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\Nothing in life is to be feared, it is only to be understood.
Now is the time to understand moreso that we may fear less."
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\All beings going and remaining not at all.”
Heraclitus



Acknowledgements

| would like to thank the following people for the valuable hip and support
in the realisation of this project:

My supervisors Mason Porter and Jukka-Pekka Onnela for introding
me to networks science, being patient while | learned, provity data,
comments, criticism and encouragement. | am really happy | hathe
opportunity to work with them and hope to have more in the futue.
Kathryn Gillow who took special care to make sure that we had ewghing
that we needed for the course and my classmates from the MSc forkimay
it even better. Peter J. Mucha, Brian Harrington, David Smithand Doug
Plato for their very useful comments and suggestions. The Britidhoreign
and Commonwealth O ce and the British Council for funding my studies
through the Chevening Scholarship programme. E ciencia Iofmativa
for their constant support and help. The friends | have been farnate
enough to collect during the course of my life.

Above all, to my family who have never stopped showing me theirue
and mean everything to me.



Abstract

Network science is a rapidly growing eld that draws importantresults
from mathematics, physics, computer science, sociology, and rgasther
disciplines. There are many problems in nature and man made sysite
that involve interactions between large number of agents vid¢h take place
over a non-trivial topology. These problems lend themselvesaturally
and successfully to a network representation. Of particular ierest are
the models that deal with growth and evolution of networks beause the
vast majority of the systems represented by them are not static. Ti&
work is concerned about systems with two di erent types of intecting
constituents known as bipartite networks.

This thesis is structured as follows: In Chapter 1 a network is deed as a
graph and a brief introduction to the concepts used throughdthis work
is given. We describe the well-known network growth model ofr€ferential
Attachment [2] and a model of the evolution of a bipartite netvork whose
agent quantities are xed [9]. In Chapter 2 we study data from Neix,
an online movie rental service whereby users can give ratings movies
they rent. We show how this system can be represented as a networida
analyse some of its properties. The probability distribution othe num-
ber of ratings of users and movies follows a power-law distrition with
an exponential cuto , which indicates saturation in the numker of ratings
that a movie can receive or a user give. We also found that moviaad
users in the system form densely connected neighbourhoods. Cleap®
is concerned with the development of network growth and ewgion mod-
els which attempt to explain the growth and evolution of netwrks with
saturation and a limited number of agents. We develop a networgrowth
model in which the agents are drawn from xed catalogues. An eghana-
lytical solution to the model can sometimes be found, an approrate one
using asymptotics in other cases and numerically in general. &hresults
given by this model describe what is observed in simulated netvks and
show some of the characteristics observed in the Net ix network.
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Chapter 1

Introduction

1.1 Introduction to networks

Networks and their representation

A network or graphis a collection of items, callechodesor vertices and their relations,

two nodes are connected or areeighboursif there is an edge between them [22]. A
directed edge is one in which there is a precise direction oftinelation, the edge goes
from nodev; to nodey;. A network that has type of edges is called a directed netwaork
if it does not then it is called undirected. When the edges beten two nodes has
a speci ¢ values assigned to them, we say it is a weighted networRn example of
this type of networks might be cities and their distances beten them. When the
network is undirected, then the values of the edges are 1 or @ll of the previous
examples are also known as unipartite networks. A path is an aeted sequence of
nodes in which there is one edge between consecutive nodes asdength is the
number of edges contained in the sequence. A geodesic path froadev; to v; is
the shortest possible of all paths that go fronv; to v;. On Figure 1.1 we can see two
graphical representations of networks. Nodes are representegdthe circles and the
lines that connect them represent the edges.

The usual way to work with a network is through its adjacency miix G 2 RM M
[13]. An entry in this matrix G(i;j ) represents the value of the edge between nodes
v; and ;. If the network is undirected thenG is symmetric. The entries ofG? are
the number of paths of length two between nodes, in gener@" gives the paths of
length n between the nodes [13].



Figure 1.1: Graphical representation of a network (left), ccles represent nodes and
lines connecting them represent edges. (right) A weighted matbrk.

Node Degrees and degree distribution

The degreeof a nodev;, denoted ask; is the number of edges that have one end
attached to the node [22]. IfNy denotes the number of nodes in a network with
degreek, then p, = Ny =M s the fraction of the nodes of the network with degrek,
or the probability of choosing a node at random with degrek. A histogram of the
values ofpy is called theprobability distribution function (PDF) or degree distribution
of the network. The form of this function can tell us many thimgs about the network
we are studying. It can tell us if there is a non-trivial structue in the relations of
the nodes, or if there are nodes that are of particular importece, how many. When
one is working with networks, it is usual to use theumulative distribution function
(CDF):

Xk

Pc= B

j=1
because it eliminates some of the uctuations in the tails of th PDF caused by nite
size of the network [22]. Some distributions often found in nabrks include the
Poisson distribution found in Erdes-Reyni random graphs, powelaw distributions,
Px k , found on networks like the World Wide Web and some social netwks
and the exponential distribution p, e ¥ which arises in some growing networks
[7]. One can usually detect power-law and exponential distutions by plotting the
CDF in double or single logarithmic scales because the appearsaiaight lines [22].

Bipartite networks

A bipartite network G = (Vy; Vz; E) has two di erent types of nodes:V; = fvy,;vi,; 10 vy, 0
and V, = fvy;V,; 111V, g Of sSizesU and M respectively calledpartite sets and the



edges only lie between nodes of di erent type [13]. Figure2lshows the graphical
representation of a bipartite network in whichV, = f1;2;3;4;5gand V, = fA;B;Cg,
and edges only connect letters to numbers. This type of netwois used to study

Figure 1.2: A bipartite network where nodes of letters can dynbe connected to nodes
of numbers and vice versa.

networks of movies and actors, members of boards of directaaad companies, or
club membership. A typical example in the social sciences areetgo-called a liation
networks where nodes of individuals are related to nodes atifacts, which can be
clans, tribes or associations [2, 22]. Bipartite networks hawe/o node degree counts
N1k and Ny, and two degree distributionsp;, = Ny=U and Pz = N =M. As in the
unipartite case we can visualise the degree distribution throhghe histograms ofN 4
and Ny or the cumulative distribution function of each type. A bipatite network
can always be mapped into two unipartite networks, one of eadigpe of node. In
these mapped or projected networks two nodes are connectedhiéy share at least
one neighbour.

We can still representG through an adjacency matrixG 2 RY M. Though we will
generally not be able to squarés, if we multiply it by its transpose GG T or G'G,
we to get two matrices of siz&J U andM M. These matrices are the adjacency
matrices of the projected weighted networks and their enes give the number of
paths of length 2 between nodes of the same type @ If we continue to multiply
by G and GT many times over we will get the number of paths of lengthr2between
nodes of the same type and the paths of lengtm2- 1 between nodes of di erent
types. An important interpretation of this is that the projection GG T yields the
adjacency matrix of a unipartite network in which nodes conected to each other

3



are the ones that are attached to common nodes i@, for example in an a liation
network, two persons would be connected in the projected netvk of individuals if
they have membership to at least one society in common.

Clustering

Earlier we stated that two nodes are neighbours if an edge lieégetween them. If a
node in a network has two neighbours and those nodes are alsoraxted to each
other, together they form a triangle. Triangles are very imprtant to nd out if a
network contains clusters of nodes that are more connected ang each other than
with the rest [22]. A measure of this \cliquishness" of the neighluwhood of a node
used by Watts and Strogatz [30] is theclustering coe cient of a node de ned as:

Coi) = o @)

|(ki 1)’
where t; is the number of triangles that contain nodev;, and it is divided by the
total number of possible triangles that includey; which isk;(k; 1)=2. The clustering
coe cient of an entire network is de ned as the mean of all thandividual coe cients:

X
C3 = M C3(|): (12)
i=1

The clustering coe cient can be very useful to detect networksvith meaningful social
structures.
There is also a de nition of the clustering coe cient which doe& not use triangles
but squares. A square in a network appears when two neighbours afnode have
a common neighbour di erent from the node in question. Lindcet al [17] de ne a

clustering coe cient for a nodev; using the observed number of squareé3,(i) as:
P

N _ b hem Gn )
D S (NS i | (-3
The numerator is the sum ofg_, , the number of squares that includesy,, v, and v
The denominator is the sum of the total possible number of squardsat can contain
Vm, Vh andv;. The degrees of, n, areky, k, respectively, and i =(q,, + mn+1)
where , = 1if vy, and vy, are connected and zero otherwise [17]. As withs, the
coe cient for the entire network is

Cs= — C4(i): (1.4)



Random graphs

A random graph is a network in which the edges are placed ranuty between the
nodes. One of the earliest models of random graphs is the onepwsed by Erdes

node n; is connected to any other node with probabilityp, and not connected with
(1 p). They de ned Gy, as the set of all possible graphs of sid and probability
p [2]. Figure 1.3 shows a realisation of a network frorGy, whereM = 20 and
p=0:2. The mean degree = (M 1)p of a graph like this is just the probability

Figure 1.3: Random graph generated using the model de ned byd®s and Reyni
with M =20 and p=0:2.

of the existence of a node times the number of possible edges thatode can have.
The degree distributionf pyg of a the graph is given by:

M
p= e p" &

the binomial distribution. As M !'1
ke 2
k!’

Pk = (1.5)

which is the Poisson distribution [22]. The random graph modegiimportant for this
project because it served as a motivation for the developmertsome of the ideas that
were used in this work, such as random growing networks, prefetial attachment,
and the catalogue growth model to name a few [2, 30].



1.2 Network growth

In many real-life problems, networks do are static: the numbeof nodes and edges
may be in constant change. The way in which this happens deteimes the properties
of a network [22]. In the following sections we give a brief ir@duction to some
important models of network growth and evolution.

1.2.1 Preferential attachment

One of the early models of network growth is the one observed Berek Price who
in 1965 studied citation networks of scienti ¢ papers. These ardirected networks
in which nodes are papers and edges are citations among the®][ Price found
that most papers that get cited are by papers published within alecade of their
publication. There are very few papers that got citations yars after being published,
most of them very in uential papers or reviews. Those papers @tmany of the papers
that will be \dead" after a while, and summarise the research frat of the time. Price
hypothesised if the more a paper receives citations, the highere probability that
it will be cited in the future [26]. He called this conjecturecumulative advantage
He also wondered if classic papers could be detected in an autoimatay just by
the number of citations they receive [26]. One of the key ndigs in his analysis of
citation networks was that the in-degree (how many times a peer is cited) and the
out-degree (how many papers it cites) of a paper follow powkaw distributions [22]
(For a brief introduction to power laws, see Appendix B). The moel that Price found
produced these distributions, it started with a directed citaton network G with ng
vertices. New vertices were added to the network with an averagut-degree oim.
The probability of a nodev; of receiving an edge of the new nodes is proportional to
its in-degreek; plus one :

P(v)= PR .

i[ki + 1]

This is so nodes with zero in-degree are able to receive edgescdjusti ed it saying
that the publication of the paper is equivalent to a citation(by itself) [22].
The idea of cumulative advantage was retaken by Baralasi andlbert some years later
in a paper where they analysed the World Wide Web and some otheetworks, where
they also found power-law degree distributions [3, 22]. In tivgpaper they proposed a
model of network growth in which the probability with which node receives new edges
is proportional to its degree. They renamed the mod@referential attachment which
is the name that is most widely used now for these types of model B]. There are



some key di erences between the Baralasi-Albert (BA) model andrice's. The BA
model assumes an undirected network, eliminating the need tastinguish between
in and out-degree [22]. In such a network it is unnecessary to addconstant to the

U

Figure 1.4. Graphical representation of a Baralasi-Albert nisvork with 250 nodes
andm =1.

degrees of the nodes like in Price's model, because the netvisr undirected and all
the nodes in the seed network and thereafter have degrees g¢eedhan zero. In the
BA model a node is added in every time-step that must have exagtm edges, not
on average like in Price's model, and as before, the initialketwork G must have at
leastm + 1 nodes. Figure 1.4 shows one realisation of a BA network with @modes
where each new node has one edge.

