A NECESSARY AND SUFFICIENT CONDITION
FOR LOWER SEMICONTINUITY
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Abstract

Results on relaxation and semicontinuity are obtained for variational integrals |, o (Vu),
when the integrand F' is extended real-valued and when it satisfies a p, ¢ growth condition,
respectively.
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1 Introduction

When the integrand F satisfies the growth conditions [{[P < F(§) < ¢(|¢|P + 1) and p >
1 it has been shown by Dacorogna (see [15]) that the lower semicontinuous envelope of the
integral [,,F(Vu) in the weak topology of W' equals [,,F'(Vu), where F' denotes the 1W'?
quasiconvex envelope of F. We refer to Section 2 for notation and terminology. The main
results of this paper establish similar relaxation formulas in situations where F' is extended
real-valued or where it satisfies a p, ¢ growth condition. We proceed to describe and state the
main results.
Throughout the paper {2 C R" denotes a fixed bounded and open set with £"(9€2) = 0 and
p € (1, 00) an exponent.
Let F: RV*™ — [0, 00] be an extended real-valued Borel function. For a matrix field
V e LP(Q2, RV*™) define
I[V] = inf {liminf/F(Vj)}, (1.1)
Q

tVir | J—eo

where the infimum is taken over all sequences {V;} of L? matrix fields on (2 satisfying

V; — V weakly in L?,

curl V; — curl V strongly in W 1>, (1.2)

Here curl on an N x n matrix field on €2 is understood row-wise and in the distributional sense,
W—LP is the dual space of W, ” " under the usual distributional duality pairing and p’ = p/(p—1)
is the Holder conjugate exponent. This is a special case of the compensated compactness setting
considered in e.g. [16], [27], [28], [46] and [55]. The first main result of the paper is the
following relaxation formula.



Theorem 1.1. Let F': RN*™ — [0, 00| be a Borel function, and denote by S the lower semicon-
tinuous envelope of 1 in the strong topology of LP. Then for any V € LP(2, RN*"),

S[V] = /QF(V) (1.3)

where F denotes the closed W' quasiconvex envelope of F.

The function F is closed W' quasiconvex provided it is lower semicontinuous and Jensen’s
inequality holds for F' and every homogeneous WP gradient Young measure (see [49]). The
closed WP quasiconvex envelope is the largest closed W1 quasiconvex function below F.

It is not clear to the author whether in the general situation considered in Theorem 1.1 the

functionals I and S coincide. However, it is easy to show that they do under mild conditions on
F.

Corollary 1.2. Suppose that the Borel function F': RN*" — [0, oc] satisfies that F/(£) > e|¢[P
for some ¢ > 0 when |&| is sufficiently large. Then S|V'] = 1[V] for all matrix fields V € LP.

We record another easy consequence of Theorem 1.1 in the following corollary.

Corollary 1.3. Let F': RV*" — [0, 0o] be Borel, 1 < p < oo and 2 C R™ be open. Then

liminf [ F(V;) > / F(V) (1.4)
Q

Jj—00 Q
holds for all sequences {V;} and V satisfying (1.2) if and only if F is closed W' quasiconvex.
For a Sobolev map u € W'?(Q, RY) define

I[Vu] = inf {lim inf / F(vuj)} : (1.5)
Q

{us} | g0
where the infimum is taken over all sequences {u;} C W?(Q, RY) satisfying u; — u weakly
in WP ie.

uj; — u weakly in L?,

Vu; — Vu weakly in L?. (1.6)

It is clear that I[Vu] > T[Vu] for all W'? maps u. The following elementary example is
based on the 7} configuration of four matrices (see [50] and [56]). It shows that the inequality
can be strict for lower semicontinuous extended real-valued integrands F'.

= i=(os) = (0 5)p

The following three facts are well-known (see [47)] and the references therein):

Example 1.4. Let

(i) There exists a laminate v which is supported on K and has centre of mass v = (.
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(ii) Laminates with compact support are homogeneous WP gradient Young measures for
any p.

(iii) If Q) C R? is open and connected, u € W' (Q, R?) and Vu € K a.e., then Vu is constant
a.e.
(See also [13] for far reaching generalizations.)

If therefore we define
0 ifeek
oo else,

P - {

then as a consequence of (iii) the integral |,F(Vu) is weakly lower semicontinuous on W''(Q, R?),
so that 1[Vu] = Jo F (Vu). However, in view of (i) and (ii), I cannot be closed W' quasi-
convex for any p, since Jensen’s inequality fails for F' and v. In fact, it is not difficult to show
that
— . | 0 ifEeK™
F(&) = { oo else,

where K¢ denotes the rank-1 convex hull of K.

It is not clear if a similar example in which the integrand is continuous could be constructed.
It is therefore still possible that for continuous integrands F': RY*" — [0, oc], closed W'»
quasiconvexity is also a necessary condition for the weak lower semicontinuity of fQF (Vu) on
WP, However, in this connection notice that even when F also satisfies the growth condition

0<F() <c(lg]*+1) (L.7)

where ¢ > 0 with 1 < p < ¢ < oo and g/p > 1 is arbitrarily close to 1 the necessity of closed
WP quasiconvexity for weak lower semicontinuity on W1'* is an open problem. At present the
necessity of closed TW1? quasiconvexity has only been established for integrands satisfying (1.7)
with p = ¢, or under special structure assumptions on F'. (See [1], [6], [27], [37] or [40].) In
these cases closed WP quasiconvexity can be shown to be equivalent to WP quasiconvexity
as introduced in [5]. There it was shown that W1? quasiconvexity is a necessary condition
for sequential weak lower semicontinuity on WP, Corollary 1.7 below states that, with an
appropriate growth condition, W1* quasiconvexity is also sufficient for sequential weak lower
semicontinuity on W1?. However, for general continuous integrands the question of whether
WP quasiconvexity implies sequential weak lower semicontinuity on VW1 remains open.
The second main result of the paper concerns the functional I.

