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Infections are a common complication of any surgery, often requiring a recovery period in hospital. Sup-
plemental oxygen therapy administered during and immediately after surgery is thought to enhance the
immune response to bacterial contamination. However, aerobic bacteria thrive in oxygen-rich environ-
ments, and so it is unclear whether oxygen has a net positive effect on recovery. Here, we develop a
mathematical model of post-surgery infection to investigate the efficacy of supplemental oxygen therapy
on surgical-site infections.

A 4-species, coupled, set of non-linear partial differential equations that describes the space-time depen-
dence of neutrophils, bacteria, chemoattractant and oxygen is developed and analysed to determine its
underlying properties. Through numerical solutions, we quantify the efficacy of different supplemental
oxygen regimes on the treatment of surgical site infections in wounds of different initial bacterial load. A
sensitivity analysis is performed to investigate the robustness of the predictions to changes in the model
parameters. The numerical results are in good agreement with analyses of the associated well-mixed
model. Our model findings provide insight into how the nature of the contaminant and its initial density
influence bacterial infection dynamics in the surgical wound.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Infections are a common complication of any surgical proce-
dure. The rate of infection varies depending on the procedure but
can be as high as 10% for large bowel surgery (Health Protection
Agency (HPA), 2012). Infection at the site of surgery lengthens a
patient’s hospital stay and is a risk factor for mortality (Astagneau
et al., 2001; Coello et al., 2005). Furthermore, surgical site in-
fections (SSIs) place considerable financial burden on healthcare
providers. Indeed, each year SSIs cost the US healthcare system an
estimated $3.3 billion (Zimlichman et al., 2013). For these reasons,
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it is important to understand how SSIs arise and to investigate ap-
proaches to reduce their incidence.

Several approaches are thought to reduce the risk of infec-
tion after surgery, including preventing perioperative hypothermia,
managing blood glucose levels, and prescribing prophylactic antibi-
otics. Supplemental oxygen applied during and immediately after
surgery is believed to increase the rate at which neutrophils (in-
flammatory cells) kill bacteria and, hence, reduce the risk of infec-
tion (Greif et al., 2000). Such a mechanism is supported by in vitro
experiments; in 1976, Hohn demonstrated that the destruction of
the bacterial species S. aureus by neutrophils increases with oxygen
partial pressure (Hohn et al., 1976). Furthermore, the production of
reactive oxygen species by neutrophils, which is crucial to immune
function, was later shown to be limited by oxygen availability typ-
ically found in surgical wounds (Allen et al., 1997).

Despite these findings, clinical results of supplemental oxygen
as a preventative measure for SSI are conflicting. Several groups
report a reduced infection risk, while others report no signifi-
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cant benefit (Belda et al., 2005; Gardella et al., 2008; Greif et al.,
2000; Mayzler et al.,, 2005). Inconsistent conclusions also arose
from three meta-analyses (Myles and Kurz, 2017; Qadan et al.,
2009; Togioka et al., 2012). There are several possible explana-
tions for the conflicting outcomes. Firstly, inter-patient variabil-
ity was considerable, with patients undergoing different types of
surgery. Secondly, SSIs are caused by a variety of bacterial species
with different responses to oxygen. S. aureus is the most common
SSI pathogen (Humphreys et al., 2016). It is an aerobic bacteria
— it thrives in an oxygen rich environment. Finally, studies have
employed different perioperative anesthetic management and as-
sociated fluid administration, which effects blood volume. Hypov-
olemia (decreased blood volume) limits the amount of oxygen de-
livered to the wound and would alter the effectiveness of oxygen
treatments (Gottrup et al., 1987).

Under treatment with supplemental oxygen, there are compet-
ing effects between increased neutrophil destruction of bacteria
and increased bacterial reproduction (in the case of S. aureus).
Mathematical modelling has the potential to reveal how interac-
tions between these two factors affect the response of an SSI to
supplemental oxygen.

Existing mathematical models have been used to investigate
the role of oxygen in healing, but typically without an infection
present. Early work by Pettet et al. used partial differential equa-
tions (PDEs) to describe blood vessel growth into a wound in
a reaction-diffusion-advection model. The role of oxygen was in-
cluded implicitly, the vessel density serving as a proxy for oxygen
levels to determine the motion of capillary tips (Pettet et al., 1996).
Since then, similar continuum models of angiogenesis have been
proposed that explicitly account for the oxygen concentration and
its effect on the influx of immune cells. The focus has been on
the role of immune cells like macrophages in promoting healing,
rather than fighting infection (Maggelakis, 2003; Schugart et al.,
2008; Vermolen and Adam, 2007). Meanwhile, others have investi-
gated the potential therapeutic effects of oxygen. By modelling the
impact of hyperbaric oxygen on chronic wounds and performing
a parameter sensitivity analysis, they identifed parameter ranges
for specific patient groups who may benefit from such treatment
(Flegg et al., 2012; 2009).

Conversely, there exist mathematical models of infection which
do not consider the effect of oxygen levels. For example, in the
1980s, Lauffenburger and colleagues developed several influential
PDE models of infection, which incorporate bacteria, neutrophils
and a non-specific neutrophil chemoattractant produced propor-
tional to the extent of infection (Alt and Lauffenburger, 1987; Lauf-
fenburger and Kennedy, 1983). Using scaling arguments and per-
turbation analysis, they derived a reduced system of ordinary dif-
ferential equations (ODEs) describing the evolution of the total
neutrophil and bacterial load across the domain. The ODE system
was shown to admit multiple steady states, depending on the pa-
rameter values, including a persistent infection steady state and
an elimination steady state. Since then, attention has focussed on
ODE models under the spatially well-mixed assumption which in-
corporate more biological detail by, for example, distinguishing be-
tween different immune cell species or linking sets of equations
from several pre-existing models (Dronne et al., 2004; Rudnev and
Romanyukha, 1995). The aim of such models is usually to inves-
tigate how infections develop, although Vodovotz and colleagues
have also produced a large body of work on the control of immune
responses (Day et al., 2006; Mi et al., 2007; Reynolds et al., 2006).
The infection model proposed by Smith et al. was notable for con-
sidering a specific bacterium, S. Aureus, rather than a generic one
(Smith et al., 2011). Their model yielded two qualitatively differ-
ent behaviours: bacterial elimination or sustained bacterial growth,
depending on the initial amount of bacterial contamination. To the
best of our knowledge, there are no published mathematical mod-

els of wound healing that explicitly include both infection and oxy-
gen.

