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Abstract

We treat the canonical commutation relations and the conventional
calculus based on it as an algebraic syntax of quantum mechanics and
establish a geometric semantics of this syntax. This leads us to a
geometric model, the space of states with the action of time evolution
operators, which is a limit of finite models. The finitary nature of the
space allows to give a precise meaning and calculate various classical
quantum mechanical quantities.

1 Introduction

1.1 This paper is a part of a broader project which aims to establish, for
a typical 'co-ordinate algebra’ A in the sense of non-commutative geometry,
or a scheme, a geometric counterpart V 4. Here “geometric” should also be
understood in some broad but well-defined sense. We believe this is possible
in the setting of model theory, where a crucial new experience in generali-
sation of semantics of algebraic and analytic geometry, and applications of
this, has been accumulated in the last 50 years.

In fact, we aim to establish a rigorous mathematical duality

.AV — VA (1>

between algebras Ay and structures V 4 of geometric flavour.

Let us recall that a project with similar aims, but mainly concentrated
around classical structures of mathematical physics, has been suggested by
C.Isham and J.Butterfield and is being developed by C.Isham, A.Doéring and
others, see e.g. [8] and later publications. In that approach V 4 is supposed
to be a topos.

Our approach is different in many details: 'V 4 is a multi-sorted structure,
each sort of which is a Zariski geometry in the sense of [18]. An essential
component of the multi-sorted structure V 4 is the set of morphisms between
sorts functorially agreeing with embeddings between certain sublagebras of
A, which makes the left-to right arrow a functor between a category of those
subalgebras A and sorts V 4 of V 4. This functor, in fact, defines a quite rich
sheaf over the category of sublagebras. This makes an interesting point of
contact of our approach with the topos-theoretic approach to foundations of
physics.



1.2 At this stage of our project we decided to keep the general context
to minimum and instead concentrate on developing and illustrating the ap-
proach in a very special case of Heisenberg-Weyl algebras and the canonical
commutation relation. And even there we quite quickly drop the general-
ity of the n-th Heisenberg-Weyl algebras for the sake of developing rather
sophisticated calculus with one position and one momentum operators.

1.3 The n-th Heisenberg-Weyl algebra A™ has generators Pi, ..., Py, Q1, . ..

the “co-ordinates” of n-dimensional quantum mechanics, with commutation
relations

Q1P — P,Q; = 2midyd, (2)

where the P, and (); are seen as self-adjoint operators, I is the “identity
operator” and dy; the Kronecker symbol. (We have chosen the multiplier 274
for convenience of further notations and to mean that exp 2mil = I.)

The infinite-dimensional Heisenberg algebra is

A =y, AM.

The representation theory of A™ is quite complicated, even for n = 1,
due to the fact that the algebra can not be represented as an algebra of
bounded operators on a Hilbert space, not to speak about finite-dimensional
representations.

However, as suggested by Herman Weyl, we may instead consider the
representation theory of algebras generated by the Weyl operators which can
be formally defined as

Ut = expiapQy, Vlbl = expib P, (3)

for ay,b; € R. These are unitary (and so bounded!) operators if the P, and
Q; are self-adjoint, and the following commutation relation holds:

URV = auV U
where gy = exp 2mia,b;0

(4)

Given a choice of real aq,...,a,,bq,...,b, the complex C*-algebra gen-
erated by Weyl operators V=, ... VFan U=t [+

Alay, ... an, by, ... by) = C[VE", . VEe UE | UEe]

is called (in this paper) a Weyl algebra.
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The all-important Stone — von Neumann theorem states that the repre-
sentation theory of all the Weyl algebras A(ay,...,an,b1,...,b,) together
is equivalent to the Heisenberg commutation relation (2). One can say
that AM™ can be fully replaced by the entirety of its Weyl subalgebras
A(ay, ... ,an,by,...,b,) which have a good Hilbert space representation the-
ory.

Especially nice finite-dimensional representations have Weyl algebras for
which the multipliers ™% are roots of unity. This is the case when all the
ay, by are rational. We call such algebras rational Weyl algebras.

In a certain sense, made precise in the paper, the rational Weyl algebras
approximate the full Heisenberg-Weyl algebra just as rational points approx-
imate points of the n-dimensional Euclidean space. In fact, the paper uses
the correspondence between rational Weyl algebras A and certain geometric
objects V4. The structure V4 encapsulates the representation theory of A
and is at the same time a well-understood object of model-theoretic studies,
a quantum Zariski geometry, see [16].

The quoted paper established the duality (1) between quantum algebras
A at roots of unity (rational Weyl algebras in our case) and corresponding
quantum Zariski geometries V 4, which extends the classical duality between
commutative affine algebras and affine algebraic varieties. The new step
implemented in the present work is to extend the duality on algebras A
approximated by rational Weyl algebras. In order to achieve this we need
to develop a notion of approximation on the side of structures V4. Such a
notion, of structural approximation, has essentially been developed in [17]
(quite similar to the context of positive model theory developed by I. Ben-
Yaacov [2] and others).

1.4 A few introductory words about structural approximation:

We work with the category whose objects are rational Weyl algebras
A(a,b), a,b € Q, and morphism are embeddings. It is useful to have in mind
that the embedding A(a,b) C A(c, d) can be determined in terms of divisibil-
ity relations between denumerators of the fractions of integers representing
a,b,c and d.

We consider an ultrafilter D on Q? to be defined more specifically below.
Consider the ultraproduct of algebras {A(a,b) : (a,b) € Q?} modulo D, call
it A. This can be seen as a non-standard algebra “generated” by operators
UV, for a,b € *Q, the field of non-standard rational numbers.



We consider then the corresponding ultraproduct modulo D of Zariski
geometries V 4(q), denote it V.
Now we are ready to define a limit object, the space of states

S =lim DVA(a,b)

and the procedure of taking the limit. By definition in [17] the limit structure
is a homomorphic image of Vi and lim is a surjective homomorphism

lim : Vi — S,

which means a map preserving basic relations of the language.
The canonical equivalence on V3 associated with lim,

T1 & Ty < limxy = limx,

should be read as “z; is infinitesimally close to z5”.

This definition is very sensitive to the choice of the basic relations (prim-
itives) of the language and is not preserved under the transition to an inter-
definable language. Effectively, the choice of the “right” primitives amounts
to the choice of what physicists would consider as observables.

The fact that we construct our structures as Zariski geometries plays a key
role here: the notion of homomorphism in the above definition agrees with
the notion of morphisms in the category of respective Zariski geometries,
structures with (a generalised) Zariski topology on them.

Further choices of primitives of the language lead to the introduction of
probability (equal to the absolute value of the inner product) as an observable
as opposed to the inner product, which is well-defined for each V 445 but
can not be defined uniformly without breaking the symmetries required by
Zariski structure.

1.5 The ultrafilter D of 1.4 is chosen to be a Fréchet ultrafilter with respect
to the partial ordering between the A(a,b), that is:
for each A(a,b) the set {{c,d) € Q?: A(a,b) C A(c,d)} is in D.
We also add a condition on D which depends on a choice of a rational
number h and which results in the fact that A is “generated” by a pair of
operators U i and V%, for non-standard integers p and v such that



The fact that D was Fréchet has an important consequence: both p and
v are divisible by all the standard integers.

Consequently we will get that A(a,b) C A for any (standard) rational a, b
which is one of the desirable properties; A is universal for the family of all
rational algebras.

1.6 Let us turn now to more detailed description of the objects V4 and

their limit, the space of states S.

For a rational Weyl algebra A the object V 4 is defined, following [16], as
a bundle (not locally trivial!) of irreducible A-modules over an algebraically
closed field, say C. In the current paper we identify a more interesting struc-
ture of what we call “algebraic-Hilbert” modules on V4. “Algebraicity” of
the modules first of all reflects the fact that the modules are of finite di-
mension n4. More serious algebraic feature of V4 is in the fact that the
submodule over a much smaller subfield, Ry[y/—1] C C, where Ry is the field
of algebraic totally real numbers, has an inner product structure with values
in Ro[v/—1]. To express the sesquilinearity of the inner product we use the
formal complex conjugation on Rg[y/—1], which does not require definabil-
ity of the reals. This is crucial since we want to keep the structure V4 a
Zariski structure (hence w-stable). In fact, for each particular A we need
just a finitely generated subfield Q[q] of Ro[v/—1], where ¢ is a root of unity
introduced in (4).

With the inner product and a formal complex conjugation defined we can
also speak of adjoint operators, unitarity and the related notions.

1.7 Each algebraic-Hilbert space V 4., is acted upon by respective Weyl
operators U® and V?. In the limit procedure the rational parameters a and
b become infinitesimals and for this reason can not be observed in the limit
structure. The same can be said about U® and V.

Instead of U® and V° we introduce in the language of Vs(ap) the new
names P and Q which can be used for all values of a,b € Q :

Uue —[-a Vb o Vfb
= Pi=—
Q ' ’ 2:b

2ia
(compare with (3)). Note that in each A(a,b) the operators Q and P are
inter-definable with U® and V? respectively (but by different formulas!) The
effect of redefining the basic operators is that the new operators Q and P
have a meaning throughout the whole construction and in the limit of it. So
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the operators QQ and P are observables.
Crucially, we prove:
Theorem (see 9.3) The canonical commutation relation (2) holds in S.

This can be seen as another version of Stone - von-Neumann Theorem.

1.8 Other observable operators can be constructed as e.g. linear combina-
tions cQ + dP, ¢,d € R. To each such operator in the conventional quantum
mechanical setting one associates a Lagrangian subspace of the phase space.
A symplectomorphism between two such Lagrangian subspaces can be iden-
tified as a (generalised) Fourier transform (see e.g. [12]).

In our finitary setting this picture translates into considering commuta-
tive subalgebras of A of the form A(c, d) where ¢, d are rationals (eventually
approximating real values). To each such commutative subalgebra one can
associate the space of eigenvectors, a subset of V 3, which is an equivalent
of the lagrangian, or rather the lagrangian subspace with a line bundle with
connection. In place of the Fourier transforms we define a class of Zariski
morphisms with special properties which we call reqular unitary transforma-
tions since they preserve the orthonormality.

Theorem. The reqular unitary transformations survive to the limit and
form a group which has SL(2,R) as its homomorphic image.

In n-dimensional case SL(2, R) should become the symplectic group Sp(2n, R),
but we do not do this case in the current version of the paper.

