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Abstract Solid tumours frequently display areas of low oxy-
gen concentration (hypoxia) due to their uncontrolled prolif-
eration and the fact that the new blood vessels they develop
are irregular and have poor blood flow. The capacity for a
tumour to grow therefore crucially depends on its ability to
adjust to hypoxic conditions. It is frequently observed that
the hypoxia response pathways, such as angiogenesis (for-
mation of new blood vessels) and glycolysis (use of glucose,
rather than oxygen. metabolism), are adapted in tumour cells
to allow for aggressive growth in hypoxic conditions, The re-
sponse pathways are also often upregulated in normoxic con-
cditions, The transcription factor Hypoxia-Inducible Factor 1
(HIF-1) has been found to control the expression of a battery
of genes that are crucially involved in the hypoxic response,
including key angiogenic growth factors and glycolytic en-
zymes. [Intratumoural hypoxia and HIF-1 overexpression are
hoth associated with poor patient prognosis. In this paper,
we extend an ordinary differential equation (ODE) model by
Kghn et al, Mol. Biol. of the Cell, 15,3042 (2004). that mea-
sures HIF-1 mediated transcription activation as a function
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of oxygen concentration [1]. The model considers a core sub-
system of elements from the HIF-1 regulatory network, and in
so doing, highlights the stabilisation pathway of the oxygen-
regulated HIF-1a subunit. In normexic conditions HIF-1g un-
dergoes a post-translational modification known as hydroxy-
lation, which allows HIF-1a to be targeted for degradation. [n
hypoxic conditions, the hydroxylation reaction does not oc-
cur, leading to stabilisation of the HIF- 1o protein. formation
of the HIF-1 complex and activation of gene transeription. We
extend the Kochn model by including mechanisms that may
account for the rapid attenuation of the hypoxic response
upon reoxygenation of cells, after a period of hypoxia. Our
results show good qualitative agreement with experimentally
obtained hypoxia dose-response curves by capturing all the
important characteristics of the curve,

Keywords Hypoxia: Transcription factor; HIF-1; ODE model;
Model reduction

1l Introduction

Owing to genetic and phenotypic diversity. it is increasingly
difficult to characterise a typical tumour, or tumour cell. How-
ever, a handful of commonly occurring features have been
recognised in most tumours. Amongst these, hypoxia is a
near universal feature of solid tumour growth. Hypoxia is a
reduction in the normal level of tissue oxygen tension and
oceurs in many circumstances such as acule or chronic vas-
cular disease, pulmonary disease and cancer (for review, see
[2]). Cells undergo a variety of adaptive changes in response
to hypoxia that are mediated by altered patterns of gene ex-
pression in hypoxic areas. The earliest recognised change was
observed in cellular metabolism, with increased glycolytic en-
zyme synthesis leading to a shift to glucose metabolism [3].
Other responses include the induction of erythropoietin to in-
crease haemoglobin production and the widely studied secre-
tion of growth factors by hypoxic cells that induce angiogene-
sis.,

Tumour cells are prone to hypoxia because of the com-
bination of their uncontrolled proliferation and the fact that
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the new blood vessels they develop are irregular and have
poor blood flow, As a consequence, the capacity for a tu-
mour to progress crucially depends on its ability to adjust to
hypoxic conditions, It is thought that tumour cells undergo
genetic changes and adapt the hypoxia response pathways
in a way that allows them to survive and even proliferate in
hypoxic areas. As a result, rather than hindering growth as
one may intuitively expect, intratumoral hypoxia is associ-
ated with poor prognosis in cancer patients and is an indica-
tor of aggressive growth, increased metastasis and resistance
to treatment [4. 3, 6].

1¢1 IﬂF‘l

Over the last decade, major advances have been made in un-
derstanding the regulation of changes in gene expression trig-
gered by hypoxia. This has been led by the identification of
the transcription factor hypoxia inducible factor-1 (HIF-1) [7].
HIF-1 has been found to control the expression of a battery
of genes that are crucially involved in the hypoxic response
and has subsequently been named a master regulator of oxy-
gen homeostasis [8]. In Figure 1 we highlight five of the main
pathways that are either up-regulated or down-regulated in
response to hypoxia. More specifically, these are pathways
that are frequently manipulated in tumour cells and that we
believe are crucial to tumour growth and progression. We il-
lustrate the involvement of HIF-1 by selecting one or two gene
products that are involved in activating each of the pathways
and whose expression is mediated by HIF-1.

HIF-1 is overexpressed in most common cancers. Over-
expression of HIF-1 is believed to be involved in initiating re-
sponses such as angiogenesis and glvcolysis even under nor-
moxic conditions, Understanding the effects of hypoxia, and
more specifically, the HIF pathway, may therefore help eluci-
date the mechanisms underlying cancer progression that are
shared by most or perhaps all types of human cancer. Both
hypoxia and increased HIF-1 expression are associated with
poor patient prognosis and may provide an important thera-
peutic target. We believe the hypoxia response is a key driver
in the behaviour of cancer and that HIF-1 lies crucially at the
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Figure 1: Schematic diagram to illustrate the invelvement of HIF-
1 in the hypoxic response. [A) Vascular endetheligl growth factor
[VEGF] has been shown to be a potent inducer of angiogenesis [9].
(B) Insulin-like growth factor hinding protein (IGFBP)-3 functions
as a proapoptotic agent by binding free insulin-like growth factor
[IGF)-1 and 2. thereby preventing these ligands from stimulating the
type-1 receptor (IGF-1R). IGF-1R is responsible for inducing mitosis
and protecting against apoptosis, and plays a rele in cellular transg-
formation [10]. [C) Glucose transporter (GLUT)-1 expression leads
to an enhanced glucose flux across the cell membrane [3] and car-
bonic anhydrase (CA) D provides a mechanism for maintaining the
acidic extracellular microenvironment that is characteristic of tu-
mours [11]. Both these proteins have therefore been implicated in
promoting the glycolytic phenotype in tumour cells. (D) Metastasis,
the movement of cells from the primary tumour to distant parts of
the bedy, results from a combination of complex processes such as
cell proliferation, angiogenesis. degradation of the extracellular ma-
trix [ECM) and decreased cell-adhesion. The urokinase-type plas-
minogen activator system is inextricably linked with a number of
these processes [12]. (E) Transforming growth factor (TGF)-o and
IGF-1 are two growth factors that can stimulate cell proliferation in
hypoxic conditions.
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heart of the response pathway. In this paper we therefore
model the induction of HIF-1 in conditions of low oxygen con-
centration. In other words we model the ‘Hypoxia to HIF-1
arrow circled in Figure 1, with the aim of eventually incorpo-
rating a caricature version into a model of the ‘bigger picture
as shown by the rest of the figure.

