ANALYSIS OF BOOLEAN FUNCTIONS

TOM SANDERS

1. INTRODUCTION

There are two sources of problems which motivate the ideas in this course: the first is
additive number theory, and the second is computer science. In number theory it is the
many and varied questions on the representation of integers which we shall want to keep
at the back of our minds.

It will be helpful to have a little notation. For sets of integers A and B we write

A+ B:={a+b:a€ A be B},
and then if £ € N we put
kA:=A+---4+ A,
where the sum is k-fold, and
k.A:={ka:ae€ A}.
Note that kA and k. A are very different beasts, for example 2N is the set of natural numbers

bigger than 1, whereas 2.N is the set of even natural numbers.
We turn to some examples.

Theorem (Lagrange’s theorem). Every non-negative integer can be written as the sum of
four squares, that is Ng = 4S5 where S :={0,1,4,9,...}.

Conjecture (Goldbach’s conjecture). Every even integer bigger than 2 can be written as

the sum of two primes, that is 2.N\ {2} = 2P where P :={2,3,5,7,11,...}.

Theorem (Roth’s theorem). Every subset of the integers of positive relative density con-
tains three distinct elements in arithmetic progression.

The problems above involve showing the existence of something and often when we try
to do this it is helpful to show that there are many of that thing by counting. To this end
we introduce the notion of convolution: given sets of integers A and B we write

Ly 1p(x) = Z 1a(2)1p(y)

Z+y=x
and call it the convolution of 14 with 15. What is important about convolution is that
A+ B=supplyxlp:={x:14%1g(x)#0},
the support of 14 * 1.
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Focussing on the example of Lagrange’s theorem, we should like to show that
lg* 1g* 1gx 1g(z) > 0 whenever z € Ny.

In fact, it is easier to show that it is really quite large if x is large, that is to say one
develops an asymptotic for this four-fold convolution. The other two examples also have
expressions involving convolutions (and the inner product) and these can be analysed with
varying degrees of success.

Convolution requires nothing more than a group structure and, indeed, many of the
questions of additive number theory have formulations in general abelian groups. More
than this it turns out that there are much better behaved groups which are very good
models for Z: the dyadic groups. These groups are the focus of this course.

1.1. The dyadic groups. Throughout the course we shall write G for a finite dyadic
group, that is a group in which every element has order 2. It is an exercise to check that
any such G is isomorphic to (the additive group of ) F% for some n, where F is the field with
two elements. In view of this we shall often put G := F}, and tend to use the languages
of vector spaces for discussing these groups, so that subgroup are (vector) subspaces and
cosets of subgroups are affine subspaces

One of the key ideas of harmonic analysis is to analyse a group G through the space of
functions on G and to this end we introduce the Lebesgue spaces.

1.2. Lebesgue spaces. Given a finite set X there are two classes of Lebesgue spaces
which we shall be interested in corresponding to two natural measures on X. The first is
counting measure dx defined by

dx(A) :=|A] for all A C X;

the second is normalisedﬂ counting measure px defined by
A

px(A) = % for all A C X.

For obvious reasons we call dx(A) the size of the set A, and px(A) the density of the set
A. Note that for a set A C X the measure py can be decomposed as

1
HA = 777 6(1
] 2 oo

acA

and as the measure induced by the map

1 / . 14
- — ladpx, or equivalentl = ——lx.
f i (A) fladpx q Y=

INormalised here refers to the fact that the integral is 1; it is normalised to have norm 1 with respect
to the natural norm on measures p € M(X) defined by ||u| := [d|p| :=sup{[ fdp : |f|lpex) < 1}. In
particular it does not refer to the L?-norm, which, to the extent that it makes sense, has ||u X||2L2( x) =

x|~
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The Lebesgue spaces of interest are LP(X), the space of real valued functions on X with

norm defined by
1/p 1/p
1fllzocx) = ( / |f|”dux) = ( 57 2 e ) ,

zeX

and (P(X), the same space of functions with the norm

[ ller(x) = (/!flpdéx)l/p = (Z\f(ﬂ?)\p> l/p.

zeG

The Lebesgue spaces satisfy a useful nesting of norms property:

I fllex) < || f]lza(x) whenever p < g
and
| fllerxy < || fllea(x) whenever p > q.

We take the usual convention for p = oo that

1AWz ) = [ fllewx) = sup [f(2)] = max|[f ()],
xeX zeX

and so || f]lzr(x) tends to || f||Le(x) from below as p — oo and || f||ee(x) tends to || f||e=(x)
from above in the same limit.

When p = 2 the spaces are, of course, Hilbert spaces so that they have an inner product
and we write these

(g = [ Sodnx = 7 m;(f ) for all f,g € L3(X),
and
() = [ Fodsx =Y fla)gla) for all £.g € E(X),
zeX

Finally we have Holder’s inequality that

(fr @) r2x) < 1 fllzeeollgllizax) for all f € LP(X), g € LY(X)
and
(fs @ ey < fllexllglleax) for all fe 7(X), g € (7(X)

whenever p~! +¢~! = 1. It is easy to check that these inequalities are sharp by considering
o-functions.

The pair (p,q) is called a pair of conjugate indices, and the case p = ¢ = 2 is the
Cauchy-Schwarz inequality.
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1.3. Convolution. Suppose that G := F} and f,g € L'(G). Then we define the convolu-
tion of f and g with a slightly different normalisation to before:

fxgx /fg;— y)duc(y lZf ) for all z € G,

zZ+y=x

and so if ;4 and v are measures on G then

pxv(E) = / lp(x + y)du(x)dv(y) for all E C G.

Since our groups are always finite we often make the abuse of writing p(x) for p({z}).
We shall frequently find ourselves changing the order of integration (really summation),

and here we get that
[ #<gdue = [ fane [ gduc

It turns out that with absolute value signs this becomes a special case of Young’s inequality.
In general by Young’s inequality we shall mean the statement

1+ gller@) < 1 fllrl9llLa) for all f € LP(G) and g € L(G)

for a triple p,q,r provided 1 + r=! = p=! + ¢71. Of particular interest are the cases

p,q = 2 and r = oo which encodes the idea that the convolution of two functions in L? is
‘continuous’, and p, ¢, = 1 which tells us that L' is ‘closed under convolution’.
As a check of understanding it may be helpful to note that

£ f(06) = / F (=) f(@)dpe(x) = |2

since —z = z in G. It follows that Young’s inequality certainly can’t be any better than
this for r = oo and p,q = 2 and, in fact, it is relatively easy to see that it is tight by
considering J-functions.

As before the crucial identity for us is that

A+ B=supply*l1g.

Indeed, it is far easier to analyse the function 14 * 15 than 14, g because the former is far
smoother: it is literally an average of 1, over translates of B. Indeed, there is a useful
maxim here that the more times you convolve the smoother a function becomes.

It will be instructive to bear some examples in mind.

Example (Convolution of subspaces). Suppose that W = x4V is an affine subspace with
vector subspace V. We see immediately that supp 1y * 1y = W + W =V (since we are
in characteristic 2) and if y € V' then

Ly * T (y) = / L (y — 2) L (2)dac(2) = / L (—2) L (2)dpc(2) = pa(W),
Ly * Ly = pe(W)ly.
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Example (Convolution of random sets). Suppose that z € G is placed in the set A
independently with probability o. Then Eug(A) = a and

a? ify+#0g

«  otherwise,

Elax1a(y) = /ElA(y —x)1a(x)dug(z) = {

so we expect it to be very likely that A 4+ A is essentially the whole of G provided « is not
too small. In particular,

Var(14 * 14()) = &*(1 — o?) /|G| if z # 0g,
and so by the central limit theorem we expect

a2|G|
4(1—a2)

P14 14(2) — a® < —a?/2 exp(—u?/2)du

)~ o=
21 J
= Oa(V|Glexp(~|Gla?/8(1 — a?)))
for each z # 0g. If x € A+ A then 14x14(x) = 0 and so (certainly) 1 4x14(z)—a? < —a?/2.
Thus the expected number of such z is O, (|G[>? exp(—Q4(|G]))). This is much less than
1if |G| is large (and « is not too small) which leads to the conclusion.

Example (Convolution as a sum of random variables). Suppose that A C G and X and
Y are two independent A-valued uniform random variables, so that

1 .
]P’(X::L’):{W ifze A

0 otherwise,
i.e. P(X =1x) = pa(x) and similarly for Y. Then Z = X + Y has
P(Z = a) = pa * pa(z);

the law of the sum of two independent random variables is the convolution of their laws. In
general if we sample uniformly and independently at random k times from the set A then
the probability that the sum of the samples is x is 4 * - - - * pa(x) where the convolution
is k-fold.

Example (Convolution as a measure of relative density). Suppose that X, A C G. Then
14 % px(x) is the relative density of A on the set x + X, that is the number of points in
AN (x4 X) divided by the number of points in x + X. To see this note that

Lok (o) = / La(y)dpux(z + )

-/ u@)%dum )

1
- 5 [t + ),
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But then by translation invariance of ug we have

1 1
o) /1A(y) ex(Y)duc(z +y) = o) /1A(y) erx () dpuc(y)
_ we(AN(z+ X)) AN (z+ X))
pic(X) |z 4+ X|

We shall frequently use this in the case when X = V for some subspace V' < G. In this
case 14 * py(x) is the relative density of A on the coset  + V.

More than this, if v € V then x+v+V = 2+V, so we see that 1 4% puy (x+v) = Laxpy(z),
and hence 14 * uy is constant on cosets of V.

The case of highly structured sets such as subspaces, and random-like sets (such as
random sets!) will form a dichotomy which will pervade our work; to quantify the notion
of being random-like we introduce the Fourier transform.

1.4. The Fourier transform. For G := [} we write @ for the collection of characters on
G, that is maps of the form

x— (—1)"* where r.x :=rz + - + 12,
and r € F}. Characters can be added via the slightly confusing formula
(v +7)(x) :==~v(x)y (z) for all z € G

and form a group which is (non-canonically) isomorphic to GG. They are easily seen to be
homomorphisms from G to {—1,1} under multiplication and remarkably they turn out to
be an orthonormal basis of L?*(G). To see that they are pair-wise orthogonal we note that

1y ) = k/3ﬂxyw«wdua<x>
= ) / (@)Y @) (@) = Y)Y @) 1) 2,

Hence, either v(y)v'(y) = 1 for all y € G, whereupon v = 7 and we have that ||| ;2 = 1;
or v(y)¥'(y) = —1 for some y and we conclude that the inner product is 0. We write this

formally as
1 ify=+
<777/>L2(G) = { .

0 otherwise.

The characters then form a basis of L*(G) because they are orthogonal (and so linearly
independent) and there are |G| of them which is the dimension of L?(G). Since they form
an orthonormal basis we define the Fourier transform to be the map taking f € L'(G) to

fe (>(G) determined by

7)== (F)iece /f 2)duc (@),
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and so that it is completely clear if p is a measure on G then

i) i= [ 2(a)duta).
It is easy to see by the triangle inequality that we have the Hausdorff-Young inequality:
1l i@y < 1l for all £ € LY(G).
Since G is an orthonormal basis we have the Fourier inversion formula:
Z fly ) for all x € G.

