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We start by introducing the category of structures and interpretations
which allows us to discuss some issues of Grothendieck’s anabelian geometry
in model-theory terms. Most of this is probably known. See [2] and [3] for a
model-theoretic approach which we further pursue here. The community of
anabelian geometers prefers to speak in terms of Galois categories, see e.g.
[1].

Our main result is a formulation in terms of pure stability theory of a
conjecture closely related to Grothendieck’s section conjecture.

1 The category of strutures and interpreta-
tions

1.1 Most of the material below is known. See [2] and [3] for a model-
theoretic approach which we further pursue here. The community of an-
abelian geometers prefers to speak in terms of Galois categories, see e.g. [1].
One of the aims of the current project is to demonstrate advantages of the
model-theoretic point of view.

Unlike the above publications we do not apriori restrict the power of the
language to first order. The default assumptions is that

A relation is definable iff it is invariant under automorphisms (1)

For finite structures this property holds for first order languages. For
countable structures the language L, ., serves the purpose. The main in-
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terest to us are finitary structures defined below. For this class of structures
first-order languages are essentially sufficient.

Definable means definable without parameters (the same as 0-definable).

In general, we consider multi-sorted L-structures M. A definable set in
M is a definable subset D of [],.; M;, a cartesian product of universes.

A definable sort in an L-structure M is a set of the form D/FE where
D =D(M) is a definable set in M and E a definable equivalence relation on
D. An n-ary relation on D/FE is definable if its pull-back under the canonical
map D — D/E is definable.

An interpretation of an Ly-structure N in an L,/-structure M is a
bijection g : N - D/FE, a sort in M such that for each basic relation R the
image g(R) is a definable relation on the sort D/E.

Given a structure M we also consider the structure M¥¢ (non-elementary
version of M¢?) interpretable in M and which has every sort of M as a
definable substructure.

Note that any union of sorts and a direct product of any number of sorts
is a sort in MF4.

We reserve the notation M¢? for the extension of M by first-order imag-
inary sorts, see [6].

1.2 Standard facts about first-order imaginaries (see e.g. [6]) easily gener-
alise to M#4 with the help of (1).

Every relation R definable in M using parameters is associated a canon-
ical parameter ¢ € M¥? which is fixed by the same automorphisms as fix R.
More generally, if N is interpretable in M using parameters there is a canon-
ical parameter for N in M7 which is fixed by exactly the automorphism
of M¥4 which act on N as automorphisms of N. Canonical parameters are
defined uniquely up to interdefinability. We use

INT={ceMP: Vo e AutMP (c) = c & on € Aut N}

to define the set of all interdefinable parameters.
Note that in a powerful enough language the sorts

Ry,={R:RcM"}

are interpretable in M (consider the set of all non-repetitive sequences of
elements of M™ and factor by the equivalence relation ”equal after reorder-

ing”).



In particular, an arbitrary subset or relation R on M is interpretable in
M using a parameter in a R,,. The same is true for structures.

1.3 Category 9. Its objects are (multisorted) L-structures M (all £).
The pre-morphisms g : N - M are interpretations (without parame-

ters). More precisely,
g: N - MF?

is an injective map such that gV is a universe of a sort in M¥%, and for any
basic relation or operation R on N the image gR is definable in the sort.

We denote gIN the g N together with all the relations and operations gR
for R on N.

Two pre-morphisms g; : N - M and g - N - M are equivalent if there
is a bijection h: ¢;IN — goIN which is definable in M#4.

The equivalence class of a pre-morphism g : N - M is a morphism
g:N->M.

The following definitions will be used for pre-morphisms g as well as for
morphisms g.

We say ¢ is an embedding, g : N - M if gN has no proper expansion
definable in M4,

We say ¢ is a surjection, g: N - M if M < dcl(g/N) where dcl is in the
sense of MFa,

We say that g : N - M is an isomorphism, g : N 2 M, if g is an
embedding and a surjection.

In what follows we sometimes write N =~y M to emphasise that the
isomorphism (or morphism) is in the sense of the category 9 to distinguish
from ones in the usual algebraic sense.

1.4 Lemma. Let g: N - M be an 9MM-isomorphism and let M’ = gN. Then
the inverse map g=' : M’ - N induces a M-isomorphism h: M — N.