We develop a new mathematical model to study the ability of
oxygen to prevent the development of an S. aureus bacterial infec-
tion within surgical wounds. We extend the model of Alt and Lauf-
fenburger (Alt and Lauffenburger, 1987), which focussed on inter-
actions between bacteria, neutrophils and a neutrophil chemoat-
tractant, to include the important effect of oxygen on bacteria re-
moval and reproduction. Whereas Alt and Lauffenburger reduced
their PDE model to a system of simpler ODEs and performed anal-
ysis on that reduced system, we focus on the spatio-temporal
changes that occur. We use diffusion terms to model cell migration
and we employ nonlinear motility coefficients to prevent physically
unrealistic model solutions that arise when using constant coeffi-
cients to model random motion (e.g. noncompact support).

Other ways in which our model differs from that of Alt and
Lauffenburger (Alt and Lauffenburger, 1987) include the use of an
excised surgical wound domain and the inclusion of surrounding
healthy tissue with its important role in supplying oxygen and
neutrophils to the wound. We also consider the treatment of sur-
gical infections with supplemental oxygen in order to identify pa-
rameter regimes under which supplementary oxygen is beneficial
to preventing the development of an infection. In our mathemat-
ical model, we do not consider the administration of prophylac-
tic antibiotics that can be given to patients undergoing surgery
(Hawn et al., 2013).

The remainder of this paper is structured as follows. In the
Mathematical Model section, the PDE model of surgical wound in-
fection is introduced and parameter values from the literature are
summarised. We also investigate the relationship between model
parameters and fundamental balances between bacterial growth
and removal at a given oxygen level under a well-mixed assump-
tion for bacteria. In the Results section, we present typical numer-
ical solution profiles for the four model variables and also present
results in which we vary key parameters, such as the initial bacte-
rial load, the rate of bacterial killing by neutrophils and the treat-
ment regime. In the Discussion, we draw conclusions on the suc-
cess of supplemental oxygen therapy to treat surgical site infec-
tions and suggest model extensions.

2. Mathematical model
In this section, a dimensional mathematical model is developed

for the interaction between the following species in an SSI in a
one-dimensional (1D) domain:

neutrophil density (cells/cm), denoted by n(x, t)

e S. Aureus bacteria density (cells/cm), denoted by b(x, t)

o chemoattractant concentration (ng/cm), denoted by c(x, t)
e oxygen concentration (mmHg), denoted by w(x, t)

where x is space and t is time. The role of each species in the
model is described in the next subsection. The spatial scale of
interest is a section of tissue, €2, that is the union of a surgi-
cal wound on domain €4, Surrounded by healthy tissue on
domain Qpegiy SO that € = Qygung U Qpeqieny (see Fig. 1 for the
ID domain that is adopted). More complicated wound geometries
in higher dimensions could be considered, but here we adopt a
1D domain for simplicity. We take the length of the wound do-
main to be 0.3cm and the surrounding healthy tissue to have
length 1cm, but a sensitivity analysis is performed on these val-
ues. We distinguish between the healthy and wounded domains.
The healthy tissue is the source of neutrophils and oxygen and
is also involved in the removal of the chemoattractant. A surgical
wound infection will become clinically apparent around 5-7 days
post surgery (Gelape, 2007) while granular tissue formation, ep-
ithelisation and angiogenesis will place take within several weeks
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Fig. 1. A schematic of the 1D domain. The initial infection lies within 0 <x <¢, the wounded domain on 0 <x <L; (Q2unq¢) and the surrounding healthy tissue on L; <x <L,

( Qhealthy )

(Enoch et al., 2006). The timescale of interest is therefore taken to
be 10 days post surgery, long enough to know whether an infec-
tion has been prevented but not long enough for tissue repair to
occur, so that we may assume that the boundary between the two
domains does not move over time. Additionally, we do not con-
sider the development of new blood vessels on this timescale. A
continuum approach is adopted and PDEs are used to model the
temporal and spatial evolution of the dependent variables listed
above.

2.1. Governing equations

Neutrophils are assumed to move by nonlinear random motion
and chemotaxis towards higher concentrations of the chemoat-
tractant, c. Many chemical signals are involved in directing neu-
trophil movement, including interleukin-8 (IL-8) (Singer and San-
sonetti, 2004), platelet derived growth factor (PDGF) (Enoch et al.,
2006) and granulocyte-macrophage colony-stimulating factor (GM-
CSF) (Shen et al., 2006). Since bacteria and neutrophil cells occupy
a significant volume in the tissue compared to the other species in
the model, we model their random motion with a nonlinear diffu-
sion term. This also ensures compact support, which is biologically
realistic for cells undergoing transport. Here we adopt the simplest
approach and consider that the diffusion coefficients for n and b
depend on themselves only but we note that other possibilities
exist. Unless otherwise stated, we assume that model parameters
are the same in the wounded and healthy tissue. For example, the
diffusion coefficients for n and b could depend on both n and b;
an approach adopted in Sherratt and Chaplain (2001). Neutrophils
are also assumed to die at a constant rate A; and are supplied
to healthy tissue at rate A,. Combining these effects, we deduce
that the following equation governs the evolution of the neutrophil
density:

an d an d ac
3t =Dnax<nax> _Xnax<nax) — Mn+ AH(x e Qhealthy) .

death  supply from healthy tissue

(1)

random motion chemotaxis

In Eq. (1), the positive constants D, and y, represent the dif-
fusion and chemotactic coefficients of the neutrophils, respectively.
Furthermore, H(X € Qpeqimy) is the Heaviside function, which takes
the value 1 in the healthy tissue region and O elsewhere.

Random movement of S. Aureus bacteria is modelled using a
nonlinear random motion term, with diffusion constant D,. Bacte-
rial reproduction is modelled by a logistic term, with carrying ca-

pacity K, and growth rate f;(w). Bacteria are killed by neutrophils
at rate fo(w). Both rates fi(w) and f,(w) are regulated by the local
oxygen concentration. Combining the above assumptions, the bac-
teria density is governed by the following equation:

ab a (, 0b b fo(w)nb
3 = D”ax(bax) + fi (W)b(l - Kb) -

b-I—B]7
— —
random motion

(2)

logistic growth neutrophil removal

where By is the density of bacteria that gives half-maximal killing
of bacteria by neutrophils. We note that the carrying capacity of
bacteria, K, may depend on the local oxygen concentration, but
we ignore this possibility in order to keep the model as simple as
possible while capturing the key features of an SSI.