'yEG

More than this the change of basis is unitary and so we have Plancherel’s theorem:

(f,9) 2 = <f g>e2 for all f,g € L*(G),

and the special case when f = ¢, called Parseval s theorem:

122 = 1/l for all f € L*(G).

The Fourier transform is so useful because it is an (essentially unique) change of basis
which simultaneously diagonalises all convolution operators. Specifically, given f € L'(G),
we get a linear operator

L*(G) = L*(G); g+ f*g.

This operator is diagonalised by the Fourier basis:

0 = [ 1= on@duc@) =20) [ FrEdic) = Font)

by the change of variables z = y — z. Thus,

Frg=> Fnany

e
so that m = f qg.

Example (Annihilators and the Fourier transform of subspaces). Given A C G we write
AL for the annihilator of A, that is the set {y € G : y(z) = 1 for all z € A}, and similarly
if I € G we write ' for the annihilator of I, the set {z € G': y(x) = 1 for all v € I'}.

It is immediate that annihilators are subspaces and that if V' < G then V C (V+)+; in
fact we have equality as we shall see shortly.

From our calculation on the convolution of indicator functions of subspaces we see that
T\;Z = pu(V)1y, whence 1y (v) takes only the values 0 and p(V). On the other hand, if
T;(fy) = pe(V) then v € V+ and conversely so we have

-~ pe(V) ifyev+
1 -
v() { 0 otherwise.
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It follows by Parseval’s theorem that

He(VIVH = —m 3 VO = —ialV) = L

It follows from this that ,u(;((VL)L) = pg(V) and hence that V = (V1)L Finally, the
co-dimension of V' is the dimension of G/V, that is n — dim V' and so from the previous

dimV+ = cod V.

Example (An uncertainty principle). By Hoélder’s inequality, the Hausdorff-Young in-
equality and Parseval’s theorem we have that any function with unit L2-norm has

I l@flla@ = W@ o = 1 keE = 1176 = 1-

It follows that a function cannot both have concentrated support on G (physical space)
and G (momentum space). In particular, by Cauchy-Schwarz we have

I1fllrr @) < pa(supp )2 fllre@) = pe(supp £)Y?
and similarly H]?Hp(@) < |supp ﬂI/Q. Thus,

pia(supp f)| supp f| > 1

and we see from the preceding example that equality can be achieved when f is a scalar
multiple of an affine subspace.

2. SUBSPACES, SUMSETS AND COUNTING SOLUTIONS TO EQUATIONS

Our first result along the theme of the course shows that by adding a set to itself a few
times we can ensure that the resulting set contains a large algebraic structure.

To get a grip on the problem notice that if A is a subspace of density « then 4A4 is
also a subspace of density a (and so co-dimension log, a~!); whereas if A is a random
set of density about a then in all likelihood 4A is the whole of G (that is a subspace of
co-dimension 0).

Theorem 2.1 (Bogolyubov’s lemma). Suppose that G := Fy and A, B C G have density
a,B > 0. Then 2(A — B) contains a subspace of co-dimension O(a™'f71).

Proof. We shall examine the convolution convolution of 14 * 15 with itself:
La# 1 1a# 1p(z) = Y [1a() Pl15(7) Py ().
'yEG

We separate into those characters supporting large and small values of the Fourier trans-
form:

L:i={yeG:[ip(7)| > B}

Then Parseval’s theorem gives an upper bound on L:

LIeB)? < D TP < ITsl%g = 118l72) = B,

YEL
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so |[L| < e2?871. We put V := Lt and note that the bound on L implies that the co-
dimension of V' is at most ¢ 247!, On the other hand if z € V then y(z) = 1 for all y € L
and so we have that

Y L)) = 14(06)PI1s(06)° = o®57

yeL

since ﬁ(O ~) = a, and 1B( o) = B and hence 05 € L. On the other hand by the triangle
inequality and Parseval S theorem we have

Y LI @)| < Sup|1B )P 1Ta()

YEL veG
< (B Nallfa) = 6%

Thus, if € := y/a/2 then we see that for all z € V+ we have 14 % 1g* 14 % 1p(x) > o25%/2.
The result is proved. g

This lemma is typical of the sort of results in the course. It inspires the definition of the
spectrum of a function: suppose that f € L*(G) and € € (0,1]. Then we write

Spec.(f) == {y € G: [f(N)] = el fll}

for the e-spectrum of f. Note that if f is non-negative then Oz is in Spec(f) for all
€ (0, 1], and it makes no sense to consider € > 1 since the set is invariable empty by the
Hausdorft-Young inequality.
An essential ingredient of Bogolyubov’s lemma was the so called Parseval bound on the
size of the spectrum which lets us project out large Fourier coefficients. In particular we
implicitly proved the following lemma.

Lemma 2.2. Suppose that B C G has density 3 and € € (0,1]. Then cod Spec (1p)+ =
O(e2871) and

sup [1p(7)] < €B.
¢ (Spec.(15)+)~+

This may be seen as giving us a low complexity approximation to 1g. In particular, we
get a subspace V' of controlled co-dimension such that 15 &~ 1g % uy in a certain norm. It
is not, however, clear why this norm should be useful.

Suppose that we have a set A C G and wish to count the number of sums in A, that is
triples (x,v, 2) € A3 such that z + y = 2. We write the density of such as

T(A) <1A*1Aa1A L2(G) = ZlA
WGG
As usual ﬁ(O@) = a, and if sup, o 1T4(7)| < e then

T(4) > a® —eay [Ta()P

~veG
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It follows that T'(A) > a?/2 if € < a/2. We think of a® as being the ‘expected’ number
of solutions to # +y = 2 in a random set of density o; sup,_ 114(~)| measures how far
from being random we are.

At the other end of the spectrum from appearing random we have subspaces. Of course,
if A is a vector subspace then T'(A) = a?. However, if A is an affine subspace that is not a
vector subspace then T(A) = 0 and so we see that T(A) is not always large. Despite this
we shall prove the following theorem.

Theorem 2.3 (Arithmetic removal lemma). Suppose that A C G, and that if A” C A has
T(A") =0 then ug(A\ A’) =2 €. Then T(A) = Q(1).

This result and the approach we take to it was first developed by Green in [Gre05].
It will be useful to begin by introducing a more general tri-linear form based on 7" for
functions fo, f1, fo on G we put

T(fo, f1, f2) = (fo * f1, f2>L2(G)

so that T(A) = T(14,14,14). Importantly we have the following lemma for governing
the behaviour of T" which captures the content of our earlier argument for sets behaving
‘randomly’.

Lemma 2.4. Suppose that fo, f1, fo are functions on G. Then
T (fo, fr, f)I < W fill oo @ N fillzza | fill 226y < N fill v 1 Fill 2ol fll 22
for any permutation {i, j, k} of {0,1,2}.

Proof. Notice that the second inequality is a consequence of the first and the Hausdorff-
Young inequality. Otherwise, by Fourier inversion we have

T(fo. fi. f2) = > o AM L) =3 F)FEO ()

ved ved

for any permutation {4, j, k} of {0, 1,2}. We apply Holder’s inequality and Cauchy-Schwarz
to this to see that

1/2 1/2
T (fo. fr, £2)] <sup [HOD] | D 1fi(y S ()P
WEG 7€G 76@
The result now follows by Parseval’s theorem. Il

For this to be useful we require a scale on which we can control the uniformity of a
function and this is provided to us by the following arithmetic regularity lemma.

Proposition 2.5 (Arithmetic regularity lemma). Suppose that A C G has density «,
B C G and §,n € (0,1]. Then there are subspaces V' <V < G with cod V' = Os,, (1) such
that

14 % v = 1a % e[| 22() < 6 and sup 115(7)| < nua(V).
etA%
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Proof. We define a sequence of subspaces iteratively letting V; = G, and assuming we have
defined V; we let U be the subspace of co-dimension O(n2ug(V;)™?) provided by Lemma
2| (with parameter min{1, nug(V;)5~'}), and V;1; := V; N U so that

sup |15(7)| < sup |15(7)| < nua(Vi).
Y2V, ygUL
By Parseval’s theorem and the fact that convolution goes to multiplication we have
1Tas v = Las g 72y = Y, [Ta()®

’ye\/il \VL

However, the sets (Vi1; \ Vi*); are disjoint so it follows by averaging that there is some
i = O(n~') such that

L4 % v, = La v, 32y <0 Y [La(n)” = ne
ved
The result follows on setting V :=V; and V' := V. O
Notice that the proof leads to a very poor bound on cod V’. Indeed, it is a tower of
n~°Ws of height 6~
We can now prove the arithmetic removal lemma.

Proof of Theorem [2.3. We apply the regularity lemma with the sets A and B := A to get
subspaces V' < V < G with cod V' = O;,,(1) and

114 % pv — La* v |72y < da and  sup Ta(9)] < nua(V).
gVIE
Let
Ay i={x € A: 1a*xuy(x) < e/4}
and

AQ = {33 € A: ‘1A * Uy — 1A * ﬂv(.ﬁE)P * ,uv(.ZE) = 4(5671}.
We want to get upper bounds for the sizes of the sets A; and As. For A;, first note that

Al ={x e G:1a*py(z) <e/4}

is invariant under translation by elements of V', so 14 * py = 14,. Now
pa(Ar) = /1A’11AdMG = /1A’1 * py ladpg
ly(z —y)
= [ [ 4@

_ //1,4 1V V))duc( )14, (y)dpc(y)

= /lA*,ule/dugge/él

where the last inequality is since 14 * uy () < €¢/4 on Aj.
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For A, note that
pa(aa e < [ [Lax i = Ls P o @) (o)

= // |14 pryr — 14 % Mv|2(y)%dlm(y)dl‘0($)

= [ = v P [ %duo(@duc(y)

= [ e = L o Py
= |[La*pv = La* pvllie ) < da,

whence pg(Az2) < €/4. Tt follows that A’ := A\ (A; U Ay) has T(A") # 0, and so there is a

triple (xg, 1, z2) with z¢ + x1 = x5 and
Ta* py () = €/4 and |14 % pyy — 1o * py (23)|? * py (2;) < 40!
for all 7 € {0,1,2}. We put S; := AN (z; + V), so that

pa(Si) = 1a* py(zi)pa(V),

and put f; := (14 — 14 * py)|p,ov and g; :== (14 — 14 * pyr)|s,4v. By Cauchy-Schwarz we

have

(2.1) 1fi = gillTrey < pa(V)Ifi = gill T2

since supp(f; — g;) C x; + V. However,

Ifi = gillTe) = / [1a % v (y) — La oy (9) 1o v (y)dpa(y)

= pa(V) / 114 % pyr(y) — 14 % uv(y)F%(‘;)y)dua(y)-

Now 14 % py(y) = 1a % py(z;) if y € 2; + V', whence

Ly (2; —
1=l = melV) [ s o) = Lo ) PREE Y

= pc(V)|Lax pyr — La* py ()] * pv ().

dpc(y)

Combining this with (2.1)) we get that

I1fi = gill3 ) < ma(V)?[La s pvr — La s py ()] % py (2;) < 46 pa (V).
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Finally,

1Gill ey = sup Z 1A(7’)/7l($)1xi+v($)’y($€)dua($)
yeG ,ylgvli

= swp| Y La(Y)v(@)y (@pelz: + V)lye(y +9)| < npa(V)
veG ,ylgvli

by Fourier inversion.
Now we examine
2

T<]-507 ]-517 ]-Sz) - :U’G(V)Q H ]-A * :U’V(xz) + 1A * MV(xl)T(f()v 1V7 152) + T<]-S()7 f17 152)’
=0

The first of these terms is at least (€/4)3ug(V)?%; the second has
T(fo, v, 1s,)| < |T(fo — g0, 1v, 1sy)| + [T(g0, 1v, 1s,)|
< (o = gollrey + nua(V)IIv [l 2615, || 22(c)
< (2022 1) (V)?
by Lemma and similarly for the third. We conclude that
T(A) > ((¢/4)* — 46" = 2m) g (V)?
and the result follows on suitable choice of § and 7. O

The bound resulting from this proof shows that T'(A) is at least the reciprocal of a tower
of 2s of height e~ Tt is possible (see the work of Fox [FoxI1]) to make this a tower of
height O(log '), but nothing better is known.