1.9 The fact that the construction of the limit structure involves non-
standard (infinite) integers p and v (as in 1.5) is one of the causes of emer-
gence of non-observable values. More concretely, the absolute value of the
inner product of norm 1 eigenvectors |x) and |p) of operators Q and P is

1
%

and so is an infinitesimal. This can be used to define the probability density
but for more subtle calculations one needs a renormalisation, a systematic
procedure which produces a finite value. We introduce such a universal pro-
cedure in terms of our construction. This is called in the paper the Dirac
rescaling. As an intermediate stage the Dirac rescaling introduces a “dis-
crete” Dirac delta-function on each lagrangian and in the above example

(= [p)| =

7



gives us
1

2 |p) pir = —=¢""7,

where the right-hand side is defined up to a phase factor.

1.10 It is well-known that some (not all) of the generalised Fourier trans-
forms can be identified as time evolution operators for certain particles. The
same is true for regular unitary transformations. We consider such transfor-
mations Kf,., and Ko corresponding to time evolution operators for the

free particle and the quantum harmonic oscillator and calculate the Feynman
propagator, which coincides with the well-known results:

1 i(wy —x9)?

x Ktreel‘ ir — e 2th
< 1‘ f 2>D \/m

1 (22 + 22) cost — 2z 29
Kt o= . 1 2
(ol Konolen)pir =\ 5 ey expi Ohsint ’

where ¢ are arbitrary positive real numbers such that A = 27h > 0 and
sint # 0.

and

1.11 The most interesting example we calculated is the formula
1

Tr(K¢ = —
(Kao) i] sin %|

for the trace of the evolution operator for the quantum harmonic oscillator.

A naive approach to calculating the trace would be to consider the sum of

eigenvalues of K{yo which are well known

oo

i(n—1
Tr(Kguo) =’ Ze( 2)t,

n=1

But this does not make sense since |ei(”_%)t| = 1. Our calculation takes place
for arbitrary rational values of the parameter arcsint in big enough finite-
dimensional algebraic-Hilbert spaces V 4. In each such space the trace can be
calculated and the result has the same form as above (for the given value of
the parameter). Note that the easy of obtaining the formula is compensated
by the difficulty of calculating eigenvalues of K, éHO in the finite-dimensional
space. In fact, we have not calculated these eigenvalues.

8



1.12 Of course, discrete models have been in permanent use throughout the
history of quantum physics as a heuristic tool, see the reference [14] or more
advanced treatment in similarly defined spaces in [9]. The analysis of such a
discrete model usually concludes with the phrase “now we pass to continuous
limit”, which actually is an ill-defined notion and a source of main troubles
of quantum physics.

Perhaps the main achievement of this paper is the approximation proce-
dure lim suggesting a rigorous interpretation of the above.

Moreover, the mathematical model developed in this paper may have a
much stronger physical interpretation. The pseudo-finite-dimensional Hilbert
space which is associated with our main object V ; corresponds to a pseudo-
finite space of states. Here “pseudo” refers to the non-standard finite (that
is infinite) size of the space. This is a good mathematical substitute for the
notion of a “huge finite” universe. The limit S of this space should then be
considered a “continuous approximation” to the huge finite universe. The
claim of the paper is that by assuming this as a model for reality we get the
correct mathematical theory of quantum mechanics.

1.13 The role of logic and model theory. We see canonical commu-
tation relations and more general formulas of algebraic quantum mechanics
as rules of a syntax that speaks correctly about quantum mechanics since
the time of Heisenberg and Dirac. However, unlike the case of the syntax
of classical Hamiltonian mechanics (the calculus of differential manifolds),
no geometric semantic interpretation of this syntax has been established.
And this is arguably the main cause of troubles in quantum physics, see [7].
From our point of view this is also a true challenge to logicians and, more
concretely, model-theorists.

The quoted paper [7] suggest toposes as possible semantical interpreta-
tions for similar syntactic construction (general von Neumann algebras), and
there have been a few other constructions of category-theoretic origin.

The construction we use in [16], in the present paper and in other ongoing
joint works has many common features with the above mentioned approaches,
but the role of category theory is taken by model theory. The advantage is
that the semantical interpretation is supposed to take shape of a concrete
structure with crucial model-theoretic characteristics. These characteristics
supposed also to justify the adjective geometric in the definition geometric se-
mantics. Model theory has tools for distinguishing structures of this desired
type, tools developed in stability theory. In particular, the notion of Zariski



geometry (and its generalisations) proved to be a very convenient generalisa-
tion of objects of algebraic geometry, including non-commutative one. The
insistence that the model of quantum mechanics must be a Zariski geometry
severely restricts our choices but also brings in strong parallels with classical
geometric structures. Zariski geometries come with an internally defined no-
tion of dimension. Another key property is homogeneity: any two subobjects
which are indiscernible by the language are conjugated by an automorphism
of the structure. In the current setting this property explains the inherent
symmetries of quantum mechanics and exhibits their common nature with
Galois automorphisms of algebraic geometry.

In the end the approach works, and this paper is here to prove the state-
ment.

1.14 Acknowledgements. I would like to thank Alex Cruz Morales for
his interest to this work and his many questions which essentially effected the
form and the content of this paper and led to our joint paper [3] surveying an
early version of the present work. I would also like to thank Andreas Déring
who explained to me the idea of the topos-theoretic approach to foundations
of physics and who introduced me to people interested in foundations of
physics. I am also grateful to Bruce Bartlett who draw my attention to some
recent works in mathematical foundations of quantum mechanics.
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2 Preliminaries

2.1 Weyl operators (3) generate so called Heisenberg group H(ay, . .., a,, by, . ..

Most of the time will be interested in the case n = 1 and the Heisenberg group
H(a,b), which is a group of rank 2. More generally a Heisenberg group of rank
2 is a subgroup H of H(a, b) such that the quotient H/[H, H] is non-cyclic.

2.2 Lemma. A Heisenberg group of rank 2 is isomorphic to H(e,d) for
some ¢,d. If H C H(a, b) for rational a,b, then c,d are rational as well.
Proof. Easy. [J

2.3 A general Heisenberg group of rank 2n is by definition a group of the
form
H; x...xH,

where the H; are Heisenberg groups of rank 2. In this definition we also
assume that the generators of the H; are of the form U/"'V#* and U?*' V>,
for real g11, 912, go1, g22. We write, correspondingly,

H, = <U911 V92 9 V_g22>'

We also will consider an algebraically closed field I of characteristic 0 (e.g.
the field of complex numbers C) and the Weyl algebras, which are defined as
a group algebras FH of the respective Heisenberg groups. In particular,

Alay, ... ap, b1, ... by) :=FH(ay,...,an,b1,...,b,),

where

H(ay,... a0, b1,...,b,) = (U™, ..., U™ Vo .. V).

2.4 By 2.2 any Heisenberg group of rank 2n is isomorphic to one of the
form H(ay, ..., an,b1,...,b,) and every Weyl algebra is isomorphic to one of
the form A(ay,...,an,b1,...,b,).

2.5 A symplectic structure associated with the Heisenberg group.
Recall that H is a nilpotent group of class 2 and hence the commutator
operation [h,g] := hgh™'g™! determines an alternating Z-bilinear form on
H/[H, H],
[, -] H/[H,H] x H/[H, H| — [H, H] = Z.

For the case of real Heisenberg group this is called the symplectic structure
on H. The same terminology can be applied to the integer Heisenberg group
without the risk of ambiguity.

11
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2.6 A rational Weyl F-algebra of rank 2n is a Weyl algebra isomorphic
to one of the form A(ay,...,a,,b1,...,b,) with rational non-zero ay, ..., a,,
bi,...,by,.

In this case the g in (4) are roots of unity. Such algebras, and more
generally quantum algebras at roots of unity, can be seen as “coordinate
algebras” of corresponding Zariski geometries. This has been studied in [16].

2.7 Theorem. Let A = A(ay,...,an,b1,...,b,) be a rational Weyl F-
algebra. Then

(i) A and the centre Z(A) are prime noetherian PI rings. Let ny be the
PI degree of A.

(i1) Every maximal ideal of A is of the form & = Aa, for a C Z(A),
a € Spec(Z(A)), a mazximal ideal of the centre.

(111) The unique irreducible A-module V s(«) with annihilator Ann(V) = &
is of dimension ny over F. The irreducible representations of A are
in bijective correspondence with points o € Spec(Z(A)), the mazimal
spectrum of Z(A), which can be identified with (F-points of ) an affine
wrreducible variety.

(iv) There exists an isomorphism A/& = M(na,F), the full na X na-matriz
algebra.

(v) The irreducible A-module V 4(«) is isomorphic to a tensor product of
corresponding irreducible Ag-modules V 4, (o),

Va(e) = Q) Va,(on)
k=1
for Ay = A(ag, by) and some mazimal ideals oy of Z(Ay).

Proof. For (i)-(iv) see [1], III.1.1 and II1.1.6.
(v) follows from the fact that

H(a, .., an, by, ba) = [ [ Hlax, bi). (5)

12



2.8 Note that the isomorphism in (iv) is given by a representation j, : A —
M(n.4,F), which in its own right is determined by a choice of a maximal ideal
a C Z(A) and a basis e in the module V4(a), s0 j = Jae-

2.9 Definition. Given the Heisenberg group H(a,b) with rational a,b, it
is easy to describe its automorphism group Aut H(a,b). It consists of auto-
morphisms &, ,, 1, for g = (¢;;) € SL(2,Z), n,m € 0,1,...,N — 1 where N is
the order of defined on the generators of H(a, b) the root of unity ¢ = e*7ie :

Ue — anguanub
£g7n,m : Vb — qug21t1Vg22b

Note that by isomorphism the commutator of the image of U and V? is
equal to the same number ¢, hence det(g;;) = 1.
Set I'f7(a,p) to be the subgroup of Aut(H (a, b)) which fixes H(a,b)/Z(H (a,b)),
the quotient of the Heisenberg group modulo its centre.
Given a rational Weyl algebra A = A(aq,...,an,b1,...,b,) we set
FA:FAl X .. XPA

n

for Ay = A(ay,by), k = 1....,n, with the action on A = A1 & ... ® A,
coordinate-wise.

2.10 Lemma. For A = A(a,b) the group I's is generated by the two auto-
morphisms p and v defined on the generators of A as follows

U= qU* - U w— U (6)
Ry syt LV gV

L4 and X4 fix the centre Z(A) point-wise.

T, = (Z/NZ)

Proof. By definition any v € I'4 acts by U® +— ¢*U® and V?® s ¢™V?,
for some integers k and m. Then v : UV U2V~ s UVPU~V°  that is
v(ql) = ¢l for all v € I'4.

