffeomorphism §; : Ul — Ti such that the following diagram commutes:

U; 2:(V2)
g
5 v, (8.2)
AZ Xi 5‘1

Interpolating smoothly over K, we extend | J;_, U; and |J_, T; to U and T as required and extend
the diffeomorphisms §; smoothly to a diffeomorphism 6 : U — T' such that & acts as the identity on

N, which is identified with the zero section in AiT*N.
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Note that we have a splitting TU|(%0) =T,N& AiT;N for all z € N. Thus we can consider dé
at N as a map from TN & AiT*]\Af to TN & v(N) = TM]|y. Hence, we require in our extension of

6 from §; to ensure that, in matrix notation,

I A
= , (8.3)
0 5!

where I is the identity and A is arbitrary. This can be achieved because of the definition of d;.
The compatibility of § with 7 and W, for all 4, mentioned in the statement of the proposition, is

given by (8.2) and the behaviour of dé|y stipulated in (8.3). O

We now define our deformation map for Problem 1. Let C{g .

(U)={a € Ck (A2T*N) : a € U},

where U is given in Proposition 8.2.3, and adopt similar notation, as in §7.1.2, to define subsets of

the spaces of forms described in §6.2.

Definition 8.2.4. Use the notation of Proposition 8.2.3. Let T, be the graph of a € CL_(U) and
let 7o : N — Ty be given by mo(z) = (z,a(x)). Let fo = 6 omy and let N, = fo(N) C T. Define a
map Fy from CL_(U) to C2 (A3T*N) by:

loc
Fi(0) = f2(el5,):

By [45, p. 731], which we are allowed to use by our choice of §, the linearisation of F; at 0 is

dFy)o(a) = Li(a) = da

for all a € O

loc (A2+T*N)
By Proposition 2.3.13, Ker F; is the set of a € C’lloc(U) such that N, is coassociative.
However, we want CS coassociative deformations with singularities at the same points with the

same tangent cones. Suppose a € CL _(U) and N, = Ny U {z1,..., 2} is such a deformation. Then

loc
there exist smooth maps (®,); : (0,€) x ¥; — B(0;7) satisfying (8.1) such that (Uy); = x; 0 (Pa);
is a diffeomorphism onto an open subset of N, for all i as in Definition 8.1.2. Note that we are free
to use x; because the tangent cones at the singularities of N, must be the same as for N, so any

Go coordinate system near the singularities used to define N, must be equivalent to the one given

by x; fori =1,...,s. Choose (®,); uniquely such that
((I)Ot)i(ri’ ai) - Li(Tia Oi) € (Tmm’/i(C’i))L

for all (r;,0;) € (0,€) x X;.

Use the notation of Corollary 8.2.2 and the proof of Proposition 8.2.3. Since
®i(ri,00) — 1i(ri, 03) € (Tr,0, P = vp,0,(P),
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®; — 1; can be identified using 7; with the graph of 3; € (Ai)x;‘(g)T*((O’ €) X X;). Thus,

V76| = o) forjeNasr; —0

%

by (8.1) and therefore 3; € C*((A%)y: () T*((0,€) x Xy)).
We may similarly deduce, by the definition of §, ®; and (®,);, that (Po); —t; = ((Pn)i — ;) +
(®; — ;) corresponds to the graph of ¥} (a) + ; on (0,€) x ¥;, recalling that

U ARTH(U N\ {=)) — (Ai)xj(g)T*((Ove) X %)

is a diffeomorphism for all 7. Since N, has the same types of singularities as N, both §; and
U¥(a) + G; lie in Cf\’o((Af_)X;(g)T*((O,e) x 33;)) for each i. Thus o must lie in C’f\’o(AiT*J\A/').
We conclude that N, is a sufficiently nearby deformation of N with the same conical singularities

if and only if a € C°(U) C C;O(AiT*N). We state this as a proposition.

Proposition 8.2.5. The moduli space of deformations for Problem 1 is locally homeomorphic to

KerFi = {a e C*(U) : Fi(a) =0}.
We define an associated map G to F} in a similar manner to Definition 7.1.8.
Definition 8.2.6. Define Gy : CL (U) x CL (A*T*N) — CP (AT*N) by:
Gi(a, 8) = Fi(a) + d*0.
Then G is a first order elliptic operator at (0,0) since

dG1l0) = d+d* : CL(AZT*N @ A'T*N) — CP (A’T*N).

If Gi(a, ) = 0 and 3 € CP(AYT*N), %0 is a harmonic function which decays with order O(p*) as
p — 0. Since A > 1, 8 — 0 as p — 0 and hence, by the Maximum Principle (Theorem 1.2.5), it

must be 0. We therefore deduce the following.
Proposition 8.2.7. Ker F; = {(a, §) € C*(U) x C(A*T*N) : G1(a, B) = 0}.

The work on regularity in §7.1.3 for the AC deformation problem applies, with minor modifica-

tion, to Problem 1. We may thus state the analogous result to Proposition 7.1.10.

Proposition 8.2.8. Let (a,f3) € LII;H’)\((A]) X LZH’)\(A‘lT*N) for some p > 4 and k > 2. If
Gi(a, ) =0 and ||lal|cr is sufficiently small, (o, 3) € O (U) x C2(A*T*N).
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8.2.2 Problem 2: moving singularities and fixed G, structure

For this problem we again consider deformations of N in (M, ¢, g) which are CS coassociative 4-folds
at s points with the same rate and cones at the singularities, but now we allow the singular points
and tangent cones at those points to differ from those of N. However, we still assume that the Go

structure on M is fixed.

Definition 8.2.9. The moduli space of deformations Ma(N, A) for Problem 2 is the set of N’ in
(M, ¢, g) which are CS coassociative 4-folds at z{,...,z, with rate A\, having cone C; and tangent
cone O{ at z; for all i, such that there exists a homeomorphism h : N — N’| isotopic to the identity,

with h(z;) = 2} for i = 1,...,s and such that h|g : N — N"\ {},..., 2.} is a diffecomorphism.

Here it is more difficult to create a local description of the moduli space which is compatible
with the analytic framework in which our study is made. What one would consider more ‘intuitive’
approaches do not, as far as the author is aware, bear fruit. We therefore follow what is, at first

sight, a slightly indirect route.

For each i = 1,...,s let B; be an open set in M containing z; such that B; N B; = () for i # j.

Let B = [];_, B;. For each z’ = (z{,...,2,) € B, we have a family I(z') of choices of s-tuples

¢"=(¢,...,¢) of isomorphisms ¢/ : R — T, M identifying (o, go) with (¢|7_, ar, 9|7, ar). Clearly,
for each 2’ € B, I(z') = Gy. We thus make the following definition.

Definition 8.2.10. The translation space is
T={z,¢):72¢eB, {clz)).

Note that 7 is a principal G5 bundle over B and hence is a smooth manifold.
Let H; denote the Lie subgroup of Gg preserving ¢;(C;) in R” for i = 1,...,s and let H =
[1;_, H; € G5. Then H acts freely on 7 by

(2, ¢) — (2, (G o AT (Lo AVY),
where (Aq,..., As) € H. Thus there exists an H-orbit through (z,¢) in 7, where
z=(z1,...,25) and ¢=(C,...,Cs).