3. SUMS OF INDEPENDENT RANDOM VARIABLES

The setting G := [} affords a remarkable unification of the algebraic and statistical
notions of independence. Thinking of G as another vector space over o, a set A C G is

algebraically independent if
207.7206 and o : A — Fy iff 0 = 0.
YEA

However, the elements of G can also be thought of as random variables on G with underlying
probability measure pug. A set A C G is statistically independent if

palfa (@) = 2, for all y € M) = [ alfe (@) = 2,))

yeN

forall A" C Aand z: A" — {—1,1}.

Theorem 3.1. Suppose that A C G. Then A is algebraically independent iff it is statisti-
cally independent.
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Proof. Since the characters 4 are homomorphisms we see that any y,z € {z : v(x) =
zy for all v € A’} have y(y — z) = 1 for all v € A’ and so the set is just a translate of the
annihilator of A’. Thus A is statistically independent iff

pa(Ah) = H pa({y}5) for all A’ C A.

yeN

Now, if A is algebraically independent then none of the s in A are identically 1 and so
pa({7y}+) = 1/2 for all v € A. On the other hand (A’*)* is the subspace generated by A’
which has size 2¢ since A’ is independent. Hence ug(A™r) = ug((A1)4)4) = 27¢ and we
see that A is statistically independent.

On the other hand if A is statistically independent then by a similar argument the
subspace generated by A has size 214! and hence is |A|-dimensional. It follows that A is
algebraically independent. O

In view of the above theorem we shall treat sums of algebraically independent characters
as sums of independent random variables, and hence the central limit theorem will provide
a useful heuristic. This asserts that if A is an independent set of characters then

v 3o Me) <)~ = [ el /2

AEA

as n — o0o. We should like to use this to estimate the probability that the sum when
7 is a large negative and show that the probability is very small. However, the rate of
convergence in the central limit theorem is not very rapid, and necessarily so when 7 is
close to zero. Since this is not our range of interest we shall formulate some other, rather
simpler tools, for dealing with this range.

If one is interested in estimating the probability that a function (on ) takes large values
then one naturally turns to the higher moments of that function. To this end we have the
following simple inequality which may also be found in [Rud90].

Proposition 3.2 (Rudin’s inequality). Suppose that A C G is independent and p € [2,00).
Then

1> f(lre) = OBl fllew) for all f e (A).

YEA

Proof. By nesting of norms the result follows if we can show it for p an even integer, say
2k. In this case we can multiply out the left hand side:

IS e = 3 Hf%/HWM

YEA Ty YoR €A 1=1

= Z Hf%

AAAAA Yop €A =1
’Yl+ Fr2k=0g4
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Since A is independent it follows that for each summand there is a set I C {1,...,2k} of
size k and bijection ¢ : I — {1,...,2k} \ I such that 7; = 74 for all i € I. In this case
the summand is just []..; [f(7:)]?, and so

Z Hf(%) < Z Z H|f(%’)|2

sV €A i=1 1,6 vi€A for all i€l i€l
71t tr2K=0g
Yo
= 2 (Z \f(v)|2> < (k )k!nfn%ém-
1,9 yEA
The result follows. O

Although we call this Rudin’s inequality, it is properly called Kintchine’s inequality as
established by Kintchine and Littlewood in the early 1920s. We use the name Rudin’s
inequality because in the more general case of arbitrary finite abelian groups that is the
result one uses and it is the result to which modern literature points.

We shall find the dual formulation of this particularly useful.

Proposition 3.3. Suppose that A C G is independent and p € (1,2]. Then

1Fllew =0 (, /]%Hf“m(c)) for all f € LP(G).

Proof. The argument is by duality. Suppose that f € LP(G) and put
9= FOX
AEA

Then by Plancherel’s theorem and Holder’s inequality we have

~

Hf”%?(A) = <f7f>€2(A) = <f,§>e2(é) =(/, 9>L2(G) < HfHLP(G)HgHLP’(G)

where p’ is conjugate to p. We then apply Rudin’s inequality to see that

/ _ p
I9h106) = O/l = 0 (/=L o)

and the result follows on dividing out by || f]le2(a)- O

As a simple corollary of this we can refine Lemma [2.2] improving the bound on the
co-dimension of the subspace there from O(e237!) to O(¢%log 371).

Corollary 3.4 (Chang’s theorem, [Cha02]). Suppose that B C G has density 5 and € €
(0,1]. Then

cod Spec,_(15)" = O(e %log 7).
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Proof. Let A C Spec,(1p) be a maximal algebraically independent subset. Then we have
that Spec,(15)* = AL, and cod Spec,(15)* = |A|. On the other hand

o p p
1Al < TGP =0 (Ll ) =0 (S27)

AEA
by the dual of Rudin’s inequality. Setting p = 1+ 1/log 37! then gives the result. O

Chang’s theorem can be easily used to refine Bogolyubov’s lemma (Theorem , but
we shall use it to look at a harder problem: two-fold sumsets.

3.5. Application: Subspaces in sumsets. We have seen that if A has density « then
4A contains a subspace of co-dimension O,(1). On the other hand a random set shows
that A itself need not contain a large subspace. What happens in between?

If A is highly structured or highly random then A+ A contains a large subspace. However
there is an example due to Ruzsa [Ruz91] adapted to the model setting by Green [Gre02b]
which indicates some limitations.

Example (Niveau set construction). Let G := F% and
A:={z € G : z has at least n/2 + 1nv/n/2 ones in it.}.
Then

1 [ ) 1
pe(A) NI exp(—2°/2)dz > 5 — O(n),

by the central limit theorem so we think of A as having density close to 1/2. On the other
hand, if x,y € A then x 4+ y has at most n — 2n+/n ones in it.

Now suppose that W is an affine subspace, say a coset of some linear subspace V', and
codV < d. Then it is an exercise in linear algebra to show that W contains a vector with
at least n—d ones in it, and it follows that A4 A cannot contain a subspace of co-dimension
less than 2ny/n + 1.

Example (Sumsets of very large sets). Suppose that A C G has ug(A) > 1/2. Then
laxlys(z) = pe(AN(z+A))
= 2uc(A) —pa(AU(z+ A) 2 2u6(A) —1>0
for all z € G. It follows that A + A = G and so the sumset contains a subspace of

co-dimension 0.

Complementing this we have the following result due to Green. It is formally proved in
[Gre02b], although the method is that of [Gre02a].

Theorem 3.6. Suppose that A C G has density a. Then A+ A contains an affine subspace
of dimension Q(a’n).

The argument is iterative and based around the following lemma. The proof of this
lemma uses Chang’s theorem which is not altogether surprising given the Niveau set ex-
ample.
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Lemma 3.7. Suppose that G :==F3, A C G has density o and k < n is a natural. Then
either A+ A contains an affine subspace of dimension k or else there s a subspace V' of
co-dimension O(a?k) such that |14 * py ||y = (1 +1/2).

Proof. Write S := (A + A)¢ and suppose that o := ug(S) < 27%. Now, suppose that
H < G is any subspace of dimension k, then

/ Ho(S O (@ + H))dpg(x) = / s % L (2)dpc() = ope(H) < 1/|G),

and so there is some = € G such that SN (z+ H) =0, whence A+ A D« + H. Thus we
assume that this is not the case so that o > 2%,
Now we apply Plancherel’s theorem to the obvious inner product:

0= (1ax1a,1s)r2(c) = Z TA()Ps(7).
ve@
We have ﬁ(O@) = o« and 1/;~(0A) =0, s0
<Y LaMPIs()
7705
by the triangle inequality. As before we apply Parseval to get that
>, [TAMPITs()] 2 @’ = (a0/2). Y [Ta(y)* = a’o/2.
¥€ESpecy /2(15)\{0a} veG
Dividing out by |Ig| (which is at most ¢ by Hausdorff-Young) we get that
Yo LmPza’+ > Ta()* = (1 +1/2).
YESpec, 2(1s) YESpec, /2(15)\{05}

Let V = Spec, /2(15)L and apply Chang’s theorem to bound its co-dimension from above
by O(a?logo~") = O(a~?k). On the other hand fy(y) = 1 if v € Spec, »(15) and so by
Parseval’s theorem we have
a®(1+1/2) <Y [La)Plav ()PP = 114 * wv 72
veG

Now Holder’s inequality tells us that
114 v (2o < 1a* vl lla * pv i@y = allla * pv [l
and the result follows on dividing by «. O
Proof of Theorem [3.6. We define a sequence of (linear) subspaces (V;); iteratively and write
a; = ||1a * py; || Lo () and d; := codg(V;).

Here codg (V) denotes the co-dimension of V' in G, rather than any other superspace. We
initiate the sequence with V; := G and so ag = a.

Suppose that we are at stage i. Then let x; be such that 14 * uy,(z;) = «; and apply
Lemma to (A — x;) N'V; and the linear space V;. Then either dimV; < k; or (A —



18 TOM SANDERS

x;) NV; + (A — ;) N'V; contains an affine subspace of dimension k; or there is a subspace
Viy1 < V; such that
div1 < di + O(a; k)
and
ai(1+1/2) < La—epav, * v ey < 1La* pv -
Note that after 7 steps of the last case we have a; > (1+1/2)'«. However, this quantity can
be at most 1 so we must have ended up in one of the first two cases inside iy = O(loga™!)
steps; stop the iteration at this point. Then
diy = O(og’k+ar’k+ -+ ;2 k)
= O k(1 +(1+1/2)2+(1+1/2)* +...)) = O(a%k).
If dimV;, < k then n < k + d;, = O(a™2k), so we can pick k = Q(a?n) such that this is
not so. In that case we have some (affine) subspace of dimension k& inside
(A—z)NVi+(A—x)NV, C A+ A,

and the result is proved. O

This sort of density increment argument is very common in additive combinatorics and

originates with the work of Roth [Rot52, Rot53]. The above approach actually uses an
energy-increment variant due to Heath-Brown [HB87| and Szemerédi [Sze90].

