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1. Introduction

The interplay of ideas between group actions and Morse theory has resulted in several substantial advances
across modern geometry and topology. Any highlight reel featuring equivariant Morse theory would certainly
include Atiyah and Bott’s seminal study of algebraic bundles on Riemann surfaces [1], Hingston’s work on
counting closed geodesics in symmetric spaces [14], and Kirwan’s investigations of symplectic quotients [15],
among other results. Such efforts are motivated (and hindered) by the fact that — unless a group G acts
freely on a topological space X — the quotient Y := X/G is usually far more pathological than X itself. For
instance, Y may be singular even when G is a Lie group and X a smooth manifold. Similarly, the quotients
of algebraic varieties by algebraic group actions typically fail to be varieties in their own right. In such cases,
it becomes necessary to augment Y with additional stabiliser data to form a quotient stack.

Our goal in this paper is to produce an avatar of equivariant Morse theory specially adapted to quotient
stacks arising from actions of finite groups G on finite simplicial complexes X. Under mild hypotheses on
such actions (called regularity), one can ensure that the quotient Y is also a simplicial complex and that
the canonical projection X — Y is a surjective simplicial map even when the G-action is not free. The main
instruments of this paper are a pair of 2-functors, one arising from the quotient stack itself and the other
from a suitable discretisation of Morse theory.
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1.1. Complezes of groups

The analogues of quotient stacks which arise from the actions of discrete groups on locally finite simplicial
complexes are called complezes of groups. Their study dates back to the work of Corson [8] and Haefliger [11]
in geometric group theory. A complex of groups associated to the action of G on X amounts to a 2-functor
of the form

F : Fac[Y] — Grp.

Here the domain is the poset of simplices (in the quotient complex Y = X/G) ordered by the co-face
relation, while the codomain Grp is the 2-category whose objects are all groups, whose 1-morphisms are
ordinary group homomorphisms, and the 2-morphism structure arises from conjugation [4]. This is the first
2-functor of interest to us in this paper.

When G is abelian, there is a considerable simplification since all 2-morphisms in the image of F be-
come identities. For the purposes of these introductory remarks, we employ the following running example:
consider the simplicial complex X drawn below

[>

The Klein four-group G = (0,7 | 0> = 72 = (07)? = 1) acts on X by letting o and 7 induce reflections
about the horizontal and vertical axis through the central vertex A, and the resulting quotient Y is:

I T

A complex of groups F for this action is illustrated below (all of the 2-morphisms in sight are trivial):

Note that the group assigned to each simplex of Y is a subgroup of the groups assigned to its faces. Similarly,
the trivial G-action gives rise to the constant complex of groups Gy, where every simplex of Y is assigned G,
all face relations are assigned identity group homomorphisms, and all 2-morphisms are trivial. Our complex
of groups F admits an embedding (i.e., an natural monomorphism) ® : F < G- to the constant complex of
groups. Associated to this pair (F, ®) is a category Z(F, ®), which carries a natural G-action and is called
the development of (F,®). The following result, paraphrased from [3], is called the basic construction.
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Theorem (A). Let (F,®) be the complex of groups and natural monomorphism associated to the action
of a group G on a simplicial complex X. Then the nerve of its development P(F,®) is G-equivariantly
isomorphic to X.

In fact, the basic construction is far more general than the above description suggests — one can consider
the action of G on an arbitrary loopfree category % rather than restricting focus to the poset of simplices
in a given simplicial complex X. In this case, the associated development recovers the nerve of ¥ up to
G-equivariant isomorphism.

1.2. Discrete Morse theory

The second 2-functor of interest to us here arises from a combinatorial adaptation of Morse theory due
to Forman [9]. The central objects of study here are simplicial (or more generally, regular CW) complexes
rather than smooth manifolds. The role of the gradient vector field is played by a partial bijection ¥ relating
adjacent simplices of co-dimension one, subject to a global acyclicity condition. These pairings are typically
illustrated as arrows from the lower-dimensional simplex to the higher-dimensional one. Here are two such
acyclic partial matchings on our running example X — the one on the left is G-equivariant whereas the one
on the right is not.

PP <

The unpaired simplices are analogous to critical points from smooth Morse theory in the sense that the
homotopy type of X may be recovered from a CW complex whose k-cells correspond bijectively with k-
dimensional unpaired simplices. In the two acyclic partial matchings on X depicted above, only the central
vertex A remains unpaired. Thus, both matchings establish that X is contractible; but the one on the left
goes a step further by showing that in fact X is G-equivariantly contractible. Indeed, one may view the
equivariant matching as a lift of the following acyclic partial matching on the quotient Y:

|

Unfortunately, the CW complex induced by unpaired simplices is built by induction and its attaching
maps are not straightforward to describe in general. To get a better handle on the homotopy type of this
complex, we turn to the entrance path category Ent[Y] of the quotient simplicial complex Y. This is the
2-category whose objects are the simplices of Y and 1-morphisms y — v’ consist of all strictly descending
sequences of faces

Yo > Y1 > -+ > Yk—1 > Yk

with y = yo and y; = ¥'; the 2-morphisms arise from partially ordering such sequences by inclusion. Every
acyclic partial matching ¥ corresponds to a set of minimal entrance paths, and the key to recovering the
homotopy type of Y is to localise Ent[Y] by formally inverting all the 1-morphisms implicated by . The
second 2-functor of interest to us is

Ly, : Ent[Y] — LocsEnt[Y],



4 N. Yerolemou, V. Nanda / Journal of Pure and Applied Algebra 228 (2024) 107606

i.e., the canonical functor from the entrance path category to its localisation about .. Here is a special case
of the main result from [17].

Theorem (B). If ¥ is an acyclic partial matching on a simplicial complex X, then

(1) the localisation functor Ly induces a homotopy equivalence of classifying spaces; and
(2) writing Flox[Y] for the full subcategory of LocsEnt[Y] spanned by unpaired simplices, the inclusion
Flox[Y] — LocsEnt[X] also induces a homotopy equivalence.

The classifying space of Ent[Y] is homotopy equivalent to Y, so the above result allows us to recover YV’
up to homotopy type from the flow category Flox[Y]. This category has the unpaired simplices as objects
and (posets of) ¥-localised entrance paths as morphisms.

1.8. This paper

Here we simultaneously generalise Theorems (A) and (B) by building a discrete Morse theory for com-
plexes of groups. The basic steps (and our main contributions) are as follows:

(1) We extend complexes of groups and the basic construction to account for group actions on loopfree
poset-enriched categories.

(2) We give a criterion for making acyclic partial matchings on the quotient X/G compatible with the
G-action on X in terms of an associated complex of groups.

(3) For any such compatible 3, we construct a pair (M, ¥) where M is a new complex of groups on Flox[Y]
while U is an natural monomorphism to Gggy[y]-

We call M a Morse complex of groups for >. Here is our main result.

Theorem. Let (F, ®) denote a complex of groups and natural monomorphism associated to the reqular action
of a finite group G on a finite simplicial complexr X. Assume that ¥ is an F-compatible acyclic partial
matching on the quotient Y = X/ G. If M : Flog[Y] — Grp is an associated Morse complex of groups and
UM = Gpioy. [v] the corresponding natural monomorphism, then the classifying space of the development
(M, V) is G-equivariantly homotopy-equivalent to X .

The basic strategy of our proof involves lifting ¥ to a G-equivariant acyclic partial matching ¥ on X.
We then inherit natural G-actions on Ent[X], its localisation about 3, and the flow category. Finally, we
establish that the development 2(M, ¥) is isomorphic to the flow category Flog[X].

1.4. Related work

Morse theories for differentiable stacks have been studied by Hepworth [12,13] as well as Cho-Hong [6].
Flow categories of standard (i.e., smooth) Morse functions date back to the work of Cohen, Jones and
Segal [7], although we are unaware of any work relating their smooth flow category to various stacky Morse
theories. On the other hand, an equivariant version of discrete Morse theory for simplicial complexes was
introduced by Freij in [10]. This theory does not readily descend to quotient stacks — in particular, the
group actions considered here are not necessarily regular, and hence do not admit complexes of groups.
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1.5. Outline

In Section 2 we describe loopfree poset-enriched categories and their functors. Sections 3, 4 and 5 are
dedicated to the study of group actions on these LP-categories, building the associated complexes of groups,
and the basic construction. Section 6 tersely summarises the LP-categorical approach to discrete Morse
theory via the flow category. Section 7 forms the heart of this paper — here we describe the compatibility
criterion for acyclic partial matchings in the presence of group actions and the construction of Morse
complexes of groups for such matchings. Finally, we prove our main result in Section 8 and illustrate the
entire process via an example in Section 9.
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2. LP-categories

A small category ¥ is said to be poset-enriched if for any pair of objects = and y in %, the set of
morphisms € (z,y) from x to y is endowed with a partial order = so that across any triple z,y and z of
such objects, the map

C(x,y) x €(y,2) = C(x,z)

sending (f, f’) to the composite f’ o f is order-preserving. In other words, whenever we have fy = fi in
the poset € (z,y) and f} = f] in the poset €(y, z), then we also have the order relation fjo fo = fio fi
between composites in the poset €'(x, z). We say that € is loopfree if two conditions hold:

(1) for each object x, the poset € (z,z) only contains the identity morphism, and
(2) for objects x # y, if €(z,y) is nonempty then €(y,x) must be empty.