We now briefly present some background on the HIF-1
transcription factor and its regulation. To cover all of the bi-
ological details concerning the regulation of HIF-1 is beyond
the scope of this paper. We only present facts that are di-
rectly relevant to our mathematical model and refer the reader
to [13] for a comprehensive review, [ Section 3 we present
our mathematical model to describe the induction of HIF-1
and in Section 4 perform some preliminary analysis of our
model, We present the results of our model in Section 5 and
end in Section 6 with a discussion.

2 Background Biology

HIF-1 is a heterodimer that consists of HIF- 1o and HIF-17
subunits, which are basic helix-loop-helix - PAS domain pro-
teins [14]. HIF-1/ is an obligatory but constitutively expressed
component of HIF-1. It had already been identified as aryl hy-
drocarbon receptor nuclear translocator (ARNT), the dimer-
ization partner of aryl hydrocarbon receptor (AHR) [15]. HIF-
173 can, in fact, dimerize with several different bHLH-PAS pro-
teins, including the related HIF-2a protein, whereas HIF-1a is
the unique, oxygen regulated sub-unit that determines HIF-1
activity.

As with any protein. the steady state levels of HIF-1e pro-
tein are regulated at the level of synthesis and degradation.
The expression of HIF-1a is maintained at low levels in most
cells under normoxic conditions and is constantly synthe-
sized and degraded to ensure a rapid response to hypoxia. In
the case of HIF-1a, synthesis is regulated in an oxygen inde-
pendent manner, whereas degradation is regulated via oxygen
dependent mechanisms [16], as shown in Figure 2. In Figure
2 we have essentially zoomed in on Figure 1 to give a second,
more detailed, schematic interpretation of the HIF mediated
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Figure 2: Detailed schematic diagram to illusirate the involvement
of HIF-11in the hypoxic response. Adapted from [17].

hypoxic response. Particular emphasis has been placed on
the stabilisation pathway because this is the pathway that
relates directly to the ‘Hypoxia to HIF-1" arrow that were are
modeling. as highlighted in Figure 1. The details of the sta-
bilisation pathway will be given in more detail later,

2.1 Synthesis

HIF-1a protein synthesis is induced by growth factor stimula-
tion via activation cf one of two signalling cascades, PI3K/Akt
or MAPK, In particular, epidermal growth factor receptor (EGFR},
insulin like growth factor (IGF] and human epidermal growth
factor 2 (HERZ2) have been implicated in activating the above
pathways [18. 19, 20]. Transtorming growth factor a (TGIFa)
belongs to a family of ligands that bind, and hence activate,
one or several members of the EGFR family. The result of
growth factor stimulation is an increase in the rate at which a
subset of mRNAs (including HIF-1oe mRNA) is translated into
protein [16]. TGIF« (as well as EGFR and IGF-1) has been
shown to be up-regulated by HIF-1, thereby forming a posi-
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tive feedback loop. The PISK pathway is negatively regulated
by the tumour suppressor protein PTEN.

2.2 Stabilisation

In the presence of oxygen, three prolyl hydroxylases have
been shown to post-transcriptionally modify HIF-1«. The three
enzymes, named prolyl hydroxylase domain containing pro-
teins 1,2 and 3 (PHD1,2 and 3), use oxygen as a substrate
to generate 4-hydroxyproline at the proline residues Pro'’*
and/or Pro*®, thereby hydroxylating at least one of these two
critical residues [21] under normoxic conditions. Following
the hydroxylation reaction, HIF-1 is able to interact with the
tumour suppressor von-Hippel-Lindau (VHL) which instigates
the ubiquitination of HIF-1e.

Ubiquitination (also kngwn as ubiquitylation and ubiqui-
tinylation) refers to the formation of a multiubiquitin chain
on the protein so that it can be targeted for degradation by
the proteasome. Ubiquitinated HIF- 1« is targeted for degra-
dation by the proteasome. Thus, under normoxic conditions,
HIF-1¢ is rapidly degraded and has a half-life of less than 5
min, both in vive and in vitro [14. 22].

Conversely, under hypoxic conditions, prolyl hydroxylase
cannot modity HIF-1a; subsequently VHL cannot bind HIF-
1ey thus ubiquitination is greatly reduced and the protein re-
mains stable, Stabilised HIF- 1« is translocated to the nucleus
where it interacts with HIF-13 to form the HIF-1 complex [2].
PHD2 and 3, but not PHD1, are upregulated by the HIF-1
transcription factor, giving rise to a negative feedback loop.

2.3 DNA binding and gene transcription

Once in the nucleus, as well as dimerization with HIF-15 to
form HIF-1, HIF- 1« interacts with co-factors such as CBP and
p300 and the DNA polymerase II (Pol [I) complex. We do not
consider co-factors in our mathematical model however it is
only in this state that HIF-1 is able to bind {0 a specific DNA
sequence named hypoxia-responsive element (HRE) and acti-
vate the transcription of HIF-1 target genes [23].
Hypoxia-responsive elements (HREs) are DNA sequences
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of 50 base pairs or less that contain functionally essential
HIF-1 binding sites of the consensus sequence 5-RCGTG-
3" [24]. HREs were first identified in genes encoding EPO and
have now also been identified in promoter regions of human
and mouse genes encoding VEGF, glycolytic enzymes and glu-
cose transporters, amongst others [25, 26].

2.4 Gene transcription repression

We explained above in Section 2.2 how HIF-1a stability is
regulated by oxygen concentration and in Section 2.3 how
stabilised HIF-1x can bind to DNA, Interestingly, a mech-
anism involving oxygen-dependent hydroxylation, similar to
that controlling the stability of the HIF- 1 protein. has been
found to regulate HIF-mediated gene transcription. Although
we do net model this second regulatory mechanism we feel
that it is important to mention it here, [t was shown that un-
der normoexic conditions HIF- 1 is subject to a second bout of
hydroxylation, in this case at the asparagine residue Asp®’?
within the C-terminal transactivation domain (TAD-C). As-
paragine hydroxylation is performed by Factor Inhibiting HIF-
1 (FIH-1) and prevents the interaction of HIF- 1« with p300.
As a result, the HIF complex may bind to HREs hut is unable
to activate gene transcription. [n other words, competitive
binding at the TAD-C between p300 and FIH-1 provides an-
other *brake’ on HIF function when oxygen is not limiting.