3.8. Application: Grothendieck’s inequality. We now turn to an application of a
more function-analytic nature. Suppose that M is an n x n matrix such that

(3.1) Z ijiyi| < sup |z;]|y;| for all real sequences (z;)i, (y;);-
)-]

(Another way of saying this is that ||M|lw-s1 < 1.) The real numbers equipped with
multiplication form a 1-dimensional (real) Hilbert space and we can ask to what extent
the sequence of real numbers can be replaced with elements of a higher dimensional (real)
Hibert space.

In particular, suppose that H is a (real) d-dimensional Hilbert space. We may certainly
supposd] that H = L?(X) for some finite set X of size d, and hence that H = L?(X).
Then

(3.2) ZMi,j<Uiywj>L2 /ZMmUz (2)dpx (z).

On the other hand the Cauchy-Schwarz inequality tells us that
(3.3) [0 oo ) < V| |v|| 12 (x) for all v € LA(X),
so we get that
1> Mo, wy) 20| < dsup [[oil| 22 lws ] 2 cx)
. i,

2See the exercises.
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from the hypothesis (3.1). It follows that we can write K, for the smallest constant such
that for all n x n matrices M satisfying (3.1)) and all d-dimensional real Hilbert spaces H
we have

|ZMJ vis i) | < deupllvzllm [will -

Note that if we restrict to the (Hilbert) subspace generated by (v;);, (w;);, then none of
the quantities of concern change and so we have K; < Ko,.

In this notation our previous argument showed that K, < d, whence Ky < min{d, 2n},
and Grothendieck’s inequality tells us that K is bounded by an absolute constant.

Theorem 3.9 (Grothendieck’s inequality). We have that K, = O(1).

Proof. We continue to assume, as we may, that H = L*(X). In general we cannot do
better than (3.3)). However, if the large values of the vectors v; and w; have small L*-mass
then we can. Let v; and w; be such that

Kd = | Z Mz',j<vi; wj>L2(X)| and ||Ui||L2(X)7 ij||L2(X) < 1.
,J
Decompose the v;s and w;s into their large and small parts: v; = vF+v; and w; = w]-L —l—wf
where

L) im {vi(a:) 0@ 2K ) {wj(x) if ey ()] > K

v;
! 0 otherwise. 0 otherwise.
Then
|ZM7J U’ij LQ(X) < |ZMZ] L2(X )|
7]
_HZMJ waj L2(X ’+|ZM7] L2(X)|

7]
< K21 K, max v lL2(x) + Kd rnjax ij | 22(x)

Since the left hand side is just K4, we are done if we can show that the two maxima on

the right are small for some K = O(1). Of course this is not true, but Rudin’s inequality

provides us with an isometric embedding to a space where it is. R
Specifically, let G = F$ and (\;).cx be a set of d independent characters in G and put

v; 1= \/_ZUZ x)\, and w; = Zw]

zeX mEX
By Plancherel’s theorem we have that

(Vi wj) 26y = (Vi wj) L2(x).
Now, writing 9; = 0;* + 0;° and w; = @;L + fv?s in the same way as before, we see that

B 1D Mgl @) < K2+ Kyemax |75 2@ + Koo masx [ 1206
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On the other hand, by Rudin’s inequality for p = 4 we have that
K532y = / 0 PE dpe < 10l 2a) = O(villzzx) = OL),

and similarly for w;". It follows that there is a choice of K = O(1) such that the maxima
in (3.4)) are each at most 1/4, and hence

1

Kq= IZMZJ Ui, Wy rae)| < O(1) + 5 K.
Finally Ky« < 2n for all d whence
1 1 1 1
Kq <O(1) + 50(1) + -+ + 50(1) + 55n < O(1) + 5y
for all [. Letting [ tend to infinity completes the proof. O

The smallest universal constant above is called Grothendieck’s constant for the reals,
and determining its value is an open problem. One can prove a version for Hilbert spaces
over the complex numbers by splitting into real and imaginary parts, and the constant
there is different.

4. VOTING, INFLUENCE AND BOOLEAN FUNCTIONS

We are finally at a point where we shall introduce the definition of a Boolean function,
although we have been using them for some time.

A Boolean function is a function f : {0,1}" — {0,1}. Such functions are the indicator
functions of subsets of {0,1}", in particular f = lgpp s, and we shall think of Boolean
functions and sets interchangeably.

Often Boolean functions are envisaged as voting schemes: one imagines having two
candidates 0 and 1 and n voters each of whom votes for one of the candidates. The winner
is the value of f(x) when the ith voter votes for candidate x;. With this is mind we have
some examples.

Example (Dictatorships). The function f(x) = xz; for some i is called a dictatorship
because the candidate chosen only depends on who the ith person voted for.

Example (Majority). The majority function is the function

f(z) _{1 ifxy+---+x, >n/2

10 otherwise.
Example (Parity). The parity function if the function

1 ifx;+---+z,is odd
f(x)zz{ 1

0 otherwise.
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Example (Juntas). A function is a k-junta if there is some subset S C {1,...,n} such
that the value of f(z) only depends on the values of (z;);cs. In particular a dictatorship
is a 1-junta.

We shall be interested in questions such as how much influence a voter or block of voters
has in a system, but we should remark that we make no assumptions about the voting
system being particularly sensible. Indeed, it seems unlikely that one would choose to
implement the parity system above.

4.1. The connection to dyadic groups and Beckner’s inequality. The set {0, 1}"
may be endowed with a group (in fact vector space) structure in a natural way. We put

(x+y)i =z +vy; (mod 2) for all z,y € {0,1}".

The resulting group is (isomorphic to) Fj, and we shall denote it by G. What is different
about this chapter is that we have implicitly chosen a set of generators — the canonical
basis of {0, 1}", denoted e, ..., e,, so that e; has zeros everywhere except the ith position
where it has a 1. In particular, z; = x - ¢;.

If G has the above form then we let 7q,...,7, be the maps x — (—1)*. The vectors
Y1, .., are independent and so form a basis for é, and we write |7y| for the number of
characters from {71,...,7,} in the expression for 7.

A rather powerful tool in this setting (where a basis is specified) is called Beckner’s
inequality. Suppose G = {0, 1}" (thought of as a group of exponent 2) and € € (0,1]. We
define

n n

pe(z) =[] (1 +eys) = [ (1 + e(=1)"™).
i1 i=1
We can then calculate the Fourier transform and see that

p(r)=) /’YH%duc =l
Scn] €S

We can now state Beckner’s inequality which should remind you of the dual of Rudin’s
inequality since pc(7;) is € on the set {71,...,7,} and o(¢€) everywhere else except the trivial
character.

Theorem 4.2 (Beckner’s inequality). Suppose that G and p. are as above. Then
~ 7 €2
||pef||g2(é) = [|pe * fllz2(e) < ||f||L1+e2(G) for all f € L'(G).

We shall effectively prove this by taking tensor products of the n = 1 case which we
begin with in the following lemma.

Lemma 4.3 (The two-point lemma). For all reals a,b we have

2/(1+¢)
la + b|1+e2 +la— b|1+62>

2 272
b* <
a” +e€ ( 5
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Proof. Clearly we may assume that |a| > |b| since the right hand side is symmetric in a
and b and so dividing by |a| it follows that the result is proved if we can show that

2/(14€?)
1 1+4€2 1— 1+4€2
(4.1) 1+ %y < <( Ty =y) ) for all |y| < 1.

2

Both sides are continuous in y, so it suffices to prove the inequality for |y| < 1 where we
can use the binomial theorem to expand out the powers of (1+y) on the right. Specifically,
put p = 1 + €% and note that

! (4" +a-y)) = i (f) %(y’" +(=y)")

2
r=0
= Py 9 2 2P
- > 1 £
;(21)3’ Ty

since (5) > 0 for all I € Ng. On the other hand (1 + z)? < 1+ 6z for all # € [0,1] and

x > 0, which applied with x = €?y? and 6 = p/2 gives us (4.1). The result is proved. [

Proof of Theorem[].3. We proceed by induction on n. The base case is done by the two-
point lemma. We write G, := {0,1}’ and define the operator T} as follows:

T; : L*(G;) — LP(G)); f = /H 1+ e(=1)"* ) f(y, ..., y5)dxy ... dxj,
i=1

and suppose that we have established the jth case of the induction. Given f € L*(Gj1)
write f = g+ 7;41h for two functions g, h € L*(G;), and note that

Tjaf = Thg9 + ey Tjh.
In particular
7}+1f($17 ce 7xj+1) = T}'Q(Ih . 7.1'J) + E(—1)$j+17}h<llf1, .. ,.CCJ)
Now, put p = 1 + € and note that

T8 s, = [ Do) + ETh(a) P, (@)

T IM)P T (g — h) () [P\ 2/P
¢ [ (Bt Ep TRy,
by the two-point lemma. Now, put X := G; and Y := {0, 1} and define k on X x Y by
T' p f =
K, y) = 4 D@ iy =0
Ti(g—R)@)P ity =1

so that

/ (ITj(g + h) (@) —; Ti(g — h)(a:)\p>2/p s (1) — / (/ |k(x’y)|dw(y))z/p )
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By the integral triangle inequality (see Appendix for a statement and proof) with ¢ = 2/p
we get that

/ (/ |k(:t,y)|duy(y)>2/p dux(z) < (/ (/ !k(x,y)P/pdNX<x)>p/2 duy(y))%
= (% ((/ Ti(g + h)($)|2duej(x))p/2
+ </ T;(g — h)(z)*duc, (x)>p/2) > 2/17.

However, by the inductive hypothesis we have

p/2
([ 1m0+ W@k, ) < llg+ bl

and similarly for g — h, hence (combining everything we have done so far)

1 2/p
1541 £ 260 < (5 (Iltg + ) g + g - h>\|zp<Gj))) = Iy

The result is proved. g

Again the name here is not quite right. Theorem is more properly attributed to
Bonami [Bon70], although some point to Nelson [Nel73]. The additive combinatorial liter-
ature often refers to it as Beckner’s inequality and much of the computer science literature
to it as the Bonami-Beckner inequality.

4.4. Influence. Given a Boolean function f, the influence of voter i is denoted o;(f) and
is defined to be the probability that ¢ changing his vote effects the outcome if all voters
vote uniformly at random:

oi(f) = / i Pdpe(x) where fi() = f(x) — f(x + ).
In particular, notice by Parseval that

(4.2) of)=4 > "

veG:y(e;)=—1

Example (Influence in dictatorships). If f is a dictatorship with ¢ the dictator then o;(f) =
1 and o,(f) = 0 for all j # ¢. This is, perhaps, not altogether surprising.

Example (Influence in parity). If f is the parity function then it is easy to see that
oi(f) =1 for all 4.
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One of the central questions we want to ask is whether there is always a voter with large
influence. In some sense this is obviously not the case: if f has very small variance then
clearly no voter has a large influence. However, if we insist that the voting scheme is ‘fair’
in the sense that

/falMGf\“l/2

then we might hope to find an influential voter. A trivial estimate follows from (4.2)): the
total influence is

n

I(f) =Y o)) =4 W@ =4 |F () = 4 Var(f).

