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Abstract The landmark paper by Hirose et al. (Hirose, K., Kadowaki, S., Tanabe,
M., Takeshima, H., Iino, M., Science 284:1527–1530, 1999) presented experimental
investigations to show that not only can calcium upregulate IP3, but that it can
also have an inhibitory effect on IP3. In this paper, we present a preliminary
model, which is consistent with these experiments. This model includes positive
and negative feedback between calcium and IP3 and is able to reproduce more
precisely the data presented in Hirose et al. (Hirose, K., Kadowaki, S., Tanabe,
M., Takeshima, H., Iino, M., Science 284:1527–1530, 1999). In the second part of
the paper, the intracellular and intercellular calcium movement in Madin–Darby
canine kidney epithelial cells is investigated. With the aid of the model we are
able to identify the aspects of IP3 and calcium signalling, which should be studied
further experimentally before refining the model.

Keywords Mathematical model · Calcium dynamics · Inositol 1,4,5-trisphosphate

Abbreviations IP3, inositol 1,4,5-trisphosphate; ER, endo(sarco)plasmic reticu-
lum; IP3R, inositol 1,4,5-trisphosphate receptor; ATP, adenosine triphosphate;
GFP, green fluorescent protein.

1. Introduction

Out of 1.4 kg of calcium in a human body most is located in the skeleton and teeth,
and only 10 g is located elsewhere (Carafoli, 2003). This 10 g of calcium is respon-
sible for a wide variety of signalling behaviour observed in soft tissues (Berridge
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Fig. 1 Schematic representation of the calcium and IP3 interaction. Solid lines show the ‘classical’
dynamics, which combined with the dashed lines, describe the model in this paper.

et al., 2000). Therefore, calcium signalling is an area of intense research in biol-
ogy, molecular biology and other related disciplines. Most of the research into
the calcium signalling in soft tissues has been accompanied by active mathemat-
ical modelling. Thus, there are many mathematical models for this phenomenon
present in the literature (reviewed by Schuster et al., 2002; Sneyd, 2005). Classical
intracellular and intercellular calcium signalling models consider calcium to be
present inside cells in at least two different pools: Calcium in the cytoplasm and
calcium bound to endo(sarco)plasmic reticulum (ER/SR). In many cells the move-
ment of calcium between the two pools occurs via inositol 1,4,5-trisphosphate re-
ceptors (IP3R) on ER. These receptors can be activated either by calcium in the
cytoplasm or by inositol 1,4,5-trisphosphate (IP3) itself (see Fig. 1 for schematic
representation). In most of the existing models IP3 is one of the crucial factors
determining the behaviour of calcium. However, unlike calcium, for which many
experimental staining techniques are available, the techniques for visualising the
spatio-temporal dynamics of IP3 have been missing until very recently. Hirose et al.
(1999) provided one of the first spatio-temporal measurements of IP3 dynamics
inside cells using a construct including green fluorescent protein (GFP) observed
with a confocal laser microscope. All quantities Hirose et al. (1999) measured were
in the units of the relative increase in fluorescence intensity with respect to basal
values of fluorescence in cells in response to various stimuli, i.e. they measured
�F/F0, where F0 is the basal level of fluorescence in the cell and �F is the increase
in the fluorescence due to stimulation. Therefore, �F/F0 = 0 does not imply that
the concentration of IP3 is zero, rather that it is equal to the steady unstimulated
level of IP3. Another important point concerning the fluorescence detection tech-
nique used is that the increase in fluorescence detected is not necessarily linearly
proportional to the increase in the concentration of tagged protein, in our case IP3,
as suggested by Fig. 2D in Hirose et al. (1999). Nevertheless, since all the numer-
ical values for increase in fluorescence intensity in the main experimental results,
Figs. 3 and 4, in Hirose et al. (1999) are in the ‘linear range’ of 0–0.2 of a ‘cali-
bration curve’ on Fig. 2D, we will approximately correlate that to the increase in
concentration of IP3 using �[IP3] ≈ (�F/F0) × 22 µM. However, one has to bear
in mind that the fluorescence intensity can and does vary between experiments
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Fig. 2 (A) Upregulation of IP3 by application of 3 µM of ATP only (solid line) and application of
3 µM of ATP at time t = 0 and 100 µM of extracellular calcium at time t = 120 s (IP3 dashed line,
Ca2+ dotted-dashed line). Calculations were done using Matlab 6.5 Release 13 and Eqs. (1) and
(2). (B) Experimental data reprinted with permission from Hirose et al. (1999) (Copyright 1999,
AAAS). The white bar represents the application of 3 µM of ATP. The grey bar corresponds to
extracellular calcium application; the response in intracellular Ca2+ concentration due to appli-
cation of 0, 100 and 300 µM Ca2+ extracellular Ca2+ is shown in dashed lines that are labelled
accordingly. The corresponding IP3 response is shown with similar labelling.

and therefore such quantitative conversions into molar concentrations might not
be very accurate.

In this paper, we develop a preliminary model that can reproduce the experi-
mental behaviour observed in Figs. 3 and 4 of Hirose et al. (1999). Using this model
we predict the behaviour of the system on a longer timescale than that observed in
those experiments. The reminder of the paper is organised as follows. In Section
2.1, we discuss in detail the experimental results of Hirose et al. (1999) that most
influence our new model. In Section 2.2, we discuss the previous models of calcium
and IP3 signalling and point out why they are unable to reproduce these results,
and therefore why a new model is needed. In Section 3, we extend the model to
show more complex temporal evolution of the calcium and IP3 signalling and we
also discuss the linear stability of the steady states. In Section 4, we describe the
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Fig. 3 Results using the Höfer et al. (2002) (top panel) and Meyer and Stryer (1991) (bot-
tom panel) feedback terms. (1) The figure for Höfer et al. (2002) was calculated using dp/dt =
0.05 µM s−1c/(0.3 µM+c) − 0.009 s−1 p where c is given by the experimental observations of
Hirose et al. (1999) (our Eq. (2)), and (2) the figure for Meyer and Stryer (1991) was calculated
in a similar way using dp/dt = 1 µM s−1c/(1 µM + c) − 0.009 s−1 p. Calculations show the corre-
sponding IP3 dynamics in response to linearly increasing calcium concentration (dashed lines) as
observed in the Hirose et al. (1999) experiment.