If N (t) is the number of nodes with degre& at a time t (the network grows by one
node at every time-step). The probability that a new edge is #&ched to a node with

degreek is
_ pAxNk(t)

Pie= AN (D)
The \kernel" of the system isAy is called linear ifAx = k. When Ay = k , then we
say that the kernel is sublinear when < 1 and superlinear when > 1. A master
equation is a set of ODEs that describe the e\léolution of the probability Hat Ny(t)
will 'have a certain value. If we denote byA = ;[N (t) then the master equation

(1.6)



for the growth of the network is [15]:

dN A A
dtk_ ;1Nk1 KkaJr k1, k=1;2::: (1.7)

The rst term in the right hand side is the number of nodes that gofrom having

degreek 1 to degreek, the second term is for the nodes that go frork to k+1 and

the third term is the Kronecker delta to take into account theentry of new nodes to
the network. When we use the linear kernel, the denominargor efjuation (1.6) is just
the total number of endpoints of edges in the network and ; jN;(t) = 2t [15]. We
can solve equation (1.7) using an arbitrary initial condition this is justi ed because
the long term behaviour of the network is being modelled so thaitial condition is

irrelevant [16]. The solutions are linear it so we can express them &y (t) = ngt

where

2 k 1
ng = 3 Nk = Ng ey k 2 (1.8)
This recursive relation can be solved for ak:
4
= : 1.9
M K+ D)(K+2)° (1.9)

which can be re-written in terms of the Gamma function (see eqtion (A.7) on
Appendix A):

Nk = Atk ;

(k+3)

This function is the discrete analog of the power-lavf (x)  x 2 [16]. Figure 1.5
shows in log-log coordinates the complement of the CDF(X x)=1 F(x), of
a network that was allowed to grow following the BA model untiit reached 10,000
nodes with one edge per added node. In red we can see the t of thieserved degree
distribution to a power-law. The t shows shows that the exponenin the power-
law is 3:0082, as the calculations had predicted. The t was made usinipe
goodness-of- t method outlined by Clauseet al. [7] In this case, the exponent in the
power-law is three. However, Krapivskyet al. have shown that it can be tuned to any
value larger than two by means of small adjustments in the attdwnent probabilities
[15]. For example if we letA; = and Ax = k whenk > 1thenn, k where

3+ P18
—

(1.10)

More general forms of the BA model include the use of sublineand superlinear
kernels. In the sublinear case we assume that(t) = |, k Ni(t) is linear in t, e.i.
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Figure 1.5: Degree distribution of a network created accomy to the BA model.

A(t)= t, 2 R. Equation (1.7) has the solutionN(t) = nxt where

Y< 1
1+ — (1.11)
=1 J

nk:k—

The solution to this equation is a stretched exponential [15]
ng¢ ke:

where 2 R [2]. When the superlinear kernelAy = k > 1 is used, then a
discretised version of equation (1.7) can be solved. If4 < 2 there will be a
dominant node with a nonzero probability of having a nite fraction of all links in

the network. When 2 then the dominant has a nonzero probability of being
connected to every other node in the network [2, 22].

1.3 Network rewiring

There are some problems in which the network does not changg $ize in time, i.e. the
numbers of nodes and edges remain constant but its structuree®not. The process
known as wiring is when a new edge that connects two nodes islad to the network.
Node rewiring means that an existing edge changes one of its graints from one node
to another but the other one remains. Networks in which rewirig often occurs are
bipartite a liation networks. Rewiring represents, for example, when people change
their a liation from one society or club to a di erent one.

9



1.3.1 A network rewiring model

Network rewiring models have been studied thoroughly by Evarend Plato [9, 10].
Let G = (Vy;V,; E) be a bipartite network with two di erent types of nodes: indi
viduals Vi = fvy,;va,; 10 vio g and artifacts V, = fv,,; Vo, ;111 Vy, g Of sizesE and N
respectively. Each individual holds exactly one edge that iattached to one of the
artifact nodes, so there are alwayk edges in the network and the mean degree of the
artifacts is E=N at all times. Every time step, an artifact node is chosen at ranado
with probability g and re-attached to an artifact node with independently chose
with probability . The chosen artifact can be the same which was originally de-
tached. Figure 1.6 shows graphically how this process works. & humber of artifact

N Artifacts

o

H o
f,D:-’\- ] ._- '.:. -//. el .'..".:\. . N\"

EZ)' "" - &!_-1' 2i;3 "= a:;"':.l"- 2 -1‘ .;’iE.

E Individuals

Figure 1.6: Description of the rewiring process of the edgeiin one artifact to
another. One edge is detached from artifact node and rewired toB. (Image from
[10], used with permission)

nodes with degreek at any time in the network N(t), and the degree probability
distribution px(t) = Ng(t)=N. The master equation that describes the evolution of
the artifact degree distribution is:

Ni(t+1)  Ni(t) = Nwa (t) r(k+1;0[1  a(k+1;t)]
Nk(t) r(GHL  a(k;t)]
Ni(t) a(kit)[1  r(k;t)] (1.12)
+ Ny 1(t) a(k L[ r(k LY

The positive terms in the equations account for the arrival oédges from the artifacts
with degreek + 1 that lose an edge and the ones with degree 1 that gain an

edge. The negative terms account for the nodes with degre¢hat have either gained
or lost an edge. The terms (1 ) represent the edges that are removed from one

10



artifact and re-attached back to it. The probability with which edges are chosen for
removal and attachment are:

= 5 akn=Pra pk (119
Nodes are chosen to have an edge removed with probability proportional to their
degree. The arrival probabilities , involve a parameterp 2 (0;1) which means
that an edge is re-wired using uniform attachment with probaitity p and preferential
attachment with probability (1  p).
Evans and Plato show that equation (1.12) has an exact solutidor the probabilities
(1.13) [10]. This equation represents a Markov process fdi(t) and its solutions are
given in terms of the eigenfunctions of the systeh(™ (k) and generating functions
G(™(x). The solution is:

X

Ne(®) = cal( m)'t ™M(K): (1.14)
k=0

The generating functionG(x;t) is:

G(x;t) =  XxXNg(t)

k=0
= &n( m)'G™X); (1.15)

m=0

and the generating functionsG(™ (x) are

X
GM = XK1 (M (k):
k=0

which can be written in terms of the,F; hypergeometric function (a brief introduction
to the hypergeometric functions and some of its properties @given in Appendix A)

GM =1 x)",Fi(a+ m;b+ m;c x); (1.16)

where

pE
a= ——; b= E; c=1+ a+ :
[(1 p)N] 1 p

In Appendix A the needed properties of the hypergeometric fution are reviewed.
The eigenvalues of the process are:

m=1 mg m(m 1)

1 p.
E2

(1.17)

11



One important result is that whenp E ! we can see from the eigenvalues that
there will be an artifact that will receive all the edges in tle network eventually.
Whenp E !then we get a power-law with cuto p,  k e * [10], which behave
initially like a power-law distribution but show exponential decay in the tails [7].

12



Chapter 2

A bipartite network of movie
ratings

Net ix ! is DVD rental company in the United States that allows its costurars to give
a rating to the movies they rent through their Internet page.Net ix has a system that
uses these ratings to \predict” the ratings their costumers wdd give to unseen Ims
and based on that, it makes recommendations [6]. In 2006 Net ilssued a contest
called the Net ix Prize?, in which it challenged the public to develop a system that
can make better predictions than their own. To help the cont&ants the company
released a dataset consisting of more than 100 million ratingsmdarly 18,000 movies
by about one million costumers. In this chapter we describe andhalyse this dataset.

2.1 Dataset description

The Net ix dataset consists of 100,480,507 ratings in the integefrom 1 to 5 of 17,770
movies made by 480,189 system users from late 1999 to the end @52(Each entry
in the dataset consists of a movie ID, a user ID, the value of the riafy and the date
it was entered into the system.
The users of the system form a set that grows as more people becowsumers. This
is important to keep in mind to normalise data whenever necessato avoid biases
in the results. On the left image of Figure 2.1 we can see how thember of users
active in the system grows. On the right image we see the averagemher of ratings
entered to the system.

The dataset displays recurring behaviour. The number of ratgs introduced into
the system shows strong dependence on the day of the week. This tiebably a

Ihttp://www.net ix.com
Zhttp://www.net ixprize.com
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Figure 2.1: Monthly average number daily ratings and total
Net ix dataset from January 2000 to December 2005.

amber of users in the

consequence of the work and leisure habits of people that norigafollow weekly
patterns. Tuesdays and Wednesdays were the days in which the systeeceived the
most ratings. In Figure 2.2 we can see how the number of ratingsesved a day for an

Movie Ratings per day in July-August 2003
25 ‘ ‘ ‘

daily average

July 2003 August 2003

Figure 2.2: Ratings per day divided by the daily average foruly and August 2003.

interval of two months in 2003 follows a . Similar patterns a observed throughout
the whole dataset.
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2.2 The Netix dataset as a network

The Net ix dataset can be described as a bipartite network with gers and movies
as di erent node types, and weighted edges to represent the nags. If the set ofU

the network N = (U;M ;E). The adjacency matrix of the network isG 2 RY M,
where G(i;j ) is the rating of useri to movie j and zero if it does not exist. As a
weighted bipartite network, N has two degree distributions, one for the users and
one for the movies. Most of the analysis done in this chapter witle done on subsets
of the original data. This is done for two reasons: To see how therstture of the
network is and changes at di erent times and because it is a wetarge dataset it can
take a computer a very long time to compute results.

With the adjacency matrix G of the network or subsets of it, we can also construct
the projected networks of movies and users. These unipartite tm@rks will have, for
example in the projected network of movies, an edge betweenyamwo movies that
have been rated by the same user. In the projected network of usetwo of them
will be connected if they have rated at least one movie in commoWe can construct
these networks simply by multiplying the adjacency matrix by tis transposeGG ' to
get the network of users ands "G for the network of movies. The value of an edge
in any of the projected networks is the sum of the products of thratings.

