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Abstract

We discuss the towers of finite étale covers which were essentially
introduced by A.Tamagawa [5] and used e.g. in [4]. The statement
about correspondence between sections and cofinal towers is a folklore
but perhaps not in a very explicit form. The last section explains how
the 7injectivity statement” of Grothendieck section conjecture fails for
abelian varieties, which is also known in some form from [2].

The paper is based on [1] which was aimed to reinterpret anabelian
setting in model theory terms.

1 A short overview of structure X¢

We start with an overview of the key structure introduced and stud-
ied in [1]. It is essentially the projective object - the Grothendieck
universal étale cover of a smooth k-variety X.
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GDeck(X, 5, /X)

The diagram for X¢.

Explaining the picture (see [1], 7.1-7.3 and Corollary 7.11)

1.1 All arrow diagrams commute.

1.2 Each X, g, is an absolutely irreducible variety over the field
k[B1] = ... = k[Bx], a Galois extension of k. X, 5,(k%) is the set of
its k9-points, a subset of a projective space.

1.3 Each v, is an étale covering map v, : X, 5, (k%9) - X (k).

1.4 X(k%) is a set with the regular action of a group T

1.5 Each p,g, is a finite collection of surjective maps
p:X(k") > X, 6, (k).

In particular, if X, g,(k®9) = X, (k) and vg, = Ha; then Pus, = Ppua;-
In case X, 5, (k%) = X(k9) the collection P, s, consists of one map p.



1.6 Suppose there is a morphism (pg'vg) : X, 5(k9) - X, o (k%)
of étale covers (see notation in [1], section 4) . Then for every p € p,, o
there is g € p, g such that

(a'vs)=poq™, (1)
and for every ¢ € p, g there is p € p, o such that (1) holds.
1.7 Given pe p,g,
Pug, = {g0p:geGDeck(X,3,/X)}
where GDeck(X,,/X)} is the geometric deck-transformation group.

1.8 The fibres of p are I'-orbits. The fibres of p € p,, 3, are orbits by
a finite index normal subgroup A, g, of I'.

GDeCk(XVBi/X) = F/Ayﬁi.
1.9 For each finite collection X ,,,... X} -, , there is a vg such that

O<j<m

1.10
N Ayp={1}

all v,B

1.11 R
Aut X (k19) = 78(X, z)

2 Sections and towers

2.1 Let
T(X): X<—X1<—X2<—...Xi<—X,~+1<—...

be a tower of smooth complex algebraic varieties and unramified cov-
ers, all defined over k. Let

FT(X) = lim GDeCk(Xi/X).
We call the tower cofinal if
FT(X) = TA['iOp(X)

as profinite groups.



2.2 Proposition. Given X there is a cofinal chain

F>A1>...Ai>Ai+1>...

S . . . t
of AutX® (F)-invariant normal finite index subgroups of #;""(X) =T.

Given a section s and a cofinal chain {A;} of AutX (F)-invariant
normal finite index subgroups of T there exists a tower Ts(X) over k
such that

Proof. LetI':= friOp(X). sGaly acts on I' since group I is definable
in X, In particular, sGaly acts on the set of all finite index subgroups.

Claim 1. There exists a decreasing sequence {A,, : n € N} (de-
pending on X only) of AutX® (F)-invariant normal subgroups of I of
finite index with N, A, = {1}.

Proof. For each ;1 € Mx consider the subgroup A, < T’

Ay={vel:V¥pep,YuelU p’(u) =p(u)}

where p” is the map u — p(y-u).

By 4.15 of [1]
A= U Apas
aeZerost),

the intersection of subgroups of periods of the maps p: U - X, , which
are finite index. Hence A, is of finite index in I'. It also follows that
the intersection of the A, is trivial. It remains to choose a linearly
ordered cofinal subset A, :n € Nin A, : ype Mx. Claim proved.

