Hopf bifurcation cannot occur for the (RDB) system with

equal diffusion coefficients

Definition of matrix of the linearised system

J = {{Fu, fv, fuw}, {Qu, 9v, 0}, {hy, O, hw}} /. Fu- (fu-hy);
and of the matrix of diffusion coefficients
m = {{dU1 01 0}1 {01 dV1 0}1 {01 01 0}}1
Routh-Hurwitz conditions
coefO = Coefficient [-Det [J-aldentityMatrix[3]], A, O];
coef1l = Coefficient [-Det [J-aldentityMatrix[3]], A, 11;
coef2 =Coefficient [-Det [J-aldentityMatrix[3]], A, 2];
coef 3 = Coefficient [-Det [J-aldentityMatrix[3]], A, 31;
RH=Full Sinmplify[
coef0 > 0&&coefl > 0&&coef2 >0&&coef3 > 0&&coef2coefl > coef3coef0]
fvguhw+gy (-fuhy+hy (fyw+hy)) >08&&gy hy+fy (g +hy) > Ty gu+hy (Fw+gy +hy) &&
hy >fy+0v +hy&&fygy hy+ (Fygu+0v (-fu+hy)) hy+
(fu+gv-hy+hy) (-fygu- (Fw+0v) hy+ (gy —hy) hy+fy (Qv +hy)) <0

Routh-Hurwitz conditions but in another format (commas instead of logical and &&)

RHcomma = Tabl e[RH[[j 11, {j, 1, Length[RH]}]

fvauhw+av (-fuhy+hy Fw+hyw)) >0, gy hy+fyu (gv +hy) >fyvgu+hy (Fw+gy +hy),
hy>fu+gv+hw fwovhe+ (fygu+0yv (-fu+hy)) hy+
(fu+gv-hy+hy) (-fygu- (Fw+0yv) hy+ (gv -hy) hy+fy (gv +hy)) <0}

dispersion relation, C(x,p) and solution of C(k,p)

di spRel =Det [wldentityMatrix[3] +xDs -J7;
Cxp = Coef ficient [di spRel , w, 0];
xBi f =x /. Sol ve[Cxp = 0, x]

{ 1
2dudv hW
(_dvfwhu+dvfuhw+duthW_dV hu hw—\/((_dvfwhu+dvfuhw+dugv hw—dvhu hw>2+
1
4dudv hW (fwgv hu*fvgu hwffugv hw+gv huhw))>’ m

(—d\,fwhu +dy fyhy+dygy hy-dy hy hW+\/((—d\,f\,\,hqud\,fu hw+ du gy hw-dy hy hy)? +
4d,dy hy (fwgv hy+fy Ju hw—fugv hw*’gv hy hw)))}
dispersion relation

polyx =dispRel /. w-»2
- (Afw+rxdy fu-fwgy) hu+ (-fygu+ (A+xdy-gy) (A+xdy-Fyu+hy)) (A-hy)

A cubic polynomial with real coeffs has always at least one real root. If other root is complex, then
its complex conjugate is the last root.

Let us denote Ay the real root and the complex conjugate pairas u +iv
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Expand[pol yA /. A - (u+1v)] -Expand[polyAx /. X » (u-1v)];
Eq4uvk = Col | ect [Si rrplify[% i] u, k}]
2v

3u2—v2+}<2dudv—}<dvfu—fvgu—Kdugv+fugV+J<thu—fWhu—gVhu+
u(2xdy+2xdy-2fy-2gy+2hy-2hy) -xdyhy-xdy hy+fyhy+gy hy-hy hy

By subtraction the degree of the polynomial polyA was decreased, but now is dependent on the
unknown imaginary part v+0.
Using Vieta’s formulas we can obtaion v=v(u,x).

ForVieta = Col | ect [Expand[(A-Ag) (A- (u+1V)) (A-(u-1v))], A]

B +2% (-2 pu-2R) -2 Ar- V2 AR+ A (WP + v+ 2 1 0R)

vietal = Coefficient [pol yA, A%] == Coefficient [ForVieta, 2?]
vieta2 = Coeffici ent [pol Y2, ]Ll] == Coef fi ci ent [For\ﬁ et a, Al]

vi et a3 = Coefficient [polya, A, 0] == Coefficient [ForVieta, A, 0]
kdy+xdy-fyu-gy+hy-hy=-2u-2r