2.2.1 Degree distributions

In this section we will look the degree distributions of the dierent node types found
in the network. Figure 2.3 shows the degree distributions obsed in a subset of the
data corresponding to one day. In this subset there were 33,528ings of 4,819 movies
by 6,671 users and the average user rated 5 movies. In the plots, thvat the degree
distribution looks like a power-law that gets disrupted in thelower end by alterations
due to of the nite size of the network [29]. Accordingly, in the project we will use
CDFs instead, in which the e ects of nite size networks are noeas prominent as in
the PDFs. A legitimate claim of a power-law cannot be based onaphical evidence
alone because it can lead to serious errors in the interpretatis [5]. The method we
will use to con rm the shape of the distributions is the one outhed by Clausetet al

[7], which relies maximum likelihood estimators. In Figure 2.we see the CDF of the
degree distributions from the same date as in Figure 2.3 and th@ower-law ts. The

t seems reasonably agree with the data for about a decade (a pemof 10) and a half
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1-F(x)

10%}

107 F

of data, but the tails decay much faster as they would in a powdaw distribution.
There appears to be some a cut-o which bounds the degree of thedes. There are
a number of CDFs that display that behaviour, such as like the peer-law with a
cut-o,

F(x) cx 2 Px (2.1)
the stretched exponential
F(x) x°le *";
and the general power-law with two crossover points:
8
< X, 1 X<Xq;
F(x) X 2 X1 X<Xg;
X,% X X2 %, x:

The crossover pointsx; and X, can be determined using maximum likelihood estima-
tors [5] or the Kolmogorov-Smirnov statistic which measures manum discrepancies
between CDFs [7]. The distribution that we found was a bettert of the Net ix data
snapshot from August 15, 2002 was the power-law with cut-o de ret in equation
(2.1). Figure 2.5 shows the ts to the user and movie CDFs. The tdr the user nodes

User cumulative distribution function and fit Movie cumulative distribution function and fit
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T
O User Data
= = = Power-law with cutoff fit

T
O Movie Data

= = = Power-law with cutoff fit

10"
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node degree
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node degree
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Figure 2.5: Power-law with cut-o t to user and movie degree dstributions.

looks closer to a normal power-law rather than one with cut-o This is con rmed by
the tting parameters that have values ofa and b from equation (2.1) are:a=1:063
andb=15:055 10 ’. The movie node degree distribution in the plot showed a good
agreement to the t with coe cient values a = 0:7968 andb = 0:01089. However,
tests done on several days of the data do not rule out the poweral with exponential
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Figure 2.7: Fits of movie degree distributions for three di eent days during week 19
of years 2002-2005
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hypothesis. In Figures 2.6 and 2.7 we show a few examples of thsults obtained
from tting the CDFs of the movies and the users respectively tahe power-law with
cut-o distribution. These images show a few of the results obtaed from the sub-
sets of the data from di erent dates. Each column belongs to ongay of the week
and each column to a year. Something curious that we noted imé movie degree
distribution from the data, is that around weeks 18-20 (abouthe end of April and
beginning of May), the degree distribution has a deformatigma \kick" in the nodes
higher degrees. This can be clearly seen in the bottom left ima@f Figure 2.7 that
corresponds to the Tuesday of week 19 of 2005. This was also obsgmn the data
at other dates, but around these weeks it was particularly proment.

As mentioned in the previous section and is expressed in Figure 2the dataset dis-
plays recurrent behaviour in the number of ratings in the datbase depending on the
day of the week. We will look for di erences in the degree distrutions of movies
and users on all weekdays that will allow us to distinguish one gd&rom the other
just by looking at the distributions. In Tables 2.2 and 2.1 we showhe mean and
variance tting parameters of movie and user CDFs to the form foequation (2.1) by
day of the week for the all the ratings between January 2000 drDecember 2005,
Although there is not too much variation in the values for the derent days of the
week, we do note what we had already seen in the description oftldata (Figure
2.2). Tuesdays and Wednesdays, the days that have more ratingsvie their movie
degree distributions closer to each other than to the rest of th@eekdays. Mondays,
Thursdays and Fridays, that have similar number of ratings per @y, also have degree
distributions closer to each other. While in the days with lessdivity, Saturday and
Sunday the degree distributions are also close. See Figure 284 plot of these dis-
tributions using the mean values of the ts. In the users' data from Table 2.2 we can
also see some di erences in the coe cients. As with the movie degralistribution,
Tuesday and Wednesday are closer together than the to rest of theys. Saturday
and Sunday also appear together. To see the degree distributsonf the users and
the movies follow weekly patterns is something that was to bexpected given the
previous data descriptions.

2.2.2 Clustering coe cients

To understand better the structure of the network, we now turn ¢ clustering coe -

cients to nd out how well connected are nodes in their neigldurhoods and what is
the impact of highly connected nodes. As explained in Sectiorl] bipartite networks
cannot have triangles because two nodes of the same type canbetneighbours. For
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Movie degree distribution t parameters
a b c
mean | var mean | var mean | var

Monday 0.6616| 0.0285| 0.0707| 0.0093| 1.0843| 0.012
Tuesday 0.6481| 0.0276| 0.0553| 0.006 || 1.0651| 0.0073
Wednesday| 0.6458| 0.0205| 0.0596| 0.0082| 1.0698| 0.0112
Thursday | 0.6436| 0.0235| 0.0688| 0.0107| 1.0789| 0.0155
Friday 0.6544| 0.0239| 0.0695| 0.0101| 1.0789| 0.0146
Saturday | 0.6775| 0.0262| 0.074 | 0.0123|| 1.0822| 0.0226
Sunday 0.6748| 0.0335|| 0.0822| 0.0137|| 1.0937| 0.0211

Table 2.1: Fitting parameters of movie degree distribution @r weekday from 2000 to

2005 to a power-law with cut-o model.

User degree distribution t parameters
a b C
mean | var mean var mean var

Monday 0.8426| 0.0672| 0.0123| 0.00019842| 1.0159| 0.00064487
Tuesday 0.8789| 0.0600| 0.0118| 0.00038765| 1.0139| 0.00090404
Wednesday| 0.8769| 0.0694| 0.0119| 0.00035937| 1.0124| 0.00086279
Thursday | 0.8681| 0.0664| 0.0102| 0.00015413 1.0071| 0.00064731
Friday 0.8661| 0.0626| 0.0097| 0.00012747| 1.0046| 0.00063994
Saturday | 0.7838| 0.0387| 0.0122| 0.0002455|| 1.0126| 0.00082575
Sunday 0.7497| 0.0368| 0.0132| 0.00010061| 1.0194| 0.00076648

Table 2.2: Fitting parameters of user degree distribution peweekday from 2000 to

2005 to a power-law with cut-o model.

Comparison of estimated movie degree distributions

= = =Monday
== Tuesday
++ Wednesday
Thursday
Friday
= = =Saturday
= = Sunday

10
node degree

Figure 2.8: Plot of the distributions using tting parameters of di erent weekdays.
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that reason we cannot calculate the clustering coe cient€s(i) or C3 on G. Squares
do exist in a bipartite network, so we can calculat€,(i) and C,. We remember the

de nition of Cy(i) for a nodev;:

P
h;m th

mn [(Km iy )(Kn

whereq , is the observed number of squares for two neighbours, v, of vi, and the
denominator is the possible number of squares. In this case we wdver have an

Cai)= P

imh)+ th]’

edge between two neighbours of so =0and ;B = ¢, +1. In Figure 2.9 we
C 4 of user nodes on August 9, 2003 C 4 of movie nodes on August 9, 2003
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v
a3 10t w
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Figure 2.9: Clustering coe cients C, for the users (left) and movies (right) in the
bipartite network of ratings on August 9, 2003.

can see the values d€,(i) attained by the nodes of movies and users in the bipartite
network. Although the nodes are in the same network, they are sla separately so
we can compare users to users and movies to movies. The value€4f) we observe
are quite small. This is because there may be, for example, a newatched by many
people who have not other movies in common but that one. Thisan happen when
a movie is so popular that people with normally incompatibledste in Ims (or no
common neighbours) rate it. Such Ims are not part of many squas but the number
of possible squares that could include them is quite high becausets degree, so the
value of their C4(i) and its neighbours' will be lower. This makes the value of the
clustering coe cient of the whole network on that day beC,; = 0:0014.

We also look at the clustering coe cient of the projected netwiks of usersGG " and

22



moviesGTG . Here triangles do form and we can calculat€;(i) for all nodes and
Cs for the projected networks. In Chapter 1 we gave the de nitiorof C;(i):
. 2t;
C(i)= ——;
O ke
wherek; is the degree of; and t; is the maximum possible number of triangles that
include v;. The coe cient of the entire network is
X
Cs = M Cs(i):
i=1
Users in their projected networkGG T go from having as degree the number of movies
seen by them, to have a degree that is equal to the number of allers who have seen
at least one of their movies . A zero degree, which was nonexigten G, is possible
when a node has degree 1 and its neighbour has also degree 1énipartite network.
Although the degrees of the nodes change and normally the nuerbof connections
increases greatly in the projected networks, the graph remarsparse. For example,
in the daily snapshots of year 2003 we found that the fraction @ntries used in the
matrix goes from 0.001015 it to 0.01681 inGG " for the users, and to 0.05413 in
GTG for the movies. In Figure 2.10 we show an example of the clustegicoe cient

C3 for network of users on August 9, 2003 C3 for network of movies on August 9, 2003

200 400 600 800 1000 1200 1400 1600 1800 6 200 400 600 800 1000 1200 1400
node degree node degree

Figure 2.10: Clustering coe cient Cs for projected networks of users (left) and movies
(right) on August 9, 2003

of all the users and movies in the subset of Net ix ratings correspding to August
9, 2003. The value of the coe cient for the entire network of gers isC; = 0:7904
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and the value of the coe cient of a random graph of similar size§,073 nodes and
507,368 edges) i€3rang = 0:01943. This is sign that there is an underlying structure
in the network that is very di erent from random. There are many nodes up to degree
200 that are completely connected, and many more that are irexy highly connected
neighbourhoods. The value of the coe cient for the network ofnovies on the same
day isC3 = 0:7195, and for a random graph of the same size (3,694 nodes and &8
edges) iSCsrang = 0:0430. In here we can also appreciate many movies that are very
connected, up to degree 300 wits(i) = 1:0.

In the plot of the users'Cs in Figure 2.10 we can see a separate set of nodes that stand
apart from their peers and have visible higher values @f;(i) than all the other nodes
with the same degree, this may be the e ect of a dominant movienithe network.
On the day of the example shown, the movie with the highest degrén the bipartite
network was The Bourne Identity with 303 ratings. Removing that movie's entries
from G, changes the clustering coe cient of the users networkcG' to C3 = 0:7737
(0.0167 lower than the original value observed in the origihaetwork). If we plot the
values ofC; for the projected network without this Im, the group of nodes that had

a higher value ofCs3(i) has been integrated to the rest of the nodes (see Figure 2.11),
which means thatThe Bourne Identity is responsible for a great deal of triangles in
the projected network. This behaviour was not observed in theetwork of movies,
because it is very unlikely to nd a user who has rated a signi carproportion of the
Ims enough to alter the structure of the projected network ofmovies.

C3 for network of users on August 8, 2003

%
*ﬁigﬁ*ﬁt wx

* * *

200 400 600 800 1000 1200 1400 1600 1800
node degree

Figure 2.11: Clustering coe cients C3 of the projected network of users without the
top Im on August 9, 2003.

