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INTRODUCTION
Colorectal cancer accounts for 13% of all cancers in the United Kingdom,
with around 35,300 new diagnoses and 16,000 deaths occurring mmmw year
(http://info.cancerresearchuk.org). Colorectal cancer is Ea.&oBEmE.E
a disease associated with old age, with 80% of diagnoses being Bm&m._s
patients over the age of 60. As a result of longer life expectancy m.sa %&.5-
ing fertility rates, the proportion of people in this age group is growing
faster than any other. In the future, colorectal cancer is therefore sure to
rise in prevalence (http://www.who.int/topics/ageing/en). .
Colorectal cancers originate from the epithelium that covers the _E:_.sm_
surface of the intestinal tract. This epithelium renews itself more G?&%
than any other tissue, being completely replaced every Nww daysin mice (1]
and 5-6 days in humans [2]. The renewal process _,m@.Ewmm a no.oH.&Emmmm
program of cell proliferation, migration, and &mﬁgcmﬁwon, A.E:nv begins
in the crypts of Lieberkiihn that descend from the epithelium into the
underlying connective tissue (see Figure 6.1). At the base of a.mnw nJﬁwp
a small number of stem cells proliferate continuously, producing :.“.Em:
amplifying cells, which migrate up the crypt axis and n:imm several JBmm
before differentiating into the various cell types that constitute the n_u_a.ﬁ-
lium (enterocytes, goblet cells, and enteroendocrine nmtmv. Upon reaching
the crypt orifice, cells undergo apoptosis and are shed into the EBm.P
Under normal conditions, the foregoing cellular processes are tightly
regulated by biochemical and biomechanical signals. It is believed that

Cells shed into lumen

Differentiated cells

Migration and
differentiation

Transit cells

Stem cells

FIGURE 6.1 Schematic of a colonic crypt. Stem cells at the crypt base proliferate
continuously, producing transit amplifying cells that migrate up the crypt .»sa
differentiate. Cells at the top of the crypt undergo apoptosis and are shed into

the lumen.
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the first stage of colorectal cancer is caused by the accumulation of genetic
alterations that disrupt normal crypt dynamics and cause cells to increase
their net proliferation rates. The associated proliferative excess gener-
ates biomechanical stress within the crypt, which may deform in order
to accommodate the additional cells. The dysplastic cell population may
expand further by invading neighboring crypts and/or inducing crypt fis-
sion, leading to the formation of an adenoma. Identifying the mechanisms
that govern the cellular dynamics of normal crypts is therefore funda-
mental to understanding the origins of colorectal cancer.

The Wnt pathway is known to play a key role in stem cell maintenance
[3,4], cell-cell adhesion [5], cell-fate specification (cell differentiation) [6],
central nervous system patterning [7], and tissue development [8,9]. Wnt
is an extracellular factor that, when detected by receptors on the outer
cell membrane, triggers a cascade of events, culminating in upregulation
of intracellular B-catenin levels [10]. A cell’s response to Wnt signaling
is believed to be mediated predominantly through the concentration and
subcellular localization of B-catenin [11]. At the base of the crypt, high lev-
els of Wnt are believed to encourage “stemness” (lack of differentiation),
proliferation, and high cell-cell adhesion. By contrast, the low-Wnt envi-
ronment at the top of the crypt stimulates cells to stop proliferating, dif-
ferentiate, and weaken their bonds of cell-cell adhesion, preparing them
for apoptosis and sloughing into the lumen at the top of the crypt [12].

Most cancers can be initiated by a wide number of different mutations,
but almost all colorectal cancers carry activating mutations in a single
pathway, the Wnt pathway, with over 80% carrying a double truncation
mutation in the gene that encodes the protein APC [13,14). Thus, the Wnt
pathway plays a crucial role in the initiation of colorectal cancer.

As in many cases in biology, colorectal cancer emerges from the inter-
action of processes that span many different spatial scales. At the genetic
level, mutations occur that cause intracellular processes to respond inap-
propriately to homeostatic cues. This, in turn, affects behavior at the tissue
level due to abnormal apoptotic and mitotic responses. Multiscale math-
ematical modeling can provide insight into how such a complex, highly
regulated system operates, both normally and pathologically. A multi-
scale model cannot account for everything, and in order for a model to be
computationally tractable, we must simplify processes at each level. For
example, we can exploit different timescales, or use Boolean approaches
to simplify the biochemical/metabolic pathways that operate within
individual cells. At the tissue level, we need to consider different ways of
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modeling a collection of cells, ranging from individual cell-based models
right through to the continuum limit. When constructing a multiscale
model, which simplifications are appropriate and how processes at each
level should be combined remain open questions.