Let

Uy = An\[U> pn:U—-X| pn,m :Up = Uy (2)

where p,, is the covering map induced by p : U - X on U, (recall
that fibres of p are I'-orbits) and py ,, is the map induced by the
embedding A, < A,,.

Note that the U, p, and p, ., are AutX ¢ (F)-invariant and so
the action of sGal, on U induces the action on the tower

U« Uy« ...

Claim 2. The U, can be given structure of smooth projective
algebraic varieties defined over k.



Proof. By the argument in the proof of Claim 1, A,, = A, o = Perp,
for some fio, p: U = X, 4. Set p, : U, = X, o be the bijective map
induced by p on U,,. We may assume that the set X, o (F) and the map
p are sGaly[,)-invariant, by possibly extending k[« without changing
the set and the map. Call i, the map p,' : X, o(F) - U(F). Note
that by applying Galois conjugation we obtain a finite family

{ina: X, o) = U(F); aecZerosf,}

of bijections.
Let
Y, = {(z,a) v eX, o & o€ Zerosf, }

the disjoint union of k[a]-varieties isomorphic to X, o. Let i, : Y - U,
be the surjective map defined as

in(y) =u<eJdadreX, , y=(z,a) & ip(z) = u.

By construction Y,, and i, are Galg-invariant.

Let G be the group Gal(k[a] : k) (recall that by our assumptions
k[a] : k is Galois. For each u € Uy, define the action of G on i, (u).
Note that by construction

int(u) = {(za,a): a € Zerosf,}
for some x4 € X, o. For 0 € G set
o: (iL‘a,Oé> ind (iﬁa(a),O'(Oé)).

By construction G\Y,, is in bijective k-definable correspondence
with 4, (Y,,) that is with U, that is

U, 2 G\Y,.

The object on the right is the quotient of smooth projective variety
(reducible, in general) by a regular action of a finite group. Hence
G\Y,, is isomorphic! to a smooth projective variety X,, over k via a
surjective map t, : Y, - X, with fibres which are G-orbits. Thus
there is a sGaly-invariant bijective map onto the k-variety

i, : U, - X,,.

IReference?



Claim proved.

Note that t,, o, the restriction of ¢, to X, o x {a}, a component of
Y,,, is a biregular isomorphism ¢, o : (z,a) = G - (z,a) on X,, defined
over k[«]. Consider the map

t;’a x> G (z,a), X,,->X,
which for simplicity of notation we call ¢, o as well. By construction
tn,a OPn = in

Define jp, m : X,, = X, to be jum = im © Ppm © i;bl. This is definable
over k since i,,, Pnm and i, are sGal-invariant. This is also a Zariski
regular map since by above

Jnm =tm,B 0 Pm © Prim © Py Oty =tm g0 (V5 fa) ot

where (1/51 ta) : X o = X, g is an intermediate regular map which can
be presented as P, © Pnm © p;Ll.
This gives us the cofinal tower

TS(X)Z X<—X1 <—X2<—Xz<—XH1<—
where the arrows X;;1 — X; stand for the regular maps j;1,. O

2.3 Corollary (of the proof). Given s and the tower {A;:i € N} of
(2) the tower T5(X) is determined uniquely up to isomorphism over k.
The system of bijections i;

X<—U1<—U2<—...Uz‘<—Ui+1<—...

il lig... di.o i ..

X i Xi “j2 Xp < ... X Jir1 Xi+1 NIV RRE

furnishes isomorphism between the structure on the tower of the U;
induced by the action of sGalx and the tower Ts(X).
Given any other such sGalg-invariant tower

T!(X): X< X] <X, ... X « X, «...

with covering maps jgﬂ : Xjr1 = X there are isomorphism q; : X; - X;
over k such that
@i © Ji+1 = Jis1 © Giv1-
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2.4 Proposition. Let
T(X)={T(X):{A; :i e N} — towers}
the set of all {A;:i e N}- towers over k.2 Let
S(X) = {s: Galy - Aut X (k%9)}

the set of all sections of pr: Aut X (k™) - Galy.
Then the map
s~ Ts(X)

induces a bijection
S(X)/conj - T(X)/iso

between the set of section modulo conjugation and the set of towers
modulo isomorphisms over k.

