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HARMONIC MAPS BETWEEN 3-DIMENSIONAL
HYPERBOLIC SPACES

VLADIMIR MARKOVIC

ABSTRACT. We prove that a quasiconformal map of the sphere S? ad-
mits a harmonic quasi-isometric extension to the hyperbolic space H?,
thus confirming the well known Schoen Conjecture in dimension 3.

1. INTRODUCTION

1.1. The Schoen Conjecture and the statements of the results. One
of the main questions in the theory of harmonic maps is when the homo-
topy class of a map F': M — N between two negatively curved Riemannian
manifolds contains a harmonic map. When F' has finite total energy the the-
ory is well developed and the existence and uniqueness of the corresponding
harmonic map has been established (see the book [20] by Schoen and Yau
and the article by Hamilton [8]).

In the case when F' does not have finite total energy much less is know.
The case that has mostly been studied is when M and N are both equal to
the hyperbolic spaces H", n > 2, with the corresponding hyperbolic metrics.
Here, we begin with a continuous map f : S*~' — S"~! and the question is
whether f can be (continuously) extended to a harmonic map H : H" — H"
(we make the usual identification JH" = S"~1).

If no further assumptions on f and H are imposed then this problem is
too general.

Remark. The corresponding Dirichlet problem for functions has been solved
in the 80’s by Anderson [2] and Sullivan [22]. They proved that every
continuous map f : S* ' — R can be extended to a harmonic function
H:H" — R.

The right level of generality was formulated by Schoen who posed the
following conjecture.

Conjecture 1 (Schoen, Li-Wang). Suppose that f: S*~' — S*~! is a qua-
siconformal map. Then there exists a unique harmonic and quasi-isometric
map H : H" — H" that extends f.

Schoen posed this conjecture in [18] for n = 2, but this was soon ap-
propriately generalized [14] to all hyperbolic spaces by Li and Wang. The
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uniqueness part this conjecture was established by Li and Tam [13] for n = 2
and by Li and Wang [14] for all n.

The existence part of the conjecture has been much studied. It was shown
by Li and Tam [12] that if the boundary map f : S* ! — S"! is a C!
diffeomorphism then f admits a harmonic quasi-isometric extension to H"”
(every C' diffeomorphism of S*! is quasiconformal). The authors show
that one can use the heat flow method to prove the existence of harmonic
maps in this case. Another important partial result was proved by Tam
and Wan [24], and independently by Hardt and Wolf [9], and it says that if
f:S"1 — S"1 admits a harmonic quasi-isometric extension that is also
a quasiconformal self-map of H" then a small perturbation of f admits a
harmonic quasi-isometric extension too.

We also mention the recent existence type result by Bonsante and Schlenker
[4] in which they prove that every quasisymmetric map f : S! — S! has a
unique minimal Lagrangian quasiconformal extension to the hyperbolic disc
H? (minimal Lagrangian maps are close relatives of harmonic maps).

Remark. If we write C = C(K1, K2, ...), we mean that the constant C de-
pends only on K, Ko, .... We use this policy throughout the paper.

The main difficulty in working with harmonic maps between hyperbolic
spaces is to control the harmonic map H : H* — H" inside the hyperbolic
space in terms of the regularity of the boundary map f : S"~! — S"~1. To
illustrate the subtlety of this issue we show in the next subsection that it is
easy to construct a sequence of diffeomorhisms f,, : S* — S', that converge
to the identity in the C° sense, but such that the corresponding harmonic
extensions degenerate on compact sets in H? and we can not extract any sort
of limit (this behavior is very different for the harmonic functions problem
we mentioned before that was solved by Anderson and Sullivan, where the
boundary map effectively controls the behavior of the harmonic function
inside the disc).

In the remainder of this paper we prove the following theorem (see the
next section for the definition of a (L, A)-quasi-isometry) which takes care
of the main difficulty we described above.

Theorem 1.1. There exist constants L = L(K) > 0 and A = A(K) > 0,
such that if a K-quasiconformal map f : S* — S? has a harmonic quasi-
isometric extension H(f) : H® — H?3, then H(f) is a (L, A)-quasi-isometry.

Remark. One of the reasons behind the proof of Theorem 1.1 is the quasi-
conformal rigidity (in the sense of Mostow) that holds in higher dimensions.
One way of expressing this is that every quasiconformal map of S*~1, n > 3,
is differentiable almost everywhere (and the derivative has maximal rank).
It is very likely that the previous theorem can be extended to higher di-
mensional hyperbolic spaces. However, our method does not appear to tell
us much in the case n = 2, as quasiconformal maps of S' (also known as
quasisymmetric) may not be differentiable anywhere and are not rigid in
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this sense (one may be able to prove a similar result for bi-Lipschitz maps
f:St—Sh.

What Theorem 1.1 theorem shows is that the set of K-qc maps of S? that
admit harmonic quasi-isometric extensions is closed with respect to point-
wise convergence. That is, if fy is a sequence of K-quasiconformal maps
that admit harmonic and quasi-isometric extensions, and if fy pointwise
converges to (a necessarily) K-quasiconformal map f, then f also admits
a harmonic quasi-isometric extension (this is a standard argument and it
follows from Cheng’s lemma [5] and the Azrela-Ascoli theorem).

The following theorem is a corollary of Theorem 1.1 and the result of
Li and Tam [12] that every diffeomorphism of S? admits a harmonic quasi-
isometric extension. It is a fact that every quasiconformal map of the 2-
sphere is a limit of uniformly quasiconformal diffeomorphisms.

Theorem 1.2. Every quasiconformal map of S* admits a harmonic quasi-
1sometric extension.

As we said, every quasiconformal map of the 2-sphere is a limit of uni-
formly quasiconformal diffeomorphisms. Whether such approximation result
holds in higher dimensions is a hard open problem. In dimension 4, it is re-
lated to the question of whether a 4-dimensional quasiconformal manifold
carries a differentiable structure. Thus, extending Theorem 1.1 to higher
dimensions would not directly imply the generalization of Theorem 1.2 to
higher dimensions (below we briefly discuss a somewhat different approach,
based on the same circle of ideas, that may lead to proving Theorem 1.2 to
all dimensions n > 3).

