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NON-UNIQUENESS OF MINIMAL SURFACES IN A PRODUCT
OF CLOSED RIEMANN SURFACES

VLADIMIR MARKOVIC

ABSTRACT. We show that for every large enough g there exists a Fuchsian repre-
sentation p : m(Xg) — Hle PSL(2,R) which yields multiple minimal surfaces in
the corresponding product of closed Riemann surfaces.

1. INTRODUCTION

1.1. Minimal surfaces in products. Denote by ¥, a surface of genus g > 2, and
let Ty denote the Teichmiiller space of marked complex structures on ¥,. Fach
Fuchsian representation p : m(3¥g) — [[;_; PSL(2,R) yields the energy functional
E, : Ty — (0,00), given as the sum of energies of the corresponding harmonic
diffeomorphisms (see below). It is well known by the work of Schoen-Yau [13] that
E, is proper on Tg. Consequently, E, achieves its global minimum and therefore it
has at least one stationary point. Schoen [12] proved that this is the only stationary
point of E, providing n = 2 (the same trivially holds when n = 1). The purpose of
this paper is to address the case n > 2.

Theorem 1.1. For every large enough g > 2, there exists a Fuchsian representation
p:m(Xg) — [[o, PSL(2,R) such that E, : Tg — (0,00) has at least two stationary
points.

Remark. Labourie conjectured that given a Hitchin representation of 71 (Xg) in a split
real Lie group, there exists a unique equivariant minimal surface in the corresponding
symmetric space (in [6] he proved this conjecture when n = 2). Theorem 1.1 disproves
the analogous conjecture for Fuchsian (Hitchin) representations of 7 (¥g) to the semi-
simple Lie groups H?:l PSL(2,R). This shows that the theorem of Collier-Tholozan-
Toulisse [3] about the maximal representations into Hermitian Lie groups can not be
extended to Lie groups of rank greater than two. Another corollary of Theorem 1.1
is that there is no convex Riemannian metric on the Teichmiiller space for which
the energy functional is geodesically convex (this energy functional is defined at the
beginning of Section 2).

1.2. The New Main Inequality does not generalize. Given a diffeomorphism
f:S — S between Riemann surfaces S and S’, we let Belt(f) denote the Beltrami
dilatation of f. Then Belt(f) is a (—1,1) form on S which is expressed as Belt(f) =

%%, in local coordinates. A holomorphic quadratic differential ¢ on S'is a (2,0) form

(¢ = ¢ d2? in local coordinates).
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Lemma 1.1. For every g sufficiently large, there exist
e closed Riemann surfaces S and S’ of genus g,
e mutually homotopic diffeomorphisms f; : S — S', 1 =1,2,3,
e holomorphic quadratic differentials ¢; on S, satisfying the condition

¢1+ ¢2 + @3 =0,
such that the following strict inequality

1) ReZ / e Z / P

— | s

holds, where p; = Belt(f;).

Remark. The lemma does not hold when n = 2. It was shown in [§] that in this
case the right hand side of (1) is always greater or equal than the left hand side (we
called this The New Main Inequality since it generalizes the classical Reich-Strebel
Inequality). But this is as far as it goes, as Lemma 1.1 shows.

1.3. Outline. There are various proofs of the uniqueness of minimal diffeomorphisms
between Riemann surfaces (see the works of Brendle 2], Micallef-Wolfson [10], and
Lee [7]). However, the corresponding estimates for establishing the uniqueness of
minimal surfaces in the product of three (or more) closed Riemann surfaces do not
close (making this a supercritical case). In this paper we construct an explicit example
of a minimal surface in the product of three closed hyperbolic Riemann surfaces which
is not a global minimum of the energy functional. The strict inequality (1) conveys
the failure of the energy functional to achieve its minimum at this minimal surface.

The content of Section 2 is to prove Theorem 1.1 assuming Lemma 1.1 (the argu-
ment closely follows |8]). We construct the minimal surface h : S — M; x My x Ms,
where h; : S — M, is the harmonic diffeomorphism whose Hopf differential is
equal to t¢;. Then S is a stationary point of the corresponding energy functional
E': Ty — (0,00). However, the strict inequality (1) implies E*(S") < E*(S) provid-
ing that t is large enough. Therefore, energy functional does not achieve its minimum
at S. The remainder of the paper is devoted to proving Lemma 1.1 (harmonic maps
do not feature any longer).