For the rates fi(w) and f,(w), the following increasing, saturat-
ing functions of oxygen are proposed:

)

filwy = 0o g ) = Janac
where W; and W, are the oxygen concentrations that elicit half-
maximal growth and killing rates, respectively.

The dominant processes affecting the evolution of the chemoat-
tractant, ¢, are assumed to be diffusion, production, natural decay,
and removal via the vasculature in the healthy tissue (note that we
do not explicitly model the vasculature). We use linear terms to
model the diffusion of the chemicals in the model (¢ and w) since
their associated molecules do not occupy significant volume. It is
assumed that the rate of production of chemoattractant increases
with bacterial density, up to a maximum of A3 and that a bacteria
level of B, stimulates half-maximal production. Chemoattractant is
assumed to decay at rate A4 and is removed in the healthy tissue
at rate As. Combining these effects gives the following evolution
equation for the chemoattractant concentration:

ac d%c A3b

A€ — AsCH(X € Qpeqiery) - (3)

— =D, —
ot 0x? b+ B, ——
diffusion  production natural decay  removal from healthy tissue

It is assumed that oxygen is transported by diffusion and un-
dergoes uptake by tissue at rate Ag. Oxygen is consumed at rate
A7 by bacteria and at rate Ag by neutrophils. The healthy tissue
supplies oxygen at rate Ag. The oxygen concentration is therefore
governed by:

ow 9°w
= =Dwsm - AeW - Aywb - Agwn
at 0x —— — ——
R uptake by tissue  bacteria uptake  neutrophil uptake
diffusion
+AgH(x € Qhealthy) . (4)
N e’

supply to healthy tissue
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2.2. Geometry

For simplicity we focus on a 1D Cartesian geometry in which
the surgical wound domain (€2,,y,d =0 <x <Ly) is surrounded by
healthy tissue (Qpeqhy=L1 <x<Lp) as shown in Fig. 1. Here x
measures the distance from the centre of the wound, parallel to
the surface of the injured tissue. We take the domain to be sym-
metric about the centre of the wound, x = 0.

2.3. Boundary and initial conditions

Here t = 0 is taken to be the time immediately after surgery
is finished. The entire domain (0<x<L,) is initially devoid of
chemoattractant while an initial bacteria contamination of den-
sity b cells/cm is placed within 0 <x <e¢. In the results section
we vary the location of the initial infection to investigate its abil-
ity to colonise the wound, all other things being equal. There are
initially no neutrophils and oxygen within the wounded domain
(0<x<Ly), while neutrophils and oxygen take their healthy tis-
sue values of ny and w, respectively, in the healthy tissue region
(L1 <x<L,). Hence, we have the following initial conditions:

_ ) _ )b O<x<e,
c(x,0)=0, 0<x<ly; b(x,O)_{O £ =x<Ly

_J0 O0=x<l, _J0 O=<x<ly,
n(X,O)—{nO L]<X§L2; W(X’O)_{W :L1<X§L2. (5)

No flux boundary conditions are prescribed at the wound centre
(x =0) due to symmetry and at the outer boundary of the domain
(x = Ly) since the outer boundary is considered far away from the
wound interface:
on . db dc ow

”ax‘bax‘ﬁzﬁzo at x=0 and x=1L,. (6)

2.4. Analysis of a reduced model: Bacteria versus neutrophils

In Section 3, we present a numerical investigation into the be-
haviour of the PDE model (Eqs. (1)-(4)). In order to interpret some
key features of this spatio-temporal model, in this section we make
model simplifications and proceed to analyse a reduced model.
The simplification involves ignoring the transport term for bacte-
ria. Whilst this situation is unlikely to be realised in vivo, we find
that investigating the properties of the reduced model gives con-
siderable insight into the interface in parameter space which sepa-
rates regions of bacteria domination and bacteria elimination that
are not easily accessible with simulations alone.

Since the fate of the bacteria is regulated by oxygen levels, our
first step is to consider a characteristic level of oxygen, w = wy.
One approach would be to take a constant value wy. An alternative
is to approximate the spatially varying oxygen profile, wg = wy(x);
we provide an example in the Appendix. In the analysis that fol-
lows, we assume that the characteristic level of oxygen, wy, has
been determined.

We consider the behaviour of the bacterial density, under the
mathematical condition of being well-mixed. That is, we neglect
the random motion of bacteria and consider that the bacterial den-
sity satisfies the following ordinary differential equation (ODE):

% _ f1MaxW0 1_ E _ fZMaxWO nb
dt (wg + W) Ky (wg +W>) (b+By)
= g(b, wo) — p(b, wo, ), (7)

where we denote the growth term by g(b, wy) and the phagocy-
tosis (removal) term by p(b, wp, n). On a microscopic scale, bac-
teria will undergo random motion, however on the macroscopic
scale bacterial colonies have been observed to stay in microcolony

structures to resist host defenses, so that neglecting “diffusion” on
a macroscopic scale is not unreasonable as a first order approxi-
mation (Davis et al., 2015).

In Eq. (7), the phagocytosis term will not effect the bacterial
density until the neutrophils reach the bacteria, since p(b, wg, 0) =
0. That is, the bacteria will undergo logistic growth until the ar-
rival of neutrophils at the site of the infection. Let us denote the
time that it takes for the neutrophils to reach the bacteria as
7. In the healthy tissue, the neutrophils can be approximated by
n-~ % =ng since the chemoattractant gradient will be negligible

in this region. We assume that this healthy concentration of neu-
trophils is transported via chemotaxis into the wound to reach the
location of the bacteria:

nx,t) ~noH(x — xo(t)), (8)

where x((t) is the location of the front of the neutrophils which
will depend on the chemoattractant profile. Here, we do not con-
sider the exact value of T when the neutrophils arrive at the site
of bacteria infection, we only consider that this time can be quan-
tified and that the neutrophil density at that time is approximated
by n~ny.