Theorem 1.5. Let F': RV*" — R be a Borel function satisfying the growth condition (1.7).
Assume that 1 < p < q < oo satisfy
g< 2 (1.8)
n—1
For maps u € WP (Q, RY) the functional at (1.5) can be expressed as
f[Va) = lim / Fy(Va)
N0 Jo

N0

where Fy denotes the W quasiconvex envelope of Fy = F + S| - |P.
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When the W'# map u satisfies the condition I [Vu] < oo, then the above result simplifies to

1[Vu] = /QF(Vu)

It is unclear to the author whether in the general case considered in Theorem 1.5 there can exist
a W1P map u such that

iwm=m>4ﬂwm (1.9)

This is the reason for the slightly elaborate statement involving F5. However, under additional
mild conditions on £ (1.9) is easy to exclude. This is the content of the next corollary.

Corollary 1.6. In addition to the hypotheses of Theorem 1.5 suppose that one of the following
conditions holds:

(i) p=gq
(ii) There exists € > 0 such that F'(§) > ¢|&|P when || is sufficiently large.

Then we have for the functional at (1.5) and for each WP map u that
1[Vu] = /F(Vu)
Q

where I denotes the W» quasiconvex envelope of F'.

Finally, we also record the following consequence of Theorem 1.5, which has also previ-
ously been recorded in [51][Theorem 4.4].

Corollary 1.7. Assume that F' satisfies the conditions of Theorem 1.5. Then

lim inf / F(Vu,) > / F(Vu) (1.10)
Q

j—o0 Q
holds for all sequences {u;} and maps u satisfying (1.6) if and only if F is WP quasiconvex.

The main difficulty in proving Theorem 1.5 is to obtain the inequality

- i .
[[Vu] < (131{1(1) /QFg(Vu).

The opposite inequality is established by use of standard methods. The proof of the above
inequality is based on an approximation result, which loosely stated says that a W'* map can
be approximated in energy by countably piecewise affine W maps. We refer to Proposition
4.7 in Section 4 for a precise statement and note that it is the main new technical point of the
proof. Condition (1.8) on p and ¢ is essential for the method of proof, and means that there
exists a compact, linear extension operator from W' on the (n — 1)-sphere 9B to W14 on R™.
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We do not know whether (1.8) is really necessary for the result to be true. (However, see [5]
Ex. 3.5.) The extension operator is used to glue W'? maps, and this idea can be traced back
to Meyers [42], though the way we do it follows the works of Maly [39] and Fonseca & Maly
[24]. The idea to use approximation by piecewise affine maps for proving semicontinuity is
natural in connection with quasiconvexity, and it goes back to Morrey [45]. The need to use
countably piecewise affine maps instead of merely piecewise affine maps arises when p < ¢, and
is connected to Lavrentiev’s phenomenon (see [4], [11], [43], [44] and the references therein).

Finally, we point out that the approach to relaxation and semicontinuity adopted here dif-
fers from the Lebesgue-Serrin extension approach, though of course some of the proofs have
technical points in common (viz. the use of the extension operator to fix boundary values, and
the blow-up method). In the context of quasiconvex integrals the Lebesgue-Serrin extension
was first investigated by Marcellini in [41], and subsequently many works have followed, see
e.g. [8], [24], [25], [28], [35, 36], [39] and [43] and the references therein.

The organization of the paper is as follows. In Section 2 we recall the main definitions
and state some basic results on quasiconvex envelopes and Young measures that are used in the
following sections. The proofs of Theorem 1.1 and its corollaries 1.2 and 1.3 are presented in
Section 3. Section 4 contains the proofs of Theorem 1.5, Corollaries 1.6 and 1.7.

2 Notation and preliminary results

The purpose of this section is to recall definitions and some auxiliary results.

We use standard notation for maps and function spaces as can be found in for instance [22].
When f: S C R® — H is a (Lebesgue-) integrable map defined on a measurable set .S and with
values in a finite-dimensional inner-product space H and T" C S is a measurable set of positive
and finite Lebesgue measure the average of f over 7 is denoted by JCT f,ie.

17 =z Jfae

In connection with a sequence of maps, the symbols —, — and — denote strong, weak and
weak® convergence, respectively. We frequently use the Greek letters &, ( and n to denote
matrices, and we consider RV*" with the Hilbert-Schmidt norm: |£|? = trace(£7€).

The notation and terminology for Young measures follow essentially that of [32, 33], [47]
and [37]. Hence a WP gradient Young measure on (2 is a measure v on {2 x RV*" for which
there exists a weakly convergent sequence {u;} in WP(Q, RY), such that

/@(m, Vu,(z))de — (v, ®) as j — oo (2.1)
Q

for each ®: ) x RV*" — R which is continuous and vanishes outside of some compact set.
It is not difficult to show from this definition that the measure v must have the property that
v(O x RN*m) = £7(0) for each open subset O of (2. A general fact of measure theory, then
implies that v can be disintegrated as v = fgéx ® v, dx, where v, are probability measures on
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RY*"_ The formula means that for any non-negative Borel function F':  x RY¥*" — [0, oc]
the function x — (v, F'(z,-)) is measurable and

/ Fdl/:// F(z,-)dv, dx.
QxRN Xn QJRNXn

We refer to the above references for the basic properties of Young measures.
The following definition by Ball and Murat in [5] extends the original notion of quasicon-
vexity introduced by Morrey in [45].

Definition 1. A function F: RN*" — [—oco, 00| is WP quasiconvex at ¢ € RN*" if the in-
equality

[, FE vz £

holds for all ¢ € W,*((0,1)",RN) for which the left-hand side makes sense as a Lebesgue
integral (possibly with values +00). F' is WP quasiconvex if it is quasiconvex at every .

It is well-known that the condition of W'? quasiconvexity depends on p € [1, 0], where
WLt quasiconvexity is the strongest condition and W1 the weakest (see [5]).