In sections 3-6 we prove the version of Lemma 1.1 in which the Riemann surfaces
S is replaced with the unit disc. In Section 3 we define the notion of an admissible
path of Beltrami differentials u(t) = ti + t%ji + o(t?), and formulate Lemma 3.1
which is an infinitesimal version of Lemma 1.1. This lemma claims the existence of
suitable, mutually equivalent, admissible paths of Beltrami differentials on ID. Using
the explicit formula for solving the Beltrami equation on C, in Section 4 we explain
how to build equivalent paths p;(t) of admissible Beltrami differentials only in terms

The proof of Lemma 3.1 (and therefore of Lemma 1.1) is explicit. We construct
concrete holomorphic functions ¢;, and Beltrami dilatations j;, on D so that (1) holds.
The functions ¢; are squares of quadratic polynomials, and p;’s are then constructed
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so that (1) holds. In Section 5 we construct the corresponding Beltrami dilatations,
and estimate the integrals from (1) for an arbitrary quadratic polynomial. In Section
6 we write down the three polynomials and complete the proof of Lemma 3.1. In
Section 7 we extend the result from D to any closed Riemann surface of sufficiently
large injectivity radius (using standard approximation).

Throughout the paper we only use basic and classical computations and tools, the
extent of which is the formula for solving the Beltrami equation, and the occasional
use of the Stokes theorem (everything follows easily from first principles). We use z
to denote the complex variable on C, or a local complex parameter on a Riemann
surface. Also, we let z = x 4 iy, where i is the imaginary unit.

1.4. A few comments regarding the strategy for proving Theorem 1.1. Let
us say a few words about the strategy of the proof, and in particular about the con-
nections between the New Main Inequality and the behavior of the energy functional
at it’s stationary points. Let h : S — M; x My x M;3 be the minimal surface where
h; : S — M; is the harmonic diffeomorphism whose Hopf differential is equal to ¢;
(in partucular, ¢; + ¢ + ¢3 = 0). Then S is a stationary point of the corresponding
energy functional £ : Ty — (0,00). After computing the second variation of the
energy functional F, one verifies the following.

Observation. If S is a local minimum of E, then given any mutually equivalent ad-
missible paths p; : [0,t9] — BD(S) of Beltrami differentials, the inequality

3 3
he>" [ ouidody < Y- [ foliaf dody %)
=1 D =1 D

holds (here p;(t) = tf; + t2ji; + o(t?)).

The inequality (x) does not feature the metric on the target surfaces which makes
it robust and easier to work with (in fact, it holds for the energy functional defined
with respect to any conformal Riemannian metric and not just the hyperbolic metric
which is the one we work with here). Furthermore, if (x) does not hold for some choice
of u;’s and ¢;’s, then S is a stationary point which is not a local minimum of E. This
last statement motivates our strategy. Namely, in Lemma 3.1 we find examples when
(%) fails to hold (the formula (7) is the negation of (%) in the case when S is replaced
with D).

Lemma 3.1 is proved in the case when S is replaced by the unit disc. So, the most
direct way of showing that S may not be a local minimum of E would be to prove
the version of Lemma 3.1 (and the inequality (7) in particular) in the case when D
is replaced by S. But this is somewhat awkward to do (although not impossible).
Instead, we first observe that (7) yields the formula (9), which is then routinely
shown to imply (1) which holds on S. We then use (1) to prove that S is not a global
minimum of E.

Remark. Technically we do not show that S fails to be a local minimum of E (we
only show that the stationary point S is not a global minimum). This is the cost of
not proving (7) in the case when D is replaced by S.
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2. HARMONIC DIFFEOMORPHISMS BETWEEN CLOSED RIEMANN SURFACES

Let h : S — M denote a diffeomorphism between Riemann surfaces S and M of
genus g, and let ¢ denote the density of the hyperbolic metric on M. Set

0> = (0 o h)|h.| dedy,  |0h|* = (0% o h)|hz|* dady.
Define the energy density form
e(h) = |0h]* + |Oh[?,
the (total) energy of h

and set

Hopf(h) = (0 o h)h.(hz) dz>.

Then, h is harmonic if and only if Hopf(h) is a holomorphic quadratic differential on
S (which we call the Hopf differential of h).

2.1. Minimal surfaces in products. For each : = 1,2, 3, fix the following:

e Riemann surfaces M; of genus g endowed with complete hyperbolic metrics
with conformal densities o;,

e orientation preserving homeomorphisms G; : Xg — M;.

Set M = M; x My x M, and G : ¥g — M, where G = (G1, G5, G3). For each marked
Riemann surface S € T, let h; : S — (M;,0;) be the harmonic diffeomorphism
homotopic to G;. Denote by h : S — M the corresponding product map h =
(hl, ]’LQ, hg), and let

Definition 2.1. Given a pair (M,G) we define the function Ep g : Tg — (0,00) by
letting Epra(S) = E(h).

We say that h : S — M is a minimal surface if S is a stationary point of the function
Ey: Xg — (0,00). In this section we use Lemma 1.1 to prove the following theorem.

Theorem 2.1. For every large enough g > 2, there exist Riemann surfaces M;,
and homeomorphisms G; : Xg — M;, i = 1,2,3, such that the corresponding energy
functional By : Tg = (0,00) has at least two critical points.