2.5 HIF-1 overexpression

The expression of HIF-1« is markedly increased in most com-
mon human cancers and their metastases [27, 28]. Signif-
icant associations between HIF-1x over-expression and pa-
tient mortality have been shown in certain cancers. The in-
creased levels of HIF- 1« can be attributed in part to tumour
hypoxia and growth factor stimulation (as described above).
In addition, there are a number of mutations that have been
reported to affect HIF-1« levels, such as loss of PTEN [20, 29],
and p53 [30]. The most famous is the loss-of-function of the
VHL [31] tumour suppressor gene.

Germline mutations of VHL cause a hereditary cancer syn-
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drome called von Hippel-Lindau disease. The disease is as-
sociated with the development of certain tumours, including
hemangioblastomas of the retina and central nervous system.,
clear cell renal carcinomas, and pheochromocytomas [32].
These tumours express constitutive levels of HIF-1a protein
and HIF-1 target products such as VEGF, resulting in highly
vascularised tumours.

3 Mathematical Model

3.1 Previous Mathematical Models

With respect to theoretical models, this area is almost un-
touched. The only previous theoretical model to address HIF
induction has been recently published by Kohn and collea-
gues [1]. Kchn et al formulated a molecular interaction map
to describe the hypoxia-induced transecriptional response. Mo-
lecular interaction maps (MIMs) were introduced by Kohn [33]
as a diagramatic convention that is capable of unambiguous
representation of gene regulatory networks. The hypoxia MIM
incorporated all known biological details of HIF regulation
from scientific literature at the time. As a consequence the
full MIM is extremely large and complicated. The full hypoxia
MIM can also be found on Kohn's group website
(http://discover.nci.nih.gov) where it is frequently updated as
new discoveries are made. However, in order to minimise the
complexity of the model, Kohn et al isolated a smaller core
subsystem from the full MIM. The core subsystem consisted
of HIF-1a, HIF-14, PHD 2 and 3, VHL and Hypoxia Response
Elements (HREs) The model interactions are based on the bi-
ological detail presented above,

Kohn et al used a computer program to translate the inter-
actions described in the molecular map into a set of ordinary
differential equations based on the law of mass action, and
then used an iterative finite difference method to approximate
the solution. The rate constants were found using a search
of the parameter space that gave the steepest switch-like re-
sponse of the output species (HRE occupancy) as a function
of the input species (oxygen).

A hypoxia dose-response curve published by Jiang et al [34]
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showed that HIF-1 is induced rapidly as oxygen tension de-
creases [rom 2% to 0,5% oxygen. In Figure 3(a) we have pro-
duced a schematic representation of the dose-response curve
obtained by Jiang et al. There is an almost switch-like transi-
tion. Surprisingly. however, when a further set of experiments
was performed between 0% and 2% oxygen, HIF- 1 protein
levels and HIF-1 DNA activity showed a maximal response
at 0,9% oxygen, with the response diminishing thereafter as
oxygen appreached 0% (as seen in the inset of Figure 3(a)).

Although huge advances have been made in the under-
standing of the HIF-1 regulation and varigus explanations
have been suggested [35]. no generally agreed framework has
been accepted. The most widely accepted is the prolyl/aspara-
gine hydroxylation model we described above but this doees
not seem to account for the decreasing response between 0,5
and 0% oxygen. As Schumacker explains, this model predicts
that complete anoxia should inhibit hydroxylation of HIF-1a
since Oy is required as a substrate [36]. He therefore ques-
tions whether multiple oxygen sensors exist within one cell,
acting at different ranges of oxygen tension. Similarly, Se-
menza observes that the plet of HIF-1g vields a sigmoidal
curve suggestive of cooperativity, but this finding is not read-
ily explained by the known biochemistry of the HIF- 1« prolyl
hydroxylases [37].

Kohn et al [1] manage to capture the switch-like induction
of HIF with decreasing oxygen tension. However as oxygen
concentration decreases further towards 0% they predict a
plateau response rather than one that is obviously decreas-
ing. Figure 3(b) shows a schematic representation of the re-
sult from the Kochn model. We aim to develop a theoretical
model that can capture hoth important features of the curve
in Figure 3(a), thereby suggesting mechanisms that give rise
to the ghserved behaviour, In the next section we present our
mathematical model which is an extension of the Kohn model.
Our model follows the Kohn model unless otherwise specified.

3.2 Model equations

i1 this section we propose a hypoxia respense model that in-
volves two-compartment kinetics of the HIF-1a protein. The
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Figure 3; Schematic diagram to illusirate the hypoxia dose-
response curve obtained (a) experimentally, by Jiang ¢t el [34], and
(b) theoretically, by Kohn ef al [1].

model by Kohn et al is a single compartment model so we have
extended it by considering cytoplasmic and nuclear compart-
ments, In the cytoplasm we assume that HIF- 1o is hydrox-
ylated by a generic cytoplasmic prolyl hydroxylase domain
containing protein (PH D,(t)), and that hydroxylated HIF- 1,
denoted by H.p(t). is bound by VHL for ubiquitination and
degradation. We note here that in reality it is a VHL complex,
including other proteins and cofactors, and not VHL alone,
that targets HIF-1la for ubiquitination [32]. However, we as-
sume this complex is a single protein denoted by VHL{#) and
we do not consider the dynamics leading to the complex for-
madtion,

We assume that unhydroxylated HIF-1a becomes stable
and is translocated to the nucleus using the transport equa-
tions. Hence HIF-1x can exist in two forms, cytoplasmic HIF-
1l [denoted by H,(t)) and stabilised or nuclear HIF-1a [(de-
noted by H.~(1)).