model for intracellular spatial dynamics of calcium and IP3 signalling that results
from the dynamics developed in the previous sections. This model is then extended
in Section 5 to intercellular spatio-temporal dynamics of calcium and IP3 in MDCK
epithelial cells. Finally, in Section 6 we present the conclusions of our study and
point out some possible further avenues of investigation.
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Fig. 4 (A) Simultaneous oscillations in calcium and IP3 concentration as a result of stimulation
by ATP (Eqs. (4)–(7)). The initial condition is the positive steady state of the system in the absence
of ATP stimulation, c(0) = 2.1 × 10−3 µM, p(0) = 5.69 × 10−4 µM and a(0) = 3 µM. Numerical
solution was obtained using the Matlab 6.5 Release 13 ode15s solver. (B) Experimental measure-
ments, reprinted with permission from Hiorse et al. (1999) (Copyright 1999, AAAS), showing
simultaneous oscillations in Ca2+ and IP3 as a result of ATP stimulation.

2. IP3 upregulation by ATP and Ca2+

2.1. Summary of experimental results

Hirose et al. (1999) depleted all the internal calcium stores of canine kidney
epithelial cells using ionomycin in order to investigate what effect the application
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of adenosine triphosphate (ATP) and calcium have on the concentration of IP3

within the cells. ATP is a nucleotide important for energy transfer within cells,
and therefore the question arises as to whether it influences IP3 directly or via
its joint effect with Ca2+. The experimental evidence of Hirose et al. (1999) (see
reproduction of results in Fig. 2B1) suggests that ATP application activates the
phosholipase C (PLC) in a cell membrane and that in turn produces IP3. The data
from Hirose et al. (1999) also suggest that such IP3 production is independent of
calcium, and that the stimulatory effect of ATP decreases in time. This might be
due to several mechanisms such as ATP diffusion away from the cell, decrease of
cell surface receptor activity, or other intracellular ATP modification events. In
Hirose et al. (1999), there is no evidence as to which one of these mechanisms
might dominate.

Following the activation of cell IP3 production by ATP application, Hirose et al.
(1999) applied excess extracellular calcium and observed the level of calcium in-
side the cells go up (dashed lines on Hirose et al. (1999) Fig. 3B; see the repro-
duction in Fig. 2B of this2 paper). This treatment resulted in an initial increase in
IP3 levels. However, concentrations of cytosolic calcium above a threshold level of
about 0.2–0.6 µM had an inhibitory effect on IP3 levels (see also Fig. 3C of Hirose
et al., 1999).

There is an open question as to whether calcium alone, in the absence of ATP,
would be able to give the upregulatory response in IP3. The experimental evidence
from Hirose et al. (1999) does not give a clear answer to this as this experiment was
not conducted in their paper. A partial answer comes from another paper where
the same group of authors used a different cell line, Purkinje cells, and observed
that calcium alone was able to give the response in IP3 Okubo et al. (2001). Thus,
both ATP and Ca2+ independent of each other appear to be able to upregulate IP3

production.

2.2. Mathematical model

There have been many previous attempts to model Ca2+ and IP3 interaction. How-
ever, since these were all done to explain different phenomena they are unable
to completely capture the experimental results of Hirose et al. (1999). For exam-
ple, Atri et al. (1993) very successfully explain how periodic oscillations and spi-
ral waves arise in the Xenopus oocytes in response to constant IP3 levels. Papers
by Sneyd et al. (1995, 1998b) explain how intercellular calcium waves propagate
in the airway epithelial multicell layer when one cell is mechanically stimulated.
Meyer and Stryer (1988, 1991) explain how periodic calcium spiking can occur in
the presence of constant receptor stimulation. The model of Höfer et al. (2002)
identifies that multiple steps might be involved in regenerative calcium signalling
in astrocytes. Whilst all the papers mentioned above deal very successfully with
the specific questions that they ask, none of these models is directly applicable for
analysing the data of Hirose et al. (1999). Therefore, we will take into account all

1Reprinted with permission from Hirose et al. (1999) (Copyright 1999, AAAS).
2From now on we will reference the reproduction of Hirose et al. (1999) Fig. 3B as Fig. 2B of this
paper.
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those previous studies and use them as a foundation on which to build a model to
explain the data of Hirose et al. (1999). We first briefly discuss which aspects of
previous models are not consistent with the aforementioned phenomena. Firstly,
most of the previous models, whilst predicting calcium oscillations, do not predict
IP3 oscillations since there is no feedback from calcium dynamics to IP3 dynamics
Atri et al. (1993; Sneyd et al., 1995, 1998b). Secondly, the models that do include
feedback of calcium into IP3 (Meyer and Stryer, 1988, 1991; Höfer et al., 2002)
only include positive feedback. However, the experiments of Hirose et al. (1999)
indicate that calcium might have a positive feedback on IP3 production at low con-
centrations, but a negative feedback at high concentrations. Although this is not
the only way to interpret the data presented by Hirose et al. (1999) it is the sim-
plest, and we proceed with this assumption in the absence of further experimental
evidence. In the conclusion, we discuss some alternative explanations of the data,
and the experiments that would give us a better insight into the interplay between
calcium and IP3 in MDCK epithelial cells. In addition, the models by Meyer and
Stryer (1988, 1991); Höfer et al. (2002), whilst predicting simultaneous oscillations
of calcium and IP3, gave values for the IP3 steady state which are higher than those
estimated from experiments (Meyer and Stryer, 1988, 1991; Höfer et al., 2002; Fink
et al., 1999; Luzzi et al., 2000).