2.2. Proof of Theorem 1.1. Theorem 2.1 is just a restatement of Theorem 1.1.
Indeed, each homeomorphism G; : ¥z — M, yields the Fuchsian representation
pi + m(Xg) — PSL(2,R). Define the Fuchsian representation p : m(Xg) —
Hf’zl PSL(2,R), as the product of Fuchsian representations p;. Furthermore, we
have the identity E, = Ey;¢. Theorem 1.1 now follows from Theorem 2.1.
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2.3. Proof of Theorem 2.1. Fix Riemann surfaces S, S’, diffeomorphisms f; :
S — &', and holomorphic quadratic differentials ¢; satisfying the assumptions and
conclusions of Lemma 1.1. For every t > 0, we let (M, o%) be the hyperbolic Riemann
surface, and Al : S — (M}, o!) the harmonic diffeomorphism, such that Hopf(hf) =
t¢;. The existence of such h! was established independently (and by different means)
by Hitchin [5], Wolf [16], and Wan [14] (see also Theorem 4.2 in [8]). Identify ¥4 with
S, and set G! = hl. Below we consider the induced function E' = E(ye gy : Tg — R.

Note that S is the critical point of each function E' because
Hopf(h') = Hopf(h}) + Hopf(h,) + Hopf(h}) = 0

where h! : S — M" is the corresponding product map. In other words, h! is a minimal
surface. The idea of this proof is to show that for ¢ large enough E' does not achieve
its minimum at S. Thus, the global minimum of E’ provides another critical point of
E' which proves the theorem.

We begin by observing that the inequality

3
(8 < _Ehio £
i=1

holds because the total energy of the diffeomorphism hi o f; ' : S’ — M! is greater
or equal than the energy of the harmonic diffeomorphism in its homotopy class.
Therefore, we derive

3
(2) E'(S") <D (E(hio fih) = E(hD)) -
=1
The following equality was proved in Proposition 2.3 in [8] (which is a restating of
(1.1) in [11])

£t ) - 1) = —aRe [0, 2 eI
S S

where p; = Belt(f;) (recall that e(hl) denotes the energy density form of hf). Com-
bining this with (2), we conclude that

(3) E'(S') — EY(S) < 4Re2/t¢11_| +22/ ht1|_M7M|2.

Dividing all terms in (3) by 4t yields

" Et(S’) Et ) ReZ/¢zl_|M|z+Z/< 2/1) al?

1— il

‘ 2

Claim 1. Let p denotes the density of the hyperbolic metrics on S. There exists a
constant C; > 0 such that
—2,(pt

i or ever t>1.
TR J y t>
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Furthermore,

p~2e(ht)

—2
— ils t — ,
5 P il 00

almost everywhere on S.

Proof. Let
a; = max p~*(p)|¢(p)|-

pes
It follows from Proposition 10 of Wan [14] that

maxp Ze(hh)(p) < 1+ /1 4+ 4(ta;)?

Dividing both sides by 2t yields

—2 t
pe(ht) 1 I,
=)« S ta?=Cy
5 Satyzta

assuming ¢ > 1. The second part of the claim follows from Lemma 2.2 in Wolf [15] (in

fact, the convergence is uniform in ¢, and locally uniform on the surface away from
the zeroes of ¢;). O

Using Claim 1, and applying the Dominated Convergence Theorem, we obtain

2 () e - B et o

|al?

Thus, for every 6 > 0 there exists t5 sufficiently large so that

ht6 |:U/2 ’MZ
Z/< 2, )1—|uz|2—2/‘¢@ Pt

Replacing this into (4) yields the inequality

(5) E(S/) E( < - RGZ/@ — +Z/|¢1 |:uz

MP

[t remains to observe that for § small enough the right hand side of inequality (5) is
strictly negative. In particular, letting ¢t = ¢5 for any such ¢, and using Lemma 1.1,
yields

E(S") — EY(9) < 0,
meaning that E' = E(y gty : Tg — (0, 00) does not achieve its global minimum at S.
The proof is complete.

3. ADMISSIBLE PATHS OF BELTRAMI DIFFERENTIALS

In this section we prove Lemma 3.2 which is the version of Lemma 1.1 on the
unit disc D. The proof of Lemma 3.2 is based on Lemma 3.1 which can be seen as
infinitesimal version of Lemma 1.1.
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3.1. The Normal Solution to the Beltrami equation. The space of Beltrami

differentials L$°(DD) is defined as the unit ball in the Banach space L>*°(D). Every

Beltrami differential p € L3°(D) yields the unique quasiconformal homeomorphism
# . C — C with the following properties:

(1) Belt(f*) = u on D* and Belt(f*) = 0 outside D*,
(2) f*(z) —z=0(1), when |z| is large.
We refer to f* as the Normal Solution to the Beltrami equation. Note that the

restriction of f# to D* = C\ D is conformal. Recall the classical equivalence relation
on L(D).

Definition 3.1. We say that p,v € L°(D) are equivalent (and write p ~ v) if
f*=f" on D*.