24



| | Degree | Title | Year |

1 | 232,944| Miss Congeniality. 2000
2 | 216,596| Independence Day. 1996
3 | 200,832| The Patriot. 2000
4 | 196,397 | The Day After Tomorrow. 2004
5 | 193,941| Pirates of the Caribbean: The Curse of the Black Pearl.2003
6 | 193,295| Pretty Woman. 1990
7 | 181,508| Forrest Gump. 1994
8 | 181,426 The Green Mile. 1999
9 | 178,068| Con Air. 1997
10| 177,556 Twister. 1996

Table 2.3: The 10 most rated movies in the Net ix dataset.

2.2.3 Ratings of movies

In networks grown using preferential attachment, nodes thabhave many more edges
than the rest have a higher probability of receiving more edgefrom new incoming
nodes. These networks have been subject of much study in recerainge[3, 4, 22, 26].
Given that the Net ix data can be viewed as a social network (or rare properly, an
a liation network) and that we have observed power-law distrbutions with cut-o

in the movie degrees, we want to see how does the degree of a mgumsv in time.
In the information of the ratings we also have the date in whiclthe user rated the
movie, this is very valuable information because we can use d tell the age of a node
and we are able describe the evolution of every node as the netiwdevelops.

We begin looking at some of the movies with the highest degreeshélhighest ten are
shown in Table 2.3. To see how does the degree of a movie grows, wetlse ratings
chronologically and see how the degree of the movies grow imé. To make a correct
assessment of how this growth is, we must work within the context oblw fast is the
network growing and put our measurements in this scales. L&t be the number of
links that entered the network on dayt, ki; the degree of the movie noden; on day
t and l;; the number of links froml; that belong to moviem;. We de ne the relative
popularity of a Im on a day t asl;=l, and the degree of a movie relative to the
growth of the network ask;..=l;. For example, the Im Pirates of the Caribbean: The
Curse of the Black Peatlwhich is one of the most rated movies in the database, has
its release date in the during the dataset's time-span. This allvs us to see its degree
evolution from the rst rating it received. In Figure 2.12 arethe plots of the relative
popularity and growth of the Im throughout its history in the dataset. We can see in
the plot on the left if the gure how the Im had a sudden rise of pgularity between
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Figure 2.12: Relative popularity (left) and relative growh (right) of the Im Pirates
of the Caribbean: The Curse of the Black Peathroughout its history in the Net ix
dataset.

November 2003 and April 2004. After this period it remains a popar Im with an
essentially steady in ux of ratings. In the plot on the right we sedts relative growth.
Between November 2003 and April 2004, just after its much antgated release on
DVD, the degree of the movie grows dramatically, then it contiues to grow but at
a slower rate. On the other handPretty Woman was released in 1990, nine years
before the start of Net ix. It also is one of the most-rated Ims bu does not have a
breakthrough like in the case ofThe Curse of the Black Pearl This is a movie that
has been a constant popular choice of the costumers and in Figu2.13 we see that,
although there are some oscillations, the relative popularitgf the Im remains. This
could imply that once the degree of a Im has reached a the staswof a dominant Im,
it does not acquire every time a bigger share of the new edges guwows steady pace
which can help to explain the saturation seed in the degree digiutions. This tells
us that although the degree of a node plays an important rolenadhe number of new
edges that it gets, there are other processes in uencing the atthment of the edges.
As we know, in the Im industry there are very intense promotiona campaigns of
movies intended to introduce them into the market. This, fromthe networks point
of view, can be understood as making a movie node arti cially one attractive.
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Figure 2.13: Relative popularity the Im Pretty Woman throughout its history in the
Net ix dataset. The red line indicates the mean.

Values of the ratings

During the course of this project a paper was posted on the arXipre-print server by
Lorenz [18] in which he showed that the histograms of Im rating from the Internet
Movie Databasé (imdb) have two or three peaks. Moreover, he showed that these
characteristics can be approximated by levy skew -stable distributions. In the
Net ix dataset the ratings are single peaked. This can be becausige values that a
rating can assume are only integers from 1 to 5, while iimdb the ratings are also
integers but go from 1 to 10, which allows users to be more speaciwhen they enter

a rating for a Im. In Figure 2.14 we show a few individual-mow histograms and
the histogram of all the ratings in the dataset.

Shttp:/.arxiv.org
4 http://www.imdb.com
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Figure 2.14: Histograms of the ratings of some of the movies froatl dates in the
database (top and bottom left) and of the average ratings of lallms in the Net ix
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Chapter 3

Catalogue and logistic network
growth

3.1 Logistic attachment

In the Netix that we discussed in Chapter 2, we saw that the degreeistribution
of the movies exhibits exponential decay in its tails. This caindicate saturation
in the degrees of the nodes. For example, a movie that is a big khicquires many
ratings at the time of its release (i.e. when it is added to theatwork), but once most
people who have interest have seen it, it acquires ratings (el at a slower pace. In
this section we will explore some growth mechanism ideas thatutd reproduce these
observations. We borrow the concept afarrying capacity from population dynamics
and use it to describe the network's \bound" on the attractiveress of a Im.

Logistic growth

There are many examples of saturation in nature. One of the bekhown examples
comes from population dynamics where the population of a spes grows for as long
as the resources allow it. Ify(t) is the population of a species at a timé, Verlhulst
suggested that its change was described by the equation [20,:14]

d
d—¥= ry 1 % , y(to) = Yo: (3.1)

The constantc > 0 is the carrying capacity of the environment and > 0 is the
reproductive parameter. The idea behind this equation is #t a population will grow
as long as the environment can sustain it. We can see from the naéga term of
equation (3.1) that the change in the population limited by is size relative to the
capacity of the environment. Wheny is close to zero, we can neglect the quadratic
term in the equation and we will observe exponential growth dhe population. When
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y = cthen & = 0 and it is a steady equilibrium, which means that the populabn

dt

will settle [20]. The logistic equation has solution:

YoC€"

c* Yo (& 1): (3.2)

y(t) =
This function is plotted in Figure 3.1. We can see how it growsxponentially for

Logistic Growth Logistic Growth
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Figure 3.1: Example of logistic growth. Di erent values of tke reproductive parameter
r in equation (3.2).

early values oft and it grows every time slower ay/(t) approachesc, which in this
case is 1.

Logistic attachment mechanism

Self-limiting behaviour is not alien to networks science, ihas been observed empir-
ically by Newman in networks of collaborations in scienti ¢ jornals [21]. Scientists

are connected if they have collaborated in at least one papddewman asserted that

the probability of collaboration between two scientistdy, is a function of the number

of common co-authoram and has the form:

Pn=A Be ™Mo,

where A, B and my are constants [21], and displays saturation as grows.

As it was mentioned before, in the Net ix network we saw some nodésat appeared
to be saturated with edges. This motivates us to develop an atthment mechanism
which combines preferential attachment with the ideas behd self-limiting growth of
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the logistic equation. LetG be a unipartite network with M nodes. Every time-step
we add a new node that will have an edge connecting it to one dig pre-existing
nodes in the graph. We de ne the probabilityP,, that a new edge in the network
connects to a nodey; to be logistic functiony in equation (3.2), evaluated at its degree
ki:

P, = p—J o) . (3.3)

j=1 f (ki)

The idea behind this attachment mechanism is to have the attiveness of a node be
the result of applying the solution to the logistic equation tots degree. This way, the
attractiveness will behave like the function on Figure 3.1, aere it grows exponentially
for the rst few edges that the node receives. After some more edgbe attractiveness
does not grow as fast, and eventually stops growing. The camg capacity of the
network c will determine the maximum attractiveness of the nodes. The peoductive
parameterr determines how fast will the nodes get to their maximum attraiveness.
Higher values ofr will mean faster ascent (see the image on the right of Figure 3.1)
The initial condition Yy is also important. A small value ofy, will make the function
grow very fast initially. A large value of y, (closer to c) will bring slower growth.
A value of yy greater than c is unphysical because it would imply that a node loses
edges which doesn't happen in our model.
To get the solution of the logistic equation into a more suitabléorm, it is best to
nondimensionalise equation (3.1). Takg = c¢¢ and t = f. In this particular case we
wish to keep the time-scale (or more properly, the degree-sdalso we leaver as a
parameter whose value we can change to see its e ect on the systdbguation (3.1)
now becomes:

d
G ORL (3.4)
which has solution (dropping hats):
_ yo€ .
y® = 3 VACTEYE (3.5)
Now we can rewrite equation (3.3) as:
n # 1
Ki W K;
P, = Yo€ Yo€™ (3.6)

©Llaye(et 1) 1+y(eh 1)

The carrying capacity used, without loss of generality, for autests and simulations
wasc = 1. This is because any value of ¢ can be rescaled back into 1. Timdial
condition yg is also kept as a parameter of the model. On the left of Figure23.
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Figure 3.2: Comparison of CDFs of simulated networks using dirent values ofyg
(left) and r (right) in the logistic attachment model.

we see the cumulative distribution functions of the mean degeeadistribution of 1000
simulations of a network. Each simulated network contained DO nodes, and each
node had one edge to attach to the pre-existing nodes. Di erentilues of the initial
condition yo were used. One network was generated through uniform attaclemt
(i.,e. P, = 1=M) for the sake of comparison. The degree distribution foy, = 1
(blue crosses) was the same as the uniform attachment (magentactgs). This not
surprising as equation (3.5) is always 1 in this case. Networksngeated through
uniform attachment have exponential degree distributions4]. For the other values of
the initial condition we observed di erent results. When O<y, 1 the rst nodes
that got edges took o very quickly and got a high degree veryaft, but a dominant
node did not appear here as it does in networks with superlineattachment. This is
because as a node gains edges the change in its attractivensssvery time less. So
a node with a high degree might be much more attractive comped to those nodes
with degree 1 but not too di erent from those who have, say 10 eég more. For
example, whenyy = 0:01 andr = 1, we havey(1) = 0:0267 andy(5) = 0:5998. This
means that a node with degree 5 is 22 times more attractive thaa node with degree
1. But y(10) = 0:9955, so a node with degree 10 is only 1.65 times more attraetiv
than one with degree 5. This is why whely, is very low we get the fat tails we see
on the plot. The image on the right of Figure 3.2 shows a similaxxperiment, using
logistic attachment with an initial value yo = 0:1 and several values af we simulated
1000 networks of 1000 nodes each. None of the networks showedgree distribution
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very di erent from the exponential of the uniform attachmert model.

The aim of logistic attachment was to reproduce the saturatioe ect observed in the
degree distributions of some networks. As we saw from the resultsgiktic attachment
produces networks that are similar to the ones produced by udorm attachment or
with unusually fat tails that, however, if the network is let to grow for a very long
time will eventually converge to a uniform network. This ism part due to the bound
that the carrying capacity imposes on the attractiveness of #1 nodes. After some
time, most nodes eventually \catch up" and become equally athctive. Alternative
attempts to reproduce self-limiting behaviour might inclue the use of other functions
that, while expressing saturation, do not bound the attractivaess like the logarithm
of the degree. This is a topic that could yield interesting rests in future research.