Proof. The map s — Ts(X) Jiso 15 constructed above, see 2.3. We
construct the inverse map

T(X)/iso ™ S/conj 7-(X)/iso - S(X)/Conj'

Let T'(X) be a Galg-invariant {A; : i € N}- tower. By the construction
of X¢ the tower can be embedded into X, that is X; = X,,, o, for some
i € Mx, a; € f,,; and the j;;1 are appropriate intermediate morphisms.
Since the tower is over k we can drop «;. We also write 4 for u;.

Now we consider the respective sets of covering maps p : U —
X;, pep; for each i e N.

Claim 1. There is a sequence p; € p;,¢ € N of covering maps
pi : U - X such that

Ji+1°Pis1 = Pi, all 1€ N. (3)

Proof. By induction. For i = 0, set Xg := X and pg := p. Suppose
Pn, n < 4 have been constructed satisfying the requirement. We can
choose p;;1 by property 1.6. Claim proved

Claim 2. Suppose {p; : ¢ € N} is another sequence satisfying (3).
Then there is v € " such that

p;=p;, allieN,

2That is GDeck(X;/X) 2 T'/A;. Have to assume here that the tower GDeck(X;/X) has
unique, up to isomorphism of I', presentation in the form I'/A,.



where p](u) := p;(y-u) for all ueT.

Proof. Choose u € U and set u; := p;(u). First we prove that for
each n € N there exists v’ € U such that p}(u’) = u; for all i <n. And
for that it is enough to find u’ such that pJ,(u’) = u,, since then

P (W) =jn(Pp (W) = tn-1,... Do) = ...

Note that u’ = u when p; = p = po.
By induction we assume that p},(u’) = u,, and need to find u” such
that p;,,1 (¢") = up41. Note that by (3) jn+1(Pl.q(¢')) = upn and so

p.1(u") =g upe for some g € GDeck(X,41/X,).
We can find v € I" such that
Pri1(774) = g7 P (u) = wns.

Hence u'” = v~/ satisfies the required.

Since the structure X¢ is compact in the profinite topology there
is an u’ which satisfies p}(u’) = u; for all i € N. Clealrly, u and u’ are
in the same fibre of p and thus u’ =~ -u for some ~ € I". Hence

pi(u) = p; (u) = gi - pi(u).

It follows® that the equality holds for all u. Claim proved.

Claim 3. Any two sequences {p;} and {p}} satisfying (3) satisfy
the same type over the sort [F.

Proof. By Claim 2 the sequence are conjugated by an element
of v € I'. By construction the map u + ~-u is an automorphism of
Aut X¢(F) fixing all elements of sort F.

Claim 4. Let X‘E;Z_}(F) be the structure X (F) with {p;} named.
The definable relation on the sort F in the structure are exactly those
which are definable in Fy, the field with constants for elements of k.

Proof. By [1], Theorem 7.5, it is enough to prove that the definable
relations on F in X?;}(F) are the same as in X (IF).

Let ©(Z,p1,...,Pn) be a formula in the language Lx({pi}) (the
language of structure Xﬁ)i}(lﬁ‘)), Z a tuple of variables of sort F. By

Claim 3 there is a formula ¥, (p1,...,p,) in language Lx which is
equivalent to a complete type of (p1,...,pn) over F. We may assume
that

Sp(japb s 7pn) e wn(plv cee 7pn)

3Use the fact that groups of periods of both p; and p are A;.
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Now it is easy to see that in X?;i}(IF)

@(japlw .. 7pn) =3 P1s---yDn wn(plw .. 7pn) & Qp(japla‘ 7pn)

The formula on the right of = is in the language Lx and defines the
relation ¢(Z,p1,...,pn) in terms of X (F). Claim proved.