In our model, stabilised HIF- 1o can dimerize with HIF-
13 protein (fz(t)) to form the HIF-1 complex, H,(t). The
HIF-1 complex can then bind to Hypoxia Response Elements
(H RE(t)ywhich would subsequently initiate the transcription
of HIF-1 target genes. Note here that we have omitted the
hydroxylation of HIF-1« in the asparagine residue via FIH-1.,
In other words we only consider the regulation of HIF-1a sta-
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bility and ignore the secondary mechanism of HIF transcrip-
tional regulation. We therefore follow the convention used in
Kohn et al [1] and use occupied HRE (i.e HRE bound by HIF-
1) as a measure of HIF-1 transcriptional activity. We denote
occupied HRE by HRE'(1].

Similarly, we assume the hydroxylated HIF-1a that es-
capes the ubiquitination and degradation pathway can be
translocated to the nucleus, to give a stable form of hydrox-
ylated HIF-1x which is denoted by H,yp(t). Binding with
the HIF-173 protein and Hypoxic Response Elements gives hy-
droxylated HIF-1, H,p(t), and occupied HRE (hydroxylated).
HRE™"(t), respectively.

Additionally, we assume that hydroxylation and ubiquiti-
nation can occur in the nuclear compartment [38, 38]. Pro-
line hydroxylase domain containing protein in the nucleus
(I7H Dy (1)) can hydroxylate nuclear HIF-1¢ such that it takes
the form of nuclear hydroxylated HIF-1a, H, np(t). Nuclear
hydroxylated HIF-1a can be bound by VHL to form the (H,np :
VHL,) complex and is ubiquinated and degraded thereafter.

One major way in which our model ditfers from the Kohn
model is that we assume the dissociation of HIF-1 complex, as
well as HIF-1 bound to HRE, is linearly dependent on oxygen.
Since we are considering a two compartment model we also
assume that muclear export of HIF-1e is oxygen-dependent.
These assumptions are made on the following basis: the in-
hibition of prolyl hydroxylation under hypoxic conditions has
been identified as the mechanism that allows for the rapid nu-
clear accumulation of HIF-1a, However, a rapid response to
reaxygenation has also been observed [40]. Hypoxia-induced
HIF-1 binding activity as well as HIF-1la protein levels were
reported to be rapidly and drastically decreased in vivo fol-
lowing an abrupt increase in normal 0xygen tension. HIF-la
is degraded with a half-lile close to 90 seconds upon reoxy-
genation of hypoxic HeLa cells. Furthermore, another report
states that although HIF- 1« localises exclusively in the nu-
cleus of hypoxic cells, it is exported to the cytoplasm upon
reaxygenation [38] to undergo protein degradation.

Qther more subtle differences in the two models are listed
below:

¢ we assume HIF-1o and PHD bind in an oxygen depen-
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dent manner and then dissociate to produce hydroxy-
lated HIF- 1 in an oxygen independent manner

e we assume there is some removal /degradation of occu-
pied HRE. That is, we assume that there is some addi-
tional degradation term for HIF-1« after participation in
gene transcription.

[n addition we consider the synthesis. degradation and trans-
lation of all the protein mRNA, i,e HIF-1«a, HIF-13, PHD and
VHL mRNA transcript, for completeness.

We have included below the kinetic equations on which our
model is based, Equations (3.1), and a schematic diagram of
our model interactions is given in Figure 4.

1 i

[Ha] +[PHD]+C 2 [Ha:PHDe *2 [Hop]+[PHD]

ki - -
[Hap] + [VHL] & [Hop:VHL] Riosy VHL,

[Ha] 5 [How]

[Haf} 4P_1 [H&N} +

Hor] = [Hane]
[Hon]+[PHD,+C &= [Hon:PHD,) 2% [Hone, +[PHD,)]

P-1

[Honp]+[VHL,] = [Honp:VHL,] 224 [VHL,]

[Han]+ [Hs] 4 [Hi] (3.1)

[Hon]+[Hs] & [Hi]+

[Ha-NP]'l-[Hp'] ;‘i [H]_p]

[Hh ]+ [PHD,|+C = [H:PHD,] 2 [Hp|+[PHD,]

p-a

[H\]+[HRE] 2 [HRE']
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Figure 4: MIM relating to our full model, Equations (3.2) - [3.26).
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[H\]+[HRE] & [HRE'|+C

Hip] + [HRE] = [HRE"]
&g
We now present our model equations and discuss each
one in turn. We employ a system of ODEs and the law of
mass action to describe the kinetics of our substrates and
complexes. A list of the constant parameters in our equations

below can be found in Table 2.

HIF-1¢ and HIF-17 transeript (71, 12):
dz 1

E:ﬂl—ﬁgfﬂl [32]
‘i"_f . (3.3)

These equations represent. respective, synthesis of HIF-1e
and HIF-17 mRNA, and degradation of the transcript.

Cytoplasmic and nuclear PHD transcript (7, r.):

@

ot =Cpp t Co1oT2z — €173 (3.4)
4

E = pg + Tp1gTez — Cq11 s [35]

These equations model constitutive synthesis, HIF-inducible
synthesis and degradation of PHD mRNA,

VHL transcript (r;):

des

dt
represents constitutive VHL mRNA synthesis and degrada-
tion.

= €14 — C1575; (3.6)

Free cytoplasmic HIF-1u protein (x;):

dirg

E = 3% —C4Tg — k1 {_C):IT{::I.'Q + k_ll-'r — 1 Ly + ﬁl((_?].‘.'{!{ﬁ.?]
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describes translation of HIF- 1« mRNA transcript into protein,
spontaneous protein degradation, formation and dissociation
of the (HIF-1a:PHDc¢) complex, where the formation is as-
sumed {0 be dependent on oxygen concentration ¢, and cel-
lular transport. Note that nuclear export is also assumed to
be oxygen-dependent.

Cytoplasmic (HIF-1a:PHDc) complex (z7):

dx

% = k1 (C)zeTe — k127 — ka7, (3.8)
This equation represents the assumed to be oxygen-dependent
association of HIF-1« and PHDe, spontaneous dissociation of
the complex, and dissociation due to the formation of the hy-
droxylated HIF-1q product.,

Hydroxylated HIF-1¢ (z3):

das
dt
describes production of hydroxvlated HIF-1i from the (HIF-
1:PHDc) complex, spontaneous degradation, formation and

dissociation of the (Hvdroxylated HIF-1a:VHL) complex, and
cellular transport.