= 1e0 170

If f is ‘fair’ then this is asymptotically 1 and hence, by averaging, there is a voter with
influence at least €(1/n). It turns out that there are examples where no voter has much
more influence than this.

Example (The tribes example). Suppose that

f(ZU) =X XV Tyr - Top VoV Tkt - - Trk

where V denotes logical OR. First we need to determine a relationship between r and k
that will make this function ‘fair’. Specifically, then, we put

%N/fdugz 1—(1—=27%

This tells us that we want to take r ~ 2¥log 2, and of course putting n := rk we find that
n

k =logyn — logylogn + O(1) and r ~ oz,
Now, by symmetry all voters have the same influence: so, for example, z; influences the
outcome iff z;_1yp1... x4 = 0 forall i € {2,...,r} and o; = 1 for all i € {2,...,k}.
The probability that x(;_1yg41 ... 24 = 0 for some 7 is 1 — 27% so the probability that z;
influences the outcome is

91=k(1 — 9=kyr=1 < 91=k gy 97k (p — 1)) = O (log"> .

n

That is to say, none of the voters has very much influence.

Interestingly, Beckner’s inequality was used by Kahn, Kalai and Linial in [KKLS§| to
establish that the tribes upper bound has a matching lower bound although the argument
is more complicated than the trivial averaging earlier.

Theorem 4.5 (KKL). Suppose that f is a Boolean function with Var(f) = Q(1). Then

there is some i such that
logn
Ui(f) =0 ( > .

n
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Proof. By Beckner’s inequality with e = 1/2 we have that
S FmPE < 4t Y 2o if)
Iyl<d,y(e)=-1 v(es)=-1

= 4 Ipug2 * fillfze) <A il s = 4 0NV

It follows that if o;(f) < n=>/¢ for all i (which we may as well assume since otherwise we’d

be done) then
ST IF@)P <40 (0P L a7,

lv|<d

Now pick d = Q(logn) such that this is at most Var(f)/2 for sufficiently large n. Then

Var(f) = Y IFOIP < Y 1F )P + Var(f)/2,
1405 yily|>d
and it follows immediately that
H=D WP >d > 1f()° =d) = Qlogn),
gl vilv[>d
and we are done by averaging. O

What we actually showed in this argument is that if the individual influences are small,
then the total influence is rather large. It turns out that we can establish something
stronger, namely that if f has small total influence then it is in some sense close to a junta.

Theorem 4.6 (Friedgut). Suppose that f is a Boolean function with I(f) < C and n €
(0,1] is a parameter. Then there is an exp(O(Cn~1))-junta g such that || f — gH%z(G) <.

Proof. Suppose that V' is a subspace of G and put
1 if f= x)=>1/2
0 otherwise.

Note that g is also Boolean, constant on cosets of V' and we have the point-wise estimate
|f(@) — g(2)| <2[f(x) — f*py(z)| for all z € G.

Hence

If = glli2) <A4If = f*pvliae =4 Z F(0)?
1gvE
Of course control of the total influence implies that the energy is concentrated on low

levels:
d Y FOP <D WIFm)P

yilv=d veG

iy 2 —2v|1 77 2 C
SOIFP <4t 3 2P+

CASS ¥V Liyl<d

and so
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Write I := {i : 0;(f) = 7} (whence |I| < 77!C) and let V = {v; : i € I}, so that if
v & V+ then there is some i ¢ I such that y(e;) = —1. It follows that

> rIfor < Y 2fo)P

7€VL:|’Y|<d il y(e=——1
— 4—1 Z ||p1/2 * fiH%Q(G) < Zai(f)73/5 < 07_3/5’
il il

where the f;s are as in the previous proof. Combining all this we conclude that

C

I = ol < i35 1 €.

Putting d = [2Cn~'] we see that we can take 7 = exp(—O(Cn~')) and ensure that the
difference is at most 7. The result is proved since g is clearly an O(7~'C')-junta. O

Note that in both proofs we were only interested in using Beckner’s inequality for some
e < 1—Q(1), rather than a very small value as we did in Chapter [3] On the other hand
we needed the additional strength of Beckner to estimate the ¢?-mass of f on the sets

{7yl =d}.

5. APPROXIMATE STRUCTURES: SETS WITH SMALL SUMSET

In this chapter we are interested in approximate substructures of F5. The reason for
studying them is that approximate structures are often far more plentiful than exact ones
(by virtue of having relaxed requirements), but frequently still support a lot of analysis
making them almost as useful as their exact counterparts. Our basic aim is to tease out
the structure of ‘approximate subspaces’.

Suppose that H is an affine subspace of G. Then it is easy to see that |H + H| = |H|.
Conversely, if A C G has |A + A| = |A| then it is not much harder to see that A+ A is a
subspace of G, and hence A is an affine subspace. It turns out that if the sumset is only a
bit bigger then much of this phenomenon persists.

Proposition 5.1. Suppose that A C G is a non-empty set with |A + A| < 1.5|A|. Then
A+ A is a subspace of G.

To prove this it will be convenient to introduce the notion of a symmetry set. The
symmetry set of a (non-empty) set A at threshold 7 is

Sym, (A) :={z € G: 14*1a(x) = nua(A)}.

Note that Sym, (A) is a (symmetric) neighbourhood of Og contained in A+ A; these sets are
particularly useful because of the following trivial application of the pigeonhole principle.

Lemma 5.2. Suppose that A C G is a non-empty set and €,¢' € [0,1) are parameters.
Then

Sym,_(A) + Sym;_.(A) C Sym;_ (., (A).
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Proof. Suppose that © € Sym,_.(A) and y € Sym,_..(A). Then

Ly *1a(z +y) pe((x+A)N(A+y))
po(((z+A) N A)N((A+y)NA)
pe((x +A)NA)) + pe((A+y)NA)
—pa(((z+A)NA) U ((A+y)NA)
Taxla(x)+1a%14(y) — pa(A)
(1—e+1—¢€—1)ug(A),
and ¥ +y € Sym;_ ., (A). The result follows. g

VWV

VWV

Notice, in particular, that Sym,(A) is a subspace of G.
Proof of Proposition[5.1 Suppose that a,a’ € A and write K := pug(A+ A)/uc(A). Then
laxla(a+d) = pella+A)N(A+d))
> pgla+ A)+ pg(A+d) — pe((a+A)U (A +d))
2 2pu6(A) — pe(A+A) 2 (2 - K)pa(A).
It follows that A — A C Sym,_(A) and hence, by the previous lemma, we have that
(A+A)+(A+A) CSymy_g(A) + Symy_x(A) C Symg_ o, (A) C A+ A

since K < 3/2; it follows that (A+ A) + (A+ A) = (A+ A). On the other hand it is also
a (symmetric) neighbourhood of the identity so it follows that it is a subspace. O

To make good use of Lemma [5.2] we needed the symmetry sets we found to be large.
For large threshold values this will typically not be the case, however, a simple application
of Cauchy-Schwarz actually shows that there are some not too small threshold values for
which it is.

Lemma 5.3. Suppose that A has |A+ A| < K|A|. Then
MG(Syml/zK(A)) > pa(A)/2K.
Proof. First of all by the Cauchy-Schwarz inequality we have that

1 2
[ et > oty ([ e o) = netay/a¢
On the other hand

3
/ (1ax14)%duc < H(4) /1,4 * 1adpug = pold) ;
Symy jo i (A)°

2K 2K

and it follows by the triangle inequality that

A 3
po(4) < / (14 % 14)%dpg < MG’(A)2PJG’(Sym1/2K<A))
2K Symy jo g (A)

and the result follows on dividing out pg(A)2. O
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At a certain point the phenomenon in Proposition [5.1] starts to fail. Indeed, if A =
{0g, €1, €2, e3} then

A + A= {OGu €1,€2,€3,€1 + €2, €2 + €3, €1 + 63},

and so |A + A| < 1.75|A|, but A+ A is not a subspace of G.

Despite this example it turns out that a covering argument of Ruzsa [Ruz99] shows that
A is contained in a subspace which is not too large. This is the F} analogue of Freiman’s
theorem [Fre73] for subsets of Z with small sumset.

Theorem 5.4 (Freiman’s theorem for F3). Suppose that A C G is non-empty with |A +
Al < K|A|. Then (A), the group generated by A, has size at most exp(O(K°W))|Al.

The constant K is called the doubling constant of A, and roughly we think of A as
having ‘small’” doubling if K = O(1).

The theorem is not far from best possible. Indeed, suppose that A is a set of K linearly
independent elements. Then |A + A| < K|A|, but |(A)] > 2%, whence the bound on the
size of (A) cannot be exp(o(K))|A|. In fact a rather precise answer has been given by
Green and Tao in [GT09] using compressions.

The core Ruzsa covering argument takes the following form.

Lemma 5.5 (Ruzsa’s covering lemma). Suppose that A, S C G are non-empty with |A +
S| < K|S|. Then there is a set X with |X| < K such that AC X +S+ 5.

Proof. Let X C A be amaximal S-separated subset meaning maximal such that if z, 2’ € X
are distinct then (z 4+ 5) N (' +5) = 0. By separation we see that the sets x + S are
disjoint subsets of A+ S whence |X|.|S| < |A+ S| < K|S] and |X| < K.

On the other hand, by maximality we see that if x € A then either z € X C X +5+ 5,
or else © ¢ X and so there is some 2’ € X such that (z + S) N (2’ +5) # 0 and hence
rer+S+S5C X+ S+ S. The lemma is proved. O

Corollary 5.6. Suppose that S C G is non-empty with |4S| < K|S|. Then (S) has size
at most K2X|S].

Proof. We apply the previous lemma with A = 35 to get a set X with |X| < K such that
35 C X +28. It follows by induction that nS C (n—2)X +25, and hence (S) C (X)+2S.
On the other hand [(X)| < 2%, and we certainly have [(S)| < [(X)||2S] so the result
follows. U

Ideally we should now like to prove that |A + A| < K|A| implies that [4A4] < KOW|A.
This is true and a special case of the Pliinnecke-Ruzsa inequalities which show that

A+ Al < K|A| = [nA] < KA.

The proofs use graph theoretic methods and takes some time, so we shall follow an easier
route. Those interested in the Pliinnecke-Ruzsa arguments may wish to consult [TV06,
Chapter 6].

