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We use the theory of canonical models of Shimura varieties to describe
the projective limit of the curves Y(N), all N, and its automorphism group.
In particular we prove that the Galois group of Q(CM) over Q is an open
subgroup of an automorphism group of an explicitly given adelic structure.

1 Introduction

The origin of this paper is due to a model-theoretic project which attempts
to formalise the notion of an analytic covering space of an algebraic variety in
such a way that the formal cover is unique up to isomorphism. See e.g. [10]
or [12] for a survey on this project. In particular, we are interested in [13] in
the situation that arises in the context of a system of analytic functions

jN ∶ H→ Y(N), N = 1,2 . . . (1)

where Y(N) = Γ(N)/H is the algebraic curve isomorphic to the modular
curve Y(N) but defined over Q, at the cost of ignoring the level N structure
on the modular curve. Such curves (or rather their completed versions X(N))
are considered e.g. in [14].

The key to obtaining the desired uniqueness result turns out to be the
understanding of

H̃ ∶= lim←ÐΓ(N)/H
∗Supported by EPSRC New Investigator Award EP/S029613/1
†Supported by EPSRC Program Grant “Symmetries and Correspondences”
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and the action of AutC on it. The latter is reduced to the understanding of
Gal(Q(CM) ∶ Q), where CM is the set of all the CM points on all the Y(N).
More precisely, we need to describe the structure, the algebraic relations on
the set of CM-points and the action of Gal(Q(CM) ∶ Q) on CM-points.

We use the well-known machinery of canonical models of Shimura varieties
and complex multiplication, see e.g. [5], which is essentially an answer to the
Langlands conjecture on conjugation of Shimura varieties in [9].

1.1 A characterisation of H̃ is closely related to a problem raised in [9] by
R.Langlands that was resolved by M.Borovoi, P.Deligne, J.Milne, K.Shih and
others. (We only need the case of the product of Shimura curves.) A key
outcome of the theory is the proof of existence and uniqueness of canonical
models of Shimura varieties.

Recall that a Shimura variety is given by a Shimura datum (G,X), where
X is a complex manifold and G is a reductive linear algebraic group such
that G(R) acts on X. The corresponding Shimura variety is defined as

Sh(G,X)K ∶= G(Q)/(X ×G(Af)/K)

where Af is the ring of finite adeles and K runs through the family of open
compact subgroups of G(Af). For each K, the set Sh(G,X)K of double cosets
naturally possesses the structure of a complex quasi-projective algebraic va-
riety. The canonical model, which we also denote Sh(G,X)K , is a model for
Sh(G,X)K over an explicit number field E(G,X). For X = H± ∶= C ∖R and
G = GL2 we get the family of modular curves Sh(G,X)K defined over Q. We
refer to [5] for a general survey and [4] for the case of Shimura curves.

Denote
S ∶= GL2(Q)/(H± ×GL2(Af)),

the covering of canonical Shimura curves, and ∆ the subgroup of matrices of

GL2(Af) of the form ( a 0
0 1

) , a ∈ Ẑ×. Then there is a holomorphic covering

map S→ H̃ which represents H̃ as

H̃ ≅ S/∆ = GL2(Q)/(H± ×GL2(Af))/∆.

This essentially reduces the study of H̃ to the study of S.

1.2 In our analysis it is important to distinguish the full structure on S as
a complex manifold with infinitely many connected components, which we
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name SFull, and the purely algebraic structure SPure, which is just a set split
into connected components with the action of GL2(Af) on it.

It is clear that a CM-point on the Y(N) comes from a point on S fixed by
a g ∈ GL2(Af) which is not in the centre of GL2(Q) (the centre of GL2(Q)
acts trivially on S). We call such points fixed points or, with a slight abuse
of terminology, CM-points.

In particular we are interested in substructures SFull(CM) and SPure(CM)
of our structures reduced to the sets of their CM-points (also sometimes called
special points).

Note that by construction S is a union of GL2(Af)-orbits (Hecke orbits)
Sτ ∶= GL2(Af) ⋅ τ, τ ∈ H± and in particular

CM = ⋃
√
−m

CM√−m, CM√−m = GL2(Af) ⋅
√
−m

where m runs in N, square-free (including m = 1).

1.3 The main results are as follows.
Theorem A (see 3.23(i)).

Gal(Q(CM) ∶ Q) ≅ AutSFull(CM) ≤≈ AutSPure(CM),

where ≤≈ (”almost equal”) means that for any finite set τ̄ of square-free
imaginary quadratics, for CMτ̄ = ⋃{CMτ ∶ τ ∈ τ̄},

AutSFull(CMτ̄) ≤open AutSPure(CMτ̄),

(open, and hence finite index subgroup).
The theorem is the basis of the model-theoretic result in our paper [13]

which we expect to be extendable to the general case of Shimura varieties,
and so the statement of Theorem A.

The theorem allows, with some extra work, see 4.7, to characterise the
limit structure H̃ = lim←ÐΓ(N)/H and the abstract formalisation of the system

(1), which is the key to the application in [13].

Let F be the composite of all Q(τ)ab for all imaginary quadratic τ. Let
P ⊂ N be the set of primes, including 1.

Theorem B (see 3.23(ii)).
(i)

Gal(Q(CM) ∶ Q) ≅ Gal(F ∶ Q)
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(ii)
Gal(F ∶ Qab) ≤≈ ∏

p∈P

Gal(Q(√−p)ab ∶ Qab)

(the RHS can be identified with a subgroup of AutSPure(CM)) and

Gal(Q(√−p)ab ∶ Qab) ≅ T 0√
−p(Af)/(T 0√

−p(Af) ∩GL2(Q))

for some 1-dimensional torus T 0√
−p

over Q.

(iii) There is a commutative group T given in terms of an infinite dimen-
sional matrix group over finite adeles Af ,

T ≤≈ ∏
p∈P

Gal(Q(√−p)ab ∶ Q(√−p))

and a short exact sequence

1→ T→ Gal(Q(CM) ∶ Q)→ CP
2 → 1

where CP
2 is the infinite product of 2-element groups C2(p), p ∈ P, each acting

by an involution on the p-th co-ordinate of T.

We are especially interested in H̃ with the structure induced on it from
SFull, including the adelic group G̃ < GL2(Af) acting on H̃ by the action
which comes from the action of GL2(Af) on S. This group can be seen as
the completion of GL+

2(Q) in H̃. In particular, we establish that AutC acts
on G̃ as the Galois group Gal(Qab ∶ Q) ≅ Ẑ×, by conjugation with elements
of ∆.

1.4 Note that Theorem A brings into the subject a Model Theory flavour
by focussing on the specific class of structures SPure which in Model Theory
classification belong to the class of locally modular geometries of trivial type.
It thus emphasises the analogy with Serre’s open image theorem which char-
acterises Gal(k(Tors) ∶ k) of torsion points of an elliptic curve E (without
CM) defined over k as an open subgroup in the linear group GL2(Ẑ). That is
it characterises the structure E(Tors) as a locally modular geometry of linear
type, an analogue of SPure.

1.5 The first author would like to thank the EPSRC for its support via a
New Investigator Award (EP/S029613/1). He would also like to thank the
University of Oxford for having him as a Visiting Research Fellow.
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The second author thanks EPSRC for support provided through the Pro-
gram Grant ”Symmetries and Correspondences” and also wishes to express
his gratitude to J.Derakhshan for his interest in the work and his help with
some of the mathematical issues in the paper.

2 Canonical models of Shimura varieties

2.1 We follow [5], Ch.12, and [4], section 2. The latter has more specific
details in the case of modular curves although we also need some theory of
canonical models of Shimura varieties of a more general form.

Recall that a Shimura variety Sh(G,X) is given by the Shimura datum
(G,X) where X is a complex manifold and G is a reductive linear algebraic
group defined over Q together with an action of G(R) on X which satisfies
certain conditions (SV1–SV3, see [5], Definition 5.5. In the full generality of
the conjecture of 1.4 we also assume SV5).

Our main interest is in the case when

G = GL2 and X = H ∪ −H = C ∖R

but we also need the cartesian powers of this Shimura datum, (Gn,Xn),
which are again Shimura data by definition.

2.2 Given a compact open subgroup K of G(Af) one defines the canonical
model for respective Shimura datum to be the scheme of an appropriate
(reflex) number field

Sh(G,X)K ∶= G(Q)/(X ×G(Af))/K

which should be understood as the set of double cosets with scheme structure
(which we use in a very restricted way) induced by the ring of automorphic
forms on X. This definition also makes sense when K is not open, e.g. K =
{1}. In this case it is still a scheme though not of finite type. See [5], Remark
5.30. We are going to use the construction for some compact K which are
not open in this more general sense without making claims on its nature as
a scheme.

When K is an open compact in G(Af) then Sh(G,X)K is a complex
algebraic variety.
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When K = {1} we get the complex manifold

Sh(G,X) ∶= G(Q)/(X ×G(Af)) = lim
K

Sh(G,X)K

with uncountably many connected components (this equality assumes certain
assumptions which G = GL2 satisfies).

