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Abstract

Network theory is a powerful tool that allows researchers to model and investigate complex rela-
tional data. In this dissertation I examined structural changes in a large network of mathematical
collaborators. To highlight some important features of the network, I calculated a number of net-
work statistics: publishing rates for different subfields of mathematics, the overlap between these
subfields, clustering coefficients, centrality measures, and assortativity coefficients. I also investi-
gated community structure of the network using two different community detection methods and
made a comparison between them. These calculations revealed some interesting dynamics behind
the evolution of mathematical disciplines. I have quantified the correlation between the researchers’
subjects of interest and their communities, which varied a lot depending on a mathematical subfield.
Finally, I gave some concluding remarks and outlined possibilities for further investigation.
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1 Introduction

The processes by which we collectively produce knowledge in science and technology have been the sub-
ject of endless fascination throughout history. The last few decades have seen development of new fields
in both pure and applied mathematics, such as bioinformatics and data science. Probably, the most
recent example is the development of ”Inter-universal Teichmller theory” by S. Mochizuki in order to
tackle The ABC conjecture. An interesting question is how can one track the birth, evolution, and decline
of disciplines? It is very difficult to identify the emergence of a new field, as one has to identify a new
research theme from a few publications against the background of millions of others. There is no simple
solution to this problem but one possible approach is to analyse mathematics as a net of collaborations
between different researchers. Mathematics is increasingly done in groups and this means that social
dynamics can sometimes highlight quite a lot of changes in a mathematical field.

In order to identify large scale trends between mathematical collaborators, I investigate American
Mathematical Society’s Mathematical Reviews database using methods developed in network theory.
The study of networks is a very useful tool for analysing complex relational data. It has a rich history
in mathematics as well as social and natural sciences [33]. Collaboration networks in particular have
often provided a good source of reliable data and there is a substantial body of their qualitative studies
[3, 6, 18]. The studies of science co-authorship networks focused on comparison of patterns of collabo-
ration in different disciplines [31], various statistical properties of the networks [29], and models of their
evolution [46]. There are several papers [7, 17] that deal with identifying the evolution of a scientific field,
and some of the insights they obtained include changes in network topology that accompany maturity
of a scientific field.

Mathematically, a network is usually represented as a graph. A natural way to represent a co-
authorship network as a graph is to assign authors to the vertices and collaborations between them to
the weighted edges, with the weight proportional to the number of co-authored papers. Researchers
have found that such graphs have quite a few interesting properties. Many social networks exhibit high
degrees of transitivity, i.e. if vertex A is connected to vertex B and vertex B to vertex C, then there is a
heightened probability that vertex A will also be connected to vertex C [4]. Other interesting quantities
that one can look at are various centrality measures, assortativity, and degree distributions. I look at
them in more detail later in the dissertation and try to explain what is their significance for the changes
in mathematical subfields.

A lot of real-world networks have mesoscopic structures called communities [43]. They divide net-
work vertices into groups within which the network connections are dense, but between which they are
sparse. In the case of social networks this can correspond to a close circle of friends or colleagues. These
structures can provide a lot of insight into the structure of the network [37, 26, 49] and a large part of this
report will be dedicated to their studies. A good example of a successful analysis of network community
structure is an investigation of social structure of university Facebook friendship networks [49]. Some
interesting insights in this paper is that the organisational structure of a student network varies quite a
lot across different institutions. For instance in Caltech it depends strongly on House affiliation, while
in Princeton and other three universities the communities more strongly correlate with class year.

The rest of the report is structured as follows. First, I give an introduction to network theory and
define the terms that will be commonly used throughout the paper. Next, I present the data used for
the analysis, including what are its possible limitations and what has already been done with this data.
Then I will investigate some fairly general properties of the network and highlight the methods used in
their analysis. The next section will be dedicated to the community structure of the network and how it
relates to changes in mathematical fields. In this section, I will use two different methods of community
detection and highlight their differences. Finally, I will summarise and discuss the work done in this
paper and suggest possibilities for future research.
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2 Preliminary Network Theory

Figure 1: Largest connected component of the AMS co-authorship network in 1985. Colours correspond
to author’s main subject of interest. The image was produced using Gephi visualisation platform and
the layout obtained using a force-based algorithm by M. Jacomy [5].

The study of networks, in the form of mathematical graph theory, is one of the fundamental pillars
of discrete mathematics [33]. A network G is an ordered pair of disjoint sets (V,E), where V is the set
of vertices and E is the set of edges. In an undirected network E ⊆ V (2), a set of unordered pairs of
vertices. In a directed network, the edges are ordered pairs of vertices. A network is finite if V is finite
[34]. In this dissertation I will only work with finite networks.

Let n = |V |, the Adjacency matrix, A ∈ Mn×n of a network G is defined such that each matrix
element aij indicates if there is an edge eij between vertices i and j.

aij =

{
1 if there is an edge connecting i and j
0 otherwise

(1)

Weighted network associates a weight w(e) ∈ R with every edge e ∈ E. In a weighted network, the
adjacency matrix has edge weights aij = w(eij) instead of the incidence indicators . In this report the
weights will represent the number of publications between two authors and are always positive integers.

The neighbourhood of a vertex i, denoted Γ(i) is the set of vertices j connected to i [34].

Γ(i) = {j ∈ V : eij ∈ E} . (2)

The degree of a vertex i is the size of its neighbourhood, di = |Γ(i)|, or equivalently the number of edges
incident to it. In a weighted network, the corresponding quantity, often called strength of a vertex is the
sum of the edge-weights of edges incident to it.

ki =
∑

j∈Γ(i)

w(eij). (3)

By a partition of a network P = G1, G2, . . . Gk, I will mean a partition of a vertex set V into subsets
Gi ⊆ V , s.t. G1 ∪ G2 ∪ . . . ∪ Gk = V and Gi ∩ Gj = ∅ for all i and j. These are pretty much all the
definitions that we will require for now and everything else will be introduced as the need arises.

7



3 Data

The data under investigation comes from the database Mathematical Reviews, maintained by American
Mathematical Society (AMS). The database covers the period of 25 years from 1985 to 2009 and consists
of nearly 1.5 million publications by hundreds of thousands researchers. The publications come from
peer-reviewed books and articles in mathematical journals. This is an important comment as quite a lot
of publications in applied mathematics happens in physical, medical, and other journals, so the database
by no means accounts to the total body of mathematical literature. Each entry in the database corre-
sponds to a publication and includes the year of publication, a primary subject classification, sometimes
several secondary subject classifications, and anonymised authors’ IDs. Subject classifications are given
according to the AMS Mathematics Subject Classification (MSC). The MSC classification is a 5 digit
code that consists of two numbers followed by a letter or a dash, followed by another two numbers.
The first two digits indicate the broadest discipline and the latter ones specify more specialised fields
within that discipline. For instance, if a paper’s primary classification is 14K25, then 14 means that
the paper belongs to the field of Algebraic Geometry, 14T means the subject lies within a subfield of
“Abelian varieties and schemes”, and finally 25 means that the paper is on theta functions. Sometimes
the number of MSC classifications of a paper is quite high, e.g. [44] has 1 primary and 19 secondary
tags. There are no such extreme examples in the database, but there are over a thousand papers with 6
or more secondary classifications.

It should be noted that the subject classifications were given according to the edition of MSC used
at that time (MSC 1985, MSC 1991, and MSC 2000). I have converted them according to the AMS con-
version schemes to match the most up to date classification used in the database. There is no one-to-one
correspondence between different revisions of MSC, so some of the papers might have been misclassified.
However, the are only several thousand papers that had multiple possible classifications and this should
not affect the global trends that we are after.

There have been several previous studies of different parts of the MR database, usually at smaller scale
[10, 31, 19]. A paper by Brunson et. al. [10] studied pretty much the same database I am considering in
this paper. They have more papers and authors in their network, so they seem to have been working on a
more updated version. Their paper includes the discussion of several network measures (and correlations
between them) and mainly tried to highlight the differences between pure and applied mathematicians. It
is worth investigation to see what interesting information can be extracted from this database. However,
most of the papers mentioned above focus on a general structure of the network. They try to deduce
global structure of mathematical publishing or some large scale trends within it. The aim of this report
is to investigate the development of different and temporal evolution of mathematical subfields.
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4 Network Statistics

To get some general idea of general changes in various mathematical fields, I examine some measures
and statistics commonly used in network analysis. They can provide some insights of their own as well
as assist in identifying which subfields have interesting community dynamics.