The WP quasiconvex envelope of F': RV*" — [—00, o0 is the largest W!? quasiconvex
function that is below F. We denote it by F', and do not specify p in the notation, the value
being understood from the context. Thus,

F(€) = sup {G(£) : Gis WP quasiconvex, G < F},

and it is not excluded that F is identically 4-o0.

The following result is crucial for the proofs of Theorems 1.1 and 1.5. It is due to Dacorogna
[15], though the form in which it is stated here is slightly more general. The proof below is the
same as those of [23] and [32], and is given here for the convenience of the reader.

Lemma 2.1. Let F': RY*" — R be Borel, and Q # () a bounded, open subset of R™ with
L™(0) = 0. Then the W quasiconvex envelope is

F(€) = inf {]{2F(§ + Vo(x))dr: p € W(}’OO(Q,RN)} : (2.2)

For the proof of Lemma 2.1 we need some auxiliary results. The following existence result
from [31] is the key.

Lemma 2.2. Let &, & € RV*" satisfy &, — & = a @ b for vectors a € RY and b € R™. Put
E =14+ (1 —t)é fort € (0,1). Let bs,...,b, € R™ be n — 2 vectors with the property
that 0 € R" is an interior point of the convex hull of {b, —b,bs, ..., b,}. Let Q) be an open and
bounded (non-empty) subset of R™ and let ¢ > 0. There exists a Lipschitz map u: @ — RY,
such that

(i) u(z) = &z for x € 0%), and sup,q, |u(x) — x| <,
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(ii) Vu(x) € {£,&1,E+a®bs,....E+a®Db,} forae x €9,

(iii) L"({x € Q : Vu(z) = &}) > (1 —e)tl™(Q) and L"({z € Q @ Vu(z) = &}) >
(1—e)(1—1t)L™(Q).

Proof. See [31], Lemma 2.2, p. 10. L]

Corollary 2.3. Let Q # () be an open and bounded subset of R™. Suppose that F': RV*" —
[—00, 00) (00 excluded) satisfies

7{2 F(€ + V() dz > F(€)

for all ¢ € RN*™ and all piecewise affine ¢ € Wy (0, RN). Then either F = —oc0 or
F: RN*" — Ris locally Lipschitz and W' quasiconvex.

Proof. Tt follows by use of Lemma 2.2 that F' is rank-1 convex, i.e. that R 5 ¢ — F({ +ta®b)
is convex for all ¢ € RV*™ and a € RV, b € R". (See also the proof of Th. 2.4 in [23].) Now
a rank-1 convex function F': RN*" — [—00, 00) is either FF = —oo or F/(§) > —oo for all £
(see e.g. [23]). If therefore [’ is not identically —oo, then F' is real-valued, and because of the
rank-1 convexity it is then locally Lipschitz (see [45] p. 112 or [17]). The W1 quasiconvexity
follows because we can show that

]{) F(€+ Vg(x)) dv > F(€)

holds for all ¢ € RY*™ and ¢ € VVO1 *°(Q, RY) by approximating ¢ with piecewise affine maps
(e.g., first apply [21], Prop. 2.1, p. 309, to smooth compactly supported ¢ and then use the
definition of WO1 "*?). The proof is finished with a standard covering argument (see e.g. [31],
Construction 2.1, p. 9). ]

Proof of Lemma 2.1. Let H (&) denote the right-hand side of (2.2). Clearly, F'(§) < H(&) <
F(&) holds for all £&. Tt therefore suffices to show that H is W quasiconvex, and we do
this by use of Corollary 2.3. By use of a covering argument it is not hard to show that H(¢&)

is independent of €2, in the sense that whenever O # () is a bounded, open subset of R™ with
L"(00) = 0, then

H(¢) = inf {fOF({f—i—ch) tp € WOI’OO(O,RN)}.

Fix a ¢ € RY*™ for which H(¢) > —oo. (If no such ¢ exists, then we are done.) Let
NS VVO1 *(Q, RY) be piecewise affine. Suppose that V¢ is constant on each of the open sets

7



Ty, ..., Tr, where £(Q\|JT}) = 0. Now for an e > 0 and each i we select ¢; € W, (T}, RY),
such that (for a.e. x € T})

iF(f + V%D($) + ngz(y)) dy < H(g + V(p(a])) L

Define p. = ¢; on T}, i € {1,...,I} and ¢. = 0 otherwise. Then ¢ + . € W;*(Q,RY) and
consequently,

/Q H(E + Vo(r)) da > / F(€ + V() + Vipu(a)) do — e£(Q),

and the latter is by definition of H not less than (H(§) — ) L"(€2). O

Let p € [1,00] and denote by MP the set of probability measures ; on RY*" with a finite
p-th moment (bounded support when p = 00), such that

[ Pz F)

holds for all W1 quasiconvex functions F': RV*" — R for which there exists a constant
¢ = ¢(F), such that |F'(§)] < ¢(1 + |£|P). When p = oo we interpret this growth condition
as vacuous. By [32, 33] the set MP coincides with the homogeneous WP gradient Young
measures. We require the following result about these measures.

Lemma 2.4. For eachp € (1,00),

M N {V; /Rmyap du(€) < oo} _ M

Proof. See [37] Cor. 1.8. O

The W' quasiconvexity condition is closely related to the following condition that is due
to Pedregal [49].

Definition 2. A lower semicontinuous function F: RN*" — R U {oc} that is bounded from
below, is closed WP quasiconvex provided that

/R R du> F(p)

holds for all p € MP. Here i = (1, id) denotes the center of mass of pn and p € [1, cc].