3.2. Admissible paths. A path in L{°(D) is a continuous map p : [0,t] — L5°(D)
where ty > 0 (here we used p to denote both paths and elements in L°(DD), but this
should not cause any confusion). A collection of paths p; : [0,t;] — L¥(D), t; > 0,
are mutually equivalent if 41;(¢) ~ p;(t), for every i, j, and every ¢t < min, t,.

Definition 3.2. A path p : [0,t0] — L°(D) is admissible if there exists fi, ji € L>(D)
such that

(6) [lu(t) = tie = tjil| oo = o(£?).

We let H'(D) denote the set of integrable holomorphic functions on D. The purpose
of the following three sections is to prove the following lemma.

Lemma 3.1. There exist mutually equivalent admissible paths
i1 0.t)] = LP(D) N C5°(D),
and functions ¢; € H'(D), i = 1,2, 3, with the property
¢1+ ¢2 + @3 =0,
such that the strict inequality

3 3
@ Re " [ouicdedy > 3 [ 6l dudy
=1 D =1 D

holds (here C§°(D) denotes smooth functions with compact support in D).

The following lemma is an immediate corollary. Before we state and prove it, we
recall the definition:

Definition 3.3. We say that 1,0 € L>®(D) are infinitesimally equivalent, and write
v, if

/¢ﬂdmdy— /gzﬁl)dxdy, for every ¢ € H' (D).

D D
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Lemma 3.2. There exist mutually equivalent Beltrami dilatation p; € LP(D) N
Cs°(D), and holomorphic functions ¢; € H'(D), i = 1,2, 3, with the property

(8) 1+ 2+ @3 =0
such that the strict inequality

9) Rez / Si s dody > Z / EX ‘_’“ - dady

holds.

Proof. Let p;(t) be the admissible paths from Lemma 3.1. From the admissibility
condition, we get
H pi(t)

1= (0P o)

o

— (tfui + t°fis)

Using this, we obtain

(10) Re2/¢ll| dxdy_tReZ/qb,uZ dady + t2 ReZ/qﬁlm dzdy + o(t?),

ZID le
and
3

|Nz 2 2 2
(11) E |6l —— s drcdy t |9l |f2i|* dzdy + o(t7).
11)/ /

Since p;(t) ~ p;(t) for every ¢, it is well known that /i; ~ f1; for every i,j € {1,2,3}.
Therefore, for every ¢ € H!'(D) the equality

[odnay= [opdedy  Vije(123)
D D
holds . Combining this with (8) yields

ReZ/qﬁl,ul dxdy = 0.

ZlD

Replacing this in (10) gives

(12) ReZ/ng - | dxdy = t? ReZ/gbuz )dxdy + o(t?).

We now appeal to Lemma 3.1. Combining the strict inequality (7) with (12) produces
the strict inequality

Re2/¢21_| > dzdy >t22/|¢1||uz|2dxdy + o(t?).
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Putting this together with (11) gives

Rez / b s _‘ dxdy > Z / |9 |_’“ dxdy + o(t?).

Letting p; = p;(t) for a small enough ¢ proves the existence of mutually equivalent
i, pa, 3 € L°(D) N Cge (D) satisfying the inequality (9) and we are done.
O

4. EQUIVALENT PATHS OF BELTRAMI DIFFERENTIALS

To prove Lemma 3.1 we need to construct certain mutually equivalent admissible
paths of Beltrami differentials. This construction is underpinned by classical methods
in the theory of quasiconformal maps. In this section we state and prove what we
need to carry out this task.

Given two infinitesimally equivalent i, 7 € L*°(ID), we construct an admissible path
of Beltrami differentials p(t) = tj1 + t?ji + o(t?) which is equivalent with the path ¢,
and which satisfies the property (2) from Proposition 4.2. This property expresses
integration of the second derivative /i in terms of the integration of the first derivative
g and T'(j1) (here T is the Beurling transform).

4.1. Cauchy’s and Beurling’s transforms. We begin by recalling Cauchy’s and
Beurling’s transforms (see [1], [4]). Suppose h € LP(C) for some p > 2. The Cauchy
transform P is defined by

L [ h(S)
13 P(h = —— | —*dxdy.
(13) (1)) =~ [ FL dody
C
The Beurling transform T of h € CZ is the Cauchy principal value
I h(Q)
|(—z|>€

(Here C2 denote the space of twice continuously differentiable functions with compact
support in C.) We recall (see [1], [4])

Proposition 4.1. Assume h € L*(C) has compact support. Then P(h) and T'(h)
are well defined, and P(h)(z) — 0 when |z| — oo. Furthermore, the equalities
(P(h))z = h and (P(h)), = T'(h) hold in the sense of distribution. If in addition h is
smooth then P(h) and T'(h) are smooth as well.