Define 7 to be a small open ball in R™ containing 0, where n = dim 7 — dim H, and let hs T—T
be an embedding with h4(0) = (z,¢) such that hT(’j') is transverse to the H-orbit through (z, ¢).
Hence, dim 7 = dim 7 + dim H. Write hs(t) = (z(t),{(t)) for t € T, with z(0) = z and ¢(0) = ¢.
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Our choice of 7 ensures that if ¢, € 7, with ¢ # ', are such that z(t) = z('), the s-tuples of
tangent cones, {C1(t),...,Cs(t)} and {C1(t'),...,Cs(t')}, are distinct. Furthermore, 7 is an open
ball in R™ = Ty7 and hence can be considered as an open subset of Tt 0T

We use 7 to extend N to a family of nearby CS 4-folds and provide an analogue to Proposition
8.2.3 for Problem 2. In defining N we chose a Gg coordinate system {x; : B(0;n) — V;:i=1,...,s}

with dx;lo = ¢; for i =1,...,s. Extend this to a smooth family of Ga coordinate systems
{at): BOm) = Vit) si=1,....5} st e T},

where V;(t) is an open set in M containing z;(t), x:(t)(0) = z;(t), dxi(t)|o = G(t), xi(0) = x; and

Vi(0) =V, fori=1,...,s.

Proposition 8.2.11. Use the notation of Proposition 8.2.8 and Definition 8.2.10.

(a) There exists a family N = {N(t) : t € T} of CS j-folds in M, with N(0) = N, such
that N(t) has singularities at z1(t), ..., zs(t) with rate A, cones Cy,...,Cs and tangent cones
Cr(t),.... Cu(t) defined by Ci(t) = (Gi(t) 0 1) (Cy).

(b) Let N(t) = N(t) \ {z1(t),..., zs(t)} and write

N(t) = K(t) U |_| Ui(t)

where K(t) is compact and U;(t) \ {z:(t)} = (0,¢€) X X; for all i, in the obvious way, ensuring
that K(0) = K and U;(0) = U;. Fort € T, there exist open sets T'(t) C M containing N (t)
and diffeomorphisms 6(t) : U — T(t) taking the zero section to N(t), varying smoothly in t,
with T(0) =T and §(0) = 6. Moreover, T(t) can be chosen to grow with order O(p) as p — 0
and §(t) is compatible with the identifications U;(t) \ {z;(¢t)} = (0,€) x X; for all i.

Note that A" does not necessarily consist of CS coassociative 4-folds and that §(t) is not required to

be compatible with the isomorphism v(N) = A2T*N for t # 0.

Proof. Use the notation from the proof of Proposition 8.2.3. For t € 7, define T}(t) = x:(¢)(S;) and
Ui(t) = (xi(®) 0 @4((0,€) x 20)) U {z:(0)}

for i = 1,...,s. Then Tj(t) contains U;(t) \ {z(t)}. Define a diffeomorphism d;(¢) such that the

following diagram commutes:

3:(t) (84)



We then interpolate smoothly over K to extend |J_, Ti(t) to T'(t) and 6;(t) to (t) as required.
Note by construction that 7'(t) grows with order O(p) as p — 0.

Let e(t) = 6(t)|y and define N(t) = e(t)(N). Then e(t) : N — N(t) is a diffeomorphism for
all t € 7 and e(0) is the identity. Let N(£) = N(t) U {z1(t),...,2s(t)}. We then have a family
N ={N(t):t e T} as claimed. Note that K (t) = e(t)(K).

By the construction of §(¢) and the family A, it is clear that the proposition is proved, where

the compatibility conditions on §(t) are given by (8.4). O
The next definition is analogous to Definition 8.2.4.

Definition 8.2.12. Use the notation of Proposition 8.2.11. Let I', be the graph of o € Clloc(U)
and let 74 : N — DIy be given by ma(z) = (x,a(x)). For t € T, let fo(t) = 6(t) o 7o and let
No(t) = foa(t)(N). Define Fy from CL (U) x T to C2 (AT*N) by:

Fa,t) = falt)" (¢lx. )
The linearisation of F; at (0,0) acts as
dFs(0,0) ¢ (o, ) — da + La(t),

where o € C’lloc(Af_T*N), t € TyT and Ly is a linear map into the space of smooth exact 3-forms on

N since ¢ is exact near N.

Note that Fy(«,0) = Fi(«) as given in Definition 8.2.4.

Clearly, Ker F} is the set of a € C}. (U) and t € 7 such that Na(t) is coassociative. However,

loc

we have not yet encoded the information that N, (t) is CS with rate A. This is the subject of the

next proposition.

Proposition 8.2.13. The moduli space of deformations for Problem 2 is locally homeomorphic to

Ker Fy = {(a,t) € O°(U) x T = Fy(a,t) = 0}.

Proof. For each t € ’j', we are in the situation of Problem 1 in the sense that we want coassociative
deformations N, (t) of N(t), defined by a self-dual 2-form «, which have the same singular points,

cones and tangent cones as N(t) It is thus clear that o € C’fo(lj') by Proposition 8.2.5. O

We now introduce an associated map G to Fy.

Definition 8.2.14. Define Gy : CL_(U) x C}!

loc

(AMT*N) x T — CP

loc

(A3T*N) by:
GQ(O{7 0, t) = FQ(Q, t) +d* 5.
Then dGz|(0,0,0 : (o, 3,t) = da + d* 3 + Lo(t), in the notation of Definition 8.2.12.
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We then have an analogous result to Proposition 8.2.7, which follows in exactly the same fashion

because Fy(a,t) is exact.
Proposition 8.2.15. Ker Fy = {(a, §3,t) € O5°(U) x CX(A*T*N) x T : Ga(a, 3,t) = 0}.

The next result studies the regularity of the kernel of G, recalling that the work in §7.1.3 is

applicable to the CS case, with appropriate slight modifications.

Proposition 8.2.16. Let (a,,t) € Lﬁ+17>\(U) X L§+1’)\(A4T*N) x T, where p>4 and k > 2. If
Ga(a, 8,t) =0 and ||lallc1 and t are sufficiently small, (c, 8) € C°(U) x C°(A*T*N).

Proof. Note that dG3(«, 3,t) = AB = 0 implies that S = 0 by Theorem 1.2.5 and d*G3(«, §,t) =

d*F5(a,t) = 0 is an elliptic equation at 0 on «. Using similar notation to §7.1.3,
d*Fy(a,t)(z) = Re(z, a(z), Va(z))Via(r) + Ei(z, a(z), Va(r)),
where R; and E; are smooth functions of their arguments. If we define

Sta,0y(1(@) = Re(z, a(2), Va(2)) V2 (),

then S(4,+) is a smooth linear differential operator. The ellipticity of S, = S(q,0) results from the
coassociativity of N. Ellipticity is an open condition so, although N (t) is not necessarily coassocia-
tive, the fact that it is ‘close’ to being coassociative means that S, ¢) is elliptic, as long as we shrink
T as necessary to make t sufficiently small.

The regularity results for S, ¢) follow in the same way as in the proof of Proposition 7.1.10 since
Fs(a,t) depends smoothly on ¢ and N (t) is asymptotically coassociative near the singular points,
which validates the use of the theory from §6.4. Recall that Liﬂ,)\ — Cl)f’a where a = 1 — 4/p.
Thus, if Sia, 1 (7) € CY=3* and y € C3(U), then v € CY T (0).

