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Dimer model

" C T?: a bipartite graph embedded in the torus
e [ix a partition of vertices of I' into black and white

e Assume [ admits perfect matchings (and other conditions...)

[ C R?: the pullback to the universal cover

Dimer configuration A: one-regular subgraph of T.



Hexagonal lattice

Example 1. T is the hexagonal lattice.




Hexagonal lattice

Example 1. T is the hexagonal lattice.




Square lattice

Example 2. T is the square lattice.
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From the dimer model to the quiver

Given a bipartite I' € T?, define a quiver (oriented graph) as follows:
e The vertex set V of @ is the set of connected components of 7%\ T

e The edges E of ) connect adjacent components (with orientation)
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From the dimer model to the quiver

Given a bipartite I' € T?, define a quiver (oriented graph) as follows:
e The vertex set V of @ is the set of connected components of T2 \ T

e The edges E of ) connect adjacent components (with orientation)

e The vertices of I' define words of oriented Q-edges W, i € V(I')
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From the dimer model to the quiver

Given a bipartite I' € T?, define a quiver (oriented graph) as follows:
e The vertex set V of @ is the set of connected components of 7% \ T

e The edges E of () connect adjacent components (with orientation)

e The vertices of I' define words of oriented @-edges W;, i € V(I')

Following [Hanany et al|, define the superpotential

WZW > W

ieV (I ieV (D)
1 black 7 white



The non-commutative algebra

Let CQ be the quiver algebra of the quiver
e C-algebra generated by oriented paths
e Product is given by concatenation of oriented paths (or zero)
e Non-commutative, associative C-algebra

The element W defined above is a cyclic element W € CQcya.-
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e Non-commutative, associative C-algebra
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Formal differentiation: given an edge e of @), can define 9.W

e Take each term in W containing e, rotate cyclically until e is in the first
entry, then delete it.



The non-commutative algebra

Let CQ be the quiver algebra of the quiver
e C-algebra generated by oriented paths
e Product is given by concatenation of oriented paths (or zero)
e Non-commutative, associative C-algebra
The element W defined above is a cyclic element W € CQcya.-
Formal differentiation: given an edge e of (), can define 9,W
e Take each term in W containing e, rotate cyclically until e is in the first

entry, then delete it.

Define the non-commutative quotient algebra

Agw = CQ/({0.W - e € E(Q)))



The algebra in Example 1

Take the quiver of Example 1. We have a free non-commutative algebra

CQ =C(z,y, 2),

with superpotential
W =axyz — xzy.
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@W: [x,y] =0



The algebra in Example 1

Take the quiver of Example 1. We have a free non-commutative algebra

CQ =C(z,y, 2),

with superpotential
W =axyz — xzy.

This gives the relations

O, W =y, 2] =0
oW =|z,2] =0
@W: [x,y] =0

hence

commutative!



The algebra in Example 2

Take the quiver of Example 2. We have the quiver algebra
CQ = (CeC)a,b,c,d),

with superpotential

W = acbd — adbc.
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Take the quiver of Example 2. We have the quiver algebra
CQ = (CeC)a,b,c,d),

with superpotential

W = acbd — adbc.

This gives the relations

0,W = cbd — dbc, . ..

which gives a non-commutative algebra Ag .



The algebra in Example 2

Take the quiver of Example 2. We have the quiver algebra
CQ = (CeC)a,b,c,d),
with superpotential

W = acbd — adbc.

This gives the relations
0,W = cbd — dbc, . ..

which gives a non-commutative algebra Ag . Its center

Z(AQ,W> - @[37, Y, =, ﬂ/(xy - Zt)

with
r=ac+ca,...

is the coordinate ring of the ordinary double point singularity.



Properties of Agw

Under suitable conditions (King/Broomhead) the following hold:
e Apw is a smooth non-commutative 3-Calabi-Yau algebra

— vanishing of Ext’s on A-mod above degree 3

— Serre duality on A-mod with trivial Serre functor (shift by 3)
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Properties of Agw

Under suitable conditions (King/Broomhead) the following hold:

e Apw is a smooth non-commutative 3-Calabi-Yau algebra

— vanishing of Ext’s on A-mod above degree 3

— Serre duality on A-mod with trivial Serre functor (shift by 3)
e The center Z(Agw) is “large”
X = Spec(Z(Agw)) is a 3-dimensional Calabi-Yau singularity

e The category of finitely generated A-modules is derived equivalent to the
derived category of sheaves of any crepant resolution

Y — X = Spec(Z(Agw))

e The algebra Agw is Van Den Bergh'’s non-commutative crepant resolution

of X = Spec(Z(A))



Moduli spaces of A-modules

Fix dimension vector n € NV and a vertex i € V.

Consider vector spaces U; : 1 € V' of these dimensions.
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Fix dimension vector n € NV and a vertex i € V.
Consider vector spaces U; : 1 € V' of these dimensions.

The moduli space of cyclic representations of the quiver () with relations:

(¢ € Hom(Uy(ey, Up(e)))ecs v € Us
My = (@) satisfy relations dW =0 /H GL(U;).
v generates @;cy U; under (o)

Can be viewed as the moduli space of cyclic Ag w-modules.



Moduli spaces of A-modules

Fix dimension vector n € NV and a vertex i € V.
Consider vector spaces U; : 1 € V' of these dimensions.