We shall work with symmetry sets again because they are somewhat smoother than
arbitrary sets with small doubling. This means that the next argument of Tao [Tao08|
Proposition 4.5] will give us a Pliinnecke-type handle on the growth of symmetry sets.
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Proposition 5.7. Suppose that A has |A+ A| < K|A|. Then
InSym,(A) + A+ A] < ¢ "K"A|
Proof. Suppose that sq,...,s, € Sym.(A) and a,a’ € A, and note that
1(n+1)

1
5 (81+"'+3n—|—a+a/) — ’G|n Z 12A<21)---12A(Zn+1)-
21+ +2znp1=81++sptata

On the other hand if (by,...,b,) € G™ and we put

zi=a+b, 2z =bi+51+bz,..., % = byt + Sp1 + by, 21 = by + 5 + 0
then
s+t =81+ +s,ta+d

and each vector b € G™ determines a unique vector z € G"*!. It follows that

" 1
10 (s 4+ sptata) > o D Loa(a+by).. laa(by + s, + )
b1,...,bn
1
> 14(a)14(by) ... 1a(by + 5,)14(d’
|G|nb2b a(a)la(br) ... 1a(by + sn)la(d)

Thus
pg(nSym.(A) + A+ A)(cpa(A))" < / 19 dpe = K™ pg (A"
and the result follows on rearrangement. O

Proof of Theorem[5.4. By Lemma [5.3) we see that S := Sym, x(A) has [S] > |A[/2K.
Then by Proposition [5.7] we have that

14S] < 4S5 + 24| < (2K)*K®|A| = O(K°W|3)).
It follows by Corollary that the group generated by S has size at most
|(S)] < exp(O(K°W))|S| < exp(O(KOW))[4S + 24| < exp(O(K°D))|Al.
Finally, by Ruzsa’s covering lemma we have a set X of size O(K°™M) such that
ACX+S+SC(X)+(5)

and the result follows. O
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6. CORRELATION WITH APPROXIMATE STRUCTURES

A quantity which is closely connected to the doubling constant, and also to symmetry
sets is the additive energy of a set. Specifically, if A C G then the additive energy of A is
defined to be

E(A) = Z La(z)1a(y)la(2)1a(w) = Z ( Z 1A($)1A(?J)> :

T+y=z+w u T+Yy=u

In our usual notation this is
E(A) = |G|3/(1A * 14)dpg,

and in words it is the number of additive quadruples in A, that is the number of quadruples
(x,y, z,w) € A* such that z +y = 2z + w. It is easy to see that

(6.1) < sup > La@)laly)- >0 ) Lale < JA]- AP = A7
T+y=u U TtHyY=u

On the other hand, if |[A 4+ A| < K|A| then by the same application of Cauchy-Schwarz as
in Lemma we get that

E(A)zz(z a(e)1 ())2 |A+A|(221A MLaly ) > |AP/K,

u T+y=u U T+y=u

which is to say it is close to the maximum value in (6.1)). Of course this maximum in (6.1
is achieved by affine subspaces since another way of thinking of the quantity F(A) is as
the number of triples (z,vy,2) € A3 which have x +y — z € A; if a non-empty set A has
this property, it is well known that it is a coset of a subgroup.

The additive energy is a particularly useful quantity because it is very stable under small
perturbations of the underlying set. Indeed, if we add or remove o(|A|) elements from A
then the additive energy changes by o(]A|*) which is not much if E(A) = Q(]A]?). On the
other hand, because of this stability under small perturbations, large additive energy does
not imply small doubling.

To see this concretely consider, the example of A as a subspace V' union n|A| independent
elements of G whose span intersects V' in the trivial vector. It is easy to see that

E(A) > (1= 0(m)|A]’ and |A+ A| = Q(n|A]%).

In this example, A nevertheless has a large structured part and fortunately this can be
recovered.

Theorem 6.1 (Balog-Szemerédi-Gowers). Suppose that A C G satisfies E(A) > c|AJ]>.
Then there is a subset A’ C A with |A’| = c®W|A| such that |A' + A’| < c=OW|A'].

We shall prove this using symmetry sets because in this regard it does turn out that sets
with large additive energy behave in a similar way to sets with small sumset. Indeed, the
reader may wish to compare the next lemma with Lemma |5.3]
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Lemma 6.2. Suppose that A C G has E(A) = c|A]>. Then
ia(A) > pia(Symep(A4)) > eng(A)/2 and (La+ La, Teym o) 20) > ctial(A)/2.

Proof. The first inequality is a simple application of the triangle inequality:

cug(A)
2

pe(Svmns(4) < [ LuxLudio = a4V
Symy /5 (A)

The third inequality follows since

1
(La* 14, Tsym, o)) 22(0) 2 oA ((La*14)% 1sym, () 22(6)
1 / 9
= (1A * 1A) d/JJG
16 (A) Jsym, 5(4)
= ! /(1A * 1A)2dug - / (1A * 1A)2dluG
ILLG(A> Sym, /5 (A)¢
1 cpc(A)
> A)? - A)?
ueld) =) ( 2 Jreld
2 CIUG(A)Q/Za
and hence the second inequality follows immediately by Holder’s inequality. O

The aim now is to prove Theorem in two parts following Sudakov, Szemerédi and
Vu [SSV05]. The result was first proved by Balog and Szemerédi in [BS94], and with good
bounds by Gowers in [Gow9§].

In the next lemma we shall find a large subset A" of A such that almost all pairs (x,y) €
A" have r +v in a symmetry set of A. In particular this means that almost all of the pairs
in A”? represent one of at most O(|A|) elements. This is close to having small doubling
and we then complete the proof by a pigeonhole argument.

Lemma 6.3. Suppose that A C G has E(A) > c|A]? and € € (0,1] is a parameter. Then
there is a subset A" C A with |A’| = Q(c|A|) such that

{(z,y) € A%t +y € Sym (A} = (1 - )| AP
Proof. We let X be a random variable such that

1A * 1A(Z)
P(X = z) = AT A%
F =T @A
and put A" := AN(X + A). (Note that this is a valid probability distribution for X.) Then

1 1
ElA|=E|Glax14(X) = ——= ) 1ax14(2)2 = —=E(A) > c|A|,
4] = EIG|La % La(X) MG(AP;A 4@ = g E(A) > Al

and so, by the Cauchy-Schwarz inequality, we have that E|A’|> > ¢?|A|?.
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On the other hand for z,y € A we have
P((z,y) € A?) = Plxe X+Ayec X+ A)
= PXe(@+A)n(y+A4)

< supP(X =2)|(z+A)N(y+ A
zeG
Ly * 1a(z +y)
pa(A) '
If we now write B := {(z,y) € A% : x4y ¢ Sym,_25(A)} then
EIBl= > P((z,y) € A%) < |APec?/2 < §E|A’]2.
z,yEA

x+y€Sym602/2(A)
It follows that ) .
E(A — ' |B]) > SEIAT > ZAP

and we may pick X such that [A’|> — e Y B|) > ¢?|A|?/2, and hence |A'| > ¢|A|/v/2 and
|B| < €| A’|%. The result is proved. d

Proof of Theorem[6.1. Apply Lemma Withﬂ e = 1/6 to see that there is a set A” C A
with |A”] = Q(c|A]|) such that

(6.2) {(z,y) € A 12 +y € Symep p(A)} > (1 - 1/6)|A"[".

In words this says that for most pairs (z,y) € A" we have x +y € Sym,z,15(A). We let
A’ be the set of xs in A” such that there are many ys in A” with z +y € Sym21,(A4). In
particular, for each x € A” write

Ny :={y€ A" : 2 +y € Symp,,(A)}
and put
A ={x e A" . |N,| = 2]A"|/3}.
The total number of pairs (z,y) € A” such that x +y € Sym21,(A) is then at most

|A'l. max |N,| + |A"\ A'|. max |N,| < |A|.JA"|+ (|A"]| —|A]).2|A"]/3
zEA! zEAN\A/

= |A'||A"]/3 + 2| A"2/3.
On the other hand combining this with (6.2) we see that
[AJA"]/3 +2|A"1*/3 = (1 - 1/6)|A"[%,

and hence |A'| > |A”|/2.
Now, if (z,y) € A” then |N,|,|N,| > 2|A"|/3 and N,, N, C A”. It follows that

[No O Ny| = [Ne + [Ny| = [No UNy| > [Na| + [Ny| — [A"] > [A"]/3;

3The reason for the choice of ¢ will become clear later.
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if words, there are at least |A”|/3 elements z € A” such that  + 2 € Sym;,(A) and
Y+ 2 € Sym,z,15(A). We conclude that if z,y € A’ then

Iaxlgxlaxla(x+y) = /1A>1<1A(x—|—y+z)1A*1A(z)dug(z)

= /1A # 1a(z + 2)1a x 1a(y + 2)dpc(2)

WV

/1A s« La(x+ 2)1ax 1a(y + 2)1an(2)dpc(2)

> (CualA)/12)°no(A") /3,
whence
Ha(A + A).(Pa(A)12)216(A") /3 < pa(A).
This rearranges to give
pe(A +A) < O(c ue(A)Ppa(A") ™) = O(c™*ua(4)),
and the result is proved. ]

We now turn our attention to rough morphisms. A map ¢ : G — G is a morphism
(linear map) if

d(x +y) = ¢(x) + ¢(y) for all v,y € G.

Our next result combines the work of this section and the last to show that if a function ¢
satisfies this relationship for many pairs (x,y) then it is equal to a genuine morphism on
a large set. The result itself is due to Samorodnitsky [Sam07] by an argument which was
originally developed for the integers by Gowers in [Gow98].

Theorem 6.4 (Rough morphisms). Suppose that ¢ : G — G is such that
per({(z,y) - ¢(z +y) = ¢(z) + o(y)}) = c.

Then there is a homomorphism 6 : G — G such that
pe({x 2 ¢(x) = 6(x)}) > exp(=0(cY)).

Proof. We examine the set A := {(z,¢(z)) : * € G} C G* which has size |G|. It turns out
that this has large additive energy:

E(A) = > 1> ) Yoo

=z+4w u

T+y=z+
d(@)+¢(y)=¢(2)+b(w)

2

T+y=u
$(x)+o(y)=0(u)
2

1
> 17 o> 1| =GP =AAP

z+y
d(@)+o(y)=d(u)

By the Balog-Szemerédi-Gowers lemma there is a set A’ C A with |A'| > ¢°M|A| and
|A"+ A'| < c7OW)A|.
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Let 7 : G* — G be the natural co-ordinate projection map (z,y) — z so that 7(A) = G
and |7(A")] = °W|G|, and let by, . .., by, be a maxima set of linearly independent elements
in m(A’). Now, by maximality if a € w(A’) then either a = b; for some i or {a,by,..., b}
is linearly dependent. In the second case

.a + Z,ui.bi = 0¢ for some p, i1, ..., piy € Fy
i=1

not all zero. Since by,...,b,, are linearly independent we see that p # 0, hence p = 1
and a € (by,...,b,). Thus in either case a € (by,...,b,) and so it follows that 7(A") C
(by,...,by), and hence

CO(l)|G| < Qm,
som = n— O(logc™!). Now let vy,...,v, € G be such that (b;,v;) € (A") for all
ie{l,...,m}and put H := ((by,v1),. .., (b, vm)).

It is easy to see that w(H) = 7((A’)) and so |H| > c°M|G|. Moreover, by Frefman’s
theorem [(A")] < exp(O(c=°W))|G], and hence [(A")/H| < exp(O(c=°W)). The cosets of
H in (A’) partition (A’) and hence

A=A = Y JANWIS[A)/H| sup [ANW].
We(AY/H We(A)/H

It follows that there is some coset W = (w, z) + H with (w, z) € (A’) such that
[((w, 2) + H) N A'] > exp(=0(cW))|A'| = exp(~O(c°D))[G.