4.1 Subject proportions

The first and simplest useful thing to do is to compute the changes in relative size of different fields.
A natural way to do this is to calculate what proportion of papers have been published with some
primary subject classifications in each year. The plot in Figure 2 gives details about primary 2-digit
classifications. Two plots in Figure 3 show some subjects that have interesting dynamics within their
3-digit classifications. 2009 is very incomplete, so I omitted in the plots.
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Figure 2: Subject proportions. Each bar corresponds to the percentage of all papers published in a year,
that have the given 22digit primary subject classification.

We can see from Figure 2 that mathematical biology had a slump in the number of publications in early
1990 but has grown very rapidly since then. Quantum Theory has experienced a steady decline in the
number of published papers (at least in mathematical journals). If we look at 3-digit classifications the
changes in some subfields become quite interesting. For instance, there are some curious developments
in 47 Operator Theory and 76 Fluid Dynamics. In both subjects in the early 1990s there was an
explosive growth in the number of publications within subfields that had not been very developed before.
Intriguingly, in the case of Operator Theory, the subfields that grew the most were applications of the
subject (to optimisation, physical sciences, numerical analysis, etc.). However, in the case of Fluid
Mechanics, more development happened in a more theoretic part of the subject (stochastic analysis,
perturbation methods, homogenisation, etc.). We can also see a rather sharp drop in the number of
papers published under the ’General Fluid Mechanics’ tag. This happened in 1991, the year of change
of classification, so it is likely that this change happened due to AMS becoming better at being more
specific about the subjects of papers on Fluid Mechanics.
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4.2 Overlap between subfields Figure 3: 3-digit classifications for Fluid Mechan-
ics and Operator Theory
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Another fairly simple thing one can do is inves-
tigate the overlap between different fields. This
can provide some interesting diagnostics as we
have the division of classification into primary
and secondary fields. This implies that for
each paper there are 4 different relations be-
tween each pair of subjects. Hence, to in-
vestigate these relationships, I will use 2 mea-
sures which I define below. One will measure
the strength of the overlap between different sub-
fields and another will measure whether one is
influencing another and how strong is this influ-
ence.

Let the size of a subject be defined as the
number of papers that have this subject in its
classification. To measure the strength of the
overlap between subjects A and B, I use the
number of papers that have both A and B
in their classification over the expected num-
ber of papers with A and B in their classifica-
tion if each paper were assigned a subject inde-
pendently and uniformly at random while keep-
ing the size of subjects the same [37]. I
give tables of these values for different five
year periods in Appendix A. Five-year peri-
ods are used from here on onwards, for sev-
eral reasons. The main reason is that com-
munity structure algorithms are quite compu-
tationally taxing, so I had to do some col-
lapsing of data. Also, other studies of col-
laboration networks [10, 31] use five-year peri-
ods, so this will allow the direct comparison
of other measures that I calculate later. Us-
ing this measure, the fields with the strongest
connection were “19 K-theory” and “18 Cat-
egory Theory” in 1985–1990 with the score
of over 50 (while the average is about 0.3).
This overlap decreased quite rapidly afterwards,
but it remained fairly substantial at around
8. The most consistent (in terms of the
least percentage change) strong connection is
between “22 Topological groups, Lie groups”
and “43 Abstract harmonic analysis” and it
was increasing over the period of investiga-
tion.

To measure a directed overlap between subjects A
and B, let the contribution of a paper be +1 if it has
A in its primary classification and B in its secondary
classifications. Afterwards, I normalise the sum of
these contributions over the total number of papers
that have A and B in their classifications and multiply by the score above. Full tables of these values
are again in Appendix A. An example of an interesting results is that a lot of papers in the late 1980s
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that had “80 Classical thermodynamics, heat transfer” as the main subject included “85 Astronomy and
Astrophysics” as a secondary one, but in the later years these fields stopped having a lot of overlap.

4.3 Transitivity

A very important property for social networks is transitivity. A relation ◦ is called transitive if a ◦ b and
b◦c implies a◦c. In a network, the simplest relation is being connected by an edge. For a social network,
a transitive relation between 3 vertices can be stated as “the friend of my is also my friend”. There are
two main ways to measure transitivity. There is a global transitivity that is defined as [34]

C =
6× number of triangles in the network

number of paths of length two
, (4)

where 6 comes from the number of paths of length two in each triangle. In our network, these coefficients
for each five-year period satisfy 0.22 < C < 0.32. These values are fairly typical for the co-authorship
networks of mathematical or physical sciences [31].

Alternatively, one can measure local transitivity by defining a local value for each vertex as [34]

Ci =
number of triangles connected to vertex i

number of triples centered on vertex i
, (5)

and then taking the average to get

Clocal =
1

n

∑
i

Ci. (6)

This definition weighs the contribution of low-degree vertices higher (as they have lower denominators)
and usually gives a higher value then the previous measure [13, 47]. For the whole network these work
out to be Clocal ∈ (0.32, 0.5)0, also consistent with other studies of co-authorship networks [31]. They
are also strictly increasing with time, which suggests that there is a growing number of collaborations of
three or more people.

We can also examine these coefficients restricted to the sub-networks of a single field (as indicated
by their 2-digit classification). All these coefficients are in the Appendix B. Interestingly, both these
transitivity measures are higher in more ‘applied’ fields. Furthermore, although the local transitivity
measure still takes values within the usual range for co-authorship networks, global transitivity can
get higher than then those usually reported in the literature. In the fields of Statistical Mechanics,
Relativity and Gravitational Theory, Geophysics, and Game Theory, the values get as high as 0.72, i.e.
overwhelming majority of collaborations are in groups of tree or more.

4.4 Centrality Measures

Another set of interesting diagnostics to compute are centrality measures. They assign a value to each
vertex in a network that signifies its importance [34]. To investigate which fields have important vertices, I
define the researcher’s subject as the mode of 2-digit subject classification which this researcher authored
or co-authored. In a social network, one can imagine that a person with many connections to other people
might be quite important. A measure of this is the degree of a vertex, often called degree centrality to
emphasise it as a centrality measure. This is a very simple measure and a natural way to extend it
is to say that a vertex is important if it is connected to many vertices that are important themselves.
This is the motivation behind eigenvector centrality [34]. The way it works is we make an initial guess
about the centrality of ei for each vertex i, say 1. We then calculate a better guess by summing over
the centralities of its neighbours e′i =

∑
iAijxj , where Aij = 1 if authors i and j wrote a paper together

and 0 otherwise. In matrix notation, at an iteration t, we have

x′(t) = Atx(0), (7)

where A is the adjacency matrix of our network. If we decompose x(0) into the linear combination of
eigenvectors vi of the adjacency matrix, we get

x(t) = At
∑
i

civi =
∑
i

ciλ
t
ivi = λt1

∑
i

ci

[
λi
λ1

]t
vi, (8)
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where λi are the eigenvalues of A and λ1 is the largest of them. Taking the limit as t→∞, x(t)→ c1k
t
1v1

- i.e. the vector of centralities tends to the leading eigenvector of the adjacency matrix. We don’t usually
care about the normalisation of this quantity, as we seek vertices with high or low centrality, but we can
normalise by requiring that all centralities sum to n, the number of vertices. A generalisation of this
approach that I will be using is called Katz centrality [24] which also gives some “free” centrality to each
vertex regardless of its position in the network or the centrality of its neighbours, i.e.

xi = α
∑
i

Aijxj + β, (9)

where α and β are positive constants. β = 0 will reduce this measure to the previous one. The motivation
for this is that this slightly evens out the difference between the vertices that are connected to many
vertices and the vertices that are connected to many vertices with high centrality. Using matrices we get

x = αAx + β1. (10)

Rearranging for x gives
x = β(I− αA)−11. (11)

We don’t care about the absolute magnitude, so we can drop the β term. As α → 0, x = 1, that is all
vertices have the same centrality values. As α increases, the centralities increase and eventually diverge.
The first point of divergence is the first root of

det(A− α−1I) = 0, (12)

which is the characteristic polynomial of adjacency matrix. Hence, we require that α−1 < λ1. M.E.J.
Newman states that most researchers have employed values close the maximum, hence I picked α−1 =
0.9λ1.