The moduli space of cyclic representations of the quiver () with relations:

(¢6 € Hom<Ut(e)7 Uh(e)))eEEa v € UZ
My = (@) satisfy relations dW =0 /H GL(U;).
v generates @;cy U; under (o)

Can be viewed as the moduli space of cyclic Ag w-modules.
e Cyclicity: stability condition

e In Example 1:
M, = (@3)[71],

the Hilbert scheme of n points on C3.



Partition function

Proposition My, ; is cut out in a smooth variety by zeros of one-form dTrWW.
Hence

e it carries a virtual moduli cycle of dimension 0

e it has virtual Euler number ey, (My ;) € Z



Partition function

Proposition My, ; is cut out in a smooth variety by zeros of one-form dTrWW.
Hence

e it carries a virtual moduli cycle of dimension 0

e it has virtual Euler number ey, (My ;) € Z

Fixing the vertex ¢ € V', get partition function of cyclic Ag y-modules based
at vertex ¢:
Z(q) — Z evir(Mn,i)qn
ncNV

for a set of auxiliary variables q = {q1, .. .}.



Torus action

Recall: the center of Ag w defines a toric Calabi-Yau X.

X has an action by the algebraic torus T' = (C*)?.



Torus action

Recall: the center of Ag w defines a toric Calabi-Yau X.
X has an action by the algebraic torus T' = (C*)?.

Proposition
e The torus 1" acts as outer automorphisms of the algebra Ag .
e This defines an action of T" on all moduli spaces My, ;.

e The T-fixed points on My ; are isolated.

Hence the partition function can be computed by localizing to the fixed points.



Torus localization: dimer configurations

For simplicity, restrict now to Examples 1-2.

Proposition The torus-fixed points on the moduli spaces My ; are in one-to-
one correspondence with dimer configurations A on the corresponding graph I,
asymptotic to a fixed dimer configuration A.



Torus localization: dimer configurations

For simplicity, restrict now to Examples 1-2.

Proposition The torus-fixed points on the moduli spaces My ; are in one-to-
one correspondence with dimer configurations A on the corresponding graph I,
asymptotic to a fixed dimer configuration A.

Example 1: the “empty room” dimer configuration Ay on the hexagonal lattice.
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Torus localization: dimer configurations

For simplicity, restrict now to Examples 1-2.

Proposition The torus-fixed points on the moduli spaces My ; are in one-to-
one correspondence with dimer configurations A on the corresponding graph I,
asymptotic to a fixed dimer configuration A.

Example 2: the “empty room” dimer configuration Ay on the square lattice.




Torus localization: crystal combinatorics

Equivalent combinatorics for Examples 1-2

Proposition The torus-fixed points on the moduli spaces My, ; are in one-to-one
correspondence with suitable finite subsets of a crystal configuration.



Torus localization: crystal combinatorics

Equivalent combinatorics for Examples 1-2

Proposition The torus-fixed points on the moduli spaces My ; are in one-to-one
correspondence with suitable finite subsets of a crystal configuration.

Example 1: the crystal is the triangular pyramid, its suitable subsets are

finite 3-dimensional partitions




Torus localization: crystal combinatorics

Equivalent combinatorics for Examples 1-2

Proposition The torus-fixed points on the moduli spaces My ; are in one-to-one
correspondence with suitable finite subsets of a crystal configuration.

Example 2: the crystal is the square-based pyramid, its suitable subsets are

finite 3-dimensional pyramid partitions




Exact results for the partition function

In Example 1, the set of T-fixed points on M is the set P of 3-dimensional
partitions. Hence

AOEDICI

acP
where |a/| is the volume of the partition.




Exact results for the partition function

In Example 1, the set of T-fixed points on My is the set P of 3-dimensional
partitions. Hence

AOEDICI

aEP

where |a is the volume of the partition.

Theorem (MacMahon, 19th c.)

Z(q) =[]0 - (=)

n>1



Exact results for the partition function

In Example 2, the set of T-fixed points on My is the set P of “pyramid
partitions”. Hence

ACRIES Z 0" (— )",
reP

where |7|; are the number of stones in the pyramid partition 7 of colour j.




Exact results for the partition function

In Example 2, the set of T-fixed points on My is the set P of “pyramid
partitions”. Hence

Z(q1, ) 2(1’ I (— )T,

reP
where |7|; are the number of stones in the pyramid partition 7 of colour j.

Theorem (Sz.-Young, 2007/8)

Z(q,—q) = [ [0 =™ (1 = gigs™)" (1 — qig5) ™",

n>1



Wall crossing

In Example 2, there are two (in fact three) crepant resolutions of the conifold
singularity X = Spec C|zx,y, 2, t]/(zy — zt).
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Wall crossing

In Example 2, there are two (in fact three) crepant resolutions of the conifold
singularity X = Spec C|zx,y, 2, t]/(zy — zt).

One is the commutative crepant resolution Y, which has DT partition function

Zy(g,t) = ][ —q"0"(1 —¢") ™"

n

The other is the non-commutative crepant resolution, the quiver algebra A.
Changing variables in the combinatorial formula before,

Zalg,t) = H(1 —q"t)"(1 — q”t—l)n<1 _ qn)—Zn

n

An example of Kontsevich—Soibelman/Denef-Moore wall crossing]