As well as the minimal models mentioned above, there are also large-scale bioin-
formatics models that consider more than 100 chemical species in the biochemical
signalling network of IP3 and calcium (Mishra and Bhalla, 2002). While such mod-
els include more biological realism they are difficult to parametrise, and math-
ematical techniques to analyse them fully remain to be developed so that most
studies are computational. It is therefore not clear how sensitive such models are
to changes in parameter values and how representative a particular computation
is of the overall behaviour of the model. Therefore, in the current paper we aim to
derive a minimal model that can mimic the experiments of Hirose et al. (1999) and
that is consistent with experimentally measured steady-state values of the chemical
messengers involved.

Based on the experimental description in Section 2.1 we choose to model the
ATP effect using a quantity a to be a measure of ATP efficacy, and we take
a to be exponentially decaying in time. We will choose the decay parameter so
that it will give a good qualitative agreement with the experimental results of
Hirose et al. (1999). Mathematically we model this behaviour through the
differential equations 3

∂a
∂t

= −α1a,
∂p
∂t

= α2a − µp p, (1)

where a is the level of ATP efficacy (dimensionless), p is the concentration of IP3

(µM), α1 is the rate constant of ATP efficacy reduction (s−1), α2 is the rate constant

3Throughout this paper we will use the notation of partial derivatives even though in some cases
the derivatives are of functions which are only dependent on one variable and so the derivatives
should be full derivatives. We have chosen to do this in order to make the extension of equations
to include spatial dependence easier to read.
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of IP3 production per unit of ATP efficacy (µM s−1), and µp is the rate constant of
IP3 decay (s−1), i.e. there is self-regulating decrease in overall IP3 production and
this is taken into account using the constant µp.

We take as initial conditions: a(0) = a0 and p(0) = 0, where a0 = 3 (dimension-
less) is the initial efficacy of ATP proportional to the applied concentration of ATP
(3 µM).

Whilst throughout this paper it would be simple to use a numerical fitting proce-
dure to obtain values for parameters from the data presented in Hirose et al. (1999)
this would give a false sense of security. The data presented in Hirose et al. (1999)
is representative data from a small number of experiments. This suggests there were
quantitative variations from experiment to experiment, although no quantitative
measure of the variations is given. Therefore, throughout this paper we will use
values of parameters that give a good qualitative fit to the data in Hirose et al.
(1999). By comparing the solutions for the equations above (subject to initial con-
ditions) to the experiments, we find that the values α1 = 0.05 s−1, α2 = 0.05 µM s−1

and µp = 0.009 s−1 (see our Fig. 2A solid line), give good qualitative agreement
between model and experiments. Although there have not been independent es-
timations of the parameters above, the value of the parameter µp we are using is
in the range that was used in previous theoretical studies (Meyer and Stryer, 1988,
1991; Atri et al., 1993).

We model the increase in cytosolic concentration of calcium upon application
of extracellular calcium using the cell membrane permeability parameter β, which
we find by fitting the data of Hirose et al. (1999). Thus, we take

∂c
∂t

= β(ce − c) ≈ βce = constant for c ≪ ce, (2)

with c(T) = 0 and ce = 100 µM, where c is the concentration of cytosolic calcium,
ce is the extracellular concentration of calcium, and T the time of extracellular
calcium application. We are assuming here that the extracellular calcium in the
culture medium is very high and the amount flowing into the cell is small so that
we can consider the extracellular concentration of calcium constant in time. Tak-
ing the value for the parameter β to be 5 × 10−5 s−1 gave a good qualitative and
quantitative fit to the data (see blue line on Fig. 2B and dotted-dashed line on
Fig. 2A).

The next step in developing the model is to modify the equation for p in (1)
to include the effect of calcium on IP3 levels. As mentioned earlier, there are
several models that include feedback of calcium on IP3 production (Meyer and
Stryer, 1988, 1991; Höfer et al., 2002). The feedback in those models is always
positive. For example, the feedback term of Höfer et al. (2002) is k1c2/(k2

2 + c2)
(k1 and k2 are positive constants) and the feedback in Meyer and Stryer (1988,
1991) is k3c/(k4 + c) (k3 and k4 are positive constants).4 However, the data of
Hirose et al. (1999) shows that monotonically increasing calcium concentration
can give much more complex feedback on IP3 concentration. In particular, at low

4See also Fig. 3 for simulations conducted with these feedback terms and parameters presented in
these papers.
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calcium concentration the feedback is mainly positive, and at high concentrations
the feedback is negative. Thus, we will consider the additive form of feedback
given by f (c, p) = g1(c) − g2(c)p, where we require that g1 > g2 for small c and
g2 > g1 for large c. The simplest possible form of g1 and g2 are kp1cn and kp2cn+1,
respectively. In addition to the previous conditions we will require that at the cal-
cium steady state c ≤ 0.1 µM, the steady-state value of IP3 is also in a biologically
realistic range, i.e. p∗ ≤ 1 µM. Thus, we take the new IP3 equation to be

∂p
∂t

= α2a + kp1cn − kp2cn+1 p − µp p. (3)

We found that the values n = 2, kp1 = 1.125 (µM−1 s−1) and kp2 = 1.5 (µM−3 s−1)
gave sufficiently similar behaviour to that observed in the experiments of Hirose
et al. (1999).

We believe that the model and parametrisation presented above adequately
mimic the dynamics of IP3 and its up- and downregulation by changes in the lev-
els of cytosolic calcium and ATP (see Fig. 2). As the calculations shown in Fig. 2
were done for the case when the internal calcium stores were abolished by iono-
mycin treatment, the observed calcium dynamics upon the application of extracel-
lular calcium was very simple. However, when there are internal stores of calcium
present on the ER, one would expect that the interplay between the calcium and
IP3 dynamics will give rise to more complex dynamics, such as simultaneous os-
cillations of both Ca2+ and IP3, as shown in Fig. 3A of Hirose et al. (1999) (see
reproduction in Fig. 4B).