The closed WP quasiconvex envelope of F': R¥*" — R U {cc}, assumed bounded from
below, is the largest closed WP quasiconvex function that is below . We denote it by F,
where, as with the other envelopes, p is understood from the context and not specified in the
notation. Hence,

F(&) =sup{G(€&): G is closed WP quasiconvex, G < F'}.
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We end the section with some general remarks. Recall that the bounded weak topology on
a Banach space X by definition is the finest topology that coincides with the weak topology on
all closed balls of X. The uniform boundedness principle and the fact that the weak topology
on a reflexive, separable Banach space is metrizable on closed balls yield the following result.

Lemma 2.5. Let X be a reflexive, separable Banach space and T: X — R U {0} a func-
tional. Then T' is lower semicontinuous in the bounded weak topology on X if and only if it is
sequentially lower semicontinuous in the weak topology of X.

In light of this remark and Theorem 1.5 we can interpret the functional I defined at (1.5) as
follows. Let for W'? maps u, T'[u] = [,F(Vu) and let T be the lower semicontinuous envelope
of T on W? with bounded weak topology. Assume that F' satisfies (1.7) with ¢ < np/(n — 1).
Then T'[u] = 1[Vu] for all W maps u for which I[Vu] < oo. It is unclear if the situation
I1[Vu] = oo > T'[u] can occur. By virtue of Corollary 1.6 it can be excluded when either p = ¢,
orp < q<np/(n—1)and F(§) > €|£|P holds for some ¢ > 0 when |¢] is sufficiently large.

Finally, observe that, regardless of the growth conditions on F', when F'(§) > ¢|{|” holds
for some £ > 0 when || is sufficiently large, or more generally when F' is p-mean coercive,
then u — 1[Vu] is the lower semicontinuous envelope of the integral [,,F'(Vu) in the weak
topology of WP, It appears that this ceases to be true without a coercivity assumption, even in
the case where (1.7) is imposed with p = q.

3 Proofs of Theorem 1.1 and its corollaries

The proof of Theorem 1.1 is performed in two steps. The first step consists in proving the ’if’
part of Corollary 1.3, i.e. the sufficiency of closed W quasiconvexity for lower semicontinuity.
We state it in a separate lemma.

Lemma 3.1. Let F': RY*" — [0, 00] be lower semicontinuous and closed WP quasiconvex,
where p € (1,00). Then it holds for any open set Q) C R" that

liminf [ F(V;) > /F(V)

J—00 Q

whenever the matrix fields V;, V : Q — RYN*" satisfy V; — Vin L?, curl V; — curl V in W12
on (.

The proof of this result relies on standard properties of Young measures and the following
well-known result about the Helmholtz decomposition on R” (see e.g. [27], [37] or [46]).

Lemma 3.2. Let P denote orthogonal projection of L* = L*(R™,R") onto the closed subspace
{V € L?: divV = 0}. Then P admits an extension as a continuous linear operator P: LP —
LP for each p € (1,00). This extension has the additional property that curl(V — P[V]) = 0,
and for each p € (1, 00) there exists ¢, € R, such that

IPV]llze < cpll carl V|| -1
forallV e LP.



If F denotes the Fourier transformation, then it can be shown that P admits the representa-
tion
P[V] = f‘l(m]-"V),

where the Fourier multiplier m: R™ — R™*™ has components m, s(y) = 0,5 — Y»ys/|y|* (0rs
is the Kronecker symbol). The proof of the lemma is then finished by use of standard results on
Fourier multipliers. See [27] where it is carried out in a periodic setting. We omit the details
here.

Proof of Lemma 3.1. Let {V;}, V be as in the statement of the lemma. By considering a subse-
quence if necessary we can assume that

lim inf/F(Vj) = lim [ F(V})
Jj—00 Q Jj—00 Q

and that {V;} generates a Young measure v = fQ&C ® v, dx. We can clearly also assume that
this limit is finite (though this is not important for the argument). Because F' is nonnegative and
lower semicontinuous we have in this situation that

im [FO5) = [ [ PO

Jj—00

To establish the desired lower semicontinuity we show that for almost all z,

/RNMF(@ dv, (&) > F(V(z)). (3.1)

It is clear that for almost all x, V() equals the centre of mass 7, of v, so that (3.1) is Jensen’s
inequality for /" and v,. We therefore conclude the proof by showing that v, € MP? for almost
all . To this end notice first that the sequence {V; — V'} generates the Young measure 7, where
Uy = Uy % O0_y(z) (convolution of measures). Since v, € MP if 7, € MP? we may therefore
assume that V' = 0, that is, curl V; — 0 in W~'? on Q.

Because curl(¢V;) = ¢ curl V; + V¢ A V; for smooth functions ¢: 2 — R, it follows that
we may assume that each V; has support in some bounded set, and hence that V; — 0in L and
curl V; — 0 in W~ on R™. Then by applying Helmholtz decomposition to each row of V; it
follows (see Lemma 3.2) that V; = Vu; + F;, where Vu; — 0in L? and £/; — 0 in L? on R".
The Young measure v is therefore generated by the sequence {Vu;}, and so is a W' gradient
Young measure. It then follows from the localization principle for gradient Young measures
(see [32, 33] or [37] Lemma 8.2) that v,, € MP for almost all x. L]

Proof of Theorem 1.1. By virtue of Lemma 3.1 the inequality

ﬂﬂz/mw

holds for all L” matrix fields V. To prove the opposite inequality we fix an L” matrix field V'
such that [, (V') < oo. For integers j, k € N define the sets

By ={reQ: F(V(x)) €[(l—1)27%127F)},
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and select zy; € Ey,; (when Ej; # () such that

/E F(V) - F(€w)] < 275 (Er).

If we localize in {2 (i.e., replace the sets Ej,; by B N £} ; where B C () ranges over a family of

sufficiently small disjoint balls that exhaust {2) we can obtain points xj; = zx,(B) € E;; N B
such that additionally [ gonplV — V(e P <27 *L"(Ey,; N B). In order not to complicate the
notation we assume in the followmg that this is true already for the points zy; € Ej .