Clearly, u,v € T'4. Also v~ 'pl*v™ acts as identity on U?, V? hence v =
pFr™. The transformation ¢ fixes ¢I by (4).

Finally, it is immediate from (6) that the generators u, v of 'y commute
and are of order N. J
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2.11 In what follows we will extensively use (5) and reduce the study of
n-th Weyl algebras to the study of 1-st Weyl algebras.

2.12 Lemma. The centre Z(A) of rational A = A(ay,...,an,b1,...,b,)
is of the form A(Niay, ..., Npan, N1by, ..., Nuby,), where Ny is the order of
the root of unity exp 2mwiagby, that is equal to the denominator of the reduced
rational number aby,.

Proof. Immediate. [J

2.13 Lemma. Suppose

Aldy, ..., al, by, ... 0) C Alay, ... an,b1,...,0,)

) 'n)

and A(dl,...,al b, ... U, is commutative and maximal among commuta-
tive.

Then

(i) a), = Myay, b, = Liby, for some My, Ly, € Z such that MLy is equal
to the denominator of the reduced fraction aibg, k =1,...,n.

(ii) In particular, A(N1aq, ..., Npan, b1, ..., b,) and A(ay, ..., an, N1by, ..., N,by,)
are mazimal commutative subalgebras of A(ai,...,an,b1,...,by).

(#ii) Mazimal commutative subalgebras A(Nyag,by) and A(ay, Npbg) of
A(ay, by) are 1-generated by Vb and U respectively, over the centre of the
algebra.

Proof. (i) We may assume that n = 1 and we consider A(a’,V) C
A(a,b) maximal commutative. Then o' = Ma, ¥ = Lb, for some M, L € Z
by the embedding assumption. Commutativity requires that M Lab € Z.
Maximality implies the last of the conditions.

(ii) Immediate from (i).

(iii) Just note that UNe% and V™% are in the centre of the algebra. [J

2.14 Lemma. Given a rational commutative n-th algebra A = A(ay, ..., an,b1,...,b,),
there s finitely many commutative rational n-th Weyl algebras B extending
A.
Proof. Any element of B is of a product of some U,j;“ and ka;“, k =
1,...,n. Commutativity implies that a}by,aib), € Z for all k. This puts
bounds on the denominators of a, and b;. On the other hand, since U*, Vi* €
B, we can reduce every product in B modulo A so that |a}| < |ax| and |b}| <
|b|. There are finitely many such aj, and b}, with the bound on denominators.

O
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2.15 Lemma. Given a commutative rational n-th Weyl algebra
C = Alcy,...,cody, ... dy,), let CT be the algebra generated by all the
commutative rational n-th Weyl algebras B extending C. Then

y n d n — —
(i) CT:A(]%—ll,...,ﬁ,—n,Fll,...,]‘fl—n), where N = cpdi, k=1,...,n.

(ii) CT is generated by two maximal commutative subalgebras
A(& . e dy, ..., dy) andA(cl,...,cn,]C\l[—ll,... ),

Ea ’N_n’ > N,

(iii) If C is the centre of A= A(ay,...,an,b1,...,b,), then CT = A.

Proof. (i) It is clear that CT contains A(]ff—ll, oy i, dy, ..o, dy) and
Aer, ..y Cpy Jc\l,—ll, e ]‘fl—”) as the two subalgebras are commutative and contain

C.

(ii) It is easy to see that both are maximal commutative subalgebras of
CT as presented in (i). It is obvious from the explicitly given parameters that
the two sublagebras generate CT.

(iii) By 2.12 C = A(MNaq, ..., Nyan, N1by, ..., Nub,), where the Ny are
denominators of the reduced rational numbers a,b,. Hence, by setting ¢, =
Niay, and dy, = Nipby, we get by (i) CT = A. O

2.16 Corollary. The functors A~ Z(A) and C — CT between categories
of rational n-th Weyl algebras and commutative rational n-th Weyl algebras
are 1nverse to each other.

2.17 Lemma.
The family of all the commutative Weyl subalgebras C' of a rational Weyl
algebra A containing the centre Z(A) of A is finite.
Proof. It is enough to note that the generators U,*, ka’“ of A are periodic
modulo the centre. Hence the images of canonical generators U.*, de’“ of C'
modulo Z(A) take only finitely many values. [

2.18 Definition. Given a rational Weyl algebra A O(A) be the set of
maximal commutative Weyl subalgebras C' C A.

2.19 Proposition. There is a natural bijection between O(A) and the set
of Lagrangian subgroups of the Heisenberg group H such that A = A(H).
Proof. Immediate by definition. [J
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2.20 Lemma. Suppose now A = A(a,b) and C € O(A). Then C =
A(a, Nb)Y for some v € AutH(a,b).

Proof. Note that A(a, Nb) is maximal commutative in A. By 2.13(iii)
C is generated by one element W € A over Z(A). Then W = U9ney92b,
J11, 912 € Z, co-prime modulo N. Choose ¢s1, g2 € Z such that gy1920 —
g12921 = 1 and consider W' := U922V 921% We see that

v Uts W Vs W
is an automorphism of H(a,b). O

2.21 Lemma. For a rational n-th Weyl algebra A = A(ay, ..., ap, b1, ..., by),
O(A) = {Cl X...xC,:C, € O(A(ak,bk)), k= 1,...,’/1}.

Proof. We may consider maximal commutative subgroups C' C H of a
rank-2n Heisenberg group instead. Recall that

where H; are Heisenberg groups of rank 2. The projection C; of C' to the i-th
subgroup must be commutative. It also must be maximal, since otherwise
there is an element h; with h; ¢ C;, [h;,C;] = 1, on the i-th co-ordinate
and equal to 1 on other co-ordinates, and such an h commutes with C,
contradicting maximality.

Since C' C []7_, C; and the product is commutative we have the equality.
OJ

2.22 Corollary. There is a canonical bijection between the set O(A) of
mazimal commutative subalgebras of A and the set of all Lagrangian subspaces

on the symplectic space associated with the respective Heisenberg group H by
2.5.

3 Categories Ay, and Cyy,.

3.1 Definition. We fix I to be an algebraically close field of characteristic
Zero.
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Ayin is the category of all the rational Weyl F-algebras with canonical
embeddings as morphisms.
Aﬁ)l is the subcategory of n-th Weyl algebras of Ay;,

Crin and C}Zl are the subcategories of commutative algebras of Ay;, and

ASZ:ZL respectively.

3.2 Properties.
It is easy to check:

(i) Ayin and Cyy, are small categories of unital F-algebras with at most
one morphism between two objects.

(ii) The functor A + Z(A) is an isomorphism between A7 and Cpi,. We
will describe the inverse functor Z(A) — A : Z — Z' below.

(iii)
() 24 =F.

A€Ayin
Proof. (i) and (iii) are immediate from definitions. (ii) is just 2.16.0J

3.3 Subfield F; with complex conjugation.

For most of our purposes it is suficient to work within a subfield Fy of F.

We set Ry C F to the subfield of the totally real algebraic numbers and
Fo = Ro[i], the extension of Ry by i = v/—1. In particular, Fy C Q9, the
algebraic closure of Q.

Note that p, be the group of all roots of unity in I, is a subset of Fy. Note
also that ¢ + ¢~! is a totally real number for ¢ € p.

We will think of i as the group of “elements of modulus 1”7 and introduce
an formal (complex) conjugation z — z*, an automorphism of the field
Fg, defined as

*rr+is—r—is, forr,s € Ry.

In particular, u* = u~ !, for u € p and 7* = r for r € R,.

In particular, given n x n matrix X over Fy, we define an adjoint X*

as the matrix obtained by transposition and formal conjugation. We call X
Fo-unitary if X*X = 1.
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3.4 Remark. Suppose F is of cardinality continuum (which may be as-
sumed without loss of generality). Then F is abstractly isomorphic to the
field of complex numbers. So, in this case Fy C C and by construction the
involution x — x* coincides on Fy with the complex conjugation. This is
immediate from the definition.

3.5 Proposition. An A € Ay, is an affine prime algebra over I, finitely
generated over its centre Z(A) as a module. A is finitely generated as an
F-algebra with the field of definition Q|q, ..., qn], for g = exp2miagb, k =
1,...,n.

FEvery maximal ideal of A is regular.
Proof. Immediate.

Such algebras are considered in [1] which contains in particular the fol-
lowing statement.

3.6 Proposition. Let A, B € Ay;,. Then Z(A) N Z(B) € Cyiy, and so
(Z(A) N Z(A))" = (A, B) € Agin.
Proof. Immediate by 2.15. [J

3.7 Notation. Given A € Ay;, we write Spy for SpecMax(Z(A)).

3.8 Lemma. Suppose A,B € Ay, B C A, so Z(A) C Z(B). Given
B € Spg, a mazimal ideal of Z(B), we get a maximal ideal 5 N Z(A) of
Z(A). The map

b— BNZ(A), mpa:Spg — Spa

18 surjective.
Proof. Follows from 2.7(ii). O

3.9 Lemma. Let A € Ay, and C € O(A). Let B=C". Then
Spe = Spp and Tpa 1 Spy — Spy

1s unramified of order n 4.

Proof. Since C' = Z(B), we have by definition Sp = Spp.

Let n = na. Recall that by 3.2 the image of Z(A) in A/& is F - 1, the
subalgebra of scalar matrices. By 2.18(ii) the image of C' in the algebra of
matrices is the diagonal subalgebra, that is of the form F -i; +... +F - i,,
where iy, ...,1, are orthogonal idempotents.
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Note that every maximal ideal of C'/a N C'is of the form )., F -i;, for
some k= 1,...,n. It follows that every maximal ideal of C' is of the form

&= F-ig+anC, wherei, € C, iy =ip+ancC.
J#k
On the other hand, {tNZ(A) = . Indeed, (§xNZ(A))/(@aNCNZ(A)) =0
since F- 1M Y ., F-ip = 0. Hence § N Z(A) 2 anCnZ(A) = a. The
inverse inclusion is obvious by maximality of «.
Hence mpa i c— a=cNZ(A) is an n—to—1 map Spp — Spy. O

3.10 Corollary. Suppose B C A, A,B € Ay;y,. Then
(1)
TBA : SPp — SPy

1s an unramified projection of order ny : npg.

(ii) for a generic a € Sp, and B € wgzy(a) the extension (Q(B) : Q(«a))
is Galois, and the Galois group of the extension acts transitively on
pal@).