The elements (x, a) ∈ X ×G(Af) are acted upon by q ∈ G(Q) on the left
and by k ∈K on the right, so

q ⋅ (x, a) ⋅ k ∶= (qx, qak),

and the respective elements of Sh(G,X)K are written in the form [x, a] and
by definition of double cosets

[x, a] = [qx, qak].

It will be convenient for us to define the action of g ∈ G(Af) on the set
of cosets, for K = {1}, by multiplication by g−1 on the right

g ∗ [x, a] ∶= [x, ag−1]. (2)

If g = q ∈ G(Q) then we have

q ∗ [x,1] = [x, q−1] = [qx,1],

that is, if we identify X = X × {1} ↪ Sh(G,X)K with K = {1} then G(Q)
acts on X exactly by its standard action. In particular,

qx = x⇒ q ∗ [x,1] = [x,1]. (3)

2.3 We now fix our notations. For a modular curve we have

SK ∶= GL2(Q)/(H ∪ −H) ×GL2(Af)/K, (4)

where K is an open compact subgroup of GL2(Af). For the case K = {1},

S ∶= GL2(Q)/(H ∪ −H) ×GL2(Af). (5)

Here q ∈ G(Q) acts on pairs ⟨τ, a⟩ ∈ (H ∪ −H) × GL2(Af) from the left
diagonally, ⟨τ, a⟩ ↦ ⟨qτ, qa⟩, and k ∈ K acts on the right on the second
coordinate, ⟨τ, a⟩ ↦ ⟨τ, ak⟩. Thus an element of SK is a class [τ, a]K defined
by the condition

[τ, a]K = [τ ′, a′]K ⇔ (qτ, qak) = (τ ′, a′), for some q ∈ GL2(Q), k ∈K. (6)
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2.4 Remark. Note that according to Deligne [2], SK , for K compact open
in GL2(Af) are complex algebraic curves defined over Q (usually geometri-
cally reducible). We are specifically interested in subgroups

K(N) ∶= ∆(N) ⋅ Γ̃(N), where ∆(N) = {( a 0
0 1

) ∶ a ∈ Ẑ×, a ≡ 1 mod N}

and

Γ̃(N) = {( a b
c d

) ∈ SL2(Ẑ) ∶ a ≡ d ≡ 1 modN, b ≡ c ≡ 0 modN}.

Each component of SK(N) together with the level N structure is defined over
Q(ζN), and is isomorphic to Y(N)/Q(ζN ), the level N modular curve over
Q(ζN). Here and below by “the level N structure” we understand the action
of individual elements γ of Γ on Y(N). This defines the curve

Cγ,N = {⟨jN(τ), jN(γτ)⟩ ∶ τ ∈ H} ⊂ Y(N) ×Y(N)

which is definable over Q(ζN). (We later apply the notation Cg,N to define an
algebraic curve in Y(N) ×Y(N) corresponding to the general g ∈ GL2(Af)).

Moreover, the components are conjugated by Galois automorphisms over
Q and the whole (geometrically reducible) curve is defined over Q. See more
on this in 3.1.

We will write ∆ for ∆(1) below. When K = K(N) the structure SK(N)
is an irreducible algebraic curve over Q and isomorphic to Y(N). Taking the
projective limit over N we get S∆ (also denoted S≈ later) which is isomorphic
by construction to H̃.

2.5 Definition. We represent the family {SK} as the multisorted structure
S with sorts S and SK(N), N ∈ N, such that:

(i) S is the set with unary operations s↦ g ∗ s, for each g ∈ GL2(Af);

(ii) the surjective maps: prK ∶ S → SK are definable in S, and so are the
maps

prK,K′ ∶ SK → SK′ for K =K(N), K ′ =K(N ′), N ′∣N.

(iii) the partition of algebraic curves SK into irreducible components and the
respective partition (equivalence relations EK and E) of S are definable.
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(iv) the relations and operations induced from (i)-(iii) on SK are definable.

Note that we ignored the complex structure on the SK . We call the so
defined structure S (or SPure) the pure levels structure. The pure level
N structure is SK(N).

The pure levels structure is part of the full structure SFull which includes
all relations and points defined over Q of the complex algebraic curves SK .

2.6 Proposition. (i) For g ∈ GL2(Ẑ), the operation s↦ g ∗ s in 2.5(i) is a
morphism over Q.

(ii) The morphisms prK and prK,K′ in 2.5(ii) are definable over Q.
(iii) The curves SK , for K =K(N), N ∈ N, and K = {1} are defined over

Q and so are the equivalence relations
EK(s1, s2)⇔ s1, s2 belong to the same irreducible component of SK .

Proof. We use [5] again. Note first that canonical models for ShK(N)(GL2,H)
over the field E(GL2,H) = Q exist according to Deligne [6], see also [4]. In
particular, SK(N) are defined over Q. (iii) follows sinse S is the limit of the
SK(N) and EK just defines the splitting into irreducible components of a curve
over Q.

For g ∈ GL2(Ẑ) we have g ⋅K(N) ⋅g−1 =K(N) and hence by [5], Theorem
13.6, the maps

s/K(N)↦ g ∗ s/K(N)
are defined over Q. Since the action of g on S is the limit of its actions on
the SK(N) (i) follows.

(ii) follows from [5], Theorem 13.6 when one considers g = 1.
�

Commentary. In fact, the operation s↦ g ∗ s on S is definable over Q for
any g ∈ GL2(Af). This is proved in the next section.

2.7 Remark. The parts (ii) and (iv) of the definition 2.5 of SPure can be
dropped when we assume that any quotient-set and relation interpretable
in the structure (i.e. invariant under automorphisms of the structure) is
definable in the structure.

Indeed, the SK are such quotient-sets and prK and prK,K′ can be seen as
relations between S,SK and SK′ .

In (iii) it is enough to have the equuivalence relation E on S since EK is
the image of E under the quotient-map S→ SK .
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3 AutC action on S.

3.1 Below, K =K(N) if not stated otherwise.
Irreducible components of the algebraic curve SK correspond (see [4], 2.5)

to cosets SL2(Af) ⋅ b ⊂ GL2(Af), which in their own turn are in a bijective
correspondence with elements of Q∗/({±1}×A×

f)/detK(N) ([4], 2.6), where

detK(N) = {det g ∶ g ∈K(N)} = {µ ∈ Ẑ× ∶ µ ≡ 1 mod N}.

An irreducible component we write respectively as

Sdet b
K ∶= SL2(Q)/(H × SL2(Af) ⋅ b)/(K ∩ SL2(Af)) (7)

In particular, for K = {1}, irreducible components of S are in bijective
correspondence with

Q∗/{±1} ×A×
f ≅ Ẑ∗

and b can be chosen to be

b = dλ = ( λ 0
0 1

), λ ∈ Ẑ∗.

Now we define a bijection between components Sµ, µ = det b, of S ∶

φλ ∶ [τ, a]↦ dλ ∗ [τ, a] = [τ, ad−1
λ ], Sµ → Sµλ,

λ ∈ Ẑ∗. Note that dλ normalises K = K(N). Thus the bijection φλ induces
the bijection

φλ,K ∶ [τ, aK]↦ [τ, ad−1
λ K], SµK → SµλK , SK → SK .

By 2.6 φλ and φλ,K are bi-regular morphisms defined over Q.
Now we can also define embeddings of H into each of the components of

S ∶
iµ ∶ τ ↦ [τ,dµ], H↪ Sµ. (8)

Consequently, iµ induces the embeddings

Γ(N)/H→ Sµ
K(N)

which has to be a bijection preserving the complex structure, so a bi-regular
isomorphism.
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3.2 The transformation group {φλ ∶ λ ∈ Ẑ∗} gives rise to the following
equivalence relations ≈K on the SK , for K =K(N) ∶

[τ, aK] ≈K [τ, ad−1
λ K] = [τ, aKd−1

λ ].

It is clear that two distinct points on the same component SµK are not equiv-
alent and a component Sµ intersects each equivalence class of a point. Thus
S≈K is an algebraic curve bi-regularly isomorphic to each of the components.

We conclude that

S≈K(N) ≅ Y(N) = Γ(N)/H (9)

where Y(N) is the irreducible algebraic curve over Q mentioned in the in-
troduction. Respectively, we can identify

S≈ = lim
←

Γ(N)/H =∶ H̃ (10)

as the set or as the structure.

3.3 Notation. For τ ∈ H let

Gτ ∶= {q ∈ GL2(Q) ∶ qτ = τ},

Tτ = {z ∈ GL2(Af) ∶ ∀q ∈ Gτ zq = qz}
and

Nτ = {w ∈ GL2(Af) ∶ wGτw
−1 = Gτ}.

3.4 Note also that for τ =
√
−n, n > 0 square-free, simple calculations show

that

G√−n = {( a nb
−b a

) ∶ a, b ∈ Q, a2 + nb2 ≠ 0} ,

T√−n = {( a nb
−b a

) ∶ a, b ∈ Af , a
2 + nb2 ∈ A×

f} .