Since w(H) = n((A’)) we see that w + 7(H) = w(H), so we may assume that w = O and
hence

(0, 2) + H) VA = [((0, 2) + H) N A] > exp(=0(c”?W))|G.
If z were also to be O we’d be done as we could define # to be the linear extension of
0(b;) = v;; unfortunately this is not true, but we can correct the situation.

Claim. We may assume that there is some j with 1 < j < m such that for at least 1/4 of
elements a € w(((0g,z) + H) N A) we have a - b; = 1.

Proof. Write P := 7(((0g, z) + H) N A) which has pug(P) > exp(—O(c~°M)), and define
characters \;(z) := (—1)%%. Suppose that [1p(\;)| = pug(P)/2 for all 1 < i < m. Then by

Chang’s theorem, since the by, ..., b, are independent, we have
n — O(logc™!) <m = O(log pa(P)™1) = O(c°W).
It follows that n = O(c™°M) and we are trivially done since the lower bound in the

conclusion simply asserts that ¢(x) = 0(x) for at least one x; defining such a @ is trivial. It

follows that we may assume there is some 1 < j < m such that |T;()\j)| < pug(P)/2. Now,
write
Pt:={zeP:z-bj=1}and P~ :={z € P:z-b; =0}

4The reader may care to compare this use of maximality with that in Ruzsa’s covering lemma, Lemma
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From the definition of the Fourier transform and P as a disjoint union of P* and P~ we
have

na(PT) = pa(P7) < pa(P)/2 and pe(PF) + pa(P7) = pa(P).
It follows that uc(P*) > pg(P)/4, that is a - b; = 1 for at least 1/4 of the elements
a€P. U

Finally, we extend the vectors by, ..., b, by byni1, ..., b, such that by,..., b, is a basis
for G and define 6 by linear extension from its definition on the basis (b;);:

V4 if1<i<m,i#j
0(b;) = S v; + = 1f@:]
O¢ otherwise.

Now, suppose that a € 7(((0¢, z) + H) N A) has a - b; = 1. Then

a= Z b; and ¢(a) = z + Z ;.

’iZG,’bi:l i:a-bizl
On the other hand
Y0 =z+ Y vi=0¢a),
i:ab;=1 ica-b;j=1

and there are many such a by the claim and the lower bound on the size of 7(((0¢, 2) +
H)NA). O

7. POLYNOMIAL TESTING

In this section we shall consider polynomials p : Fy — 5. These are, of course, the same
as Boolean functions in the sense that if we are given A C F} then there is a polynomial
p : Fy — Fy such that {z : p(z) = 1} = A. Indeed, we simply define

=2 L= 1 a=»)
a€A i:ae;=1 i:are;=

We are interested in determining whether or not a given function f : F — [y correlates
with a low degree polynomial.

7.1. Correlation with linear polynomials. In the first instance we should like to see
if f has a large (affine) linear part, meaning whether it correlates with a function of the
form

r—a-r+b

where a € F}, b € Fy and a-x = 121 + - - - + a,x,. If f has this form then it is easy to see
(by linearity) that

(7.1) f@)+fle+y)+ fle+2)+ fe+y+2) =0,
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for all z,y,z € F}. Bearing in mind the Rough Morphism Theorem (Theorem |6.4]), we
shall be interested in what we can say if this equality is satisfied an unusually large amount
of the time. We define

gl = /9(93)9@6 +y)g(z + 2)g(z +y + 2)duc(r)duc(y)duc(z),
which it turns out is a norm:
Lemma 7.2. We have the identity,
l9llv> = WIgllpa ) for all g € L=(G),
so that, in particular, || - ||p2 is a norm.

Proof. This is an easy calculation using Parseval’s theorem and the change of variables
w=x+z:

lollts = [ ot@)ate + nig(a -+ 2ol +y + 2o ()dnc(w)dno(2)

- /g(m)g(y + 2)g(w)g(y + w)dpg(z)duc(w)duc(y)

= <9 *g,9* 9>L2(G) = H?“;i;(@)-

O
Now, the proportion of triples for which ([7.1]) holds is
1 1 1
P(f) = /5(1 + (_1)f(lf)+f(:v+y)+f(x+z)+f(x+y+z))duG(I)dMG(y)duG(z) =3 + §||g||?]2

where g = (—1)/. Since || - [|y2 is a norm we see that (7.1)) holds at least half the time for
any function f : F} — Fo; it turns out if it holds an absolute proportion more of the time
then f correlates with a linear polynomial.

Theorem 7.3 (U%inverse theorem). Suppose that f : Fy — Fy has ||(=1)/||y2 = €. Then
there is a linear polynomial p : FY — Fy such that

(=17, (1)) p2(cy = V.

Proof. We put g := (—1)/ and note that by hypotheses, the previous Lemma and Parseval’s
theorem we have

e <glle =119l ) < sup [G) P91 g = sup [ l9l72c)-
yeG yeG

Of course ||g||2L2(G) = 1 and so there is some character v € G and phase o € {—1,1} such
that

og(y) = €
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Now, since v is a character there is some a € F} such that y(z) = (—1)*%; since o € {—1,1}

there is some b € Fy such that o = (—1)°. It follows that the linear polynomial p defined
by p(x) = a - x + b satisfies

(g, (=) 20y = (9:7-(=1)")12(6) = 9G(7) = €,

and the result is proved. [l

The point is that if we are given a black box into which we can input values of x and

which outputs f(x), then in a number of steps independent of the size of the underlying

group, we can determine (with, say, 99% reliability) if ||(—1)/ |2 is large or not and hence
whether f correlates with a linear polynomial.

7.4. Characterising higher degree polynomials. In the previous subsection we en-
coded the idea of f being linear by differencing (differentiating). If f is a linear polynomial,
then for each fixed y, the map x — f(x + y) — f(z) is constant and so, if we difference
again we get that

(flz+y+2) = fle+2) = (flz+y) = f(z)) = Op,.

This can be rewritten as (7.1). With higher order polynomials we have to keep differencing,
so that if f is a polynomial of degree d then

(7.2) Y fla+w-h)=0g
weq0,1}d+1

for all z € G, h € G4*'. As with the previous section we define

lolii= [ T1 oo+ hduata Hduc

we{0,1}F

It is also helpful to formulate this inductively: we define a differencing operator on functions
g € L=(G) by
0y(9)(x) = g(z +y)g(z),
and then note that
(7.3)

lgllZs = / I 000+ Ddus(s Hdua / 10n ()2 dtcs ()
we{0,1}k-1

It turns out that || - ||+ is a norm for k£ > 2, and to prove this we need an analogue of the
Cauchy-Schwarz inequality. Given a family of functions (f.).eq0,13x We define the Gowers
inner product to be

((fw)wego,yx) Ut 3—/ H Jolz +w-h)dug(x HdMG

we{0,1}F
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Lemma 7.5 (Gowers-Cauchy-Schwarz inequality). For all families of functions (f.)weqoy
we have

((fdweroydorl < T Iullon.

we{0,1}F

The proof here is notationally heavy; readers interested in an alternative source may
wish to consult [TV06, p419] or [Gow(1, Lemma 3.8].

Proof. Note that the inner product is equal to
// H fw 0(33 +w - h)fw 1(1‘ +w-h+ hk)d,ug( )d,ug(hk)dugk 1(h>
we{0,1}k-1

Make the change of variables y = x + hy so that this is, in turn, equal to

/ / H Joo(x +w - h)dug(z / H for(y+w-h)dug(y) | duge-1(h).

we{0,1}k—1 we{0,1}k—1

By Cauchy-Schwarz this is at most

2 1/2
S T feslotobiduato) | duges(a)
we{0,1}k-1
2 1/2
A ] T fostoromducts) | ducs)
wef{0,1}k-1

Changing variables back we see that this is equal to

1/2 1/2
(for0)wetory b {(Furt we oy ) i

where w’ is w projected onto the first & — 1 co-ordinates. By symmetry the same is true
for all the other co-ordinates and so after k£ applications we get that

{(fdweronydorl < TT (Uowetony)ie -

pe{0,1}F

where (f,)ueqo,13+ just means that all 2% functions in the vector are the same function,
fo- O

Lemma 7.6. We have the nesting property

!/fducl Wl < I oe < e < Il < e

and || - ||gx s a norm for all k > 2
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Proof. The nesting follows immediately from the Gowers-Cauchy-Schwarz inequality: given
f e L>(G) write f, = fifw,=1and f, =1 if w, =0. Then
k—1 k—1 k—1 k—1
1A 1Ee = {(fodwetoyedoe < F e NG = F 11

and we are done.

It is immediate that || - ||+ is homogenous and zero on the zero function. Since || - ||z
is a norm by Lemma [7.2] we see that || f||;» = 0 must imply f = 0 for k& > 2. It remains to
check the triangle inequality: First note that

ILfo+ fullze = ((fo + J1)wefo k) ok = Z (froer)wefo,1x) Uk

Ic{0,1}*

where we are using the multi-linearity of the Gowers inner product. In particular the Gow-
ers inner product takes 2* terms indexed by w € {0, 1}* and the product ((f1, ., )weo,13+) v
simply denotes the Gowers inner product of some copies of fy and f;, with fj in the position
indexed by w if w € {0,1}*\ I, and f; in the position indexed by w if w € I.

Now, by the Gowers-Cauchy-Schwarz inequality we see that

k_|1 I
{(Froer)weroaysdor] < N folloe LA,

and hence
k 2k |1 I k
o+ AallZe < 0 ol AN = (lfolloe + 1 llo)™
1c{0,1}k
The inequality follows on taking 2*th roots, and the lemma is proved. ]

Finally, as before, the proportion of tuples satisfying (7.2)) is

1 1 k
Pi(f) = 5+ 51(=1)7 Iz,

which again means that (7.2) holds at least half the time, and so again we should like
to show that |[(—1)f||yx > € implies correlation with a degree & polynomial. There are
subtleties to this request as it is stated and we shall only be able to deal with the quadratic
case here.

7.7. Correlating with quadratic polynomials. Our object here is to prove the follow-
ing theorem due to Samorodnitsky [Sam(7]. In other groups the U3-inverse theorem is
more complicated to state and is due to Green and Tao [GTO0S].

Theorem 7.8 (U3-inverse theorem). Suppose that f : By — Fy has ||(—=1)7||ys > €. Then
there is a quadratic polynomial p : Iy — Fy such that

<(_1)f7 (_1)p>L2(G) > exp(_O(E—O(l)))'
If f(z) is a quadratic polynomial then it has the form
= (Az,x) + (a,2) +b
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were A is an Fy-valued matrix, a € F} and b € Fo. By symmetry and since the diagonal
term (a, x) can be absorbed into A by replacing A;; by A; +a;, we may assume that a = Og
and A is upper triangular. (Note that x? = z; in Fy.)