Hence, the bacterial density (at each point in the domain) is
governed by

flMaxWO b
a_ fwerwn’\' Tk O=t=r
de ]| fimaWo 1_b\_ _fovewo mob
(wo +W1) K, (Wo +W2) (b +By)
9)

subject to b(0) = b, (assuming we are in a region of initial bac-
terial infection, otherwise the trivial solution holds, b(t) = 0).
The solution at time t = t is given by

binit K
(Kp — binit) exp(— fimaxWoT /(Wo + W1)) + Dinie”

where Eq. (10) is the solution of the logistic equation at t = 7. For
small 7 and bj,;;, we have:

b(r) ~ by exp (M) ()

which solves the linearised ODE in Eq. (9) for early times.
For t> t, we solve

b(r) = (10)

% - M _ E _ fomaxwo nob
de  (wo+Wh) Ky ] (wo+Ws) (b+B)

=g(b) — p(b).
(12)

subject to b(t) = by, exp ({wfﬁ-vv‘\//?; )

The long-term behaviour of Eq. (12) can be determined by con-
sidering the stability of its steady states. The possible steady states
are

2

b=0, and b= =B, (Kb+31) _ . (13)
2 2

where & = flo/maWotWi) 4o 3 qimensionless measure of Fomax

) fiMax(Wo+W5)
holding the other parameters (K, ng, wg, Wi, fimax and W) con-

stant. The value of ® determines the number of positive steady
states; zero, one or two as summarised below.

1. Regime 0: clearance of bacteria, no positive steady states
2
When @ > (%281} we find that p(b)> g(b) for all b> 0 (since

all parameters in Eq. (12) are positive constants) and hence
there are no positive steady states (see intersection of red curve
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Fig. 2. Schematic indicating the three different regimes in the well-mixed approx-
imation. The red line represents bacteria growth as a function of the bacteria den-
sity, g(b), in Eq. (12), while the blue curves represent three different regimes of
bacteria death, p(b). The three regimes of bacteria removal (by varying ®) lead to
zero, one and two positive steady states, respectively. The steady states of the well-
mixed model are given by the intersection of the different coloured curves. The
vertical scale is normalised with respect to the factor fipaxWo/(Wo +Wy). (For in-
terpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

and blue curve denoted by ‘Regime 0’ in Fig. 2). That is, b= 0 is
an asymptotically stable steady state and, hence, in this regime,
neutrophils dominate the dynamics until the bacteria is cleared
(even for the most severe infection).

2. Regime 1: bacterial persistence, one positive steady state
When @ <K},B;, there is one positive steady state b = b... Since
g(b)>p(b) for 0 <b < b, and p(b)>g(b) for b > b, it follows
that b = b, is an asymptotically stable steady state and b = 0 is
unstable (Fig. 2, ‘Regime 1’). Hence, in this parameter regime,
we conclude that bacterial infection will not be cleared (irre-
spective of its severity).

3. Regime 2: bacterial elimination or persistence, two positive steady
states

K,+B
When KBy < ® < (%

2

) , there are two positive steady
states, b=b_ and b=b,, where 0 < b_ < b,. By similar argu-
ments as above, b=0 and b= b, are both asymptotically sta-
ble but b = b_ is unstable (Fig. 2, ‘Regime 2’). In this regime, if
the system is initiated (at time t = t) with b < b_, the bacte-
rial infection will be cleared but if b > b_, we expect the bac-
terial infection to approach the steady state b.. That is, b_ is a
point of bifurcation; when seeded with b > b_ the bacteria per-
sist and when b < b_ they are eliminated. Hence, [0, b_) is the
basin of attraction for the elimination steady state and (b_, co)
is the basin of attraction for long-term persistence of bacteria.
The outcome of the infection therefore depends on the sever-
ity of the initial infection, the rate of bacterial growth as well
as the killing efficiency of neutrophils entering the wound (by
reducing the bacterial population and not letting it grow out of
control).

Regime 2 is the only situation where the severity of the ini-
tial infection determines the long-term outcome; eventual bacterial
clearance or bacterial persistence. The switching of this behaviour
occurs when the point of bifurcation, b_, is equal to the density
of bacteria when the neutrophils arrive, b(t). In the (Hpax Dinie)
parameter space, the locus formed by the bifurcation point deter-
mines an interface between regions of bacterial elimination and
bacterial persistence. Putting Eq. (11) into b_ in Eq. (13), we get:

binit — bo = =¥/ fo — famax

(14a)

where

_ Ky - By — fiMaxWoT
by = 5 exp ((WO W ) (14b)

—fimaxWoT \ | Kyno(wo + W)

=ex , 14c
4 p((Wo +W1) JV fimax(wo +W5) (14c)
and

_ (Ky+B4 ? fimax(Wo + W)
fo_( 2 ) Kyno(Wo + Wr) ° (140)

The shape of the interface is characterised in Fig. 3 as b;,;; and
fomax Vary and is in good agreement with the shape of the inter-
face obtained from numerical results for the full PDE model (Figs. 7
and 8). The analysis suggests that the bacteria are either cleared or
the wound suffers an ongoing bacterial load. As the supply of neu-
trophils (ng) increases, @ will also increase until a critical point
in Regime 2, where the neutrophil killing rate is such that they
clear the bacteria entirely (solid blue line in Fig. 3). The analysis
also provides insight into the effect of supplemental oxygen, since
o= % depends on the characteristic oxygen level,
wy. We see that & increases with increasing wy if Wy <W, but
decreases if W, <Wj. Increasing & by increasing wg in the case
where W; <W, shifts the regime boundaries (dashed black lines)
in Fig. 3 to the left and therefore requires less from the neutrophil
supply to clear the bacteria (e.g. foyax can decrease and still clear
bacteria). Conversely, if W, <W,, increasing oxygen would mean
that neutrophils need to kill bacteria more efficiently to clear the
bacteria (e.g. fopmax Will need to be increased to still clear the in-
fection). Hence, the success of supplemental oxygen therapy will
be influenced by how the growth of bacteria and removal of bac-
teria depend on the oxygen concentration through the parameters
W; (half-maximal bacteria growth rate) and W, (half-maximal re-
moval rate). These parameters may be characteristic of a particular
strain of bacteria and will likely vary between different strains.