Put &, = V(xy,) and Vj, = 21:1 &kilp,,» where [(k) € Nis so large that

/QOF(V) — F(Vi)|+|V - Vk\f’) < 217k Lr(Q)

for all K € N. Define F5(¢) = F(&) + d[€|P for 6 > 0, and observe that F5(¢) N\, F() as
9 \ 0 pointwise in . Consequently, for each & € N we may find 6 = d(k) > 0 such that
F5(V) < F(V) +2 % ae. on Q.

Fix k € N and define G;(§) = min{F5(¢), j(1 + |£|?)}. Then G, is Borel and

SIEPP < G(8) < Gy(8) < J(L+[€) (3.2)

where G denotes the W' quasiconvex envelope of G. It is obvious that fgéj(Vk) <
fQF’5 (Vi) for all j. We use éj, V}, to construct matrix fields W; satisfying (1.2) (with V}, instead
of V) and such that lim;_,, [, F5(W;) < fQF5 (Vi.). In view of the definitions of V}, I and S
this will finish the proof.

Now W fQC?](W) is continuous on L? for each j, and we may therefore take M; € L?,
such that M; is constant on each open dyadic cube 7" that intersects {2 and corresponds to some
lattice (2™ Z)", where m; € Z*, ||Vix, — M;||» < 1/j and

/Qéj(Mj) < /QFa(Vk) +ej (g5 \0asj Soo).

Let 7; denote this finite family of open dyadic cubes. By virtue of Lemma 2.1 we may for each
T € T, select pp € Wy (T, RY), such that |7/~ < 1/7 and

LT N =
€j¥ Gi(Mj) > [ Gj(M;+ Ver(y))dy.
L7(92) TNO TN

Define

or(z) ifzeTNnNQ,TeT;,
(’Dj(x):{ T0<> else. !

Then ¢; € WOI’OO(Q,RN), || ze < 1/j and

/Gj(Mj + VQDJ) < /F(s(Vk) + 25]'-
Q Q
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Because Fj(£) > 6||P it follows that {i;} is bounded in W, * (€2, R"), and hence that ; — 0
inWy”. Put B; = {x € Q: Fs(M;(z) + Vy,(x)) > j(1 + |M;(z) + Vi, (x)[)}. Then

/ Fg(Mj—l-ngj) < /Fg(V)—FZéTj
O\E, Q

and ij(l + [M; + V;|P) — 0. Put V; = (M; + V;)la\g, + {olg,, where & is chosen so
F(&) < oo. Then V; = V in LP, curl V; — curl V in W% on 2 and

j—o00

/F(;(Vk) > liminf/ F(s(Mj + V@j) =
Q O\E;

lim inf ( /Q F3(V;) — Fg(fO)E”(Ej)) > 1[Vi].

Jj—00
O]

The proof of Corollary 1.2 is an easy variation of the above proof, and we leave it to the inter-
ested reader to check it. The same applies to the ‘only if” part of Corollary 1.3. We record two
further corollaries that follow by minor adaptations of the above proof.

Corollary 3.3. Suppose that F' satisifes the hypotheses of Corollary 1.2. Then F' is closed
WP quasiconvex if and only if there exists a sequence {F;} of W > quasiconvex functions
Fj: RN*" — R satisfying F;(€) < j(1+ |€|P), such that F;(€) 2 F(€) as j /* oo pointwise
iné&.

Note that we can take Fj to be the W™ quasiconvex envelope of the function &

min{ F(£), j(1 + [€P)}.

Corollary 3.4. Let F': RV*" — [0, 0o be a Borel function. Then F is closed WP quasiconvex

if and only if
/F(Vu)
B

is sequentially weakly lower semicontinuous on W*?(Q, RY) for all measurable subsets B C
Q. (It suffices for the ‘if” part of the statement to take compact sets B.)

4 Proofs of Theorem 1.5 and its Corollaries

We start by recalling some elementary facts about precise representatives. For a real-valued f €
L, (€2) its precise representative is defined forevery z € Qas f*(z) = limsup,~ g f5, ., f () dy-
Hereby f* is an extended real-valued Borel function, and if we adopt the convention (400) —
(+00) = 00 — 00 = o0, then (f + g)*(x) < f*(z) + g*(x) holds for all z € 2 and for all
fyg € Li (). Of course, the two sides are equal for almost all z by virtue of Lebesgue’s

loc
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differentiation theorem. The precise representative of a map u € L (€2, RY) or a matrix field

loc
V e L (2, RY*") is defined component-wise.

Let BB(0, 1) be the open unit ball in R™. The Sobolev space W'?(9B) can be defined as
the completion of C''(9B) in the norm

1 llwrogom, = ( [ s+ |vmf\p>)p 7

where V., f is the gradient of f: 9B — R. Recall that if g: R” — R is any C! extension of
f,then Vi, f(z) = m,(Vg(x)) for each x € 0B, where 7, is orthogonal projection of R™ onto
the tangent space of OB at x. In particular, |V, f(z)| < |Vg(z)| holds for all x € OB.

For notational convenience we write B, for the open ball B(0, ) in the sequel.

Lemma 4.1. Let p € (1,00) and f € W'P(B). Then for almost all v € (0, 1) the pointwise
restriction of the precise representative f*|sp, coincides with the functional analytic two-sided
trace Tr[f] on OB, and belongs to WP (9B,.). Furthermore, for suchr,

Vian (o, ) (@) < [(V)*(@)|  forae x € IB,,

where Vian(f*|op, ) denotes the weak gradient of f*|sg,.