We will henceforth abbreviate loopfree poset-enriched categories as LP-categories. Given two LP categories
% and 2, an LP functor F : ¥ — & is an ordinary functor with the additional requirement that for any
pair of objects x,y in € the induced map

Fpy :€(x,y) = Y(Fx, Fy)
is order-preserving.
Definition 2.1. The geometric nerve A % of an LP category € is the simplicial set whose vertices are the
objects in ¢, and whose n-simplices spanning objects o, ..., £, consist of morphisms f;; : x; — x; satisfying
fik = fijro fij for all 0 < i < j <k < n, with the convention that f;; = id. The classifying space |A €| of

% is the geometric realisation of its nerve.

Every LP-functor ¥ — 2 induces a simplicial map A€ — A Z and hence a continuous map on classifying
spaces.
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3. Complexes of groups on LP categories

There is a natural 2-categorical extension of the category of groups, where the higher morphisms arise
from conjugation. More precisely, the 2-category Grp is defined as follows:

(1) its objects are all groups;

(2) the 1-morphisms Grp(G, H) are group homomorphisms G — H; and,

(3) the 2-morphisms ¢ = ¢’ in Grp(G, H) consist of all group elements h in H that satisfy ¢(g) = h-¢'(g) -
h~! for all g in G.

The 1-morphisms in Grp are composed in the usual manner for group homomorphisms. On the other
hand, the 2-morphisms in Grp will be called twisting elements, and can be composed along two different
axes. The wvertical composition sends each pair (h, k') on the left to their product A -k’ in H on the right:

TN TN
G ¢’ H G Jh-W H

uj/ \¢/

We indicate this type of composition (contravariantly) by h’* h = h - h’ and note that h~! serves as an

inverse for h. Thus, for each pair of objects G,H the set Grp(G, H) forms a 1-category whose morphisms
are all invertible (i.e., a groupoid). Conversely, the horizontal composite sends the pair (h, k) on the left to
the product ¥ (h) - k in K on the right:

T L

~_, 7 O~ ~_,.

This composition is denoted by ko h = ¢ (h) - k. For any configuration of objects, 1 and 2-morphisms in
Grp of the form

k
¢ ’ K,
b~ e~
¢ U

the interchange law holds between the horizontal and vertical compositions; that is, we have

(K s k) o (B s h) = (K o 1) x (k o h),

which confirms that Grp is a 2-category. Our primary interest here is in a certain class of Grp-valued
pseudofunctors, as defined below (see [3, Chapter II1.C.2]).

Definition 3.1. A complex of groups F over an LP-category % assigns:

(1) to each object x of € a group Fz,
(2) to each pair of objects x,y in € a functor F = F,,, from the poset € (z,y) to the groupoid Grp(Fz, Fy)
with Ff : Fx — Fy injective for all f : z — y in ¥; and
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(3) to every pair (f, f') € €(z,y) x €(y, z) of composable morphisms in ¥, a twisting element v(f, ') =
vr(f, ') of the form Ff' o Ff = F(f' o f).

These assignments are subject to the following axioms: first, given any morphism f :z — y in %, both the
twisting elements y(id,, f) and ~(f,id,) equal the identity natural transformation on the functor Ff. And
second, across any triple of composable morphisms in %, say

f1 f2 f3
Zo T T2 Z3,

the associated twisting elements satisfy the following cocycle condition:
V(f2, f3) - v(f1, fao f2) = F fs(v(f1, f2)) - v(fa 0 fu, f3)
in the group Fzs.
Equivalently, F : € — Grp is a pseudofunctor that sends every morphism f : z — y in % to an injective

group homomorphism Ff : Fx < Fy in Grp. The cocycle condition described above is designed to ensure
that the following associativity diagram commutes in the groupoid Grp(Fzo, Fzs):

idp 5 0v(f1,f2)

Ff3oFfaoFf Ff30F(f20 f1)
v(f2,f3)oidr sy Y(f20f1,f3)
F(fso f2)oFf F(f3o fa0 f1)

v(f1,f30f2)

The simplest example of a complex of groups, given a fixed group G and an LP-category %, is the constant
G-valued complex of groups over €. This is denoted G, and determined completely by the following data:
it assigns the group G to every object x of %, the identity homomorphism G — G to every morphism
f :x — y, and the identity twisting element 1g € G to every pair of composable morphisms. The following
notion (see [3, Chapter III.C Section 2.4] or [16, Definition 12]) provides a suitable framework for comparing
two complexes of groups defined on the same LP-category.

Definition 3.2. A morphism ® : F — F’ of complexes of groups over the LP-category € assigns
(1) to each object x of ¥ a 1-morphism @, : Fx — F'z in Grp, and

(2) to each 1-morphism f :  — y of € a twisting element 7(f) = 7¢(f) in Grp of the form &, o Ff =
Ffod,:

Fx i |

Ff > F'f

Fy Fy
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so that the following two axioms hold:

(1) the identity axiom requires 7(id,) to be the identity twisting element 1p/, : &, = @, for each object =
of €, whereas

(2) for each pair z L) Y £> z of composable 1-morphisms of %, the coherence axiom imposes a relation

. (yr(f1, f2)) - T(f2 0 f1) = 7(f2) - F o7 (f1)) - v (f1, f2),
in the group F’z among the associated twisting elements.
We call ® : F — F’ an epi/mono/iso-morphism of complexes of groups if each ®, is an epi/mono/iso-
morphism of groups. The coherence axiom described above enforces the commutativity of the following

pentagon in the groupoid Grp(Fz, F'z):

T(f2)°idF.f1
&, 0Ffy o Ff) =——— F’f2o<I>yOFf1

ide, O’YF(f% Yﬂfl)

¢, oF(f20 f1) F' fooF fiod,
k %ﬂo@%
f20f1

Our main interest here will be in the somewhat simpler case of natural monomorphisms ® : F — G,
where G, denotes the constant complex of groups over % corresponding to some fixed group G.

Remark 3.3. Such a morphism is prescribed by the following data: each object x of & is assigned an injective

group homomorphism ¢, : Fz — G and each morphism f : x — y of ¥ is assigned a twisting element
To(f) : Ff o ®, = ®,. We further require 7¢(id;) = 1¢ for each x, and that the relation

. (vr(f1, f2)) - To(fa o f1) = To(f2) - Ta(f1), (1)
holds in G across each pair f; : ¢ — y and f5 : y — z of composable morphisms in % .
4. Group actions on LP-categories

The automorphism group Aut(%) of an LP-category % consists of all invertible LP-functors F' : € — €.
The group structure on Aut(%) is obtained by the usual composition of such functors.

Definition 4.1. An action of a group G on an LP-category € is a group homomorphism « : G — Aut(%);
in particular, each group element g is sent by « to an invertible functor a, : ¥ — %. Moreover, for every
g € G and non-identity morphism f: x — y in ¥, we require:

(1) ay4(x) #y, and
(2) if ag(z) = x then ay(f) = f.

A large and interesting family of such actions is obtained whenever a group acts on a simplicial complex.
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Example 4.2. Fix a simplicial complex X and a group G which acts on X by invertible simplicial self-maps.
Such an action is called regular (see [2, Chapter III.1]) if two conditions hold for every simplex 2 — writing
(vo,...,vq) for the vertices of x,

(1) every g in the stabiliser G, must fix the v; individually; and
(2) every simplex of the form (govo,. .., gqva) for g; € G must lie in the orbit Gz.

Any G-action on X can be made regular by passing to the second barycentric subdivision of X. Let Fac[X]
be the set of all simplices in X partially ordered by the co-face relation z > x’. This poset is automatically
a l-category and hence an LP-category (with trivial partial orders on all its hom-sets). If G acts regularly
on X, then the induced action on Fac[X] satisfies both requirements of Definition 4.1.