Since Ey maps into Cl;j:;’a, as argued in §7.1.3, and F5, depends smoothly on ¢, E; maps into

C’;:;’ % for t sufficiently small. Hence,
Sa (@) (@) = —Ey(z, a(x), Va(z)) € CY 75"

We deduce that o € C’;H’ * given only that o € Cf’a. Induction gives the result. O

8.2.3 Problem 3: moving singularities and varying G, structure

For our final problem we consider CS deformations N’ of N with the same rate and cones at s
singularities, but with possibly different singular points and tangent cones there, such that N’ is
coassociative under a deformation of the Go structure on M.

We begin with the following.
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Proposition 8.2.17. Use the notation of Proposition 8.2.3. Let
S
T=TuUl|JV;2N.
i=1
By making T and Vi, for i = 1,... s, smaller if necessary, T retracts onto N. There exists an

isomorphism = : Hip (T) — H2,(N).

Proof. Let [£] € H3g(T). Since the sets V; retract onto {z;} for i = 1,...,s, £ can be chosen such
that {|y, = 0. Therefore, {|y,\{-,} = 0 which implies that the support of &| is contained in K,
which is compact. Hence [{] ] is a well-defined element of H3(N). Define E by [¢] — [¢] ) We
show that = is well-defined. Suppose that ¢ = & + dv, for v € C®°(A2T*T), such that ¢'|y, = 0
for all ¢. Then duly, = 0 for all i. Since V; retracts onto {z;} we can choose v such that v|y, =0
without affecting dv by smoothly interpolating over T. Thus v| g is compactly supported on N and
£y +d(v]g) = &| - Hence Z is well-defined and injective.

Any closed form on N with support in K can be extended smoothly to a closed form on T" which
vanishes on V; for all . Thus, any cohomology class in HS’S(N ) has a representative v that can be

lifted to a form & on T such that Z([¢]) = [7], which implies that E is surjective. O

The reason for this result is two-fold. Firstly, the condition that Z([¢|7]) = 0 in H3,(N) is implied
by the coassociativity of N and it forces [p] 5] =0in H3(N). This is stronger than the seemingly

5] = 0in H3,(N), which would be the correct requirement if N

more natural condition of [p
were compact by the work of McLean [45]. Secondly, if a Go structure (¢’,¢’) on M is such that
E([¢'|7]) # 0 then ¢'|g, # 0 for any nearby deformation N’ of N, so there are no coassociative
deformations.

Proposition 8.2.17 allows us to define a distinguished family of ‘nearby’ Gy structures to (¢, g).
Definition 8.2.18. Let F be a small open ball about 0 in R™ for some m. Let
F={¢,9"): feF}

be a family of torsion-free Gy structures, with (¢°, ¢°) = (¢, g), such that Z([¢/|7]) = 0 in H3,(N)
and the map hz : F — F given by hy(f) = (¢f, g7) is an embedding.

Note that F can be considered as an open subset of ToF.

We now describe the moduli space for Problem 3.

Definition 8.2.19. The moduli space of deformations Ms(N,\) for Problem 3 is the set of pairs
(N, f) of f € Fand N' in (M, ¢, g/) which are CS coassociative 4-folds at 2}, ...,z with rate X,

having cone C; and tangent cone C'{ at z} for all 4, such that there exists a homeomorphism h : N —
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N, isotopic to the identity, with h(z;) = z; fori = 1,...,s and such that h : N — N'\{z,...,2.}
is a diffeomorphism.
Note that we have a projection map 7z : M3(N,\) — F, with wz(N', f) = f, whose fibres

w]_:_l(f) are equal to the moduli space for Problem 2 defined using the Go structure (¢f, g/).
We must adapt our translation space from Problem 2 to incorporate the varying G structure.

Definition 8.2.20. Use the notation of Definitions 8.2.10 and 8.2.18. For f € F and z' € B let
I7(z") denote the family of choices of s-tuples ¢’ = (¢],...,(.) of isomorphisms (! : R” — T.M
identifying (¢o, go) with ((Pf|Tz<M7gf|Tz<M).

The translation space corresponding to Fis
TF ={(z,¢,f) : 2 € B, f € F, (' e ()}

Note that it is a principal G5 bundle over B x F.
There is a natural free action of H on 77 and hence an H-orbit through (z,¢,0). Therefore,
we may embed T x F into 77 by hio 71 (t, f) — (2(t, f),C(t, f), f) such that hfxﬁ(j' x F) is

transverse to this H-orbit and z(0, f) = z for all f.

Use the notation introduced before Proposition 8.2.11. Extend the Gs coordinate system near

Z1,.--,%s used to define NV to a smooth family of Go coordinate systems
{6t 1) s BOsm) = Vilt.f) i =18} o (1) T x F)

such that V;(¢, f) is an open set in M containing z;(¢, f), xi(t, £)(0) = z;(¢, f), dxi(t, f)|o = ¢ (¢, f),
xi(t,0) = xi(t), Vi(0,f) = V; and V;(¢,0) = Vi(¢) for i« = 1,...,s. We state the analogue of

Proposition 8.2.11.
Proposition 8.2.21. Use the notation of Propositions 8.2.3 and 8.2.11 and Definition 8.2.20.

(a) There exists a family N7 = {N(t, f): (t, f) € T x F} of CS 4-folds in M, with N(0, f) = N
and N (t,0) = N(t), such that N(t, f) has singularities at z1(t, f), ..., zs(t, [) with rate A, cones
C1,...,Cs and tangent cones C‘l(t, £y, C‘S(t, f) defined by C‘i(t, f) = (G, ) o) (Cy).

(b) Let N(t, f) = N(t, )\ {z1(t, ), ..., 2s(t, f)} and write

i=1
where K (t, f) is compact and U;(t, f) \ {zi(t, f)} = (0,€) x Z; for all i, in the obvious way,
ensuring that K(0, f) = K, K(¢,0) = K(t), U;(0, f) = U; and U;(t,0) = U;(t). For (t,f) €
T x F, there exist open sets T(t, f) C M containing N(t, f) and diffeomorphisms 6(t, f) :
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U— T(t, f) taking the zero section to N(t, f), varying smoothly in t and f, with T(O, f) = T,
T(t,0) = T(t) and &(t,0) = &(t). Moreover, T(t, f) can be chosen to grow with order O(p) as
p — 0 and 6(t, f) is compatible with the identifications U;(t, f) \ {z:(t, f)} = (0,€) x ; for

i=1,...,s.

The proof is almost identical to that of Proposition 8.2.11 and so we omit it. The compatibility
conditions on §(t, f) are given by similar commutative diagrams to (8.4). Note that (¢, f) is not

required to be compatible with the isomorphism v(N) 2 Aﬁ_T*]\Af for (¢, f) # (0,0).
We proceed by defining our final deformation map.

Definition 8.2.22. Use the notation of Proposition 8.2.21. Let I', be the graph of o € Clloc(U)
and let m, : N — 'y be given by 7 (z) = (x,(x)). For (¢, f) € T x F, let fo(t, f) = 6(t, f) o ma
and let No(t, f) = fuo(t, f)(N). Define Fy from CL _(U) x T x F to C2_(APT*N) by:

loc loc

Ftat. 1) = 1at. " (150 )
The linearisation of F3 at (0,0,0) acts as
dFs0,0,0) : (a,t, f) = da+ La(t) + L3(f),

where a € C. .

(AiT*J\A/), (t, f) € ToT ®ToF, Ly is given in Definition 8.2.12 and Ls is a linear map

into the space of smooth exact 3-forms on N by the condition imposed on ¢/ in Definition 8.2.18.