Proof. (i) is immediate from 3.9.

(ii) follows from the fact that Spy is irreducible (see 3.2(ii)) and so w5 (a)
is irreducible over Q(«). O

3.11 Remark. The projection g4 can be seen in a graphical way if we
take into account that Z(B) is an extension of Z(A) by a finite set of op-
erators X. Correspondingly, any element of Spy can be determined by a™¢
(concatenation) where av € Sp 4 and £ correspond to eigenvalues of operators
X € Z(B). Now

A " & = a. (7)

3.12 Now suppose C' € O(A), a € Spy. Then a = Z(A)na C CNa.
Consider the irreducible A-module V4(«) introduced in 2.7(iii). Let n =
na = dimg V4(a). So there is a basis {e1(a),...,e,(a)} of Va(a) consisting
of common eigenvectors of all the operators in C.

On the other hand, given such a basis {ej(a),..., e, (@)}, a € Spy, we
will have

na
C={Xe€A:YaeSp, Jz; €F /\Xaei(a) = xe;(a)},

i=1
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where X, denotes the image of X in the representation A/a.
We call such a basis a C-basis.

3.13 Now suppose A is the Weyl algebra A(a,b) and C = A(a, Nb), a
maximal commutative Weyl subalgebra as defined in 2.13(ii). Recall that
A(a, Nb) is generated over the centre by U®. Maximal ideals « of the centre
A(Na, Nb) of A(a,b) are generated by two elements U — 4l and VN — 41
of the centre, where 4,0 € F* and [ is the unit of A(a,b).

Choose two elements of F*, suggestively denoted u® and v°, such that
i = (ut)N and © = (v*)V. Let ¢ = exp2miab, and let N be the order of the
root of unity q.

We define a canonical A(a, Nb)-basis {u}, for V4(a),
a = <UaN _ UaNI, VbN _ ’UbN]>,

u@i( \ _ {11(1,17(”(1’”17)7ua,b(qua’Ub)7 ...,ua’b(qN_lua,vb)}

to satisfy
U u®(g*u®, v°) = ¢*utu®®(gFus, v?)

Vb . ua,b(qkua v ) — Ubua b<qk lua ’Ub) (8>

We often abbreviate the terminology and call such a basis a U%basis.

We also introduce symmetrically a canonical A(Na,b)-basis, or Vt-basis,
for the same module,

V(\lfz( {Va’b(vb, ua)’ v“’b(qvb, ua)’ - Va’b(qulvb), ua}

to satisfy
VO vab(ghub u?) = gFobvet (gl ut) ()
Ue - Va,b<qub’ ua) — uava,b(qk+1vb U )

3.14 Suppose now A = A(a,b) and C € O(A). Then by 2.20 there is an
automorphism ~ of H(a,b) such that U? = S, V' = T and S generates C
over Z(A). A canonical C-basis {s}, of Va(«a) is defined following (3.13) as

S :s(q*s, t) = ¢ ssq s, t) (10)

T :s(qks,t) — ts(qg" s, t)
3.15 In the general case of A = A(ay,...,a,,b1,...,b,) we will also consider
maximal commutative subalgebras of the form C' = A(ay, ..., a,, N1by, ..., Nyby,),

generated by U, ... U% over the centre. Using the fact that an irreducible
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A-module V4 can be represented as a tensor product of modules V4, (4,) for
Ay, = A(ag, b)) and the corresponding ay.

A canonical A(ay, ..., a,, N1by, ..., N,b,)-basis (or (U*, ..., U )-basis)
is defined correspondingly as the tensor product of the A(ax, Niby)-bases.

3.16 Below, unless indicated otherwise, we assume A = A(a,b), U = U?,
V V? and the A module V4(a) is determined by parameters u = u®, v =
v, We abbreviate the notation for canonical U-bases as u = u®®.

3.17 Lemma. (i) Any two canonical bases {u(u,v),u(qu,v), ..u(¢"¥ " tu,v)}
and {0’ (u,v), 0 (qu,v), .. (¢"1u,v)} given by the condition (8) can only
differ by a scalar multiplier, that is for some ¢ # 0,

v (¢"u,v) = cu(¢®u,v), k=0,...,N—1.

(ii) Given also a canonical base {u(u,vq™), u(qu,vq™), ... a(¢"tu, vg™)},
there is a ¢ # 0 such that
u(q"u,vq™) = c¢"u(¢*u,v), k=0,...,N—1.
(iii) Let V € H(a,b) be such that
UV =qVU
and v an 'V -eigenvalue in the module V 4(0) and let {t(u,v),a(qu,d), .. u(¢V 1w, )}

n

be a canonical U-basis in V 4(a) with regards to U and V. Then there s a
c # 0 and an integers n such that

kA . k(k+1)

u,0) =cq " 2 u(qku,v), k=0,...,N—1.

Proof. (i) We will have u’(u,v) = cu(u,v) for some ¢ since the space of
U-eigenvectors with a given eigenvalue u in an irreducible (U ,V)-module is
one-dimenional. The rest follows from the definition (8) of the action by V
on the bases.

(i) We have u(g*u, v¢™) = cu(q*u,v) and so by induction on k, applying
V" and (8) to the both parts we get the desired formula.

(iii) First note that from assumptions Vo= qlVU " for some integers n
and [. In particular, it follows o = ¢"*u"v for some integer 7.

21



Assume the equality holds for a given k. Apply V! to both sides:

N

Vi, 0) w07 a(gF e, 9)

~ k(k+1) k(k+1) —n(k+1)5—1

Vtieg 2 u(dfu,v) e 2 g o (gt

U, ).

Comparing we get the required. [

3.18 Lemma - definition. Set

=

¢ " a(ug®,v), m=0,...,N —1.
0

v(vg™, u) ==

Sl
Il

The system
Vou),. v(og" )
is a canonical V-basis of Vagap) satisfying (9)
Proof. One checks directly that the system satisfies (9). O

3.19 Groups ['4(a).
For A € Ay, a € Sp,, we define the F-linear transformations of V4(«)
given in a canonical U-basis as:

1

o u(q™u,v) = u(g™ u,v),

and
Vo s u(ug™,v) = ¢ "u(ug™,v).

We define I'4 (o) to be the group generated by g, and v,.

3.20 Lemma. The definition of pa and v, depend on the choice of an
U-basis {u(q™u,v)} in the following way:
(i) any other basis is of the form

u(q™u V') = c-yulqmu,v), m=0,1...,N—1
for v € Tx(a) and c € F,;
(i) for ., and V), corresponding to the basis {u(q™u',v")} we will have
Mo = Moy Vo = V05
(iii) the group T a(a) does not depend on the choice of the canonical U-
basis, that is the group generated by pl,, v., is I'a(a);

[0}
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(iv) moreover, I's(a) = T a(B) for any € Spy.

Proof. (i) is by 3.17. (ii) is immediate and (iii) follows from the fact that
the change of basis corresponds to the inner automorphism of the groups.

(iv) For any 8 € Sp, a vector space isomorphism V4(5) — V4(«) sending
an U-basis to U-basis induces, by (ii), a group isomorphism I'4(a) — T 4(5).
U

Given ¢ € T's(a) and X € A let X, be the image of X in A(«), an
operator acting on V4(«), and

XE =X 670

3.21 Lemma. We have

Uke = qU, Ut =U,
Vie =V, Ve = qVa,

3.22 Corollary. The map hy : T'a — T'a() defined on the generators as

O
U,

extends to a surjective homomorphism of groups.

3.23 Remarks. (i) For A commutative we have I'y(«) = 1, for all & € Sp,.
Indeed, n4 = 1 in this case.

(i) In a canonical U-basis the group I 4(a) is represented by a subgroup
SU(na, Fy) of Fo-unitary matrices. This is immediate by definition.

3.24 Lemma. (i) If £ € ¥ a(«a) and X]) = X, for all X € A, then £ = gl
for some g € Fnal, root of unity of order na.

(i) Xa() is finite.

Proof. (i) Suppose X, = £X,, for all X € A. Let e € V4(a) be an
eigenvector of £ with eigenvalue g. Then £’ := £ —glI is a linear transformation
of V4(a) which commutes with all the X, and

f’VA(a) =W C VA((I), W 7é VA(a).
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But X,W = X.,&'Va(a) = &X,Vala) = Vala) = W, that is W is an A-
submodule of V4(a). By irreducibility of the latter, W = 0 and so £ = gI.
But since det ¢ =1, g4 = 1.

(ii) By 2.17 X4 contains a subgroup %9 of finite index which fixes setwise
O(A).

By definition elements of 39 («) send a C-basis to a C-basis, for any C' €
O(A). So, a possibly smaller subgroup of finite index preserves C-eigenvalues,
for all C' € O(A). We may assume X9 (c) has this property.

Hence any ¢ € Y% (a) commutes with any X,, for X € C. By 2.7(ii) &
commutes with A/&. By (i) £ = gI, g € Flnal. O

3.25 U-frames EY(a). Given a € Spy, choose a U-eigenvector e € V()
and set
Ef(a) :=T4(a) -e.

We call EY(a) an U-frame of V4().
Clearly, e can be included in a canonical basis
{u(ug™,v) :m=0,...,N — 1} as, say, e = u(ug®,v). Then

{u(ug™v):m=0,....N -1} ={u"e:m=0,...,N — 1} C E4(a).

By 3.17 and the fact that v, € I'4(a), any other canonical U-basis is a subset
of E{(a) of the form A(a)e for a cyclic subgroup A(a) C T'a(a).

3.26 Corollary. Assuming that the bases in 3.17 are all in E{(«), the
scalar c is of the form ¢' for some [ € {0,1,..., N — 1}.

3.27 Inner product. Let Fy[EY% ()] stand for the Fy-linear span of Ef(«),
that is the Fo-vector subspace of V 4(«) span over EY (a). By above {u(ug™,v) :
m=0,...,N — 1} is a basis of the vector space Fo[EY(a)].

We introduce an inner product on Fy[E{(a)] by declaring the basis
orthonormal. By 3.23(ii) the action of I'4(a) on Fo[EY(a)], and so on
Va(a), is given by unitary Fo-matrices. Since any other canonical basis can
be obtained by a transformation in I'4(«), the inner product structure does
not depend on the choice of the initial basis. We denote the inner product
between two elements f, g € Fo[EY(a)] by

(f19)a-

We usually omit the subscript.
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Following physics tradition we write the property of Fy-sesquilinearity as

(flrg) = 7(flg) = (T flg)

for 7 € FFy,.