Proof. By assumptions we have M < dcl(M’) in M¥4. This implies that
there are in M : a family {S; : i € I} of definable subsets S; ¢ M'" and a
family of definable functions h; : S; - M such that

Uhl(Sz) =M and hZ(Sz) N hJ(SJ) =gifi+ j
iel

Claim. We may assume that the family {S; : i € I} of domains of f; is
disjoint, that is S;n S; = @ if f; # f;.



Proof. Note that by definition dcl(M’) = del(M' u dcl(@)), where dcl is
understood in the sense of M4, The latter has, for each 7 € I, the sort ’f;’
which is defined as the graphf;/E; where E; is the trivial equivalence relation
with one equivalence class. Clearly, ’f;’e dcl(@). Now replace S; by S;x’f;’
and we have the required.

Set D(M’) := U;e; S; and h : D(M’) — M to be U hi. h is a map
definable in M and is an interpretation, a pre-morphism M — M’. On the
other hand, any relation on M’ is a relation on a sort in M since M’ is a sort
in M”4 hence there are no new relations on h(M) induced from M/, that is
the interpretation h is an embedding. Recalling that M’ = gIN completes the
proof. [

We identify morphism h as in the Lemma with g=!.
1.5 For a subset A € M, denote M/A the expansion of M by names of
elements of A.

Clearly, the identity map defines a (canonical) morphism M — M/A. This
morphism is an embedding (and so isomorphism) if and only if A € dcl(@).

1.6 Given A c dcl(@) we may treat A as a structure in which any element
is named (e.g. by a formula defining the element in M) and so any relation
is definable. Clearly then

Aut(A)=1and A-> M.

1.7 A remark on notation. The category 9 treats M and MF? as
isomorphic objects, so we often do not distinguish between the two in our
notation. In this context the notation M/A makes sense even when A c M4,

1.8 The category Mg, is a subcategory of 91 whose objects are finitary
structures M, that is structures which can be represented in the form

M= M,

a<k

where the M, are finite first-order O-definable substructures of M.

Note that an equivalent definition would be

M = acl(@)



where acl is in the sense of first-order logic.

Example. Let k be a field and F =k, its algebraic closure. We consider
F =F/k as a structure in the language of rings with names for elements of k.
Then each a € F is contained in a 0-definable set M, equal to its Galois orbit
M, = G- a, Gy, = Gal(F : k). So F/k € Mg,.

1.9 Theorem. The map M - Aut(M) induces a contravariant functor
from M into the category Gyop of topological groups. This functor sends Mgy
into the category of profinite groups Gpyo,.

(i) To every g: N — M corresponds the restriction homomorphism
g : Aut(MPF7) - Aut(N).
(i) An embedding g: N - M to the surjection §: Aut(M) - Aut(N).
(iii) The expansion by naming all points in A € MFi g : M - M/A
corresponds to an embedding ¢ : Aut(M/A) - Aut(M).
(iv) The restriction of the functor to the finitary subcategory,

AUtﬁn ¢ Man — ®pro>

s an equivalence of categories.

Proof. (i) is immediate by definition.

(ii) Since g is an embedding, the relations definable on gN are the same
in M and N. Hence a gN- automorphism « is a monomorphism (in the sense
of the infinitary language) gN — ¢gN in M. Now use the transfinite back-
and-forth induction with all the power of the language to extend a* to a
monomorphism gN u M — gN u M, equivalently, an automorphism of M.
Clearly, g ~ «.

(iii) Immediate.

(iv) First we prove the statement for Aut : 9Mgnie = Bgnite, the functor
between finite structures and finite groups, subcategories of Mg, and &,
respectively.

Given a finite group G one constructs a finite M such that G = Aut(M)
by setting M = G and introducing all relations R on M which are invariant
under the action of G on G by multiplication. This gives us M = (M; R)

Claim.

G = Aut(M)

Proof. G acts on M by automorphisms by definition. We need to prove the
inverse, i.e. that there are no other automorphisms. Consider the tuple g



of all the elements of G (of length n =|G|) and let S, be the conjunction of
all the relation in R that hold on g (that is tp(g)). We can also consider
89 := G - g, the orbit of g under the action of G. Clearly, Sy ¢ S, and by
minimality they are equal.

Now take an automorphism o and consider og. This is in S, and thus,
for some h € G, 0g = hg, that is og; = hg; for each g; € G. Claim proved.