1.2. An interesting sequence of harmonic maps on the unit disc.
As promised above, we construct a sequence of diffeomorhisms f,, : S! — S,
that converge to the identity in the C” sense, but such that the correspond-
ing harmonic extensions degenerate on compact sets in H? and we can not
extract any sort of limit.

We construct harmonic maps by prescribing their Hopf’s differentials (see
[25], [23]). Let D = {# € C: |z| < 1} denote the unit disc and let p(z)
denote the density of the hyperbolic metric on ID. The Hopf differential of
a harmonic map f : D — D is given by

Hopf(f) = p*(f)(0f)(Df) d=*.

A harmonic map on D is uniquely determined (up to the post-composition
by a Mobius transformation) by its Hopf differential. If the Hopf differential
is smooth up to the boundary then the corresponding harmonic diffeomor-
phism is smooth up to the boundary (see [12]).

Set

on(2) = on=2,m=2 e D,
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for n € N, and denote by f, : D — D the harmonic map whose Hopf
differential is equal to ¢, dz? and normalized so that f,,(0) = 0 and f,,(1) = 1
(here 0 € D and 1 € S! = D).

Define the rotation R, (z) by

2mi
R,(z)=en z, z€D,

and observe that
(‘Pn © Rn) (R;L)2 = Pn-
This implies that the maps f, and f,, o R,, have the same Hopf differential
which yields that f, o R, = A, o f,, for some Mobius transformation of .
Since both f,, and f, o R,, fix the origin 0, we conclude that A,, is a rotation
(fixing the origin). Iterating the identity f, o R, = A, o f, we obtain the
identities
fnoRﬁ :Aﬁofm
for any k € Z. Letting k = n shows that A} is the identity and we conclude
that A4, = R,,.
It follows from the identities

fnoR, =Ry, o0 fn,

and f,(1) = 1 that f, converges to the identity map on S* when n — co. On
the other hand, the sequence ¢, dz? of the corresponding Hopf differentials
does not have a limit (it blows up on the annulus 1/2 < |z] < 1) and
therefore the sequence f,, does not have a limit.

1.3. The main ideas. All notation we introduce here will be defined in
more details later. We identify the hyperbolic space H? with the unit ball
model B3 C R?. By QC(S?) we denote normalized (fixing the same three
distinct points) quasiconformal maps of S? and by QI(B?) = QI(H?) the
space of quasi-isometries of H?3.

Each point 2 € B3 can be written in the polar coordinates = = p(, where
¢ € S? and p = |z|. By o we denote the probability Lebesgue measure on
S? and by A the measure on B? such that d\ is the volume element with
respect to the hyperbolic metric on B3.

For a continuous function F on B3, we let

Ar(p) = [ Flpg)do(c).
SQ
For a C? function F on B3, the following corollary of the Green’s Identity
holds true

(1) F(0) + / g (1)AF(z) dA(x) = Ap(r), 0<r <1,
IB?)

where AF' is the Laplacian of F' computed with respect to the hyperbolic
metric, and g, is the hyperbolic Green function for the ball 7B? (the Green
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function is defined on the product B3 x rB? but here we abuse notation
slightly but letting g, (z) = g,(z,0)).
The proof of Theorem 1.1 is based on the following three main ingredients:
e Forevery f € QC(S?), there exists a “good” extension G : QC(S?) —
(C?(B*)NQI(B?)). Among other things, the “good” extension G(f)
is “close” to being harmonic at a random point of B3 (by “close” to
being harmonic we mean that G(f) nearly satisfies the equation that
defines harmonic maps, see below for the precise statement). We con-
struct such an extension explicitly in the last section of this paper
(this extension is very similar to the generalized Ahlfors-Beurling
extension).
e The inequality, computed by Schoen and Yau in [19] (see the paper
[10] by Jager and Kaul for very similar computations) that gives a
lower bound for the Laplacian Ad?(f), where

d(f)(x) = dgs(G(f)(2), H(f)(2)),

and H(f) is the harmonic quasi-isometric extension of f (providing
it exists).

e Although we do not construct G to be conformally natural, after
replacing f by I o foJ (I,J € Isom(H?)) if necessary, we may
assume that d(f)(0) > ||d(f)|| — D, for some constant D = D(K)
that depends only on K (here ||d(f)|| is the supremum of d(f)(x),
for € B®). Applying (1) to d2(f), we get the main estimate

(2) (NI = Dl ~ D”+/gr(fﬁ)Ad2(f)($) dA(z) <
B3
< Agxp(r) <l

To prove Theorem 1.1, it suffices to prove

(3) AN < Dy,

for some constant D; = D;(K) and a K-quasiconformal (or just K-qc) map

f

The crucial estimate (3) follows from (2) and the following inequality:
There exists 0 < ro = ro(K, M) < 1 and D" = D" (K, M), such that

[ e @A) @) axa) = (D + Dl - D",
B3
for some 0 < r; < rg, and every K-qc map f.

The previous inequality will be proved using the properties of the good
extension and the lower bounds for Ad?(f)(z). We provide a more detailed
outline in the next subsection.

We conclude this part of the introduction with the following three re-
marks.
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Remark. Even if a qc map f € QC(S?) does not have a harmonic quasi-
isometric extension, we can always find the map H,(f) : rB> — B3, which
is harmonic and it agrees with G(f) on the sphere rS?. One may ask if this
method can be somehow applied to bound above the distance between G(f)
and H,.(f). All our estimates are taking place on a ball in B3, that is centered
at some point where d(f) is close to its supremum, and has a sufficiently
large radius (this is at the heart of our argument). But if we consider the
distance function dys(G(f)(x), H-(f)(z)), for  in B3, the point where the
distance is close to its maximum may be near the boundary of B3, and thus
rB3 may not contain the sufficiently large ball we need, so our method can
not directly be applied in this situation.