Fix a group G, an LP-category %, and an action o : G — Aut(%) as described above. In the interest
of brevity, we will denote images of the form a4(x) and ay4(f) by gz and gf respectively, thus omitting
a from the notation altogether. For each object x and morphism f : x — y in ¥ we have the associated
object-orbits and morphism-orbits given by

similarly, we have the corresponding stabilisers
Gx:{g€G|g.’E={L‘} and Gf:{g€G|gf:f}a

both of which are subgroups of G. It follows from Definition 4.1(2) that Gy is a subgroup of G, for every
morphism f:x — yin €.

Given g in G and f : x — y in €, the source and target of gf lie in Gz and Gy respectively. And for
any pair of ¥-morphisms f : z — y and [’ : y — z, it is straightforward to check that the composite of any
f1 € Gf with any fo € Gf/ must lie in the orbit G(f’o f). Thus, we have a well-defined (loopfree) 1-category
2 whose objects are {Gz | = is an object of €}, and similarly for morphisms. In order to define a suitable
quotient for the given G-action on %, it remains to upgrade 2 to a genuine LP-category by specifying the
desired partial orders on its morphism-sets.

Proposition 4.3. Consider the binary relation on the set of all morphisms Gx — Gy in 2 prescribed by the
following rule: Gf = Gf' whenever there exists some g € G which satisfies gf = [’ in €. This binary
relation forms a partial order on the set 2(Gz, Gy).

Proof. We seek to establish reflexivity, anti-symmetry and transitivity. To this end, note first that Gf = Gf
always holds in 2(Gz, Gy) because f = idgf = f. Next, if we have Gf = Gf’ = Gf, then there exist
some go and g1 in G satisfying gof = f’ and g1 f' = f, whence

qrgof = o f = f.

Now, g1gof = f, so g1go fixes the source, hence g;go fixes f, by requirement (2) of Definition 4.1. So in fact
f" = g7 f lies in the orbit Gf and we have Gf = Gf’. Finally, assume that Gf = Gf’ and Gf’ = G f”
both hold in 2(Gzx, Gy), so gf = f' and ¢'f’ = f” hold for some g and ¢’ in G. Then, we immediately
have ¢'gf = f”, and hence Gf = Gf" as desired. O

We have now arrived at the desired quotient category.
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Definition 4.4. The quotient LP-category 2 = % /G corresponding to the action of G on % is defined by
the following data:

(1) its objects are G-orbits of €”’s objects,
(2) its morphisms Gz — Gz’ are G-orbits of ¥’s morphisms x — 2/, partially ordered by Gf = Gf’ iff
gf = [’ holds in ¥ for some g in G.

The composite of Gf : Gzg — Gz1 and Gfs : Gy — G equals G(f2 0 f1).

There is a surjective orbit functor Pg : 4 — 2 (of LP-categories) that sends each z to Gz and each
fiz—ytoGf: Gxr — Gy. The following notion arises when trying to find sections of Pg.

Definition 4.5. A lift function for the G-action on € is an assignment A : @, — € o1 of a €-object A(y) to
each Z-object y for which Pg oA(y) = y holds.

The reader is warned that (in contrast to the orbit functor Pg) a lift A need not extend to a functor in
general. The difficulty here is that morphisms y — ¢’ in 2 may not lift to morphisms A(y) — A(y’) in G.
For each f:y — ¢ in 2, we are only guaranteed the existence of a (not necessarily unique) group element
g € G and a unique morphism A(f) : A(y) = g\(y') in € satisfying P (A(f)) = f for the chosen g.

Definition 4.6. A choice of transfer elements for a given lift function A is a function o : 2,,,, — G assigning
elements of G to the morphisms of 2, such that:

(1) for each object y € L1, we have o(idy) = 1g, and
(2) for each non-identity morphism f : y — ¢’ in @y, there is a unique morphism A(f) : A(y) — o~ 1A(y)
in € satisfying Pa(A(f)) = f.

Given a choice of lift function and transfer elements for the action of a group G on an LP-category ¥,
there is a standard way to construct a pair (F, ®) where F is a complex of groups on the quotient 2 =% /G
and ® : F — G is a natural morphism to the constant G-valued complex of groups on 2.

Definition 4.7. Let G be a group acting on an LP-category € with quotient 2; let A : 2., — €op be an
associated lift function and o : 2,6, — G a choice of transfer elements for A\. The complex of groups F
associated to these choices is obtained by assigning

(1) to each object y the stabilizer Fy := Gy, of its lift;

(2) to each morphism h : y — ¢ the group homomorphism Fh : Fy — Fy' given by conjugation with o(h),
i.e. Fh(k) = o(h)ko(h)~! for all k € Fy;

(3) to each order relation h = h' the group element o(h = h’) :== o(h) - o(h’)~!; and finally,

(4) to each pair h;y : y1 — y2 and hs : yo — y3 of composable morphisms, the twisting element

'YF(hly hg) = O'(hg) . O'(h1) . O'(hg ] hl)_l.
Similarly, the associated natural monomorphism ¢ : F — G, is given by assigning

(1) to each y the inclusion Gy, — G, and
(2) to each h:y — 3’ the twisting element 74 (h) := o(h).
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It has been shown in [3, Chapter II11.C.2.9] that F and ® as described above satisfy the requirements of
Definitions 3.1 and 3.2 respectively when defined over small loopfree categories; moreover, making a different
choice of lift function and transfer elements produces an isomorphic pair (F,®). Similar arguments confirm
that the same property holds in our context. Moreover, we have the additional data of a partial order on
each hom-set, so we check that F is well-defined.

Proposition 4.8. The assignments above yield a well-defined complex of groups and associated morphism
over an LP category.

The proof follows from Lemmas 4.9, 4.10 and 4.11.

Lemma 4.9. For each pair of objects y and y in 2oy, the restriction of F is a functor 2(y,y’) —
Grp(Fy,Fy') for every pair of objects (y,y’).

Proof. For every f :y — 1/, the map Ff is an injective group homomorphism because it is conjugation by
the chosen transfer element. The homomorphism F f maps from Fy to Fy/': take any k in Fy and recall that
the transfer o(f) satisfies that there is a unique morphism

M) Ay) = o(H)TIAY)
such that P(A(f)) = f. By Definition 4.1(2), the morphism
EX(S) = kA(y) = ko (f)TIAW)
is equal to A(f), since kA(y) = A(y). Hence,
ko(f)'My') = a(f) ' AY),
which implies that o(f) - k-o(f)~! € Fy/, i.e., Ff(k) € Fy'.

To show that the elements o := o(f = f’) are well-defined, we have to check that for any k € Fy, we
have Ff(k) = o - Ff'(k)-oc~1. We have,

o Ffi(k)- o7 =a(f)o(f) (a(f) k-a(f)7) - a(f)a(f)~
(f) - k-o(f)"

g
g

Lastly, we check that F,,. satisfies the identity and associativity laws. The identity law follows immedi-
ately from the fact that the transfer element o(id,) is the identity element in G, so F,,/(id,) = idg,.

For the associativity law to hold, we need to check that for any three morphisms f, ', f” € 2(y,y’)
satisfying f = f' = f”, the identity o(f = f') - o(f' = f") = o(f = f") holds:

olf =) olf =)= (c(f)-o(fH)") - (c(f)-a(f)7)
o)
=1,

o

as desired. O

Lemma 4.10. For any pair (fo, f1) of composable morphisms, the twisting element ~v(fo, f1) is well-defined
and satisfies the cocycle condition.
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Proof. For each pair of composable morphisms y Jo, y EEN y”, it is a routine calculation to check that the

twisting element v(fo, f1) satisfies

Ff1oF fo(k) =~(fo. f1) - F(f10 fo)(k) - y(fo, f1) "

for any k € Fy.
The twisting elements also satisfy the cocycle condition: for any sequence of composable morphisms

yf_O)y/f_1>yl/f_2>yll/

both y(f1, f2) - v(fo, f2 © f1) and F fa(v(fo, f1)) - 7(f1 © fo, f2) are equal to

o(f2) - o(f1)-o(fo) - o(fz0 fro fo)~t,

as desired. O
Lemma 4.11. The morphism ® : F — G 4 is well-defined and satisfies the coherence axiom.

Proof. For any f :y — ¢/, it follows immediately from the fact that ®, and &,/ are inclusions into G and
Ff is conjugation by v¢ = o(f), that vo : &,y o Ff = O,.
The identity axiom is immediately satisfied because the transfer element associated to any identity

morphism is the identity element in G.