3.28 Example. The definition of a V' basis in terms of U-basis in 3.18
gives

(u(ug", v)[v(vg™, u)) = ik

3.29 We call each instance of V4(«) endowed with an U-frame EY(a) an
algebraic-Hilbert space and denote it V 4(). Note EY («) gives rise to the
unique inner product on Fo[EY(a)].

3.30 Remark. Asin the remark in 3.3 assume F = C. Then we may use the
same canonical basis to introduce an inner product on C[E4(a)] = Va(a).
This gives V4(«) a structure of a Hilbert space which extends the algebraic-
Hilbert space structure on Fo[EY (a)].

3.31 Wecall S € A(ay,...,an,b1,...,b,) a pseudo-unitary operator if
S € H(ay,...,an,b1,...,b,). We set a formal adjoint of S to be S~1.

3.32 Wecall P € A(ay,...,a,,b1,...,b,) a pseudo-selfadjoint operator
if

P = Z a;S;, some pseudo-unitary S; and a; € Fy
i=1
such that

n

P =P .= ZafSi*,
i=1
for formal conjugates a} and adjoints S} of a; and S; respectively.

a1y...,0, € k.
3.33 Suppose S € A= A(ay,...,an,b1,...,b,) is pseudo-unitary, o € Sp,

and s is an eigenvalue of S acting on 'V a(). Then inner product in Fo[EY (a)]
is invariant under the action of s=1S, that is for any f, g € Fo[E4 ()]

<S_ISf|3_ISg>a = (fl9)a-
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In particular, the matriz of s~1S in a canonical U-basis is Fg-orthogonal.

Proof. We may assume without loss of generality that n = 1. By skew-
linearity we just need to check the identity for f,g belonging to a given
canonical U-basis, so we may assume f = u(ug™,v) and g = u(ug”,v).
Clearly, if the statement is true for S = U and for S = V, then it is true for
any group word of these, so is true for S. The lemma follows. [

3.34 For each rational Weyl algebra A one particular module corresponding
to the the ideal a = (1,1) =: 1 (i.e. vV =1 = o) will play at the end a
special role. We call the module V4(1) and the respective algebraic-Hilbert
space V4(1) the principal A-module and the principal algebraic-
Hilbert space. The main property of this module is that the eigenvalues of
U® and V? are roots of unity.

Again, the notions introduced above have natural extension to rational
Weyl n-algebras.

3.35 Proposition. Let V 4(1) be the principal algebraic-Hibert space, S a
pseudo-unitary and P a pseudo-selfadjoint operators. Then

(i) there is an orthonormal basis of S-eigenvectors of the space;
(ii) eigenvalues of S are in Fo[N] for some N (i.e. roots of unity);
(7ii) there is an orthonormal basis of P-eigenvectors of the space;
(iv) eigenvalues of P are totally real algebraic numbers.

Proof. (i) and (ii) is immediate by 3.33.
Note also that by the argument in 3.33

(Pflg) = (f|Pg)

for any f,g € Fo[E4(1)]. Thus P is a self-adjoint operator in the (formal)
Hilber space over field Fy C C with complex conjugation. (iii) and (iv) follow.
O

3.36 Suppose A = A(a,b), C € O(A) and e ={eq,...,en_1} i a canonical

C-basis of Va(a) such that {egleq) = 1. Then the basis is orthonormal and
the transition matriz from a canonical U-basis to e is Fo-unitary.
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Proof. By 3.14 there are pseudo-unitary generators S, T of A such that C'
is generated by a pseudo-unitary S and the basis e is of the form {s(sq¢™, 1) :
m =0,...,N — 1} satisfying (10). Hence it is orthonormal.

By definition S = ¢!U*V™ for some integer I, k and m such that k and m
are co-prime modulo N. We may also assume without loss of generality that
[ = 0. Then by (8) we may set s = ufv™.

Denote

Wy, = (s(s¢", t)|u(ug?,v)), p=0,1,...,N — L.
Apply 5715 to both parts of the pairing. Then by 3.36 we get
wnp = (s(s¢", t)|u(ug”, v)) = (g"s(sq", )¢ ulug’ " v)) =

= ¢ s s, (™ 0) = ¢

Using the fact that U = ¢*S°T¢, for some integer I, ¢ and d, and applying
u~ U to the initial pairing one gets similarly

_ 'S
Wn,p = q Wop

for some integer r depending on [, ¢, d, n,p and o.

We thus get an [Fy-linear homogeneous system of equation for the tran-
sition matrix W = {w,,}. We may thus assume that W is an Fy-matrix,so
conjugation is applicable, and since it takes an Fy-orthonormal basis to an
Fy-orthonormal basis, W is Fy-orthogonal. [

3.37 Remark. It is not hard to write down the matrix W in terms of [F,.
3.38 Corollary. The binary relation e € EY(a) (between e and ) is de-
finable if and only if the N + 1-ary relation “{eq,...,ex_1} is a canonical

orthonormal U-basis of V s(a)” is definable.

3.39 Definitions. Let C' € O(A). Set E°(a) for each o € Sp, to be the
set of C-eigenvectors in Fy[EY(a)] of norm 1. Set

Ea(a):= |J ES().

CeO(A)
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3.40 Lemma. Let C € O(A) and suppose that the binary relation e €
EY(a) is definable.

Then the binary relation e € EG(a) (between e and «) is definable.

Proof. By 3.14 and 3.36 we can pick a canonical U-basis u(«) in E4(«),
for each o € Spy, and a [y unitary matrix R such that e(a) = Ru(a) is a
canonical orthonormal C-basis. So, e(a) C EG(a) for each a. By 3.17 there
is a finite group of Fp-unitary transformations (independent on «) such that
any element in E§(a) can be obtained by applying these transformations to
e(a). O

3.41 Corollary. “e € E(a)” is definable if and only if “e € EY(a)” is
definable.

3.42 Lemma-definition For all « € Spy, the algebraic-Hilbert spaces
Vala) = (Va(a),Ea(a)) are of the same isomorphism type. We denote
1t

Va=(Va,E4).

Proof. Immediate by 3.20 and definitions. [

3.43 Lemma. Suppose F = C and consider a Hilbert space structure
on Va(a) extending the algebraic-Hilbert space structure on Fo[E4(a)] (see
3.30).

Let C € O(A), C, be the image of C in the representation A/& of A on
Va(a) and let X € C,. Then the adjoint X € C,.

Proof. By 2.7(iii) in any canonical C-basis the algebra C,, is represented
as the algebra of the diagonal complex matrices. This is closed under taking
adjoints. [J

3.44 Lemma. Let B C A, B € Ay, and let B, C A/& be the image of B
in A/a. Then B, is a semi-sipmle algebra.

Proof. Without loss of generality we may assume that F = C. Then
each C' € O(B) C O(A), C, is closed under taking adjoints. Since B, is
generated by all such C,, (see 2.7(ii)), B, is closed under taking adjoints, in
particular the involution X, — X is an anti-automorphism of the ring B,.
This implies that the Jacobson radical of B, is closed under the involution.

It remains to invoke a well-known argument that under the above condi-
tion the Jacobson radical J of the matrix algebra B, is trivial, that is B, is
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semisimple. Indeed, suppose Y € J. Then Y*Y € J and is nilpotent, that
is (Y*Y)* = 0 for some k. By positive-semidefiniteness of Y*Y', this implies
Y*Y = 0. So the inner product (Yv|Yv) = 0, for any vector v. Hence Y = 0.
O

3.45 The bundle of algebraic-Hilbert A-modules
We treat the family

{(Va(a) : @ € Spa}

of A-modules as a bundle
Vai= JVal) : aeSp,)

with the projection map ev : V4 — Spy, ev(v) = aiff v € Vy(a), the
algebraic-Hilbert space structure and the A-module structure on each fibre.

Note that as a bundle of algebraic-Hilbert spaces it is trivial, but as a
bundle of A-modules, in general it can be highly non-trivial. See [16] for
a statement and a proof of the fact that the bundle of A-modules is not
definable in F even when E 4 is omitted.

3.46 Let A,B € Aypy, B C A Hence Vy4(a) can also be considered a
B-module, in general, reducible. By 3.44 V4(«) splits into a direct sum
of irreducible B,-modules, so irreducible B-modules. The number of the
irreducible components is determined by dimensions n4 and ng, so is equal
to na : npg. Invoking 3.10 we obtain,

Val@)= @ Vas(8), Vas(B)=Vg(B),

mea(B)=a

for uniquely determined B-submodules Vap(8) € Va(«) for each maximal
ideal 5 C Z(B), a C 5.

3.47 We will describe the embeddings of 3.46 in terms of the canonical
bases.

Let as before A be generated by U = U® and V = V?, ny = N and
{u(ug™,v) : m = 0,...,N — 1} be a canonical orthonormal U basis in a
A-module V4(a), where « is determined by u”" and v?.

Then B C A is the algebra (U™, V*) generated by U” and V* for some
k,n € N. In fact, we may assume that B = (U",V) or B = (U, V™), since
any B can be reached by such two steps.
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In case B = (U™, V) a B submodules V4p(8) can be constructed by
choosing an U™ -eigenvector u (", v) of modulus 1 and then generating a
whole canonical U”-basis by applying V according to (8). Since UN acts on
the module as a scalar, we may assume that n divides N.

It is easy to see that a canonical V-basis in V45() can be identified as
follows:

N
vi(vg” u") = v(vg, u), p=0,...,— — 1, (11)
n
where on the right we have elements of the V-basis in V4(a).
Set, for £=0,....n—1,m=0,...,% —1 £=e"",
1 n—1
Mt vg) = = ) u(ug” ZS’“‘ u(ug™¢®,v)  (12)

b
Il

0

The second equality follows from 3.17(ii).

One checks immediately that for a fixed £ this is a canonical orthonor-
mal U"-basis for A’Ehe B-submodule corresponding to Ehe mz}&(imal ideal Sy of
Z(B) = (UN, V=) generated by UY — u™I and V» — v I. There are n
distinct such  and respective non-isomorphic B-modules.

In case B = (U, V") set, for £ =0,...,n — 1,

N

nm-+~
,v),m s ,n ( )

1n

ub (uq"mM,v”) L

= u(uq

This is a canonical orthonormal U"-basis for the B-submodule corresponding
to the maximal ideal B, of Z(B) = (Un, V") generated by U — u' I and
VN —oNT.