3. Simultaneous oscillations in Ca2+ and IP3 upon ATP stimulation

As discussed in the previous section, we believe we have found a sufficient mini-
mal model that mimics the dynamics of IP3 in response to stimulation by ATP and
in response to increase in cytosolic calcium concentration. However, the increase
in cytosolic calcium alone is not sufficient to produce the oscillations observed in
Fig. 3A of Hirose et al. (1999) (reproduced in Fig. 4B in this paper). Calcium oscil-
lations are thought to be caused by the periodic pumping of calcium ions between
the cytoplasm and endoplasmic reticulum (ER), i.e. Ca2+ and IP3 can both acti-
vate IP3 receptors that release calcium from the ER, and at the same time the
calcium in the cytoplasm can be pumped back to the ER. The existing models that
predict simultaneous oscillations of Ca2+ and IP3 are those of Meyer and Stryer,
(1988), Meyer and Stryer, (1991) and Mishra and Bhalla (2002). The first two of
these, Meyer and Stryer (1988, 1991), are what one can call minimal models, since
they consider the interaction between Ca2+ and IP3 only. The paper by Mishra
and Bhalla (2002) presents a model for complex dynamics of IP3 and describes a
detailed biochemical reaction of the inositol phosphate metabolism pathway con-
sisting of 135–138 different molecules in the signalling cascade. Thus, this model
is only amenable to numerical simulation and no mathematical analysis can be
presented (the paper does not present the full mathematical formulation of the
model). Also, whilst Mishra and Bhalla (2002) do show the possibility that IP3 can
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oscillate, the IP3 oscillation was always around dominant slow time dynamics and
therefore it differed significantly from the data in Hirose et al. (1999). Clearly,
whilst a model such as that of Mishra and Bhalla (2002) that has over 100 state
variables and even more input parameters could in some parameter regime exhibit
the behaviour observed in the experiments of Hirose et al. (1999), this parameter
regime has not been found. Indeed, finding the right parameter range may be com-
putationally difficult given the multidimensional parameter space of more than 100
different parameters.

In contrast to these large-scale computational studies, the models by Atri et al.
(1993); Sneyd et al. (1998b); Wilkins and Sneyd (1998) consider simpler mod-
els which assume a calcium-induced calcium release mechanism where calcium
can activate the IP3 receptors on the ER to induce more calcium release from
the ER. In these models, the level of IP3 itself is considered to be an input pa-
rameter. The authors are able to assume a constant level of IP3 in these mod-
els since the specific experimental setup they consider has identified that this
is a reasonable assumption. Thus, in these models, depending on the value of
IP3, the calcium will undergo oscillations which are not accompanied by oscil-
lations in IP3. This type of behaviour is not observed in the data by Hirose
et al. (1999), which show that calcium oscillations are accompanied by oscil-
lations of IP3. On the other hand, in the models of Meyer and Stryer (1988,
1991) there are simultaneous oscillations of calcium and IP3, but the effect of
calcium on IP3 was only to upregulate it. As we discussed in the previous sec-
tion, based on the experiments of Hirose et al. (1999), high concentrations of
calcium seem to have an inhibitory effect on IP3. Since the handling of calcium
concentration in the models of Meyer and Stryer (1988, 1991) is similar to the
models of Atri et al. (1993); Sneyd et al. (1998b); Wilkins and Sneyd (1998), we
use the latter as a template and include the more complex interplay between
Ca2+ and IP3 as described in the previous section. In Fig. 3A of Hirose et al.
(1999) the oscillations in Ca2+ and IP3 are seen only in response to stimulation
by ATP without any external calcium application. Thus, in this section we as-
sume that the elevated level of calcium inside the cell during oscillation does
not result in the leakage of calcium out into the extracellular space, i.e. we are
assuming that the cell membrane permeability for calcium leaving the cell is small
enough to be negligible.

Based on the discussion above we build a four component model considering the
concentration of cytosolic calcium, c, the fraction of non-activated IP3 receptors,
h, concentration of IP3, p, and the concentration of effective stimulatory ATP, a.
Thus, after Wilkins and Sneyd (1998) and the previous section of this paper, the
model becomes

∂c
∂t

= Jflux − Jpump, (4)

τ
∂h
∂t

= k2
2

k2
2 + c2

− h, (5)

∂p
∂t

= α2a − µp p + kp1c2 − kp2c3 p, (6)
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and

∂a
∂t

= −α1a. (7)

The flux of calcium from the ER to the cytoplasm through the IP3 receptors, Jflux,
is given after Wilkins and Sneyd (1998) by

Jflux = kFµ(p)
(

b + (1 − b)c
k1 + c

)
h, (8)

where

µ(p) = µ0 + (1 − µ0)p/(kµ + p), (9)

is the fraction of IP3-activated IP3 receptors. The term

(
b + (1 − b)c

k1 + c

)
for 0 ≤ b ≤ 1, (10)

shows the activation of IP3 receptors by calcium, i.e. when b = 1 calcium cannot
activate IP3 receptors, and thus there is no calcium-induced calcium release.

The amount of calcium pumped from the cytoplasm back to the ER is given by

Jpump = γ cn

kn
γ + cn

, (11)

where n is the Hill coefficient for the calcium pump. Different authors take dif-
ferent values for this Hill coefficient. For example Meyer and Stryer (1988, 1991),
Sneyd et al. (1995, 1998b) use Hill coefficient n = 2, but Atri et al. (1993); Sneyd
et al. (1998a); Wilkins and Sneyd (1998); Kummer et al. (2000); Mishra and Bhalla
(2002) use the Hill coefficient n = 1. We have chosen to use n = 1 throughout this
paper. The model could clearly be adapted to the n = 2 case, however the review
of results of the other models which have been simulated suggests that the qualita-
tive results will not differ significantly. Also, in the above model the IP3 receptor
dynamics is assumed to occur on a slower timescale than calcium dynamics, i.e. the
timescale for IP3 receptor dynamics (h) is proportional to τ in Eq. (5).