= koty — 4Ty — kagr)) + k_3l1p — f20s + €2714:(3.9)

PHDc protein (r;):

el
d_tg = o273 — cazTg—  (3.10)
ki {C)agrs + ka7 + kowr; (3.11)

accounts for mRNA translation, spontaneous protein degra-
dation, formation and dissociation of the (HIF-1«:PHD¢) com-
plex. where the formation is assumed to be dependent on oxy-
gen, and dissociation due to the formation of the hydroxylated
HIF- 1o product,

Hydroxylated HIF-1¢ - VHL complex (r,):
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dir 1o
dt

This equation models the formation and dissociation of the
(Hydroxylated HIF-1a:VHL) complex, and loss of hydroxylated
HIF- 1 clue to ubiquitination and degradation.

= kaxgr1l — k_3210 — KdegT10. (3.12)

Cytoplasmic VHL (r,):
dﬂ"l]_ . L , . . N
7R e i kaxgxin + k30 + Raeyio — gz +eqmr;

(3.13)
represents translation of VHL transcript, spontaneous degra-
dation of VHL protein. and formation and dissociation of the
(hydroxylated HIF-1a:VHL) complex. Also describes the dis-
sociation of hydroxylated HIF-1a due to ubiquitination and
degradation. and constitutive cellular transport,

Free Nuclear HIF-1« (r2):

diyy
dt

= ks — 1k (C)r12 = kgegar1a — pr{C)Tiais + p_y#yy
— ]33 +1‘1_1(C).’1719; [3.14]

the first two terms describe the transport into and out of the
nucleus, where export is assumed to be dependent on oxy-
gen. Both terms have been adjusted to the nuclear volume
by the coefficient k. = V/U/. The remaining terms represent
spontaneous degradation of HIF-1«, formation and dissocia-
tion of the (HIF-1a:PHDnN) complex, where the formation is as-
sumed to be dependent on oxygen concentration, and the for-
mation and (assumed) oxygen-dependent dissociation of the
HIF-1 complex,

Nuclear HIF-1¢ - PHDn complex (r;3):

diys
di

= (C)radis — po1Tya — padia. (3.15)
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Represents the association and dissociation of HIF-1o and
PHDn, and dissociation due (o the formation of the nuclear
hydroxylated HIF-1a product,

Nuclear hydroxylated HIF-1x (r4):

i 14

dt

= ks — exkpl1g — Rgegryg + Priz — PaZi4d7 + Pl

—flgT14d1g T 2321 - [3.]6]

Describes cellular transport, and spontaneous degradation of
the hydroxylated HIF-1q protein. Additionally models pro-
duction of hydroxylated HIF-1l« from the nuclear (HIF-1« :
PHDn) complex, formation and dissociation of the (Hydrox-
ylated HIF-1a:VHL) complex, and formation and dissociation
of the hydroxylated HIF-1 complex,

PHDn PmtEiII [;1715]2

iy

dt

.
Cri12dd — Cri13Tis — P ((»]ﬁ’!mﬂr'la T Py T PaEys

—pa(C)z1sT15 + Poaap + PaZan. (3.17)

Describes translation of PHDn mRNA inte protein and spon-
taneous protein degradation. The remaining terms repre-
sent the formation and dissociation of the (HIF-1qa:FPHDnN) and
(HIF-1:PHDn) complexes, and dissociation due to the forma-
tion of the hydroxylated HIF-1a product and hydroxylated
HIF-1 product, respectively.

Nuclear Hydroxylated HIF-1c: - VHL complex (rg):

di g

dt

Describes the formation and dissociation of the (hydroxylated
HIF-1a:VHL) complex, and the loss due to ubiquitination and
degradation of nuclear hydroxylated HIF- 1a,

= a4y — Poa®ie — PdegTis. (3.18)

Nuclear VHL (z;-7):
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dr)y
di

= P47+ Poglie T PdegTis T takpT11
=gk 7. (3.19)

Describes the formation and dissociation of the (hydroxylated
HIF-1a:VHL) complex, dissociation due to ubiquitination and
degradation of hydroxylated HIF-1«. and nuclear-cytoplasmic
shuttling of the VHL protein.

HIF-1/ protein (r3):

days
dt

-
= ¥ — CgFg — P23 + ﬂ-_]_l:(.-:l.’?.’lg

—53T1418 +ﬂ._3ﬂ?g|. [3'20]

Describes translation of HIF-17 mRNA transcript. spontaneous
protein degradation, and formation and dissociation of the
HIF-1 and hydroxylated HIF-1 complexes. Dissociation is as-
sumed to be oxygen-dependent in the non-hydroxylated case.

HIF-1 complex [r4):

da . )
Ww = m71aTig — a1 (C)219 — asTrgxas + a2 (C)Tay
—pa(C)a19@15 + poaap. (3.21)

This equation represents the formation and (assumed) oxygen-
dependent dissociation of the HIF-1 complex, the binding of
HIF-1 to HREs and (assumed) oxygen-dependent dissociation,
and the binding and dissociation of HIF-1 and PHDn,

HIF-1 - PHDn complex (ry):
dﬁfgg ,
pr pa(C)z1gis — P_aTon — PsTa0. (3.22)

Represents the assumed to be oxygen-dependent association
of HIF-1 and PHDn, the dissociation of the complex, and the
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dissociation due to the formation of the hydroxylated HIF-1
product,

Hydroxylated HIF-1 complex (r;)):

diro)
dt

= I + L RN S

—0_3T31 — 04T21T22 + A_4T24. (3.23)

Represents the formation of the hydroxylated HIF-1 prod-
uct, the formation and dissociation of the hydroxylated HIF-1
complex through the binding of hydroxylated HIF- 1o and the
HIF-14 protein, and the binding and dissociation of hydroxy-
lated HIF-1 to HRESs,

HRE [;L'QQ]:

g
dt

= —asraras + a_o(Claey — 04721723 + a_y@ay + kaega oy

+hogaTog. (3.24)
Represents the binding of HIF-1 and hydroxylated HIF-1 to
HREs, where dissociation is assumed to be oxygen-dependent

in the non-hydroxylated case. Additionally includes an occu-
pied HRE degradation/removal term.