Note that F5(a,t,0) = Fy(a,t) as given in Definition 8.2.12.
Now, Ker Fj corresponds to choices of N, (t, f) which are coassociative with respect to (of, g¥).

The next result is then clear from considering the proof of Proposition 8.2.13.

Proposition 8.2.23. The moduli space of deformations for Problem 3 is locally homeomorphic to

Ker Fy = {(a,t, f) € CX(U) x T x F = Fa(a,t, f) = 0}.
We again have an associated map to our deformation map.
Definition 8.2.24. Define G : CL (U) x OL_(A*T*N) x T x F — CO (APT*N) by:
Gs(a, B,t, f) = Fs(a,t, f) + d*B.
Then dG3,0,0,0 : (@, B,t, f) — do+ d* 3 + La(t) + L3(f), in the notation of Definition 8.2.22.

The next result is analogous to Propositions 8.2.7 and 8.2.15 and may be immediately deduced from

the exactness of F3(a,t, f), which follows from the condition imposed on ¢/ in Definition 8.2.18.

Proposition 8.2.25. Ker F3 2 {(a, 3,t, ) € C*(U) x C(A*T*N) x T x F : Gs(a, B, t, f) = 0}.
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The argument used to prove the regularity result Proposition 8.2.16 is easily generalised to the

map G3, so we end the section with the following.

Proposition 8.2.26. Let (o, §,t, f) € LZHJ(U) ><L2+17/\(A4T*]\A/') xT xF, wherep > 4 and k > 2.
If G3(a,8,t,f) =0 and [|aflc1, t and f are sufficiently small, (o, 3) € C°(U) x C°(A*T*N).

8.3 The Deformation and Obstruction Spaces

In Proposition 7.2.3 we found that the deformation theory of AC coassociative 4-folds was unob-
structed for generic rates in a given range. We used this fact to conclude in Theorem 7.3.2 that the
moduli space was locally smooth and of dimension equal to that of the deformation space.

In the CS case we are not so fortunate. We therefore describe the deformation and obstruction
spaces for each of our Problems and show in each scenario that, if the obstruction space is zero, we
have an analogous result to Theorem 7.3.2. We recollect the common notation introduced at the

start of §8.2. In addition, fix some p > 4 and integer k > 2.

8.3.1 Problem 1

Recall the maps F; and G given in Definitions 8.2.4 and 8.2.6 respectively. Their kernels give a local
description for the moduli space M (N, A) by Propositions 8.2.5 and 8.2.7. Therefore the kernels of

dF1lo and dG1](o,0) describe the infinitesimal deformations.
Definition 8.3.1. The infinitesimal deformation space for Problem 1 is
Ti(N,\) = {a € CP(A2T*N) @ da =0} = {(a, B) € CT(A2T*N @ A*T*N) : da +d*3 = 0}.

The equivalence of the spaces follows by Proposition 8.2.7 or, more simply, by the Maximum Principle
for harmonic functions (Theorem 1.2.5).

Using Proposition 8.2.8 or, since L£+1, N C5 by Theorem 6.2.4, Corollary 6.4.2 implies that
i (NN = {(a, ) € LY, \(A2T*N & A*T*N) : da +d*3 =0}
Therefore, Z; (N, A) is finite-dimensional.
We turn to possible obstructions to the deformation theory and start with the following.
Proposition 8.3.2. The map Fy takes Lgﬂ,)\(f]) into d(L’,;H’)\(AQT*]\Af)).

Proof. Let a € Liﬂ,)\((j) and let T be as in Proposition 8.2.17. As noted after that proposition,
[¢lr] = 0 in H3R(T) and hence ¢|r is exact. Thus, ¢|7 = di for some ¢ € C>°(A2T*T). However,
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we want to select v in a particular way near the singularities. On B(0;7n) C R7, for eachi =1,...,s,

Xi (#) = @0 + O(ri).

If v is the dilation vector field on R” given in (7.22), we can choose 1 to satisfy

X () = 5 (0 00) + O07)

on V;, since d(v - o) = 3, then extend ¥ smoothly to a form on T such that dip = ¢|7. Note that

(U : ¢0)|Li(C¢) =v- (S00|L7,(C@)) =0

as v € T(1;,(C;)). Hence x7 (1) = O(r?) on 1;(C;), for all i, and similar results hold for the derivatives
of . Define
Hi(e) = fo(¥lx,)

so that Fy (o) = d(H;i(«)). Note that x; ()

s(C) = O(r?) is dominated by O(r}) terms as r; — 0
since A < 2. Further, f;(¢[g ) has the same growth as xj(¥)|(@,):((0.)xx;) as 7 — 0, using the

notation preceding Proposition 8.2.5. However,

Xi (D) (@0):0,0x5) = Xi (D)l (@0)i=e) (0,0 x5:) + Xi (V)] (0,0)x5,)-

The first term depends on |(®,); — ¢;| and hence is O(r) as r; — 0. This dominates the second
term by our observation above. Hence, Hy(a) € L? y because H; depends on a and Va. Note that
H; () has one degree of differentiability less than expected.

From this, recalling that A ¢ Dcs, we deduce that Fj(«) lies in d(LiM\(AQT*N)) and hence is

L?-orthogonal to elements of the kernel of

d+d :Li, 5 \(AT*N)— L} _, \(A’T*N & A*T*N),
where ¢ > 1 such that 1/p+1/¢ = 1. We show that

d(LE \(A2T*N)) @ d* (L0 \(A'T*N)) C LY, (A*T*N)

is characterised as the subspace which is L?-orthogonal to this kernel.
Consider

d+d* LY (A T*N) — LE | (A*YT*N).

This elliptic map has image which comprises precisely of those elements of Lﬁ_L A_l(AOddT*N )

which are L2-orthogonal to the kernel K of

d+d L, o (AYT*N) — LT, (A"T*N).
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The space K can be written as the direct sum K = K' @ K3 @ K™, where
K =Kn L?H., 737A(AjT*N)
for j =1 and 3 and K™ is some transverse subspace. Then
d(LY, (A’ T*N)) @ d* (L}, \(A*T*N)) = {as : Jaq such that (a1, e3) € K},

where we take the orthogonal complement in sz1,>\71- Note that the projection mq (K™) of K™
onto the space of 1-forms must meet K' in the zero form since, if (ay,a3) € K™ and a; € K!
then a3 € K3, which contradicts the direct sum decomposition of K. Therefore, 71 (K™) and K'
are transverse finite-dimensional subspaces of quH’ 4 /\(AlT*N ). Hence, there exists a space A of
smooth compactly supported 1-forms on N which is L2-orthogonal to K* and such that Ax K™ — R
given by (v,€) — (v,0) - € is a dual pairing. If ag € Li_L)\_l(A?’T*N) such that az € (K3)*, there
exists a unique a; € A such that (aq,0) - & = —(0,a3) - £ for all £ € K™, which implies that
(a1, a3) € (K™)L. We conclude that

(K3E ={az € (K) : Ty € (KY)?* such that (ay,a3) € (K™)*1}
= {as : oy such that (a,as3) € K1}

= d(L} \(NT*N)) @ d*(LL \(A'T*N)) C I, (A*T° ),

However, K2 is independent of k, and hence Fj () must lie in the image of d + d* from Ly Tl
since Fy () lies in L} , ;. We may thus write Fy(a) = dy + d* 3 for some v € Lgﬂ’)\(AzT*N) and
g€ LZ+17/\(A4T*]\7). Moreover, dd*3 = 0 and so 3 is harmonic and O(p*) as p — 0. By Theorem

1.2.5, (noting that %0 is a harmonic function on N), 8 = 0. The proposition is thus proved. O

We deduce from Propositions 8.2.5, 8.2.7, 8.2.8 and 8.3.2 that M; (N, A) is locally homeomorphic
to the kernel of

Gy L£+1,)\(U) X Li+1,,\(A4T*N) - d(Liﬂ,,\(AQT*N)) & d*(LZ+1,A(A4T*N))'
Therefore, our deformation theory will be obstructed if and only if the map
d: LZ+1,>\(A1T*N) - d(LZ+1,>\(A2T*N))
is mot surjective. This leads us to the next result and definition.