We want to investigate the behaviour of Eqs. (4)–(7). We begin by finding the
steady states (c∗, h∗, p∗, a∗). Initially we will consider the steady states of c and h
in the absence of variations in p, i.e. we take µ to be constant. The steady states of
c∗ and h∗ in this situation are the intersection points of the null clines given by

h = γ c2/
(
k2
γ + c2

)
kFµ

(
b + (1−b)c

k1+c

) = f (c), (12)

h = k2
2

k2
2 + c2

= g(c). (13)
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The two graphs, g and f , can in general have four intersection points and thus
there can be four steady states (h∗, c∗) for a given value of µ, of which only three
steady states are biologically relevant. However, as Atri et al. (1993) found, there
is for most parameter values only one positive real steady state present. Wilkins
and Sneyd (1998) later obtained a similar result. However, there is a small region
in parameter space wherein three positive steady states are present. This region
can be detected in Fig. 1 of Wilkins and Sneyd (1998). Therefore, in this paper
we will derive more rigorous conditions for the existence of three positive real
steady states. It is important to know of the existence of this region since travelling
wave fronts separating regions of low calcium concentration from regions of high
calcium concentration may only exist in such regions. Such wavefronts are relevant
to calcium wave propagation in muscle (Murray, 1993), but we do not expect that
for biologically realistic parameter regimes we would have stable steady states of
high calcium concentration in MDCK epithelial cells.

There will be exactly two steady states present when

f (c) = g(c) and
d f
dc

= dg
dc

, (14)

and there are only two values of µ, µ1 and µ2, for which the equations in (14)
are satisfied. When µ1 < µ < µ2 there are three positive steady states present (see
Fig. 5 for illustration). For the parametrisation presented in Wilkins and Sneyd
(1998), the critical values of µ are µ1 = 0.288 and µ2 = 0.289 (see Fig. 5).

In the presence of calcium feedback on IP3 levels the analogous bifurcation dia-
gram can be drawn with respect to the parameter kF, which represents the calcium
flux when all IP3 receptors are active. As one can see, there is a wide region in the
parameter space where there are three steady states present. The smallest steady
state is always a linearly stable node, the middle steady state is always a linearly un-
stable node or spiral, and the highest steady state can be either a linearly unstable
or stable spiral depending on the value of kF. Thus, the highest steady state under-
goes a Hopf bifurcation as kF decreases, leading to a limit cycle. As kF decreases
further the limit cycle collides with the unstable saddle to form a homoclinic or-
bit and then disappears. We show the maximum of the limit cycle by grey circles
and minimum by black circles on Fig. 6. Whilst the standard model by Wilkins and
Sneyd (1998) shows limit cycle oscillations for a wide range of values of the cal-
cium release parameter, our model predicts that due to the calcium feedback to
IP3 production, the limit cycles occur in a smaller range of parameter values.

Introducing 3 µM of ATP at time zero generates the simultaneous oscillations
shown in Fig. 4. As we can see in Fig. 4 the model is able to produce oscillations
with similar periodicity to those presented in experiments (Fig. 4B), i.e. 7–8 peaks
in 250 s.

4. Intracellular spatio-temporal dynamics of calcium and IP3

Figure 3 (left) of Hirose et al. (1999) (reproduced in Fig. 7B) shows the intracel-
lular dynamics of IP3 and Ca2+ in response to stimulation of the cell with 3 µM of
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ATP. The stimulatory effect of ATP appears to be localised to a very small region
at the ends of what looks like a very narrow and long cell. The cell in question
is about 100 µm long and 10 µm wide. It appears that within 9 s of initiation the
Ca2+ and IP3 levels are observed to go up and what appears to be uniform levels
of Ca2+ and IP3 are obtained. We model this situation by extending the model pre-
sented in the previous section to include the spatial dynamics of Ca2+ and IP3, and
include the stimulatory effect of ATP at the surface of the cell. Thus, inside the
cell domain � we take

∂c
∂t

= Dc∇2c + Jflux − Jpump, (15)

τ
∂h
∂t

= k2
2

k2
2 + c2

− h, (16)

∂p
∂t

= Dp∇2 p − µp p + kp1c2 − kp2c3 p, (17)

1.93

1.96

1.99

0.1 0.2 0.3

c

c

h

log(100h)

(b)
(c)
(a)

Fig. 5 Main graph: Null clines f (c) (dotted lines) given by Eq. (12) and g(c) (solid line) given
by Eq. (13) for (a) µ = µ1, (b) µ = µ2 and (c) µ = (µ1 + µ2)/2 using parameters presented in
Wilkins and Sneyd (1998). Inset: Cartoon illustration for existence of three positive steady states.
h is defined as in equations (12) and (13).
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Fig. 6 Bifurcation graph for calcium steady state c∗ as function of kF (top graph), the calcium
flux parameter when all IP3 receptors are activated. Solid lines show linearly stable steady-state
values and dashed lines linearly unstable steady states. Grey and black circles show maximum and
minimum values of c during the limit cycle, respectively. The bottom two graphs show real and
imaginary parts of the eigenvalues k as a function of the steady-state values c∗ corresponding to
the top bifurcation graph with kF changing.

where Dc is the diffusion coefficient for intracellular calcium, and Dp is the diffu-
sion coefficient for intracellular IP3 (see Table 1 for parameter values). The stim-
ulatory effect of ATP application on the boundary will be modelled as follows,

− (Dp∇ p) · n = λa(t) on r = ∂�, (18)

where ∂� is the cell boundary with normal n, λ is the amount (mol) of IP3 created
per unit of cell surface area per unit time per unit of the measure of ATP efficacy,
and a(t) is the measure of ATP efficacy. We are assuming that the efficacy of ATP
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Fig. 7 (A) Intracellular Ca2+ and IP3 dynamics in a 10 µm × 100 µm cell at times t =
4.5, 5.25, 6, 6.75, 7.5, 8.25 and 9 s as predicted by the model given by Eqs. (15)–(17) solved using
Femlab 3.1. The time-dependent traces are shown below and are taken from the tip (blue lines)
and from the centre (green lines) of the cell. Numerical results in (A) correspond to experiments
shown in (B) reproduced from Fig. 4 (left) of Hirose et al. (1999) (Reprinted with permission from
Hirose et al. (1999) (Copyright 1999, AAAS).)
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Table 1 Model parameters.