In this chapter, we illustrate the challenges inherent in multiscale mod-
eling by taking colorectal cancer as an example. In the next section, we
describe a multiscale model that incorporates simple subcellular models
of the Wnt signaling pathway and the cell cycle into a discrete, mechanical
model of cell movement in a colonic crypt. This model has been used to
investigate several aspects of crypt behavior and to explore different ways
of coupling these effects within a fully integrated tissue-level model. The
results of these investigations are discussed in the following section. We
then conclude with a discussion of alternative modeling approaches and
avenues for further work.

STRUCTURE OF THE MULTISCALE MODEL

Mathematical modeling of Wnt regulation of cell activity within intesti-
nal crypts presents a formidable challenge as the Wnt pathway plays an
important role in determining a range of cell-level behaviors (e.g., adhe-
sion, proliferation, cell-cell interaction) via mechanisms that are not yet
fully understood. In order to investigate how mutations in the Wnt path-
way affect crypt dynamics, we therefore require a multiscale framework
that takes into account these cell-level behaviors. We now describe a mul-
tiscale model in which simple subcellular models of the Wnt signaling
pathway and the cell cycle are embedded within a discrete, mechanical
model of cell movement.

Wht Signaling Model

Various mathematical models of Wnt signaling have been proposed. Lee
et al. (2003) [15] model the Wnt pathway by a system of nonlinear ordi-
nary differential equations (ODEs), which describe the evolution through
time of key cytoplasmic protein concentrations, including B-catenin.
This model is analyzed by Mirams et al. (2009) [16], who exploit the dif-
ferent timescales involved to reduce the system to a single ODE, which
determines how B-catenin evolves in response to a Wnt stimulus. In
addition to providing biological insight into the roles of different pro-
teins on different timescales, this type of systematic model reduction
is extremely useful in order to achieve tractable computation times for
multiscale simulations.
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The localization of subcellular B-catenin has been modeled, also as a
system of nonlinear ODEs in [17]. This model is used to examine vari-
ous hypotheses about underlying biochemical mechanisms; for example,
whether B-catenin undergoes a conformational change that favors its
involvement in cell-cell adhesion rather than transcription, or whether its
fate is determined solely by competition for binding partners.

Whnt-Dependent Cell-Cycle Model

The cell cycle is the orderly sequence of events in which a cell dupli-
cates its contents before dividing into two cells. Since cancer is a disease
associated with uncontrolled cell proliferation, the cell cycle consti-
tutes a major target for anti-cancer drug development. This has stimu-
lated extensive experimental research and the formulation of detailed
mathematical models designed to enhance understanding of the reg-
ulatory networks involved and to explore potential therapeutic inter-
ventions. Such models are typically formulated as systems of coupled
nonlinear ODEs that characterize changes in the levels of key cell-cycle
proteins [18].

We employ the model for the Wnt pathway developed by van Leeuwen et
al. (2007) [17] to calculate the associated position-dependent levels of gene
expression and use these to link the outcome of the Wnt model to the cell-
cycle model developed by Swat et al. (2004) [18], as shown in Figure 6.2.
As a result, near the bottom of the crypt, where cells are exposed to high
levels of Wnt, the production of Wnt-dependent cell-cycle control proteins
is enhanced and cells progress through the cell cycle. In contrast, near the
crypt orifice where Wnt levels are low, little or no cell division takes place.
Full details of the subcellular models of Wnt signaling and the cell cycle
are given in [19].

Mechanical Model

A variety of discrete model frameworks can be used to describe the
mechanical behavior of tissue, ranging from lattice-based models, cell-
center (“point mass”) models, and vertex-based (“non-point-mass”) mod-
els [20]. We use a tessellation-based, cell-center approach, in which the
centers of adjacent cells are connected by linear springs [21] and a Delaunay
triangulation is performed at each time step, in order to determine cell-
cell connectivity.