K2dydy -xdyfu-fygu-xdygy+fugy+xdyhy-
fwhy-gvhy-xdyhy-xdyhy+fyhy+gy hyw-hyhy=12+v?+2u2g

—xdy fwhy+fuwogy hy-x?dydy hy+xdy fyhy+
fvgu hw*'Kdugvhw—fugv hw-x dy hy hW*’gvhu hy = —HZXR—VZXR

Real Root = Sol ve[vietal, Ar]1[[1]]
{ArR—> -2u-xdy-xdy+fy+gy-hy+hy}

We can see that the real root has to be negative Ar <0 once a Hopf instability occurs as u>0,
k=k?>0

| magPart 1st Expressi on = (Sol ve[vi eta2 /. Real Root /. v +/nu, nu] /. nu - v2) [[11]

{vz93u2+2}<udu+2K/,zd\,+K2dudv—2ufu—Kd\,fu—fvgu—ZugV—Kdug\,+fugv+
2uhy+xdyhy-fyhy-gvhy-2uhy-xdyhy-xdy hy+fyhy+gy hy-hy hw}

Simplify[Col | ect [Eq4uvk /. | magPart 1st Expression, ull
0

Thus this combination does not gain anything new, have to use another Vieta’s relation

| magPar t 2ndExpr essi on = (Sol ve[vi eta3 /. Real Root /. v 4/nu, nu] /. nu-»vz)[[l]]
1
{v >
2u+xdy+xdy-fyu-gy+hy-hy
<—2H3—Kﬂzdu—}<ﬂzdv+ﬂ2fu+U29v—l12hu—}<dvfwhu+fwgvhu+112hw—

x2dydy hy+xdyfyhy+fyguhy+xdygy hy-fygy hy-xdyhyhy+gy hy hw>}
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Eq4uk = Col | ect [Cancel [ (Eq4uvk /. | magPart 2ndExpr essi on)
Denoni nat or [v? /. | magPart 2ndExpression]] /. x»k?, {u, k}, Sinplify]

81 +k®dudy (du+dy) +fygu (gv-hu) -

fﬁ(g\,+hw)+fu(f\,gu—g\2,+fwhu+29\, (hu—hw)+2huhw—ha,)+

(hy -hy) (g% -hy (Fw+hw) +9y (-hy+hy)) +p® (8k? (dy+dy) -8 (fu+gy-hy+hy)) +

k* (-d3 (gv +hw) -df (fu-hy+hy) -2dydy (Fu+gy-hy+hy)) +

k2 (du (—f\,gu+g\2,—fwhu—29\,hu+29vhW—2hth+ha,+2fu(g\,+hw)>+dv
(fﬁ—fvgu+(hu—hw) (—29V+hu—hw)+2fu(gv—hu+hw))>+u(2k4 <d5+3dudv+d5)+
2 (f3-fygu+9f-fuhy,-3gyhy+hi+3gyhy-3hyhy+hi+f, (3gy-2hy+3hy)) -
2k? (dy (83fy+2gy-3hy+3hy) +dy (2f,+3gy-2hy+3hy)))

Therefore we have a polynomial that implicitly defines u = ,u(kz). This polynomial is again cubic.

Consider equal diffusion coefficients. We can take advantage of the following observation: Hopf
bifurcation occurs when ueReals crosses zero to positive values; from Vieta's relations we know
that this happens when the zeroth term of polynomial Eq4uk vanishes, i.e. Eq4uk(u=0)=0.

neccessaryCond = Col | ect [Coef fi ci ent [Eq4uk, u, 0], k] /. dy »d,

2Kk8d3+fy gy (Qy-hy) -F2 (gv+hy) +Ty (fvgu—g\2,+fwhu+29v (hy -hy) +2 hy hw—h\%,> +
(hy =hw) (g7 -hy (Fw+hw) +9y (hy+hy) ) +
k* (-dZ (gv +hw) =df (fu-hy+hy) -2d7 (fu+gy-hy+hy)) +
k2 (dv (—fvgu+ge—fwhu—29\,hu+29vhw—2huhw+h3v+2fu (gv+hw)> +
dy (fG-fvgu+ (hy-hy) (-2gy+hy-hy) +2f, (gy-hy+hy)))

Binding self-inhibitor
wanted conditions for linearised system (binding self-inhibitor f, < 0)

want edCondi ti ons = {d, ==d,, dy, >0, d, >0, f, <0,
Oy € Real s, h, >0, hy<0, fy,>0, fy=-hy, f, e Reals, gy, € Real s}