Proof. The proof is standard, but we outline it here for the convenience of the reader. Put
fj<l’) = JCB(ac,l/j)f for |I| <1- 1/] Then fj 1S Cl on Bl—l/j» fj(x) — f*(.l‘),ij(.T) —
(Vf)*(x) pointwise in a.e. 2 € Bas j — oo and f; — fin W,2"(B) as j — oo. It follows by
use of Fubini’s theorem that for a.e. r € (0,1)

fix) = f*(x), Vfi(z)— (Vf)(x)pointwise in a.e. z € IB, 4.1)

as j =+ 00. Lethy = | f*— | +1(V.f)* =V fy on By_y . Then hy(x) < | ()| +|(Vf)*(2)| +
SUPp<f<1— g J%(x7t)(’f’ + |V f]), and the latter is of class L on B by the local version of the
Hardy-Littlewood-Wiener maximal inequality (see e.g. [2]). Hence we can use the dominated
convergence theorem and Fubini’s theorem to show that for a.e. r € (0,1)

fi—=f Vf—=(Vf) inLP0B,) 4.2)

as 7 — oo. (A simpler argument yields (4.2) for a subsequence.) Note that (4.1), (4.2)
hold for a.e. r € (0,1). Fix such an r, and infer from (4.2) that {f;|sp,} is a Cauchy se-
quence in W?(9B,.). Hence f*|sp, belongs to W'P(9B,). By use of (4.1) it follows that
|Vian(f*oB,.)| < |[(Vf)*| a.e. on 9B,. To finish the proof we notice that according to the
trace theorem (see [22] pp. 133-135, and note that the proof also works for two-sided traces),
filos, = Tr[f;] — Tr[f] in LP(0B,), so that f*|s5, = Tr[f] in LP(0B, ), where Tr denotes the
two-sided trace operator Tr: W'?(B) — LP(9B,.). O

In the sequel we consider all maps and matrix fields in terms of their precise representa-
tives, and we omit the asterisk from the notation. We proceed with two auxiliary results about
extension and gluing of Sobolev maps, respectively.

13



The extension procedure goes as follows. Let f € L'(9B) and

PIFe) = [ 1 2 ¢y arnr )

osly — x|
be the Poisson integral of f, i.e., the harmonic extension of f to R"\0B. Whenu = (uy,...,uyx) €

LY (0B, RY) we put E[u] = (PI[uy], ..., Pllux])p, where p: By — [0,1] is a C'* cut-off func-
tion, such that p = 1 on B and p = 0 near 0B,.

Lemma 4.2. Let p € (1,00). Then E: W'?(9B,RY) — I/Vol’m (Ba, RY) is a bounded linear
operator. The operator is compact when considered as an operator into VVO1 1(By, RN) with
qg<np/(n—1).

We omit the proof of this well-known result, and only remark that it makes use of standard
properties of the Laplacian and the general embedding and trace theorems for fractional order
Sobolev spaces.

Lemma 4.3. Let v € [1,00] and suppose that u € W' (B,RY) and v € W' (B, \ B,RY)
have the same trace on OB. Then the map

w— u onB
“ 1l v onBy\B,

belongs to W™ (By, RY).

This is well-known (see [22] for the ingredients of a proof). We turn to the proof of Theo-
rem 1.5, and start by recording the following result, which was also observed in [51][Theorem
4.4]. Notice that it is the ‘if” part of Corollary 1.7. (The ‘only if” part of Corollary 1.7 is a
consequence of [5], Th. 3.1. and holds without any growth condition on the integrand.)

Lemma4.4. Let F': RV*" — R be a WP quasiconvex function satisfying the growth condition
(1.7) with exponents p, q satisfying (1.8). Then

lim inf /Q F(Vuy) > / F(Vu)

j—00 Q
holds for all sequences {u;} such that u; — u weakly in WP,

Corollary 4.5. Let F: RN*" — R be a Borel function satisfying the growth condition (1.7)
with exponents p, q satisfying (1.8). If for § > 0 we define F5(§) = F (&) + 6|¢|F, then

1[V4] > liny / Fy(Va)

0Jq

holds for all W' maps u, where T[Vu] is defined at (1.5) and Fys is the Whr quasiconvex
envelope of Fy.

14



We omit the straightforward proof, and only remark that it relies on the boundedness of
weakly convergent sequences.

The rest of this section is devoted to proving the opposite inequality. We prove a little more,
namely that the inequality holds also under trace constraints and a slightly less restrictive growth
condition. First, for a Borel function £': RV*™ — [0, oc] and a map u € W1P(Q2, RY) define

Ii.[u] = inf {lim inf / F(vuj)} (4.3)
Q

{uj} || d—=0o0

where the infimum is taken over all sequences {u;} in u + VVO1 P(Q,RY) such that u; — u
weakly in WP,

Proposition 4.6. Let [': RV*" — R be a Borel function satisfying the growth condition (1.7)
with ¢ = np/(n — 1). Then with Fy as defined above

. . .
I [u] < (lgl\I‘I(l) QF(;(Vu)

holds for W'* maps u, where Fs denotes the WP quasiconvex envelope of Fy.

The key ingredient in the proof of this result is Proposition 4.7 below about approximation in
energy of W1? maps by countably piecewise affine maps. As remarked in the Introduction this
is also the main novelty in the proof of Theorem 1.5. It is stated in a slightly more general form
than is strictly needed for the proof of Proposition 4.6. First recall that a map v € WP (Q, RY)
is called countably piecewise affine if there exists disjoint open sets O; C €2, such that £"(£2\
U2, O;) = 0 and the restrictions v|o, are affine.

Proposition 4.7. Let F': RN*" — R be a Borel function satisfying the growth condition
IF(&)] < e(|€]7"T + 1) for all € € RN*", where p € (1,00) and ¢ > 1. Assume that
u € WH(Q,RY) is such that [,|F(Vu)| < oo, and let ¢ > 0. Then there exists a countably
piecewise affine map v € u+Wy?(Q,RY) such that [, (|F(Vu)—F(Vv)|+|Vu—Vol’) < e.

We postpone the proof of this result till after the proof of Proposition 4.6. As a first step
towards the latter we establish the following formula for W1 quasiconvex envelopes.