Remark. The existence of a “good” extension was used to prove that a
diffeomorphism of S*~! admits a harmonic quasi-isometric extension to H"™.
When f is sufficiently smooth on S"~!, then the good extension has the
property that the norm |7(G(f))| of its tension field is in L?(H"). In general,
when f is only quasiconformal, the “good” extension we construct does not
have strong enough properties and we can not apply the standard heat flow
method developed by Li-Tam. However, it is very reasonable to expect that
the heat flow whose initial map is a “good” extension actually converges,
and this author aims to explore this further. If so, this would give a proof
of Theorem 1.2 in all dimensions n > 3.

Remark. The reason we can construct the good extension G(f) is because
f is differentiable almost everywhere on S?, which is a manifestation of
quasiconformal rigid. This is not true for maps of the unit circle and it is
not clear how to construct such an extension in this case (unless perhaps if
the boundary map is bi-Lipschitz to begin with).

1.4. A more detailed outline. Given a map I € C?(B?), by e(F)(z) we
denote the energy of F' and by 7(F')(x) the tension field. Then F is said to
be harmonic if

7(F)(z) =0, z € H.

The extension G is continuous: if f, is a sequence of K-qc maps that
pointwise converges to some f € QC(S?), then G(f,) — G(f) in C?(B?)
(that is, the first and second derivatives of G( f,,) converge respectively to the
first and second derivatives of G(f), uniformly on compact sets in B3). Also,
the inequality ||7(G(f)|| < T = T(K), holds for every K-qc f € QC(S?).

We explain now what it means that G(f) is “close” to being harmonic at a
random point. For € > 0, K; > 1, and f € QC(S?), we define X;(K1,¢) C
B3 by letting z € Xp(Ki,e) if [7(G(f))(z)] < ¢, K(G(f))(z) < K1, and
e(G(f))(z) > 1 (here K denotes the quasiconformal distortion). If we keep
K, fixed and let € be small, then at such points the map G(f) is close to
being harmonic (and since K(G(f))(x) < K1, the map G(f) is locally K-
quasiconformal on X7y).
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Remark. We point out that harmonic maps are not necessarily everywhere
“close” to being harmonic in our sense. Although the tension field of a
harmonic map is zero, they do not have to be locally quasiconformal nor
their energy has to be greater that 1.

Theorem 3.1 below says that for every e > 0 and a K-qc map f, we have

(4) ;eria({g €S%: pl € X;(2K,€)}) — 1.

The convergence in (4) may not be uniform over all K-qc mappings, but
using the continuity of G we prove a uniformity statement (see Lemma 3.2
below) that is sufficient for us.

The way we use that G(f) is close to being harmonic on X (e) = Xf(2K,¢€)
is as follows. One easily computes ¢g = €g(K) > 0, such that for X; =
X¢(€o), from the lower bound of Ad?(f) we get

() AP > ()l >0, v e X,V €B: d()) > ),
and
(6) Ad?(f)(x) > —=T||d(f)||, for every = € B3,

for some constant ¢ = ¢(K) > 0, and where 7' = T'(K) was defined above.
From (6) and (2), we bound above the measure of the set

7 (“ €S*: d(f)(r¢) < "d;f)”}) < |70d7§”§)|\’

where @ (r) is a fixed function of r € [0,1), for a given K (see Lemma 4.1
below). Using this bound, the estimate (5), and the uniformity version of
(4), we show (see Lemma 4.2) that for every M > 0, there exists 0 < rg =
ro(K, M) < 1, such that

(7) / g, (2) A (f) () dA(z) > Ml(f)]] — (o),
B3

for some 0 < r1 < rg, where 1 (r) is a fixed function for a given K.
Let M = M(K) = D'+ 1. Then by (7) we have

/gn (@) Ad?(f)(z) dA(z) = M||A(f)]| =i (ro) = (D' +D)||A()]| = (ro).
B3
Replacing this in (2), we get

Id(A)I| < ¥ (ro) + D" = Dy = Di(K),

thus proving (3)
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1.5. Organization of the paper. In Section 2 we recall basic definitions
and needed formulas in B3. Section 3 is devoted to the definition of the
extension G and its properties. In Section 4 we prove Theorem 1.1 assuming
the existence of G. Sections 2,3, and 4 closely follow the above outline (these
sections are really the expanded versions of outline).

In the last section we explicitly construct G by working in the upper-
half space model of H3. The extension G is a version of the well known
Ahlfors-Beurling construction [3].

1.6. Acknowledgement. I am grateful to the referee for his/her comments
and suggestions. Most of this project was carried out while the author
was visiting University of Minnesota in Minneapolis as the Ordway Visiting
Professor. 1 wish to thank them for their hospitality.

2. PRELIMINARIES

2.1. Quasi-isometries and quasiconformal maps. For the relevant back-
ground on quasiconformal maps and quasi-isometries of hyperbolic spaces
see [15], [14], [24]. Let F' : X — Y be a map between two metric spaces
(X,dx) and (Y,dy). We say that F' a (L, A)-quasi-isometry if there are
constants L > 0 and A > 0, such that

Ly (F(a), Fy) ~ A < dx(e,y) < Ldy(F(z), F(y)) + A,

for every x,y € X (some authors call this a rough isometry but we stick
to the name commonly used in hyperbolic geometry). By QI(X,Y) we
denote the set of all quasi-isometries from X to Y and if X = Y then
QI(X, X) = QI(X).

We define the distortion function K(F')(z) by

max dy(F(x),F(y))

. dX(x7y):t
K(F)(z) = limsu . :
( )( ) t—)()p min dy(F(l‘)aF(y))
dx(l'vy):t

IfK(F)(z) < K onsomeset U C X, we say that F'is locally K-quasiconformal
on U. If F' is a global homeomorphism and K(F)(x) < K for every = € X,
we say that I’ is K-quasiconformal.

We will be consider quasiconformal maps of S? and locally quasiconformal
maps between open subsets of H?.

Each quasi-isometry F : H? — H? extends continuously to H3 and the
restriction of F to S? is a quasiconformal map. Moreover, if F and G are
two quasi-isometries of H? that have the same boundary values, then the
distance dys (F(z), G(z)) is bounded on H?3.