3.48 Lemma. Suppose as above A = (U, V), B = (U™ VF). Let Vp(f) C
Va(a) be a B-submodule and {u®(u'q%,v') : 0 < m < ng} and {vB(v'¢h,u) :
0 <p<ng} be canonical U™~ and V*-bases in Vag(B). Then

(P (g V)VE (W w)vae = (P (W qE )V (W w)vase)

In particular, the inner product is preserved in the embedding V ap(8) —
VA(a).

Proof. As above it is enough to check the case k = 1. Then ¢ = ¢",
where now n = n4 : ng. We can rewrite

u’ (W g, V') =u™(u"g™", v)
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and

By 3.28

(u”

u’qm,v' VB U/qp’u/ — —

By (12) and (11) we can calculate

ROV ) nm n mn n 1 m+424 n
(b (g™, o)V (g™ )@ = = ) (ulug™ ) |v(vg™, u)) =
k=0
1 1 nmp __ \/ﬁ . ,mp

“ Ve T U

(taking into account that ¢ is of order n4.)
It remains to note that

3.49 Keeping the notation and assumptions of 3.46 we will consider B-
module isomorphisms pﬂB 1, abbreviated to p?,

p” 1 Vi(B8) = Vap(B) C Va(a)
such that
p’(Es(8)) € Ea(e) N Vap(B).

In case B = (U", V) we define the maps on the bases, according to (12),
as

n—1
N
PP (ug™ vgt) = — E u(ug™twF vgh), m=0,...,——1, (14)
\/_kf

where u™! (u"g™" , 'Uqf}) is now naming elements of a canonical basis of Vg(f).
In case B = (U, V")
N

(ug"™ ™, 0") = u(ug™v), m=0,...,——1 (15)
n

pﬁ cabn

Note that in terms of the V bases (14) can be rewritten as

N
™) = v(vg" T u), m=0,...,— —1 (16)
n

p,B . Vn,l (anm-‘ré
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(just use the symmetry between V and U).

Finally, we would like to remark that the definition of p® does depend on
the choice of the canonical orthonormal bases in V() and V 4(«).

3.50 Lemma. Let p? and p°, 8 € Spg be two isomorphisms Vg(5) —
Vap(B3). Then there is a gs € F*[ng] such that p® = p”ggﬁ. In particular,
there are exactly ng choices for p? for a given 3 € Spp.

Proof. Consider (p’ B )~!pP. This is a linear transformation commuting
with operators from B/ B , since p” and p’ # are B-module isomorphisms. By
the argument in 3.24(i) (p’°)~'p’ = gsI for some gg € F*[np]. O

3.51 Definition A map p® satisfying 3.49 will be called a local morphism
at fof Vg — V4.

We call the collection p” of all the local morphism at 3 a fibre of a
morphism Vg — V4 at .

We call the family of fibres

psa = {p’: B €Spp}
the morphism Vi — V4.

3.52 Remark. Lemma 3.50 implies that V4 is determined by A uniquely
up to isomorphism, that is given V4 and V', both satisfying the definition
in 3.49, there is a family

p*: Va(a) = Viy(a), a € Spy

of local isomorphisms establishing an isomorphism between the two struc-
tures.

3.53 Continuing the notation of 3.46, set

Pap(P) ={y € Tala) : yVap(8) = Vas(8)}.

Let
v =5, Tap(B) = GL(Vp(5))

be the group homomorphism defined as follows. For v € T'45(5) set ¥ to be
the unique A y;,-transformation 4 of V() such that

vpPv = pPyu, forallv e Vi(5)
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(the transformation on Vg(3) induced from V 45(3) by the isomorphism p?).
In general, det ¥ does not have to be equal to 1 (in fact, (det ’y)ﬁ =1),
so we define

N . _
Tpa(B) v = (dety) 5 -5, 5= ()"’

a 1-npg-correspondence, a multivalued map into I'g(8), or a homomorphism

mpa(B) : Ta(a) = Tp(B8)/Fnp] € PGL(Vs(5)),

with the domain T'45(b) C T'a(a). Here F*[np] is the group of roots of
unity of order ng, which is also the centre of I'g(3). We write PI'g(/3) for
I's(8)/F*[ng| below for any B € Ay,

Note that by definition, for a € F*[n4], ay = a¥, so in fact we have
equivalently defined

Tpa(B) - PTa(a) = PT(5),
a homomorphism of the projective groups.

3.54 Remark. Recall that the action of I'4(«) on the algebra A/& reduces
to the action of PI"4(«) on the algebra. So, in this regard we do not lose any
information switching to the projective groups.

3.55 V4 as structures in the language L4.

For each A € Ay, the bundle V4 can be described as a two sorted
structure in a language L 4.

Sorts. First sort, named F will stand for (the universe of) the field F.

The language £4 will have names for all Zariski closed subsets of F", all
n, including the ternary relations for graphs of 4+ and -, the field operations.
One of the closed subsets of F"*, where m is the number of generators of the
affine algebra A, will correspond to the spectrum Sp, = Spec(Z(A)) of the
centre Z(A) of A : for each of the generating operators X7, ..., X,, of Z(A)
and for each maximal ideal o of Z(A) we put in correspondence the m-tuple
(x1,...,2p) € F™ such that X; — a1, ..., X,, — x,,] generate the ideal a.
We call this closed subset Spy.

The second sort named V will stand for V 4, that is as a universe (set of
points) it is the set |J{Va(a): a € Spy} described in 3.45.
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There is in L4 a symbol ev for a map ev : V4 — Sp, C F™ which is
interpreted as described in 3.45. In particular, for each a € Spy, ev™!(a) =
Va(a) is definable.

Algebraic structure. The language L4 contains a binary relation
Rx(v,w) for each X € A, which is interpreted on sort V4 as X - v = w
for v,w € V4(a), for a € Spy,.

There is also a ternary relation S(&, v, w) between £ € F, v,w € Va(a)
allowing us to say that £ - v = w.

A ternary relation v +4 u = w on V4 will be saying that there exists «
such that u,v,w € V4(«), and that v + © = w in the sense of the module
structure on V4 («).

Canonical bases. £, contains a binary symbol E®, for each pseudo-
unitary S € A, which distinguishes in V4 a relation

ES(e,;a)= ecE5(a) & a € Spy

as well as the binary symbols IP,., for non-zero r € Fy, which are interpreted
on V4 as

IP,(e1,e2) = Ja € Spy e1,e2 € Ea(a) & (eq]ea)a =1,

the value of the inner product (see 3.25). Here E4(a) stands for J{E5 (o) :
S € A pseudo-unitary}. This is definable in £4 since there are only finitely
many E% for each A.

3.56 Lemma. (i) The binary relation “e € Ea(a)” is definable in the
language L 4.

(ii) The N + 1-ary relation “{eq,...,en_1} is a canonical orthonormal
U-basis of V 4(«)” is definable in the language L 4.

Proof. (i) is immediate by 3.41. (ii) is by 3.38. O

Note that defining e € E4(«) from e € EY (o) may require formulas which
depend on A.

3.57 Remark. The language £4 has no symbols for I'4 or group actions.
The group plays a role in the theory of V 4 through axioms describing canon-
ical bases in E4(a) and the matrices of linear transformations from one base
to another, see subsection 2.1 of [16].
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3.58 Definition. Let N and M be structures in languages Ly and Ly,
correspondingly. We say that a structure N is almost interpretable (de-
finable) in M if,

(i) there is a structure N° in a language L%, which is definable in N and
interpretable in M;

(ii) N is prime over N° (in particular, any automorphism of N° can be
lifted to an automorphism of IN);

(iii) N C acly(N?), that is the universe N of N is in the algebraic closure
of N°, in the sense of N.

Remark. [10], [16] and [13] discuss examples of Zariski structures which
are almost interpretable but not interpretable in an algebraically closed field
F.

3.59 Theorem. Given an A € Ay,

1. V4 1s almost interpretable in the field F, in particular, the first order
theory of the structure 'V 4 is categorical in uncountable cardinalities.

2. V 4 is a Zariski geometry in the topology given by the positive formulas
with all quantifiers restricted to the predicate E.

Proof. 1. The field F is definable in V4 as the sort I’ by definition, see
3.55. It is also clear by the construction that acly , (F') = V4. Theorem A of
[16] proves that V4 is categorical in uncountable cardinalities and that V4
is prime over [F.

2. This is a special case of Theorem B of [16]. [

3.60 Corollary. Given Ay, A, B € Ay, Vi is almost interpretable in
V..

3.61 Proposition. Assume B C A. Then Vg is definable in 'V 4.

We may assume that A is the Weyl algebra generated by U and V, N =
n4, and B is generated by U and V'™, n,m divide N. Let (i, 0) € F? define
« as in 3.13. We deduce that @ = u”, ¢ = v", for some u,v € F* (following
notations of 3.15) and f is determined by <u%,v%>.

The subbundle {Vp(8) : 5 € Spg}, of the bundle {V4(«) : a € Spy} as
a = 7pa(f) is defined by the formula

N N - N N - N N
“we Vgum,vn) :=Unw=umw & Vow=vnw.

Since V4(«) are B-modules, the V45(f3) get the structure of B-modules
too.
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Finally, we define

Eap(f) := Ea(a) N Vap(B) for a = mpa(f).

Thus we get the bundle of algebraic-Hilbert B-modules on {V45(8) : 5 €
Spg}-

This is canonically (but not uniquely) isomorphic to the bundle of algebraic-
Hilbert B-modules on {Vg(8) : € Spp} by fibrewise isomorphisms p? ,
between V() and the corresponding submodules of V45(3) as defined in
3.49. O

3.62 Remark. The image of a 0-definable relation on Vg under pg4 does
not depend on the choice of a representative in pg4 since definable relations
are invariant under isomorphismes.

Moreover, ppa sends Zariski-closed relations on Vg to Zariski-closed ones
on V4, that is this is a Zariski-continuous Zariski-closed morphism.

3.63 Proposition. The categories A (F) and Vi, (F) are isomorphic. In
other words, the functor
A VA

15 invertible.

Proof. In fact, even the weaker functor A — V, is invertible. We
only need to show how to recover A from V4. Since V4 has the structure
of a bundle of A-modules, we are already given the action of A on each
module V 4(«). It remains to see that the annulator of all the modules V 4(«),
« € Spy, is trivial. This is immediate from the classification of irreducible
representations of A, see [1]. O

4 The category Vy;, and the sheaf on Ay,

4.1 Category Vy;,. The category Vy;, consists of objects V4, A € Ay,
and morphisms pga : Vg — V4, B C A.
Note that ppa determines both

Tpa : SPp — SPa

and
gy P4 — PIg.
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It is immediate by definition that the functor A — V4 from Ay, to Vi,
is a presheaf on the category Ay;, and so a presheaf on the category C;?fn.
We use the same name Vy;,, for the functor.