Differencing once we have

fla+y) = fl@) ={(A+ Ay, z) + (Ay,y),
which is a linear polynomial in x for fixed y. It follows that
(flet+y+z) = fla+2) = (fla+y) - f(2) = ((A+A)y,2)

which is constant in z for fixed y and z. Crucially A + A’ is symmetric and has zero
diagonal; we shall now set about establishing a converse.
For the remainder of this section it will be convenient to identify G with G via the map

ri— (x— (—1)"7).

Lemma 7.9. Suppose that f : Fy — Fo, S is a symmetric matriz with zero diagonal and
g:= (1) has

[ Basoranets) > b
Then there is a quadratic polynomial p such that ((—1)f, (=1)P) 2 = §°0).

Proof. Let A be a matrix such that A+ A* = S, and consider h(z) := (—1)“**. By our
earlier calculation we have

Ayh(x) = (—1){ATAD)+(Ayy)

and so . -
(0,9, 0yh) 12y = (1) 0,9((A+ A')y) = (=1)“¥)9,9(Sy).
It follows that
/ (949, 0y 1) 12y dmc (y) = 0.

On the other hand the integral is equal to

/g(x)g(w +9)9(2)g(z + y)h(z)h(z + y)h(2)h(z + y)duc(z)duc(z)dua(y),

which is in turn equal to

/ (gh)(@)(gh)(z + y)(gh)(2)(gh) (2 + y)dpc (z)duc(2)duc(y) = lghlip-.
It follows by the U?-inverse theorem that there is some a € Fy and b € F, such that
l(z) :== (a,x) + b has
(gh, (=1)') 2y = 690,
The result follows on putting p(z) = (Az, z) + (a,z) + b. O

Our problem now is to find a suitable linear map, and to do that we shall find a roughly
linear choice function.
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Lemma 7.10. Suppose that g : G — {—1,1} has ||gHU3 > €. Then there is a function

o:G— G and a set A of density at least 60(1 such that 8mg(¢( N2> W forallz e A
and

ne({(w,y) € G?: 6(x) + ¢(y) = dw +y), 2, y,x +y € A}) = O,
Proof. Pick a function ¢ : G — G randomly with
P(¢(x) =) = 09(7)’,

such that the choices are independent for distinct xs. Note that
STP(o(x) =) = Fug(7)? = g7+ g*(z) = 1
76@ 'yeé’

by Parseval’s theorem so these are genuine probability distributions.
Now, write

Al¢) = {z € G : Dog(p(2))? > €'°/6},
and
L(¢) = pe2({(z,y) € G : p(x) + d(y) = d(x +y),x,y,x +y € A}).
Then

EL(¢) — / S 00912 0y9(7)?Brrya (1 + 7)o () dpic (y)
z,y,2+yEA(P) /

v

> / S 0:9(1)20,9( ) Puryg (v + 7 Vi (@) dpic(y)
TYTHY o o

(16 - -
3. ? > 0:9(7)*0,9(v' ) dpc(x)dpc (y)-
PY
On the other hand, by Parseval’s theorem we have that

T[S aeraee) = [ [ol@ididiet) = ol = 1

'yGG

whence

/ Z Oxg(y V28,197 + 7V dpc (@) dnc y) — /2.

It follows that if we can show that

(7.5) 7= [ 320500 000 il + 4 Pdola)daly) > €

then by averaging we can pick a ¢ such that L(¢) > €'°/2. In particular ug(A(¢))? = L(¢)
so pa(A(¢)) > €8 /v/2, and so, putting A := A(¢) we have

Ac{req:bg(g(x)? = /6}
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and

e ({(2,y) € G7 1 ¢(2) + o(y) = ¢(z +y), z,y, 0 +y € A}) > €'°/2.
It will follow that we are done, and it remains to establish (7.5). By the definition of the
Fourier transform

Tug(V)? = / (0g) * (Oug) (A (2)dpa(2) for all w € G, A € G,

which, inserted in place of all the Fourier transforms in ((7.5)) gives

— [ [ (019) 0:9)(:)(0,9) * (019)()(0219) * Buss) ()i ).
Now, note that
(7.6) 0pg * 0:9(2) = 0.9 x 0,g(x) for all z,y € G,
so writing h, for the function (0.g) * (0.g) we get

// h.(z + y)dpe(z)duc(r)duc(y /Zh ) duc(z

yeG

where the equality is by Fourier inversion. We conclude that

/ > 0:9(1)?0,9(7 ) Duryg (v + 7 Vdpc () dpcly / > 0.9 dpc (=
vy

veG

an identity called Samorodnitzky’s identity. By Cauchy-Schwarz applied to (‘i\g(y)g’ X 8/2\9(7)
(or log-covexity of LP-norms) we have

1/2

|32 aaeanet) ) / Z@(v)ﬁduc;(z) > [ 3 St duots

WGG WEG

Of course, the term on the right is equal to H gHU3 > €% by the inductive definition of the
U3-norm and Lemma [7.2 n and so inserting (|7.4) into the first term on the left we get

| 050200 P+ Pduala)dnaty) > €
04

and the result is proved. U

We should like to couple the previous lemma with the Rough Morphism Theorem, but
the set A presents a problem. It could be that an application of the theorem gives us
a morphism which coincides with ¢ on a set disjoint from A. The proof of the Rough
Morphism Theorem can be adapted to ensure that the coincidences happen on A; we shall
establish this strengthening as a consequence.

We shall take ¢ to be highly random on the complement of A which will force any
correlation with a morphism to be largely on A. The following trivial counting argument
will let us do this.
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Lemma 7.11. There is a function v : G — G such that for any morphism 6 : G — G we
have

{a: vl(2) = 8()}| = O(?).

Proof. Write N := 2" and note that there are NV functions G — G. On the other hand
there are at most N™ morphisms G — G, and hence at most

N—m m “\m mm

functions G — G which differ from a morphism in at most N —m places. Thus, if M < NV
then there is a function which differs from every morphism in at least N —m places. We
can take m = O(n?) to guarantee this and the result is proved. U

We could actually have taken m = O(n?/logn), but this slight improvement is not
important.

Lemma 7.12. Suppose that g : G — {—1,1} has ||g|lys = €. Then there is a symmetric
matriz S with zero diagonal such that

/ Drg(Szdc(z) > exp(—0(eOMY).

Proof. Apply Lemma to get a function ¢ and set A and let ¢ be equal to ¢ on A,
and equal to v (from Lemma [7.11)) on A°. By the Rough Morphism theorem there is a
morphism € such that

po(e € G 2 0(x) = ¢(z)) = exp(—0(e W)
It follows that either exp(—O(e~?M)) = 27.0(n?), or else
Ho(z € A:6(z) = d(x) = exp(—0(e V).
In the first case the conclusion is trivial by taking S = 0, since
0069(506) = 2039(06) = 9 9(06) = gllFae) = 1.

and so the integral is at least 27" which has the required size in this case. Thus we assume
we are in the second case.
We write M for the matrix corresponding to 6 under the identification r — (x +— (—=1)"%)

of G and CA}, so that
/@(Ml’)Zd,uG(:C) = eXp(—O(G*O(l)))'
Write h(z) := (—1)"** and suppose that k is any function.

Claim.

/k( )8pg(Mz)2dpc(x Zk /ayg by + 1) 2dpc(y)
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Proof. This is a calculation following from the Fourier inversion formula for & and (7.6)).
The left hand side is equal to

[ S R0E0" [ 0.9 < (0.9 )~ dc) ()
= [ S56) [ @) @0)(@)(~ ) (1) dpc(v)dnc (o)
= / > k(r) / (0y9) * (Dy9) () (= 1) M) dpg(y)dpc(x)

=S R / Trg(Mty + r)duc(y).

Now, apply the claim with & = h x h to get
(7.7) /h x h(z )axg(Mx Vdpa(x) Z h(r / M'z + 1) duc(z).

On the other hand

Z/&pg ‘o) dpuc(x Zaxg )P =g**g(x) = 1,

WEG

and so the measure P defined by

Z/@xg Lo +r)duc(r)

reR

is a probability measure. Hence we can apply Cauchy-Schwarz in ([7.7)) to get that

> h(r)? / Bog(M'z + r)2duc(z) = E(h(r)?)

> (Eh(r))® = (ZE(T) / @(Mtx+r)2dua<x>> :

where E denotes integration against the probability measure PP.
What we have shown, then, is that

/ hx h(z)0,9(Mz) dpc(z) (Zh / Opg(M'x +7)?dpug(z ))2
- ( / h(@@(Mx)?duG(x))z,

where the last equality is from the claim taken with &k = h.
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Now note that
Liy-arty=niyy () = hox h(z)h(x) > h* h(z),
so it follows that

/Mt iy 5sg(]\/[ar:)QdMG(:C) > /h*h(ﬂf)@(Mx)QdMG(x)

> (/ h(x)@(Mx)?dum)Q.

To lower bound the right hand side we have the following claim.

Claim.

—_—

(7.8) 0.9(r) = 0 unless (r,z) = Op,.
Proof. By definition we have

Opg(r) = / 9W)g(x +y) (=) duc(y)

—

= (—1)“’”/9(2+flf)g(2)(—1)<’"’z>duc(2) = (=1)"""0,g(r),
and the claim follows. O

In particular, h(z) =1 if @(Mx) # 0 and so

[ 1500 () = [ 850 () > exp(-0(e o).

Let U be the space generated by {x : M'x = Mz}, and let Bz = Mx for all x € U. B is
symmetric by construction and can be extended to the whole space while preserving this
symmetry, whence

[ (B duo(x) > exp(-0(e )

Finally, note that @(Bx) = 0 unless (Bx,z) = Op, by 1} but since B is symmetric
(Bx,x) = (r,z), where r is the vector on the diagonal of B, whence

/ @(BLE)Qd,ug(:E) = eXp(—O(efo(l)))_
(r,x)=0p,

We now define So = Bz + (z,r)r, which is symmetric and Sz = Bz if (r,z) = Op,. Finally
S has zero diagonal: write r’for the diagonal of S, so that (r',z) = (Sxz,x) for all z. So

(r',z) = (Sz,2) = (Bx,z) + (x,7)* = (x,r) + (x,7)? = Op, for all z € G,
and hence ' = 0g. The result is proved. O

The argument for converting the matrix M into the symmetric matrix S with zero
diagonal is, for obvious reasons, called the symmetrisation argument.

Proof of Theorem|[7.8. This follows immediately on combining Lemma with Lemma
. O
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APPENDIX A. THE INTEGRAL TRIANGLE INEQUALITY

In this brief section we shall prove the integral triangle inequality, more commonly
referred to as the integral Minkowski inequality which is used in the proof of Beckner’s
inequality (Theorem {.2)).

Lemma A.1 (Integral triangle inequality). Suppose X and Y are finite sets, q € [1, ]
and f: X xY — C. Then we have

< / ( / |f(x,y)|duy(y)>qdux(x)>Uq < / ( / | f(x,y)|qczux(x))quﬂy(y),

Proof. Define auxiliary functions g, by g,(z) := |f(x,y)|, and then note that the inequality
is simply the statement

I [ sudier @llaco < [ lalscodsy (v)

On the other hand since Y is finite this is just a weighted sum and hence follows from the
usual triangle inequality for L7(X). O
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