There are some interesting developments that can be deduced using this measure. For instance, in
the older parts of the database (1985–1994), many researchers with high Katz centrality values came
from Combinatorics, Probability Theory, and Quantum Theory. They still had quite a large presence in
late 1990s, but were beginning to get phased out by researchers with a focus on Computer Science and
Differential Equations. This trend continued throughout the 2000s, and in 2005–2009 almost a third of
scientists with the top 100 centrality values came from the background in Differential Equations.

The importance of a vertex can also be measured in a different way. Imagine that knowledge is passed
from one researcher to another via collaborating. Hence, one might want to know which vertices are more
important for the spread of information. Suppose that every (connected) pair of researchers exchanges
messages with equal probability per unit time and that messages always take the shortest path - or one
such path - chosen uniformly at random, if there are several. If we wait a suitably long time, then the
number of messages passing through each vertex is proportional to the number of geodesic paths that
go through this vertex. This is the idea behind the geodesic betweenness centrality [16]. Mathematically
it can be defined as

xi =
∑

i,j,k∈V

σjk(i)

σjk
, (13)

where i,j and k are distinct vertices, σjk is the total number of geodesic paths between vertices j and
k, and σjk(i) is the number of those paths that pass through vertex i. We define σjk(i)/σjk = 0 if both
σjk and σjk(i) are zero.

Over 1985–1999 a lot of vertices with high betweenness centrality came from Combinatorics. Hence,
in that period, combinatorics researchers seem to be important for the spread of information throughout
the network. However, in the 2000s, we see them being overtaken by the authors on Operations Research
and Mathematical Programming. They do not have very high scores in Katz and eigenvector centrality
measures mentioned above, but they seem to be very important in spreading the knowledge between
different disciplines
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4.5 Assortative mixing

To make a bridge between summary statistics and community structure, I will investigate the way re-
searchers tend to form groups between each other. People form friendships, acquaintances, working,
and other relationships based on various characteristics including age, nationality, language and many
others. They tend to associate strongly with others whom they perceive to be similar to themselves in
some way [28]. This tendency is called homophily or assortative mixing. A network can have assortative
or dissasortative mixing based on some characteristic of the vertices. It can either be based on some
enumerative characteristic - vertices classified into a finite set of values - or it can be based on some
scalar characteristics like income or age.

Figure 4: An example of a network with relatively high degree of assortative mixing by subject. This is a
subset of AMS network, that consists of researchers that focused ”03 Mathematical logic and foundations”
in 1985–1989. Colours correspond to 3-digit classifications.

One case of assortative mixing by a scalar quantity is mixing by degree. In a social network, this might
occur if sociable people are friends with other sociable people and hermits are friends with other hermits.
This is of particular interest, as degree is the property of network itself rather then some imposed one
like age or publishing rate. In a network where high-degree vertices tend to stick together, there is often
a core of well connected high-degree vertices surrounded by a less dense periphery of vertices with lower
degree. This core/periphery structure often presents itself in social networks and is quite an interesting
object of study [40], but it is outside the scope of this report.

Assortative mixing by degree can be measured by calculating covariance. Let di be the degree of a
vertex i. The mean degree over the edges of our network is

µ =

∑
ij Aijdi∑
ij Aij

=
1

2m

∑
i

d2
i , (14)

13



where m is the number of edges in the network. The covariance of di and dj over the edges is then

cov(di, dj) =

∑
ij Aij(di − µ)(dj − µ)∑

ij Aij

=
1

2m

∑
ij

Aij

(
didj − µdi − µdj + µ2

)
=

1

2m

∑
ij

Aijdidj − µ2

=
1

2m

∑
ij

Aijdidj −
1

(2m)2

∑
ij

d2
i d

2
j

=
1

2m

∑
ij

(
Aij −

didj
2m

)
didj . (15)

The covariance is positive if the values di and dj at each end of and edge tend to be both large or both
small, otherwise it tends to be negative. That is it will be positive when there is assortative mixing and
negative for disassortative mixing. It is convenient to normalise cov(di, dj) so that it takes the value 1 in
a perfectly assortative network, i.e. where all the edges fall between vertices of equal degrees. Putting
ki = kj in the Equation 15, we get a perfect mixing value of

1

2m

∑
ij

(
diδij −

didj
2m

)
didj , (16)

where δij is the Kronecker delta. The normalised measure, called the assortativity coefficient, is the ratio

r =

1
2m

∑
ij

(
Aij − didj

2m

)
didj

1
2m

∑
ij

(
diδij − didj

2m

)
didj

. (17)

The aggregate assortativity by degree of the network is about 0.12 in most five year periods (with a dip
to 0.04 in 1990–1994).

Another way in which one can expect assortative mixing in our network is the mixing by subject -
i.e. one should expect more edges between authors within the same field rather than different fields.
This is an example of mixing by enumerative characteristic, so we need a slightly different approach then
we used before. To measure this, we compute the fraction of edges between vertices of the same field
and then subtract the fraction of edges that we would have expected to find if edges were distributed
uniformly at random without taking into account the relation of a vertex to any field. The total number
of edges between vertices in the same field is∑

edges(i,j)

δ(ci, cj) =
1

2

∑
ij

Aijδ(ci, cj). (18)

For the expected number of edges, consider a graph in which we create edges between vertices at uniformly
at random while preserving vertex degrees. If we look a particular edge attached to a vertex i, with degree
di, there are 2m ends of edges in a network, and the probability that the other end of our edge is attached
to a vertex j is dj/(2m). Counting over all edges attached to a vertex i, the expected number of edges
between vertices i and j is then didj/(2m). Hence the expected number of edges between all pairs of
vertices of the same type is

1

2

∑
ij

didj
2m

δ(ci, cj). (19)

Therefore, the difference between the Equations 18 and 19 normalised by the number of edges is

Q =
1

2m

∑
ij

(
Aij −

didj
2m

)
δ(ci, cj). (20)
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The quantity Q is called modularity [32, 35] and is a measure of the extent to which like is connected to
like in a network. It takes values in [−1/2, 1) and is positive when there are more edges between vertices
of the same type than expected and negative if there are fewer. Modularity commonly appears in the
study of networks and I will discuss it further in the section on community detection.

Modularity is always less than 1, even for a perfectly mixed network [32]. This is undesirable as
we want to know how strong is assortative mixing compared to a perfectly mixed network. Hence, we
normalise by the modularity for a network where for all aij = 1 we get δ(i, j) = 1. The assortativity
coefficient then becomes

r =

∑
ij

(
Aij − kikj

2m

)
δ(ci, cj)

2m−
∑

ij

(
kikj

2m

)
δ(ci, cj)

, (21)

which takes the value 1 in a perfectly assortative network. In our network we get values r ∈ (0.64, 0.67).

5 Community Structure

In this section, I discuss the community structure of the network. Detecting and analysing communities
is quite a complex process and there is no single best way to it. Hence, I will describe two different
approaches to community detection, explain their differences and apply them to the network built from
MR database to try to investigate changes in mathematical subfields.

5.1 Generalised modularity optimisation

As we have seen from previous section, the modularity function can be used to quantify how well some
partition of a network reflects the way different vertices tend to associate between themselves. The idea
behind modularity optimisation is that if we find a partition that maximises the modularity function, it
will closely resemble the community structure of the network, if one exists The modularity function in
Equation 20 is good for a relatively simple network with no edge weights or time dependency but is not
sufficient in our case. Hence, we need a more general framework. One such framework was developed
by P.J. Mucha et al. and it employs a multislice modularity function [30] derived from the connection
between community structure and the stability of Laplacian dynamics [25]. To show how it works, I will
follow the derivations given in the above papers and try to fill in the details. The idea is that one can
rederive the normal modularity function from Laplacian dynamics and then generalise this approach to
produce a new modularity function that we need for our network.