Following [21], we determine cell movement by balancing the
forces exerted on an individual cell by its neighbors with a drag force.
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FIGURE 6.2 Influences of the Wnt-signaling model inside a single cell. Note that
the Wnt concentration that is experienced depends on the position of the cell
within the crypt. The cell-adhesion model influences the motion of the cell, and
the cell-cycle model influences the proliferation (and hence again the dynamics)
of the cell; thus, the output influences the cell position and changes the input to
the Wnt-signaling model. Each cell in a multiscale simulation carries its own

Whnt-signaling model.

Specifically, let r; be the position of the center of cell i, and define r; = 1;-1;,
and f; =1;/|1; |. The force exerted on cell i by an adjacent cell j is defined
to be

E,=n; m.QA_nQ _Imq » 6.1)

where i, is the spring constant and s;; is the prescribed rest length between
cells i and  (i.e., the distance between them for which the force of interac-
tion vanishes). In order to investigate the effect of variable cell-cell adhe-
sion, in the section titled, “Variable Cell-Cell and Cell-Matrix Adhesion”
we will consider three choices for the spring constant ;. In the first case,
1, = U takes the same constant value for all neighboring cells i, j. H.s the
second case, to avoid an unrealistically strong attraction between distant
neighboring cells, we suppose that L; increases with the cell-cell contact
length. In this case we take

Multiscale Modeling of Colonic Crypts and Early Colorectal Cancer m 117

Wy (8)=pe; (N3 /L 6.2)

where e,(t) is the length of the edge between cells i, j and L is the dis-
tance between neighboring cell centers in an equilibrium, hexagonal
lattice (in such a regular lattice, e; =L/ V3, 5o the first case is recov-
ered). In the third case, we assume that the spring constant depends
on the concentration of B-catenin-E-cadherin complexes on the cell
membrane, these being determined from the Wnt signaling model (see
section titled “Wnt Signaling Model”). In particular following [17], we
use the following expression to determine the spring constant con-
necting cells i and j:

Wy (t)=pe;()min{ B(1)C,(6)/ E (), B,()Cy () E,()}/Q,.  (6.3)

Here, C,; denotes the Wnt-dependent concentration of adhesion com-
plexes on the surface of cell i; E, and B, denote its perimeter and sur-
face area, respectively; and Q, is a scaling factor that ensures that
under equilibrium conditions, the first case is recovered (for details
see [19]).

The total force exerted on cell i by its neighboring cells is

k= Mmﬁ (6.4)
j

where the sum is over all cells j that are connected to cell i. An overdamped
limit is assumed, for which inertial effects are negligible compared to
dissipative terms, so that the equation of motion of cell  is

is (6.5)

where v, is the drag coefficient of cell i, In order to investigate the effect
of variable cell-substrate adhesion, in the section titled “Variable Cell-
Cell and Cell-Matrix Adhesion” we will consider two different cases for
the drag coefficient. In the first case, v, =V takes the same constant value
for all cells 7. In the second case, we suppose that the drag coefficient
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is proportional to the surface area of contact between a cell and the
underlying basement membrane, since a larger cell has more focal adhe-
sions. In this case, we prescribe

<~.Q.VH A&o +&~w_,Q,vv<, Am.mv

where the parameters d,, d, satisfy d, = Nﬁlmov\zwmv so that for an
equilibrium, hexagonal lattice we recover the first case.

The equation of motion is discretized numerically using a mSSma.m.mEQ.
approach, from which it is straightforward to deduce that the position of
the cell at time ¢ + At is related to its position at time f via

e Eusci,%ms. ©.7)

The rest length s; between cells is assumed to be the QES_ diameter of
a crypt cell. When a cell divides, as determined by its internal nn:-n.vﬁ_m
model, a new cell is placed at a smaller fixed distance in a random direc-
tion. The rest length s; between the two daughter cells increases linearly
over the course of an hour to the mature cell rest length (to emulate the
mitosis phase of the cell cycle). Thus, the nuclear B-catenin influences the
cell-cycle model (and so indirectly the mechanics as extra cells are added),
and membrane-bound P-catenin influences the mechanical model.
Intracellular B-catenin is influenced by cell position due to the imposed
What gradient along the crypt axis, which feeds back and influences the cell

cycle and mechanical models.