Lemma 4.8. Let G: RY*" — R be a Borel function satisfying for some 5, ¢ > 0 and p > 1 the
np

growth condition §|€|P < G(&) < c¢(|¢|>=T + 1). Then the W' quasiconvex envelope is given

by the formula

G(€) = inf { ]{2 G+ Vo(x))dz: ¢ € Wol’p(Q,]RN)} .

Proof. The argument is standard once we take Proposition 4.7 for granted. We outline it here
for the convenience of the reader. Let

Rof©) = nt {{ Gl + ) s p € W@ R}

15



and note that G (&) < Rq(&) forall €. To prove the opposite inequality it suffices to show that R,
is WP quasiconvex. First, observe that according to [23] Lemma 2.16 the definition of Rq(€)
is independent of (2, i.e., if )’ is another bounded, open nonempty set, then R/ (§) = Rq(§).
Henceforth we suppress 2 from the notation and write simply R(¢) instead of Rq(§). Next,
R satisfies the same growth condition as G does, and is therefore especially finite everywhere,
hence according to [23] Th. 2.17 it is rank-1 convex. In particular, 12 is Borel measurable and
SIEPP < R(€) < ¢(|€]77T + 1) for all £. Let ¢ € WyP(€,RY) and suppose that JoR(E +
V) < oo. For e > 0 we refer to Proposition 4.7 and find a countably piecewise affine
map ¢ € Wy”(Q2,RY) such that [,R(§ + Vi) > —e + [,R(¢ + V). Denote by {O;}es
the partition of €) into open sets where v is affine. Then using the definition of R (with the
sets O, instead of (2) we find for eaCh j € Jamap¢; € Wy?(0;,RY) such that on O;:
L"(O;)R(E + V) +eL(0;)/ LM () > fo (€ + Vi + Vi);). Extend each v; by 0 outside
O, and define ¢ = ¢ + ZJ ¢y ¥;. Clearly, qb is a well-defined map pointwise a.e., and by an

induction argument using Lemma 4.3 we infer that > jes.j<k ¥j 1s of class VVO1 " on § for each
integer k£ € N. By the coercivity of ¢

5 / Vsl < (RE + ) +2/L7(@)£1(0;) o0, 4.4)
0j

hence § foj (V)| < (R(E+ ) +0+¢/L(Q2))L"(O;) on Oy, and therefore

53 [Vl < 26+ 5L7(Q) + /R(£ + V) < 00
jeJ Q
Since VVO1 s complete it follows that ¢ = )+ > e ¥jisofclass VVO1 ! on Q. Next, use (4.4) to

infer that ¢ is of class I/V0 on €2, and consequently that [, R({+V) > —2e+ [,G(E+V ) >
—2¢ 4+ R(&)L™(2), where the last inequality follows from the definition of R({). Hence R is
WP quasiconvex at £. O

Remark 4.9. Let [': RV*™ — [0, 0o be a Borel function and

R(€) = inf {]{)F(f + V() dr: p € W[}’p(Q,RN)} .

Then for each matrix £ there exists a sequence {py} in VVO1 P(Q, RN such that o, — 0 strongly
in LP and {o, F(§ + Vi) = R(§).

Proof of Remark 4.9. First, observe that the definition of R is independent of the specific set €2
(see [23] Lemma 2.16). Next, for positive integers k take 1, € W, (B, RY) such that £ F(é+
Vi) < R(€) + 1/k, where B = B(0,1). Fix Ry > 0o Ry||¢w|| o L™(2)/L*(B) < 1/k and
use an exhaustion argument to find disjoint balls B(xz;,r;) C Q of radii r; = 7;(k) < Ry
(j € Jg) such that L"(2\ U, ;, B(xj,7;)) = 0. If we define

JE€Jk

rive(=22) ifx € B(xj,ry), j € Ji,
Spkz(ff):{ J¢k< r; ) ( J J) J k

0 else,
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then ¢, € W, (Q,RY), F(£+ V) = f,F(E+ Vi) < R(E) + 1/k.
This concludes the proof of the remark. O]

Proof of Proposition 4.6. Fix 6 > (. The goal is to prove that
ng/ﬂwm (4.5)
Q

holds for all maps u € W'#. Clearly, it suffices to consider W'* maps u with [, F5(Vu) < oo.
By virtue of Proposition 4.7 we can then find a sequence {v;} of countably piecewise affine
maps verifying v; € u 4+ Wy P(Q,RY), v; — wu strongly in W'? and F3(Vv;) — E5(Vu)
strongly in L'. Since F} satisfies the assumptions of Lemma 4.8 we can for each of the affine
pieces of v;, say O, = O(j) C Q, k € K = K(j) C N, find maps @), € W, (O, RY) such
that foklgpk|” < L™(Oy)/j and fokFg Vou; + Vi) < F5(Vv,) + 1/3. Extend @, by 0 outside
Oy, and define u; = v; + ), . x ¢ Then using the coercivity of Fj as in the proof of Lemma
4.8 we infer that u; € u + VVO1 " and u; — u weakly in W', By construction,

limsup/Fg(Vuj) < /Eg(Vu),
Q Q

Jj—0o0
which in view of the definition (4.3) of I, [u] establishes (4.5). O

It is not difficult to deduce Corollary 1.6 from Theorem 1.5. We leave it to the interested
reader and turn instead to the proof of Proposition 4.7. Two auxiliary results will be needed.
The first is a result about approximation in W19 by countably piecewise affine maps with fixed
trace. It is stated in a slightly more general form than is needed for the proof of Proposition 4.7.
(We only need the case where (2 is the open set between two concentric balls.)

Lemma 4.10. Let u € WH9(Q,RY) and € > 0. There exists a countably piecewise affine map
v € u+ Wyl (QRYN), such that Jflu = 0]+ |Vu — Vo|?) <e.

The result is well-known to experts and we merely outline the proof.