Definition 2.1. Once and for all we fix three distinct points on S*. A
quasiconformal map of S? is normalized if it fizes these three points. The
set of all normalized quasiconformal maps from S? to itself is denoted by

QC(S?).
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2.2. Tension, energy and the distance. For background on harmonic
maps see [20]. Given Riemannian manifolds (M, g), (N,h) and a C? map
F: M — N, the energy density of F' at a point x € M is defined as

1
e(F) = 5|dF|2

where the |dF|? is the squared norm of the differential of F', with respect to
the induced metric on the bundle T*M x F~'TN. It can also be written as

1
e(F) = itracegF*h.
In local coordinates this reads as

1 .. OF 9FPB
_ =i
olF) = LA

The tension field of F' is given by
7(F') = trace,VdF,

where V is the connection on the vector bundle T*M x F~'TN induced by
the Levi-Civita connections on M and N.

We let B? denote the unit ball in R3. By CF(B3 R?) we denote the
topological space of k differentiable mappings from B3 into R? equipped
with the standard C* topology. By C*(B3) = C*(H?) we denote the closed
subspace of C*(B?,R3) that contains those maps that map B? into itself
(here we identify the hyperbolic space H? with its unit ball model B3) .

As in the above definition, given a map F € C?(H?) by e(F)(z) we
denote the energy of F at € H3. By 7(F)(z) we denote its tension
field and by |7(F)(x)| the norm of the tension field at x. Recall that F
is a harmonic map if 7(F) = 0. We let ||7(F)|| = supgeps |7(F)(z)| and
lle(F)|| = sup,ems |€(F)(x)| (the tension field and the energy of F' are com-
puted with respect to the hyperbolic metric).

Definition 2.2. Given two mappings F,G, € C?(H?), we define the function
d:H? — [0,00) by

d(z) = dys(F(z),G(z)), x € H>.

Function d? is C?, and Schoen and Yau computed its Laplacian (see page
368 in [19], and also the papers [10] and [9] by Jager-Kaul and Hardt-Wolf
for similar computations). The following well known inequality is a corollary
of the formula from [19]. It was stated in many papers (see [6], [9], [13], [26],
24] ).



10 VLAD MARKOVIC

Let w1, ug,us be an orthonormal frame at z € H? and let vy, v9, v3 and
wy, wa, ws denote the orthonormal frames at the points F'(z) and G(z) re-
spectively such that the vectors v3 and ws are tangent to the geodesic seg-
ment connecting F'(z) and G(z) and point away from each other. Let

3
Fu(uw) =Y ol(x)v,
j=1
and
3 .
Ga(ui) =Y Bl(2)v;.
j=1

Denote by Ad?(x) the Laplacian of d?(x) computed with respect to the
hyperbolic metric. Then the inequality

(8)  Ad(w) = —2d(@)(|T(F)(@)| + [7(G)(x)])+
3 2

+2(0) 303 (@) + (Bi()?) tanh 42,
i=1 j=1

holds for every z € B3.
The following lemma is a corollary of (8) and it summarizes exactly how
the inequality (8) will be applied in the proof of our main theorem.

Lemma 2.1. If F,G € C*(H?), then
(9) AdX (@) = —2d(@) (I (P + [I(G)l), = € B

Moreover, let Ky > 1 and let U C H® be the set where the inequality
K(F)(z) < Ky holds. There exists a constant ¢ = q(K1) > 0 such that

(10) Ad*(z) > = 2d(z) (|7 (F) ()| + |7(G)(2)]) +
+ 2¢d(x)e(F)(z) tanh d(;), zeU.

Proof. The inequality (9) is an immediate corollary of (8). To prove the
inequality (10) we need to show

>3 (@] @) + (8 @)?) 2 qelF) (@), « € U.

This was proved by Tam and Wan (see page 12 in [24]) and we outline
their argument. By elementary linear algebra there exists a constant Ko =
K5(K7) such that if K(F)(z) < K; then

e(F) < KaJ5 (F)(x),
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where J(F) is the Jacobian of F. Then (again as an exercise in linear
algebra) they show that there exists a universal constant C' such that

3 2
Ji(F) () <03 (ol (@),
i=1 j=1

We let
1

CKy’
and observe that ¢ depends only on K7. Thus, we have the inequality

3 2
ge(F)(z) <33 (dd(@)? z e,

i=1 j=1
which together with (8) implies that the inequality (10) holds for x € U.

q:

O

2.3. The unit ball model of the hyperbolic space. As above, by B3 we
denote the unit ball in R3 and by S? = 0B3 the unit sphere. Every z € B3
can be written as @ = p(, where p is the absolute value of z and ¢ € S?
the corresponding point (¢ is uniquely determined by z when |z| # 0). All
formulas we state below are classical and can be found in chapters three
and four of [21], chapter five of [1], and chapter four in [17]. Our exposition
follows the survey article by Stoll [21] which in turn very closely follows the
exposition in [16].

We let o denote the Lebesgue measure on S? normalized to be a proba-
bility measure, that is ¢(S?) = 1, and we let ;1 denote the Lebesgue measure
on R?, normalized to be a probability measure on B3, that is p(B3) = 1.

By A\ we denote the measure on B3 such that

dp()
(1—[z[*)®
Then dA is a constant multiple of the volume element with respect to the
hyperbolic metric on B3.

In polar coordinates z = p¢, 0 < p < 1 and ¢ € S?, we have (taking into
account the normalizations we imposed on ¢ and pu)

dp(x) = 3p* dpdo ()

d\(z) =

and thus

3p% dpdo
d\(z) = w.

Definition 2.3. For a continuous function F : B> — R, we define the
spherical average

Ar(p) = [ Flp¢)do(c),
S2
for every 0 < p < 1.
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We say that a function on B3 is radial if it is constant on each sphere
¢S? C B3 (that is, the value of the function at z € B3 depends only on |z]).

Lemma 2.2. Let F and ® be continuous functions on B3 and assume that
D is a radial function. Then the identity
/ 3p2<1> (p)
/@@) /' ci—/ﬂ@Aﬂmme
B3 0 B3
holds.