Let M be an ergodic Markov process on the network. An important property of ergodicity is that
any initial configuration will reach the same stationary distribution. Let this Markov process M be the
motion of a random walker. Let {G1, G2, G3, .., Gl} = P be a partition of the network into communities.
The stability of a partition P is defined as

RM (t) =
∑
G∈P

p(G, t)− p(G,∞), (22)

where p(G, t) is the probability that the walker is in the same community G initially and at a time t.
This definition comes from the autocovariance function of a Markov process on the network [12]. Intu-
itively, this function gives a positive contribution to communities from which the walker is unlikely to
escape within the given time frame, that is stability measures the quality of a partition in terms of how
persistent it is.

First, to clarify these concepts, consider a discrete-time random walker on a network, where the
probability of a walker to move between two vertices is proportional to the weight of the edge between
them. Hence,

pi(t+ 1) =
∑
j

Aij

kj
pj(t), (23)
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where pi(t) is the density of random walkers on vertex i at time t, the quantity Aij is the weight of the
edge from i to j, and kj =

∑
iAij is the vertex strength of vertex j. To find the stationary distribution,

we solve

p∗i =
∑
j

Aij

kj
p∗j , (24)

which works out to be p∗i = ki/(2m), where m is the now the sum of edge weights of the network. Hence,
the stability at time t = 1 is

R(1) =
∑
C∈P

∑
i,j∈C

(
Aij

kj

kj
2m
− ki

2m

kj
2m

)
=

1

2m

∑
ij

(
Aij −

kikj
2m

)
δ(gi, gj) = Q, (25)

where gi is the community of a vertex i. This is our modularity function from before. It is great news
as we can see that the partition stability is indeed equivalent to the modularity in the case of undirected
network. However, we want to include the time as a parameter, as this will make the modularity function
more flexible and alleviate some problems that I discuss later.

To do this, we consider a continuous-time process associated with the random walk. Suppose that
there are independent, identical homogeneous Poisson processes defined on each vertex of the graph, so
that the walkers jump at a constant rate from each vertex. This is governed by Kolmogorov equation

ṗi =
∑
j

Aij

kj
− pi. (26)

This equation is driven by the operator Aij/kj − δij which is an entry Lij of a normalised Laplacian
matrix L that often occurs in graph theory [11, 1]. The stationary distribution of the process is again
p∗i = ki/2m and the stability of the partition becomes

R(t) =
∑
G∈P

∑
i,j∈G

(
etLp∗j − p∗i p∗j

)
=
∑
G∈P

∑
i,j∈G

(
etL

kj
2m
− ki

2m

kj
2m

)
. (27)

Expanding the matrix exponential to the first order in t, so that (etL)ij = δij + Lij and ignoring all
the constant factors δij (as they do not affect the optimality of a partition and just shift the value of
stability), the equation becomes

R(t) ' 1

2m

∑
ij

(
tAij −

kikj
2m

)
δ(gi, gj). (28)

Furthermore, dividing by t, which has no effect on the optimality of a partition, we get a modularity
function with the resolution parameter γ = 1/t

Q =
1

2m

∑
ij

(
Aij − γ

kikj
2m

)
δ(gi, gj). (29)

The parameter γ is important as a the usual modularity function suffers from the resolution limit prob-
lem [15]. Modularity optimisation may fail to detect the natural community structure of a network if
communities are too small. However, varying γ can help to deal with this problem. If γ � 1 we get that
Q ≈ −

∑
ij(kikj/(2m))δ(gi, gj) and it is maximised when δ(gi, gj) = 0 for all i and j, i.e. when each

vertex is in its own community. If γ � 1, then Q ≈
∑

ij Aijδ(gi, gj) and it can be shown [25] that this
is maximised when we have a partition into two communities. Hence, varying γ gives some control over
the size of communities we want to detect and this derivation gives it a direct interpretation as the time
scale for random walker to escape from a community.

This approach was later extended by P.J. Mucha et al. [?] to develop a generalised version of
modularity for a multislice network. A multislice network is a combination of individual networks coupled
through links that connect each node in one network slice to itself in other slices. In our case the slices
are aggregated networks for each of the 5 year periods, but in general this can be any other division of
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the network. Their derivation requires a more general stability function. To get it, we replace the p∗i p
∗
j

in Eq 29 with ρi|jp
∗
j where ρi|j is the conditional probability at the stationary distribution of jumping

from vertex j to vertex i along the edge types allowed in the network. So for our network these will be
edges between vertices in a given slice or between the vertex in one slice to itself in a different slice. The
stability of a partition then becomes

R(t) =
∑
ij

(
tLijp

∗
j − ρi|jp∗j

)
δ(gi, gj) (30)

after the linearisation of the exponential matrix.

Slice 1 Slice 2 Slice 3

Inter-slice 
links

Intra-slice 
links

Figure 5: Schematic of a multislice network. Three slices s = 1,2,3 represented by adjacency matrices
Aijs encode intra-slice connections (white lines). Inter-slice connections (dashed lines) are encoded by
Cjrs, specifying the coupling of vertex j to itself between slices r and s. Couplings are only between
neighbouring slices as appropriate for an ordered slices.

For the multislice network, let Aijs be the weight of the edge ij in the slice s and Cisr be the weight
of the coupling between vertex i in slice s and itself in slice r. Let kis =

∑
j Ajis, cis =

∑
r Cisr and the

multislice strength of vertex i in slice s be κis = kis + cis. Then the Kolmorgorov equation becomes

ṗis =
∑
jr

(Aijsδsr − Cjsrδij)
pjr
κjr
− pis, (31)

with the steady state distribution p∗jr = κjr/2µ, where µ =
∑

jr κjr. In the ρis|jr we have two contribu-
tions. One contribution comes from an intra-slice step when s = r, which will be (kis/2ms)(kjs/κjs). An-
other contribution comes from inter-slice step for i = j, which is (Cisr/cir)(cir/κir), where ms =

∑
i kis.

This yields the stationary distribution

ρis|jrp
∗
jr =

[
kis

2ms

kjr
κjr

δsr +
Cjsr

cjr

cjr
κjr

δij

]
κjr
2µ

=
1

2µ

[
kiskjr
2ms

δsr + Cjsrδij

]
. (32)

Substituting this into Equation 30 and taking the linear approximation gives a multislice generalisation
of modularity:

Q =
1

2µ

∑
ijsr

[(
Aijs − γ

kiskjs
2ms

)
δsr + (1− γ)δijCjsr

]
δ(gis, gjr). (33)
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One can also reweight the conditional probabilities by using some factor other then relative strength of
the edges at a vertex j which will allow for a more flexible resolution parameters. This gives

Q =
1

2µ

∑
ijsr

[(
Aijs − γs

kiskjs
2ms

)
δsr + δijCjsr

]
δ(gis, gjr), (34)

where the resolution parameters for inter-slice coupling have been absorbed into the magnitude of the
elements in Cirs. For simplicity Cirs will take binary values {0, ω} indicating the presence or absence of
inter-slice edges. This way, only one variable ω is required to control the correspondence between com-
munities in different slices. For ω = 0, there is no correspondence between communities within different
slices, so the optimal partition is just the union of optimal partitions between different slices. If ω � 1
the vertices will be forced to remain within the same communities across all slices, so if γs are the same
this will be a modularity function for the adjacency matrix where edge weights are summed over all slices.

Now that we have the modularity function that is applicable to our network, it is theoretically pos-
sible to find the optimal partition into communities and see what sort of insights they might provide.
However, one can not find a global optimum in practice, as modularity optimisation is NP-hard [9]. The
best we can attain ‘good’ partition that is ideally found relatively fast. The way I did it is by using the
“generalised Louvain” code from [23], that uses the procedure similar to “Louvain Method” [8], with
the important distinction that the Louvain passes in this code work directly with the modularity matrix
rather than the adjacency matrix.