Hence

N√−n = {( a nb
∓b ± a ) ∶ a, b ∈ Af , a

2 + nb2 ∈ A×
f} = ⟨T√−n,d−1⟩ ,
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N√−n/T√−n is a 2-element group.
Note, Tτ = T (Af) for (T, τ) a special torus in the terminology of [5].
We will use the notations Tτ and Nτ for the subgroups of the group scheme

GL2. Then Tτ is a 2-dimensional torus over Q and Nτ its normaliser in GL2.

An arbitrary quadratic τ ∈ H ∪ −H can be presented as τ = s ∗
√
−n, for

some s ∈ GL2(Q), which also presents Gτ , Tτ and Nτ as conjugates of the
groups above.

3.5 Special points of SK(N).
We need first to classify fixed points of elements g ∈ GL2(Af) acting on

S. Note that if q ∈ Z(Q), the centre of GL2(Q), then qτ = τ, for any τ ∈ H.
Let τ ∈ H be a fixed point of q ∈ GL2(Q)∖Z(Q). By (3) also q⋅[τ,1] = [τ,1].
Let a, g ∈ GL2(Af). Consider [τ, a] ∈ S. We have

g ∗ [τ, a] = [τ, a]⇔ g−1 = a−1q′a, for some q′ such that q′τ = τ (11)

Let τ ∈ H, a ∈ GL2(Af) and q ∈ GL2(Q) ∖Z(Q). We claim:

(i) [τ, a] is a fixed point of some non-central element g ∈ GL2(Af) if and
only if τ ∈ H is quadratic and g ∈ a−1Gτa;

(ii) if qτ = τ then [τ, a] is a fixed point of q iff there is q′ ∈ Gτ such that
aqa−1 = q′ iff a ∈ Nτ ;

(iii) [τ, aK] are special points on SK if and only if τ ∈ H is quadratic.

The proof of (i)–(iii) is by simple calculations. Let us in particular show
the last part of (ii): q = a−1q′a⇒ a ∈ Nτ .

Shifting τ by an element of GL+
2(Q) we may assume τ =

√
−m for some

square-free positive integer m. Then

q = ( s mt
−t s

) , q′ = ( s′ mt′

−t′ s′
)

and

q = a( s mt
−t s )a−1 = ( s 0

0 s
) + a( 0 mt

−t 0
)a−1

and thus

a( 0 mt
−t 0

)a−1 = ( s′′ mt′

−t′ s′′ ) where s′′ = s′ − s.
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We may assume t = 1. Since ( 0 m
−1 0

)
2

= ( −m 0
0 −m ) we have ( s′′ mt′

−t′ s′′ )
2

=

( −m 0
0 −m ) which implies s′′ = 0 and t′ = ±1. The case t = 1 means that a

commutes with ( 0 m
−1 0

) which implies a ∈ Tτ . In the case t = −1 the matrix

d−1a commutes with ( 0 m
−1 0

) and so a ∈ d−1Tτ = Nτ .

We will refer to fixed points on S as CM-points, or special points on S
and denote the set of special points as S(CM) and, respectively, SK(CM), for
an open compact subgroup K. The same terminology will be used in cases
when K is not open.

3.6 Let σ ∈ AutC, a field automorphism. This acts naturally on the complex
curves SK(N) and thus on their limit S. So σ induces also a transformation
of S which we keep refering to as σ.

Below we will assume that σ preserves the pure levels structure which by
definition implies, for each [τ, a] ∈ S and g ∈ GL2(Af),

(g ∗ [τ, a])σ = g ∗ [τ, a]σ. (12)

For further analysis we note that S splits into a disjoint union of Hecke
orbits

Sτ ∶= [τ,GL2(Af)] ⊂ S.

3.7 Lemma. Given a quadratic τ ∈ H, the Hecke orbit Sτ can be represented
as

Sτ = S√−n

for some positive square-free integer n, and this representation is unique.
Proof. By definition τ = a

√
−n + b for some a, b ∈ Q and a positive

square-free integer n. Then τ = r
√
−n for r = ( a b

0 1
) , that is τ ∈ S√−n.

In order to prove uniqueness consider the assumption that [
√
−m,g1] =

[
√
−n, g2] for a square-free positive integer m and g1, g2 ∈ GL2(Af). This

is equivalent to [
√
−m,1] = [

√
−n, g], for g = g2g−1

1 . By (6) the latter is
equivalent to

(
√
−m,1) = (q

√
−n, qg), for some q ∈ GL2(Q),
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that is
√
−m = q

√
−n. This is possible only if m = n.

The uniqueness of representation follows. �

3.8 Automorphism group AutSτ in the pure levels structure SPure.
The definition of level structure assumes that σ ∈ AutSPure preserves the

equivalence relations (6) and commutes with the action of GL2(Af), that is
(12) holds and, for q ∈ GL2(Q),

qτ = qÔ⇒ [τ, qa]σ = [τ, a]σ. (13)

Also, condition (iii) of 2.5 imposes the condition for arbitrary τ1, τ2 ∈ H and
arbitrary a1, a2 ∈ GL2(Af),

[τ1, a1], [τ2, a2] ∈ Sµ⇒ [τ1, a1]σ, [τ2, a2]σ ∈ Sµ
σ

.

This implies for E and EK defined in 2.6(iii)

EK(s1, s2)⇔ EK(sσ1 , sσ2); E(s1, s2)⇔ E(sσ1 , sσ2). (14)

On S ∖⋃τ∈CM Sτ the action of GL2(Af)/Z(Q) is free and hence the only
condition on automorphisms of the GL2(Af)/Z(Q)-set is the condition (14).

So we concentrate on the case that τ is quadratic, in which case Sτ = S√−n
for some positive square-free integer n.

Note that Sτ is invariant under σ ∈ AutSPure. Indeed, s ∈ Sτ if and only if
s = a−1∗τ for some a ∈ GL2(Af), which is equivalent by 3.5(i) to the condition
that s is fixed by a g ∈ a−1Gτa. But g ∗ s = s implies g ∗ sσ = sσ by (12).

Also, by 3.5 Sτ = Sτ(CM), that is the orbit consists of special points.
We study SPure

τ , the substructure of SPure on the set Sτ , τ quadratic.

3.9 Proposition.For a quadratic τ, for any σ ∈ AutSPure
τ there is r =

rτ(σ) ∈ Nτ such that

[τ, a]σ ∶= [τ, ra], for all a ∈ GL2(Af). (15)

Conversely, every r ∈ Nτ determines a σ = σr,τ ∈ AutSPure
τ by the formula

(15) and
σr,τ = σr′,τ ⇔ r′ ⋅ r−1 ∈ Gτ . (16)

Proof. Suppose

[τ,1]σ = [τ, rτ(σ)], for some rτ(σ) ∈ GL2(Af),
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and hence, for any a ∈ GL2(Af),

[τ, a]σ = [τ,1 ⋅ a]σ = a−1 ⋅ [τ,1]σ = [τ, rτ(σ) ⋅ a]. (17)

We claim that rτ(σ) ∈ Nτ . Indeed, let τ be the fixed point of q ∈ GL+
2(Q),

q ∉ Z(Q). Then by 3.5 [τ,1] is a fixed point of q and q−1 and so

[τ, q] = [τ,1] and [τ, rτ(σ) ⋅ q] = [τ, rτ(σ)].

Hence [τ, rτ(σ)] is a fixed point of q and thus by 3.5(ii) rτ(σ) ∈ Nτ .
Conversely, if r ∈ Nτ then for each q ∈ Gτ ∖Z(Q) there is q′ ∈ Gτ ,

[τ, r] = [τ, q′r] = [τ, rq] = q ∗ [τ, r].

Define the map σr,τ ∶ Sτ → Sτ , a partial transformation of S, by setting
for each a ∈ GL2(Af)

[τ, a]σr,τ ∶= [τ, ra].
Then σr,τ trivially satisfies (12). Also (13) is satisfied because rq = q′r. This
proves that σr,τ acts as an automorphism on Sτ and r = rτ(σr,τ).

Now note that by (6) [τ, r] = [τ,1], for r ∈ GL2(Af), holds if and only if
r ∈ Gτ . This proves (16). �

3.10 Proposition (The action of AutC on Sτ .)
Let τ ∶=

√
−n and σ ∈ Aut(C).

(i) σ acts on Sτ exactly by the automorphisms

r = rτ(σ) ∶ [τ, a] ↦ [τ, ra]; r ∈ Nτ/Gτ .

(ii)
Nτ/Gτ ≅ Aut SFull

τ = Aut SPure
τ ≅ Gal(Q(τ)ab ∶ Q)

(iii) For any g ∈ GL2(Af),
gσ = g.

(iv)
AutSFull ⊆ AutSPure.

Proof. Compare the conclusion of 3.9 with [5], 12.8 describing the action
on the special points Sτ of the canonical model by σ ∈ Gal(Q(τ)ab ∶ Q(τ)).

In the notation of [5], (60)-(62):
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τ = x, Q(τ) = E(x) and T (Af) = Tτ as in our 3.4. Further

rx ∶ A×
Q(τ) → T (Af); a + bτ ↦ ( a nb

−b a
) . (18)

Consequently, rτ(σ) is the same as rx(s) of [5], 12.8, for s ∈ A×
Q(τ) such

that σ = art(s), the Artin symbol. Thus the matrices rx(s) ∈ Tτ of (18)
deliver all the Galois automorphism of Sτ(CM) which fix Q(τ).