Proof. Passing to polar coordinates we get

[o@r@ ‘//”% %) dpdo (<)

BS

3p%®(p)A
:/ p(l(f)pQ)k;(ﬂ) dp

:/@@Aﬂ@&@)
]B3
O

See Definition 3.3 in [21] and formula (3) in [1] for the definition of the
Green function on a hyperbolic space. By g, denote the Green function
(with respect to the hyperbolic Laplacian A) for the ball rB3. Then g, is a
radial function and is given by

r e
gr(fv):;/(l 2 )d57

S

||
for |z| < r and g,(z) = 0 when r < |z| < 1. The function g, is continuous
on B3.
The identity in the next lemma is obtained as the limit when ¢ — 0 of

the second Green formula applied to the functions F' and g, on the annulus
0 < e <|z| <r (see Theorem 4.2 in [21]).

Lemma 2.3. Let F': B> — R be a C? function. Then
(11) FO) + [ g@)AF@)d\@) = Ar(r)
B3

for each 0 < r < 1 (we recall that AF(x) is computed with respect to the
hyperbolic metric on H?).
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By g = g1 we denote the Green function for B3. We will need the following
standard estimate for g

(1—p?)? (1—p?)?

(12) consty < g(p) < constyg ————,
p

where const; and conste are universal constants and g(x) = g(|z|) = g(p).

We finish this subsection by observing that 0 < g.(z) < g(z), = € B3,
and that g, converges to g, when r — 1, uniformly on compact subsets of
B?.

3. GOOD AND ADMISSIBLE EXTENSIONS OF QUASICONFORMAL MAPS

In this section we state the theorem that a good (G) extension exists. In
the last subsection we prove an important property of G.

3.1. Admissible extensions. We are seeking harmonic quasi-isometric ex-
tensions of quasiconformal maps of the sphere S2. On the other hand, it is
well known that each quasiconformal map f € QC(S?) can be extended to
a smooth quasi-isometry. The Douady-Earle [7] (or the barycentric) exten-
sion is an example. In fact, the Douady-Earle extension is an example of an
admissible extension that we now define.

Definition 3.1. We say that a mapping £ : QC(S?) — (C?(H?) N QI(H?))
is an admissible extension if it has the following properties:

(1) Uniform quasi-isometry: There are constants L = L(K) > 1
and A = A(K) > 0 such that if f is K-quasiconformal, then E(f) is
a (L, A)-quasi-isometry.

(2) Uniformly bounded tension: There exists a constantT = T(K) >
0 such that

I (EUNII<T.

(3) Continuity: If f, is a sequence of K-quasiconformal maps that
pointwise converges to some f € QC(S?), then E(f,) — E(f) in
C?(H3) (that is, the first and second derivatives of E(f,) converge
respectively to the first and second derivatives of E(f), uniformly on
compact sets in H? ).

Beside being an admissible extension, the Douady-Earle extension has
further properties, like being conformally natural, real analytic, etc., but
this definition of admissible extension is sufficient for our purposes.

Recall that QC(S?) is the space of normalized quasiconformal mappings
of S?. We do not assume that an admissible extension is conformally natural,
that is if f € QC(S?), and I, J € Isom(H?) are two Mobius maps such that
I o folJ is again normalized, then we do not require that I o £(f) o J =
E(I o fold). The following lemma offers a suitable replacement.

Lemma 3.1. Let £ denote an admissible extension. Then for each K > 1
there exists a constant D = D(K,E) such that for every K -quasiconformal
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map f € QC(S?) and any two isometries I, J € Isom(H?) such that [o fo.J
is normalized, we have

sup digs ((T 0 E(f) 0 J)(@), (I o f 0 J)()) < D.

x€H3
Proof. The maps Io&(f)oJ and (Lo foJ) are both (L, A)-quasi-isometries,
where L and A depend only on K. Since these two maps agree on S?, it
follows that their distance is bounded by a constant that only depends on
K (see [15] or [14]) .

O

3.2. The G-extension. Given an admissible extension £(f), f € QC(S?),
we want to identify points in B3 at which this extension is close to being
harmonic and locally quasiconformal. We make this precise as follows.

Definition 3.2. Let Ki,e > 0 and let f € QC(S?) denote a K -qc map. De-
fine the (open) set X]‘f(Kl, €) C H? by letting x € XJ‘?(Kl, €) if the following
conditions hold:

(1) [7(G(f)(z)] <e,

(2) K(G(f))(z) < Ky, and

(3) e(G(f))(z) > 1.

When K is being kept fixed and we let € be small, then £(f) is close to
being harmonic on the open set X]‘?(Kl, €) (by definition, the map £(f) is
locally Ki-quasiconformal on X ? (K1,¢)).

The following theorem can be interpreted as saying that there exists an
admissible extension that is “close to being harmonic” at a random point in
H3. We now pass onto the unit ball model B? of the hyperbolic space H3.

Theorem 3.1. There exists an admissible extension G : QC(S?) — (C?(H3)N
QI(H?)) such that for every K > 1, € > 0, and a K-qc map f € QC(S?),
we have

(13) limo({¢ € §%: p¢ € X7 (2K, €)}) — 1.
p—1

Remark. We will prove Theorem 3.1 in the last section of this paper. Until
then, we fix once and for all such an extension G, and for each ¢ > 0 and a
K-qc map f € QC(S?), we let

(14) Xf(e) = X7 (2K, o).
We also fix the constant 7' = T(K) from the definition of an admissible
extension, that is ||7(G(f))|| < T, for every K-quasiconformal map f.

3.3. Uniformity properties of G. The convergence in (13) may not be
uniform over all K-quasiconformal mappings f € QC(S?), but since G is
continuous (see the property (3) in Definition 3.1) we can still prove a sim-
ilar (but weaker) statement that is quite sufficient for our purposes. The
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following lemma is a corollary of (13) and the continuity of G, and it will be
applied in the proof of Theorem 1.1 below.

Lemma 3.2. Let C1,Cs,¢g > 0 and K > 1. For each K-quasiconformal
f € QC(S?) we let

CQ, if:L‘ S Xf(eo),

—C4, otherwise.

