Axiomatic Set Theory: Problem sheet 1

1. Which of the ZF axioms (A1)-(A2), (A7) and (A8) hold in the structure (Q, <)?
Also, find an instance of (A5) that is true in (Q, <) and one that is false.

2. Write the following as formulas of LST:

(a) T = <y7 Z)?

(b) z =y x z

(c) z =y U{y}k

(d) “x is a successor set”;
(e) z =w

(a) @ € M, and

(b)if z € M and y € M, then {z,y} € M, and

(c) every element of M contains at most two elements.

Show further that if o is an axiom of ZF*+AC other than (A8), (A4) or (A7), then
(M, €) Eo. (It follows that if ZF* is consistent then so is (ZF*+AC\{(A8), (A4), (AT)}.)

4. Assuming ZF show that if @ is a non-empty transitive set then @ € a.

5. Deduce (A3) (pairing) from the other axioms of ZF*.
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1. (a) Assuming ZF (ie. ZF*+Foundation) prove that the following two definitions of
“ordinal” are equivalent:

(i) An ordinal is a transitive set well-ordered by €.

(ii) An ordinal is a transitive set totally ordered by €.

(b) Prove theorem 3.10—the principle of induction for On—using only ZF*.

2. (ZF*) Define a “natural” ordinal exponentiation using the recursion theorem for
ordinals, and show that for all ordinals a, 8 and v, afT7) = oPa7, and a®?) = (aP)7.
Show also that 2¢ = w.

3. (ZF*) Suppose F': On — On is a class term satisfying:

(1) a< f— F(a) < F(B) (for a, 8 € On)

(2) F(6) = Upes F(a) (for limit ordinals 9).

Prove that for all & € On there exists § € On such that § > « and F(8) = 3 (ie. F
has arbitrarily large fixed points). What is the smallest non-zero fixed point of the term
F : On — On defined by F(x) = w.x (for z € On)?

4. (ZF) Let H, denote the class of hereditarily finite sets, ie. H, = {x : TC(x) is
finite}. Prove that H, = V,, (and hence that H,, is a set). Prove that (V,,, €) F the axiom
of foundation, and (V,,, €) F - the axiom of infinity.

[It is easy, but tedious, to check that (V,,, €) F the other axioms of ZF. This shows
that the other axioms of ZF do not imply the axiom of infinity.]
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1. (ZF*) Prove that (V,€)F A4 (Union) and that (V, €) F A8 (Infinity).
2. (ZF*) Prove that the axiom of foundation is equivalent to Vz(z € V).
3. (ZF*) Let a € On and suppose that a € V,, and b C a. Prove that b € V.

4. (ZF*) Later in the course we shall be concerned with those formulas whose truth
does not depend on which transitive class they are interpreted in. More precisely, let A be
a transitive class. A formula ¢(vy,...,v,) (without parameters) of LST is called A-absolute
if for any aq,...,a, € A, ¢(a1,...,a,) holds (ie. (V*,€)E ¢(aq,...,a,)) iff ¢(a,...,a,)
holds in A (ie. (A, €) E ¢(aq,...,ay,)). Prove that the following statements (or the natural
formulas of LST which these translate) are A-absolute, for any transitive class A:

(i) U1 g V2 (ii) V1 = UUQ (iii) V1 = {UQ, Ug} (iV) V1 = V2 U {Uz}.

Show that “vq = Pvy” is not w-absolute. (Note that w is a transitive class.)
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1. Prove that Va, 8 € On, (i) Vo, NOn = «, and (ii) if a € V3, then V,, € V3.
2. Complete the proof of Lévy’s Reflection Principle.

3. A club is, by definition, a closed, unbounded class of ordinals. Prove that if U;
and Uy are clubs then so is U; N Us. More generally, suppose that X is a class such that
X CwxOn. Fori€w,let X; ={a€On: (i,a) € X}. Suppose that for all i € w, X; is
a club. Prove that (.. X; is a club.

IS

4. (i) It is known that there is a formula ¢(z) of LST (without parameters) such that
(in ZF one can prove that) for any set a, ¢(a) iff “(a, €) F ZF and a is transitive”. Further,
this formula is A-absolute for any transitive class A (see sheet 3, question 4). Show that
one cannot prove the sentence Jz¢(z) from ZF. [Hint: Consider the least o € On such
that 3z € V,(¢(x)).]