Proof. According to [10], Ch. 2, Th. 1, we can assume that u is of class W1 N C> on . To
define the map v we consider a net A/ of n-simplexes S contained in € refining towards the
boundary of (2, say with diameters diam S < 6(dist(.S, 92)), where 6: (0,00) — (0, 00) is an
increasing function that will be specified below. Let v: Q — R” be the countably piecewise
affine map which coincides with u at the vertices of the net. Put w(t) = sup{|V?u(z)|: = €
Q, dist(z,09) > t} (with the convention sup () = 0) and for £ > 0

For each n-simplex S € A we estimate by Taylor’s formula and the definitions, osc(Vu, S) <
maxg |VZu| diam S < w(dist(S, 9))6(dist(S, 9)), so that |[Vu — Vu| < £dist(S, dQ) on S.
It follows in particular that [,|Vu—Vo|? < 29£"(12). Since also maxg [u—v| < &dist(S, 0Q)
it is not hard to show that u — v € I/VO1 " on ). The thesis follows by an appropriate choice of
E. O
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The second result builds on Lemma 4.10, and forms together with a covering argument the
ingredients of the proof of Proposition 4.7.

Lemma 4.11. There exists a constant C' = C(n, N, p) (depending onn, N and p only) with the
following property. For u € WP(By,RY) and § € (1,2) there exist v € WP(By,RY) and
r € (0,2) such that v = 0 in B, v is generalized piecewise affine in B, \ B, v = win By \ B,
and

/Br\Blvv‘"n_pl =¢ ((5 — 1;(2 =) /}32(\U|p + !Vu]p)) o

Proof. In view of Lemma 4.1, u|sp, € W?(9B,,R") for a.e. r, and since

2
[ ] up+19upy < [ (ulr + 9uP),
6 JOB, Bo

we can find such an r € [0, 2] with the additional property that

1
/ (laf + [Vup) < —— / (af + [Zup).
0B, 2_5 Bo

Define u,(y) = Zu(ry) and w(y) = E(u,|ss)(y), where E is the extension operator from
Lemma 4.2. Then w € WOLE(BQ, RY) and

IVl <o ( [l |Vurrp>)
Bo OB

([ upeiwan)™ e (525 [ g+ van)
0B, 2—0 Ba

where the third and fourth inequalities rely on that 7~ < 6! < 1. Let p be a Lipschitz function
satisfying 1g, < p < 1p, and ||Vp||~ < 1/(6 — 1). Define

o) = U(ZL‘) inBQ\Era
vo(z) = { (1— p(:v))rw(f) in B,.

_n_
n—1

IA

Then vy € W1P(By, RY) by Lemma 4.3, vy = 0 in B and

np np z - b %
Vel <o [ (19l o+ (PRI
B, B,\B o—1

where b € R{V is any vector. If we take b = ]CBT\Brw(m /1) dzx, use Poincaré’s inequality and
change coordinates we arrive at

np 1 =
V|72t < C / up+vup> :
/Br\Bl o <(5—1)p(2—5) Bz(‘ o+ [Vuf)
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where C' = C(n, N, p). To finish the proof note that vy is of class WLa% on B, \E By virtue
of Lemma 4.10 we can find a countably piecewise affine map ¢ € vy 4+ W, (B, \ B), such that

[ v < [ wup,
B-\B B-\B

To finish the proof refer to Lemma 4.3 and define v = ¢ on B, \ B and v = v, elsewhere in
Bo. O

Proof of Proposition 4.7. We use Lemma 4.11 (rescaled and translated) in connection with Vi-
tali’s covering theorem. Let £ > 0 and 0 € (1,2). We will make a specific choice later. Denote
by V the family of open balls B(z, ry) with the following properties: x, is a Lebesgue point
for u and for Vu, B(xg, 2rg) C €,

][ Vu(z) — Va(zo) P de < &
B(z0,2r0)

(27’0)1? fB(ﬂCUQTO)W(x) - U<l’0) - vu(l‘0)<x — x0)|P dz < g,

fB( ) )|F(Vu(x)) — F(Vu(zy))|dz < &,

and there exist vg € u + Wy (B(zg,70), RY) and r € [ro/d, 7] such that vy(z) = u(z) +
Vu(zo)(x — x0) a.e. on B(xg, ), vy is countably piecewise affine on B(xg, o) \ B[zo, 7] and

n

np g n—1
ron Vool < C < ) ,
’ /B(xommB(xom) (6 —1)P(2-9)

where C' = C(n, N, p) is the constant from Lemma 4.11. By standard properties of Sobolev
maps and Lemma 4.11 the family V is fine at almost all points of 2. Hence by Vitali’s covering
theorem we can find disjoint balls B; € V, j € J, such that £L"(Q \ U,c; B;) = 0. For each
j € J we denote by v; the map corresponding to B; = B(z;, R;), i.e., v; € u + Wy (B;, RY),
vj(z) = u(z;) + Vu(z;)(r — z;) a.e. on r,B; = B(z;,r;R;) for some r; € [1/§,1], v; is
countably piecewise affine on B; \ (r,;B;) and

3

V|21 < C ( > R".
/Bj\(erj)| d (6 —1)r(2—9) ’

Extend each map v; — u by 0 outside B; and define v = w + } . ;(v; — u). As in the proof

of Lemma 4.8 it is not hard to show that v — w is of class W, ” on €. By construction v is
countably piecewise affine, and using the integral bounds and properties of v; we find for some
constant c3 = c3(n, N, p):

/Q<|F(Vu) — F(Vv)| + |[Vu — vv|p> -
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Z/ F(Vv;)| + |Vu — VU]]p>

jeJ

cg( +( (2 5)>"_1)m(9)+/u (B.\T.B.)(F(Vu)—l—cg(l—i—]Vu|p)>.

Now L"(U;c,(Bj\7;B;)) < (1—07")L"(£2) and if therefore for a given & > 0 we first choose

ad € (1,2) close to 1, and next a sufficiently small £ > 0 we can obtain that [,(|F(Vu) —
F(VU)|+|VU—VU|p) <e. O
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