Proposition 8.3.3. There exists a finite-dimensional subspace O1(N,\) of Lgy/\_l(A3T*J\A/') such
that
d(Lj 1 \(NPT*N)) = d(L},, \(AT*N)) © O1(N, A).
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Proof. The Fredholmness of d + d* implies that the images of L}, LA T*N) & Ly /\(A4T*N)
and Ly | LV(N2T*N) @ Ly, L (A*T*N) under d + d* are both closed and have finite codimension in
L} s (A’T*N V). Since

{0} = d(L£+17)\(A2T*N)) n d*(Lerl, )\(A4T*N)) = d(LiH, A(AiT*N)) N d*(LZH, A(A4T*N))
by the Maximum Principle (Theorem 1.2.5), we deduce that
d(Ly, k+1, ,\(A2 T*N)) and  d(Lj, k+1, ,\(A2T*N))

are both closed and that the former has finite codimension in the latter. Thus, O1(N, \) can be

chosen as stated. O

Definition 8.3.4. The obstruction space for Problem 1 is

d(L} ) \(A*T*N))
(L} 1 A(AZT*N)) -

01 (Na )‘) =
We proceed as follows. Define

Ur = L4, () x Ly, AN, X1 =Ly (A% T*N @ A*T*N),

Yy =O1(N,N) C LY \_((A*T*N) and  Zy =d(L},, \(A’T*N)) ® d* (L}, \(A*T*N)).

Then X1, Y7 and Z; are Banach spaces and U; is an open neighbourhood of (0,0) in X; because
L&_LA — Cg by Theorem 6.2.4 and U grows with order O(p) as p — 0 by Proposition 8.2.3. Thus,
W1 =U; x Y; is an open neighbourhood of (0,0,0) in X; x Y;. Define G, : Wi — Z; by:

gl(aa/B7’Y) = Gl(aaﬂ) +Py

Then G, is well-defined by Propositions 8.3.2 and 8.3.3 and its derivative at (0,0, 0) acts from X; xY;

to Z1 as
dGil0,0,0) : (o, 8,7) — da+d* B + 7.

Clearly, dG|(0,0,0) is surjective by construction and its kernel, using the fact that (d+d*)(X1)NY; =

{0}, is given by:

Kerdgl‘ 0,0,0) :{(01,6,7) € Xy XYldOé—Fd*ﬁ—F’Y:O}

= {(a, ) € X1 :da+d"B =0} ZI1(N,A).

The conclusion, by implementing the Implicit Function Theorem for Banach spaces (Theorem 6.2.5),

is that Ker G; is a smooth manifold near zero which may be identified with an open neighbourhood
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Mi(N,A) of 0in Zy(N, ). Formally, if we write X; = Z;(N,\) @ A for some closed subspace
A of X1, there exist open sets Ml(N, A) € Z7(N, M), V4 C A, Vy C Y7, all containing 0, with
Ml(N, A) x V4 C Uy, and smooth maps V4 : Ml(N, A) — V4 and Vy : Ml(N, A) — Vi such that

Ker Gy N (M (N,\) x Va x V) = {(z, Va(z), Vy(x)) : € Mi(N,\)}.

If we define a smooth map 71 : My (N, \) — O (N, \) by w1 (z) = Vy (z), the moduli space M (N, \)
near N is locally homeomorphic to the kernel of m; near 0. We can think of m; as a map on an
open neighbourhood of (0,0,0) in Ker G; which projects onto the obstruction space. We write these

results as a theorem.

Theorem 8.3.5. Use the notation of Definitions 8.2.1, 8.3.1 and 8.3.4. There exists a smooth
manifold Ml(N, A), which is an open neighbourhood of 0 in Z;(N, ), and a smooth map m :
M1(N,X) — O1(N,\), with m,(0) = 0, such that an open neighbourhood of 0 in Kerm, is homeo-

morphic to an open neighbourhood of N in M1(N,\).

We deduce from this theorem that, if the obstruction space is zero, the moduli space is a smooth
manifold near N of dimension equal to that of the infinitesimal deformation space. We expect the

obstruction space to be zero for generic choices of N and the Gy structure on M.

8.3.2 Problem 2

Recall the notation introduced in Definitions 8.2.10, 8.2.12 and 8.2.14. We begin by defining the

infinitesimal deformation space for this problem.

Definition 8.3.6. The infinitesimal deformation space for Problem 2 is

To(N, ) = {(e,t) € CR(ALT*N) @ ToT : da + La(t) = 0}

= {(a, B,1) € O (A2T*N @ MT*N) @ ToyT : da+ d* B + La(t) = 0}.

The equivalence in the definition follows from Proposition 8.2.15 or from the observation that da +
Lo (t) is exact and so 8 = 0 by the Maximum Principle (Theorem 1.2.5). Note that there is a
subspace of Zo(N, A) which is isomorphic to Z; (N, A).

By Proposition 8.2.16,

Ty(N,\) = {(o, B,) € LY | \(AAT*N & A*T*N) @ TyT : do+ d* 3 + La(t) = 0}.
Therefore, Zo(N, A) is finite-dimensional.

To start our consideration of obstructions, we have the generalisation of Proposition 8.3.2.
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Proposition 8.3.7. The map F, takes LZ+1,A(ﬁ) x T into d(L? b, J (AT N)).

Proof. Use the notation from Proposition 8.2.11 and its proof and from the proof of Proposition
8.3.2. Recall that we have an open set T D T in M containing N, which retracts onto N, and
¢ € C®°(A2T*T) such that dip = @|p. We may similarly construct open sets T'(t) 2 T'(t) in M,
with T'(0) = T, which contain N(¢) and retract onto it, varying smoothly with ¢. We also have
Y(t) € C°(A*T*T(t)), with ¢(0) = v, such that di)(t) = @|7(;), using the fact that ¢ is exact on
N(t). Again, the ¢(t) vary smoothly with ¢. Formally, let

=T(t)u U Vi(t)
=1

By making 7'(t) and V;(t) smaller if necessary, T(t) will be an open set as stated. We may choose
1 (t) such that
. 1
Xi(8)" () = 5 (v w0) + O(r7)

on V;(t) and then extend smoothly to a form () on T'(t) as required. Define
(e t) = fa®)" (4050 ) -

Then d(Hz(a,t)) = Fz(a,t). Moreover, by the same reasoning that Hi(a) € Lj , in the proof
of Proposition 8.3.2, Ha(a,t) lies in LZ,,\- Therefore, Fy(a,t) lies in d(LZ’A(AQT*]\Af)). However,
because Fp(a,t) € L} \ (A3T*N), the argument at the end of the proof of Proposition 8.3.2 implies
that Fa(a,t) € d(L£+17/\(A2T*N)) as required. O

We now define the obstruction space.