;N

Lastly, we check the coherence axiom, for any sequence of composable morphisms y Jo, y — 1y". The

left-hand side of the coherence axiom (Equation (2)) yields:

Dy (ve(fo, f1)) v (f1 0 fo) = (a(f1)o(fo)o(fio fo) ') - o(fio fo)
=o(f1)-s0(fo),

and the right-hand side yields:

Yo (f1) - G f1 (va(fo)) - va(f1, f2) = o(f1) -id(a(fo)) - 1a
U(fl) ! U(fO)a

as required. 0O
5. Development and the basic construction

Our goal here is to prove the following result. Throughout, we fix an LP-category 2 and a group G.

Proposition 5.1. Let F : 2 — Grp be a complex of groups and ® : F — G4 a natural monomorphism
to the constant G-valued complex of groups over 2. Associated to this pair (F,®) is a new LP-category
2 = 9(F,®) equipped with a natural G-action so that

(1) the quotient 2/ G is isomorphic to 2; moreover,

(2) there exist choices of lift function and transfer elements for the G-action on 9 which produce the pair
(F, ®); and finally,

(3) if F and ® are the complex of groups and natural monomorphism associated to a G-action on an LP-

category € (subject to some choices), then there exists a G-equivariant isomorphism of LP-categories
between € and 9.
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Remark. The above result constitutes a mild enhancement of [3, Chapter III.C, Theorem 2.13] to the poset-
enriched setting, in the sense that every ordinary small category is automatically poset-enriched if we view
all of its hom-sets as being equipped with the trivial partial order. The proof strategy followed here is very
similar to the original one from [3].

The LP-category 2 whose existence and uniqueness (up to equivariant isomorphism) are guaranteed by
the above result is called the development of the given pair (F, ®). For each object x of 2 and each group
element g in G, let ¢, : G = G /®,(Fz) be the map (of sets) which assigns to each group element g the
corresponding left coset g®@,(Fx). With this shorthand in place, the development 2 can be provisionally
defined as follows:

(1) its objects are pairs (x,c,(g)) where x is an object of 2 and g is an element of G;
(2) the morphisms (x,c;(g)) — (y,cy(h)) are all pairs (f,c;(g)) where f : x — y is a morphism in £ and
the following cosets coincide:

cy(h) =cy (97 ()7).

Two such morphisms satisfy the partial order relation (f,c;(9)) = (f’,c.(g)) within 2 whenever f = f’
holds in 2, and 74 (f) - 7o(f") ™! lies in ®,(Fy). The composite

( cae) — 2= ey (02) — 2 (5 ea(os)) (2)

is given by (f2 o f1,¢4(91)), and the group G acts on Z as follows: the element h € G sends each object
(z,c.(g)) to (x,c.(h-g)), and similarly for morphisms.

We first check that the morphisms (f,c,(g)) of 2 are well-defined, i.e., independent of the choice of
representative element g of the coset.

Proposition 5.2. Let f : @ — y be a morphism in €. If c,(g) = c(h) holds for g,h in G, then we also have

ey (9-7a(f)") =cy(h-Ta(f)71).

Proof. Let k be any element of the group Fz; since 7¢(f) is a twisting element of the form Ffo &, = &,
by Definition 3.2, we have

To(f) - @a(k) - To(f) " = @y o Ff(k).

Since Ff takes values in Fy, the cosets ¢, (7a(f)™!) and c,(®,(k) - 7o (f) ') are equal regardless of k, so
the desired conclusion follows by setting k = gh~. O

Next, we show that the composition of (fi,cz(g1)) with (f2,cy(g2)), as described in (2), produces a
morphism (2, ¢, (91)) — (2, 2(gs)) in 7.

Proposition 5.3. If c,(g2) = cy(g1 - 7o(f1)™!) and c.(g93) = c.(g2 - 7o (f2)"") hold, then we also have
c.(g3) = c.(g1 - Ta(f20 f1)7h).

Proof. Since the cosets c,(g2) and c, (g1 - 7o (f1) ') are equal, there exists some h € Fz satisfying 7o (f1) -
g1 " ga = ®,(h), whence

92 =91 7a(f1) 7" - Dy (h).
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Using this expression for g, along with our assumption that c,(g3) = c.(g2 - To(f2) '), we obtain

c-(g3) = (g1 - 7o (f1) ' - @y(h) - Ta(f2) ")
=c.(g1-7a(f1) " Ta(f2)™h) by Proposition 5.2,
=c.(g1-To(fao f1)7) by (1),

as desired. O

It is not difficult to confirm that 2 is the quotient 2 /G. To obtain (F,®) for the G-action on 2 as
per Definition 4.7, one uses the lift function  — (z,c,(1g)) and the transfer elements f — 7o(f) for each
object  and morphism f of 2. Any group element h € G acts on (z,cy(g)) by mapping it to (z,cy(h-g)).
Thus, it only remains to establish the universal property from assertion (3) of Proposition 5.1.

Proposition 5.4. Let € be any LP-category upon which G acts with quotient € /G equal to 2. If there
exists a choice of lifts and transfers for this action which produces (F,®) as the associated complex of

groups and natural monomorphism to G, then there exists a G-equivariant isomorphism of LP-categories
2(F,®) =g 6.

Proof. Let \: 2., — €ob and 0 : 21or — G be any choice of lift function and associated transfer elements
for the G-action on % that produce F and ®. We define a functor H : 2(F,®) — % as follows: it sends
each object (z,c,(g)) in 2 to gA(z) in €. The surjectivity of H on objects is clear; injectivity follows easily
from the fact that g\(z) = hA(z) if and only if h=1g is in ®,(Fz), in which case c,(g) = c,(h).

Given any morphism [ : z — y in 2, the transfer element 74 (f) satisfies the following property:

Mf) = A@) = 70 ()7 Ay)

is the unique morphism in ¢ with source A(z) such that P(A(f)) = f. We set the H-image of the morphism

(f,ca(g)) to be gA(f).
We check that H is order-preserving, i.e., that

(f,c2(9)) = (f', ca(g)) if and only if gA(f) = gA(f).

If (f,ca(9)) = (f'ycu(g)) in 2, then f = f in 2 and 7o(f) - To(f')~! € ®,(Fy). By definition of the
quotient, f = f’ in 2 if and only if there exists k € G such that kA(f) = A(f’). But A(f) and A(f’) have
the same source and target, and there is a unique morphism in the orbit of A(f) with this source. Hence,
k =idg and gA\(f) = gA(f’). The other direction follows from the fact that, if gA(f) = gA\(f’) in €, then
they must have the same target and so 7o (f) - 7o (f’) "' is in @, (Fy).

The fact that H is bijective on hom-sets follows from an argument similar to the one above, and some
simple computations. The fact that H is G-equivariant follows almost directly from the definition. O

We introduce a technical lemma relating the development of complexes of groups over isomorphic LP
categories, that will be used in Section 8.

Lemma 5.5. Suppose that E : X — X' is an isomorphism of LP categories, and that F : X — Grp and
F': X’ — Grp are complezes of groups such that the following diagram commutes:
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x —E . x
F
Fl
Grp

If®:F — Gy and @' : ¥ — Gy, are morphisms of complexes of groups such that ®; = q)ﬁf for every
morphism f in X, then there is a G-equivariant isomorphism of LP categories

9(F,®) =¢ 9(F, ).

Proof. First note that by the commutativity of the diagram, the groups Fa and F'E x are equal for every
x € X; hence, the cosets g- ®(Fz) and g- Pg . (F'E z) are equal for any group element ¢, and so the indices
(G: ®,(Fz)] and [G: Of . (F'Ex)] are equal.
Each object x € X generates the set {(x,g- ®,(Fx)) | Vg € G} of objects in Z(F, ®). This is clearly in
bijection with the set of objects {(Ex,g - O . (F'Ez)) | Vg € G} in 2(F’, '), since E is an isomorphism.
The poset of morphisms

(z,9- Px(Fx)) = (y,9- D5 '@, (Fy))
in 2(F, ®) is isomorphic to the poset of morphisms

in Z(F', @) by the arguments above, in addition to the fact that we assume that ¢y = ¢ .
The correspondence between the partial order on morphisms in 2(F, ®) and 2(F’, @) follows from the
fact that f = f' in X if and only if E f = E f’ in X', and ¢y = &, for any morphism f € X. O

6. Discrete Morse theory and the flow category

Let X be a simplicial complex; we will write z > 2’ to indicate that the simplex 2’ is a face of the simplex
x.