4.2. The formula for the Normal Solution to the Beltrami equation. Suppose
that u € L{°(D). Recall the Normal Solution f#: C — C which solves the Beltrami
equation fL' = ufF and satisfies the normalization f*(z) = z + O(1) near co. We
can express f# in terms of the singular operators (see [1], [4])

(15) =24 P(u) + P(uT () + P(uT(uT (1)) + - --
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4.3. Building mutually equivalent and admissible paths of Beltrami dif-
ferentials. Recall Definition 3.3. We note that i, € L°°(D) are infinitesimally
equivalent if and only if

P(j)(z) = P(#)(z), = eD"

Proposition 4.2. Suppose 1, € L>®°(D)NCC(D) are infinitesimally equivalent (that
is, L = ). There exists an admissible path p : [0,t] — L°(D) N CP(D) such that

(1) w(t) ~tw, for every 0 <t <t,
(2) [ wjidedy = [ 6 (77(7) T () dady.

Proof. Assuming t < (1/]|9||-0), we have
f7(2) = 2 +tP(0)(2) + PPT () (2) + BPWT@T () (2) + -,
which we write as
f%(2) = 2 +tP(0)(2) + *P(OT(¥))(2) + R(t)(2),
where
R(t) =t*PwT@T())) +t*"PETET (T (D)) + - - -
Note that f is smooth and R; € C°(D). Set
fi=vT() — pT (),
and note that ji € C°(D). Define
9(t)(2) = z + tP(j1) + *(P(ji) + P(AT (1)) + R(t)(2),
Since P(j1) = P(v) on D*, and from the choice of /i, we conclude that
(16) g(®)(z) = f(2), for zeD".
Observe that Belt (g(t)) € C5°(D) because f, ji, Rz € C5°(D). Moreover,
(17) Belt(g(t)) = ti + t*ji + o(t?).

Therefore, g(t) is quasiconformal when ¢ is small enough.

Let to be small enough so that both f% and g(t) are quasiconformal, and set
Belt(g(t)) = u(t). Then p : [0,t] — L°(D) N CP(D) is a well defined admissible
path (the admissibility follows from (17)). Moreover, g(t) = f*® (because f*® is
normalised by definition, and g(¢) by construction). From (16) we conclude that p(t)
and tv are equivalent (that is, u(t) ~ tv) for every t. This proves the proposition.

U
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5. THE KEY LEMMA

In the next two sections we prove Lemma 3.1. We choose certain quadratic poly-
nomials to be the corresponding holomorphic functions ¢y, ¢o, ¢3 € H' (D) from the
statement of Lemma 3.1. We then use Proposition 4.2 to construct the corresponding
equivalent and admissible paths of Beltrami differentials. Before we carry out this
construction in the next section, we need to explore how Beltrami differentials pair
up with quadratic polynomials.

In particular, we need to establish the inequality (7) from Lemma 3.1. In order
to succinctly express this inequality, we introduce the following functional. For a
piecewise smooth function f : D — C, we define the functional

(18) F(f)= [ |f:/"dady + Re [ f.f:dxdy.
/ /

In the next section we explain how this functional is related to the inequality (7). In
this section we compute the key inequality (20) involving F which will then be used
to derive (7).

Lemma 5.1. Suppose ¥(2) = a + bz + c2* is a quadratic polynomial which has no
zeroes on the unit circle OD. Then for every € > 0, there ezists i € L>(D) N C5 (D)
such that

(19) P =, zeD,
and
(20) |]-"(@/)P(,a)) — 7T(|a|2 + Re(ac))‘ < e.

5.1. An auxiliary proposition.
Proposition 5.1. Let Z C D be a finite set of points, and f :Lﬁ — C a smooth
function. Then for every € > 0, there exists a smooth function g : D — C such that
(1) f(2) =g(z) for z in some neighbourhood of 0D,
(2) g(z) =0 for z in some neighbourhood of each zy € Z,
(3) |F(f) = Flg)] < ¢/2.

Proof. Without loss of generality we may assume Z = {2y} (this will be evident from
the proof). We split the proof of Proposition 5.1 into two claims.

Claim 2. Suppose [ : D — C is a smooth function. For every ¢ > 0, there exists a
smooth function h : D — C such that

(1) f(z) =h(z) for z in some neighbourhood of 0D,
(2) h(z) = f(z0) for z in some neighbourhood of zo,
(3) [F(f) = F(h)| < /4.

Proof. Near zy we have f(z) = f(z9)+R(2), where R(z) = (2—20)A(2)+(2 — 20) B(2),
and A and B are smooth functions near z;. Therefore, there exists K > 0 (depending
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only on f) such that

(21) |R(2)| < K|z — 20|, |R:|(2),|R.|(2) < K, for |z—z| small
Let p: D — [0, 1] be such that

1, 2r <|z— 2|
p(z) =
0, 0<|z— 2| <,

and
10
(22) [1z]lo0 = llp=lloe < ——.
Set
) f®), 2r < |z — 2
h(Z) = {f(Zo) +p(Z)R(Z), 0< |z — zo| < 2r.