Claim 5. Let T'(X) € T(X) and {p;} an associated sequence satis-
fying (3). Any automorphism o of F|; induces a unique automorphism
s(o) of Xet (IF)

Proof. Flrst note that o, being an automorphism of the field F,
defines a transformation & on algebraic sorts of X¢ (p: }(F),

Xpa(F) = X, o)

This transformation is an elementary monomorphism of Xd (IF) ie.
it preserves the relation induced on the algebraic sorts in the structure
X?t (F). Indeed, by Claim 4 these relations are just the relations
deﬁnable in terms of F.

In particular ¢ acts on X;(F) of T(X(F)) as an automorphism
of T(X(F)). Now we want to extend the action & to the whole of
Xet }(F) Note that by (3) the sequence of maps j; is definable in

XEt }(IF) It follows that U;(F) < dcl(X;(F)) and thus the elementary
monomorphlsm ¢ extends uniquely to all the sorts U;(F). Now the
extension of ¢ to U(FF) follows from the fact that U(IF) is the projective
limit of the U;(F) along p;; each u € U(F) is the limit of the sequence

pi(u) € Ui(F).
Set s(o) := 6. Claim proved.

It follows that s is a homomorphism of Aut(F,) into Aut X?’;i} (F) c
Aut X°(F). Thus we have

s Aut(F) - Aut X (F)

a section associated with 7'(X). 4
(]

3 Abelian varieties

Let X be an abelian variety of dimension g over k, (in particular,
X(k) # @) and J(X) the Jacobi variety of X.

4Need also that the tower GDeck(X;/X) has unique presentation in the form I'/A,.
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Our aim here is to construct a class of non-isomorphic cofinal tow-
ers T'(X) over k.

3.1 For n e N and e € X(k) define the map
[n]e: X->X; e+x>e+n-x.
Also fix an element o € X(k) and let
Ex = X(k)N = {{e; e X(k) : i e N}, eg = 0}

the set of all sequences of elements of X(k) beginning with o.
For each e = {e;} € & set

XQ = X, Xl =X and JZ = [i]ei;Xi g Xi_l,i e N.

Clearly,
GDeCk(XZ‘/Xi_l), GDeCk(Xi/X) C J(X),

CDeck(X;/X;_1) = (Z/iZ)*, GDeck(X;/X) = (Z/i\Z)*,
the 2g-cartesian powers of cyclic groups of orders 7 and ¢! respectively.
It follows,

Te(X) : X <—j61 Xl <—j62 Xg <~ .. Xl e,

Xir1 <
e L e o

is a cofinal A;- tower over k for
A;=14-T, where I' = ﬁ'ioP(X((C)).

3.2 Lemma. Suppose Te(X) 2 Te/(X). Then (e;—e)) € Tors J(X) for
all 1 € N.

Proof. Let f; : X; - X[, i € N, be the system of isomorphisms
which realise the isomorphism Te(X) 2 T (X). By definitions, X; =
X/ = X

ficvo[i]e; = [i]er o fi (4)
Note that f; can be seen also as an isomorphism of étale covers X; —
Xo and X] - X( given by compositions jj o...oj; and jjo...o j/,
respectively. It follows that f; has the form f;(x) = x + ¢; for some
t € Tors(J(X)).
Applying both sides of (4) to z we get , for i =1,2,...

fic1(i(z —e;) +€;) =i~ (fi(z) —€}) +¢;.
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in particular,

fir(ei) =i (fi(e:) —e;) + ¢
and so

e +ti-1 Zi'(€i+ti—6;)+€;

and finally
(’L' - 1)(61 - 6;) =t;_1— 7- t; € TOI'S(J(X))
It follows e; — e} € Tors(J(X)). O

3.3 Corollary. Assume that the group of k-rational points of X
contains non-torsion points. Then there are continuum-many non-
isomorphic towers Te(X) and respectively continuum-many non-conjugated
sections of the projection m1(X) - Galy.
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