(ii) As formulated in the lectures, ZF is a countably infinite collection of axioms
(since there is one separation and replacement axiom for each formula of LST, and there

are clearly a countably infinite number of such formulas). Prove that there is no finite
subcollection, T, say, of ZF, such that T+ ZF.

5. * What is wrong with the following argument:

Let {o; : i € w} be an enumeration of all the axioms of ZF. By Lévy’s Reflection
Principle, for each i € w, the class {a € On : (V,,€) Fo;} (call it X;) is a club (since
(V,€) E ;). By question (3) above, (,c,, X; is a club (we are using question (3) by setting
X = {(i,a) : a € X;}). In particular, (., X; is non-empty. Let 8 € (),c, Xi;. Then
B e X, foralli € w, so (Vs,€)Fo; forall i € w,so (Vs,€)F ZF. Hence ¢(V3) holds, so
Jxp(x) (where ¢(z) is the formula in (4)(i)). Since (V, €) is an arbitrary model of ZF, we
have ZF F Jz¢(x)!
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1. Assuming (as was shown in the lectures), that « € L — |Ja € L and a € L —
Pa N L € L, verify carefully that (L, €) F union, powerset.

2. The rank of a set A, rk(A), is defined to be the least a € On such that A C V.
Prove that Va € On(rk(Ly) = ).

3. Suppose F' : V — V is a term definable without parameters (ie. the formula
defining “F(z) = y” has no parameters). Suppose further that it is an elementary map,
ie. for any formula ¢(vp, ..., v,—1) of LST (without parameters), and any ag, ...,a,—1 € V,

¢(CEO, .. .,an_1> <~ QS(F(CL()), .. .,F(an_l)).

Prove that F' is the identity. [Hint: first show that for all ordinals «, F(a) = a, by
considering the first 8 for which F(3) # f.]

[Remark: Assuming only ZF, it is not known whether such an elementary map defin-
able with parameters can exist other than the identity, although if ZFC is assumed it is
known that there is no such.]

4. Let E denote the set of even natural numbers. Prove that £ € L, 1.

5. For ¢(v) a formula of LST (without parameters) and a any set, let ¢,(v) denote
the formula (with parameter a) obtained by relativizing ¢(v) to the class a. Prove that
for any transitive class A and a,b € A, (A, €) E ¢, (b) iff ¢,(b) (ie. ¢p,(Vv) is A-absolute).
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1. Prove lemmas 7.2, 7.3 and 7.4.

2. Prove 7.11 (30), ie. that “z is a finite sequence of elements of 3" (ie. x € <“y) is
YZF, assuming that (1)—(29) of 7.11 are all £Z %"

3. Prove that “x is a well-ordering of y” is AZT.

4. Show that for every ¥y formula ¢(z1,...,z,), there exists a corresponding g
formula ¢ (z1,...,Zn,y1,. .., Ym) such that

ZF ENzy, . cxp(d(z1, .oy xn) < Yyt o YmO(XT1, o Ty Y1y ey YUm))-

5. Prove that ordinal addition, multiplication and exponentiation are AZ%".
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1. Prove that for any infinite cardinal , c¢f(k) is a regular cardinal.

2. Suppose K, A are infinite cardinals such that k > A. Prove that if A > c¢f(k), then
xk* > K. Suppose now that A < cf(x), and that x has the property that for any cardinal
w, if o < K then 2# < k. Prove that k* = k. Hence show that if GCH is assumed, then for
any infinite cardinals s, A\ with & > X, we have k* = k or xt.

3. Suppose k is an uncountable reqular cardinal. Let g : Kk — Kk be any function.
Prove that for any a < k, there exists § < k, with a < 3, such that 3 is closed under g

(ie. for all v < 3, g(v) < B).

4. (Optional) Let x be an uncountable regular cardinal with the property that for
any cardinal p < k, we have 2* < k... (*).

Prove that (i) if « is any cardinal and a < k, then |V, | < &, (ii) |Vi| = &, (iii) if & is
regular, then (V,;, €) F ZFC.

(For (iii) you need consider only the replacement scheme, since we essentially showed
that if « is a limit ordinal and « > w, then (V,,, €) satisfies all the axioms of ZFC except,
possibly, replacement.)

Deduce that in ZFC one cannot prove the existence of a cardinal that satisfies (*).