Then h is smooth and satisfies the properties (1) and (2) from the statement of the
claim assuming 7 is small enough. It remains to compute F(h). The following two
identities (which hold when |z — zo| < 2r)
ha(2) = pzR(2) + p(2) Rz, ha(2) = p2R(2) + p(2) Rz,
together with (22) and (21), yield the estimate
|hz|(2), || (2) < 21K, when |z — 2| < 2r.
Let Dy, be the disc of radius 2r centred at zg. Since h = f on D\ Dy, we get

[F(f) = F(h)| < / (Lf=* + [hal® + 1 LA 2| + Rl |hz]) dzdy = O().
Doy

Choosing r small enough so that O(r?) < €/4 proves the claim.
U

Claim 3. Let h : D — C be a smooth function which is constant in some neighborhood
of zo. For every e > 0, there exists a smooth function g : D — C such that

(1) g(z) = h(z) for z in some neighbourhood of 0D,
(2) g(2) =0 for z in some neighbourhood of zo,
(3) [Flg) = F(h)] < e/4.

Proof. To simplify the notation we let h(zy) = V. We may assume that V # 0
(otherwise we set g = h and the claim is proved). Fix s > 0 so that the disc Dj is
contained in D. Let r < s be small enough so that h(z) =V, Vz € D,. We define
the function p: D — C by

0, s < |z — 2

p(z) = élog T TS |z — 20| <'s

V, 0<|z— 2| <
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Note that p is piecewise smooth. Set g(z) = h(z) — p(2). Then g is piecewise smooth
and it satisfies the properties (1) and (2) in the statement of the claim. We compute
F(g). Since g = h on D\ Dy, and since both g and h are constant on D,., we get

Flg) - F(h) = /qm%+M%mw+Re/X%%—mmMMy
D, \D, D\D,
From here we obtain the estimate
Flg) — F(h)] < / (2=l hel + 105I + 19l sl + ol s] + ol ps]) dxdly.
DS\DT

Choose K > 0 so that ||h.||c, ||2z|]ec < K. Then

(23) \ﬂw—fWHsmwwﬁ)/ (los] + pz® + |p=] + |pzllp:|) dady.

D,\D,
Using the equalities
V] 1
z = |Pz = ) f; < - <s,
() = 104 = (s ) gy for TSl nl <
we compute
Vi / 1
2|+ |ps]) dady = 4 dt = O ,
[ ot 1o iy = am (5 o
Ds\D, r
and
VI 1
22 z 2 d d :4 | /—dt
[ o bpdip oy = am (5 ) f
Ds\D;, T

W|2( s\ 7V 1
—dr (52 ) (log?) = = .
m (210g§ °8 r log 2 O log%

Replacing this back into (23) shows that

79) - 70 =0 (1 )

log %

Choose r small enough so that
€
F(9) = F(h)I < £
Note that ¢ is piecewise smooth with cracks at the circles 0D, and 0D,. It remains

to smooth g over these cracks so it satisfies the properties (1), (2), and (3) from the
lemma.
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First, set go = ¢ (observe that r and s that were used to define gy are now fixed).
Let § > 0 be another parameter, and let D,(d) denote the disc of radius ¢ centered

at z. Set
1

B Area(D.(0) ND)

95(2) / g(w) dudv.

D, (5)ND

For each small enough ¢, the function gs satisfies the properties (1) and (2) from the
lemma. Note that gs is smooth with respect to z, and continuous with respect to 9.
Moreover, the first derivatives of gs; are uniformly bounded for all d’s, and converge
almost everywhere on D to the corresponding first derivatives of go = ¢g (which are
bounded, piecewise continuous functions). From the Dominated Convergence Theo-
rem we conclude F(gs) — F(g), when 6 — 0. Therefore, we can find ¢ small enough
so that gs also satisfies the property (3) from the lemma.

Remark. The second (and higher order) derivatives of gs do not stay bounded when
o —0.

O

The proof of Proposition 5.1 follows now by applying Claim 2 and Claim 3. Namely,
given a smooth function f : D — C, using Claim 2 we construct a smooth function h
which is constant in some neighborhood of 2zy. Then, using Claim 3 we find a smooth
function g which is equal to zero in some neighborhood fo zy. Both h and g agree with
f on D. The property (3) in Proposition 5.1 follows by combining the corresponding
properties (3) in the two claims.

~

5.2. Proof of Lemma 5.1. Set f(z) = az 4+ b+ cz. Since ]?2 = a, and fz = ¢, we
easily compute

(24) ]:(f) =T (|a|2 + Re(ac)) )

Note that f(z) = ¢ + b+ cz, when |2| = 1. In particular, f can be extended

holomorphically near dD. Therefore, we can replace fwith a smooth f: DD — C so
that f = f on JD, f: has compact support in D, and the inequality

(25) |F(f) = 7 (Ja]* + Re(ac))| < g

holds. Let g : D — C be the function satisfying the properties (1), (2), and (3), from
Proposition 5.1, where we take Z to be set of zeroes of 1. Therefore

(26) ‘.7-"(9) - (|a|2 + Re(ac))‘ <,
and
(27) g(z) = wiz), z € OD.