Non-hydroxylated and hydroxylated Occupied HRE (r.;,

Toy):
Ffﬂ“;;[” = 112 -'3',"19{1*-}:})2‘1{#} - ﬂ_-_g(C),?Jg;j (f) — kdeg;ﬂ?zﬂ{ﬂ [325]
rfm-;(ﬂ = a1 ()@ (1) — 0421 {f) — Kgegurza(t). (3.26)

Describes the respective binding of HIF-1 and hydroxylated

HIF-1 to HREs, where dissociation is assumed to be oxygen-

dependent in the non-hydroxylated case. Additionally includes
an occupied HRE degradation/removal term.
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Variable Notation Description Imitinl

1 2 Value [mb)
E H., HIF-1a transcript QU012
To Haq HIF-15 transcripl 0.0012
T3 FPHD,, PHDw¢ transeript Q.0012
Ea FPHD. ., PHDn transeript 00012
E VHE, VHL transeript 0.0012
Ed H, Cytoplasmic HIF-14x protein 1
er (I, PIHD.) Cytoplasmic (HIF-1a:PHDc) complex L
Tg H.p Cytoplasmic hydroxylated HIF-1or a1
T FHDO_ FHI}¢ protein L
ao (H,p: VL)  Cytoplasmic (hydroxylated HIF-1o:VHL) 1
11 VHE, Cytoplasmic VHL 10
Flm H.n Nugclear HIF- 1« protein a1
g (I, o PIDL) Nuclear (HIF-1a:PHDD) complex 0.1
T1a Hynp Nuclear hydroxylated HIF-1o 0.1
T PHD,, PHDn protein L
1a(H o n p s VL, Nuclear (hydroxylaled HIF-1a:VHL) complex o1
T1T VHL, Nuglear VHL 2
T1E Hg HIF-15 protein &1
Tig Hy HIr-1 0.1
aap [y PP, ) [HIF-1:PHDmM) complex ol
Tzl Hip Hydroxylated HIF-1 Q
ET HLRE HEE 0.8
T3 HRLE Oceupied HRE 1
Toa HARE Oceupied [hydroxylated) HRE 1

Table 1: Model variable notation plus initial conditions.

We note that we have hypothesized that certain processes
in our model are oxygen-dependent. In other words, the reac-
tion rates for those processes may be a function of the oxygen
concentration C. As a first approximation we assume that the
dependence is linear.

4 Analysis

As we mentioned earlier, one of the major ways in which
we have adapted the Kohn model is by including oxygen-
dependent dissociation and nuclear export in certain cases.
The reason for this is to take into account the rapid attenu-
ation of the HIF response upon re-oxygenation after a period
of hypoxia. We will now use simple mathematical analysis to
investigate what effect this may have on our model results.
Let us consider the equations for free cytoplasmic HIF- 1«
protein and nuclear HIF- 1o protein. That is equations (3.7)
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(a) (b)

Figure 5: [a] Free cytoplasmic and nuclear HIF- 1o protein high-
lighted on our model schematic diagram. (b} Isolation of these two
species to illustrate simplifications made in Equations [4.1) and
(4.2).

and (3.14) for ¢ and x> respectively,

dus , ;

E =yl — C4Tg — k'l {_C:JQT{:J.'Q = ;IG_lil-'? — 1&g T [31[0).1.’13
dﬂ?lg ;

F R i1k, T — €1k (C)ria — kgegaz1s — pL(C)T 10715 + Py T3

— M F12F1g + @ [C}T]gr

In Figure 5(a) we highlight the areas of the schematic diagram
of our model on which we are focusing.

Let us ignore the formation of the HIF-1 complex and any
further species and assume that H.(t), PHD(t). (H, : PHD, ){t)
and (H.y : PHD,)(#) are constant, or equivalently assume
71,17, 79,1z and x5 are constant. We can group like terms
and simplify equations (3.7) and (3.14) to the following,

el

d—ﬁ = — pers — paClog + pamye (4.1)
day;
?1‘ = psrs — paCwy2 — patio, (4.2)
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where the p's are all constant. Figure 5(b) illustrates the above
simplifications. We can now find the steady state of this sys-
tem as a function of oxygen concentration C':

dirg
— =)
dt
™
= TFg= — [4*3]
P2 + PBC - ngii.s
and
da s o
a Y
= Tz = plp‘_.f‘{pfdc _:4'?:3-, . [4»4]
2 -I—TJ:;C - m

In the first panel of Figure 6 we have plotted the denomi-
nator of 2, as a function of oxygen tension. where x,, is given
by Equation (4.4). In the second panel we have plotted 72 as
a function of oxygen tension and we can see that the concen-
tration of x); (H,x) exhibits an “exponential” type increase as
the oxygen concentration decreases but peaks before the oxy-
gen concentration reaches zero. This is in keeping with the
experimental observations,

However, if we had assumed that nuclear export and dis-
sociation of HIF-1 is not oxygen-dependent our equations for
cytoplasmic and nuclear HIF-1« would have taken the follow-
ing form

dir

d— =T — C4Tg — hy (_C).‘l’-‘ﬁ:l'g + 4‘3_13,-'7 — i1+ epre [45]
dﬂflz :

= ks — 1k, 2192 = kgegor1a — 1 (Chziomis TSP
5 ko — 1k @12 = Kgegoin — 1 (C)ria®is + poi s (4.6)

— T2+ a1,

and prolyl hydroxylation would be our only oxygen sensing
mechanism, These equations can be simplified to

dir
d—; = p1 — pate — paCiag + PaXyz (4.7)
da

= :})53‘,‘5 —}?493]5 —pﬁ'.ilm, [4>8]

dt
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Figure 6: Plot of denominator of nuclear HIF- 1a and plot of nuclear
HIF- 1o, as functions of oxvgen concentration (C) given in Equation
(4.4), where py = pr=ps =1, ps = 0.2, ps = 0.5 and p; = 2,

and the steady state of the simplified system satisfies

M
Tg = 4.9
" Pz ng ﬁZf;'—;ﬂ [ ]

 pps/(ps + pe)
RNTES T L (410

We can now plot (Figure 7) the denominator of 715, and 75
itself, as a function of oxygen tension, where x> is given by
(4.10). We notice that the denominator now only exhibits lin-
ear behaviour and subsequently plotting x12 (H,n) as a func-
tion of oxygen concentration gives rise to a monotonically de-
creasing curve.