Methodology and Implementation Using Chaste

For simplicity we focus on an individual crypt, treating the three-
dimensional tubular crypt as a monolayer of cells lying on a cylindrical
surface. We take a discrete approach, modeling each cell individually. For
simulation purposes, it is convenient to roll the crypt out onto a flat planar
domain and impose periodic boundary conditions on the left and right
sides. The structure of the multiscale model is depicted in Figure 6.3. It
comprises the three interlinked modules discussed earlier: a model of the
Wnt signaling pathway [17]; a model of the cell cycle [18], which together
with the Wnt model determines each cell’s proliferative behavior; and a
mechanical model of cell movement [21].
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FIGURE 6.3 Diagram illustrating the modular nature of our multiscale crypt
model. The occurrence of cellular events (proliferation, differentiation, migra-
tion) is monitored at discrete time steps t,. By coupling Wnt signaling, cell cycle,
and mechanical models, we are able to predict the spatiotemporal behavior of
every cell at time £,,,, given the state of the system (e.g., intracellular protein lev-
els, cell position, Wnt stimulus, location of neighboring cells) at time ¢, and the
mode] parameters.

Chaste (Cancer, Heart and Soft Tissue Environment) is a collabora-
tive software development project that is designed to act as a high-quality
multi purpose library supporting computational simulations for a wide
range of biological problems. In this context, “high-quality” means that
the software is extensible, robust, fast, accurate, and maintainable and
uses state-of-the-art numerical techniques. It is also open-source, and so
can be adapted by other developers. Chaste has been developed by a multi-
disciplinary team including mathematicians and software engineers. This
ensures that the code is well structured as a piece of software, while at the
same time practical and useful as a computational modeling tool. While it
is a generic extensible library, to date attention has focused on the fields of
cardiac electrophysiology and tumor growth [22].

Chaste is written using an agile method adapted from a technique
known as “eXtreme Programming” [23]. This programming methodology
is characterized by test-driven development, in which a test is written to
cover any new functionality in the code before it is implemented [24]. This
enables developers rapidly to discover, diagnose, and fix bugs in the code.
The main Chaste code has been written in object-oriented C++, which
leads naturally to more modular code: software that is easier to abstract,
to modify, and to document. This is especially advantageous for multi-
scale models of the type considered in this chapter, as it allows different
simulations to be generated in a straightforward manner, by using the
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appropriate components, and preventing unnecessary repetition of code.
Further details on Chaste, including visualization movies and user sup-
port, are available at http://web.comlab.ox.ac.uk/chaste/.

RESULTS

The multiscale model described earlier has been used to study several
aspects of normal crypt behavior and to investigate coupling of processes
occurring across a number of spatial scales. We now summarize our

results to date.

Wt Signaling in the Crypt

It has been postulated that a Wnt gradient exists in the crypt, stimulating
proliferation at the base and promoting differentiation toward the top.
Use of the multiscale model in [19] led us to predict that a Wnt gradient
along the entire crypt axis is not necessary to provide a p-catenin (and
hence proliferation) gradient. Indeed, Wnt expression in a neighborhood
of (approximately) the three cells at the base of the crypt is sufficient to
establish a proliferation pattern that extends throughout the crypt; this
is because cells move up the crypt more quickly than their Wnt signal-
ing pathways can adapt to the reduction in the local Wnt stimulus. These
results are illustrated in Figure 6.4, where the height at which a cell
divides, and the corresponding cell-cycle duration are recorded in a scat-
ter graph, for a crypt containing stationary cells and another containing
cells that move. ;

Van Leeuwen et al. (2009) [19] perform simulations of the multiscale
model in order to compare the distribution of B-catenin inside each
cell in the crypt, under the two hypotheses stated earlier (the simpler
hypothesis states that B-catenin fate is determined by competition for
binding partners, whereas the second hypothesis proposes that p-catenin
can undergo a conformational change that favors binding to E-cadherin
at the cell membrane). The results of such simulations are shown in
Figure 6.5. The different patterns of B-catenin associated with each
hypothesis suggest that it should be possible to discriminate between
them by measuring the distribution of B-catenin within the epithelial

cells that line a crypt.