3.2 Catalogue growth networks

The Net ix dataset described in Chapter 2 motivated the develoment of growth and
evolution mechanisms of bipartite networks in which the nodecome from prede ned
lists or catalogues

3.2.1 Decreasing node- tness

fmy;my;:::my g, an empty graph G and two constantsa;b > 0. We de ne the
vectorsD, and D, as:

2 2 3
a+ kU]_ b+ km]_
a+t+ kUZ b+ km2
Dy = _ , Dm = . : (3.7)
a-+t kUU b+ kmM

Each entry in the vectors is the degree of the node plus a constaThe mechanism

starts with an empty network at t = 0. Every time-step two nodes, one individual
and one artifact, are chosen from the catalogues and a binargige is placed between
them. Each individual and artifact are chosen with probabities

_a+kUi. _b+kmj.
jiDujj1’ ™ jiDmii1’

(3.8)

Ui

The constantsa and b are the initial attractiveness of the individuals and artifacts
as de ned in Price's model and in the BA with shifted linear kemel [2, 22]. In this
section when we talk about the degre&; of any node, we will be referring to the
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degree of the node at the timd, or k;(t) to simplify notation. This is why at any
time t the norms of the catalogue vectors (3.7) are:

.. .. XJ
IDujj1 = [a+ ky]=aU+

i=1
X
jiDmij1 = [b+ km;]1= bM + t;
i=1
because only one edge is added at every time step and there aredoplicate edges.
If Ni(t) denotes the number of individuals with degredk, then the probability of
choosing at random an individual with degred is
a+k
Pe(t) = TP,
All the equations and calculations that follow will be done othe nodes of individuals
unless stated otherwise. The results for the artifacts are anglous, one has just got
to changea for b, U for M and vice-versa.
A master equation approach to this mechanism is similar to the enemployed by
Krapivsky and Redner to study the growth of unipartite networks with a shifted
linear kernel [15].

Ni(t): (3.9)

dNO _ a . _ .
dt -~ aU+t No; No(0) = U;
dt - au+t Kt oguwg Mk N(0) = 0; (3.10)

dNy = a+(M 1)
dt =~ aU+t

The negative terms in the equations account for the loss of nesl that acquire an
edge and stop having degree 0 d&. There is no loss term forde—tM becauseM is
the maximum degree that a node can attain (i.e. there only esti M artifacts). The
positive terms represent the gain of nodes. There is no gain terim dg‘—t" because a
node cannot lose edges and therefore its degree cannot desgea
The set of individuals active in the network at a timet isl.o = fu21 :k, > 0g,
and has size

NM 1 NM(O):O:

hd
JIs0i=  Ng(t)=U No(t): (3.11)
k=1
There is a xed number of individuals and artifacts availabé from the catalogues, so

attime t = UM the network becomes fully connected,e. Ny (MU) = U.
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Nondimensionalisation

To nondimensionalise the model, lelN, = AKTk fork = 0:;%:::;M andt = Bf
Substituting in the master equations, for example whek = 0 we get :
deo a
o= 2 BNy
df 1+B8f ~°
which suggests that we us@ = U, although it gets canceled but seems reasonable to
have N (t) go from 0 to 1, andB = aU. Now equations (3.10) become:

df\ m |<i0, Kio(O):].:

dd,  a+(k 1) a+k L

- L F K 1 it Ne; Ne(0)=0; k=1;:::;M 1 (3.12)
dly _ a+(M 1) _ _n.

i T+ F v 1 Khv (0) = 0:
Solution

The model can be solved exactly for all and k. The solutions are (dropping hats
from the nondimensional form):

1
NO(t) - ml
Ni(t) = @k zgipem 1 (3.13)
KI(1+ t)atk "’ T ’ '
Nw (t) = (3“,” Mo (Mija+ MM +1; 1);
where Pochhammer's symbold), is de ned as
_(a+n) YT o
@ =g = @

i=0
and ,F;(M;a+ M;M +1; t)is the hypergeometric function
X (@n(bn 2"

(©n n!
(9 * (a+n)(b+n)z"
(a)(b _, (c+n) n!’

oFi(as b z) =
n=0

(3.14)
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N, (0)

the functions Ni(t) i = 0;1;:::;M can be very di cult to compute [11], but some
properties of Pochhammer's symbol and the hypergeometricrfction as well as other
mathematical techniques like asymptotic expansions may yeelsimpler expressions
for certain values ofa. For example, ifa = 1, Pochhammer's symbol is (1) = n!, and
properties of the hypergeometric function (see equation (A.&n Appendix A) The
equations in (3.13) now become

No() = 5y’
k

Nk(t):(lfw k=1;2,:::;M 1, (3.15)
t M

Nm (t) = 1+t

Figures 3.3 and 3.4 show numerical simulations of a network ped along with

Analytic expression of No(t) versus numerical simulations Analytic expression of N 1(t) versus numerical simulations
19 04

T T T T
Analytic solution Analytic solution
= = -Meanoftrials |4 = = =Mean of trials

—— Extreme values 0.35F —&— Extreme values |]
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Figure 3.3: Plots ofNg(t) (left) and N(t) (right) from 1000 simulations and analytics
of a bipartite network in which U =500 anda = 1.

evaluations of the analytic solutions outlined by the equatins in (3.15), the vertical
bars in the plots are the maximum and minimum values observed the simulations.

Asymptotics

IfO<a 1, we can use the expansioNy(t) = N, (t) + aN, (t) + a®Ny,(t) + ::: to
get approximate solutions to the di erential equations (3.2) which can be rewritten

36



Analytic expression of Nz(t) versus numerical simulations

0.25
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Analytic solution
= = =Mean of trials
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N,(®

0.1

0.05[

Figure 3.4: Plot of N,(t) from 1000 simulations and the analytic solution from equa-
tion (3.15) of a bipartite network in which U =500 and a = 1.

using these expansions as:

d(Noy (1) + ‘Z’t\'ol(t)* ) o (N, (O + aNo, () + 2

Ng,(0) + aNo, (0) + :::=1: (3.16)

WO * N0+ 29 - 8k D 0 an 0+ 509
a+ k

1+t

(Ngo(t) + aN, (t) + ::2);
Ni,(0) + aNy, (0)+ :::=0: (3.17)
d(Nu, (1) + aNu, (D + 1) _ a+(M 1)

dt = 171 (Nm 1,(t)+ aNy 1, (t)+ ::2);

Nwm,(0) + aNy,(0)+ :::=0: (3.18)
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To solve this equations for terms with the same power @ The solutions are

X [ alog(1+t)

No(t) ” (3.19)
r=0 ’
N4(t) alit+ a2|09(1+1t)+ttlog(t)+ T (3.20)
t? log (1 +1) t 1
N(t) am + &’ Tt 51 th(z log(t) 1)
(t 2t log(1+t)
2(1 + t)2 1+ t)2 (3.21)
Nm(t) a( MUMF(M;M ;M +1; t)+ (3.22)

In equation (3.22) the term,Fi(a; g c; z) is the regularized hypergeometric function
de ned in equation A.18 in Appendix A (see also equation (C.2) in Apendix C),
and ( x) is the gamma function. The order of each approximation is # highest
power ofa that is used, for example equation (3.20) shows an order 2 appiomation.
The purpose of asymptotic expansions is to take advantage of sinphrameters in
the models to get approximate analytic solutions. In this partular case it is only
useful for the lower degrees.é. k = 0;1). Computing the regularised hypergeometric
function is more or less the same work than computing the normahe. In this case
an approximation to Ny, (t) does not simplify calculations and is therefore of little
practical use. We can see some comparisons between the analytictsms of the
model with approximations and numerical simulations of the ework in Figure 3.5.
The model outlined in equations (3.12) seems to capture sometioé behaviour of the
evolution of the network. However it is evident from Figures .3, 3.4 and 3.5 that it
does not agree well enough with the simulations, in particulaior small values ofa.
When a is larger, the analytical solutions are much more accuratesahown in Figure
3.6. This model is called a decreasing node- tness model. Thg because nodes
start with an initial attractiveness a, and its relative value to the network catalogues
decreases as the system evolves. Individuals that do not receggges soon enough
will have their attractiveness decreasing aa=aU + t). This is particularly evident
when a is small. Whena is larger, saya O (1), the network grows at a faster
rate because nodes with no edges have comparable probaleiitiof receiving edges
to those with nonzero degree, at least in the early stages of theopess. Figure 3.7
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Approximations of NO(t) versus analytic and numerical simulations

Approximations of Nl(t) versus analytic and numerical simulations
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Figure 3.5: Plot of Ng(t) (left) and Nq(t) (right) from 1000 simulations, analytical
solution and asymptotic approximations wherlJ = 500 anda =0:1.

Analytic expression of Nz(t) versus numerical simulations
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Figure 3.6: Plot of N,(t) from equation (3.13) whenk = 2 to 1000 simulations of a
network usingU = 500 and a = 10.
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<10° Relative value of a in catalogues N, (t) for different values of a
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Figure 3.7: (left) Decreasing tness of nodes according to thealue of parametera.
(right) Di erent realisations of Ng(t) for values ofa.

shows the relative value of the initial tnessa of the nodes as the network grows and
how it in uences this growth. Another way to understand this isto think about a as
a nominal value that stays constant and due to some phenomenaad. in ation), its
real value decreases in time.

3.2.2 Constant node- tness

In the previous model, we saw that the initial attractiveness findividuals and arti-
facts decrease in time. While it is an interesting mathemati¢anodel in its own right,
it fails to capture the true behaviour of the system from whichtiwas motivated. The
model was inspired by the Net ix system, where a list of all moviessiavailable to
the users at all times. It still sounds like a reasonable assumptiohdt more popular
movies get chosen more often, but there is no reason to beliekat movies that have
not been rated at a timet have an ever-decreasing chance of being chosen. Users
can browse through online catalogues and rent whatever mowieey nd interesting,
regardless of its popularity. With this in mind, in the following model we let all nodes
have some probability of receiving an edge that is independeof their degree. We
use a similar approach to the one by Evans and Plato in their netwk rewiring model
[9]. In the model, an edge is assigned using preferential attachnt with probability
p and using uniform attachment with probability 1  p.

We have the two sets of nodes, individuals and artifacts A, an empty graphG and
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two constantsp;q 2 [0;1]. The catalogue vectordD, and D,, are now simply the
degree vectors of the nodes

2 3
ujg ma
k k
DU:E :”22; Dm:§ Tzz: (3.23)
Kuy Ky,

The initial conditions of the model must be di erent as in the pevious model. If we
started with a completely empty graph att = 0, we would havejjD njj1 = jjDujj1 = 0,
which would result in division by zero in the probabilities andsubsequent equations,
and no nodes ever being able to be chosen for connections. Taovme this problem,
we let the system begin with two randomly chosen nodes connectasl a seed. This
is not uncommon in other growth models such as Price's and theABmodel which
must also start from a non-empty seed network [8, 22, 25]. This igj@valent to
a shift in the time variable and a change in the initial conditons so we can have
jiDmji1 = jiDujj1 =1 at t = 0. Every time step a new edge is added to the network.
The individual and artifact nodes are chosen with probabilies

— 1 p pkU. .

|:)ui = "4 ﬁ :
(3.24)

P —_ 1 q } ql' j .