2.5. Parameter estimates

The mathematical model outlined above (see Eqgs. (1)-(4)) in-
cludes many parameters that can be estimated from the experi-
mental literature. Table 1 lists parameter values and their associ-
ated sources for the 1D model. It should be noted that the experi-
mental methods from which these estimates derive vary consider-
ably. As such, these references are used as a guide only to identify
reasonable parameter values. Additional details for certain param-
eters are given below:

o The random motility coefficient for neutrophils (D;) was chosen
so that the neutrophil-rich diffusion coefficient was 10 times
less than the chemotaxis coefficient (). In this way, the mo-
tion of neutrophils is dominated by chemotaxis, as is typi-
cally observed in cell migration (Lauffenburger, 1983; Stokes
and D.A., 1991). Hence, we take, D, = 0.1 x,/ng.

The neutrophil supply rate, A,, was chosen so that, in the ab-
sence of spatial migration, balancing neutrophil decay and sup-
ply in the healthy tissue region gives a density of resident
neutrophils typical of that found in healthy, undamaged tissue
(where n = ng). Hence, we take Ay = Aqng.

Following the work of Wood et al. (2002), the effective diffu-
sivity in a porous medium can be described by Maxwell’s solu-
tion:

D, 2(1-a)

D~ 2+a’
where D is the diffusivity in the extracellular fluid, Dy is the
effective diffusivity throughout the porous medium and « is
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this article.)

the volume fraction of extracellular material. Fixing o = 0.85
(Stephen, 2013) and taking the random motility coefficient for
bacteria in culture to be D =1.81cm?/day for S. Aureus (Yeong-
Chul, 1996), gives the diffusion coefficient (at maximal bacte-
rial density) in the surgical wound as D, = 0.191/K;, cm?/day.
Note that the factor K}, accounts for the nonlinear diffusion co-
efficient for bacteria; an equivalent value for a linear diffusion
coefficient would be given by D~ DyK;, when b~Kj. It should
also be noted that this theory was developed to estimate the
diffusivity of chemicals through cellular environments; we use
it here as a guide to estimate the diffusion coefficient of bacte-
ria in surgical wounds.

o The rate at which bacteria consume oxygen (A7) was taken to
be 100 fold less than that at which neutrophils consume oxygen
(Ag); this estimate is based on the assumption that neutrophils
consume oxygen at significantly greater rate than bacteria be-
cause of their larger cellular volume.

o The oxygen supply rate in healthy tissue, Ag, was chosen so that
in the absence of diffusion, the oxygen concentration in the
healthy tissue region would be the oxygen tension in healthy
tissue, w. That is, Ag = (Ag + Agng)w, where estimates of Ag,
Ag, g and w are given in Table 1.

e Surgical wounds are generally created in a “sterile” environ-

ment, so that the wounds we consider typically have low levels

of bacteria. We have therefore varied this parameter (b;,;;) over

a range of values (per cm) that represent a small initial bacte-

rial load, compared to the carrying capacity of the tissue. The

baseline value is taken to be b;,; = 5000/cm.

Estimates of the rate of bacteria removal (fypq) are not di-

rectly available from the literature, to the best of our knowl-

edge. We have therefore varied f,), to quantify differences in
model outcome.

2.6. Numerical method

Egs. (1)-(4) were solved for a 1D wound in a Cartesian geom-
etry (Fig. 1), subject to the prescribed initial and boundary condi-
tions (Egs. (5) and (6), respectively). The numerical solution of the
dimensional equations was obtained using MATLAB's pdepe.m,
which approximates the solution to initial-boundary value prob-
lems for systems of parabolic and elliptic PDEs in one space vari-
able and time (there must be at least one parabolic equation)
(MathWorks, 2017). We compare the final bacterial load at tfjpq =
10 days as the parameter values are varied. The bacterial load,
Bjoad> at time t was defined to be:

x=L;

2
Bioaa() = [ bix. Ddx
x=0
and was approximated using the Trapezoidal rule.
2.7. Treatment regimes

To understand the effect of supplemental oxygen therapy on the
final bacterial load, three regimes were simulated: no treatment,
30% oxygen for 2 h post surgery (control therapy) and treatment
with 80% oxygen for 6 h post surgery (experimental treatment).
These were implemented as follows:

e For no treatment, the arterial oxygen concentration was un-
changed from the baseline value in Table 1 (w =80 mmHg),
which represents the oxygen tension in healthy tissue under
room conditions (~21% oxygen).

« For the control therapy of 30% oxygen for 2 h post surgery, the
value of w was set to 121 mmHg for the first 2 h after surgery
(and then returned to the baseline value, w = 80 mmHg). This
is consistent with the control treatment regimes in Qadan et al.,
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Togioka et al. and Miles et al. (Myles and Kurz, 2017; Qadan
et al.,, 2009; Togioka et al., 2012). We denote this as treatment
A.

o For 80% oxygen for 6 h post surgery, the value of w was set
to 348 mmHg for the first 6 h after surgery (and then returned
to the baseline value, w = 80 mmHg). This is consistent with
the experimental treatment regimes in Qadan et al. (2009);
Togioka et al. (2012) and Myles and Kurz (2017). We denote this
as treatment B.

The change in w value affects the oxygen supply rate Aq (see
Table 1). The values of w under treatment were taken from a study
by Grief et al. in which the oxygen arterial partial pressure during
surgery was 121 4+34mmHg in patients receiving 30% oxygen and
348 + 97 mmHg in the 80% group (Greif et al., 2000).

Here we assume that the surrounding tissue is adequately per-
fused so that hypovolemia (decreased blood volume) does not ef-
fect the oxygen treatment.