Now let i ∶ C → C be complex conjugation. i induces a non-trivial auto-
morphism of Q(τ) and an automorphism of Sτ(CM).

Claim. i corresponds to the action by an element

rτ(i) = ( −c nd
−d c

) ∈ Nτ ∖ Tτ .

Proof of Claim. The transformation η ∶ H ∪ H− → H ∪ H− induced on
H ∪ H− ⊂ S by i is studied (in much more general setting) in [7]. Lemma
3.2 of that paper states in particular that (in our notation n ∶= d−1), for
g ∈ GL2(Q),

η([τ, g]) = [τ,d−1 ⋅ g].
In particular,

η(τ) = d−1 ⋅ τ.
It implies, as proved further in [7], Conjecture B (a form of Langlands’

conjecture on complex conjugation):

[τ, g]i = [η(τ), g] = [τ,d−1 ⋅ g]

for all g ∈ GL2(Af).
Now let ρ ∈ Gal(Q(τ)ab ∶ Q). Then, either it fixes Q(τ) and has the form

(18) or i○ρ fixes Q(τ) and so ρ can be represented by the product of a matrix
from Tτ with the above matrix from Nτ , which gives us again a matrix of the

form ( −c nd
−d c

) from Nτ . This concludes the proof of (i) and (ii).

Proof of (iii). Since

(g ∗ [τ, a])σ = ([τ, ag−1])σ = [τ, rag−1] = g ∗ [τ, a]σ,

the set of special points in Cg (the graph of g on S) is invariant under σ.
Hence the set of special points in the algebraic curve Cg,N ⊂ Y(N)×Y(N) is
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invariant under σ. But the set of special points is Zariski dense in the special
curve Cg,N , and hence Cg,N is invariant under σ. Finally, this implies Cg, the
limit of the Cg,N , is invariant under σ.

Proof of (iv). We have established in (iii) that SFull satisfies (12), that is
s ↦ g ∗ s is definable in the structure. We conclude by 2.6 that SFull is an
expansion of SPure by possibly extra relations, which implies the embedding
of the automorphism groups. �

3.11 The action of AutC on canonical models over Hn, the direct
product of the upper half-plane and the action of Aut SPure(CM) on
SPure(CM)

Recall the definitions (see 2.2) related to the canonical models of the
Shimura variety corresponding to (GLn2 , (H ∪ −H)n):

SnK ∶= GL2(Q)n/(H ∪ −H)n ×GLn2(Af)/K,
where K is a compact open subgroup of GLn2(Af).

The elements of Sn can be written as

[τ̄ , a], for τ̄ ∈ Hn, a ∈ GL2(Af)n

and the condition that co-ordinates of τ̄ are quadratic points implies that τ̄
is a fixed point of a q̄ ∈ GL2(Q)n.

Consequently, a σ ∈ AutC acts on [τ̄ , a] so that

[τ̄ , a]σ = [τ̄ , r̄τ(σ)a] (19)

where

r̄τ̄(σ) = ⟨rτ1(σ), . . . , rτn(σ)⟩ and rτi(σ) ∈ Nτi , i = 1, . . . , n. (20)

When σ ∈ Aut(C/Q(τ̄)) then

r̄τ̄(σ) ∈ Tτ̄ ,
where Tτ̄ < GLn2 is the torus over Q for the special point τ̄ , see [5], Ch.12,
(60) and (61). More generally, r̄τ̄(σ) ∈ Nτ̄ for σ ∈ AutC.

When τ̄ is a special point, then (19) and (20) are equally applicable to
σ ∈ Aut SPure(CM) due to 3.10.

Remark. An important property of σ is the preservation of con-
nected components, see 2.6. Hence, for some µ = µ(σ) ∈ Ẑ×

n

⋀
i=1

[τi, rτi(σ)] ∈ Sµ (21)
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3.12 Let
AutSPure

τ̄

be the automorphism group of the pure structure on Sτ̄ = ⋃ni=1 Sτi . By the
remark 2.7 following the definition of SPure, σ acts on Sτ̄ preserving the action
of GL2(Af) and the equivalence E. The first is the condition (12) and the
second (21). Since we represent the points of S as double-cosets we also need
(13).

That is a transformation σ ∶ Sτ̄ → Sτ̄ is in AutSPure
τ̄ if and only if σ satisfies

(12),(13) and (21) for points in Sτ̄ .
We are going to study the case where τ̄ is a special point of Hn, that is

the τi are quadratic imaginary. In this case

Sτ̄ = Sτ̄(CM).

We denote
AutSFull

τ̄ ,

the automorphism group of the full structure on Sτ̄ . Since the structure on
CM-points of the full structure is determined by the embedding into Qalg,
the algebraic points of the field,

AutSFull
τ̄ = {σ ∈ AutSPure

τ̄ ∣ σ induced by a Galois automorphism over Q}

and so AutSFull
τ̄ can be naturally identified with a Galois group over Q.

3.13 We will work with the following groups which are sub-direct products
of groups classfied in 3.10:

For τ̄ ∶= ⟨τ1, . . . , τn⟩ = ⟨√−m1, . . . ,
√−mn⟩,

T ∗
τ̄ ∶= {⟨r1, . . . , rn⟩ ∈ Tτ1 × . . . × Tτn ∶ det r1 = . . . = det rn}

T 0
τ̄ ∶= T 0

τ1 × . . . × T 0
τn , T 0

τi
∶= {ri ∈ Tτi ∶ det ri = 1}

Gτ̄ ∶= Gτ1 × . . . ×Gτn

and
T̄ ∗
τ̄ ∶= T ∗

τ̄ ⋅Gτ̄/Gτ̄ , T̄ 0
τ̄ ∶= T 0

τ̄ ⋅Gτ̄/Gτ̄ .

We say, form1, . . . ,mn square-free positive distinct integers that
√−m1, . . . ,

√−mn

are independent over Q if ∣Q(√−m1, . . . ,
√−mn) ∶ Q∣ = 2n, equivalently,

√
−mi+1 ∉ Q(

√
−m1, . . . ,

√
−mi), for i = 1, . . . , n − 1.

For σ ∈ AutSPure
τ̄ , the notation r̄τ̄(σ) is defined by (19) and (20).
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Our assumption throughout the rest of the paper is that

τ̄ = ⟨τ1, . . . , τn⟩ = ⟨
√
−m1, . . . ,

√
−mn⟩,

independent over Q.

3.14 Proposition.
(i) For all σ ∈ AutSPure

τ̄ ∶
r̄τ̄(σ) ∈ ∏iNτi and r̄τ̄(σ) can be represented as ⟨r1, . . . , rn⟩ = r̄τ̄(σ) so

that, for some q1, . . . , qn ∈ Q+,

q1 ⋅ det r1 = . . . = qn ⋅ det rn = µ(σ) ∈ Ẑ×.

Moreover, µ(σ) = 1 if and only if all the components Sλ of S are invariant
under σ, and µ(σ) runs through all values µ ∈ Ẑ× as σ runs in AutSFull

τ̄ .

(ii) For any σ ∈ AutSPure
τ̄ one can choose a representative ⟨r1, . . . , rn⟩ of

r̄τ̄(σ) and q ∈ Q+ so that, for some partition {1, . . . , n} = {i1, . . . , ik}∪̇{ik+1, . . . , in},
the following hold:

det ri1 = . . . = det rik and ri1 ∈ Tτi1 , . . . , rik ∈ Tτik ,
det rik+1 = . . . = det rin and rik+1 ∉ Tτik+1 , . . . , rin ∉ Tτin ,
det ri1 = . . . = det rik = q det rik+1 = . . . = q det rin

(22)

(iii) Given ⟨r1, . . . , rn⟩ ∈∏iNτi and q ∈ Q+ suppose there exists a partition
{1, . . . , n} = {i1, . . . , ik}∪̇{ik+1, . . . , in} satisfying (22). Then there exists σ ∈
AutSPure

τ̄ such that ⟨r1, . . . , rn⟩ is a representative of r̄(σ).
Proof. (i) By the preservation of connected components property (21),

given σ there is a µ such that for each τi ∶=
√−mi,

[τi, rτi(σ)] ∈ Sµ, and hence det rτi(σ) = q−1
i ⋅ µ, µ ∈ Ẑ×, some qi ∈ Q+.