Parameter Value Unit Reference Definition

α1 0.05 s−1 (a) Rate constant of ATP decay
α2 0.05 µM s−1 (a) Rate of IP3 production by ATP
µp 0.009 s−1 (a) Rate constant of IP3 degradation
T 120 s (a) Time of extracellular Ca2+ application
β 5 × 10−3 s−1 (a) Rate constant of extracellular

calcium internalisation
kp1 1.125 µM−1 s−1 (a) Rate constant of Ca2+ positive

feedback on IP3
kp2 1.5 µM−3 s−1 (a) Rate constant of Ca2+ negative

feedback on IP3
kF 1.034 µM s−1 (a) Ca2+ flux when all IP3

receptors are open
b 0.111 — (b) Fraction of open IP3

receptors when [Ca2+]=0
γ 0.286 µM s−1 (b) Max. rate of

Ca2+ pumping to ER
kγ 0.1 µM (b) Michaelis–Menten coefficient for

Ca2+ pump to ER
k2 0.7 µM (b) Michaelis–Menten coefficient for

IP3R activation
τ 7 s (a) IP3 receptor

inactivation timeconstant
k1 0.7 µM (b) Michaelis–Menten coefficient for

Ca2+-induced Ca2+ release
kµ 0.7 µM (a) Michaelis–Menten coefficient

for IP3 in µ

λ 1.25 µm s−1 (a) Rate constant of IP3 production by
ATP per unit cell surface area

µ0 0.05 (a) Proportion of activated IP3R
when [IP3] = 0

Dc 20 µm2 s−1 (c) Rate of intracellular
Ca2+ diffusion

Dp 300 µm2 s−1 (c) Rate of intracellular
IP3 diffusion

M0 0.1 µM s−1 (a) Rate of Ca2+ release due to
mechanical stimulation

N0 3.75 µM s−1 (a) Rate of IP3 release due to
mechanical stimulation

tcrit 7.5 s (a) Time of mechanical action

Note. References: (a) Our estimation based on data in Hirose et al. (1999), (b) Atri et al. (1993),
(c) Allbritton et al. (1992).

is not spatially dependent, but it is ‘well mixed’ and that the efficacy of ATP decays
with a rate constant α1 defined earlier, i.e. ∂a/∂t = −α1a, and thus a(t) = a(0)e−α1t .
Thus, we are assuming that it is not the ATP efficacy gradient or the ATP concen-
tration gradient that is driving the intracellular calcium and IP3 dynamics.

The boundary condition for Ca2+ concentration c is given by

− (Dc∇c) · n = 0 on r = ∂�, (19)
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Fig. 8 Long-time behaviour of intracellular Ca2+ and IP3 in a long cell shown in Fig. 7. We see
that after initial transients, the model predicts that the cell will enter an oscillatory regime.

i.e. no flux of calcium through the cell membrane. This boundary condition as-
sumes that the transfer of calcium between the inside of the cell and the outside
is slow. As there is no excess extracellular application of calcium we do not en-
visage flux of calcium into the cell. However, following the stimulation of the
cells with ATP and the resulting elevations in IP3 and Ca2+ inside the cell there
might be a flux of Ca2+ from the cell to extracellular space. With the bound-
ary condition given above we are assuming that this outward flux of calcium is
small.

We choose the initial condition for Ca2+, IP3, and IP3R to be given by the
steady-state value in the absence of stimulation. We choose the parameters in
the model so that there is a single steady state that is linearly stable. This en-
sures that the introduction of diffusion does not give rise to travelling waves or
oscillations in the absence of stimulation by ATP. In Hirose et al. (1999) the
‘travelling waves’ are seen only when there is external stimulation present and
the background levels of calcium are assumed to be stable to arbitrary small
fluctuations.

We can see in Fig. 7 that the difference in the levels of Ca2+ and IP3 agree rea-
sonably well with the experimental observations. However, the profiles that de-
velop are not what one would call classical travelling wave profiles. Unlike in the
experiments, where the data is only recorded up to 10 s after stimulation, we can
predict the behaviour of the cell at longer timescales using our model. As one can
see in Fig. 8, after the initial increase of Ca2+ and IP3 the model predicts that the
cell will enter into an oscillatory mode which will persist with the levels of Ca2+

and IP3 being essentially homogenous inside the cell for times larger than 50 s (see
Fig. 8 for temporal values at the edge of the cell and in the middle of the cell).
The long time temporal variation in Ca2+ and IP3 levels is indeed in good quali-
tative agreement with the data in Fig. 4. Using the model we can also investigate
the difference between long cells and short cells; for example in Fig. 9 we present
numerical results for a cell which is 10 µm × 10 µm. As expected, the edge of the
cell and the centre of the cell reach the synchronous oscillatory phase much faster
than in the case of the long cell.
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Fig. 9 Intracellular Ca2+ and IP3 dynamics for a short 10 µm long cell. Cell tip and cell centre
rapidly reach the same levels, and thus the cell is oscillating uniformly without any intracellular
spatial variation in Ca2+ and IP3 levels. The lines for cell tip and cell centre are overlapping
since in the small cell there are no intracellular calcium and IP3 gradients. The cell tip and centre
concentrations rapidly come into equilibrium, and thus the lines on the graphs overlap.