] M 1+t °

Now there is no danger of division by zero and we can move on to theodel of the
system. The rate equations for the individuals in the network re

dNo _ 1 p . _ .
T = —U No; NO(O) =U 1
dN, _ 1 p,  pk 1) _
e TR N 1 N.(0) =1
1 p, pk . _ .
T+ 1+1 N: Ne(©0)=0 k> 1, (3.25)

k=1:::::M 1

dNy _ 1 P, p(M 1)
dt U 1+t
Again, the negative terms account for the loss of nodes and thestive terms, for
the gain of nodes. The number of individuals in the network is 8t given by equation
(3.11). Let us not forget that the calculations for the artibct nodes are analogous

with the adequate change of terms.

NM 1 NM(O):():
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Nondimesionalisation

To nondimensionalise equations (3.25) we talté, = UN, andt+1 = Uf. The model
then becomes:

dlo _ _ (. 1
T 1+ p)No; Ko 0 =1 U’
dNly p(k 1) 1 1
— = 1 + M M — = —
df\ ( p) f\ k 1 1 U U
1 p+ %( K; K é =0 k> 1, (3.26)
k=1;:::;M 1
dty p(M 1) _ 1
ot 1 p+ — NIVIRY K U =0:
Solution
The solutions for the nondimensional model are (dropping hats)
1
No(t)=aexp (1 p) t 0 ; (3.27)

Ni(t)= b+ U ®V@ pt P texp (1 pt+ ! (3.28)

The values ofa and b are

a= 1 1 : b=a1 Io:
1+p

One can obtain analytical expressions faNy(t) when k > 1, however they become
increasingly tedious to calculate and, the expressions becoxey large. Asymptotic
expansions or a numerical scheme may be a better way to solve thsdel.
Asymptotics

When p has values close to its extremes, we can obtain approximate gaus to the
model in equations (3.26) using asymptotic expansions. If€ p 1 we use the
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expansionN(t) = Ny, (t) + pNy, (t) + p?N,(t) + ::: and rewrite equations (3.26) to
obtain:

d(Ng, + pPNo, + ::1)

= (1+ p)(No, + pNg, + ::1);

dt

No % =1 %; (3.29)

d(Nk°+ [z::lkl-l- :::) = (1 p)+ p(kt 1) (N(k 1)0+ pN(k 1)1+ :::)

pk
Q@ p+ T (Nko + PNy, + ::2); (3.30)
N4 % :é; Ny é =0; k>1 k=1:;::::M 1
d(Ny, + F;?Ml'F ) _ 1 p+ M (New o+ PNt n, +521); (3.31)
1
NM U =0

After solving for the terms that have with the same power op we get

1 X pct 1 k
No)z=e &) 1 =~ P2 © . (3.32)
U k!
k=0
1 1
N tFH 1 = t+ =
1(t) e u U t 02
1 2 1 logt 2 1 logU
+ 1 = 2+ —+ = 2 t4+ =+ = 4 == : (3.33
P U SERAY SEVERVERVE (3:33)
1 t2 t 1 1
N td) 1 = 4+ 1+ — 34

Note that equation (3.32) is equal to equation (3.27) which isvhy the former is
written not as an approximation, but as an equality.

fO< (1 p) 1, we make achange of variables = (1 p) and use the expansion
Ni(t) = Ny, (t) + WNy, (t) + W?Ny,(t) + :::. As before, we have to express equations
(3.26) in terms of w (see equations (C.3), (C.4) and (C.5) in Appendix C). The
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approximate solutions are

N = (D8 U (3.35)
k=0 ’

N(t) %+ w 1 é % $+ % logt % % logU ; (3.36)

N2(t) T}tz + Elz; (3.37)

Na(t) 4Uit ¥ 8ltJZ 253%31 (3.38)

These solutions are complicated to obtain and not very infornti@e. For example the
expression foMN(t) in equation (3.36) is already di cult to read and is only an arder
1 approximation of N.(t). Perhaps only the approximation toNg(t) is of use. For
example, when an approximate size of the network is needed.

Numerical solutions

Given the di culty of obtaining analytical solutions for all degree values in our model,
we must rely on numerical methods to compute solutions. In thisark we used the

be the right-hand side of equations (3.26):

? (1 pNo 3
fy)=f @ P+57 N @ p+f Nk? (3.39)

(1 p)‘*M Nm 1

Atthe initial time to = 3, the initial conditions areyo = y(to)= 1 2;5;0;:::;0
We calculatey,.; in the following way

Yoo = Yo + é[k1+2k2+2k3+ Kal (3.40)
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where:
ki = f(th;yn);

ko = f(tn;+2h;y, + 3hky);
k3 - f(tn;'l'%h;yn + %hkz), (341)

ke = f(ty+ h;y, + hks):

Figure 3.8 shows values of loglk(t)) for all t and k obtained using the model and
the values obtained by the simulation of 1000 networks. We havaken the logarithm
of the solution so we have a clearer picture of the solutions besa all of its values
lie between 0 and 1. The plot has time in thec-axis and node-degree in thg-axis,
the colour indicates the value ofNy(t). Red indicates areas wherdN(t) is very
close to one and dark blue, wherbl(t) = 0. This comparison of the solution of the
model with the simulations of the network suggests that there isomething missing in
the model as it fails to reproduce the behaviour observed in ¢hsimulated networks,
especially ad (dimensional) approache®&) M = 3000. The network that we are trying
to model becomes fully connected at= UM, and in the solution of the model on
the left image of Figure 3.8 we see that at the nal time there sliiare plenty of nodes
whose degree is lower than 100. In the simulated networks we e clearly that this
is not the case, all nodes are fully connected at the nal timesaexpected. We need
to improve this model so the values ol (t) go to zero as they should andNy (t) = 1
at the nal time.

3.2.3 Constant node- tness with catalogue update

In networks from catalogues, once a node is fully connecteddannot receive any
new edges. In particular, if an artifact is connected to evergingle individual, it
means that there is one less artifact to choose from. This wastraccounted for in
the previous models and led to serious aws. To incorporate thibehaviour into the
model, we must reconsider the probabilities that the individals and artifacts have
of receiving an edge. When an edge is added to the network, jigobability of being
attached to an individual of degreek using uniform attachment isNx=U Ny ),
because there ar&l\, individuals incapable of receiving new edges so it must choose
from the rest. The probability of the edge to connect to an indiidual of degreek
using preferential attachment iskNy=1+t MNy ). The denominator accounts for
the number of edges (the sum of all degrees) of the nodes in theategue 1 +t, as
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Values of Iog(Nk(t}) after 1000 trials with p=0.8

node degree

500 1000 1500 2000 2500 3000
time

Figure 3.8: Comparison of results obtained by the model of eduans (3.26) (left)
and the mean values oN(t) after 1000 simulations (right) whenM = 100, U = 30
andp=0:8.

in the previous minus the edges of the nodes that are now fultpnnectedMN , ().
The analog also holds for the probabilities that an edge has cbnnecting to artifact
nodes, which is obtained changinyl for U and vice-versa. With these adjustments
in the probabilities, we now reformulate the model of catalage growth:

dNo _ 1 p . _ .

T - —U NM NO, NO(O) - U 1'

dNg _ 1 p p(k 1) ..

Gt - U Ny @ @+1) MNy ki N1(0)=1:
1 p pk

Ny; N(©)=0 k>1 (3.42)

+
U Nu (1+t) MNy

dNym 1 p N p(M 1)

= Nu 1 Ny (0) = 0:
dt U Ny @+t) MN, "7F v (0)

Nondimensionalisation

To nondimensionalise equations (3.42) we scale the degree dlttion (as before)
Ny = UKy and unlike previous occasions we shift and rescale the time \abie
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(L+t) = Uf. Now the model becomes:

SN 1 p _ 1 1
- 1o, o Yoo =t ©
ade 1 p p(k 1) 1 1
1R, o, ke TR
1 p pk . 1 _ .

: IQM+9 ML K K g =0 k>1 (3.43)
k=1;::::M 1;
CNM_ 1 p p(M 1) ) 1 _ .
a1 Ry, £ MmN, N s h?MU‘O'

Solution

This model consists oM + 1 coupled nonlinear di erential equations. This makes an
analytical solution very di cult to obtain specially because dl equations depend on
Kiv (t). A numerical method is more appropriate to nd the solutionsof the model,
but we cannot use and explicit nite di erences scheme becauseis unsuitable for
a problem like this. The denominators in equations (3.43) wibecome very small as
f1 M, so the values of the equations, specially for high as we will later see, will
have abrupt changes in very small timescales. Instead of the eyl Runge-Kutta
method we used in the previous section, we will use the implicituter which is more
adequate for a sti problem like this [28].

that:

y =f(ty); (3.44)
where:
2 (1 p)
1 Nu No
(1 p (k1) (1 p) k

f(t;Y):E 1NF:,|+tpMNM Nic 1 1NTA+tI\ﬁNM N £ (3.45)

(1 p) (M 1)

1 NTA +tpMNM Nm 1
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and initial conditions: 2 3

Cl~

Yo =

- OCe

0
The implicit Euler nite di erences scheme is [28]:

Ynrr hf(£Yne1) Yyn=0: (3.46)

At every iteration we must solve a system oM + 1 equations. We will use Newton's
method to nd the value of y,. 1, for it we will need the Jacobian of equation (3.46):

3
@b @b ... @%
Jtyns)=R 1 hSk 1 hg 1 hZk 7. (3.47)
N o ... ' ot

The Jacobian has a bidiagonal structure were theM + 1) th column can be nonzero.
Figure 3.9 shows the structure of the Jacobian of equation (&% As we mentioned,

Jacobian of the Backward Euler scheme Plot of Ny (t) when p=0.3
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Figure 3.9: Structure of the Jacobian matrix (left) of the bakward Euler scheme.
Plot of Ngo(t) (right) computed numerically.

the sti problem yields solutions that change abruptly in shortperiods of time. One
example is shown on the right of Figure 3.9, wherBg(t) is plotted, this solution
corresponds to a network wher&) = 30, M = 100 and p = 0:3. The higher the value
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of k, the later Ny (t) = O reaches its maximum and the faster it must decrease to get
to zero at the nal time.

To show the solutions for allNi(t) we use the same colour plots where red indicates
high values ofNk(t) and dark blue indicates zero. Figure 3.10 shows solutions of
equations (3.43). Each image has a di erent value for parartex p, the one on the
left corresponds top = 0:2, where uniform attachment is dominant over preferential
attachment. We can see in this case that there are no nodes whossgiee grows
much faster than the rest. This is because the probability of pferential attachment

is small enough to have most nodes getting edges at a similar rat€his contrasts
with the image on the right which corresponds t@ = 0:8, where preferential attach-
ment is dominant. Here we can see how a few nodes get edges muskefathan
the rest (the lines that go down very quickly), and the majoriy of the nodes remain
with low degrees for a longer time until nally (when the domhant nodes are fully
connected) they also begin to receive edges and become ultiehaconnected at the
nal time. We can see how the plot of a simulation withp = 0:8 on the right of Figure
3.8 displays the same behaviour that we see in our solution. Doramt preferential

Figure 3.10: Solutions oN(t) with p=0:2 (left) and p = 0:8 (right) where U = 30
and M =100.

attachment leads to a larger number of fully connected nodesarlier than dominant
uniform attachment. Both images of Figure 3.10 show the row o@sponding to
k = M that does not follow the same colouring patterns as the rest oi¢ image. In
Figure 3.11 we show a closer look at this row. The reason for thigd is that the
maximum degreeM can be understood like arattractor state in which nodes upon
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arrival do not leave. We can see in the images hdMy, attracts all the nodes, because
ast approachedM all other the N (t) must become empty really fast, which acts like
a de factoimplicit boundary condition.