This proves the first statement of (i). For the second statement use the
fact that Gal(Qab ∶ Q) acts faithfully and transitively on the set of compo-
nents Sµ of S (see [4], 3.4) so for each µ there is a σ and r̄τ̄(σ) such that

⋀i det rτi(σ) = qiµ.
(ii) In matrix terms we have

rτi(σ) = ri = ( ai bimi

−εibi εai
) , det ri = εi(a2

i + b2
imi) = q−1

i µ, (ai, bi ∈ Af)
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where εi is +1 if ri ∈ T√−mi and −1, if ri ∈ N√−mi ∖ T√−mi .
As a result we have the equalities

εiqi(a2
i + b2

imi) = µ = εjqj(a2
j + b2

jmj); i, j = 1, . . . , n. (23)

Assume that εi = εj. Then the equality between the algebraic expressions
takes place for some ai, bi, aj, bj ∈ R, not both ai, bi zero, as well. By the
Hasse principle, there are si, ti ∈ Q, i = 1, . . . , n such that not both si, ti zero
and

εiqi(s2
i + t2imi) = εjqj(s2

j + t2jmj). (24)

Consider, for i = 1, . . . , n, the matrices with rational entries,

gi = ( si timi

−ti si
) ,

which by definition belongs to G√−mi .
By dividing the algebraic expressions of (23) on respective expressions of

(24) we get

(a2
i + b2

imi)(s2
i + t2imi)−1 = (a2

j + b2
jmj)(s2

j + t2jmj),

and recalling the formula for det ri we have

det rig
−1
i = εi(a2

i + b2
imi)(s2

i + t2imi)−1 = εj(a2
j + b2

jmj)(s2
j + t2jmj)−1 = det rjg

−1
j .

Choose representatives for r̄τ̄(σ) modulo Gτ̄ as

ri ∶= rig−1
i

Suppose εi1 = . . . = εik = 1 and εik+1 = . . . = εin = −1.
We get, for some q ∈ Q+, from above that

det ri1 = . . . = det rik and ri1 ∈ Ti1 , . . . , rik ∈ Tik
det rik+1 = . . . = det rin and rik+1 ∉ Tik+1 , . . . , rin ∉ Tin
det ri1 = . . . = det rik = q det rik+1 = . . . = q det rin

(iii) The condition r̄ = ⟨r1, . . . , rn⟩ ∈ ∏iNτi implies that r̄ determines
a transformation of Sτ̄ which satisfies (12) and (13). The conditions (22)
implies that r̄ satisfies (21). Thus the transformation belongs to AutSPure

τ̄ .
�
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3.15 Corollary. Let

N∗
τ̄ = {⟨r1, . . . , rn⟩ ∈

n

∏
i=1

Nτi ∶ ∃ni=1qi ∈ Q+,∃µ ∈ Ẑ×
n

⋀
i=1

qi ⋅ det ri = µ}

and
N̄∗
τ̄ ∶= N∗

τ̄ /Gτ̄ .

Then
r̄τ̄/Gτ̄ ∶ σ ↦ r̄τ̄(σ)/Gτ̄

is an isomorphism
AutSPure

τ̄ ≅ N̄∗
τ̄

as groups of transformations of Sτ̄ .

3.16 Set
N̄Gal
τ̄

to be the image of the Galois group in N̄∗
τ̄ under the canonical map

σ ↦ r̄τ̄(σ)/Gτ̄ .

Equivalently,

NGal
τ̄ = {r̄ ∈ N∗

τ̄ ∶ ∃σ ∈ Gal(Q(CM) ∶ Q), r̄/Gτ̄ = r̄τ̄(σ)/Gτ̄}

and
N̄Gal
τ̄ ∶= NGal

τ̄ /Gτ̄ .

Let

CMτi =
∞

⋃
N=1

jN(Sτi)

be the CM-points on all the curves Y(N) corresponding to the imaginary
quadratic τi. Set

CMτ̄ ∶=
n

⋃
i=1

CMτi =
∞

⋃
N=1

jN(Sτ̄).

We denote
Fτ̄ = Q(τ1)ab ⋅ . . . ⋅Q(τn)ab,

the composite of the n fields.
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3.17 Lemma.

Q(CMτ̄) = Fτ̄ .

and
Gal(Fτ̄ ∶ Q) ≅ AutSFull

τ̄ ≅ N̄Gal
τ̄

as groups of transformations of Sτ̄ .
Proof. By 3.10(ii) Q(CMτi) = Q(τi)ab. Hence Q(⋃ni=1 CMτi) = Fτ̄ .
Elements σ of AutSFull

τ̄ by construction act on ⋃i CMτi as an automor-
phism group of the field, hence

AutSFull
τ̄ ≅ Gal(Fτ̄ ∶ Q).

By 3.15 and definitions N̄Gal
τ̄ is isomorphic to the subgroup of the group

of transformations AutSPure
τ̄ induced by Galois automorphisms of Q(CMτ̄)

over Q, which is exactly AutSFull
τ̄ . This proves the second isomorphism. �

Let
T̄Gal
τ̄ = T̄τ̄ ∩ N̄Gal

τ̄

and
T̄ 0,Gal
τ̄ = T̄ 0

τ̄ ∩ N̄Gal
τ̄ .

3.18 Lemma.
T̄ 0,Gal
τ̄ ≅ Gal(Fτ̄ ∶ Qab)

and T̄ 0,Gal
τ̄ is isomorphic to an open subgroup of T̄ 0

τ̄ ∶

T̄ 0,Gal
τ̄ ≤open T̄

0
τ̄ .

Proof. First we claim that as groups of transformations, for each i,

Gal(Q(τi)ab ∶ Qab) ≅ T̄ 0,Gal
τi

via the canonical map
σ ↦ r̄τ̄(σ).

In order to prove it note that T 0
τi
≅ A0

Q(τi) where A0
Q(τi) is the group of finite

Q(τi)-adeles of Q-norm 1. Now the isomorphism

A0
Q(τi)/ ± 1 ≅ Gal(Q(τi)ab ∶ Qab),

21



a corollary to Artin’s reciprocity law, completes the proof of our claim.
Now the definition of T̄ 0,Gal

τ̄ together with the second statement of 3.17
and the claim above gives us

T̄ 0,Gal
τ̄ ≅ (Gal(Q(τ1)ab ∶ Qab) × . . . ×Gal(Q(τn)ab ∶ Qab)) ∩Gal(Fτ̄ ∶ Q).

It is easy to check using the definition of Fτ̄ that the right-hand side of the
latter is exactly Gal(Fτ̄ ∶ Qab).

Thus
T̄ 0,Gal
τ̄ ≅ Gal(Fτ̄ ∶ Qab).

For the proof of the second statement of the Lemma we use the proof of
the adelic Mumford-Tate conjecture for the product of CM elliptic curves,
[1] and [11].

Let T∗
τ̄ denote the Q-torus such that T∗

τ̄(Af) = T ∗
τ̄ . We can form a CM-

Shimura datum (T∗τ̄ ,{h}) associated with a product E1 ×⋯×En of elliptic
curves, with Ei having CM by Q(τi). As in [11], Remark 2.8, for any neat
compact open subgroup K of T ∗

τ̄ and L a finite extension of Q(τ̄) such that
[h,1] ∈ ShK(T∗

τ̄ ,{h})(L), we obtain a homomorphism

ρ ∶ Gal(L̄/L)→K,

which describes the action of Gal(L̄/L) on the fiber of

Sh(T∗
τ̄ ,{h})→ ShK(T∗

τ̄ ,{h})

over [h,1] (which is a K-torsor). In particular, ρ factors through the quotient
Gal(Fτ̄ ∶ L).

As explained on the following page of [11], ρ yields the Gal(L̄ ∶ L) repre-
sentation on the Tate-module of E1×⋯×En. Take L to satisfy Q(τ̄) ⊆ L ⊂ Fτ̄ .
By [1], Theorem A (ii), provided hR is “maximal” (see Definition 2.1), the
latter has open image in T ∗

τ̄ and, therefore,

Gal(Fτ̄ ∶ L) ∩ T 0
τ̄ = Gal(Fτ̄ ∶ LQab)

(the equality due to the fact that T 0
τ̄ is the kernel of the determinant map

T ∗
τ̄ → A×

f ) is open in T 0
τ̄ .

To see that hR is maximal, let σi and σ̄i denote distinct embeddings of
Q(τi). The cocharacter group of T∗

τ̄ is equal to the set of elements

n

∑
i=1

aiσi + biσ̄i
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such that ai + bi is independent of i. It has a basis consisting of the σi − σ̄i,
for i = 1, . . . , n, and µ, where µ = ∑i σi is the cocharacter associated with h.
The Gal(Q̄ ∶ Q)-orbit of µ consists of the sums of n elements in which, for
each i, the sum includes either σi or σ̄i. Since

σi − σ̄i = µ − (Σj≠iσj + σ̄i),

the result follows from the the paragraph following Definition 2.3 of [1]. �

3.19 Lemma. The following diagram commutes

1 // T̄ 0,Gal
τ̄

i //

i
��

N̄Gal
τ̄

det /Q+
//

i
��

Ẑ×

id
��

// 1

1 // T̄ 0
τ̄

i // N̄∗
τ̄

det /Q+
// Ẑ× // 1

and both lines are exact. The arrows marked i are natural embeddings, and
det /Q+ applied to an element represented by ⟨r1, . . . , rn⟩ is det ri modulo Q+,
which is of the same value for all i.