5. Intercellular spatio-temporal dynamics of calcium and IP3

Now that we have developed a model for describing the spatio-temporal dynamics
of Ca2+ and IP3 inside a single cell, we turn our attention to the factors affecting
the intercellular dynamics of these two chemical messengers. It is clear that this is
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the main point of concern in biology as multicellular organs can have quite com-
plex intercellular patterns for calcium signalling. Intercellular calcium signalling is
known to play a role in a wide variety of biological situations such as the function-
ing of heart, brain and muscles (Berridge et al., 1998, 2000; Marks, 2003), and also
on the development of embryos (Wallingford et al., 2002), and in gene expression
(Dolmetsch et al., 1998).

Hirose et al. (1999) conducted an experiment to observe the simultaneous inter-
cellular Ca2+ and IP3 waves in a monolayer of cells. In this section we will present
a model that builds on the models presented in previous sections of this paper for
the experimental situation of Hirose et al. (1999). However, before proceeding,
there are several points that we need to discuss concerning the data Hirose et al.
(1999) present.

The cells in the confluent monolayer in the experiments of Hirose et al. (1999)
appear to be much smaller than the cells in isolation. The approximate cross-
section of the cell in isolation was about 10 µm × 100 µm, but the cells in the con-
fluent monolayer appear to be 15 µm × 15 µm in cross-section. It would be inter-
esting to know if this is due to the cell packing which gives rise to thicker cells in a
confluent monolayer as opposed to more spread out cells in isolation, i.e. is the sin-
gle cell volume conserved between Fig. 4 (left) and (right) of Hirose et al. (1999)?
Change in cell volume could of course have influence on cell internal biochemical
reactions as the concentrations of chemical messengers inside smaller cells might
be higher than inside larger cells. This would be consistent with several observa-
tions where mechanical manipulation of cells resulted in differences in gene regu-
lation, movement in mRNA, etc. (Chicurel et al., 1998; Fargem, 2003). Therefore,
it could be that intrinsic calcium and IP3 signalling might be different between cells
in isolation and cells in tight monolayers. However, for simplicity we assume that
cell monolayers are the same as isolated cells.

The second point that has not been answered in Hirose et al. (1999) concerns
the causal relationship between the intercellular Ca2+ and IP3 waves and the me-
chanical stimulation used to initiate them. It is an open question whether in epithe-
lial cells the mechanical stimulation releases Ca2+ from IP3-independent calcium
stores or whether the mechanical stimulation induces IP3 production itself. Sev-
eral authors have found in carefully controlled experiments that calcium levels are
increased from an IP3 insensitive reservoir by stretch or shear of cells (Blackman
et al., 2000; Mohanti et al., 2001; Li, 2002). Similarly, it has been found that the
levels of IP3 can go up as a result of cell stretch (Felix et al., 1996). However,
the problem of translating these carefully obtained results into the experimental
setup described in Hirose et al. (1999) is not straightforward. Essentially, we do
not know quantitatively what happens during mechanical stimulation; we do not
know the size of the stimulatory area, duration of the stimulatory event, or the
stress/strain that was applied to achieve the observed intercellular Ca2+ and IP3

waves. We also do not know what is the interplay between Ca2+ and IP3 during
the mechanical stimulation of the cell, i.e. do they act cooperatively or are their
responses to mechanical stimulation independent of each other? It is suggested
(Hirose personal communication) that Ca2+ and IP3 act cooperatively in response
to mechanical stimulation, i.e. no IP3 or Ca2+ waves were observed in cells that had
internal calcium stores abolished. In this paper, we assume that the mechanical
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stimulation acts over the cross-sectional area of a single cell and we choose the
duration and magnitude of Ca2+ and IP3 upregulation to match the observed
experimental results.

In the previous models that deal with mechanically induced intercellular calcium
waves, the mechanical representation has been modelled by introducing a constant
source term of IP3 for a specified amount of time (Sneyd et al., 1995; Atri et al.,
1993). We will take a similar approach, but also include the fact that calcium itself
can be directly upregulated by the mechanical manipulation of the cell.

Finally, several researchers have found that the intercellular waves are slower
than intracellular waves due to movement of chemical messengers across cell
membranes. In particular, gap junctions are known to slow down the movement
of IP3 from cell to cell (Boitano et al., 1992; Sneyd et al., 1995). In order to model
gap junctions authors generally use internal boundaries and relate the flux across
these boundaries to the permeability of the gap junction and difference in con-
centration on either side of the boundary (Sneyd et al., 1995; Höfer et al., 2002).
Alternatively, if a wave is travelling over many cells, we can use homogenisation
theory and find an effective diffusion coefficient across the tissue to be given by
Deff = DKL/(D + KL), where D is diffusion coefficient within a single cell, K is
the permeability of gap junctions, and L is the distance between the gap junctions
(Keener and Sneyd, 1998). In the experimental set-up of Hirose et al. (1999) shown
in Fig. 10, the cell boundaries stand out as preferred locations of the wavefronts,
which is usually the case where the waves ‘pause’ before propagating to the next
cell, indicating that the gap junctions slow down the wave. On the other hand the
overall speed on the intercellular wave in Fig. 10 is similar to that of the intracellu-
lar wave in Fig. 7. For simplicity we use the effective diffusion coefficient approach,
and in the absence of any detailed experimental data on the permeability of gap
junctions for MDCK epithelial cells in the experiments of Hirose et al. (1999) we
take Deff = D.