The Louvain method is a heuristic algorithm that consists of two phases that are repeated iteratively.
In the first phase, each vertex is assigned to its own community, so in the initial partition there are as
many communities as there are vertex. For each vertex i, the algorithm then considers all vertices j in
the neighbourhood of i and evaluates the gain in modularity that would take place by removing i from
its community and placing it in the community of j. For the standard modularity function, the gain
associated with moving vertex i into community G is

∆Q =

[
SG,in + ki,G

2m
−
(
SG + ki

2m

)2
]
−

[
SG,in

2m
−
(
SG

2m

)2

−
(
ki
2m

)2
]
, (35)

where SG is the total weight of edges incident to vertices in G, quantity SG,in is the total weight of edges
inside G, and ki,G is the total weight of edges between i and vertices in G. If positive gains in modularity
are possible, then i is placed into the community which the gain is maximal, otherwise i remains in its
original community. This process is applied to all vertices and repeated until no more positive gains are
possible. In the second phase, the communities that have been found in the first phase are compressed
into a single vertex with the edge weight between a pair of new vertices equal to the edge weight between
the corresponding communities. Afterwards, the first phase is applied to the new vertices. The combina-
tion of these two phases is called a “pass” and the algorithm usually goes through just a few (5–6) passes.

There are quite a few benefits to using this algorithm for community detection. It is relatively easy
to implement and generalise to other modularity functions as well as being quite fast. The algorithm has
been experimentally validated and finds partitions with quite a large value for modularity. There are
some algorithms [20, 36] that can slightly outperform it in terms of finding higher modularity but their
computational costs make it virtually impossible to apply them to a network with over 100000 vertices.

Before performing the actual computation, one has to choose the values of the parameters γs and ω.
Some analysis can be found in the paper that developed the method [30]. I chose γs = 1 for all s to
simplify the calculation. Choosing ω is a little trickier and ideally I would have ran the computation over
different values and tried to assess the results. However, even for a collapsed network of five five-year
periods the computation took almost two months, so this has not been possible. Hence, ω = 1 is what I
will be working with.
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Figure 6: 10 largest communities in Category The-
ory and Homological Algebra and their changes from
1985 to 1994 within the subject. The bars corre-
spond to different communities in the respective time
periods. The lines between them correspond to peo-
ple staying within the same community with each
other.

Some examples of how community structure
can illuminate aspects of evolution within mathe-
matical subfields include the subfields of “18 Cat-
egory Theory; Homological Algebra”. In the early
1990s volume of publications in “18F Categories
and Geometry” dropped quite significantly and
was not able recovered since then. This drop in
the number of publications was accompanied by
the dissolution of large communities that have fo-
cused on this subfield. A lot of researchers have
moved on to the areas outside Category theory
and the few that remained within this classifica-
tion have shifted their focus to “18G Homological
Algebra”. Actually, almost half of the researchers
from the largest community studying categories
and geometry have formed the heart of a new large
community that now studies homological algebra.
This can be contrasted with what happened in “92
Biology and other natural sciences”, where there
was also a relatively sharp drop in the number of
publications within a subfield “92C Physiological,
cellular and medical topics” in mid 1990s. How-
ever, in this case, the communities did not really
change as much and the subfield quickly recovered,
becoming the largest subfield in that area by the
late 2000s. Hence, the volume of publications is
not necessarily indicative of how well the field is

doing at a given time and some computation of community structure can provide some additional per-
spective, which can help to to understand what is actually happening to the subfield.

One can also examine the birth of a research are. In section 4.1, I mentioned how various applications
of ‘47 Operator theory” have emerged and became fairly substantial subfields in their own right. In late
1980s, the second largest community of researchers in Operator Theory did not have a clear focus but
rather consisted of people working on pretty much all subfields of within the subject. This is relatively
uncommon, as in most other subjects a large proportion (about 60-70%) of the people in large communi-
ties focus on one or two subfields. By the early 1990s, there was a merger between this community and
several smaller communities outside of Operator Theory (mainly from “46N Miscellaneous applications
of functional analysis). Since then, the majority of publications within the new community focused on
the applications of Operator Theory. Hence, one can argue that if one has a large group of researcher
that are working together but not within confines of an already existing subject, it is possible that they
might be brewing a new area of research.

5.2 Information-theoretic clustering method

An important aspect of investigating changes within large quantities of data is to filter out the statistical
noise. The problem is that in our case it is impossible take more samples of the network. For instance,
there is only one global network of mathematicians in 1987. One possibility to solve this problem is to
apply some resampling technique to assess the accuracy of an estimate. [41] describes a method of doing
exactly this using the bootstrap resampling. The authors have quite successfully applied their approach
to analyse changes in biology and medicine. The way they do it is by using parametric bootstrapping
applied to the edge weights. The edge weights are resampled independently from a Poisson distribution
with the actual edge weight as its mean. Afterwards, the bootstrap network is partitioned into com-
munities. This procedure is repeated to generate a large number (about 1000) of bootstrap partitions
into communities. To identify the vertices that are assigned significantly to community, we search for
the largest subset of vertices in each community that were also in the same community in the 95% of
bootstrap networks. The author in [41] actually used a different method of detecting communities based
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on information theory. It can be useful to take a look at another approach to the community detection
problem. It will also let me talk a little about the differences between methods of community detection.

The information-theoretic approach from [42] works as follows. Suppose we have a random walk
over the network, we want to find an assignment of codewords to each vertex in such a way that the
description of the random walk is as short as possible. If we assign a unique name to each vertex then
by Shannon’s source coding theorem [45], the lower bound for the mean codeword length is the entropy
rate of the Markov process behind the random walk. In practice, we can use Huffman’s procedure [22] to
produce a compact prefix code for the vertex that will have mean codeword length close to the entropy.
However, this code will not fully utilise the underlying structure of the network if there exists one. If
we have community structure in the network, the random walker is likely to spend long periods of time
inside communities but shorter time travelling between them. One can compare this to the way the
modularity function has been deduced from the stability function, which finds the communities in which
random walker spends a long time. Hence, we can use a two-level description where at a higher level each
community is given a unique codeword and at a lower level a different code is used to name the vertices
within a community together with an exit codeword. Note that the vertices in different communities
can have the same codeword, but there is no ambiguity, as we first specify the community that contains
the random walker is moving. A good division of the network into communities will give considerable
improvement in the code length, see Figure 7.
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Figure 7: One-level (a) and two-level (b) description of vertices in a network. Big circles in (b) represent
the communities and colours represent all vertices that belong to that community. Arrow and a code
above it correspond to exit codes. The codes in the captions correspond to a path of random walker that
starts at vertex 0000, jumps to 0100, . . . , and stops at 001000. The description length is 174 bits in (a)
and 138 bits in (b).

To measure the quality of partition P = {G1, G2, G3, . . . , Gl}, we want to find the lower bound for
mean codeword length (measured in bits) per step in an infinite random walk for this partition. There
are two components in the movement of a random walker, the movement between communities and the
movement inside them. By Shannon’s source coding theorem the entropy of movements between commu-
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nities gives lower bound for the average length of a codeword used to name a community. Additionally,
the entropy of movement inside each community gives a lower bound for the mean length of a codeword
used to name a vertex inside this community. Combining these we get map equation

L(P) =

l∑
i=1

qiH(Q) +

l∑
i=1

qi +
∑
j∈Gi

pj

H(Pi), (36)

where qi is the probability of exiting community i, pj is probability of being at vertex j, and H(Q) and
H(Pi) are, respectively, the entropies of movement between the communities and within the community
i. The entropy of a random variable X with probability distribution {p1, p2, .., pk} is defined as H(X) =
−
∑

i pi log(pi), so the entropies in the map equation become

H(Q) = −
l∑

i=1

qi∑l
j=1 qj

log

(
qi∑l
j=1 qj

)
, (37)

H(Pi) = − qi
qi +

∑
v∈Gi

pv
log

(
qi

qi +
∑

v∈Gi
pv

)
(38)

−
∑
j∈Gi

pj
qi +

∑
v∈Gi

pv
log

(
pj

qi +
∑

v∈Gi
pv

)
. (39)

Substituting this into the map equation 36 and doing some simplification results in

L(P) =

(
l∑

i=1

qi

)
log

(
l∑

i=1

qi

)
−2

l∑
i=1

qi log(qi)−
n∑

i=1

pi log(pi)+

l∑
i=1

qi+
∑
v∈Gi

pv log

(
qi +

∑
v∈Gi

pv

)
. (40)

All of the probabilities are at their steady state distribution. Hence, they depend on how we define
transition probabilities for our random walker and the partition P.