It remains to see that if G 2 Aut(N), then N is definable in M and vice
versa. In order to do this we may assume G = Aut(IN).

Consider N, the universe of the structure, and let n be the N presented
as an ordered tuple. Let M’ := G-n, the orbit of the tuple under the action of
the automorphism group. Clearly, M’ consists of |G| distinct elements, since
automorphisms differ if and only if they act differently on the domain N.
Also M’ is definable in N since the tuples n’ making up M’ are characterised
by the condition that tp(n’) = tp(n). The relations R induced on M’ from N
are invariant under Aut(N), and because a finite structure is homogeneous,
the converse holds. In other words an obvious bijection M — M’ is a bi-
interpretation, so M = M’ in the sense of 9. At last notice that we can
interpret N in M’ since the relation “n’ and n” have the same first coordinate
is invariant under G” is definable. This gives us N as a definable sort. It
follows that any relation on N definable in N is definable in M’. So N ¥ M’ ~
M in the sense of 1. Finite case of Aut proven.

Now we extend Aut to the category of finitary structures M € g, by
continuity

M =1limM, - G =1lim G,, where G, = AutM,,

Since the functor is invertible and preserves morphisms on finite objects
of the categories, it is an equivalence also on the limits.
O

1.10 Example. Let K and L be two number fields, Q = F. Let Fx and
F;, be two structures with respective subfields of constants (named points).
Clearly these belong to 9Mg,. A celebrated theorem by Neukirch states that

Fr S F; & K~L.
1.11 Lemma. Suppose N, M € 9 and

g:AutN - Aut M.
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Then there is A c M¥4 such that

Proof. By 1.9(iv) we have
g:M > N,

that is gM is a substructure of N#4 such that dcl(gM) 2 N. Let gM* be the
expansion of the structure gM by all the relations definable in N4,

The inclusion dcl(gM) 2 N allows to interpret the set N as well as any
relation on N, in gM* using parameters in gM 4. But the relations of gM*
are definable in gMP¥4 using parameters in gM ¥4 (see 1.2) thus we conclude
that N is definable in g M *? using some parameters A, or there is a morphism

h:N - gM/A.

Since A consists of canonical parameters of sets and relations definable in N4
the morphism h is an embedding. But it is also a surjection by construction.
Hence h is an 9i-isomorphism. []

1.12 Lemma. Suppose M € Mg,. Let H - Aut(M) be a closed subgroup.
Then H is a pointwise stabiliser of a subset A ¢ M (first-order imaginaries).
That is

H =Aut(M/A)

H is normal if and only if the restriction of dcl(A) to any finite M, (in
the notation of 1.8) is first-order 0-definable.

Proof. The equality H = Aut(M/A) follows from 1.9(iv) and 1.11.Since
H is closed in profinite topology,

H=limH,, H,-> AutM.

The functorial correspondence of Theorem 1.9(iv) identifies H, = Aut N,, for
some finite N, which satisfies the assumptions of 1.11 and thus

H, =AutM,/A,



where A, are the respective imaginaries in M¢, which are first order since
M, is finite. By functoriality of the construction

A:=limA,

has the required property.
With the above choice of A, H is normal iff N is invariant under Aut(M),
that is A O-definable. [J

1.13 Proposition. To every 0-definable N in M (write N < M) one
associates the exact sequence

1 > Aut(M/N) - Aut(M) - Aut(N) > 1 (2)

and every exact sequence of closed subgroups has this form for some N — M.
Proof. Assuming N < M, the surjection Aut(M) — Aut(N) is just
1.9(ii). The kernel of the latter homomorphism is clearly Aut(M/N) which
is normal as noticed above.
The inverse follows from 1.12. [J

1.14 Lemma. Let M € Mg,. Then M s first-order homogeneous, i.e. for
any two sequences a,a’ in M the first-order types of a and a’ are equal if and
only if there is o € Aut M such that o(a) = a'.

Proof. Since M is finitary we have

M =acl(@) = acl(a) = acl(a’).