Thus, we take the model for intercellular Ca2+ and IP3 movement to be es-
sentially the same as shown in the previous section for intracellular waves, but
with small modifications to account for the mechanical stimulation, i.e. we take
the equations to be

∂c
∂t

= Dc∇2c + Jflux − Jpump + Mstim, (20)

τ
∂h
∂t

= k2
2

k2
2 + c2

− h, (21)

∂p
∂t

= Dp∇2 p − µp p + kp1c2 − kp2c3 p + Nstim, (22)

where Mstim and Nstim are, respectively, the rate of Ca2+ and IP3 release due to
mechanical stimulation. In the equations above we are assuming that the Ca2+ and
IP3 release is independent of IP3 receptors and that this process is additive, i.e.
that the mechanical stimulation introduces new source terms for Ca2+ and IP3, but
does not influence the Ca2+ and IP3 release rate constants. If it was to be found that
the Ca2+ is released from the IP3 receptor sensitive pool then the equations above
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Fig. 10 (A) Intercellular Ca2+ and IP3 dynamics with Ca2+ and IP3 upregulation due to mechan-
ical stimulation. Mechanical stimulation induces upregulation in IP3 and in Ca2+, i.e. M0 = 0 and
N0 = 2.5 µM s−1 in (23) and (24). The model, given by Eqs. (20)–(24), was solved using Femlab
3.1. (B) Experimental data reprinted with permission from Hirose et al. (1999) (Copyright 1999,
AAAS).
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would need to be modified to take the mechanical stimulation-induced increase in
kF (the rate parameter in Jflux) into account. However, in this paper we stick with
the first approach as there is no evidence that the behaviour of the IP3 receptors is
modified during mechanical stimulation.

We take the forms of the terms Mstim and Nstim to be

Mstim = M0, for 0 < r < rcell, 0 < t < tcrit and Mstim = 0 elsewhere, (23)

and

Nstim = N0, for 0 < r < rcell, 0 < t < tcrit and Nstim = 0 elsewhere, (24)

where rcell is the radius of the cell that is being stimulated, tcrit is the duration of the
stimulatory effects and M0 and N0 are the magnitudes of the stimulatory effects.

We have run an extensive parametrisation study to determine which values of
N0, M0 and tcrit would give the results that most resemble experimental data. In
doing this type of parametrisation, when varying tcrit we also always varied N0 and
M0 so as to not allow the calcium and IP3 concentrations to go outside the range
seen in the intracellular modelling results and experimental observations.

In Fig. 10, we show the results that most resemble the experimental observations
of Hirose et al. (1999). As can be seen, our model results are in good agreement
with the experimental observations at early times, i.e. for times less than 10 s. Our
model predicts that one should see the upregulation of Ca2+ and IP3 within 10 s
of stimulation. This is consistent with the experiments presented in Hirose et al.
(1999). However, after 20 s we should see the lowering of IP3 levels followed by
somewhat slower recovery while Ca2+ should exhibit a more monotone behaviour.
Also, in the experiments the level of IP3 in the mechanically stimulated cell drops
below the prestimulated level without being accompanied by similar downregu-
lation in calcium. There might be several reasons for the observed discrepancies
between experiments and model. Firstly, as noted before, we do not know what
happens during mechanical stimulation of the cell. We do not know the rate at
which Ca2+ and IP3 release occurs, and indeed we do not know if another chem-
ical messenger is involved in this process. Therefore, the way we have modelled
mechanical stimulation might not be appropriate even though it is consistent with
all of the previous models (Atri et al., 1993; Sneyd et al., 1995; Höfer et al., 2002).
Secondly, the importance of cell packing and the large differences in apparent
cell morphology between the cells in isolation and in confluent monolayer could
play a role in this system. Finally, the experiments were done by recording the
changes in the fluorescence intensity coming from the Ca2+ that was tagged with
fluorophore. One might speculate that the fluorescence signal in these experiments
was saturated since the calcium data observed in Fig. 4 (right) of Hirose et al.
(1999) reaches a fast plateau level where the data is less noisy than in the other
experiments. Clearly, no dynamics can be measured if the detector is saturated.
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6. Discussion

In this paper, we set out to develop a preliminary mathematical model that would
capture the interplay between Ca2+ and IP3 signalling shown in the experimental
paper by Hirose et al. (1999). We believe our model to be compatible with exper-
iments on the intracellular scale. Using mathematical modelling we were able to
pinpoint the problems that should be tackled experimentally before refining the
model any further. In the absence of any detailed physiological information on
the way in which calcium regulates IP3 we chose a simple functional form which
matched the available experimental data. Thus, the model is preliminary and will
need to be refined as more detailed biological information about the relationship
between IP3 and calcium becomes available.

The main prediction of the model is that in addition to calcium upregulating
IP3 at low calcium levels, it also has to actively downregulate the IP3 levels at
high calcium levels. A simple reduction in the rate of IP3 upregulation with
increasing calcium concentration is not enough as it will not ensure the stability
of a physiologically realistic unstimulated steady state. This prediction directly
motivates future experiments to look at the effect of the rapid increase in intracel-
lular calcium on the levels of IP3. This could be done by releasing stored calcium
within the cell to achieve much faster rises in intracellular calcium levels than
were observed in Hirose et al. (1999). This experiment would give an indication
as to whether it is the transient behaviour of calcium or the absolute value of the
calcium concentration that provides the switching mechanism for IP3.

It remains an open question as to what happens during mechanical stimulation
of the cell. Can the intercellular IP3 waves occur in absence of Ca2+ waves or is the
Ca2+ wave needed for the existence of the IP3 wave? If so, how are those chemical
messengers influenced by the mechanical stimulation and what is the functional
form of their cooperative response?

Finally, does one always see spatio-temporal downregulation in intercellular
dynamics of IP3 following mechanical stimulation of a single cell in a confluent
cell monolayer? Our model predicts that one should be able to see this transient
downregulation followed by much slower recovery, but the experimental evidence
of Hirose et al. (1999) so far is inconclusive on this matter. A separate experi-
ment presented in Wallingford et al. (2002) gives partial support for our model
prediction. They found that spontaneous Ca2+ waves in Xenopus died out after
having travelled into 5–15 cells around the initiation point; our model predicts that
similar behaviour could also occur in epithelial cells. However, as the experiment
of Wallingford et al. (2002) was different from the experiment of Hirose et al.
(1999), one cannot directly translate the results between the two. Therefore, more
experimental investigations are necessary to clarify this and other concerns raised
in this paper.
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