Proof. det /Q+(r1, . . . , rn) takes its values in A×
f /Q×

+ ≅ Ẑ×. It is well-

defined by the definitions of N̄Gal
τ̄ and N̄∗

τ̄ , and is surjective on both lines by

3.14(i). The kernel of det /Q+ consists of tuples r̄ of matrices ri = ( ai bimi

−bi ai
)

such that det ri = a2
i +mib2

i = qi ∈ Q+, where ai, bi ∈ Af . By the Hasse principle
there exists si, ti ∈ Q such that s2

i +mit2i = qi and thus there exists gi ∈ Gτi

such that det rig−1
i = 1. Thus r̄ ∈ T̄ 0

τ̄ .

It follows that the kernel is T̄ 0,Gal
τ̄ in the top line and T̄ 0

τ̄ in the bottom
line. �

3.20 Corollary.
N̄Gal
τ̄ ≤open N̄

∗
τ̄

and
Gal(Fτ̄ ∶ Q) ≅ AutSFull

τ̄ ≤open AutSPure
τ̄

as the transformation groups on Sτ̄ .
Proof. The first statement is immediate from 3.18 - 3.19. The second

statement follows from the first together with 3.15 and 3.17. �
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3.21 Lemma.
N̄Gal
τ̄ /T̄Gal

τ̄ ≅ Cn
2 ,

where C2 is the 2-element group generated by the involution d−1. The group
acts on T̄ ∗

τ̄ coordinate-wise by conjugation by d±1 on the i-th coordinate.
Proof. By 3.17 and 3.20 N̄Gal

τ̄ acts on the compositum Fτ̄ of the fields
Q(τi)ab as its Galois group over Q. At the same time coordinate-wise r̄ =
⟨r1, . . . , rn⟩ ∈ N∗

τ̄ acts on the i-th coordinate by [τi, a] ↦ [τi, ria], which by
3.10 corresponds to the Galois action on Q(τi)ab. Moreover, ri(σ) ∈ Tτi if and
only if σ fixes τi in Q(τi)ab. If ri(σ) ∉ Tτi then ri(σ) acts on Tτi by conjugation
as d−1.

Let δ ∈ {1,−1}n be an arbitrary sequence with values ±1. The condition
of independence of the τi guaranties the existence of σδ ∈ Gal(Fτ̄ ∶ Q) such
that

σδ(τi) = τi⇔ δ(i) = 1.

Thus
ri(σδ) ∈ Tτi ⇔ δ(i) = 1.

It implies that
r̄(σδ)/TGal

τ̄ = r̄(σδ′)/TGal
τ̄ ⇔ δ = δ′.

�

3.22 Now we summarise the facts proven above into a theorem character-
ising the Galois action on all the special points.

Let F be the composite of all Q(τ)ab for all imaginary quadratic τ.
Let P ⊂ N be the set of primes, including 1. Clearly,

√
P ∶= {√−p ∶ p ∈ P}

is a set of imaginary quadratics independent over Q (see 3.13) and generate
the field containing all the quadratic imaginary extensions of Q.

In the definitions below we take limits over finite tuples τ̄ in
√
P .

T̄Gal
∗ = lim←Ð T̄

Gal
τ̄ ,

T̄ 0,Gal
∗ = lim←Ð T̄

0,Gal
τ̄ ,

N̄Gal
∗ = lim←Ð N̄

Gal
τ̄ .

N̄∗
∗ = lim←Ð N̄

∗
τ̄ .
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Below we will claim that N̄Gal
∗ is a an ”almost equal” subgroup of

N̄∗
∗ , and write

N̄Gal
∗ ≤≈ N̄∗

∗ ,

meaning that N̄Gal
τ̄ is a finite index subgroup of N̄∗

τ̄ , for each finite tuple τ̄
and both are projective limits along the same projective system indexed by
finite tuples of elements of

√
P .

3.23 Theorem.
(i)

N̄Gal
∗ ≅ Gal(F ∶ Q) = Gal(Q(CM) ∶ Q)

and
N̄Gal
∗ ≤≈ N̄∗

∗

as groups of transformations.
(ii) There is a short exact sequence of groups

1→ T̄Gal
∗ → N̄Gal

∗ → Cω
2 → 1

where Cω
2 is the infinite product ∏p∈P C2(p) of 2-element groups isomorphic

to ⟨d−1⟩ acting on the infinite product of 2 × 2 matrix group coordinate-wise
by

d−1 ∶ (
a pc
−c a

)↦ ( a − pc
c a

) .

(iii) There is a short exact sequence of groups

1→ T̄ 0,Gal
∗ → N̄Gal

∗ → Ẑ× → 1,

T̄ 0,Gal
∗ ≅ Gal(F ∶ Qab)

(iv) The group N̄Gal
∗ acts by the Galois action on the structure π0(S) of

connected components so that T̄ 0,Gal
∗ fixes each component, and its quotient

Ẑ× acts on π0(S) transitively.
Proof. Since

Gal(F ∶ Q) = lim←ÐGal(Fτ̄ ∶ Q),
the isomorphisms (i) follow from the isomorphism statements in 3.17 and
3.20. For the same reason (ii) follows from 3.21. (iii) follows from 3.19 and
3.18.

(iv) follows from the description of components in 3.1 in terms of deter-
minants along with the statement 3.14(i).

�

25



4 The structure on H.
4.1 Here we aim to describe the structure on H̃, the projective limit of

Γ(N)/H. As pointed out by the bijection (10) H̃ is effectively equal to S≈
(see 3.1–3.2), the quotient of S by the action of ∆(Ẑ).

The structure on the set S≈ which is of interest to us is exactly the struc-
ture which is induced (in model-theoretic sense) from SPure. We call the struc-
ture SPure

≈ . The exact meaning of the definition is that we aim to identify the
structure SPure

≈ such that the quotient map S↠ S≈ induces the epimorphism

AutSPure ↠ AutSPure
≈ . (25)

Even more specifically we are interested in the substructure SPure
≈ (CM)

on its special points.
Similarly we define SFull

≈ as the structure on S≈ induced from SFull with
respective epimorphism of the automorphism groups

AutSFull ↠ AutSFull
≈ . (26)

4.2 Proposition. AutSPure(CM) acts faithfully on SPure
≈ (CM). That is

AutSPure
≈ (CM) = AutSPure(CM).

Proof. By definition

[τ, g∆]σ = [τ, rτ(σ) ⋅ g∆]. (27)

We need to show that for σ ∈ AutSPure the condition

[τ, g∆]σ = [τ, g∆] (28)

for all τ ∈ H quadratic and all g ∈ GL2, implies that σ is the identity (recall
the notation in 2.4).

We assume first that in (28) σ acts trivially on S≈. g = 1 and that τ =
√
−n.

By definition

[τ,1]σ = [τ, r], for some r = ( ±a ± nb
−b a

)
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It follows r ∈ ∆ and hence b = 0 and a = 1, that is r = d−1 or the identity. We
assume, towards a contradiction, that σ acts non-trivially on Sτ and thus
r = d−1.

Now for the more general case we have with the same r

[τ, g]σ = [τ, r ⋅ g] = [τ, q ⋅ r ⋅ g]

for any q ∈ Gτ and thus (28) implies

g−1 ⋅ qd−1 ⋅ g ∈ ∆, for some q ∈ Gτ

But det q ∈ Q+ and det g−1 ⋅ qd−1 ⋅ g = det qd−1 is a negative rational number.
In ∆ this is only satisfied for g−1 ⋅ qd−1 ⋅ g = d−1.

Thus qd−1 = ( −a − nb
−b a

) ∈ GL2(Q). This is an involution only when b = 0

and a = ±1. Now the extra condition g−1 ⋅qd−1 ⋅g = d−1 for all g gives the final
contradiction. �

4.3 The structure SPure
≈ . We describe explicitly the basic relations of

the structure.
A. Curves on S≈ and on S≈K(N) induced by the action of GL2.
Let h be an element of GL2 and let,

Ch = {⟨x,h ∗ x⟩ ∶ x ∈ S} ⊂ S2,

and, for K =K(N),

Ch,K = {⟨xK , (h ∗ x)K⟩ ∶ x ∈ S, xK = xK ∈ SK} ⊂ S2
K .

The latter is the image of Ch in S2
K . Applying ≈ to S and SK we get curves

Ch/≈ ⊂ S2
≈ and Ch/≈K ⊂ S2

≈K
.

Recall that S≈K is the curve isomorphic to the irreducible curve Y(N). Ch/≈K
is in general reducible and splits into irreducible components Ci

h/≈K
. We re-

mark that, by construction:
(a) The curve Ch/≈K ⊂ S2

≈K
and its splitting into irreducible components

Ci
h/≈K

are invariant under the action of AutC.
Respectively, the curve Ch/≈ ⊂ S2

≈ and its splitting into irreducible compo-
nents Cµ

h/≈
are invariant under the action of AutC.
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Let G̃ = ∆(Q+) ⋅ SL2, a subgroup of GL2.
Below we narrow our analysis to the case when h ∈ G̃. Note that in this

case the components Sµ of S remain invariant under the map x ↦ h ∗ x and
hence the curve Ch splits

Ch = ⋃
µ∈Ẑ×

Cµ
h ; Cµ

h = Ch ∩ (Sµ × Sµ),

and after factoring by ≈

Ch/≈ = ⋃
µ∈Ẑ×

Cµ
h/≈

; Cµ
h/≈

⊂ S≈ × S≈

where the canonical projections

Cµ
h → Cµ

h/≈

are bijections. It follows that
(b) The curves Cµ

h/≈
⊂ S≈ × S≈ are the graphs of the bijective maps

hµ ∶ S≈ → S≈.