The results given by this model are much more accurate than thenes given by the
previous models. We saw it fop = 0:8, and we can see it in Figure 3.12that shows
the results forp = 0:6 compared to the simulated networks, which also show good
agreement. More images with solutions of di erent values gf are shown on Figures
C.1-C.3 in Appendix C. A dierent comparison of how accurate te model is for

Figure 3.11: Detail of rows 90 to 100 and times 1800 to 3000 rixathe solution of
Nk(t) when p=0:2 in Figure 3.10.

di erent values of p is shown in Figure 3.13, where we see two plots bifys(t) for
p=0:6 andp=0:2. The images on the left are a close-up of the images on the tigh
The model showed better accuracy for smaller valuesthan for larger values, which
can also be appreciated from Table 3.1, where we show the meaxn amaximum error
of Ni(t) calculated by the model fork = 15; 45,90, against the result observed from

1000 simulations of networks.

The model described in equations (3.42) captures the behawi®f the time-dependent
degree-distribution Ny (t) as seen from the images and plots. The update of the de-
nominator in the master equations was what made thBl,(t) go to zero ast! MU
like it happens on the simulated networks. However, it made alqelationsdd% depend
not only on Nx ; and Ny, but also onNy, which depends orNy, ; and so on. All
equations depend on each other thus making it very di cult toobtain an analytical
expression for the solutions. The numerical computations werdsa a ected by the
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Figure 3.12: Comparison of results obtained by the model (I¢fand the mean values
of Nk (t) after 1000 simulations (right) whenM =100, U =30 and p=0:6.

Figure 3.13: Comparisons dfl4s(t) from the model and the mean from 1000 simulated
Networks whenp = 0:6 (top) and p=0:2 (bottom).
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N1s(t) Ns(t) Ngo(t)

¢] max error | mean error, max error | mean error| max error | mean error
0.2| 0.0014 0.0137 0.0013 0.0083 0.000983 0.0070
0.4 0.0026 0.0202 0.0025 0.0115 0.0015 0.0102
0.6 | 0.00035 0.0163 0.0025 0.017 0.0016 0.0217
0.8| 0.0037 0.0124 0.0018 0.0064 0.0015 0.030

Table 3.1: Mean and maximum error of solutions to the model anealisations of the
network for values ofNy and p.

update in the denominator because it made equations very sti lwch makes solutions
more computationally expensive to obtain, this is also true fdarge U and M .

3.2.4 Comparison to the Net ix dataset

In this section we compare the catalogue growth model with thdet ix dataset to see
how well it reproduces its main features. Although we cannot sualise the complete
process in the Netix dataset as we did on the example networks tfie previous
sections (i.e. the data available to us is not from a fully coretted network), we can
see how it evolves until all the nodes have at least degree onen e left of Figure

Figure 3.14: Values oN(t) from the Net ix dataset on Sept 12, 2004 (left) and May
13, 2004 (right).

3.14 we show the values of the userhbly(t) from September 12, 2004. On this day
there were 16,164 users, 7,546 movies and 82,460 ratings. Thghést user degree
was 593 and we can see that there are already some nodes that glefes at a faster
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rate than the majority. This can be appreciated in greater d&il on the image in the
right of the Figure. Here we displayNg(t) from May 13, 2004. On that day there
were 12,996 users, 6,938 movies and 69,288 ratings, the highegjrele of the users
was 767. The image shows a closeup of the evolutionNgf(t) from k = 0 to 200 and
all values oft. On Figure 3.15 we show on the left image the values N (t) obtained

Value of No(t) from May 13, 2004 and fitting curve

T T
= = =Fitwith p=0.99
— N

Figure 3.15: Values ofNi(t) obtained using the constant node- tness model (left)
and a t of Ng(t) (right) with parameters M = 1300, U =500 and p = 0:99

using the model of growth with constant node- tnesswithout catalogue update of
equations (3.42) with parametersM = 1300, U = 500, p = 0:99 andt from O to
80,000. The reason why we used this model and not the one with almigue update
is because there are no fully-connected nodes uptte= 80;000 in the examples, so
there is no need to update the denominator in the equations \win means that in this
regime both models are equivalent. The result obtained by thrmodel does look like it
could represent what goes on in the Net ix dataset and the t forNy(t) on the image
of the right con rms it, but the t for the rest of the solutions i s considerably less
accurate. This suggests that the catalogue growth model doestrexplain completely
the structure of the Net ix dataset.

53



Chapter 4

Conclusions

In this project we worked with a large dataset of ratings of maes entered into the
Net ix database by its costumers in a period of over ve years. We ralysed the
data to try to understand its main characteristics, and get an uderstanding of the
mechanisms that produce such data structures. The ultimate goalas to make a
mathematical model that describes the processes that shape thetwork.

The analysis in the Netix dataset showed us that the degree distoutions of the
nodes followed power-law with exponential cuto in the tai. This indicated that
processes other than preferential attachment were also presentthe development
of the network. The cuto in the tails hinted that nodes could get saturated with
links and their attractiveness. Calculations on the number ofatings that some of
the very popular Ims receive per day seem to con rm this ndirgs. These movies,
when they rst become very popular receive a lot of links in shomperiods of time.
After this breakthrough their income of ratings settle at a moe or less stable level,
which means that although the degree keeps growing, the ftemm of new links that
the movie gets, does not. This can be a combined e ect of comi®n, another Im
taking over as dominant, and saturation, e.g. the public has ea the movie enough
times.

We also showed through the clustering coe cientC; of the projected networks of
users and movies, that there were strongly connected neighbbaods of users who
had rated the same movies, as well as in the projected network ths. It was also
seen that individual nodes can have signi cant e ects on the muishness of the pro-
jected networks. As we saw in the example of the projected netwoof users, one
very prominent Im can have very noticeable e ects on the clatering coe cient of the
complete projected network. We also calculated a clusteringpe cient C4 suitable
for bipartite graphs that is based on the number of squares thanclude a node. The
value of C, was found to be much lower thanC; in the projected networks. Lower
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values ofC, are a direct consequence of the diverse preferences of Imstttiee users
showed in the dataset in which two users, in many cases, had only on®wie in
common, which reduced the number of squares. In the Net ix datas&e observed
power-law degree distributions with exponential tails, whic were an indication that
the attractiveness of the nodes, saturated. A rst attempt to deelop a model that
could reproduce this saturation and yield a similar network strcture, borrowed the
concept of carrying capacity from population dynamics. Thearrying capacity of
an environment was interpreted in a network as the maximum #&factiveness that a
node could attain. The model we proposed had the attractivess of the node grow
logistically, that is, exponential growth in the beginning anl zero growth ask ! 1
Networks grown using this mechanism showed, depending on thetigli condition
which is a parameter of the model, exponential degree disttibons just as networks
grown using uniform attachment. In some cases when the initiahlue was very small,
the CDF showed a few nodes with exceptionally large degreesaarly stages of the
growth of the network. As more nodes are added to the networkhé distribution
slowly approached an exponential. This attachment mechanisdid not re ect any
of the characteristics observed in the Net ix dataset.

A di erent type of model was proposed in which the nodes that we to be joined by
an edge were chosen from prede ned catalogues or lists of xedesi The probability
by which a node was chosen would depend on its degree. If alldwe evolve for a
long time, this type of networks eventually became fully carected, i.e. all users have
rated all movies. The rst attempt of this type of models used shied preferential
attachment in the probabilities of the nodes. It was found thathe value of the initial
attractiveness parameter of the nodes was decreasing relatito the growth of the
network. While it may be true for other type of networks [26],it was not the case
in the Netix dataset. The attractiveness of an un-rated Im by this model, goes
to zero as the network evolves. The master equations of this meldvere solved for
all times and degree values, the resulting functions were exssed in terms of the
Pochhammer's symbol and the hypergeometric function.

A second mechanism was proposed in which the tness of the nodeswan-decreasing.
To achieve this we used similar attachment probabilities as ithe network rewiring
model shown in Chapter 1 [9, 10]. With a xed probabilityp we would choose the
node using preferential attachment and with probability (1 p), with uniform at-
tachment. With this mechanism we assured that all nodes in the talogues would
have a non-decreasing probability to receive an edge. Analyail solutions, both exact
and approximate, can be calculated for this model. Howeverheir expressions were
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very long and complicated to obtain, so a numerical approachas favoured. As we
mentioned, catalogue networks become fully connected in aite time. This model
did not account for fully-connected nodes that were no longeligible for new edges,
and as a result we got some serious inaccuracies for large valags and k. When
the size of the catalogues is very large and there is no need mmpute N(t) for
high k, these models can be a useful tool. Compared to the Net ix data ptured
some of the behaviour of the dataset at early times. This model wamproved so
it could show the behaviour ofN(t) for high k and t. When a node becomes fully
connected, the probabilities of attachment change for theest of the nodes, because
there is one less node to compete against. Incorporating thigto the model makes
the solutions reproduce what we observed in the simulations, arad the nal time
all Ny were correctly zero exceptNy, which was 1. This improvement came at a
cost, for all equations in the model were now coupled to the ahs, which makes
an analytical solution very di cult to compute. The correcti on in the probabilities
created a de-facto boundary condition which made the equatis very sti, requiring
us to resort to more expensive numerical algorithms to nd a sofion. This method
compared to the Net ix data did just as well as the model withoutcatalogue update,
because the di erence between the two models is only eviderd aodes start to be
completely connected, which was not the case in the Net ix datet.

In this model we have assumed xed-sized catalogues, whereas @ality networks
of this type may have variable-size catalogues. Further dewgments of this model
could include a catalogue-size functioM (t) so that the model goes from having the
form :

N, _ f (Nk 1;Ni; Ny s M;t);
dt

to:
N _ f (Nk 1;Ng; Ny s M; t);
dt
dM
i g(M;t):

Where the size of the catalogues could be chosen according te thodels studied.
In conclusion, our analysis of the Net ix dataset provided us wh the motivation to
develop network growth and evolution models in which chargaristics of real net-
works such as saturation of edges and emergence of temporal g@nt nodes would
be explained. In doing so, the concept of a catalogue networlasvdeveloped.
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Catalogue networks, because of their characteristics, can berfeom di erent mathe-
matical techniques such as di erential equations, numericanalysis and asymptotics.
We believe that the models we developed in this work to study boreal and simu-
lated networks, can be studied and further improved to be useful a wide range of
problems and applications.
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Appendix A

The hypergeometric function

In this appendix we show some of the properties of the hypergeetric function that
were used throughout this work. Most of the results shown here cdre found in
Abramowitz-Stegun [1], Forrey [11], and Olver [24].