In [42], the authors considered a random surfer with a small teleportation probability τ . The surfer
moves as follows, at each step with probability (1 − τ), it moves via one of the edges from the vertex
i it currently occupies to vertex j with probability wij/ki, where wij is the weight of edge (ij) and
ki is the strength of vertex i. With the remaining probability τ or with probability 1 if the vertex it
occupies is disconnected, the surfer teleports to a random vertex anywhere in the network with uniform
probability. By the Perron-Frobineous, theorem there exists a unique stationary distribution for this
Markov process and the steady state probabilities pj for being at vertex j can be calculated by using
a power iteration on the initial distribution pj(0) = 1/n, n being the number of vertices in a network.
Given these probabilities we can also calculate the steady-state escape probability qi from the community
Gi as

qi = τ
n− |Gi|
n− 1

∑
∈Gi

pj + (1− τ)
∑
j∈Gi

∑
v 6∈Gi

pj
kjv
kj
. (41)

The left sum comes from the teleportation outside of the community and the right one comes from the
edges between the communities.

The algorithm that was used in [42] to find the optimal partition closely resembles the Louvain
method described earlier. It again runs a two-step greedy search which now needs to reduce the value
of the map equation and hence the length of the code describing the network. The difference between
this and Louvain code is that the vertices are taken in a random sequence order and there are some
refinements of the partition after the main loop is done. These refinements are different for each paper
and include simulated annealing (in the original paper on the method, this algorithm is quite slow) and
repartitioning of the large communities. Full details are given in [42] and [41].

We can actually slightly modify the random walk process to make it similar to the one which we
considered in the derivation of multislice modularity function - i.e. we add edges between then vertex
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i in slice s and itself in other slices. The map equation won’t change except for the communities being
able to span across different slices. The form of escape probabilities formula also will not change. The
only thing that does change are the steady-state vertex frequencies pi (which become pis, as each vertex
can appear in different slices). However, in the original formulation of the method, they were calculated
using iterative procedure anyway, so the only thing that we have to do is change the transition matrix.
The only problem with this approach is that again in practice it takes much longer to partition a network,
so generating 1000 bootstrap partitions is infeasible. I will compare the result of this approach with the
partition obtained by optimising generalised modularity in the next section. However, in the bootstrap
resampling, I just took the independent partitions of slices.

Some typical behaviour within the communities can be illustrated by examining “13 Commutative
Rings and Algebras”. There are several interesting changes that can be seen by examining publishing
rates within the field. There is a steady decline in the number of papers published within “13B Ring
extensions and related topics” and “13H Local rings and Semilocal rings”. There was also a very fast
growth in the subfields “13A General commutative ring theory” and “13P Computational aspects of
commutative algebra”. Other subfields have been growing at about the same rate as the subject itself
without any significant jumps.
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Figure 8: Alluvial diagrams higlighting evolution of different subfields within “13 Commutative Rings
and Algebras”.

The community structure changes can be investigated using alluvial diagrams [14] (Figure 8).These
diagrams are constructed to highlight the changes, fusions, and fissions that the communities undergo
between each pair of five-year periods. Each five year period occupies a column in the diagram and is
horizontally connected to preceding and succeeding partitions by stream fields. Each block in a row of
the alluvial diagram represents a community, and the height of the block reflects the size of the cluster.
Darker colours indicate the significant part of each community. There are some patterns within the
evolution of communities accompanying the evolution of subfields described above that often occur in
other fields. For instance, in “13F Arithmetic rings and other special rings”, there are not many changes
in the paper publishing rates. Most of the researchers are in one large community with and workon
the same subject. Although there are some people splitting away and coming into the community, the
community itself only changes gradually over the years.

In a declining field (defined by a dropping number of published papers), such as “13H Local rings
and semilocal rings”, there are many more communities and they keep splitting over time. The research
interests are also not as homogeneous and some communities that split off, often become focused on a
different subject. The most interesting process happens in the quickly growing communities. We can
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see from Figure 8c that quite a few researchers that decided to focus on ”13A General commutative ring
theory” created communities by splitting off from some other research field. Some of the new communities
have been formed mainly by a large group splitting from other community. These communities are fairly
stable in a sense that most of the members can be identified with a high degree of certainty. However,
in the community that was formed by researchers from many different groups, it is hard to identify if a
researcher is actually within this new community. This observation indicates that one needs to be quite
careful if he wants to use the community analysis to find emerging subjects. Without some additional
analysis, the new communities of this form can be just statistical noise and not identify any changes
within scientific fields.

5.3 Difference between modularity optimisation and the map equation

As we will see in the next section, there is a strong agreement between the two methods of community
detection I presented above, so what are actually the differences between them? The differences are
best illustrated by examples. In Figure 9 there are two partitions of the same undirected network. Map
equation gives a finer partition (5 communities instead of 4). The central vertex can be placed in any of
the four communities and hence there will be no decrease in code length if it is assigned to one of them.
In our network, the map equation also gave much finer partition with the largest communities containing
at most a hundred vertices, as opposed to several hundred in the communities, obtained by modularity
optimisation.

(a) Maximum modularity partition (b) Minimum codeword length partition

Figure 9: Undirected network

(a) Maximum modularity partition (b) Minimum codeword length partition

Figure 10: Dircted network

For illustrative purposes only, I will consider a directed network in Figure 10. This behaviour can be
seen to a lesser extend in an undirected network, but the smallest example that I was able to come up
with has over 100 vertices and would not be very clear. We can see that modularity does find 4 partitions
of the network. However, there is no flow in the communities, as all vertices are sinks or sources and
hence the map equation is unable to find any community structure. This indicates that without a natural
‘flow’ in the network, the map equation may be unsuitable technique for community detection.
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5.4 Z-scores

Thus far most of the comparison we’ve done were based on visual inspection of the communities. This is
reasonable when the communities are fairly homogeneous in terms of authors’ research interests. How-
ever, in some fields the communities are more heterogeneous and it is not straightforward to assess
visually whether there is a strong correlation between subject classifications and the communities given
by the two methods discussed above. Therefore, it is important to quantify this correlation. It will be
also quite interesting to compute the correlation between communities generated by the two community
detection algorithms.

There are three main methods of comparing different graph partitions: pair-counting, cluster-matching
and information-based techniques [27, 48]. Cluster matching might not the best choice in our case, as
the numbers and sizes of groups can be rather different, which makes the essential identification across
partitions rather tricky. The variation of information from [27], results in values that are too close to-
gether. This might be the consequence of the mutual information of a pair of partitions being small
compared to the total information in each. Hence, I will focus on pair-counting following the approach
in [48].

Pair-counting methods assign a similarity score to a pair of partitions by considering every pair of
vertices and whether they belong to the same or different groups in both partitions. Let the number
of pairs in each of four the possible relationships be w11 if vertices in a pair are together in both par-
titions, w10 if they belong to the same group in first partition and different in second, w01 if they are
in different groups in first and same group in second, and w00 if they are in different groups in both
partitions. These quantities sum up to the number of pairs M = w11 + w10 + w01 + w00 =

(
n
2

)
. Dif-

ferent pair-counting similarity coefficients are obtained by various algebraic combinations of these counts.