4.2 Remark. We have associated with an A € Ay, the (finite) set O(A)
of maximal Cy;,-algebras.
It is appropriate to think about the collection O(Ay;;,) of all maximal C' €
Ctin as a Grothendieck site with subsets O(A) providing "open subsets“ of
the Grothendieck topology. Any finite covering will be considered admissible.

4.3 Remark. Given A, B € Ay, B C A there is a unique morphism
PBA : Vg — Vg4
This follows from Lemma 3.50.

4.4 Theorem. Vy;, is a sheaf over the site O(Ag;y,).

Proof. Let By,..., By € Ay, and Vp,, ..., Vp,, the corresponding ob-
jects of the presheaf. By the remark above the morphisms between the object
are uniquely determined. By 3.6 and 3.2 there is A € Ay;,, Z(A) € Cy;y, such
Z(A)=Z(B1)N...NZ(By), equivalently, O(A) = O(B,) U...UO(By).

We need to prove that there is a unique object V 4 in the category with the
corresponding morphisms pp,4 : Vg, — V4. For this just take the uniquely
defined V4 and the unique morphisms pp, 4. [

4.5 Sheaf Vy;, as a structure. We define the structure Vy;, as a multi-
sorted structure with sorts V4, for each A € Ay, in the language L4 ex-
panded by unary predicates for each of the sorts V 4.

In this definition, each sort V4 is a multi-sorted structure, and it is
assumed that all the sorts have a common field F.

4.6 Theorem.

(i) The theory of Vi, is categorical in uncountable cardinalities. More-
over, every two models over a field F are isomorphic over F.

(ii) For any A,B € Ayin, B C A, the morphism ppa is definable. More
precisely, there is a definable sort Ppa and a definable relation

Py CPpa xSpg x Vi xVy
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in Viin, such that for every p € Ppa and € Spy the binary relation on
VB X VA,

Pga(p, B, v1,v2)
is the graph of a local morphism pgA, and every local morphism can be ob-
tained in this way.

Proof. (i) Immediate from 3.59.
(ii) By construction. O

4.7 A symmetric pairing. Given B, D € Ay, we introduce a pairing
[' | ] EBXED%R().

First, we recall that the algebra A = (B U D) is in Ay, and so there are
morphisms pga : Vg — V4 and ppa : Vp — V4 as defined in 3.51.
Let § € Spg, 0 € Spp. For e € Eg(f) and f € Ep(d) set

e| ] = { ‘(Pﬁ(eﬂpé(f»a‘z, if Tpa(f) = a=mpa(d)

0, otherwise
(the absolute value of the inner product).

4.8 Lemma. The pairing [e|f] is well-defined and does not depend on the
choice of p? and p°.
The pairing is symmetric.

[self] = Is|* - [el /] and [etf] = [t]* - [elf]

or any s,t € Fy, roots of unity of orders ng and np respectively.
Y Y P Y
el f] = 55" for s = (p(e)[P°(f))a

Proof. Note that if m54(8) = a = mpa(), we will have p?(e) € Ex(a),
pP’(f) € Ea(a) and so the inner product (p”(e)|p°(f))a is defined.

It does not depend on p? and p° by 3.50.

Clearly,

lel /] = [Fle].

The last two statement are also by definition. [J
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4.9 Commentaries. (i) The physicists interpretation of the pairing [ | -
would be “probability”, whereas the inner product would correspond to
“amplitude”. We have means to define amplitude locally, on each module
Va(a), but globally we have to use probability because of non-uniqueness in
the choice of embedding p”. The latter forced upon us if we want unique-
ness for our whole construction (Theorem 4.6), in fact, by model-theoretic
stability assumptions.

(ii) A geometric interpretation of the pairing should be that it provides
a gluing correspondence between Ep and Ep, and more specifically be-
tween E3 and EL for chosen pseudo-unitary S and T' (equivalently, maximal
commutative subalgebras). Namely, the relation between e € E% and f € EL
given by the definable condition [e|f] # 0 is a finite-to-finite correspondense.

Note that the correspondence [e| f] # 0 is Zariski closed, which is easy to
work out from definitions.

4.10 We call an orthonormal canonical basis of V4 a collection
e C U{EA(oz) to € Spyt

with the property that e N E4(«) is an orthonormal canonical C-basis in
V 4(«) for some C' € O(A).

4.11 Lemma. Let B,D € Ay, and e be an orthonormal basis of Vp.
Then, for any 6 € Spp and f € Ep(d),

(1) there are finitely many e € e such that [e|f] # 0 and

(1) Yece lelf] =1,

Proof. Note that g := ppa(e) is an orthonormal basis of V4, more
precisely,

g C U{VAB(a) ta € Spyt.

Now (i) follows by definition.
For (ii) note that, assuming a = mp4(§) and using the fact that p°(f) €
Ea(a),

DLl =" Kl Ual? = > U (P ())a = BUIP())a = 1.

ece geg gegNE4(a)

O
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5 The categories A}, and V;, .

5.1 Define the category A%, (C) as consisting of algebras A € Ay;n(C)
(that is F = C) endowed with an involution X — X*, which is defined on
the pseudo-unitary operators by the rule

LUV e VU
and on C is defined as complex conjugation. The morphisms of A%, (C)
will be the same as of Ay;,(C), which of course preserve the involution by
definition.

Given A € Ay, (C), we will write A, for the algebra in Aj},,(C) obtained
by introducing the involution. We consider the functor

Fa: A Ay Apn(C) = A7, (C).

5.2 Lemma. The functor F4 is an isomorphism of the categories Az, (C)
and A%, (C).

Proof. Immediate. [J

5.3 The objects of the category V};,(C) will be defined as the real-coordinate
parts of the Zariski geometries V4, for A = A(a,b) € A%, (C). We define
the real-coordinate part of Sp, to be

Spa(R) = {(u™, v™) : [u] = o] = 1},

that is the eigenvalues of the generators U® and V? of the algebras on the
module V 4(«) are of modulus 1 when a € Sp4(R).

Note that for o € Sp4(R), pseudo-unitary operators act in the algebraic-
Hilbert module V 4(«) as unitary, if one considers V 4(«) as a Hilbert space
as described in

Now define the object

Va(R) = {Va(a) : aeSp,(R)}

as the bundle of Hilbert spaces V4(«a) as defined in 3.30, with the distin-
guished bases E4(«).

Clearly, V4(R) is a substructure of V4.

The morphisms in the category V;;,(C) are given by the same maps as
in Vyin(C) restricted to the substructures V 4(R).

We consider the functor of taking the real co-ordinate part

FV : VA — VA(R); me((C) — me((C)
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5.4 Lemma. Fy is an isomorphism of the categories Vyin(C) and V},,(C).
Proof. By 5.2 and 3.63 it suffices to prove that the functor

is invertible.

Suppose not. Then there is a non-zero operator X € A which annihilates
all the modules V 4(«) with a € Spy(R).

Note that the set

Null(X) = {a € Spy : Vv € Vy(a) Xv =0}

is definable in the Zariski structure V4. Moreover, it is Zariski closed since

N-1
Null(X) = {a € Sp, : Ju,v (™, o) = a & /\ u(ug®,v) € EY & Xu(ug®,v) = 0}
k=0

is given by a core-formula (see [16]).
Our assumption implies that Sp4(R) € Null(X). But the real 2-torus
Sp4(R) is Zariski dense in the complex 2-torus Sp, = C* x C*, so

that is X annihilates all the irreducible modules. Then X = 0. The contra-
diction. [

5.5 Model-theoretic commentary. Note that Sp,(R) is a real 2-torus
and as such can be defined in the field R. Also each Hilbert space V 4(a) with
the distinguished bases E4(«) is definable in R using parameters (needed to
fix the frame, the family of distinguished bases). It can be shown that the
bundle V 4(R) is not interpretable in R. However, one can see that V 4(R)
is prime over its definable substructure Sp4(R).

From applications points of view it is category A%;, (R) and objects of the
form V 4(R) rather than Ay, (C) and V 4(C) which are of interest. However,
there is a certain gain in viewing the real structures as the real part of the
complex ones, and conversely, to see the complex structure as “complexifica-
tions” of the real ones. The property exhibited by our real structures is that
their complexifications are nice Zariski geometries.
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6 Regular unitary transformations.

In this section we work with a (temporarily) fixed Weyl algebra A = A(a, b)
generated by U=U"and V = V?.

We denote, for a € Sp,

EY{(a) := the set of u = (eg,...,en_1), canonical orthonormal U-bases
of VA(a), N = NA,

and denote EY, := {{a} x E§(a) : o € Sp,}.

6.1 Let B = (S,T) and B’ = (S',T") be subalgebras of A, with S,T" and
S’ T" pseudo-unitary generators.
Suppose that

(i) There is an isomorphism
c:B—B; S°=8 T =T.

(i) There is a Zariski closed relation A C E§, x EY; defining a finite-to-finite
correspondence and there is a Zariski regular map

AA— E]%BXE%B; (a,u, o/, 0') = (B,s,08,8), a=mpa(B),d =7mpa(f)

A is surjective on the co-ordinates (3,s) € E} .

This data for each choice of (o, u, &/, u’) determines the unique F-linear
transformation

LYY V(B) = Vi (8)
which sends s to s’.

We assume that the transformation preserves inner product and the
action, that is: for any e € Vg(5), X € Band g, f € s

(g f) = (LY (g)| L2 (f)) and L2 (Xe) = XL (e).  (17)

a,a’
(iii) There is a positive integer M such that, given that
<O{, uy, O/a u/1> = <57 S1, 5/7 S/1> and <O{, Uz, ala ul2> = </67 S2, 5,7 Sl2>7

thereisa ¢ € F, (M =1 and

Lo (b) = ¢ L (b)

a,a! a,a’

for every b € V().
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(iv) For (a,u,d/,u') € A, if a =1 (that is V4(«) is a principal algebraic-
Hilbert space) then o/ = a.

We call the family
L={L¥: Vp(B) = Ve(B), (a,u,d/,u) € A}

a regular unitary transformation of V, (associated with B and o)
and write

L:V,4— Vg,
We call Vg the domain and Vg the range of L.