(f,Cr,C2) = 2(f)(x) = {
Then for every M > 0, there exists 0 < ro = ro(M, K,C1,Ca) < 1 such that

(15) / &, (2)8(f) () dA(z) > M,
B?)

for some 0 < 1y < 7.

Proof. We first show that
(16) lim [ g (2)®(f)(2) dA(z) = oo,

r—1
B3

for each f € QC(S?).

By Lemma 2.2, we have

(17) /&(m)@(f)(x) d\(z) = /
B3 0
It follows from the definition of ®(f) that

3p°gr(p)As(r)(p)
(1—p?)3

dp.

Agp(p) = Cao({¢ € S?: pC e Xy(e0)})—Ci(1-0({C € S?: pt e Xy(e)}).

This inequality together with (13), implies that there exists 0 < rop =
ro(f,C1,C3) < 1, such that

C
Agip)(p) > 72, for every o < p < 1.

Plugging this into (17) shows that for every ro < r1 < r, we have the
inequality
1

2 ", 9
0

B3 0
Fix 71, and let 7 — 1. Since g, (p) — g(p) uniformly on compact sets in
[0,1), it follows that

T132T 7"132
(19) /(f_gpgp)g,,dp%/(lp_gpgp))?)dp, r— 1.

To To
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Using (12), we get

T1

2 '
liminf/?)pgr(p)dpz constQ/?)pdp
r=1 ) (1—p?)? (1-p?)

70 To

3 consto 1

which together with (18) and (19) proves (16).

We prove the lemma by contradiction. Suppose that there exists a se-
quence of K-quasiconformal maps fy € QC(S?), N € N, such that

(20) [e@at@ i <.
B3
forevery0<r§1—%.

The maps fy are normalized and K-quasiconformal. Thus, after passing
onto a subsequence if necessary, there exists a K-quasiconformal map f such
that fy — f pointwise on S?.

If v € Xf(ep), then € Xy, (e) for N sufficiently large. This follows
from the the continuity of G, and the fact that Xy is an open set. It follows
from the definition of ®(f) that for every z € B3, we have

O(f)(x) < ®(fn)(z), for N large enough.

This implies (using the Fatou Lemma) that for a fixed 0 < r < 1, we have

lin nf / g (2)2( i) () dA(z) > / g (2)B(f) (x) dA(x),
IB3 IB3

which together with (20) implies that the estimate

(21) / & (2)®(f)(x) dA(x) < M,
B3

holds for every 0 < r < 1. But this contradicts (16) and we are finished.
([

4. PROOF OF THEOREM 1.1

We prove the theorem assuming Theorem 3.1. The theorem essentially
follows from Lemma 4.2. The proof of the lemma relies on the uniformity
property of G we proved above and Lemma 4.1 we prove below.
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4.1. The distance between G and the harmonic extension. If a map
f € QC(S?) admits a harmonic quasi-isometric extension, we denote this
extension by H(f):B? — B3 (such H(f) is unique by [14]). We let

d(f)(z) = dgs (G(f)(x), H(f)(2))-

By ||d(f)|| we denote the supremum of d(f) over B3, which is finite since
both G(f) a H(f) are quasi-isometries.

To prove Theorem 1.1, we need to show that if f is K-quasiconformal,
then H(f) is (L1, Aj)-quasi-isometry, for some constants L1 = Li(K) and
A; = A1(K). To achieve this, it is sufficient to prove that

(22) (Al < D,

for some constant D1 = D;(K). We establish this inequality in the remain-
der of this section.

For each f € QC(S?), we choose a point 2 € B? where d(f)(z) > ||d(f)||—
1. Let I € Isom(H?) be such that 1(0) = x, and J € Isom(H?) be such that
J o f oI is normalized to fix the three points on S?.

By Lemma 3.1, the distance between G(J o f o) and J o G(f)o [ is
uniformly bounded above by D = D(K). Since H(Jo fol)=JoH(f)ol,
we obtain the estimate

d(Jo foI)(0) > ||d(J o foI)|lss — D 1.

Thus, after replacing f by J o f oI if necessary, we may assume that f is
such that

(23) d(f)(0) > [[d(NIl = D - 1.

In the rest of the section we prove (22) for every f having this property
(which will prove Theorem 1.1).
From now on, we assume that (23) holds.

4.2. The main formula for d?(f). The proof of inequality (22) for a K-
quasiconformal map f satisfying (23) (and thus the proof of Theorem 1.1)
is based on the analysis of the following identity

(24) d2(f)(0)+/gr(w)ﬁd2(f)(x) dA\(x) = Age(p)(r) < [lA(f)IP,

IBS

for every 0 <r < 1.

Since d?(f) is C2 on B?, this formula follows from (11) in Lemma 2.3 (the
upper bound in (24) follows from the assumption that o is a probability
measure on S?).

Replacing (23) in (24), we obtain the following inequality
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(25) 1d(HI* = D'llA(f)]] - D”+/gr(ﬂf)Ad2(f)(fv) dA(z) <
B3
< Age(p)(r) < |lA()IP,

where D' = D'(K) =2(D — 1) and D" = D"(K) = (D + 1)2.
4.3. Estimating the set where d?(f) is small. Set

1
(26) Yy ={zeB: d(f)(z) > S[ld()]]}-
We now bound from below the measure of the set 7S? \ Y.

Lemma 4.1. For each K > 1, there exists an increasing function g (r),
0 <7 < 1, such that assuming ||d%(f)|| > 1, the estimate

i (r)
N Hd( NI

holds for every K -quasiconformal f € QC(S?) satisfying the inequality (23).

c({CeS*: (g Yy} <

Proof. For simplicity, set
Yi(r)={CeS*: r{ €Yy}

Thus, we need to show

o (S2\ Yy(r)) < i (r)

We now use the lower bound (9)

Ad*(f)(x) > =2d(f)(2)|T(G(f)(@)] = =20ld(H[[|T (G, = € B,

from Lemma 2.1 to bound below the Laplacian Ad?(f). Since ||7(G(f)(z)|] <
T (recall that T is the constant from Definition 3.1), we obtain from the left
hand side inequality in (25)

9 _ D’ B D _
d“’ﬁ)(ltz'l(f)cl<2d/g7"‘”)

<wﬂm:/¥wmwm-/¥mww@s

S2\Yy(r)

/Hd H?da+ / %Hd(f)HQda.