One similarity coefficient is the Rand similarity coefficient SR = (w11+w00/M , which is the fraction of
vertex pairs classified the same way in both partitions. It has been used successfully in many settings [39]
but has a problem of skewing toward the values of 1 if there are many groups in the two network partitions
as a lot of vertices pairs are placed in different groups. One can exclude w00 and use FowlkesMallows
similarity coefficient SFM = w11/

√
(w11 + w10)(w11 + w01). However, this coefficient has an opposite

problem of giving high values when there are few groups in network partitions. To deal with this one
can use quite complicated Γ similarity coefficient defined as

SΓ =
Mw11 − (w11 + w10)(w11 + w01)√

(w11 + w10)(w11 + w01)[M − (w11 + w10][M − (w11 + w01)
. (42)

There are quite a few other measures [27]. The problem with all these measures is that they provide a
score but no clear cut-off values for good or bad correlation between partitions as they generally depend
on the number and sizes of groups in the partitions.

Given these problems, I will use a statistical approach in which similarity coefficients are used to test
significance levels of the values against those expected at random. A proper metrics were developed in
[48] and uses the z-scores zi = (Si − µi)/σi (i ∈ R,FM,Γ). Suppose that we fix the number and sizes of
groups in each partition. Without any external information, a natural null model is to fill the groups by
vertices from the network uniformly at random without replacement. Let nij be the number of vertices
that are classified in the ith group of the first partition and jth group of the second partition. This

gives three constants: M , the total number of pairs of vertices; M1 =
∑

i

(∑
j nij

2

)
the number of pairs

classified the same way in the first partition; and M2 =
∑

j

(∑
i nij

2

)
the number of pairs classified the

same way in the second partition. Using this we can express wij counts in terms of only w := w11 as
w10 = M1−w, w01 = M2−w, w00 = M −M1−M2 +w. This implies that all the similarity coefficients
discussed above are linear functions of w and hence linear functions of each other. Hence, the z-scores for
all these coefficients are identical and equal to the z-score of w: z = (w−µw)/σw, where µw and σw are,
respectively, the mean and standard deviation of w. Under the null model (which is the hypergeometric
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distribution), we get [21] the mean µw = M1M2/M , and the variance

σ2
w =

M

16
− (4M1 − 2M)2(4M2 − 2M)2

256M2
+

C1C2

16n(n− 1)(n− 2)
, (43)

where C1 and C2 are given by

C1 = n(n2 − 3n− 2)− 8(n+ 1)M1 + 4
∑
i

∑
j

nij

3

, (44)

C2 = n(n2 − 3n− 2)− 8(n+ 1)M2 + 4
∑
j

(∑
i

nij

)3

. (45)

One needs to note that the associated significance levels for z are not not equal to those for a Gaussian
distribution. For large samples, the distribution is asymptotically Gaussian, but this is not necessarily the
case when comparing a particular pair of partitions. Hence, as in [48] I will be using the z-values directly.

I give tables of z-scores are in the Appendix C. There is quite a lot of variation within the values
for different subjects. One needs to be careful with the z-scores, as they cannot be directly compared
across different subjects due to the different network sizes. Most of the examples on the community
structure in this report had quite large z-scores for their size, i.e. it has been relatively easy to visually
assess what is happening. In other cases, it seems that subject classifications are not strongly correlated
with the community structure. This indicates that it might not be the best idea to try and evaluate the
evolution of mathematical subfields based on community structure in those cases. The comparison of
two partitions given algorithmically shows that there is very high correlation between them, so it seems
that they mostly agree in identifying the communities.

6 Conclusion

In this dissertation, I started with a large temporal data set and proceed to apply a number of network
theoretic tools to investigate its structural changes. The investigation consisted of two parts: first I
calculated some network statistics to highlight the important features of the network and show how
they relate to some aspects of evolution of mathematical subfields. Afterwards I applied two community
detection algorithms to examine these changes in more detail.

The network measures and statistics have shown which fields grew faster than others and which fields
are closely related in terms of appearing together as subjects of a single paper. Clustering coefficients
indicated that increasing number of papers is written in collaborations of three or more scientists. Cen-
trality measures highlighted the fields that attract very well connected researchers and researchers that
are important for the spread of knowledge.

Afterwards, I introduced two methods of community detection and how they can be applied in
practice to find the community structure of a network. Some interesting results from this section included
examples of growing and declining disciplines and what structural changes accompany these processes.
These structural changes within a declining field indicated that publishing rates by themselves are not
sufficient to judge whether a discipline is truly in decline, as if the communities within a subfield remain
strong it may get out of a slump. I have examined birth of a discipline and found that community
detection methods by themselves may not be very reliable in this case. When a field is growing very
rapidly, there seems to be a lot of uncertainty in the structure of its communities, so it is hard to say
whether this is indeed an emerging discipline or a statistical fluctuation. I have also quantified how well
does the community structure correlate with the subject division in the network and found that it differs
quite a lot form one field to another.
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I have only considered non-overlapping communities in this dissertation as this subject is relatively
well developed and there is a substantial body of literature behind it. Further investigations of the
MR database network could consider overlapping communities [50] and their relation to the evolution of
mathematical subfields. Another possibility is to examine core-periphery structure of the network that I
briefly mentioned in section 4.5. This is another mesoscopic structure that is common to social network
and it gives a different (vertical vs horizontal) view on the structure of the network. Finally, one could
try and model the evolution of mathematical subfields and try to explain some of the observed behaviour.
There is a number of models of growing networks [38, 2] and there is some work done specifically for
collaboration networks [46] but there is quite a lot of room for improvement in these models.
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A Scores for undirected and directed overlap between subjects.
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B Clustering coefficients
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Table 21: Global transitivity. 2-digit classifications on the vertical, five-year periods on the horizontal.

1985–1989 1990–1994 1995–1999 2000–2004 2004–2009
00 0.35 0.33 0.25 0.48 0.33
01 0.13 0.15 0.15 0.17 0.19
03 0.13 0.16 0.21 0.24 0.29
05 0.26 0.29 0.33 0.39 0.43
06 0.15 0.18 0.23 0.28 0.35
08 0.13 0.14 0.17 0.24 0.31
11 0.14 0.16 0.20 0.22 0.26
12 0.11 0.16 0.25 0.18 0.23
13 0.19 0.23 0.25 0.28 0.27
14 0.14 0.15 0.16 0.20 0.23
15 0.18 0.19 0.26 0.34 0.37
16 0.13 0.17 0.19 0.26 0.29
17 0.19 0.23 0.24 0.28 0.31
18 0.13 0.14 0.18 0.31 0.22
19 0.00 0.12 0.12 0.25 0.15
20 0.15 0.16 0.20 0.23 0.28
22 0.16 0.18 0.20 0.25 0.24
26 0.12 0.14 0.23 0.24 0.30
28 0.15 0.17 0.26 0.30 0.33
30 0.12 0.15 0.21 0.23 0.27
31 0.13 0.13 0.20 0.23 0.28
32 0.11 0.14 0.15 0.20 0.24
33 0.20 0.26 0.27 0.35 0.36
34 0.23 0.24 0.29 0.32 0.38
35 0.17 0.21 0.26 0.30 0.35
37 0.23 0.29 0.33 0.39 0.44
39 0.13 0.21 0.30 0.36 0.38
40 0.11 0.13 0.09 0.20 0.26
41 0.12 0.19 0.25 0.28 0.33
42 0.12 0.19 0.24 0.32 0.36
43 0.13 0.18 0.18 0.23 0.25
44 0.15 0.23 0.33 0.33 0.38
45 0.14 0.19 0.22 0.33 0.36
46 0.16 0.19 0.22 0.26 0.30
47 0.13 0.18 0.23 0.27 0.32
49 0.21 0.24 0.26 0.35 0.39
51 0.14 0.16 0.20 0.26 0.29
52 0.21 0.24 0.30 0.38 0.38
53 0.14 0.20 0.22 0.26 0.29
54 0.14 0.21 0.26 0.30 0.33
55 0.17 0.15 0.24 0.22 0.24
57 0.14 0.15 0.21 0.25 0.24
58 0.19 0.22 0.26 0.26 0.25
60 0.15 0.19 0.24 0.29 0.32
62 0.20 0.23 0.28 0.40 0.43
65 0.28 0.32 0.38 0.44 0.48
68 0.30 0.34 0.41 0.48 0.55
70 0.24 0.28 0.37 0.42 0.49
74 0.26 0.31 0.36 0.42 0.50
76 0.32 0.37 0.43 0.48 0.55
78 0.35 0.40 0.49 0.54 0.61
80 0.32 0.37 0.47 0.51 0.56
81 0.36 0.37 0.41 0.44 0.49
82 0.34 0.37 0.43 0.48 0.51
83 0.28 0.32 0.37 0.41 0.45
85 0.30 0.32 0.17 0.53 0.54
86 0.27 0.33 0.42 0.48 0.56
90 0.28 0.31 0.40 0.46 0.51
91 0.20 0.20 0.27 0.32 0.36
92 0.39 0.35 0.46 0.60 0.67
93 0.32 0.36 0.43 0.49 0.57
94 0.27 0.34 0.40 0.50 0.58
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Table 22: Local transitivity. 2-digit classifications on the vertical, five-year periods on the horizontal.