We therelore hypothesize that oxygen sensing via proline
hydroxylation is an essential part of this model and gives
the sharp transitional behavigur as scen between 2% and
0.5% O, in the experimental hypoxia response curve pub-
lished in [34]. However, through the above analysis we sug-
gest that oxygen dependent dissociation and nuclear export
may be the mechanisms whereby the hypoxia response starts
to decrease in the range 0.5%-0% oxygen.
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Figure 7: Plot of denominator of nuclear HIF-1a and plot of nuclear
HIF- la, as functions of oxyvgen concentration (C) given in Equation
(4.10), where py = pz=ps =1, pa =02, p,=10.5 and p; = 2,

5 Results

5.1 Parameter Estimation

One of the biggest problems mathematical modellers face in
this area is the lack of biologically determined parameters.
To further compound the problem our model is of a large size
and therefore consists of a large number of parameters, 54
in fact. Although we have no way of estimating these pa-
rameters accurately, we have chosen realistic values for the
parameters by taking some estimates from a model of an-
other transeription factor, NF-xB, by Lipnaicki et al [41]. Due
to similarities between the HIF-1¢ and NF-5xB system we can
use their model to estimate the following: mRNA synthesis.
mRNA degradation. protein translation, protein degradation
and cytoplasmic-nuclear transport. Although the Lipnaicki
model describes the regulation of a ditferent set of prateins
they have taken the rate constants to be the same for many
of the proteins in their model, We therefore feel it is reason-
able to apply these estimates to our model proteins. We have
chosen the estimates for the first 22 constants ¢; —cg. 13— 17
oo — re1g @nd ryg — c,13 I this way. The other parameter taken
from the model directly was k.., the cytoplasmic to nuclear
volume.
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We have also used as much of the available experimen-
tal data as possible in formulating the rest of our estimates.
Firstly it has been reported that HIF-1¢ has a half-life of
approximately 2 hours in hypoxic conditions and close to
5 minutes in normoxic conditions [14, 22]. In our model
the rapid degradation under normoxic conditions is a con-
sequence of the ubiquitination mediated degradation in the
proteasome, which is represented through the hydroxylation
of HIF-le and subsequent interaction with VHL, However, we
can take from this that the spontaneous degradation of HIF-
I corresponds to a hall-life of two hours and therefore gives
an estimate for ky.,2. Secondly. all three prolyl hydroxylases
(PHD1, 2 and 3) were shown to have an approximate K, for
oxygen in the region 230-250pM [21]. PHD2 and 3 have been
shown to be the most effective of the three hydroxylases and
both have a K, for oxygen of 250uM. We have therelore
taken K, = 250pM for our generic prolyl hydroxylases and
used this to fit k. k) and k. We then set P1= pa = ki,
p—1 = p_g=k_; and p» = px = ky. We list all our model para-
meters in Table 2 with a description of the parameter, corre-
sponding unit of measurement and parameter value used in
our model simulations,

5.2 Simulation Results

To approximate the solution of our model, we used the Mat-
lab ODE solver ODE45. The time and space steps employed
in the finite difference scheme are decided automatically by
the solver. We ran the simulations using the initial values in
Table 1 for a time T=250 seconds and for a range of values
of oxygen tension between 0-20%. In Figure 8 we have plot-
ted the final time values for total nuclear HIF- 1o (H (1) +
H.~p(t)) and total occupied HRE (HRE'(t) + HRE*(t)) against
oxygen tension (C).

Our madel simulation shown in Figure 8 can be compared
directly to the experimental hypoxia response curve by Jiang
et al [34]. which has been schematically reproduced in Figure
3(a). The data points may not match exactly but this is not
to be expected since the parameters have only heen roughly
estimated. Our goal was to capture the qualitative behaviour

306 Proceedings of the 2005 Intemnational Symposium on Mathematical and Computational Biclogy



Fyrgmgler LTy DerrTpiion Eellmartedl [eferenee
bty value
] mM s L HIF-1e-constitulive niRMA lranserpl syrithesis 5 107 @ Lipriauckt < al
e s—1 HIF-1 o0 mRNA dogradation 00 Lipnagcki ¢f al
Yy s—1 HIF-1a translation ralc 0.5 Lipnagcki ¢f al
g s—1 Spoatadcous HIF-1o protein 0egeadalion QDU AsgumpTinn
5 mM s~ L HIF-15-consutullve mRNA tansTlpt syithesis 5 x 1077 Lipnaschi ez el
"a o1 HIF- 15 mRNA degradalion 00 Lipnaickt ot al
or s—1 HIF-1 3 tranzlation rate LR Ripnaickl ef al
() s 1 HIF-15 protein cdegradation OG0T Asgumplion
G mid s~ 1 PHL -constiluliee mENA lranseripl syilhesls 5 x 1077 Lipnaackl ef ol
fi1o 1 PHIE HIF-nducible mENA syrithests o Lipnatchk! ef ai
e s 1 PHTH mRNA degradation 0,000 Lipnaickl e el
R o1 PHLE irnslnion mic 0.5 Lipnadekt o al
"filg &1 Spontancous BHIN profein degradation 00007 Asgumption
"4 e b VHL-eonstitulive mRkA transeripl syolhesis B 1™ T Lipnaichi e al
1 a1 VHL robMNA degradation DG Lipnaicht e al
14 a1 VHL translation rate o nipnaick! ef ai
Ly a1 Spontancous VHL profein deeradaion 0000 ARsmpilon
9 mm— 2,1 Cytoplasimic HIF- 14 -1H1 e L8sariaton 0,01 Fitled (irom FHD & gy (or Og)
fa_y a1 Cyloplasimle HIF- Lo -UHL dissociaiion 01 Firted (fromn PHOY Iy for Ca)
ko P 1 Formaton of cytuplasooe ydooxylsted HIF Lo 2.5 Fitteed [froom FHD I, for €]
By mu— Lo~ Cyloplasmic hydrosylated HIF-1o-VHL assoclalion .05 Asgumption
e a1 Cyloplasmic ydrowylated HIF-Lec-VHL digsociouon Q] Msgumprion
P mbT et Muclear HIF-1o-PHUD associalion 0oL =k
F_1 -1 Nuclear HIF- 1ae-[HUD dissociation 2001 =k_g
B a—1 Formoacion of ioclesr hydroxylated HIF Le 3.5 = ko
py mMT Ll Kuelear bydrosylated HIF- 1o -VHL associaton .05 Shy
F—3 & 1 rouclear hvedroxylated HIF-1 o -wHL dissociation 0001 =h_ %
A mM— 2L Muclear HIEF- 1 -I'"HUm associalion 0.0l sk
Fo4 a1 Muclear BIF-1-I'HDn dissocialion 2,001 =k_ gy
Fh a1 Formadon of wielar bydrosylaed HIF 1 complex 2.0 =l
np il 1 5 1 TF- 1o -UIF- 157 agsociation (LR AEgUmpTion
n_qp mm il HIF-1o-HIF- 13 dissoeialion 0,07 Asgumptinn
i 1511, A 1 i 1 HIF 1 HRE gesyciylign .5 nssmmlmnu
a_g mMts—l HIF-1-HRE dissocialion 0.6 Assumptinn
ny  mw— L1 Fvelreaylaled HIF-1n-HIE- 16 assooialon 0,005 =aq
a_g s—1 Hyelroxwlated HIF-1 o -HIF-17 digsoctation D.O7 ]
mye  mm—ls-1 Hydroxylated HIF-1-HRE 2ssoelation 0.5 —ag
n_g s—1 Hydroxylued HIF-1-HRE dissocinlion 0.8 g
i) ' 1 HIF- 1o niuclsar ingort 0.0001 Assumprion
] mm—Ls—1 HF-1en utlear cxport B 10 _1__’ AssumpTion
fep a1 Hydrowylated HIF- 1o nuclear iowport 5 xi0—® AsanmpTinn
L] g—1 Hydrosyloted H1E- Lo nuclear caport 0,08 ASBUMPTIoNn
LR -1 VHL nicleer ingort .5 MERUMPTInN
LFE a—1 VHL nuelear Caport 3.0 Asaumprion
EBgey 81 Hydlrasvlated HIF- 1w -VHL degeadation 2.5 AR=Lmptinn
Pdeg a—t Kuclear hydrosylated 111F- 1a-VilL degradation 25 -kdey
L &1 Spoutaneims ks HIF Lo protein degradanon G o« 10 =% ritted tfrom 11IF-1 o half-life)
kdcgﬂi ' . Degradation/remeval of Oecupied HREE X Asanaption
e fugloar, Cyloplasoue velwne 5 Lipnaickt e al