The condition tp(a) = tp(a’) implies the existence of an elementary monomor-
phism (partial isomorphism preserving all first-order formulas) o : a ~ a'.
It is a standard fact that any elementary monomorphism can be lifted to
monomorphism acl(a) - acl(a’). O

2 Sections and section-imaginaries

2.1 Theorem. Let N, M € My, be the members of the exact sequence (2),
h: Aut(M) - Aut(N).
Suppose there exists §: Aut(N) - Aut(M), a section of h, that is
ho g =idaumy-
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Then there exists a set of first-order imaginaries A ¢ M such that the
associated with h embedding of structures hIN € M¢® gives rise to the M-
1somorphism

g:hNzM/A, (3)
satisfying the following two conditions:
M c dclyea (RN U A) (4)
and
dclyea (A) ndelynes (ARN) = delyned (@). (5)

Conversely, suppose there exist A and an interpretation-isomorphism (3)
which satisfy (4) and (5). Then the respective homomorphism

g:Aut(N) = Aut(M)

is a section of h.
Proof. By the assumptions we are also given an interpretation

h:N-M

correponding to A, such that any o € Aut(M) induces h(c) € Aut(hN) and
in this way we get all automorphisms of AN, that is h(Aut(M)) = Aut(AN).
Without loss of generality we may assume that N is a substructure of M4,
that is h is a pointwise identity embedding and iL(O’) is the restriction of o
to N. Thus

h(Aut(M)) = Aut(N). (6)

Consider the subgroup g(Aut(N)) ¢ Aut(M), an isomorphic copy of
Aut(IN). Since g is a section of h we get

h(§(Aut(IN))) = Aut(N).

By assumptions ¢ lifts any automorphism p € Aut(IN) to a unique auto-
morphism §(p) € Aut(M) giving the embedding g : Aut(N) = Aut(M).
Set
A = Fixpee (g(Aut(IN))).

Note that according to 1.12

G(Aut(N)) = Aut(M/A)
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Moreover, N is definable in M*% over A since N as a structure is Aut(MFe/A)-
invariant. In other words there is a pre-morphism

g:N-M

realised by the embedding of the universe into M4, i.e. g(x) = x for any
xeN.
Now note that g is an 9-embedding since every p € Aut(IN) lifts to an
automorphism g(p) of M¥4/A.
Next we note that g is an M-surjection, that is dclyee/a(N) 2 M, or
equivalently
delyea (N U A) 2 M.

To see the latter we remark that if o € Aut(M) fixes Au N point-wise then
o€ g(Aut(IN)) (because A is fixed) and o is identity on N. That is o = id.
Finally note that

A n dClNeq(N) = dClNeq(@) = dClMEq(Q) n dClNeq(N),

the first equality follows from the fact that the intersection consists exactly
of Aut(IN)-fixed points of N¢, and the second equality is the consequence of
g being an embedding. [

2.2 We call A satisfying (4) and (5) of 1.13 a section-imaginary, or
more precisely, the section-imaginary corresponding to the interpretation-
isomorphism ¢ of (3) and section g of h.

Note that by definition

A = Fixpygra (§(Aut(N))).

is totally determined by the morphism g : N — M.

3 Grothendieck’s anabelian section conjecture

3.1 The celebrated Grothendieck’s section conjecture is formulated in terms
of a smooth algebraic curve X defined over a number field k, its étale funda-
mental group 7¢(X) and a section of the canonical surjective homomorphism
m¢(X) - Galy.

In our setting X(k) corresponds to N in the language that has names for
every point of k (in particular, definable points in N are exactly k-rational
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points). 7% (X) corrsponds to Aut M and Galy, to Aut N. As explained in [7]
in Grothendieck’s setting for M one can take a multisorted cover structure
Xet, so our M should be seen as just one layer of Xet. However, we believe
that just one high enough layer of the cover suffices to detect the existence
of a rational point on X.

Note that Grothendieck also assumed that X is ”anabelian”, more con-
cretely, of genus > 1. This is the condition necessary for the correspondence

(conjugacy classes of) sections — rational points
to be bijective, see [8]. We only consider the conjecture
existence of sections — existence of rational points

which makes sense for much broader class of varieties X and is known to
imply the validity of the original Grothendieck conjecture. In particular, the
latter version of the conjecture is open for curves of genus 1, which from
model theory point of view are FE-torsors, for E a group structure of an
elliptic curve. See [8] and [9] for some results on this case. The latter text
also presents Grothendieck’s section conjecture in a way fitted better for the
setting of the next section.

4 Elimination of section-imaginaries

In this section we will be careful to distinguish between M and M¥%4,

Our aim here is to study conditions for the existence of sections in cases
which could be seen as general model-theory style analogues of finite étale
covers of smooth algebraic varieties.