Definition 6.1. A set ¥ = {(z4 > 2,,)} of simplex-pairs in X is called an acyclic partial matching if it satisfies
three axioms:

(1) dimension: if (z > z’) € ¥, then dimz — dima’ = 1;
(2) partition: if (z > 2’) € X, then neither = nor 2’ lies in any other pair of ¥; and,
(3) acyclicity: the transitive closure of the binary relation

(xo > xp) » (w1 > o)) whenever g > 2} in X
generates a partial order on 3.

Acyclic partial matchings on simplicial complexes are analogous to gradient-like vector fields on smooth
manifolds; as such, they play a central role in Forman’s discrete Morse theory [9,5]. The simplices of X
which do not appear in any Y-pair are called critical, and the gradient paths from a critical simplex w to a
critical simplex z are furnished by zigzags of »-descending ¥ elements, e.g.,

C=(w>zy<z0>2) <31 > > <T)p > 2).
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Here each backward-pointing zj < z; corresponds to an element (z; > z}) in ¥, and the fact that 2}, is
a face of x; ensures (x; > ;) » (v;41 > xj, ;). An inductive argument establishes that X is homotopy
equivalent to a CW complex whose cells correspond bijectively with the critical simplices of % — see for
instance [9, Corollary 3.5]. To obtain a more explicit description of this homotopy equivalence in terms of
Y-zigzags (such as (), we adopt the perspective of [17]. The basic idea is to construct an LP-category whose
objects are critical simplices, whose morphisms w — z consist of ¥-zigzags, and whose classifying space is
homotopy equivalent to X.

Consider two simplices z,z’ in X. The set of entrance paths of X from x to 2/, denoted Ent[X](z,z’),
consists of all strictly descending sequences of faces from z to 2’. Thus, each f € Ent[X](x, z") has the form

f=(@>z1> >z >2)

for some length k > 0 where every x; in sight is a simplex of X. These entrance paths are partially ordered
by refinement, so we have f’ = f whenever f’ is obtained by removing some of the intermediate x; from
f. In particular, we note that the only entrance path from each simplex x to itself is the trivial path (x) of
length zero.

Definition 6.2. The entrance path category of X is the LP-category Ent[X] prescribed by the following
data:

(1) its objects are the simplices of X, and
(2) the poset of morphisms z — ' is Ent[X](z, z').

The composite of f := (z >z > -+ >z > 2') and f' = (&' > [ > --- > x; > 2"’) is the concatenated
path

flofi=@>z0>...>ap>2 >a(> >z >2"),

which evidently lies in the poset Ent[X](z, z"). For each cell z of X, the singleton (x) serves as the identity
morphism, which is the unique element in the poset Ent[X](x, z)

The classifying space of Ent[X] is homotopy equivalent to X (see [17, Proposition 3.3]), and every
acyclic partial matching ¥ = {(ze > z,)} on X corresponds to a collection of minimal entrance paths

{fo :xe = x,}.

Definition 6.3. The localisation of Ent[X] about an acyclic partial matching ¥ is the LP-category
LocsEnt[X]| whose objects are also the cells of X, while the 1-morphisms are equivalence classes of fi-
nite (but arbitrarily long) Y-zigzags v : w — z in Ent[X]; each such zigzag has the form

, fo h1 , f1 hp , fr hk41
w x|, Zo T ), Tk z.

Here each backward-pointing f; is required to either lie in ¥ or be an identity, whereas the forward-pointing
h; are unconstrained entrance paths. (The equivalence relation between such zigzags is defined in Remark 6.4
below.) The order relation v = 4 holds if there exist zigzag representatives which fit into an Ent[X]-diagram
of the form
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ho , fo hi1 , f1 hi , fr k41
w x g x) - ), Tp z
/ﬁol \)k /ﬂl \ /)LJ/ \ck
/ / /
w ; Yo ] Yo ] U , T ; Yr ; YW — <
hqg fo hy f1 hj T hit1

Here all the vertical entrance paths ¢;, ¢; are also constrained to lie in X U {identities}, and all the diagonal
double-arrows are to be interpreted as order relations in Ent[X].

Remark 6.4. The equivalence relation among X-zigzags in the preceding definition is generated by (the
transitive closure of) two elementary relations:

(1) two zigzags are horizontally equivalent if they only differ by (backward or forward pointing) identity
morphisms; and

(2) two zigzags are vertically equivalent if they form the top and bottom rows of an Ent[X]-diagram

ho , fo hy , f1 hi , fr i1
w x)) g xh cee xy, Tk z
! / !
w ; Yo ] Yo ] Y1 ] T ; Yr ; YW — z
h‘O fO hl fl hk‘, fk hk+1

(Note that all order relations are identities, so every square in sight commutes).
There is a localisation LP-functor
Ly : Ent[X] — LocsEnt[X],
which sends each object to itself and each entrance path to its own equivalence class of ¥-zigzags. The
subcategory of Locs Ent[X] spanned by all the critical simplices of ¥ is called the flow category of ¥ and
denoted Flox[X]. The flow category is naturally embedded into LocsEnt[X] via an inclusion LP-functor
Js : Flog[X] < LocsEnt[X].

Here is the content of [17, Theorem 1.1].

Theorem 6.5. If > is any acyclic partial matching on a simplicial compler X, then both LP-functors

L J
Ent[X] —— — LocsEnt[X] +— OFlog[X]
induce homotopy equivalence of classifying spaces.

Since Ent[X] lies in the homotopy class of X by [17, Proposition 3.3], the above theorem implies that the
classifying space |AFlox[X]| is also homotopy equivalent to X . We note in passing that these two homotopy
equivalences are corollaries of the more general [17, Theorem 7.1]. This latter result applies to a certain class
of poset-enriched categories that are not necessarily loopfree (see [17, Definition 3.4]). We have confined our
description here to the loopfree setting because it suffices for our purposes in this paper.
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7. The Morse complex of groups

In this section, we construct what we call the Morse complex of groups: a complex of groups over the flow
category Floyx[Y] associated to a certain class of acyclic partial matchings defined on a simplicial complex
Y. The first step in this direction is to make an acyclic partial matching ¥ compatible with a complex of
groups over Y

Definition 7.1. An acyclic partial matching ¥ on a simplicial complex Y is compatible with a complex of
groups F : Ent[Y] — Grp if it satisfies the following conditions for every morphism f:y — ¢ in X:

(1) the F-image Ff : Fy — Fy/ is an isomorphism; and,
(2) if we have

w—y Yy
7 ,
, f or f h
g 7
y y'ﬁz

in Ent[Y] for arbitrary morphisms g, ¢, h, ', then the F-images are:

Fuw —29 Fy Fy
/ ’
Fy' lFf and Ffl p Fh
7
Fy Fy/ —— Fz

The first compatibility condition imposes a rather severe constraint on acyclic partial matchings; its
necessity (from a homotopy-reconstruction perspective) is already evident in one-dimensional examples.

Example 7.2. Let Y be the graph consisting of a single edge e which connects vertices v and v, and let G
be the finite cyclic group Z/nZ for some n > 1. Consider the complex of groups F on Y which is given by
the following data on simplices:

Fu=G and Fv=Fe=1,

along with the obvious inclusion maps 1 < G and G — G assigned to the entrance paths (e > u) and (e > v)
respectively. Consider the graph X with vertex set {u/,v),v},...,v},_; } and edges {e; = (v/,v}) | 0 < i < n};
it is straightforward to check that F is a complex of groups associated to the action of G on X which fixes

u’ but increments the indices of the v, modulo n. There are only two nontrivial acyclic partial matchings
on Y:

Yi={(e>v)} and T :={(e>u)};

the former satisfies the first F-compatibility condition, whereas the latter does not. The flow category of
3 consists of the single object u, and the restriction of F to w is G. It follows from Proposition 5.1 that
the development of F on Flox[Y] is the one-point space, which evidently lies in the homotopy class of X.
On the other hand, the flow category of I' contains only the object v and the restriction of F to v is 1.
The development of this restriction is the n-point space with n > 1, which clearly has the wrong homotopy
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type. The key difference here between ¥ and I' is that X lifts to a G-equivariant acyclic partial matching
on X given by the collection X := {(e; > v}) | 0 <i < n}. Attempting to similarly lift I' to X produces
T := {(e; >u') | 0 <i < n}, which is not an acyclic partial matching. In particular, T fails to satisfy the
partition requirement of Definition 6.1 because u’ appears in all n of the constituent simplex-pairs.

In sharp contrast, we establish that the second compatibility condition of Definition 7.1 can always be
satisfied, provided that the transfer elements are chosen carefully when constructing F.