Table 2: Table of parameters and units
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Figure 8: Plot of Nuclear HIF- 1o and Occupied HRE against oxygen
tension from model Equations [3.14), [3.16), (3.25) and (3.26].

of the hypoxia response and then highlight the mechanisms
that caused it.

In this sense our simulation compares very well with the
experimental hypoxia response curve because we capture the
switch-like response between 0.5 and 2% oxygen. with the
maximal response occurring at 0,5% O,. We also manage
to capture the decreasing response as oxygen tension ap-
proaches Q%.

6 Discussion

In this paper we have extended a model by Kohn et al [1]
which describes the cellular response to hypoxia that is me-
cdiated by the transcription factor HIF-1, The Kohn model
consisted of a system of twenty ODEs, and successfully repli-
cated a number of experimental observations, The model did
not, however, fully capture all the qualitative behavicur of
the oxygen dose-response curve. We have proposed an al-
ternative model with more dependance on oxygen. We have
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shown using numerical and analytic techniques that the new
model can capture all important features of the dose-response
curve. Unfortunately however, our model fails to reproduce
an experimental result concerning VHL as well as Kohn's orig-
inal model.

One of the main reasons that HIF-1 has been thrown into
the spotlight is because of its involvement in clear-cell renal
carcinoma and other VHL deficient tumours. YHL has been
implicated as an important feature in the HIF-1« degradation
pathway due to binding with the hydroxylated form of HIF-1c,
thereby targeting it for ubiquitination and degradation by the
proteasome. In VHL deficient tumours HIF-1q and HIF-1 tar-
get genes are constitutively expressed resulting in abnormally
high vascularisation. Using their model, Kohn et al [1] per-
formed numerous simulations, including one in which they
measured the total HRE occupancy for varying amounts of
VHL in the system. The results successfully reproduced the
observation that HRE occupancy is increased under normoxic
conditions as total VHL is decreased. Furthermore they were
able to reproduce constitutive HRE occupancy when VHL is
completely absent.

In the process of extending the Kohn meodel we have made
certain changes such that our new model cannot reproduce
these clinical results as well as the model of Kohn et al. One
of our future aims is to analyse why.

6.1 Future directions

Using a mathematical model we have been able to suggest
why certain proposed mechanisms within the HIF system are
net alone sufficient to give the experimentally observed be-
haviour. We have also suggested somewhat original mecha-
nisms that are crucial to the system. Below we list the pre-
dictions made by the model:

1. Nuclear export of HIF-1« on reoxygenation is oxygen de-
pendent and an important mechanism in the system.

2. There is some negative regulation of HIF-1 binding and
binding of HIF-1 to hypoxia response elements,

Proceedings of the 2005 Intemational Symposium on Mathematical and Computational Biclegy 208



3. There is some degradation of HIF-1/HIF-1ua succeeding
transcriptional activation,

We concede the main flaws in our model; firstly that our
model is tgo large with tog many parameters and secondly
that the majority of our parameters are not experimentally
derived, Our future goals are to reduce the model down to a
manageable size. We aim to approach this problem from two
ditferent angles, (i) using scaling arguments to reduce the sys-
tem to a lower order ODE system being solved on a manifold,
and (ii) simplifying the biochemical network diagram from the
outset to derive a caricature model which keeps the relevant
features that we need for the problem we are trying to solve.,
This may allow us to direct experimentalists into measuring
the subset of parameters that are crucial to the behaviour of
the system.

There are many ways in which we could extend or improve
the model, For instance, we have only included one of the five
pathways regulating HIF function. We would like to extend
the model to include asparagine hydroxylation and the effect
of transcription repression. We would then like (o go on to
consider the effect of the three remaining pathways that have
been discovered niore recently. We would also like to extend
the model to include the downstream pathways such as an-
giogenesis, glycolysis and apoptosis in order to test the effect
of therapeutic strategies such as knocking out HIF-1. How-
ever, we must be careful that we do not end up with a huge
complicated model which does not allow us to gain insight
into the system. To avoid this pitfall it is necessary that we
first carry out the type of model reduction described above,
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