Definition 8.3.8. From Propositions 8.3.3 and 8.3.7, since L5 is a linear map on a finite-dimensional

vector space, there exists a finite-dimensional subspace O2(N, ) of L, , - L(A3T*N V) such that
d(Ly, k+1, ,\(AQT*N)) (a(Ly k+1, ,\(A2 T*N)) +L2(T0T)) @© O2(N, A).
We define O3(N, \) to be the obstruction space for Problem 2.
Note that Os(N, A\) may be chosen to be contained in O1(N, \).
Following the scheme for Problem 1, we let

Uz = Li+1,>\(0) X L£+1,>\(A4T*N) xT, Xo= Li+1.>\(A2+T*N ® AT N) © T T,

Yy = O5(N,X) C LY, (A’T*N) and Zy =d(L} | \(N°T*N)) ®d* (L}, \(A*T*N)).

Recall that 7 C R™ & T()T is open. Then X5, Y5 and Z5 are Banach spaces, Uy is an open
neighbourhood of (0,0,0) in X5 and hence Wy = Us x Y3 is an open neighbourhood of (0,0,0,0) in

150



Xo x Ys. Define Gy : Wy — Z5 by:
Ga(a, B,t,7) = Ga(a, B, 1) + .
Then dGs|(0,0,0,0) : X2 X Yo — Z5 acts as
(o, B,t,7) — da+d* B+ Lo(t) + 7.

By construction, dGz|(9,0,0,0) is surjective and, using the fact that the image of dGz|(g,,0) meets Y

at 0 only,

Ker dGa|(0,0,0,0) = {(c, B,t,7) € Xo x Y3 : da +d* 3 + La(t) +v =0}

>~ {(a,0,t) € X : da+d*B+ La(t) = 0} 2 Io(N, N).
As for Problem 1, Theorem 6.2.5 gives us that Ker Gy is a smooth manifold near zero which may
be identified with an open neighbourhood My (N, ) of (0,0) in Zy(N,\). We can again define a

smooth map o : Ma(N, A) — Oa(N, \) such that Ker 7y is locally homeomorphic near (0,0) to an
open neighbourhood of N in M3(N, A). We thus have the following theorem.

Theorem 8.3.9. Use the notation of Definitions 8.2.9, 8.3.6 and 8.3.8. There exists a smooth
manifold Mg(N, A), which is an open neighbourhood of (0,0) in Zo(N, ), and a smooth map ms :
Mo (N, A) — O(N, \), with m3(0,0) = 0, such that an open neighbourhood of zero in Kermy is

homeomorphic to an open neighbourhood of N in Ma(N, ).

We deduce that, if O3(N,\) = {0}, the moduli space for Problem 2 is a smooth manifold near N of
dimension dimZ,(N, ) = dimZ; (N, A) + dim 7, which we expect to occur for generic choices of N
and the torsion-free G, structure on M. We shall see, in §8.5, that if we choose a suitable generic
closed G structure on M we may drop the assumption that N is generic and still obtain a smooth

moduli space.

8.3.3 Problem 3

We presume in this subsection that the reader is sufficiently familiar with the schemata we have
used in the previous two subsections to be able to generalise them to Problem 3. This allows us to
present a tidier treatment of the problem.

Recall the notation of Definitions 8.2.18, 8.2.22 and 8.2.24.

Definition 8.3.10. The infinitesimal deformation space Z3(N, \) for Problem 3 is

I3(N, ) = {(a,t, f) € CL(ALT*N) @ ToT & ToF : do + Lo(t) + L3 (f) = 0}

= {(a,B,t,f) € CL(ALT*N @ A*T*N) & ToT & ToF : da+ d* B+ La(t) + La(f) = 0}.
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By Proposition 8.2.26,

T3(N,N) = {(a, B,t, f) € LY, \(MAT*N & AT N) & ToyT & ToF : da+d* B+ La(t) + La(f) = 0}.
In considering obstructions, we first have the generalisation of Propositions 8.3.2 and 8.3.7.

Proposition 8.3.11. The map F3 takes LiJrL)\(ﬁ) x T x F into d(LiH)/\(AQT*N)).

The proposition is proved in a similar way to Proposition 8.3.7 and so we omit the details. The

result leads us to define our final obstruction space.

Definition 8.3.12. From Propositions 8.3.3 and 8.3.11, since Ly and L3 are linear maps on finite-
dimensional vector spaces, there exists a finite-dimensional subspace O3(N, ) of L¥ A_l(A?’T*]\A/ )

such that
(LY 11 \(N*T*N) = (ALY 4y \(ALT*N)) + Lo(ToT) + Ls(ToF)) & O3(N, N).
We define O3(N, \) to be the obstruction space for Problem 3.

Note that we may choose our obstruction spaces such that O3(N, ) C O2(N,A) C O1(N, \).

The use of the Implicit Function Theorem (Theorem 6.2.5) in the derivation of Theorems 8.3.5

and 8.3.9 can be easily generalised to give the following.

Theorem 8.3.13. Use the notation of Definitions 8.2.19, 8.3.10 and 8.3.12. There exists a smooth
manifold Ms(N,X), which is an open neighbourhood of (0,0,0) in Z3(N,)), and a smooth map
T3 : Mg(N, A) — O3(N, A), with 73(0,0,0) = 0, such that an open neighbourhood of zero in Ker ms

is homeomorphic to an open neighbourhood of (N,0) in M3(N, ).

We deduce that, if O3(N,\) = {0}, M3(N,)) is a smooth manifold near (N,0) of dimension
dim Z3(N, ) = dim Zy(N, \) + dim F. Moreover, the projection map Tz M3(N,\) — F is smooth
near (N,0). We expect this to occur for generic choices of N and the torsion-free Gy structure on
M. If we allow ourselves to work with closed Gy structures on M, we shall show in §8.5 that we

may drop our genericity assumptions for N and (¢, g) and still get a smooth moduli space.

8.4 Dimension Calculations

We shall relate the expected dimension of the moduli space for Problem 1 to the index of a first
order uniformly elliptic operator on N. The theory of §6.3.2 will then allow us to calculate this
index. Recall that p >4, k > 2 and X € (1,2) \ Dcs. Recollect also the spaces H™ and H2 given in

Definition 6.5.1 and Example 6.5.3 respectively.
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Definition 8.4.1. Let
(dy +d ) =d+d : L ((MAT*N & A T*N) — L |, (A*T*N).
By Definition 8.3.1, Z1 (N, A) is isomorphic to the kernel of this map. Define the adjoint map by

(dy+d)sa=di+d:Li, 5 ((AT*N) — L} _, \(AXT*N & A*T*N),

where ¢ > 1 such that 1/p+1/¢ =1 and I > 4. The cokernel of (dy + d*), is then isomorphic to
the kernel of (d* + d)_3_»

We now study the dimension of the kernel and cokernel of (dt + d*),,.

Proposition 8.4.2. The kernel of (dy+ + d*)_o is isomorphic to ’Hﬁ_. Furthermore, if p > —2 is
such that (=2, ] N Des = 0, dimKer (dy + d*), = dimH? .