The hypergeometric equationis the second order di erential equation:

2
2(1 z)‘;T"ZV+[c (a+ b+1)z]‘:']|—"zv abw=0: (A1)

wherea; n;c;z2 C, and has regular singular points at 01;1 . This equation is very
important as any second order homogeneous ODE whose singulastare regular and
no more than three can be transformed into it [24]. The solutioto equation (A.1)

is the ,F; hypergeometric function

X a@+1):::(@a+n Db+l (bt n 1)z"

2Fi(abcz) = - cc+l):::(c+n 1) n!’ (A-2)
_ R (@) 2",

= . (A.3)

(9 * (a+tn(b+nz Ad)

S (a(bh, ., (ctn nl
The function has the notation,F;, because it has two parameters in the numerator

and one in the denominator. The symbold), in equation (A.3), denotes Pochham-
mer's symbol:

N( 1

X)n = (x+1i); (A.5)
i=0

= —( )E ;)n); (A.6)
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and ( x) is the gamma function:
YA 1

(x)= t* e 'dt: (A.7)
0

From equation A.2 it is clear that ,F;(a;b c;z) = ,Fi(b;ac;z). The ,F; hypergeo-
metric function has some special cases depending on the valué&®parameters and
argument. On case specially useful for this work is [1]:

Fi(ashbz) =1 z) * (A.8)

The functions,Fi(a 1;b;c z), ,Fi(a;b 1;c;z) and ,F.(a;bc 1;z) are called the
contiguousfunctions of,F(a; g c; z), and are all related to it through Gauss' relations
for contiguous functions [24]. Some of them are:

cc 1)(z 1),Fi(a;b 1;c2)
+(2b b bz+ az),Fi(a;bc;2)
+ bz 1)Fi(ajb+1;cz)=0; (A.9)

cc 1)z 1eFi(asbe 1;2)
+cc 1 (2c a b 1)z]:Fi(a;bcz)
+(c a)(c bzFi(a;bc+1;2)=0; (A.10)

[c 2a (b a&zlFi(abcz)
+a(l 2z).Fi(a+1l;bcz)
(c a)yFi(a;b+1;c2)=0: (A.11)

These properties can be used to show some other properties:

3 n
oFi(b;a+ bjb+1;z)=U n:O (Zi?”%; (A.12)
Fia+1:bcz) = ,Fi(abcz)+ _ (9 X (arm(brn) (A.13)
2 ) ) 2 1i\4, ) a(a)(b) . (C+n)(n 1)' . .
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X (b+anz

oFi(b;bt a;b+1;2)=b b+ n 1l

n=0

R b+a+n 1 2z"

=b n b+ n

n=0

@ 1 (a b 1)z
(a Z)bl '

The general form of the hypergeometric function is:

Fi(ajba  1;z) =

qu(al;az;:::;ap;bl;:::bq;z):

The regularised,F, hypergeometric function is:
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Appendix B

Power-law distributions

In this appendix we give a very brief description of power-lawlegree distributions.
The content discussed here can be found in Clauset al [7] and Newman [23].
When the probability of the measurement of a random event is wersely proportional
to its value, we say that it follows a power-law distribution [3]. One of the rst
examples of a power law was given by linguist George Zipf [19lho observed that
the frequency of any word from a large enough collection ofxig corpus) was inversely
proportional to its rank in a table of ordered frequencies ddll words.

Power-laws tend to arise in data in which measurements do not atuate around a
mean value, for example, the population of cities, the intertgiof earthquakes and the
distances travelled by humans in a day, seem to follow powemldehaviour [7, 12, 23].
The basic form of the degree distribution of a power-law is:

f(x)= Cx ; (B.1)

whereC 2 R, C > 0. We can see from the form equation (B.1) one key property
that will help us detect a power law. If we take the logarithm bboth sides of the
equation, we get:

logf (x) = logx +log C: (B.2)

This indicates that in double logarithmic scales equation (B) must be a straight line
with slope . On the left of Figure B.1 we can see the histogram of measurement
of a power-law distributed random variable with = 3, on the right we see the same
measurements in a log-log scale. A straight line in a log-log sealoes not assure
a power law, it doesn't dismiss it and that is as far as it goes. Therare other
probability distributions that may look like a straight line on a log-log plot such as
the Log-normal and exponential distributions. One way to detgnine if some data
collection follows a power-law is by using maximume-likelirmd estimators and the

61



Example of a power-law
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Figure B.1: Histogram of a power-law distributed variable with = 3 on normal scale

(left) and log-log scale (right).
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Example of a power-law variable with cutoff

Example of a power-law
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Kolmogorov-Smirno statistic, described in [7].
There are other degree distributions that are often mistakenof a power-law, but
are not quite so. A common example is the power-law with cuto which follows a
distribution g(x):

gx)=Cx e *: (B.3)

This type of distribution behaves like a power-law for early alues ofx because of
the dominance ofx , but as x gets larger,e * dominates and brings down the
tail, hence the cuto. On Figure B.2 we see an example of a powkw with cuto
distributed variable with = 0:6 and = 0:0088. The image on the right was created
using natural scales, the one on the left uses double-logarithorscales.
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Appendix C

Catalogue growth calculations

C.1 Decreasing node- tness

C.1.1 Asymptotics

Equations (3.16) show the expansion dfi«(t) in powers ofa for k = 0;:::;U. Here
we show with more detail the calculations we used to solve the dirential equations:.

No(t):
WO MO 2 2 (g, )+ aNo, )+ 19
No,(0) + aNg, (0) + :::=1:

Compare terms with the same power o to get

dNo,

i O No,(0)=1) Noy(t) = 1:
dgtm - 1T0§ No;(0)=0 ) No,(t) =  log (1 +1);
dgfz ) 1'20; No,(0)=0) N, (1) = M;
dzltor-: 1T0{ No, (0)=0) No (= O Iog(1+t)r:

Nk(t):
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d(Ng, + aNy, + @®Ny, + 1) _a+ k+1
dt 1+t

(N(k 1)o + aN(k 1)1 + :::)
a+ k
m(NkO + aNg, + ::12);
N, (0) + aNy, (0) + :::=0:

Comparing terms with the same power o we get
dNy, k 1N k
dt 1+t * Yo 1+t

Ni, Ni,(0)=0) Ni(t) = 0;

dNy,  tk 1) k B otk
dt (1+ t)k (1+t)Nk1 N, (0)=0) N, (t) = m

For greater powers ofa, analytic expressions are possible to obtain in a me-
chanical but rather tedious way. As an example, here are someaexples of the

results that can be obtained
t N azIog (L+1t) tlog(t)
1+t 1+t

Nl(t) = a

log(1+1) N t(log(t) 1)
2(1+ 1) 1+t

+a (log(l+t) 2)log(l+t)+2

log (t)log (1+1t) Liy( t)
1+t 1+t

t? . log (1 + t) t
21+ t)2 1+t 1+t
(t 2t log(1+1t)
2(1 +t)2 A+ t)2

Nz(t) = a

1
Zt2(2 log(t) 1)

3
Nj(t) = a—3(1t+ 03 +0
Where Liy(t) is the polylogarithm function
RSk
Lin(2) = k—n: (C.1)
k=1
N (1):

d(Np,+ aNy, +::) _a+M 1
Mo & M1 = T+1 (N(M 1)O+aN(M 1)1+ :::);

Nwm,(0) + aNy,(0)+ :::=0:
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As before, compare terms with the same power afand solve

dgl[\llo =0 Nwm,(0)=0) Nu,(t) =0
dNw, _ " Nm,(0)=0 Num, ()= ( M)tM,F(M;M M +1;
dt - (1+t)M Ml( )_ ) Ml()_ ( ) 2 1( ’ ) ) )
Where ,F3(a; b c; z) is the regularized hypergeometric function
Fi(asbcz) = w: (C.2)

And ,F; is the hypergeometric function de ned in equation (A.2).

C.2 Constant node- tness

C.2.1 Asymptotics

When O<p 1, we expandN(t) as shown in equations (3.31). The solutions are

calculated as follows:

No(t):
d(Ng, + PNo, + ::1) _
dt
1

1
NOO U +pN01 U +

Compare same powers qf and solve

dNo, _ 1

dt Noo; No, § =1
d2|t01 = No, + Noy; No, é -0
d2|t02 = Ny, + No,; No, % _ o
dzltOk = No + No, 5, No, % 0o
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Nl(t):

d(Ng, + pNg, + 110

( 1o F()jt 1 ) = (1 p)[NOO + pNol + ZZ:] (1 p)+ Ff) [Nl0 + le1 + :::];
1 1 1

N]-O U + le1 U + = U:

Compare powers op and solve

dN 1 1 1 1
dtlf’ = No, Ny Ny § =g ) Nu= 1§ te (t o)
e (t &)
+ E
dN
dtll = Nol NOo
1 1 1
Niy 1 % N Ny 5 =0 ) Ny ()= 1 0] t2
2 1
- 4+ — 2
uz U !
L logt 2 1 logu
U2 u us U2
Nz(t):
h i
d(Np, + pNp, + ::32) p 2p
e = (@ py Nu+pNy+:z] (@ p+ 5 Ny
1 1
N20 U ‘|'pN21 U + =0:
Compare the powers op and solve:
dN, 1 1t
dto = NlO N20; N20 U =0 ) NZO(t) = 1 U 5
t 1 1 1
+—  1+- — e ()
U2 u 2uz ©°

When 0< (1 p) 1, an asymptotic expansion is still possible. However, we must
change variablesv = (1  p) and expand in powers ofv, N (t) = Ny, (t) + WN, (t) +
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wW2Ny, (t) + :::. The resulting equations are

d(Ng, + WNg, + ::1)
dt

= W(Ng, + pNg, + ::1);

No = =1 = (C.3)

d(Ng, + WNy, + ::2)

1 w(k 1
W + ( )( ) (N(k 1)0+WN(k 1)1+ :::)

dt t
1 k
W+¥ (Ngo + WNy, + ::1); (C.49)
1 1 1
— = = — =0; > 1 =1;:::; :
NlU U,NkUO,kl,kl,,Ml

d(Nm, + WNy, + ::7) W_|_(1 w) (M 1)

df t
(C.5)
1
Nwm U =0:
The solutions are:
No(t):
dN, 1 1
=0 N — =1 — Nog, ()= 1 —

dt Oo U U ) Oo()
dN 1 1 1
dt01 = NOO No1 U :O ) Nol(t): 1 U t U ,

2
dN, 1 ¢ 1
TZ- No, No, U =0 ) No,(t) = Y > 4,
k
dN, 1 (D1 L ¢ 1
N (t):

leO_ N1, 1 1 1
T Mo g Tg) MO g
dN N 1 1

a "N T ogNe NG =0

1 t 1 1 1 3
) N (t)= 1 U 3 m+ﬁ logt §+ m+|ogu
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dN, 2N, 1 1 1
q ~Ne T Neog T Na= Gt o
N3(t):
dNs, 3N, 1 1 t  2ud 1
=Ny =2 Nz - =0 N3, (t) = + + :
dt S U ) %= 207 ¥ suz ¥ auee

C.3 Constant node- tness with catalogue update

C.3.1 Solutions

Some comparisons of simulations of networks with the solutiortd the model are
shown in Figures C.1, C.2, 3.12 and C.3. The results are compaute 1000 simulated
networks with M = 100, U = 30 and di erent values of p.

Figure C.1: Solutions of the model and simulations whep= 0:2.
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Figure C.2: Solutions of the model and simulations whep= 0:4.

Figure C.3: Solutions of the model and simulations whep= 0:8.
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