Mitotic Labeling
Mitotic labeling experiments are often used to characterize the proli-
feration and cellular dynamics of intestinal crypts (e.g. [25]). These
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FIGURE 6.4 'The cell-cycle duration response of a coupled Wnt signaling and
cell-cycle model to varying Wnt stimuli. Simulation performed in a crypt that is
23 cells high. Top: The Wnt gradient imposed upon the crypt. Middle: Cell-cycle
durations if cells are held in fixed positions; the predicted Wnt threshold for cell
division is about 0.66. Bottom: Cell-cycle durations in a dynamic crypt simula-
tion; for each cell in the simulation, the cell-cycle time is plotted as a function of
the cell’s position at the time of division.

experiments involve injecting laboratory rodents with an agent that is
incorporated into cells during the S phase of the cell cycle and is passed
on to their progeny. The distribution of clonal populations can be moni-
tored over time by dissecting the crypts longitudinally and recording the
positions of labeled cells along the two dissection lines. Given a sample
containing several crypts, the outcome of the experiment is summarized
in the form of a labeling-index (LI) curve, which shows the percentage of
labeled cells per cell position at the time of sacrifice. We have used our
multiscale model to perform similar in silico LI experiments. At time t = 0,
we label all cells that are in the S phase. The simulation proceeds under the
assumption that labeled cells behave in the same manner as their unla-
beled counterparts, except that they transmit labels to their daughters.
After a fixed time, we stop the simulation and perform a virtual crypt
dissection. The LI curves obtained from the virtual dissections descend
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FIGURE 6.5 (See color insert following page 40) A quasi-steady simulation of
cells stained for p-catenin, under two different hypotheses, as discussed {17] and
as implemented in van Leeuwen et al. (2009). The Chaste visualizer displays the
concentrations of nuclear and cytoplasmic levels of B-catenin on the green scale
and membrane-bound B-catenin on the grey scale, facilitating a qualitative com-
parison with crypt staining or GFP-labeling experiments.
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FIGURE 6.6 Results of virtual labeling-index experiments. Data obtained from
250 crypt simulations. Height up the crypt is expressed in units of length L.
(left) Percentage of labeled cells per position along the dissection lines. Bullet
points and crosses correspond to results obtained 40 min and 9 h after labeling,
respectively. (right) True average percentage of labeled cells as a function of dis-
tance from the crypt base. Grey and black bars represent the results obtained 40
min and 9 h after labeling, respectively. (Reproduced with permission from van
Leeuwen et al. Cell Prolif, 42 doi:10.1111/j.1365-2184.2009.00627.x. 2009.)

gradually, suggesting a smooth decrease in the percentage of labeled cells
with increasing distance from the crypt base (Figure 6.6a). However, our
model shows clearly segregated proliferative and differentiated popula-
tions, with an abrupt boundary between labeled and unlabeled cells in
the averaged data (Figure 6.6b). This discrepancy is due to dissection and
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suggests that data from standard LI experiments may tend to overestimate
the true position of the labeled cells.

Clonal Expansion and Niche Succession

Over time, the progeny of a single stem cell may dominate an entire crypt
via a process termed monoclonal conversion, since the resulting crypt con-
sists of a single clonal population [26]. Since mutations occur in single
cells, the process of monoclonal conversion is important in the context
of carcinogenesis as a mutant clone descended from this single cell has to
persist in a crypt, by proliferating and eventually dominating it, in order
for a mutant clone to gain a foothold in the colonic epithelium. Once a
crypt has become mutant monoclonal, the mutant population can spread
to neighboring crypts, either by top-down invasion, or through a process
called crypt fission whereby a crypt divides into two.

Our multiscale model is ideally suited to study expansion of a clonal
population in silico, and to predict conditions under which a crypt may
become monoclonal. The main advantage is the ability to follow a clone’s
progress in real time, something that is impossible with current experi-
mental techniques. We simulate the experiments of Taylor et al. (2003)
[27], in which the progeny of cells with mitochondrial DNA (mtDNA)
mutations that are functionally neutral are tracked. Such cells express a
phenotype, for example, cytochrome-c oxidase (CcO) deficiency, which
appear blue in histochemical stainings. In addition to wild-type crypts,
Taylor et al. (2003) [27] observed crypts either partially or wholly filled
with blue cells. In the former, “there is a ribbon of CcO-deficient cells
within an otherwise normal crypt that is entirely compatible with the
view that there are multiple stem cells in some crypts.”