Proof. Using Theorem 1.2.5; (6.5) and the regularity result Corollary 6.4.2 as in the deduction of
Proposition 7.4.2 gives the first part of the result. By a similar argument to Proposition 7.4.5, the
function k(u) = dim Ker (d4 + d*),, is upper semi-continuous at —2, noting that the direction of
semi-continuity is reversed from the AC case. The second part follows from the observation that the

choice of u ensures that there are no changes in the kernel in (—2, 4] by Theorem 6.3.6. O

Proposition 8.4.3. If p < —1 is such that [pu,—1) N Dcs = 0, the cokernel of (dy + d*), is

isomorphic to Hlg(N).

Proof. Since p < —1, the argument in §7.2.1 (noting the reversal of the inequality) generalises to
show that
d(Li gy, (N°T*N)) = d(L,, ,(ATT*N)).

k+1,p k+1,p

Thus, the cokernel of (dy + d*), is isomorphic to the kernel of

(d+d) s p=d+d: L, 5 (AT*N)— L} _,  (A’T*N & A*T*N). (8.5)

Using (6.5) and Corollary 6.4.2, since L?+1, , < C} by Theorem 6.2.4, the kernel of (d*+d)_5_(—1) =
(d* + d)_5 is isomorphic to H?. By Theorem 6.5.2(b), H? = Hl,(N), where the isomorphism is
given by v — [*v]. Since [p, —1) N Dgs = 0, there are no changes in the cokernel in [u, —1) by
Theorem 6.3.6. Moreover, the dimension of the cokernel is lower semi-continuous in p, which can
be shown as in the proof of Proposition 7.4.6, noting again that the direction of semi-continuity is

reversed from the AC case. The result follows. O

Although the proposition gives us the dimension of the cokernel near —1, we would like to know its
dimension just above —2 so that we may calculate the index of (d4 + d*),, using Proposition 8.4.2.

This is achieved through the next result.
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Proposition 8.4.4. The dimension of the cokernel of (dy + d*),, is constant for pn € (—2,0) \ Dcs
and equal to b'(N).

Proof. The constancy of the dimension of the cokernel in (—2,0) is deduced in precisely the same
manner as Proposition 7.2.5 because this only uses the fact, given in Proposition 7.2.4, that there
are no homogeneous harmonic functions on a 4-dimensional cone of order O(r*) for u € (—2,0).

The result follows from Proposition 8.4.3. O

We may now calculate the index of (d4 + d*), for all growth rates using Propositions 8.4.2 and

8.4.4 and Theorem 6.3.6.

Proposition 8.4.5. Use the notation of Propositions 6.3.4(b) and 6.3.8. If A € (1,2), A ¢ Dcs,
the index of (dy + d*)y is given by:
ind (dy +d*)y =dimM3 —b"(N) — > d(p).
pne(—=2,\)NDcs
However, the obstruction space @1(N,\) given in Definition 8.3.4 is a subspace of the cokernel

of (d4 + d*)x, so we must relate its dimension to that of the cokernel.
Proposition 8.4.6. The following inequality holds: dim Oy (N, \) < dim Coker (d; + d*)x — b*(N).
Proof. From the proof of Proposition 8.3.2, the image of

(d+d) =d+d L, \(A*T"N & AT R) — LD | (AT N)

is characterised as the subspace of Li, sy (A3T™ N ) which is L2-orthogonal to the kernel K of (d* +
d)_3_ defined by (8.5). Furthermore, as noticed in the proof of Proposition 8.3.3, Image (d + d*)
has finite codimension in Lgﬁ /\_1(A3T*J\A/' ). Therefore, we may choose a finite-dimensional space C

of smooth compactly supported 3-forms on N such that
LZ,/\_I(A:ﬂT*N) = Image (d + d*) & C

and so that the product C x £ — R given by (v,n) — (y,n) 12 is nondegenerate.

We may similarly deduce that Image (ds + d*), is the subspace of LZ’)\fl(AgT*]\Af) which is
L?-orthogonal to the kernel K’ of (d% +d)_3_x. Then K’ 2 K and K consists of closed and coclosed
3-forms, whereas K’ consists of 3-forms 7 such that dn = d% n = 0. Hence, we may choose a subspace
K" of K', transverse to K, comprising 3-forms which are not coclosed and such that K' = K & K”.

The next stage is to extend C to a space C' = CHC”, where C” consists of smooth ezact compactly

supported 3-forms on N , such that
Ly v (A3T*N) = Tmage (dy +d*)y @’
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and such that the product C” x K” — R given by (v,n) — {(v,n)r2 is nondegenerate, which is
possible as K" comprises forms which are not coclosed. By construction, C” is a valid choice for

O1(N, ) by Proposition 8.3.3. Therefore,
dim O1(N,\) = dimC’ — dimC = dim Coker (dy + d*), — dim K.

If 7 lies in the kernel of (8.5) for rate p = —1 then v € K for A € (1,2) by Theorem 6.2.4. Thus, the

map from K to H(}R(J\A/') given by 7+ [7] is surjective. This gives the result. O

We may now calculate a lower bound for the expected dimension of M; (N, \) using Propositions

8.4.5 and 8.4.6.

Proposition 8.4.7. Using the notation of Propositions 6.3.4(b) and 6.3.8,
dim 7y (N, \) = dim Oy (N, \) > dim M3 - > d(p).
ne(—2,\)NDcs
Recalling that the dimension of 7 given in Definition 8.2.10 is 21s, we derive analogous results for

our other problems.

Proposition 8.4.8. Using the notation of Definitions 8.2.10 and 8.2.18 and Propositions 6.3.4(b)
and 6.3.8,
dimZ,(N, A) — dim O(N, A) > dimH3 +21s — dimH— )" d(u).
HE(—2,A)NDcs

and

dimZ3(N, \) — dim O3(N, A) > dimH3 + 21s — dim H+dimF - Y d(p).
ne(—2,\)NDcs

We note that Propositions 8.4.4, 8.4.6 and 8.4.7 imply the following bound on dim Oy (N, \).

Proposition 8.4.9. In the notation of Propositions 6.3.4(b) and 6.5.8,
dmO (N, \) < Y d(p)
1E[0,A\)NDcs
We also know that, in Problem 2, we remove the obstructions which correspond to translations of the
singularities and G transformations of the tangent cones. These obstructions occur, respectively,
at rates 0 and 1. Hence, d(0) > 7s, d(1) > 14s — dim H and we have the following stronger bound

on the dimension of Oz(N, \).

Proposition 8.4.10. In the notation of Definition 8.2.10 and Propositions 6.3.4(b) and 6.5.8,

dim Oy(N,\) < —21s +dimH+ Y d(p).
#G[O,)\)ﬂ'Dcs
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8.5 -Closed 7-Manifolds

For our deformation problems we have assumed the ambient manifold (M, ¢, g) is a G2 manifold;
that is, M is endowed with a Go structure such that dp = d*¢ = 0. However, the results of McLean
[45] we have used, which are based upon the linearisation of the map we denoted Fj in Definition
8.2.4, still hold if this condition on ¢ is relaxed to just dp = 0. Thus, our deformation theory results
hold if (M, ¢, g) is a p-closed 7-manifold in the sense of Definition 2.3.11. The effect of *¢ not being
closed on M means that coassociative 4-folds in M are no longer necessarily volume minimizing in
their homology class. This does not, however, affect our discussion.