3. Results

We use the mathematical model to simulate the time course of
different surgical wound infections in response to different treat-
ment regimes. With parameter values as per Table 1 and a neu-
trophil population which is extremely effective at removing bacte-
ria (fomax = 30), the model predicts that the surgical site infection
is removed by the neutrophils without any treatment. Fig. 4 shows
the spatio-temporal behaviour of the four species (neutrophils,
bacteria, chemoattractant and oxygen). The initial bacteria infec-
tion (on 0 < x < & =0.1) elicits an immune response; the bacteria
stimulate the release of chemoattractant which, in turn, attracts
neutrophils to the site of infection. The neutrophils clear the in-
fection so that the final bacterial load vanishes (tf,q = 10 days).
Also, at tsi,q = 10 days, there is negligible chemoattractant in the
domain, while oxygen and neutrophils reach bacteria-free steady
states in the healthy tissue. The oxygen concentration is close to
zero inside the wound domain since there is no oxygen supply
(oxygen supplied by the intact vasculature in the healthy tissue
only) so that oxygen can enter the wound region only by diffu-
sion and is quickly consumed by cells (see Eq. (4)). We note that
while the amount of oxygen is low in the wound domain, this does
not mean that the cells receive low oxygen; instead oxygen dif-
fuses into the wound and is consumed, resulting in low oxygen
levels. Since angiogenesis is neglected in this model, the interface
between the healthy and wound tissues does not move and the
oxygen is unable to diffuse any further into the wound space. Note
that the validity of our results depends on the validity of assum-
ing that the time scale of interest (10 days) is not long enough
for tissue repair and/or angiogenesis to occur, so that the bound-
ary between the two domains does not move over time. The level
of oxygen outside the wounded tissue is elevated during the sim-
ulation at times when the oxygen-consuming neutrophils are de-
pleted. The neutrophils are being attracted into the centre of the
wound site to deal with the bacteria. After the bacteria are re-
moved (at later times) neutrophils are no longer depleted outside
the wound and oxygen levels there return to normal.

With the same parameters used to generate Fig. 4 and a less
effective neutrophil population (fypx reduced from fopex = 30 to
fomax = 2), the neutrophils are unable to clear the surgical site
infection. Fig. 5 shows the spatio-temporal response of the four
species to an initial bacteria infection (on 0 <x < & = 0.1). Again,
the bacteria elicit an immune response resulting in neutrophil in-
filtration of the infection. In this case, however, the neutrophils fail
to clear the infection which instead spreads over the entire do-
main and grows substantially (that is, b(X, tgq) > biy;e for all x€ [0,
L,]). The bacterial density is relatively low until t =4 days, com-

pared to the bacterial density at large times, which is approxi-
mately spatially uniform. The oxygen concentration is again low in
the wound space, since oxygen is supplied only in the healthy tis-
sue and the interface between healthy and wound tissue does not
move over time. Oxygen that is supplied to the wound by diffusion
is quickly consumed by the cells. On the other hand, there is high
oxygen concentration just outside the wound, due to the migration
of oxygen-consuming neutrophils from the healthy tissue into the
wound space. The level of oxygen outside the wounded tissue is el-
evated throughout the simulation since the neutrophils have been
depleted and remain so until the final time, ty;,q = 10 days. The
bacteria distribution undergoes what appears to be a sudden shift
from low bacteria concentrations (at small times) to large ones (at
large times). This is characteristic of the logistic-type term used to
model bacteria growth. (Eq. (2)), which is one well-accepted model
for bacteria growth (Zwietering et al., 1990).

The results presented in Figs. 4 and 5 show that the mathemat-
ical model gives rise to (at least) two possible behaviours at long
times:

e b =0 everywhere (elimination), which we denote as state 0O;
e b> by, everywhere (infection), which we denote as state 1.

These outcomes are consistent with the predictions of the well-
mixed model outlined in Section 2.4 where we found at most two
long-term outcomes: bacterial elimination or bacteria persistence.
We now investigate this behaviour further by varying the initial
bacterial load (bj,;) and the maximum rate at which neutrophils
kill bacteria (fopqx) as per Fig. 3 under no treatment, the control
treatment (treatment A) and the experimental treatment (treat-
ment B).

Fig. 6 shows the final bacterial load (at ty,q = 10 days) when
bini¢ is varied from 5 to 50,000 and fypqay is varied from 1 to 90
under no treatment. The bacteria are eliminated (dark blue zone)
for combinations of low b;,;; values and high fypq values. For low
fomax and high b;,; values, there is a sustained bacterial infection
(yellow zone). Fig. 7 shows the final bacterial load when b;,;; and
fomax are varied while under treatment A (30% oxygen for 2 h),
where the solid red line indicates the separation of the (f2p1ax,
binir) parameter space in terms of bacterial elimination (state 0)
and bacterial infection (state 1), under no treatment (Fig. 6). Again,
regions of the parameter space in which bacteria are eliminated
are shown in dark blue while regions in which there is a sus-
tained bacterial infection are depicted in yellow. The mathematical
model predicts that the control treatment may increase the risk of
surgical site infection. That is, there are some regions of parame-
ter space in which the bacteria are eliminated without treatment
(Fig. 6) and which support an infection when the wound is treated
with the control therapy (Fig. 7). The final size of the bacteria pop-
ulation, if the bacteria are allowed to flourish, is close to the car-
rying capacity of the tissue (see Table 1).

Fig. 8 shows the final bacterial load when b;,;; and f,y4x are var-
ied under treatment B (80% oxygen for 6 h). The solid red and pink
lines indicate the separation of the (fypax, binie) Parameter space
in terms of bacterial elimination and bacterial infection under no
treatment (Fig. 6) and the control therapy (Fig. 7), respectively. Un-
der the mathematical model, the experimental treatment reduces
the risk of surgical site infection compared to the control treat-
ment, but the risk of infection is slightly increased compared to the
case of no treatment. Comparing the solid pink line to the interface
generated under treatment B, a shift to the left is observed. This
behaviour is consistent with the analysis from Section 2.4 since in
these simulations we have W; < W, (see also Fig. 3).

We performed a sensitivity analysis to investigate the effect of
changes in the parameter values on the outcome of the surgical
wound under no treatment, the control (treatment A) and experi-
mental (treatment B) therapies. We changed each parameter by a
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Table 1
Baseline parameter values for the 1D mathematical model, with supporting references (‘TW’ refers to this work). Where applicable, expressions used for parameter
values are given in brackets in the second column. Additional details for some parameter values are given in the main text (Section 2.5).
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2 4 6 8