Any σ ∈ AutC acts on ⋃µ hµ so that (hµ)σ = hλ, some λ ∈ Ẑ×, and thus the
union ⋃µ hµ is invariant under the action of σ.

Note that the natural action of dλ ∈ ∆ on S≈ induced from S fixes S≈
point-wise. However, in accordance with the above,

(d−1
λ ⋅ h ⋅ dλ)µ = hµλ.

In other words, when starting with a given h ∈ G̃ the invariant set of trans-
formations hµ ∶ S≈ → S≈ corresponds to the conjugacy class

h∆ = {d−1
λ ⋅ h ⋅ dλ ∶ dλ ∈ ∆}.

h is one of its indistinguishable elements.
The conjugacy class h∆ corresponds to the curve Ch and h corresponds

to one of the irreducible components of Ch.
To sum up:

4.4 Proposition. G̃ as the group acting on S≈ can be represented by the
family of curves Ch/≈, h ∈ G̃, with individual elements of G̃ represented by
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irreducible components Cµ
h/≈

of Ch/≈. The Cµ
h/≈

are graphs of the action on S≈

of the respective elements of G̃.
Any element of s ∈ S≈ can be represented canonically by an element

[τ, a] ∈ S,
s = [τ, a∆], τ ∈ H, deta ∈ Q+. (29)

The choice of such an a for s is unique.
The action of g ∈ G̃ on s ∶

g ∗ [τ, a∆] = [τ, ag−1∆]. (30)

Proof. First note that any coset a∆ ⊂ GL2(Af), a ∈ GL2(Af), contains
exactly one element of determinant in Q+. The uniquiness of the representa-
tion (29) follows.

The action (30) is well-defined because of the uniquiness of a and the fact
that det g ∈ Q+.

Finally, note that the action (30) is isomorphic to the action of g on the
component S1 of S, which according to 4.3(b) represents the action of g on
S≈. �

Remark (Diagonal matrices and their action)
Let

da,b ∶= ( a 0
0 b

) , for a, b ∈ Af .

Since the da,b commute with dµ, the action by da,b on S passes to an
action on S≈,

x↦ da,b ⋅ x
and the action is invariant under automorphisms.

It is immediate by construction that dµ ⋅ x = x, for x ∈ S≈, µ ∈ Ẑ×. Hence

d′
µ ⋅ x = dµ−1,µ ⋅ x. (31)

And note that dµ−1,µ ∈ SL2(Af).
Warning. Although both G̃ = ∆(Q+) ⋅ SL2(Af) and ∆′(Af) act on S≈,

the action does not extend to the group GL2(Af) generated by the two
subgroups.
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4.5 The structure (S≈, G̃). The action of G̃ on S≈ induces the action of
SL2(Ẑ) on S≈K(N) , where K(N) = ∆ ⋅ Γ̃(N) = Γ̃(N) ⋅∆.

Since a definition of an individual element hµ of G̃ requires the definition
of a component Sµ of S, the action of elements of SL2(Ẑ) on S≈K(N) is defined
over Qab.

Note that for each N the subgroup Γ̃(N) ⊂ G̃ can be distinguished as the
set of those elements which act as identity on S≈K(N) .

Special points. It is immediate from 4.4 and 3.5 that the fixed points s of
elements of g ∈ G̃ in S≈ can be represented as s = [τ, a ⋅∆], deta ∈ Q+, for τ
quadratic such that g ∗ [τ, a] = [τ, a].

Respectively, the special points of S≈K are of the form [τ, a ⋅ ∆ ⋅K], for
τ ∈ H quadratic.

4-point relations between special points (induced by the equivalence rela-
tion E, see 2.5(iii)).

For each quadratic τ1, τ2 define the 4-ary relation Rτ1,τ2(s1, s2, t1, t2) on
S≈ ∶

Rτ1,τ2(s1, s2, t1, t2)⇔
⇔ ⋀

i=1,2

si = [τi, ai]≈ & ti = [τi, bi]≈ & ∃r1 ∈ Nτ1 , r2 ∈ Nτ2

det r1 = det r2 ∈ ∆ & ⋀
i=1,2

bi = ri ⋅ ai ⋅ det r−1
i

where we assume that the representation of the si and ti is canonical and det ri
takes its values in ∆ via the isomorphism ∆ ≅ Ẑ×. Note that we may always
assume that τ1 =

√−m1 and τ2 =
√−m2 for positive square-free integers.

Now set
R(s1, s2, t1, t2) ≡⋁R√−m1,

√
−m2

(s1, s2, t1, t2)
where m1,m2 run through square-free positive integers.

(a) Relation R is invariant under AutSPure
≈ . Indeed, by 4.2 any σ ∈

AutSPure
≈ is induced by the unique σ ∈ AutSPure. The latter acts on special

points by

[τi, ai]↦ [τi, rτi(σ) ⋅ ai]; [τi, bi]↦ [τi, rτi(σ) ⋅ bi],

where rτi(σ) ∈ Nτi , det rτ1(σ) = det rτ2(σ). Respectively, in terms of SPure
≈ the

result of the application of σ are [τi, a′i]≈ and [τi, b′i]≈ where

a′i = rτi(σ) ⋅ ai ⋅ det rτi(σ)−1; b′i = rτi(σ) ⋅ bi ⋅ det rτi(σ)−1
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Assuming Rτ1,τ2(s1, s2, t1, t2), for si = [τi, ai]≈ & ti = [τi, bi]≈ we get by defini-
tion

b′i = (rτi(σ) ⋅ ri ⋅ rτi(σ)−1) ⋅ a′i ⋅ det(rτi(σ) ⋅ ri ⋅ rτi(σ)−1)−1

and rτi(σ) ⋅ ri ⋅ rτi(σ) ∈ Nτi . Thus Rτ1,τ2(sσ1 , sσ2 , tσ1 , tσ2) holds.
(b) For any special s1 = [τ1, a1]≈, s2 = [τ2, a2]≈ and any σ ∈ AutSPure it

holds R(s1, s2, sσ1 , s
σ
2), where sσ is the induced action.

Indeed, we have

σ ∶ [τi, ai]≈ ↦ [τi, rτi(σ) ⋅ a1]≈

and in terms of canonical representatives

σ ∶ [τi, ai]↦ [τi, rτi(σ) ⋅ a1 ⋅ det rτi(σ)−1]

as required by Rτ1,τ2 . R(s1, sσ1 , s2, sσ2) follows.
(c) For any special s1 = [τ1, a1]≈, s2 = [τ2, a2]≈,
R(s1, s2, t1, t2) iff there is σ ∈ AutSPure such that t1 = sσ1 and t2 = sσ2 .
Proof. (b) proves one direction. In the opposite direction use the fact

that by definition

ti = [τi, ri ⋅ ai ⋅ det r−1
i ]≈ = [τi, ri ⋅ ai]≈

where det r1 = det r2 ∈ ∆. By 3.15 there is σ ∈ AutSPure such that ri = rτi(σ)
modulo Q+. Using the Hasse principle as in the proof of 3.14(ii) we can make
this an equality. This proves the claim.

4.6 It is useful to think of the structure SPure
≈ as the structure on the universe

H̃ which by (10) can be identified with S≈. The group G̃ acts on H̃ but the
action is defined up to inner automorphisms as described in 4.3A(c). The
other relations on H̃ described in 4.3, B - E, determine a structure on H̃
which we call H̃Pure.

Definition. H̃Pure is the structure with two universes (sorts) S≈ and G̃
(the set S≈ will also be called H̃);

- G̃ is a group isomorphic to the product ∆(Q+) ⋅ SL2(Af); it acts on S≈
by the action induced from SPure;

- for each g ∈ G̃ the set

g∆ = {ϕµ(g) ∶ µ ∈ Ẑ×}, for g ∈ ∆(Q+) ⋅ SL2(Af), such that g = ϕ1(g),
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is definable (that is invariant under automorphisms);
- the subgroups Γ̃(N) ⊂ G̃ are definable;
- for any special s1, s2 ∈ S≈ the set

tp(⟨s1, s2⟩) ∶= {⟨t1, t2⟩ ∈ S2
≈ ∶ R(s1, s2, t1, t2)}

is definable (the model-theoretic notation for the type of the pair of points).

4.7 Theorem. The structure SPure
≈ is bi-interpretable with the structure

H̃Pure, and SPure
≈ (CM) is bi-interpretable with H̃Pure(CM).

Proof. By definition, see (25), we need to prove that any automorphism
of SPure induces an automorphism of H̃Pure and, conversely, any automor-
phism of H̃Pure can be lifted to an automorphism of SPure. The former is
proved in 4.3. So we need to show that any σ ∈ Aut H̃Pure can be lifted to an
automorphism ρ of SPure.