{dy ==dy, dy >0, dy, >0, fy, <0, gy € Real s,
hy >0, hy<0, fy>0, fy=-hy, fy eReals, g, € Real s}

Neccessary condition is again a cubic polynomial in k = k2.
Notice, however, the signs of coefficients in this polynomial:
1. by «* =k® we have 2 d,® >0

Coef fici ent [neccessaryOond, k6]
Reduce [{Coef fi ci ent [neccessaryCond, k®] < 0} Uwant edCondi ti ons |JRHcona |
2.dd

Fal se

2. Can the coefficient by «*> = k* be negative?
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Coef fi ci ent [neccessaryCond, k*]
Reduce [
{Coef ficient [neccessaryCond, k*] < 0} Uwant edCondi ti ons JRHcom®= /. d, - dy ]

*d\% (gv + hy) *d\% (fu-hy+hy) 72d3 (fu+9v-hy+hy)

Fal se

3. Can the coefficient by « = k? be negative?

Coef fi ci ent [neccessaryCond, k?]
Reduce [Reduce [want edCondi tions | (RHconma /. d, » dy)] &&
Coef fici ent [neccessaryOond, kz] < O]

dy (7f\,gu+g\§ffwhufzg\,hu+29\,hwfzhuhw+h§,+2fu (g\,+hw)) +
dy <fﬁ‘fvgu+ (hy =hw) (-2gy +hy-hy) +2f, (gv—hu+hw>)

Fal se

4. Can the coefficient by «° = k° be negative?

Coef fici ent [neccessaryCond, k, 0]
Reduce [ {Coef fi ci ent [neccessaryCond, k, 0] < 0} Uwant edCondi ti ons |JRHcomma]

fvgu (gv*hu) *fa (gv+hw) +fy (fvgu*g\z/JrfWhu*ng (hu*hw) +2hy hw*h\%/) +
(hy - hy) (ge—hu (fw+hw) +09v (—hu+hw>)

Fal se

Therefore, due to the Descarte’s rule of signs, we cannot have a positive real root « = k? of the
neccessaryCond.

Binding self-activator

wanted conditions for linearised system (binding self-activator f, > 0)

want edCondi ti ons = {d, ==d,, dy, >0, d, >0, f, >0,
gy € Reals, hy >0, hy<0, fy,>0, fy=-hy, f, e Reals, g, € Real s}

{dy =d,, dy >0, dy, >0, fy, >0, gy € Real s,
h, >0, hy<0, fy>0, fy=-hy, fy eReals, g, € Real s}

Neccessary condition is again a cubic polynomial in k = k2.
Notice, however, the signs of coefficients in this polynomial:
1. by ¥ =k® we have 2 d,®> 0

Coef fici ent [neccessaryOond, ke]
Reduce [{Coef fi ci ent [neccessaryCond, k°®] < 0} Uwant edCondi t i ons |JRHcomma]

2 g2

Fal se

2. Can the coefficient by «*> = k* be negative?
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Coef fi ci ent [neccessaryCond, k*]
Reduce [
{Coef ficient [neccessaryCond, k*] < 0} Uwant edCondi ti ons JRHcom®= /. d, - dy ]

*d\% (gv + hy) *d\% (fu-hy+hy) 72d3 (fu+9v-hy+hy)

Fal se

3. Can the coefficient by « = k? be negative?

Coef fi ci ent [neccessaryCond, k?]
Reduce [Reduce [want edCondi tions | (RHconma /. d, » dy)] &&
Coef fici ent [neccessaryOond, kz] < O]

dy (7f\,gu+g$7fwhufzg\,hu+29VhW72hth+ha,+2fu (g\,+hw)) +
dy <fﬁ—fvgu+ (hy =hw) (-2gy +hy-hy) +2f, (gv—hu+hw>)

Fal se

4. Can the coefficient by «° = k° be negative?

Coef fici ent [neccessaryCond, k, 0]
Reduce [ {Coef fi ci ent [neccessaryCond, k, 0] < 0} Uwant edCondi ti ons |JRHcomma]

fvgu (gv*hu) *fa (gv+hw) +fy (fvgu*g\z/JrfWhu*ng (hu*hw) +2hy hw*h\%/) +
(hy - hy) (g\%—hu (fw+hw) +09v (—hu+hw>)

Fal se

Therefore, due to the Descarte’s rule of signs, we cannot have a positive real root « = k? of the
neccessaryCond.