10 30

Parameter  Interpretation Dimensional value Source
no Neutrophil healthy tissue density 1 x 107 neutrophils/cm Min-Ho et al. (2008)
w Arterial oxygen partial pressure 80 mmHg Belda et al. (2005)
bini Initial bacterial density 5000 bacteria/cm ™
Dy Neutrophil diffusion coefficient (0.1 /no) 2 x 10-10 ¢m?3/day/neutrophil ™
Xn Neutrophil chemotactic coefficient 0.02 cm?/day/ng Ebrahimzadeh et al. (2000); Jeon et al. (2002)
M Neutrophil death rate log(2) /day Cheretakis et al. (2006)
Ao Neutrophil supply rate (Aqng) 6.93 x 106 neutrophils/cm/day ~ TW
Dy Bacterial diffusion coefficient (0.191/K}) 7.64 x 1072 cm?/day/bacteria TW, Yeong-Chul (1996)
Ky Bacterial carrying capacity 2.5 x 107 bacteria/cm Kim et al. (2008)
B, Bacteria that gives half-maximal killing 100 bacteria/cm Romanyukha et al. (2006)
W, Oxygen that gives half-maximal bacteria growth 5mmHg ™
W, Oxygen that gives half-maximal bacteria killing 80 mmHg ™
fimax Maximum bacteria growth rate 18 /day ™
Famax Maximum rate that neutrophils can kill bacteria 30 bacteria/neutrophil/day ™
D Chemoattractant diffusion coefficient 0.216 cm?/day Moghe et al. (1995)
A3 Production rate of chemoattractant (2014) 80log (2) [day locono et al. (2000)
B, Bacteria that gives half-maximal chemoattractant production 500 bacteria/cm ™
Aa Chemoattractant decay rate 4log(2) [day Chung-Sheng et al. (2008); Laterveer et al. (1996)
As Chemoattractant removal rate 20 /day ™
Dy Oxygen diffusion coefficient 0.173 cm?/day Sasaki et al. (2012)
e Oxygen decay rate 15 [day TW, Hunt and Hopf (1997)
A7 Oxygen consumption by bacteria 7x10~7|day/(bacteria/cm) ™
Ag Oxygen consumption by neutrophils 7x10~% /day/(neutrophils/cm) Allen et al. (1997)
Ao Oxygen supply rate ((Ag + Agng)w) 5.72 x 10* mmHg/day ™
£ Size of initial bacterial domain 0.1 cm ™
Ly Length of wounded tissue 0.3 cm ™
L, Outer length (healthy tissue) 1.0 cm ™
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Fig. 8. Final bacterial density (at tfj,q = 10 days) with treatment B (80% oxygen for 6 h post surgery) as by, (initial bacterial density, vertical axis) and fopq (Maximum
bacteria death rate by neutrophils, horizontal axis) are varied. All other parameter values are fixed as per Table 1. Surgical wounds with small initial bacterial density and/or
high bacterial killing give rise to long-term bacterial elimination. For comparison, the solid red and pink lines represent the separation of the (fomax, bini) Parameter space
in terms of bacteria elimination and bacteria infection, under no treatment (Fig. 6) and the control treatment (Fig. 7), respectively. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Table 2

Effect of changing each parameter by a factor of 5 (up and down), under
no treatment, treatment A (30% oxygen for 2 h post surgery) and treatment
B (80% oxygen for 6 h post surgery). Here, ‘0’ represents that the surgical
wound is in a state of bacteria elimination after tf, = 10 days, while ‘1’
represents that the wound is in a state of infection after 10 days. ‘N/A’ refers
to this parameter change being physically unrealistic, given the other base-
line parameter values. Differences between results for treatment A and B are
highlighted in boldfont and the parameter values for which there is a differ-
ence between treatments are listed first in the table. We note that baseline
parameters in Table 1 give bacteria elimination, as shown in Fig. 4.
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factor of 5 (up and down) from their baseline values in Table 1;
the results of this sensitivity analysis are summarised in Table 2,
where ‘0’ and ‘1’ represent surgical wounds that are in a state
of bacterial elimination and bacterial infection, respectively, after
trina = 10 days. For the baseline parameters given in Table 1 the
outcome is bacteria elimination (state 0), as shown in Fig. 4. From
Table 2 we can see that the experimental treatment is predicted to
make no difference to the outcome after 10 days when compared
to the control treatment in 93% of cases (50 of the 54 parameter
sets tested), improves the outcome in 2% of cases (1 out of 54; in-
creasing Ag) and worsens the outcome in 5% of cases (3 out of 54;
increasing Dy, increasing K, and decreasing B,). Increasing the oxy-
gen supply rate (Ag) by a factor of 5 leads to bacterial infection for
the control treatment and bacterial elimination for the experimen-
tal therapy. Increasing oxygen supply will provide the neutrophils
with the oxygen they need to remove the bacteria from the wound.
Factors that might enable the oxygen supply to (permanently) in-
crease include improved circulation by vascular therapy. On the
other hand, increasing the carrying capacity of bacteria (K) or the
neutrophil diffusion coefficient (D) by a factor of 5 gives bacte-
ria elimination under the control treatment and bacteria infection
under the experimental therapy. Increasing the carrying capacity
of bacteria (K}) allows more bacteria to occupy a given space and
makes it more difficult for the neutrophils to remove the bacte-
ria. It is possible that the carrying capacity of bacteria will depend
on the local oxygen concentration, hence this may be a useful re-
sult for determining the effectiveness of oxygen treatment on SSIs.
Also, reducing the bacteria density that gives half-maximal killing
(B1) by a factor of 5 gives bacteria elimination under the experi-
mental therapy and bacteria infection under the control treatment.

Of the 50 parameter sets tested where the control and experi-
mental treatments gave the same outcome, the no treatment case
gave the same result in the majority of cases (68%; 34 out of 50),
gave a better result in 10 cases (20%) and a worse outcome in 6
cases (12%). Finally, we investigated the effect of changing the lo-
cation of the initial bacteria infection from the centre of the wound
to a non-central location and we found no quantitative changes
from bacteria elimination and infection.

4. Discussion

In this paper we have developed a simple mathematical model
that simulates infection in a surgical wound by considering the
interaction of neutrophils, bacteria, chemoattractant and oxygen
within a domain that contains a wounded region surrounded by
healthy tissue. To the best of our knowledge, this is the first math-
ematical model designed to assess the use of supplemental oxy-
gen to prevent the development of clinical infection of surgical
wounds. Using numerical simulations, and parameter values based
on experimental literature where possible, we have found that the
experimental oxygen treatment regime may be beneficial in clear-
ing S. aureus bacteria from surgical sites (compare Figs. 7 and 8),
however the results are dependent on the choice of model param-
eters (see Table 2). If parameters can be reliably estimated from
appropriate data, then the model has the potential to be used as a
predictive tool for testing the effect of supplemental oxygen treat-
ments.