Yi(r) S2\Yy(r)
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Dividing both sides by ||d(f)||?, and using the identity 1 = o(Y(r))+0(S*\
Y#(r)), we obtain the inequality

"

7S\ Y5 0) < g | D+

Wl Taon " QTE[ & (@) dAz) |

which proves the lemma for

4
vr(r) = 3 D' + D"+ QT/gT(x) d\(x)
B3

(Here we used the assumption ||d(f)|| > 1). The function ¢ (r) is increas-
ing.

O

4.4. The main lemma. Theorem 1.1 essentially follows by applying the
following lemma to the main inequality (25).

Lemma 4.2. For every K > 1, there exists an increasing function Vg (r),
0 < r < 1, with the following properties. For every M > 0, there exists
0<rog=ro(M,K) <1, such that assuming ||d(f)|| > 1, the inequality

(27) / g, (2) A2 (f) () dA(z) > MIIA(f)]] — e (ro),
183

holds for some 0 < r1 < rg, and every K-quasiconformal map f satisfying
Proof. Recall the set X¢(e) defined in (14). We let

1 1
€0 = eo(K) = —qtanh —,

4 4
where ¢ = ¢(2K) is the constant from Lemma 2.1. Set
(28) Xy = Xy(eo)-
From the inequality (10) in Lemma 2.1, and since d(f)(z) > 3(|d(f)|| >

%, z €Yy, we get
AQ2(f)(x) > —2d(f)(x)eo + 2qd(f)(x) tanh i v e X;NY;.

(Here we use that by definition |7(G(f))(x)| < € for € X;.) Thus, by the
choice of €g, and since d(f)(z) > 1||d(f)||, = € Y7, we get
1

Ad(f)(w) > ~2|ld(f)]| jqtenh |

1 1
+2q5]jd(f)]| tan , @ € Xy Y,
which yields

(29) Ad(f)(x) > Lalld(f)tanh 1, = € Xp Yy,
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As we already pointed out above, we have
(30) Ad*(f)(x) = =2/|d(f)||T, = € B,
where T'= T'(K) is the constant from Definition 3.1.
Next, we define the function ®(f) = ®(f,C1,C2) (from Lemma 3.2) by

%qtanh%, it z € Xy,

—2T, z € B®\ Xy,

(f)(x) = {

where Cy = C2(K) = 3qtanh§ and Cy = C1(K) = 2T. (We define ®(f)
for every f € QC(S?) regardless of whether it has the harmonic extension

H(f).)
It follows from (29) that

A (f)(x) > [[A()|B() (), for = € X;NYy.
On the other hand, from (30) it follows that
Ad*(f)(z) = [ld(H)lle(f)(x), for = € B>\ X;.

Finally, we estimate from below Ad?(f)(z) on Xf\Yy,. Here we use the esti-
mate that holds on the entire B? (which follows from (30) and the definition

of ®(f))
Ad®(f)(x) = |ld(N)1@(f)(x) = —=P|ld(/)]l, = € B,
where
P= 2T+1 ta h1
= 59 tanh 7.
The last three inequalities yield

(31) / g (2)Ad®(f)(z) dA(z) — [|A(f)] / g (2)B(f) (x) dA(x) >
B3 B3
> —P|ld(f)| / g (1) dA(z), 0 <7 < 1.
B:S\yf

By Lemma 2.2, we have

T

/ g (x) dA(x) = / & (0)Ay(p) dp(x),

B3\Y; 0

where x is the characteristic function of the set B3 \ Y. Thus, by Lemma
4.1 we have the bound

(32) / g () dA(z) <

B3\Y;

ox(r) [
s O/ & (¢) dpl).
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Let

r

() = Porc(r) / g () dp(a),
0

where @i (r) is the increasing function from Lemma 4.1. Therefore, the
function 1k (r) is also increasing. Replacing (32) in (31) we get

(33) /gr(w)Ad2(f)(w) dA(z) — Hd(f)ll/gr(w)@(f)(fﬁ) dA(z) = =k (r).
B3

B3

On the other hand, from Lemma 3.2, for every M > 0 we can find rg =
ro(M, K) such that

(34) [ en @@ ax@) = i,
B3
for some 0 < 1 < rg. Replacing (34) in (33), and using that ¢ (rg) >

Y (r1), proves the lemma.
O

4.5. The Endgame: A proof of (22). We now prove the estimate (22)
for every K-quasiconformal map satisfying (23), thus proving Theorem 1.1.
From (25) we get

1d(HI* = D'llA(f)]| - D" + /gr(x)Adz(f)(fv) dX(z) < |[d(f)]P,

B3
and by subtracting ||d(f)||? from both sides, we obtain
(3) [ s@ad ()@ dx@) < DI + D",

B3

for every 0 <r < 1.

Assume [|d(f)|| > 1 (otherwise we are done). Let M = D’ + 1, and let
ro = ro(K, M) = ro(K) be the corresponding constant from Lemma 4.2.
Then

/gn () Ad?(f)(x) dA(z) > MI|A(f)]| =¥ (ro) = (D' + D|d(f)]| =9k (ro),
B3
holds for some 0 < r; < rg. Replacing this in (35), we get

(D' + D[N = ¢x(ro) < D'|A(f)[| + D",

which yields
|1d()I| < ¥k (ro) + D" = D1 = Di(K).
This proves (22) and completes the proof of Theorem 1.1.
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5. CONSTRUCTING THE G-EXTENSION

We prove Theorem 3.1 by explicitly constructing G. By H? = R? x (0, 00),
we denote the upper half subspace of R3. Every point z € H? has coordinates
z = (z,t), where = (21, 22) € R? and ¢t > 0. We consider H? as the upper-
half space model of the hyperbolic 3-space H®. By Isom.(H?) we denote
all Mébius maps of H? that fix oo.