We investigated clonal expansion for two alternative model assumptions:
first, following [21], the stem cells were fixed at the crypt base and assumed
to divide asymmetrically; and second, following [19], the stem cells were
unpinned and their proliferative behavior determined by the local Wnt stim-
ulus. The results presented in columns I and II of Figure 6.7 reveal that if the
stem cells are fixed in position, then an initial blue-stained stem cell invari-
ably generates a thin, blue trail that moves upward toward the crypt orifice.
Discontinuities in the clone can occur, due to waiting times between con-
secutive cell divisions. Importantly, although the trail’s pattern can change
in time, it does not expand laterally. Thus, under the original model assump-
tions, we are unable to capture the broad, wavy blue ribbons observed by
Taylor et al. (2003) [27]. In contrast, as columns IIT and IV of Figure 6.7 show,
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FIGURE 6.7 (See color insert following page 40) Clonal expansion in the crypt.
Each column shows six snapshots from two independent in silico experiments
performed with the model in {21] (columns I and II) and standard @;ﬂ.:. and
v,=V) model in [19] (columns III and VI), respectively. At time ¢ = 0, a single
cell is stained with a blue dye. This label is transmitted from generation to gen-
eration, giving rise to a clonal population of labeled cells. Columns II and IV
highlight how the labeled populations evolve in time, whereas columns H.msm I
show the clonal composition of the crypt. In column 11, the stem cells, which are
pinned to the base of the crypt, are highlighted in green. In the DMC simula-
tion (columns III and V), the population of labeled cells eventually takes over
the crypt. (Reproduced with permission from van Leeuwen et al. Cell Prolif. 42
doi:10.1111/.1365-2184.2009.00627.x. 2009.)
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if the stem cells are free to move and cell fate is determined by local environ-
mental conditions then, over time, clonal populations either expand in size
or become extinct. In particular, the progeny of a single cell will eventually
populate the entire crypt, and further, this cell will always eventually leave
the crypt. These results suggest that cell “stem-ness” may depend on local
biochemical cues rather than being an intrinsic property of a cell.

Variable Cell-Cell and Cell-Matrix Adhesion

As discussed in the section titled “Mechanical Model,” we have considered
a number of different cases regarding the dependence of cell-cell and cell-
matrix adhesion on cell shape and Wnt signaling. In order to compare the
impact of these different model assumptions on cell kinetics, we followed the
dynamics of a standard crypt simulation (in which W; = pand v, =v; denoted
NN) for 800 h and then repeated this for three other cases: the case of area-
dependent cell-matrix adhesion only (denoted YN); the case of contact-
edge-dependent cell-cell adhesion only (denoted NY); and the case of both
contact-edge-dependent cell-cell adhesion and area-dependent cell-matrix
adhesion (denoted YY). Results are shown in Figure 6.8. We find that YN
cells located near the crypt base are larger than their NN counterparts. This
is because in the YN case, if two cells of different sizes are attached by a com-
pressed spring, the smaller cell moves apart more rapidly than the larger one.
Consequently, small newborn cells leave the crypt base quicker than in the
NN case. We also find that in the N'Y case, cells are more hexagonal in shape,
and the crypt is densely populated with closely packed cells. In this case, the
dependence of spring forces on cell size could eventually lead to a critical
situation in which migration ceases completely; this can be prevented in the
YY case, where variable cell-matrix and cell-cell adhesion are considered.

Hypotheses for Crypt Invasion

It is a matter of great debate how a single, mutant cell establishes a mutant
epithelium within the crypt (28]. Two mechanisms have been suggested:
top-down and bottom-up morphogenesis. Under top-down morphogen-
esis, a mutant cell at the top of a crypt expands not only laterally and
downward but also invades (adjacent) crypts containing normal epithe-
lium [29]. Under bottom-up morphogenesis, the mutant cell originates at
the base of the crypt and increases in number through proliferation, until
its progeny populate the entire crypt [30].