In 2009, Qadan et al. conducted a meta-analysis to compare the
use of the control and experimental (as defined in Section 2.7) pe-
rioperative supplemental oxygen therapies to prevent the develop-
ment of surgical site infections (Qadan et al., 2009). Five clinical
trials were included in the meta-analysis and Qadan et al. con-
cluded that the experimental therapy “exerts significant beneficial
effect”. In 2012, a meta-analysis by Togioka et al which combined
seven clinical trials, including four of those in the Qadan et al.
analysis, found that experimental oxygen therapy was not bene-
ficial in preventing surgical site infections (Togioka et al., 2012). In
2017, Myles et al. performed a meta-analysis on 14 clinical trials,
including all of the data from the Togioka et al study, and again
concluded that there was no evidence to support the use of the ex-
perimental supplemental oxygen treatment regime to prevent sur-
gical site infection (Myles and Kurz, 2017). It should be noted that
all three meta-analyses produced results in favour of the experi-
mental treatment, however in the two more recent studies the ef-
fect was not statistically significant. Broadly speaking, our findings
are consistent with the results from the clinical trials. Firstly, our
model predicts that a surgical site (regardless of treatment) can
either result in establishment of a bacterial infection or bacteria
elimination (Figs. 4-8). Secondly, a sensitivity analysis of our cur-
rent model shows that there are parameter regimes where the ex-
perimental treatment (80% oxygen for 6 h post surgery) can have
a negative impact compared to the control therapy (30% oxygen
for 2 h post surgery), which is consistent with individual studies
included in the meta-analyses.

Our model could be extended in several ways. In this paper, we
have distinguished healthy and wound domains by the supply of
neutrophils and oxygen in the healthy tissue, as well as removal
of the chemoattractant. In practice, when an infection develops in
healthy tissue, it can damage the tissue and extend the wound
domain. Likewise, as the wound tissue heals, the wound domain
will decrease in size as new blood vessels grow in response to the
inflammatory signals present in the wound. We have not consid-
ered either of these factors in our mathematical model. Several
mathematical models have been developed to model wound an-
giogenesis and repair, see for example (Flegg et al., 2012; 2010;
2009; Pettet et al, 1996), which we can leverage to extend the
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current model. Furthermore, in our mathematical model, we do
not consider the administration of prophylactic antibiotics that can
be given to patients undergoing surgery (Hawn et al., 2013). This
will play an important role in the development of an infection
post surgery. One complicating factor here is that most antibiotics
are oxygen-dependent (Kohanski et al., 2007; M.T. and D., 2002),
so there would be an interaction between antibiotic effectiveness
and oxygen levels that would need to be modelled. Other possi-
ble extensions include incorporating the supply of oxygen from be-
low the wound and the effects of hypovolemia (state of decreased
blood volume) that will alter the effectiveness of oxygen treat-
ments (Gottrup et al., 1987).

The model could also be extended to consider surgical site in-
fections that are co-infected with an anaerobic bacterial species,
which does not need oxygen to survive. Finally, Lauffenburger and
Kennedy (1981) consider several interesting cases of impaired
immune response to bacteria, including defective phagocytosis
(killing of bacteria by neutrophils), neutropenia (decrease in the
number of circulating neutrophils) and defective emigration of
neutrophils. Our model can be extended to investigate these cases
(or combinations of cases) and the effect of treating them with
supplemental oxygen. An indication of the effect that neutropenia
and defective emigration of neutrophils exerts has been investi-
gated here in the sensitivity analysis (see ng and xp in Table 2, re-
spectively) where we detected no qualitative change in either case,
for the range of parameters tested. A more thorough investigation
could be carried out as an extension of the modelling. While these
extensions might lead to more realistic models, they would also
lead to more (unknown) model parameters, which need to be es-
timated. There is already considerable uncertainty surrounding the
values of the parameters in the current model, and so it may be
worthwhile obtaining more accurate estimates of these parameters
before extending the model. More accurate parameter values will
improve the predictive value of the current model.

With the ever-growing emphasis on the importance of sound
evidence in healthcare decision-making and policy, the power of
data-informed mathematical models to provide much needed in-
sight is substantial. Here we have developed a mathematical model
that can simulate the effect of supplemental oxygen therapy on
a surgical site infection and give informed understanding into
whether the bacteria infection is eliminated or persists.
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Appendix A

Here we present an analytical solution to the spatially varying
characteristic oxygen levels, wg, that is needed in Eq. (7). We make
a simplifying assumption that the oxygen concentration is dom-
inated by degradation and neutrophil consumption. This is rea-
sonable given that surgical wounds are created in sterile environ-
ments, with low levels of bacteria at early times. That is, we as-
sume that the spatial distribution of oxygen is governed by the
ODE:

0 = Dywg — AgWo — AgWonoH(x — L1) + AgH(x — Ly), (15)
subject to wp(0) =wg(L) =0, where wy represents the spatial
derivative of wy. The quasi-steady state assumption is reasonable
given that oxygen diffuses rapidly compared to cells (Sasaki et al.,
2012); this is a common approach when modelling the interaction
of chemical and cell species in the wound site (Flegg et al., 2012).
Eq. (15) can be solved analytically to give an approximate expres-
sion for the oxygen distribution across the domain as input pa-
rameters (Ag, Ag, Ag, Dw, Ng, L1, Ly) vary. We can therefore analyse

Eq. (7) by considering an oxygen distribution according to wg given

by:
Acosh(‘/[*,:x) 0<x<lL,
wo(x) = o
Ae+Agng _
Bcosh ( o (L, x)) + Tt Ao Li <x<lLly,
(16)

where A and B are constants given by:

*9 [*etigng
B Cig7gm0) tanh ( D (Ly —Ly)
[%g [%g hgtrgng \/)»6+A8n0 [%g
Dy sinh ( Wll) +\/ Dw tanh D (Ly —Ly) | cosh le

and

Y *
9 [ *6
ToTigmo tanh ( Dw L1>
* hgrigh x hgtighp *grigh ’
N ﬁcosh(d B0 (L -1y )>tanh<‘/ ﬁLJ-#\/GDivfomnh(\/sDivfo (L2—L1)>
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