The use of p-closed 7-manifolds (M, ¢, g) is that closed Gg structures occur in infinite-dimensional
families, since the set of closed definite 3-forms on M, in the sense of Definition 2.3.8, is open. We
show that we can choose a family F, in a similar fashion to Definition 8.2.18 of Problem 3, of
closed Gg structures on M such that dim F = dim Oy (N, \) and, further, such that O3(N, \) = {0}.
In other words, we have enough freedom in our choice of F to ensure that dF3|( ), as given in
Definition 8.2.22, maps onto d(LiHM\(AZT*N)). Then M3(N, \) is a smooth manifold near (N, 0)
by Theorem 8.3.13 and 7z : M3(N,\) — F is a smooth map near (N,0). By Sard’s Theorem,
which is stated in the argument leading to Theorem 4.2.6, W;l(f) is a smooth manifold near (N, f)
for almost all f € F. As observed in Definition 8.2.19, 77;_1( f) corresponds to the moduli space
of deformations for Problem 2 defined using the G structure (¢f,¢f). Thus, for any given N, a
generic perturbation of the closed Gg structure within F ensures that Ma(N, A) is smooth near N.

We thus prove the following, which is similar to the result [29, Theorem 9.1].

Theorem 8.5.1. Let (M, p,g) be a p-closed 7-manifold in the sense of Definition 2.3.11 and let N
in (M, ¢, g) be a CS coassociative 4-fold at z1, . .., zs with rate X € (1,2)\ Dcs, where Dgs is defined
in Proposition 6.3.4(b). Use the notation of Definitions 8.2.10, 8.3.4 and 8.5.12 and Proposition
6.3.8. Let m = dim O (N, \) and let F be an open ball about 0 in R™. There exists a smooth family
F={(¢f,g7) : feF} of closed Gy structures on M such that O3(N,\) = {0}. Hence, the moduli
space of deformations for Problem 3 is a smooth manifold near (N,0) of dimension greater than or
equal to

dim M3 + 21s — dimH+dim O3 (N, A) — > d(p).
ME(*Q,)\)I"W'DCS

Moreover, for generic f € F, the moduli space of deformations in (M, @7, g') for Problem 2 is a

smooth manifold near N of dimension greater than or equal to

dim M3 +21s —dimH - )" d(p).
HG(*Q,)\)N'DCS

156



Proof. Use the notation in the proof of Proposition 8.4.6. Recall that we have a subspace K" of

L _S_A(A?’T*J\Af) consisting of forms 7 such that dn = d* n = 0 but d*n # 0. Moreover, O1(N, \)

1,
can be chosen to be a space of smooth compactly supported exact 3-forms « such that (y,n)z2 =0
for all n € K\ {0} implies that v = 0. Therefore £” 2 (O1(N, \))* and hence has dimension m.

Let {n1,...,nm} be a basis for K" and choose a basis {dvy,...,dvy,} for O1(N, ), where v; is

a smooth compactly supported 2-form for all j, such that (dv;,n;)r2 = d;;. This is possible because

the L? product on O;(N, ) x K" is nondegenerate. For f = (f1,..., fm) € R™ define

m

v =Y fv;.
j=1

Using the notation of Proposition 8.2.17, define (¢7,¢/), for f in a sufficiently small open ball
F about 0 in R™, to be a closed Gy structure on M such that Z([¢f|7]) = 0 in H3,(N) and
@f\N = dvy. Recall from Definitions 8.2.22 and 8.3.12 that we have a linear map Ls : Toj’:' ~R™ —
d(Ly 4, A(AZT*N)) arising from dF3](,0,0)- By construction, Ls(f) = dvy for f € R™ and hence L3
maps onto O1 (N, A). Proposition 8.3.3 and Definition 8.3.12 imply that O3(N, A) = {0} as required.

The latter parts of the theorem follow from the discussion preceding it and Proposition 8.4.8. [
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Afterword: Further Research

There are no solved problems; there are only problems that are more or less solved.
— HENRI POINCARE

It is unsurprising and, perhaps, only right that a thesis such as this should end not with a sense of
finality but detailing possibilities for the continuation of the study described within it.

The work in Part I generates a number of obvious problems to tackle. The systems of differential
equations given in Sections 4.2 and 4.4 defining associative 3-folds are either unsolved or are only
solved in certain circumstances. There is similar unfinished work on coassociative and Cayley 4-folds
with symmetries in §5.2 and §5.3. It is the author’s hope that these systems may be fully solved.
In particular, if solutions are found which provide examples of cones, the material in §4.5 and §5.4
will help produce further calibrated submanifolds in R” and R8.

The only notable deficiency in the results of Part II is the precise determination of the expected
dimension of the moduli spaces for all relevant growth rates. However, the theory developed in
Chapters 7 and 8 does inspire a number of possible research topics. The long-term project involving
the 7-dimensional analogue of the SYZ conjecture was mentioned in the preface. As a step towards
this goal, it will be necessary to have the ability to resolve the singularities of CS coassociative
4-folds. To achieve this using AC coassociative 4-folds, as is likely to be the case, will require the
deformation theories described in the last two chapters.

One could also consider deriving analogous theory to Part II for associative and Cayley subman-
ifolds. The results of McLean for compact deformations, described at the end of Sections 2.3 and
2.4, suggest that the investigation for Cayley 4-folds will bear the most fruit. Moreover, one could
attempt to prove an 8-dimensional version of the SYZ conjecture. However, since the nature of the
deformation theory of Cayley 4-folds is significantly different from the coassociative scenario, the
author expects these generalisations to be far from immediate.

We conclude with one final thought.

The moving power of mathematical invention is not reasoning but imagination.
— AuGusTUS DE MORGAN
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The research presented here lies within the broader subject of calibrated geometry. In Chapter 1
the basic theory underlying this topic is given. Number systems and their relationship with group
theory are also discussed at an elementary level, providing background material before the exposition
of the octonions, or Cayley numbers, in Chapter 2.

The focus of Chapter 2 is on the exceptional Lie groups Go and Spin(7) and the formulation
of calibrations on R” and R® which are associated to these groups. This allows the definition of
associative 3-folds and coassociative 4-folds in R” and Cayley 4-folds in R®. Moreover, it is demon-
strated that there is a generalisation of these calibrations and calibrated submanifolds for particular
7- and 8-dimensional Riemannian manifolds, known as Gy and Spin(7) manifolds respectively.

Following these two preliminary chapters, the rest of the dissertation is split into two parts. Part
I begins, in Chapter 3, with a review of the theory and constructions of special Lagrangian m-folds
in C™ which shall be pertinent in the sequel. Chapter 4 gives construction methods and examples
for associative 3-folds in R7. The final chapter in Part I is a similar presentation for coassociative
4-folds in R” and Cayley 4-folds in R®.

Chapter 6, the first chapter in Part II, reviews various definitions and results from the study
of analysis on asymptotically conical (AC) manifolds and manifolds with conical singularities (CS).
The final two chapters are dedicated to the study of deformations of AC coassociative 4-folds in R”
and CS coassociative 4-folds in a Go manifold. In Chapter 7 it is proved that an AC coassociative
4-fold, which converges with generic rate in a specified range to a cone at infinity, has a locally
smooth moduli space of deformations of known dimension. In Chapter 8, three different deformation
problems for CS coassociative 4-folds are studied. For each case there is a weaker result: the moduli
space is locally homeomorphic to the kernel of a smooth map between smooth manifolds. However,
if the obstructions in the problem are known to be zero, the moduli space is locally smooth and a

lower bound is given on its dimension.