The model has been used to investigate the behavior of cells with APC
or B-catenin mutations, the most common in colorectal cancer [31], within
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FIGURE 6.8 Dependence of cell size and geometry on cell adhesion. Results
from four crypt simulations in dynamic equilibrium with different mechanical
assumptions: NN = standard model; YN = area-dependent cell-matrix adhesion
only; NY = contact-edge-dependent cell-cell adhesion only; YY = contact-edge-
dependent cell-cell adhesion and cell-size-dependent cell-matrix adhesion; and
EQ = values for hexagonal equilibrium lattice. Height up the crypt is expressed
in units of length L. (a) Average cell area as a function of cell position. (b)
Average shape value (perimeter?/area) as a function of cell position. (Reproduced
with permission from van Leeuwen et al. Cell Prolif. 42 doi:10.1111/j.1365-
2184.2009.00627.x. 2009.)

the crypt. Mutations in these proteins enable cells to proliferate inde-
pendently of Wnt [10]. Such mutant cells have also been shown to have a
more rigid cytoskeleton [32], higher levels of cell-stroma [13] and stronger
cell-cell adhesion [33]. We model these changes by allowing the damp-
ing constant to depend on whether the cell is mutant or not. The model
was then used to establish the properties a mutant cell would require
to allow top-down and bottom-up morphogenesis to occur. Numerical
simulations reveal that mutant cells, which do not proliferate in a Wnt-
dependent manner, can establish themselves within the crypt if they have
higher levels of cell-substrate adhesion and a more rigid cytoskeleton.
Top-down morphogenesis requires higher levels of cell-substrate adhe-
sion and cytoskeleton rigidity than bottom-up morphogenesis.

DISCUSSION

In this chapter, we have presented a computational framework that allows
us to integrate biological processes that act across a broad range of spatial
scales. We have considered the model in the context of colorectal cancer
and used it to address issues such as the role of Wnt signaling in the crypt,
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the process of monoclonal conversion, and the effects of model assump-
tions regarding cell-cell and cell~stroma adhesion.

In modeling the dependence of cell proliferation on Wnt signaling, we
have neglected other pathways that are known to play an important role
in regulating crypt structure.

Bone morphogenetic protein (BMP) signaling, which converges with
the Wnt pathway to regulate B-catenin, is thought to control the process
of stem cell self-renewal [34]. Dysregulation of BMP signaling can result
in crypt fission and excessive quantities of crypt-like structures [35], as
observed in humans with juvenile polyposis syndrome. The control of the
Eph/ephrin signaling pathway may also be highly relevant in ensuring the
proper crypt structure, as demonstrated by the fact that loss of expres-
sion of EphB receptors is correlated with the onset of invasive behavior
[36]. Lastly, all proliferating cells in the crypt largely depend not only on
Wnt but also Notch signaling; neither pathway is sufficient on its own to
maintain proliferation [37}. Future work will involve the construction of
mathematical models to investigate how these different pathways interact
to control the proliferation of cells within the crypt, and incorporation of
these models within the multiscale framework described in this chapter.

Many of the results presented in the section titled “Results” are con-
sistent with independent experimental observations of colonic crypts.
However, to have confidence in the model, we should account for the
model assumptions that are implicit in our cell-center model by contrast-
ing our model with other discrete model frameworks. In particular, it
remains to be established which discrete model is best suited to a given
biological problem.

Cell-center models, such as that presented in the section titled
“Mechanical Model,” can efficiently simulate cell proliferation, growth,
and migration in the crypt. Moreover, it is straightforward to incorporate
differential cell-cell adhesion [38~41] and to vary cell-substrate adhesion
by varying the cellular drag coefficients. However, a disadvantage of such
cell-center models is their reliance on the Delaunay triangulation, mean-
ing that the number of vertices and the shapes of the cells do not change
smoothly [42]. An alternative approach is cell-vertex modeling, in which
cells are treated as polygons in 2D or polyhedra in 3D [43]. In cell-vertex
models, the dynamics of each cell is governed by the movement of its
vertices, these being determined by explicitly calculating the resultant
forces or minimizing a global energy function. Cell-vertex models can
describe changes in cell shape more realistically than cell-center models.
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This is particularly important in the context of crypt modeling as we may
wish to couple cell shape and surface areas to subcellular control models,
as described in the section titled “Mechanical Model.” Cell-vertex models
are particularly suitable for modeling differential cell-cell adhesion,
an important feature of cell dynamics in the crypt, as common muta-
tions in colorectal epithelial cells are thought to affect cell-cell adhesion.
However, the inclusion of differential cell-substrate adhesion is not so
straightforward, as the drag terms include contributions from cells sur-
rounding a given vertex. While cell-vertex models do not require the
computation of a Delaunay triangulation at each time step, the higher
spatial resolution considered in cell-vertex models results in a larger sys-
tem dimension than that of a cell-center model. Osborne et al. (2010)
[44] have developed a cell-vertex model of the crypt and, using numerical
simulations, have found that it exhibits qualitatively similar behavior to
our cell-center model.