Claim. Any σ ∈ Aut H̃Pure(CM) can be lifted to an automorphism ρ of
SPure(CM).

Proof of Claim. Consider special points s1, . . . , sn, . . . ∈ S≈ with representa-
tives
[τ1, a1], . . . , [τ1, an], . . . ∈ S,

σ ∶ si ↦ ti, ti = [τi, bi]≈, canonical representatives.

Since σ preserves R, we get

⊧ R(s1, si, t1, ti), for i = 1, ..., n, ...

and hence

bi = ri ⋅ ai ⋅ det r−1
i , ri ∈ Nτi , det r1 = det ri, for i = 1, ..., n...

By 3.15 there is a ρ ∈ AutSPure(CM) such that ri = rτi(ρ), i = 1, ..., n..., and
hence

sσi = ti = [τi, bi∆] = [τi, ai∆]ρ = sρi , i = 1, ..., n...

Claim proved.
Note that the last argument in the proof of the claim also shows that

⋀iR(s1, si, t1, ti) implies the existence of σ ∶ si ↦ ti.

Now let σ ∈ Aut H̃Pure and σCM be its restriction to H̃(CM). By the claim
there is ρCM ∈ AutSPure(CM) whose restriction to H̃(CM) is σCM.
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Since special points are Zariski dense in the components Sµ
K(N)

, ρCM de-

termines the unique bijective map Sµ → Sρ
CM(µ) on the set of components of

S. More precisely,
ρCM(µ) = µ ⋅ λρ

where λρ = det rτ(ρCM) ∈ Ẑ× is obtained from the property (15) of automor-
phisms acting on CM-points.

Consider an arbitrary s ∈ S≈. It follows from the definition of ≈ that for
each component Sµ there is a unique x ∈ Sµ such that x≈ = s. Call this element
x(s,Sµ). By construction any element of S has the form x(s,Sµ) for some
s ∈ S≈ and a component Sµ of S.

Consider the element t ∈ GL+
2(Q) and the set t∆ definable in H̃Pure by

definition. Elements tµ of t∆ can be identified with curves Cµ
t/≈

on H̃ × H̃
(see 4.3A(b)) and there is a one-to-one correspondence between elements tµ

of t∆ and components Sµ of S given by

Cµ
t = Ct ∩ (Sµ × Sµ)

(see 4.3A).
Clearly,

ρCM ∶ tµ ↦ tρ
CM(µ) = σ(tµ) = tσ(µ), tρ

CM(µ) = tµ⋅λρ = tµ⋅λσ .

for σ and ρCM as above. This gives us an extension of the action of σ ∈
Aut H̃Pure to components of S,

σ ∶ Sµ → Sµ⋅λσ .

Define the map

ρ ∶ S→ S; x(s,Sµ)ρ ∶= x(sσ,Sµ⋅λσ).

This is the lift of σ ∈ Aut H̃Pure to a transformation ρ of S and by definition
the restriction of ρ to the CM-substructure is ρCM above.

By construction ρ respects the splitting of S into components.
In order to prove that ρ ∈ AutSPure it remains to prove that ρ respects

the action by elements of GL2(Af).
Consider h ∈ ∆′(Q+) ⋅ SL2(Af). By definition 4.3A(b)) via the action on

Sµ h induces on H̃ the transformation hµ. This means that

h ⋅ x(s,Sµ) = x(hµ ⋅ s,Sµ)
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and thus

(h ⋅ x(s,Sµ))ρ = x(hµ ⋅ s,Sµ)ρ = x((hµ ⋅ s)σ,Sµ⋅λσ) = x(hµ⋅λσ ⋅ sσ,Sµ⋅λσ) =

= h ⋅ x(sσ,Sµ⋅λσ) = h ⋅ x(s,Sµ)ρ

which proves that any such h is invariant under ρ.
Next consider the action of an element d of ∆(Af) on x(s,Sµ). Since

any a ∈ Af can be represented as a = q ⋅ ν, for q ∈ Q+ and ν ∈ Ẑ×, d can be
represented as d = dq ⋅ dν . Thus, the action by d is invariant under ρ if and
only if the action by dν is.

We have by construction

dν ⋅ x(s,Sµ) = x(s,Sµ⋅ν)

Thus

(dν ⋅ x(s,Sµ))ρ = x(s,Sµ⋅ν))ρ = x(sσ,Sµ⋅ν⋅λσ) = dν ⋅ x(sσ,Sµ⋅λσ) = dν ⋅ x(s,Sµ)ρ

which proves that the actions by dν and by d on S are invariant under ρ.
Since any element of GL2(Af) can be represented in the form d ⋅h where

d ∈ ∆(Af) and h ∈ SL2(Af) we proved that ρ satisfies (12) and thus ρ ∈
AutSPure. ρ is the lifting of σ ∈ Aut H̃Pure to AutSPure.

This completes the proof of the theorem. �

4.8 Remark/Corollary. Consider the embedding

(H,G) ⊂ (H̃, G̃),

where G ≅ GL2(Q) ∩ G̃ = GL+
2(Q).

1. Clearly, under this embedding special points in H are just quadratic
imaginary points.

The action of individual elements d′
q ∈ ∆′(Q+), dq ∈ ∆(Q+) and the scalar

matrices q ⋅ I are definable.
The scalar matrices act trivially, as identity.
2. More generally, the action of h ∈ GL+

2(Q) depends on the choice of
an isomorphism φµ ∶ G → GL+

2(Q), for µ ∈ Ẑ×, see 4.3 A(b). However, on H
only hµ for µ = ±1 corresponds to a non-empty curve. Thus h defines (in the
natural Lω1,ω-language) the two-component curve Ch∪C−1

h , where C−1
h is the

34



graph of d−1 ⋅ h ⋅ d−1 and the choice of the component depends on φµ. (Note

that if h = ( a b
c d

) then d−1 ⋅ h ⋅ d−1 = ( a − b
−c d

) .)

3. The 4-point relation R(s1, s2, s′1, s
′
2) on H for si = pi + qi

√−mi, s′i =
p′i + q′i

√−mi, pi, qi, p′i, q
′
i ∈ Q, qi, q′i ∈ Q+, holds if and only if

q1 = q′1 & q2 = q′2 & ((p1 = p′1 & p2 = p′2) ∨ (p1 = −p′1 & p2 = −p′2))

Thus in H ∶

R(s1, s2, s
′
1, s

′
2) ⇔ ⟨s′1, s′2⟩ = ⟨s1, s2⟩ ∨ ⟨s′1, s′2⟩ = ⟨−sc1,−sc2⟩

where −sc is the application of complex conjugation to −s.
4. Respectively, on Y(N) = Γ(N)/H = Γ̃(N)/H̃ the indiscernible curves

Cµ
h,K(N)

are conjugated by elements of the group ∆/∆(N), or equivalently,

by Gal(Q(ζN) ∶ Q). The union ⋃µCµ
h,K(N)

is a (reducible) algebraic curve
over Q.

The jN -image of the 4-point relations R(s1, s2, s′1, s
′
2) is a relation on CM-

points of Y(N), call it RN .
The respective set of pairs (called type of ⟨jN(s1), jN(s2)⟩ in Model The-

ory),

tpN(⟨jN(s1), jN(s2)⟩) ∶= {⟨y1, y2⟩ ∈ Y(N)×Y(N) ∶ RN(jN(s1), jN(s2), y1, y2)}

is, by 4.3 E(c), a GalQ-orbit of the pair, a finite Zariski set.

5. Given g ∈ G̃ the graph of g, graph g ⊂ H̃ × H̃, has a point in H ×H if
and only if g ∈ GL+

2(Q).
Indeed, suppose ⟨s, s′⟩ ∈ (H×H)∩graph g. We can represent s = [τ,∆] and

s′ = [τ ′,∆] τ, τ ′ ∈ H. Then by assumption [τ ′,∆] = [τ, g−1∆], which implies
τ ′ = q ⋅τ and [q ⋅τ, q ⋅g−1∆] = [q ⋅τ,∆], for some q ∈ GL+

2(Q). That is q ⋅g−1 ∈ ∆
which can only happen if q ⋅ g = 1, since det q ⋅ g ∈ Q+.

4.9 The structure H̃Full. The determination of this structure in terms of
concrete relations and operations as in 4.6 for H̃Pure would be rather cum-
bersome for the context of the current paper. Instead we recall that the re-
spective structure SFull is the structure obtained from SPure by adding some
algebraic-geometric relations defined over Q (an expansion of the structure
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SPure). More technically the relationship between the smaller and the bigger
structure is described by the close relationship between their automorphism
groups in section 3.

Definition. H̃Full is the expansion of H̃Pure defined over Q, such that

Aut H̃Full = AutSFull.

4.10 Corollary. AutC acts on G̃ in H̃Full as Gal(Qab ∶ Q) ≅ Ẑ× ∶

for µ ∈ Ẑ× and h = ( a b
c d

) ∈ G̃, hµ = ( a µb
µ−1c d

) .

Proof. See 4.3, A(b).
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