Proposition 7.3. Let A : Ent[Y]op — Ent[X|o, be a lift function for a regular action of some group G on a
simplicial complex X with quotientY = X/ G. There exists a choice of transfer elements o : Ent[Y|mor — G
for X such that every acyclic partial matching on'Y satisfies the second compatibility condition for the complex
of groups associated to A and o.

Proof. Assume that transfer elements have been chosen arbitrarily for all the minimal entrance paths
(y > v') in Ent[Y]mor (with y # /). Every longer entrance path has the form A := (y; > yo > -+ > yg) for
some k > 2, and hence uniquely factors as a composite of these minimal paths —

h=(y1>y2)0(y2>y3) o -0 (Ye—1 > Yr)-

We may now use the unique factorisation to inductively produce transfer elements of longer paths such as
h. In particular, we claim that the product

o(Yr—1>Yr) 0(Yr—2 > Yx—1) - 0(y2 > y3) - o(y1 > yo)

is a valid choice for o(h). To see why the claim holds, let us abbreviate o; := o(y; > y;+1) and recall by
Definition 4.6 that there is a unique minimal entrance path in Ent[X] of the form

Ayi) > o7 ' Ayigr)

lying in the orbit of (y; > y;11) for each i. The desired entrance path A(y1) — o(h)“'A(yx) in Ent[X] can
be built in a straightforward fashion from these minimal ones; the first two steps in its construction are:

My1) > (071) Mya) > (07" -037) Alys) > -+
Let us assume that o : Ent[Y ], — G has been defined in this inductive fashion. By design, the relation
a(h)-o(h')=a(hoh'), (3)

holds whenever h and h’ are composable entrance paths in Ent[Y]. Let F be the complex of groups on
Y constructed using A and o. It now follows from Definition 4.7(4) and the relation (3) that the twisting
element assigned by F to every pair of composable entrance paths is 1. As a direct consequence, the second
compatibility requirement of Definition 7.1 is satisfied for every acyclic partial matching on Y. O

Throughout the remainder of this section, F denotes the complex of groups associated to a regular G-
action on X (for some arbitrary choice of lifts and transfers), ® : F — G,  denotes the associated natural
monomorphism, and ¥ is an F-compatible acyclic partial matching on the quotient Y.

Definition 7.4. The Morse complex of groups associated to ¥ is the pseudofunctor M : Flog[Y] — Grp
prescribed by the following data:
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(1) To each object y € Flox[Y], the group My := Fy.
(2) For each equivalence class of 1-morphisms represented by some zigzag ¢

ho fo hi f1 fr hi41
w Yo To Y T Tk

the homomorphism M( : Mw — Mz is the composite
FhyiioFfi, 1 o---0Fhy oFfy ! oFhy,
i.e., M( is conjugation by the product of transfer elements
a(¢) = o(hiyr) o (fi) ™ - a(ha) - a(fo)~* - o(ho).

(3) For any two morphisms ¢, (" : w — z in Flog[Y] satisfying ¢’ = (, fitting into a diagram

ho fo h1 f1 fr hi+1
w Yo Zo Y1 s Tk z
NN NEAL o
w ! xl ! . x/ 2

T T o

where (, ¢’ form the top and bottom rows respectively, M(¢" = () : M¢’ = M( is the product o(¢’) -
a(()~h

(4) For any composable morphisms y AN Y < y”, the twisting element is
(¢ () =0(()-o(¢) a( o)

Whilst the complex of groups in Definition 4.7 summarises a group action, the Morse version tracks
how this layer of data changes after applying discrete Morse theory to the quotient. The associated natural
monomorphism ¥ : M — Gy, [y] assigns

(1) to each object y € Flox[Y] the inclusion My — G, and
(2) to each ¢ : y — v the twisting element 7¢(¢) == o(().

Proposition 7.5. M is a well-defined complex of groups.

Proof. This follows from a sequence of claims:

(1) Claim: The 1-morphisms are well-defined, that is, for two zigzags ¢ ~ ¢/, we have M( = M(’, and every
MC( is injective.

Proof: If ( and ¢’ are horizontally equivalent then clearly M¢{ = M(’ because Fid, = idg, for all objects
y € FaclY]. If ¢ and ¢’ are vertically equivalent, then they fit into a diagram as follows.

go fo g1 f1 fr Jr41
w Yo Zo Y1 ce Tk z
w / xl / “ee xl z
o Yo T o T T T e

By the second compatibility criterion for ¥ (Definition 7.1), for each backward-pointing column we have
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Fu;oFf; =Ff ov; =Ff] o Fu;,
and similarly, for each forward-pointing column we have
Fu; oFh; = Fh} o Fv;_4,
with the convention that v_; =id, and wugyq = id,,. These equations yield the relations
Ffi ' =Fv, 'oFf ' oFuy,
Fh; = Fu; ' o Fh} o Fu;_,

for all suitable 4, and are well-defined since f;, u;, v; are either identities or are in X, so their F-images
are isomorphisms by the first compatibility criterion. Substituting into M, we have that

M( =Fhj1 oFfi, Yo oFhy oFfy~ ' o Fhy
= (Fh;ﬂ_1 o ka) 0:--0 (wa1 o Ff(/f1 o Fuo) o (Fu(f1 o th)
=Fhj,  oFf; " o---oFW, o Ff} ' o Fh
=M,

as required. By construction, each M( is the composite of finitely many injective homomorphisms, and
is therefore injective.

Claim: The 2-morphism M(¢’ = () satisfies
M (k) = M(¢" = ) - MG(k) - M(¢' = ¢)

for all kK € Muw.
Proof: This follows from a routine calculation.

Claim: M satisfies the cocycle condition.

Proof: If ¢y, (1 and (; are three composable Y-zigzags e LUNPRR SRR e, then both ({1, (2)v(o, (20¢1)

and M(2(v(¢o,¢1)) - 7(¢1 0 o, C2) are equal to

o(C2) - 0(¢1) - o(Co) - a(Ceoliodo)

as desired.

This concludes the argument. 0O

It follows from similar computations that ¥ is a well-defined natural monomorphism.

Remark 7.6. We can define the 2-morphisms M(¢’ = () in a more intuitive way: for any pair of morphisms

fitting into a diagram like (4), the functor F maps it to a diagram of the form:

oot ﬁ_"”‘)\ FujoFhy Fu,oF fi Fhita
t Fy! tr41

FfoFuvg Fh)oFug F f{oF vy Fhk+loFka
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) (2)

dNTAW  A@  go(HTAE) 9A@) A(@)
r__ ~_
X(F) H gA(f) \) /
A(a) PO oy <
()W)

Fig. 1. The two possible ways in which ¥ could violate the partition property of an acyclic partial matching.

where each t; is the 2-morphism assigned by F. We can define M (¢’ = () to be the horizontal composition
to- - -tr+1 of the t;’s across this diagram. This definition is, in fact, equivalent to the one given above, but
we omit the details here.

8. Equivariant homotopy equivalence

We are now ready to state our main result, which combines the Basic Construction with discrete Morse
theory.

Theorem 8.1. Given a regular action of a finite group G on a finite simplicial complex X, let F and ®
denote the complex of groups and natural monomorphism associated to this action for some choice of lift
function \ and transfer elements o. If ¥ is an F-compatible acyclic partial matching on the quotient Y =
X/G, then the Morse complex of groups M : Flog[Y] — Grp and associated natural monomorphism U :
M — Ggioyy) satisfy the following property: the classifying space of the development |A Z2(M,¥)| is G-
equivariantly homotopy-equivalent to X .

Throughout this section, we will assume the hypotheses (and notation) of Theorem 8.1. The proof of this
theorem follows from a sequence of results; on a high level, the strategy is to first lift ¥ to an acyclic partial
matching ¥ on X, then to induce a G-action on Flos[X] from the action on X, and finally to show that M
arises as the complex of groups for this action, for some choices of lift and transfers which depend on A\ and
0. We will introduce all the necessary categories and functors before providing a diagrammatic summary of
this strategy in Fig. 2 below.

Lemma 8.2. If ¥ = {f; : z; — y;} is an acyclic partial matching on'Y, then the union of orbits ¥ = U, G fi
1s an acyclic partial matching on X.

Proof. We have to prove that ¥ satisfies the dimension, partition and acyclicity conditions from Defini-
tion 6.1. The dimension property follows immediately since dim(z) = dim(z) for any Z satisfying P(z) = z.

Since X satisfies the partition property, it follows that G f; NG f; = 0 for ¢ # j. So it remains to show
that for a given f € ¥, the orbit G f C ¥ contains no repeated objects. This could occur in precisely two
ways, as illustrated in Fig. 1. Without loss of generality, we can assume that one of the morphisms violating
the partition property has source A(x).