We define A : C — C by

2, 1< 2|
A=) = {g(z) |z| < 1.
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Let us show that A is smooth. This is clearly true away from 0D, and the zeroes
of ¥. Since g = 0 near the zeroes of v, it follows that A = 0 near the zeroes of .
In particular, A is smooth near the zeroes of . It remains to examine the situation
near JD. It follows from (27) that A is continuous near dD. Since f; is equal to
zero near O, and g = f there, it follows that ¢ is holomorphic near 0D. Thus, A
is holomorphic on U \ dD, where U C C is some neighbourhood of dD. Combining
this with the fact that A is continuous on U shows that A is holomorphic on U. In
particular, A is smooth on U.

Let f(z) = As;. Note that g € L°(D) N C°(D) because f; = 0 near dD, and
g = f near dD. The function (A — P(f)) is bounded and holomorphic on C. Thus
(A — P(1)) = const. Since both A(z) and P(f)(z) tend to zero when z — oo, the
identity A = P(j) follows. Returning this into (26) shows

|F (v P(2)) — 7 (|af* + Re(ac))| < e,

and we are done.

6. PROOF OF LEMMA 3.1

We are now ready to prove Lemma 3.1. We begin by selecting the quadratic
polynomials 1, 15, 13. We then select the corresponding Beltrami differentials using
Proposition 4.2. In particular, the property (2) from Proposition 4.2 enables us to
reduce the computations involving ji to the computations involving ji. This is how
we reduce the inequality (7) to the inequality (20) which was proved in the previous
section.

6.1. Three polynomials. Define the following polynomials of order two
25 25 25
P =1i— 5z—|—izz2, Uy :i—|—5z—|—iz,22, Vs = —V2 + 2222.
The reader can easily verify the identity

(28) U+ s =0,
and the equality
3

(29) WZ (Jai|* + Re(a;c;)) = —21,

i=1

where 9;(2) = a; + bz + ¢;2%, i = 1,2, 3.

6.2. Proof of Lemma 3.1. Letting ¢» = 1;, we apply Lemma 5.1 (taking € to be
equal to 7) to obtain the corresponding fi; € L>®(D) N C°(D) which satisfies the
identity (19), and the inequality (20). Let v € L*(D) N C§°(D) be any element such
that

1
(30) P@)(z)=-, =zeD".

z
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Using Proposition 4.2 we build admissible paths pu;(t) : [0,%] — L*(D) N C3°(D),
each of them equivalent to tv for every ¢ (that is, p; ~ tr), and such that

(31) / W2 dedy = / 2 (UT(0) — T (i) dedy.

Summing over i = 1,2,3, and using (28), we get

3 3 3

@) Y [wtidedy == 3" [T () dody = = Y [ 02PuGin) Pl dedy
=15 =15 i=1

(the second equality follows from Proposition 4.1). Observe the equality

(33) / GRS PuGis) dody = [ (6P (6:P(0), dody = [ (03)-(P o)z dady,

D D
From the Stokes theorem (and using again that v; is holomorphic), we find
2 2 _ 1 2\ p2/;
[Py = / 0 (1):P2(i)) dz Nz = o [ (WP
D oD

Since P(p;) = P(fj) on 9D for all 4, j, and since (¢7), + (¢3), + (¢3), = 0 (which
follows from (28)), we conclude

3

> [wa ety =0

i=1

Replacing this into (33) we obtain

/wQP f1:) Ps (fi d:cdy—Z/ iP (1)) (Y P (1)), ddy,

which together with (32) yields

(34) Z / VRjisdndy = - Z / GuP () (P ), drdy
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Finally, using (20) and (29) we estimate from below the right hand side of (34)

Z/wlz'uZ drdy = _Z/ (djlp(ﬂz))Z(d}zP(Mz))zdxdy
= 20m + Z/ |(¢ip(ﬂi))2|2da:dy

3
> 20m + Z/wﬂmﬁ dady
=1 D

This proves the strict inequality (7), and we are done.

7. PROOF OF LEMMA 1.1

The proof of Lemma 1.1 is based on combining Lemma 3.2 together with the
standard approximation method. In other words, we promote the strict inequality
(9) which holds on D to the inequality (1) which holds on a closed Riemann surface
of a sufficiently large injectivity radius.

Remark. Although the following observation is irrelevant for this paper, we note that
this strategy is not reversible, meaning that it is not possible to promote (1) to (9)

because the Theta projection is a strict contraction in L' norm as proved by McMullen
[9].

7.1. Theta Projection. In this section I' always denotes a Fuchsian group acting
on D such that D/T" = S is a closed Riemann surface.

Definition 7.1. By L°(I') C LY°(D) we denote the set of functions h satisfying the

equivariance condition:
A
h = (h O A)E,

for every A €T,

Definition 7.2. By QD(I") we denote the set of holomorphic functions h on D sat-
wsfying the equivariant condition:

h=(ho A)(A,
for every A €T.
The Theta Projection © : H!(D) — QD(T) is given by

O(p) = (po A)(A).