We let QC(R?) stand for the space of quasiconformal maps of R?, fixing
(0,0),(1,0), 00. We construct the extension

G : QC(R?*) — (C*(H?) N QI(H?)).
The required extension of maps from QC(S?) is then obtained by conju-

gating G by the Mdbius transformation that maps R2 to S? and the points

(0,0), (1,0), oo to the three points on S? that are fixed by maps from QC(S?).
Every map f € QC(R?) is differentiable almost everywhere (with the
derivative of maximal rank). If f(:v) = (u1(x1,x2),u2(x1,x2)), We let

S S IBLIE
(z
Wl Owj 8:65
denote the energy density of f (where defined) computed with respect to
the Euclidean metric.

5.1. Harmonic extensions of linear maps. Every invertible, orientation
preserving linear map L : R> — R? can be written as

L(z) = (ax1 + bxe, cxy + dx2),

for some real numbers a, b, ¢ and d, such that ad —bc > 0. The space of such
linear mappings is denoted by £(R?). Normalized maps from L£(R?) are in
QC(R?) and e(L) and K(L) are constant functions on R2.

Every map L € £(R?) has a harmonic quasi-isometric extension H(L) to
H3. It is given by (this was computed in [12], see also [24])

(36) H(L)(z,t) = (L(x), e(QL)t) .

Since the norm (with respect to the hyperbolic metric) of the vector
H,(v¢), where v; is any unit vector parallel to %, is equal to 1, it follows
that

(37) e(H(L))(z) > 1, z€ H?,

for every L € L(R?). Also

(38) K(H(L))(x,t) = K(L)(2), (o) € H,
and every L € L(R?). Of course,

(39) T(H(L))(x,t) =0, (x,t) € H?,

since H (L) is harmonic.
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5.2. The definition of G. We construct G using convolution operators,
and G can be seen as a generalization of the Ahlfors-Beurling extension (see
[11] for a very similar extension).

We let G(f) : H> — H? be given by

G(f)(at) = / f<x+ty>¢<y>dy1dy2,j§ / o(f)(@ + ty)dly) dyrdys | |
R2 R2

where ¢ is the Gauss kernel
1 _w?

¢(y) = 56_77

as in [11]. The two integrals used to construct G are the Gauss-Weierstrass
transformations of f and e(f) respectively.
Every K-qc map f € QC(R?) is Holder continous which implies that

(40) |f(x)] < const|z|, |z| > 1.

This shows that the first integral in the definition of G(f) converges.
We now show that the second integral is well defined. Let

Y1 —Y2
I(y>:I(y17y2): ) )
(y% +u3 uf +y§)
be the inversion mapping. There exists a neighborhood of infinity Q C R?
such that I o f maps € to is a bounded neighborhood of 0 € R?. Thus the
Euclidean area of (I o f)(Q2) is finite and we get

[0 dindye < o

Q

Since J(I)(y) = ﬁ, and using (40), we obtain

J J
/ ’(yﬁig) dyrdya < Q/m dy1dys < oo.

Since f is quasiconformal, the energy

e(f) = J(f),

is comparable with the Jacobian of f (uniformly on R?) and we get

JEUC
Q

|y |4

It follows that the second integral in the definition of G is well defined.

In fact, it follows from standard facts about convolution operators that
G(f)is C> on H? and that G is conformally natural with respect to Isome, (H?),
that is o G(f)oJJ =G(I o foJ), for I,J € Isoms (H?).
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Clearly G(f) extends continuously to R? (where it agrees with f) (see
[11]). Since G(f) is smooth and conformally natural with respect to the
transitive group Isoms,(H?), by the standard compactness argument and
other basic properties of quasiconformal maps (see any book on quasicon-
formal mappings) we verify that G is an admissible extension in the sense
of Definition 3.1. We leave to the reader to check this.

Moreover, if L € £(R?), then from linearity of L we get

[ 1+ o) dyndye = L(a).
R2

Since e(L) is a constant function on R?, it follows

/ e(L)(x + ty)d(y) dyrdyz = v/e(L).

R2

Thus, G(L) = H(L) is harmonic on H3.

5.3. The proof of Theorem 3.1. It remains to prove (13) from Theorem
3.1. Fix € > 0 and for a K-qc map f € QC(R?) we let

Xi(e) ={z € H’: e(G()))(2) > 1, K(G(/))(2) < 2K, |7(G(f))(2)| < €}
We have the following lemma.

Lemma 5.1. Suppose that f is differentiable (with the derivative of maximal
rank) at some point x € R%2. Then there exists tg = to(f,€) > 0 such that
(z,t) € Xy, for every 0 <t < to.

Proof. Again, we use the standard compactness argument. The proof is by
contradiction.

Suppose that there exists a sequence ¢, — 0, such that (x,t,) ¢ Xy(e).
We find I,, € Isoma,(H?) such that I,(z,1) = (z,t,), and J,, € Isom,(H?)
such that f,, = J, o f o I,, is normalized and therefore belongs to QC(IR?).
Note that the energy, the norm of the tension field and the distortion of
G(f) at (z,t,) is equal respectively to the energy, the norm of the tension
field and the distortion of G(f,,) at (x,1).

Since f is differentiable at x (with the derivative of maximal rank), the
sequence f, converges pointwise to an element L € £(R?). Then G(f,) —
G(L) in C* norm (which means that all derivatives converge on compact
sets in H?). In particular, the energy, the norm of the tension field and the
distortion of G(f,) at (x,1) converges respectively to the energy, the norm
of the tension field and the distortion of G(L) at (z,1).

Since we assumed that (z,t,) ¢ Xy, it follows that at least one of the
three equations (37), (38), (39) does not hold for L. This is a contradiction
and we are finished.

O
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To finish the proof, we conjugate the extension G to the map (also denoted
by)

G:QC(S?) — (C*(B*) N QI(B?)).

We have already established that G is an admissible extension. From Lemma
5.1, it follows that if a K-qc map f € QC(S?) is differentiable (with the
derivative of maximal rank) at some point (p € S?, then for some 0 < 79 =
ro(f,Co,€) < 1, we have 7y € X¢(e,2K), for every 19 < r < 1. The formula
(13) from Theorem 3.1 now follows from Lebesgue’s Dominated Convergence
Theorem and we are finished.
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