Case 1 cannot occur because there is a unique morphism with a given source in A(f)’s orbit, so gA(f) =
A(f). Suppose we are in Case 2; then go(f) " *A(y) = o(f)"*A(y) and so o(f)go(f)~' € Fy. Recall that
since X is F-compatible, the homomorphism F f is an isomorphism for every f € X. Hence, thereis a k € Fa
such that
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So k = g, and g\(x) = A(z) and so we satisfy the partition property.
Suppose that ¥ is not acyclic, i.e., that there exists a sequence (writing #; for \(z;) and similarly for v;):

910(f1) 7' < 1T > g20(f2) "Wy <+ > g0 (fo) Yy < GnTn,

with ¢,Z, > g10(f1)~%;. The projection of this sequence
Y1 <T1>Y2 < T >+ >UYp < Ty

to the quotient has the property that x, > y;.

This projected sequence could contain repeats if any of the T; are in the same orbit, for example; if, say,
the pair y; < z; is equal to y; < x; for some i < j, remove from the projected sequence the entire portion
between these two pairs, inclusive of y; < ;.

If this sequence has length strictly bigger than one, it contradicts the acyclicity of 3. This reduced
sequence will have length equal to one if and only if all pairs involving ¥, and Z; lie in the same orbit. But
this contradicts condition (2) from Definition 4.1, because this would require the existence of relations of
the form ¢17 < T > go¥y for some group elements g; and gs, i.e., it would require two distinct morphisms in
the same orbit with the same source. 0O

Using the action on X, we can define an action on Locs[X]: the objects of both categories are the same,
and the action on objects remains the same. On morphisms, each g € G acts individually on each arrow in
the zigzag. More precisely, if ¢ is the 3 zigzag

ho fo h1 f1 fr hk41
w Yo Zo U1 T Tk z,

then the morphism g - ¢ is defined to be

gw g:ho 9Yo 910 gxo g gy oh Ll 9Tk gy

The following result confirms that this action is well-defined with respect to the horizontal and vertical
equivalence relations among such zigzags which are used to define the morphisms in localised LP categories
(see Definition 6.3).

Lemma 8.3. The G-action on X zigzags described above induces a well-defined action of G on Ents[X],
which restricts to an action on Flos[X].

Proof. The G-invariance of ¥ guarantees that Y-zigzags are sent to Y-zigzags under the action. That is, if
C is the ¥ zigzag

ho fo h1 f1 fr hk+1
w Yo Zo 1 te Tk Z,

then the morphism g - ¢

g-ho g-fo g-h1 g-f1 9 I g-hetr
gw 9Yo gxo gy1 te 9Tk gz,

is also a Y-zigzag because each g- f; is in ¥ by definition of ¥.. We now perform the required verifications —

1. Well-definedness. If two Y-zigzags ¢ and ¢ are horizontally equivalent, then their g-images are also
horizontally equivalent because g-id, = id,., for any object 2. If ¢ and £ are vertically equivalent, then they
fit into a diagram as follows
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PANSYZEN

which maps to the following under g:

g w——g-Yo——g-Tg — " —> gz

ZIN LS N

g w—— g Yy g Tg —> gz

The equality of composites in each square follows from the fact that the original action on X respects the
partial order on morphisms, and each composite consists of morphisms from X. Hence, the morphism g - ¢
is vertically equivalent to g-& and so the induced action is well-defined on equivalence classes of morphisms.

2. Action axioms. To confirm that the induced action satisfies the two properties in Definition 4.1, suppose
that ¢ is the morphism

ho fo h1 f1 fr hi+1
w Yo Zo n s T 2,

and suppose also that g - w = z. Then the morphism ¢ -

g-ho g-fo g-h1 g-f1 g-fr g-hrt1
z 9Yo gxo gy1 e 9Tk

projects under the orbit functor to a cycle in Flox[Y], contradicting the acyclicity of X. If instead there
is some g € G fixing w, then ghy : w — gyo. But, since the group action on X satisfies property (2) of
Definition 4.1, we must have that ghg = hg, and in particular that gyo = yo. Since 3 satisfies the partition
property, we have gzg = x¢ and gfy = fy, because yg cannot appear as the target of any other morphism in
3. Applying this argument to the rest of the chain of morphisms forming ¢ implies that, if g fixes w, then
g also fixes (.

3. Restriction to the flow category. It suffices to check that the G-orbits of critical objects contain only
critical objects, and similarly for non-critical objects. But this follows trivially from the fact that X is
G-invariant by construction. O

We will construct a functor E between the quotient Flos[X]/ G and the flow category on the original
quotient Flox[Y], and show it is an isomorphism of categories. This will enable us to relate our Morse
complex of groups and the canonical complex of groups over the orbit space of the action on Flos[X].

Let P denote the usual orbit functor. Using [#]x to denote orbit classes, define P : Flog[X] — Flog[Y]
to be the functor mapping each Y-zigzag

hir1 0 (fr) " oo (fo) oo

to the X-zigzag

[l x o [(fi) " x 0 - 0 [(Fo) " 'x © [ho] x-
Lemma 8.4. P is a full LP functor.

Proof. It is a routine calculation to check that P is an LP functor. Every constituent morphism h : z — y
in a Y-zigzag can be lifted to a morphism in its orbit class with prescribed source gA(z), for any g € G.
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X — " Locg[X] «—2Z  Flog[X]

Ph {P |P \
Y — Locsx[Y] — Flog[Y] ¢+——F—— Flog[X]/G

Fig. 2. We prove Theorem 8.1 by first lifting the acyclic partial matching on Y to a G-equivariant one on X, and then by showing
that the development of (M, ¥) is isomorphic to Flos[X].

Also, any morphism in ¥ is lifted to a morphism in 3. Hence, we can find a ¥ morphism ¢ in Flox[X] such
that P({) =¢. O

Flog[X

/\

Flog[X]/ G ———— Flog[Y

Observe that the sets of objects in Flos[X]/G and Flox[Y] are the same; first note that the G-action
on X and Locs[X] is the same on objects,’ so the sets of orbit classes in Locg[X]/ G and Locx[Y] are
the same. Secondly, it is clear from the construction of ¥ that an object [z] € Locg[Y] is S-critical if and
only if g is Y-critical for every g € G. Hence, when we restrict to the flow categories, the sets of classes of
objects are identical.

Thus, we define E : Flog[X]/ G — Flox[Y] to be the identity on objects. Since P is surjective, for each
orbit class of morphisms [¢] € Flos[X]/ G there exists a morphism ¢ € Flog[X] projecting to ¢. Define

E([c]) =P(C).

Clearly E(id;) = idg, = id, because the only morphisms in Flos[X] projecting to the identity are
identities on gA(z), for all g € G. Any such map projects to id, under P. Also, E([¢ o (’]) = E([¢]) o E([¢']),
and any lifted morphism projecting to ¢ o ¢’ can be separated into composable choices of ¢ and ¢’. Whilst
choices made separately for E([¢]) o E([¢']) may not be composable in Flos[X], they will lie in the same
respective orbits, and so will project to the same morphisms under P. The functor E plays an important
role in our proof of Theorem 8.1, as depicted in Fig. 2

The next result tells us that finding an F-compatible acyclic partial matching on Y and passing to the
discrete flow category is the same (up to isomorphism) as finding a G-equivariant acyclic partial matching
on X and taking the quotient of this larger flow category.

Proposition 8.5. The functor E : Flos[X]|/ G — Flox[Y] is a well-defined isomorphism of categories.

Proof. This follows from the following claims:

(1) Claim: The functor E is independent of choice of ¢ in Flog[X].
Proof: If ¢ and Z/ are two Y-zigzags such that P({) = P(Z/), then there exists a group element g € G
such that g- ¢ = ZI. But P(g-¢) = P(C) because each forward or backwards pointing arrow comprising
g-C and C are in the same orbit class.

(2) Claim: If ¢ and £ are representatives of the same orbit class, then E([¢]) = E([{]).
Proof: We can either make the same choice of lifted morphism in Flos[X], or note that by the argument
in the proof of Claim (1), two different choices in the same orbit map to the same morphism under P.