1985–1989 1990–1994 1995–1999 2000–2004 2004–2009
00 0.73 0.66 0.81 0.74 0.84
01 0.40 0.33 0.43 0.28 0.50
03 0.37 0.31 0.31 0.29 0.35
05 0.23 0.20 0.22 0.24 0.28
06 0.31 0.27 0.31 0.34 0.34
08 0.33 0.31 0.33 0.33 0.37
11 0.26 0.27 0.26 0.26 0.30
12 0.42 0.33 0.38 0.38 0.52
13 0.31 0.30 0.32 0.33 0.33
14 0.31 0.28 0.30 0.28 0.35
15 0.30 0.30 0.31 0.32 0.34
16 0.29 0.29 0.28 0.26 0.30
17 0.32 0.32 0.33 0.33 0.38
18 0.29 0.31 0.36 0.34 0.39
19 0.34 0.33 0.39 0.33 0.43
20 0.33 0.28 0.28 0.27 0.30
22 0.34 0.37 0.41 0.34 0.40
26 0.38 0.30 0.26 0.24 0.29
28 0.43 0.33 0.32 0.36 0.50
30 0.30 0.28 0.29 0.26 0.28
31 0.36 0.30 0.30 0.34 0.40
32 0.33 0.32 0.32 0.30 0.37
33 0.32 0.32 0.28 0.28 0.32
34 0.36 0.28 0.28 0.25 0.26
35 0.27 0.24 0.24 0.23 0.28
37 0.41 0.32 0.32 0.29 0.31
39 0.60 0.37 0.32 0.28 0.30
40 0.38 0.36 0.37 0.40 0.40
41 0.27 0.27 0.33 0.34 0.38
42 0.33 0.30 0.31 0.30 0.36
43 0.27 0.38 0.33 0.38 0.45
44 0.51 0.38 0.37 0.44 0.55
45 0.39 0.34 0.33 0.34 0.40
46 0.30 0.26 0.26 0.26 0.29
47 0.29 0.24 0.24 0.22 0.23
49 0.56 0.29 0.29 0.30 0.31
51 0.42 0.30 0.34 0.34 0.41
52 0.33 0.27 0.29 0.30 0.34
53 0.32 0.31 0.32 0.31 0.37
54 0.33 0.26 0.27 0.27 0.29
55 0.36 0.36 0.35 0.33 0.41
57 0.33 0.36 0.35 0.31 0.44
58 0.32 0.31 0.31 0.30 0.34
60 0.26 0.24 0.23 0.25 0.34
62 0.27 0.23 0.25 0.32 0.47
65 0.42 0.30 0.31 0.31 0.37
68 0.38 0.26 0.26 0.28 0.36
70 0.48 0.42 0.43 0.42 0.51
74 0.46 0.35 0.35 0.37 0.46
76 0.43 0.34 0.36 0.35 0.44
78 0.60 0.56 0.57 0.50 0.62
80 0.45 0.39 0.46 0.48 0.57
81 0.32 0.30 0.30 0.29 0.42
82 0.35 0.35 0.36 0.35 0.43
83 0.30 0.32 0.30 0.26 0.37
85 0.67 0.67 0.58 0.70 0.73
86 0.64 0.66 0.59 0.57 0.70
90 0.38 0.29 0.29 0.30 0.34
91 0.48 0.35 0.38 0.37 0.40
92 0.62 0.46 0.47 0.48 0.51
93 0.46 0.32 0.31 0.31 0.32
94 0.40 0.35 0.31 0.35 0.44
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Table 23: Z-scores. Global transitivity. 2-digit classifications on the vertical, five-year periods on the
horizontal.

1985–1989 1990–1994 1995–1999 2000–2004 2004–2009
00 0.82 0.25 1.52 0.16 1.34
01 29.34 22.10 36.97 22.69 10.01
03 33.63 60.42 71.31 68.65 71.87
05 24.69 31.85 38.10 37.67 33.49
06 5.15 4.45 8.22 9.06 16.50
08 1.14 -1.53 -0.32 -2.00 -1.07
11 0.18 -3.07 -2.80 -2.83 -2.07
12 13.86 3.31 1.53 0.16 -0.74
13 0.50 -2.27 -1.75 3.90 4.92
14 0.74 1.21 1.38 9.33 9.15
15 22.84 29.41 27.15 19.94 10.85
16 2.65 5.59 4.43 4.47 5.64
17 1.53 11.49 6.64 14.55 13.11
18 7.98 6.06 2.67 12.15 12.21
19 6.77 6.84 2.53 8.75 4.68
20 11.13 5.33 6.64 4.98 7.30
22 11.80 13.07 20.79 24.57 14.73
26 12.37 9.27 12.91 16.78 20.57
28 13.64 4.51 6.68 6.02 3.91
30 21.91 16.48 27.75 44.58 58.11
31 0.13 -0.31 1.76 8.15 3.10
32 17.94 11.46 9.08 10.84 7.57
33 4.06 9.54 17.98 18.21 21.90
34 17.44 23.49 19.68 18.12 37.62
35 -1.71 -2.46 -3.59 8.28 13.00
37 11.43 14.00 8.55 29.70 51.81
39 1.31 7.79 18.09 23.24 25.54
40 6.47 7.04 2.02 2.37 4.66
41 15.18 21.40 18.85 14.71 6.07
42 16.62 16.31 23.03 40.11 48.46
43 -0.55 1.68 4.75 -0.65 2.56
44 0.75 6.23 5.35 3.66 4.47
45 6.68 3.69 9.76 8.16 9.84
46 31.22 35.57 37.93 42.05 52.32
47 7.28 20.06 18.68 26.24 48.31
49 5.67 3.12 4.89 9.47 10.79
51 7.33 12.23 12.16 17.01 21.63
52 -0.83 5.32 9.31 18.46 15.87
53 15.27 27.14 27.14 29.71 31.92
54 -2.17 -1.52 -1.62 -2.37 2.04
55 1.78 0.97 -1.89 -0.03 -1.90
57 5.52 1.81 1.51 2.15 -0.03
58 16.78 10.65 12.11 12.89 11.24
60 5.84 -0.44 2.37 18.22 30.80
62 7.52 0.74 6.13 26.31 22.50
65 45.54 60.53 68.09 74.22 99.08
68 9.48 19.08 20.46 27.75 32.86
70 11.85 10.46 12.03 12.53 15.01
74 7.64 7.99 8.77 2.17 7.65
76 8.78 7.36 11.96 13.31 17.37
78 6.51 -0.67 1.33 2.39 5.04
80 3.00 4.38 5.32 7.58 5.56
81 58.19 78.35 111.71 135.41 126.59
82 21.43 23.39 26.58 38.79 31.65
83 13.05 3.11 6.46 28.30 16.40
85 -0.50 8.66 4.37 -0.38 1.81
86 0.93 5.54 7.81 6.10 5.31
90 16.77 26.87 17.62 9.89 13.84
91 33.61 20.27 31.44 35.38 24.53
92 28.27 10.82 8.88 37.36 33.65
93 21.78 29.22 37.60 39.10 30.47
94 6.05 2.88 1.60 2.36 0.77
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