A major problem with discrete models, especially those incorporating
stochastic behavior, is their computational intensity. For example, in the
case of our multiscale model, a large number of simulations are needed
to determine how a proliferative advantage bestowed on mutant cells
translates into an increase in their probability of becoming the dominant
clonal population within a crypt, and how this increased probability var-
ies with the location of the initial mutation within the crypt. Moreover, as
the molecular details of subcellular pathways become increasingly more
complex, systematic and rational model reduction becomes a critically
important tool, as a modeling approach that simply includes all known
molecular details quickly becomes intractable. One resolution of this
problem is to develop a continuum model that replicates the qualitative
features of the original discrete model. We can then apply mathematical
techniques to analyze the coarse-grained model and, for instance, estab-
lish quickly the necessary phenotypic traits for mutant cells to take over
a crypt via the top-down and/or bottom-up morphogenesis. Such con-
tinuum models can be derived either formally [45] or phenomenologi-
cally [44].

By viewing the epithelial cells that line a crypt as a one-dimensional
chain of connected linear springs, Murray et al. (2009) [45] have for-
mally derived a continuum model for cell number density. This model
comprises a reaction-diffusion equation with a spatially non-uniform
proliferation term and a nonlinear diffusive flux term, with diffusion
coeflicient
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-

D(q)= <|m~ > (6.8)
where g denotes the cell number density and [ and v denote the spring
constant (assumed the same for all cell-cell interactions) and damping
constant (assumed the same for all cells). As Figure 6.9 shows, there is
generally good qualitative agreement between the cell velocities obtained
with this coarse-grained model and those obtained from our 2D multi-
scale model. A discrepancy between the two models for smaller values of
M arises from the assumption that the crypt is one-dimensional.

Using a phenomenological approach, Osborne et al. (2010) [44] have
developed a 2D continuum model for a crypt in which cells are treated as
an incompressible viscous fluid obeying Darcy’s law. As Figure 6.10 shows,
model simulations compare reasonably well with the multiscale model,
as well as with a cell-vertex model of the crypt. However, the continuum
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FIGURE 6.9  Steady-state crypt velocities, 1, plotted against crypt height, . Thousand
simulations of a 2D periodic crypt were run, and the average cell velocities (markers)
were compared with the velocities predicted by the corresponding continuum model
(lines). In this plot y.= 0.3, To= 14, and L = 20.1. The circles and solid line corre-
spond to y1 = 40, whereas the crosses and dashed line correspond to 1 = 80,
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FIGURE 6.10 Comparison of cell-center, cell-vertex, and continuum crypt mod-
els. In each graph, the dotted vertical line y = Hy, delineates the upper boundary
of the Wnt-stimulated region: cells proliferate for y < Hy, and for y > Hy, they
do not. Left: Dependence of average speed up the crypt axis on distance from
the crypt base. Right: Dependence of average cell compression (natural cell area
minus actual cell area) on distance from the crypt base.

model does slightly overestimate cell velocities within the crypt, as a result
of the assumption of cell incompressibility, which in 1D corresponds to
the limit L — oo in the Murray et al. model (45].

There are now a multitude of such integrative models in the literature
(see, for example [46-48]). Similar to these, the modeling approach &m.-
cussed in this chapter suffers from the problem that we have made simpli-
fications at each scale and, while we can investigate the errors induced at
each level, we have not developed a theory for how to do this across scales.
This remains an open question. Therefore, an important future challenge
for the modeling community is to develop a systematic way of constructing
such models. As described eatlier, one possible way to approach this might
be in the recent research that aims to develop continuum models of indi-
vidual-based computational schemes (see, for example, [45,49,50]). This
allows us not only to see precisely where the different modeling assump-
tions at the cell-level affect tissue-level behavior, but may also allow us to,
in the future, use the well-developed mathematical machinery for partial
differential equations to address key problems in multiscale modeling,.
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