1 Recall that these two categories have the same objects, i.e., elements of the poset Fac[X].
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(3) Claim: The functor E is independent of choice of ¥-equivalence class of (.
Proof: Suppose first that ¢ and Z/ are horizontally equivalent. By definition, they differ by an identity
morphism, which maps to an identity morphism under P. Hence, P({) is horizontally equivalent to
P(C') in Flog[Y]. On the other hand, if ¢ and  are vertically equivalent, i.e. they fit into a ladder
diagram, which is mapped by P to a diagram of the same form because P is an LP-functor (Lemma 8.4).
So P(¢) and ﬁ(zl) are vertically equivalent in Flox[Y].

(4) Claim: The functor E is an isomorphism.
Proof: We prove this by showing that E is a bijection on the sets of objects, and E is an order-preserving
bijection on each hom-set. The bijection on objects follows immediately since E is the identity on objects.

E is injective because:

E([¢]) =E(') = P()=P(()

— ( and ZI are in the same orbit class

Surjectivity follows from the fact that both P and P are surjective. Similarly, both functors are order-

preserving, so E is also order-preserving.
Hence, the categories Flox[Y] and Floy[X]/ G are isomorphic. O
This gives us the tools to relate the Morse complex of groups over Flos[X] to a complex of groups over
the quotient Flos[X]/ G. In particular, we will use Lemma 5.5 to find a complex of groups over Flos[X]/ G
associated to the G-action on Flos[X] so that its development is isomorphic to that of M.

Recall that A is the lift function which was used to construct F'.

Proposition 8.6. There is a choice of lifts and transfers for the canonical complex of groups M’ and natural
monomorphism U’ associated to the action on Flos[X], such that the following diagram commutes:

Flog[X]/ G B Flox[Y]

M’ M
Grp
and \I"C = Ug for every morphism ¢ € Flos[X]/G.

Proof. We define a lift function p for M': for any object [z], set u([z]) := A(E([z])). For any morphism ¢
with representative

ho fo h1 f1 I hiet1
w Yo o n cee T Z,

choose the transfer element o := o(E (), which is (by definition of the Morse complex of groups),

o(EQ) = o(hps1) - o(fr) ™" a(ha) - a(fo) ™" - o(ho)-
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We need to check that o is a valid choice of transfer element, i.e., that the morphism A(¢) : A(w) — 071 A(2)
is the unique Y-zigzag with source A(w) such that P(A\(¢)) = ¢.
To simplify notation, write

u

A(u), for any object u
a; = 0o(ho) - o(fo)-o(h1) ™"+ o(h) !, and
Bi=a(ho)™t - o(fo)-o(h)™ --a(hi)™" - a(fi).

Note that fry1 = o~ !. Each B; is such that Bih; : BiTi_1 — @;11Y;41 is the unique morphism with
source [3;T;_1 projecting to h; under P. Similarly, each «; is such that aiﬁ-—l t o Ti—1 — B;Y; is the unique
morphism in the orbit of (f;)~! with source a;Z;_;. This follows from the definition of each transfer element
o(h;) and g(fi).

Hence, ¢ can be written explicitly as the composition:

_ - \—1 3 It F)t h
- o aoyoag(fo) BoTo Bohi alylal(fl) -..Oék(fk) BrTk Br Ce1Z,

which is a morphism such that P({) = ¢, with source A\(w) and target o' \(2), as required. Its uniqueness
follows from the uniqueness of each constituent morphism in the composition. By Proposition 7.5, this is
well-defined on equivalence classes.

The commutativity of the diagram then follows immediately from this construction, because the 1-
morphisms, 2-morphisms and twisting elements for M’ and M are constructed in the same way from the
transfer elements, and the maps on objects are the same.

To see that @, = ®g ¢ for any morphism ¢, note again that it is defined as conjugation by the transfer
element corresponding to ¢. But this was chosen precisely so that o({) = o(E(). O

Remark 8.7. Note that by definition of the induced action on Flos[X], the localisation and inclusion functors
Ly and Jy; are both G-equivariant.

Proof of Theorem 8.1. Given F and ®, we can construct the Morse complex of groups M and associated
natural monomorphism ¥, as described in Section 7. Since ¥ is F-compatible, we can build an equivariant
acyclic partial matching ¥ on X (Lemma 8.2). Furthermore, the G-action on X pushes to an action on
Floy[X] (Lemma 8.3), and the quotient Floy[X]/ G is isomorphic to Flox[Y] (Proposition 8.5). There is
a choice of lifts and transfers to build the canonical complex of groups M’ and morphism ¥’ associated to
the action on Flos[X] making the diagram

Flog[X]/ G B Flox[Y]

gl
g

Grp

commute (Proposition 8.6). Hence, 2(M, ¥) = 2(M/', ¥’) as categories (Lemma 5.5). By the Basic Con-
struction (Proposition 5.1), 2(M/, ¥') is G-equivariantly isomorphic to Flog[X], and the latter has classi-
fying space homotopy-equivalent to X (Theorem 6.5). Since the localisation and inclusion functors, Ly and
Js, are G-equivariant with respect to the induced G-action on Locs[X] and Flog[X], the classifying space
|A 2(M, ¥)| of the development of the Morse complex of groups and its associated natural monomorphism
is G-equivariantly homotopy-equivalent to X, as required. 0O



28 N. Yerolemou, V. Nanda / Journal of Pure and Applied Algebra 228 (2024) 107606

X Y

Fig. 3. On the left, a triangulation X of the annulus equipped with a regular simplicial (left) group action of Dg. On the right, the
orbit space Y.

Fig. 4. On the left, a choice of lifts for each simplex in the orbit space Y. On the right, the complex of groups associated to this choice
of lifts and certain transfer elements. The 1-morphisms are decorated by the group element by which the morphism conjugates;
only the non-trivial 2-morphisms have been labelled.

9. An example

We present a detailed example to demonstrate the entire process, from a regular action on a simplicial
complex to the higher development of the associated discrete Morse complex about an acyclic partial
matching on the orbit space.

Let X be the triangulation of an annulus, as shown in Fig. 3. Consider the (regular) left action of
Dg = (r,s | r* = s* = e,r3s = sr), where r is the anticlockwise rotation by 7/2 and s is a reflection in the
y-axis. The orbit space Y in this case is a fundamental domain, i.e. a subcomplex of X; it is a simplicial
complex with four O-simplices {vy, ..., v3}, five 1-simplices {uyg, ..., us} and two 2-simplices {wq, w }.

To construct the complex of groups associated to this action, as well as the morphism of complexes of
groups, we make a choice of lifts and transfers; for each y € Y we choose a simplex 7 € X such that p(g) = v,
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w,
0 — 4,
/4 44\>Z)0

wy — ta W17 00

J

J

U3 '

Fig. 5. The discrete flow category.

and these choices are highlighted on the left of Fig. 4. For each pair x — y of simplices related by a face
relation in Y (i.e. for each pair of simplices related by a morphism in Fac[Y]) we choose a group element
g € G such that g~! -7 is a face of T in X. For example, wy and u; are adjacent in X so their transfer
is trivial; however, 72s - Uy is a face of Wy (whereas %7 is not), so in the complex of groups, the morphism
between the stabilisers F,,, — F,, is conjugation by (r?s)~! = r2s. After making all of these choices, we
obtain a complex of groups over Y, as illustrated in Fig. 4. The morphism & : F — G follows immediately
from the choice of i for each y € Y and transfers.

Equipped with a complex of groups and a morphism into G, we have enough data to use Proposition 5.1
to build a simplicial complex that is G-equivariantly isomorphic to X. However, we are looking to reduce
the size of Y by finding an acyclic partial matching on Y before building a complex of groups to reconstruct.
We choose the smallest non-trivial matching consisting of a single pairing ¥ = {f : u4 — w1 }. This leads to
the discrete flow category displayed on the right hand side of Fig. 5. The lifts of uy and w; are adjacent in
X, yielding a compatible matching. On the right, the discrete flow category Flos[Y]; there are no objects
corresponding to cells uy or wy as these are not critical. Each morphism is an equivalence class of zigzags
under the relations given in Definition 6.3, with representative zigzags decorating the morphisms above.
There is a (non-trivial) poset of morphisms for each of the pairs of objects (wp, v2) and (wo, vg).

The discrete flow category is the domain of our Morse complex of groups M, which is constructed in
full at the top of Fig. 6. At the bottom, we see part of its higher development, whose classifying space is
G-equivariantly homotopy equivalent to X.
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Fig. 6. The discrete Morse complex and its higher development. The discrete Morse complex (top) is a complex of groups over the
discrete flow category Flox[Y]. All 1-morphisms are conjugation by the group element decorating the arrow. All non-trivial 2-
morphisms are labelled. Part of its higher development (bottom). The classifying space of the higher development is G-equivariantly
homotopy equivalent to X, i.e. it has the homotopy-type of St.
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