4.1 We consider specific two-sorted cover structures
M = (C,N,pr)
where C and N are substructures on universes C' and NN respectively and
pr:C >N

is a covering map with finite fibres. We also assume that the image pr(R) of
any definable relation R ¢ C" is already definable in IN.
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This gives us an interpretation-embedding
ipr :N “m Ma

given by the identity map on N, i, /N = N, and the corresponding short exact
sequence (2).
Assume further that:

C1. For any ce C,
del(Nu{c}) 2C.

C2. There is a 0-definable group I' of transformations of C' which fixes fibres
prt(n), n € N, and acts freely and transitively on each fibre. Moreover,
['= Aut(M/N) (the deck-group).

C3. The first-order theory of M is categorical in uncountable cardinals.

4.2 Note that C1 brings us into the context of generalised imaginaries of
Hrushovski’s paper [5]. In particular, the construction there of the definable
groupoid is applicable here: there is a 0-definable G € N acting partially
on C so that:

for each c1,cq € C there is a unique g € G satisfying co = g * ¢1, and
for each g € G there are c1,co € C satisfying co = g * ¢;.

The deck-group I is a subgroupoid of G and also is the liaison group of
C over N.

One of the essential differences in the approaches here and in [5] is that
the main interest of the latter is in the case when NN eliminates (ordinary)
imaginaries which in the context of algebraic geometry corresponds to N
being of genus 0.

4.3 Lemma. Assume a cover structure (C,N,pr) = M € My, and satisfies
C1 and C2.

Suppose there exists e € dcl(@) n N. Then for any a € pr-i(e) the set
f4 = dcl(a) is a section-imaginary for some section g : AutN — AutM of
Tpr-

Proof. We may consider the interpretation iy, as also being an interpre-
tation of N in M/A, call it 42, in this context.

Condition C1 implies that dcl( N u A) contains all the points of universes
of M/A and thus we have (4) satisfied. i4, is a surjection in category 9.
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In order to see that 7% is an embedding consider a relation R on N
defined by a formula in the language of M/A, that is by a formula ¢(a,y),
where ¢(x,y) is in the language of M, a ¢ A. It follows from C2 that, for all
a’ € pri(e), formula p(a’,y) defines the same relation R on N, that is R is
defined in the language of M. By our assumption R is then defined in the
language of N. Thus igr is an embedding in category 9t and (5) is satisfied.
O

4.4 Given a cover structure (C,N,pr), we say that section-imaginaries
for i, are eliminable if any section-imaginary A for i, is of the form
A =dcl(Ap), for some Ay c C.

Equivalently, it follows from C1 that section-imaginaries for i, are elim-
inable if and only if any section-imaginary A for iy, is of the form A = dcl(a),
for some a € C.

4.5 Lemma. Assume a cover structure (C,N,pr) = M € My, and the
cover is non-trivial, i.e. |Aut(M/N)| > 1. Suppose there is a section § :
AutN - Aut M of iy, and section-imaginaries for iy, are eliminable. Then

del(@)n N # @.

Proof. Let A = dcl(Ap) be the section-imaginary for iy, Ay c C. Note
that Ay # @ since by (4) C cdcl(Agu N) and C ¢ dcl(N) by condition C2.

Clearly, pr(Ap) ¢ N and pr(Ap) c dcl(Ap). It follows from (5) that
pr(Ag) cdcl(@). O

4.6 Theorem. Let (C,N,pr) = M € My, be a non-trivial cover structure
and assume M has elimination of section-imaginaries for i, . Then there is
a section g : Aut N - Aut M of i, if and only if there is a definable point in
N.

Proof. Follows from the two lemmas above. [J

4.7 Consider the special case of M where N is the structure on a projective
curve over a number field k. We will refer to this as the geometric case.
The geometric case has the anabelian version, that is the case of a curve of
genus > 1, and the abelian version, the curve of genus 1.
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4.8 Problem. Formulate model theory condition sufficient for elimination
of section-imaginaries and consistent with the geometric case.

The analysis of the similar structure in [7] shows that C1-C3 are satisfied
in the geometric case.

A possible extension of these conditions could be e.g.:

C4. I'ndcl(@) = dclp (@) (the del in the group structure (T',-).
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