Ael



18 VLADIMIR MARKOVIC

Note that O(¢) is a lift of a holomorphic quadratic differential from the Riemann
surface S.

7.2. Preliminary propositions. We make a note of the following elementary propo-
sition. The proof is left to the interested reader.

Proposition 7.1. Let K be a compact subsel of D, and let ¢ € H'(D). For every
€ > 0, there exists d > 0 such that whenever the injectivity radius of S = D/T" is
greater than d the estimate

(35) 1(0(6) = )l <
holds. (Here (©(¢) — ¢) . is the restriction of ©(¢) — ¢ to K ).

Definition 7.3. Suppose € L°(D). Let I' be a Fuchsian group and fiz v € L3°(T).
We say that u s e-extended by v, if there exists a fundamental domain 2 C D for I’
such that ||p — val|leo < € (here v denotes the restriction of v to Q).

Remark. Clearly, if u € L°(D) is e-extended by any v € L°(I"), then the support of
4 must be contained in (2.

Proposition 7.2. Suppose p; € LP(D), i = 1,2,3, are compactly supported in D,
and mutually equivalent (that is, p; ~ p; for alli,j). The for every e > 0, there exists
d > 0 such that whenever the injectivity radius of S = D/T is greater than d, there
exist v; € L3°(I') which are mutually equivalent on S (that is, p; ~ u;), and such that
Wi 15 e-extended by v;.

Remark. The say v; ~ v; if v; and v; are Beltrami dilatations of homotopic quasicon-
formal maps out of the Riemann surface S.

Proof. Let K C ID be a compact set containing the supports of all pu;’s. If the injec-
tivity radius of ID/T" is large enough, then I" has a fundamental domain 2 containing
K. Let n; € L$°(I") be the Beltrami dilatation such that (1;)q = w; on D. Clearly,
w; is O-extended by 7;. However, n;’s may not be mutually equivalent. But when the
injectivity radius of I' is large enough, we can replace n; by v; € L3°(I") such that
v; ~v; Vi, j, and ||n; — ;]| <e. Then y; is e-extended by v;.

The existence of such v;’s follows by a routine compactness argument which we
sketch next (see |4]). Set v; = n;. Suppose that for some ¢ we can not find v; which
is equivalent to vy, and such that ||v; — 7;||oc < €. Then there exist ¢y > 0, and a
sequence of Fuchsian groups 'y, such that the injectivity radius of /T tends to
oo, and such that the quasiconformal maps g, = f7 o (f*1)~! are not equivariantly
homotopic to a (1 + dp)-quasiconformal map. But then there exists a sequence of
Mobius transformations Ay, By preserving 0D, such that the maps hy, = Ay o gy 0 By
converge to a quasiconformal map hg : D — D whose restriction to 0D is not a Mdbius
transformation. This can clearly be ruled out by computing the Beltrami dilatation of
gr (we leave the details to the reader). This contradiction proves the proposition. [J
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7.3. Proof of Lemma 1.1. Suppose u; € L$°(D), and ¢; € H'(D), are as in Lemma
3.2. Since p; is compactly supported in D there exists a compact set K C D containing
the supports of all u;’s.

Claim 4. Let 6 > 0. There exist I, and mutually equivalent v; € L°(T'), such that

(36) ReZ/@_ dxdy<ReZ/ AT dxdy+c5

and
(37) ReZ/m |_“’ dxdy>ReZ/|@ o ‘ dedy — 4.

Proof. For each € > 0, let I" and v; € L{°(I") be the Fuchsian group and corresponding
Beltrami dilatations Proposition 7.2. We may also assume that I' and K satisfy the
conclusion of Proposition 7.1. Let €2 be the corresponding fundamental domain for
[' (in particular, K C ). Combining the fact that p; is e-extended by v; with the
estimate (35) from Proposition 7.1, we see that for € small enough the inequality

/¢11_| s dady — [ ©(0) 1 dedy| < 3,
Q

holds. Summing over ¢ = 1,2, 3, gives

/gbz dxdy Z/ (0) 77 dxdy <,

which implies (36) because the support of each p; is contained in K. The inequality
(37) is proved in the same way.

=%

O

Now the endgame. Let § > 0 be such that

35—Rez / Si s dody Z / 6] |_“’ _ dady.

Combining this with the inequalities (36) and (37) from Claim 4 yields the inequality

(38) ReZ/@qﬁZ T e 2/@@ - |dxdy>5>0

Once again we observe that ©(¢;) is a holomorphic quadratic differential on S = D/T".
Moreover,

O(¢1) + O(¢2) + O(¢3) = O(P1 + P2 + ¢3) =0
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Since v;’s are the Beltrami dilatations of mutually homotopic diffeomorphisms map-
ping S to another Riemann surface S’ the inequality (38) yields the proof of Lemma
1.1.
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