6.2 Commentary. Later we will apply certain meaning of a limit and as-
sume that the index B in A is small relative to the dimension of the algebraic-
Hilbert space V 4(«). This will allow a meaning to the notion that "V (5)
is dense in V 4(«)” and that ” L can be continuously extended from V()
to Va(a)”.

In the second half of the paper we will only work with principal modules
V4(1) and its submodules V(1) and Vp/(1).

6.3 Lemma. (i) (17) can be extended to any g, f € spang,(s).
(ii) B’ is determined by (.
Proof. (i) is obvious by definition.
(ii) (17) implies that for s,t € Fy we have

LY s(s,t) > 8'(s, 1),

where (#)V8 = tV5 (and the same eigenvalues s on both sides). But (sV5, ¢V5)
is the invariant of the B-module, that is determines 3, and (s, (¢)V&) is
the invariant of the B’-module, tha is determines /'

It follows that the set of 5 € Spy for which A and A determine 5" uniquely
is Zariski dense in Spy. Hence this is true for all 8. [

6.4 Lemma Suppose C' C B, a subalgebra generated by a pair of pesudo-
unitaries, C' = (X,Y). Then o of 6.1(i) acts on C' and we get C' = C7 =
(X', Y"). Let o¢ be the restriction of o to C.

We claim that L as given above s also a reqular unitary transformation
of V 4 associated with C' and o¢.
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Proof. We start with the same A and need to construct a
Ao A — Eﬁchﬁ;; (a,u, o/, u’) = (7,x,7,%X"), a=7mca(7), ' =7 a(?);
We do it by constructing a Zariski regular map

(B,s,0',8") = (v,x,79,%) (18)

Recall that for V() splits into the direct sum of irreducible C-submodules.
Let v be the invariant for one of them, Vo (y) C V(5). Let x be a canoni-
cal X-basis of V(7). Then there is a Ng x Ne-matrix M over Fy such that
x = sM. Since any two irreducible C-submodules are conjugated by an auto-
morphism of Vg (f3), as we ran through all canonical S-bases s of V(), the
Ne-tuple x = sM will run through all canonical X-basis for all irreducible
C-submodules. Moreover, by definition L will take sM to s'M, and once s’
is known the module V(') and +' are determined. Thus M determines the
right-hand side of (18) for the given S and s. It remains to note that the
same matrix M will define x, X/, v and +/ for any 8 and s. (I

6.5 Lemma. Let V(3) and Vg (B') stand for the quotients of V(8) and
Vi ('), respectively, by the equivalence relation

g=g ff A M =1& g = (g
Then the formula
Low(b)=b":= Fu,u Alo,u,o/,v) & Lzzj(b) =b’ (19)
determines for every 5 € Spp a well-defined map
Vi(8) = Vp(8)

for a corresponding unique 3.
Proof. Immediate from (iii) of the definition.[]

6.6 Lemma. A regular unitary transformation sends a canonical S-basis
(with respect to T') to a canonical S'-basis (with respect to T') preserving
eigenvalues:

/

LYY s(sq™ 1) = s'(sq®*, 1), k=0,...,Ng — 1, (20)

a,af

44



were ¢ is the index of B in A and Ng = %

Proof. Let s(sq®,t) be in an S-basis with respect to T, that is satisfying
(10). Let s, = L W (s(sq*,t)). Then by (i) and (i) of the definition s
S's, = sq*s), that is s}, = sq™s/(sq,t) for the k-th element of a canonical

S’-basis {s'(sq"",t) :m =0,1,..., Ng — 1}. Using (ii) and (10) we get

L (s(sqc(k’l), t)) =L (t " Ts(sq™, 1)) = t7'T's'(sq*, t) = s'(sq°*V 1),
which extents the equality to all k£ and proves (20). O
6.7 Let L beregular on V 4. Let {s(sq®*,t),0 < k < Np} and {s(sq?*,t),0 <

k < Ngp} be as in (20).
We have

Ck t Z )\n k- Up
and

sq* 1) = Z)\nk u,

for some coefficients A, , )\n,k e Fy Wthh are determined by A of 6.1, and
since the latter is Zariski regular we have that A, j, )\;’k € Fy and do not
depend on a, o/, u, u’.

Now for arbitrary b € V() we have

Np—1

b = Z brs(sq, t)
k=0

for some by, ...,b, € F, and hence
Np—1
e E bs'(sq t
k=0
Or
Np—1N-1
b= )\n,k . bk Uy
k=0 n=0
and
Np—1N-1
/ / /
b — )\n,k * bk- uk.
k=0 n=0



Thus

LY (b) =D & Hbl,.. b, €F

21
b = ZNB lzn 0 )‘nk bk U—k&b, inO—lZN 1/\/ K bk uk ( )
Finally, Ly (b) = b’ of (19) becomes
Ju € E{(a) 3’ eEU( Y 3by,..., by €F: (22)
b = 3050 005 Ak b & b = ST ST, b

6.8 Theorem. Given a regular unitary transformation L,
(i) the formula Ly (b) = b’ defines a family of maps

Lo : VB(B) = Vp(8), Vi(8) € Va(a), Vp(8) € Va(a).

(ii) The family L is Zariski closed, that is the relation (between b, b’ o, o/, B, 8')
given by (22) is Zariski closed.

(111) There is an inverse regular transformation L' associated to B’ and
oL It defines, in notations of (i) above, the family of maps

Lty Ve(8) = Vis(5)
such that the composition

L;}’a o La,o/ : vB(ﬂ) - VB(B)

defines a family of isomorphisms.

(iv) Let LY and L® be both regular unitary transformations on V 4 as-
sociated with By, o1 and Bs, o9 respectively and C'° C By be a subalgebra
generated by pseudo-unitaries such that C°* C By. Let o¢ be the restriction
of oo 007 to C.

Then the composition L® o LY given by the formula

3o/ 3 L), (b) =1 & LY (b)) =b"

defines a reqular unitary transformation associated to C' and o¢..

Proof. (i) is just 6.5.

(ii) follows from the fact that (19) in the form (22) is a canonical form of
a Zariski closed relation (a core formula) as defined in [16], section 3.
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(iii) For L™ take A~! (inverting the order of 4-tuples) in place of A.
Define A\_; for L™! in place of X accordingly:

A u o ) — (B8, 8, 8).

By definition this satisfies the required properties.
(iv) Follows by definition from 6.4. [J

6.9 Lemma. To every reqular L : V4 — V 4 one can associate a rational
2x 2-matriz g;, = (gi) of determinant 1 and an automorphism of the rational
Heisenberg groups H(Q, Q).

Proof. Given L, by definition we are given S,T,S’,T" € H(a,b) and the
isomorphism o between subgroups of H(a,b) generated by S, T and S',T".
This isomorphism corresponds to an isomorphism of Lie subalgebras of the
Lie algebra (P, Q) over the rationals with generators corresponding to S, T
and S’,T".

This can be naturally extended to the automorphism of the Lie algebra
(P, Q) which induces an automorphism

¢:H(Q,Q) - HQ Q)

of the rational Heisenberg groups of rank 2. We thus will have

> S—= S U Uiy
T T=T Vs oy U921V 922

for some rational matrix (gy) and cg, cr, cy, cv € Z(H(Q, Q)).
The fact that & is an automorphism implies that det(ggy) = 1 (see a
remark in 2.9). [

6.10 Proposition. To every reqular L : V4 — V 4 one can associate an
automorphism &, of the category Agclzzl such that for any non-zero rational
717 S?

r(r—1) —1)

. A A _ A ~ _s(s A~ ~
G (U7, V) = (g7 U vmoz =" o froom ooy,

The same determines an automorphism of the algebra

AV = | ] A
AeAl),

Proof. This follows by 6.9. The formula for & is obtained by using the
Campbell - Hausdorff formula for the Lie exponentiation. [J
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6.11 Problem. Prove that, conversely to 6.9, given A, any matrix (gy) €
SL(2,Q) is associated with a regular unitary transformation L of V4, pro-

vided that A is of the form A = <U%,V%>, w,v € Z and both divisible by
the product of denumerators of rational numbers gy;.

Note that by 6.13 and 6.19 below it suffices to prove that under the above
assumptions the composition of regular unitary transformation is again a
regular unitary transformation.

6.12 Let ¢, N and the invariants of A-modules be determined in agreement
with 3.16. In particular, o = (u",v") and, conversely, u, v are defined by «
up to roots of unity of order N. Denote o = (v, u=%).

The Fourier transform &4 = ® : V (a) — V() is defined on the

A-modules as

N-1
1
P :uug™,v) = —= > ¢ ™uv¢"ut), (23)
VN k=0
or, according to 3.18,
O u(ug™,v) — V(uflqm,vfl), (24)

and the domain and range of ® is the whole of V4(«a), that is B=A = B,
f=o f =
Applying ® twice we get

®? : u(ug™,v) — u(ug ™, v).

Note that ® restricted to the principal A-module is a transformation of
the module
d . VA(]_) — VA(l)

6.13 Proposition. @ is a reqular unitary transformation associated with

the matrix
0 1
-1 0

and corresponds to the automorphism of the category

5 U= V"
Vi U
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Proof. (i),(ii) and (iv) of the definition 6.1 are obvious. In order to prove
(iii) we consider the effect of replacing u by ug and v by vq in the formula
(23). Applying these operations several times one gets an arbitrary case of
(i)

Substituting v := ugq in (23) and using 3.17 we get u(ug™"™,v) on the left
of —, and

=

—1
_ _ 1 1 ok — _ _
— Y g Mu e = =) g R R ) = gv(uT gt e

NS

on the right, for some scalar £. According to 3.26 £V = 1. This satisfies (iii).
Substituting v := vg we get u(ug™,vq) = £gMu(ug™,v) on the left, and

=
Il

N-1
1 ko —1 k=1 —1 —mg(, —1 -1
—g u(v ¢ uT ) =q¢ "¢ v
VN

on the right, which again agrees with the requirement (iv). O

6.14 Gaussian transformation. We introduce a special transformation
1

G4 = G of the bundle V 4. We set ¢2 to be a root of order 2 of g. We assume

a= (u",vV) and o = ((uv)V, o).

Set

(

G: u(ug™,v) — \/—_ Z = u(uvg',v), Va(a) = Va(d) (25)

-1
1=0
where a € Fy is a constant of modulus 1 to be determined later and u(ug™, v)
and u(uvg',v) are assumed to be from EY. By definition 8 = a and ' = o/.
6.15 Lemma. G is unitary. Moreover,
{Gu(ug™,v) :m=0,1,...,N — 1}

1s a canonical S-basis, for

S = q_%UV_l.
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More precisely, for s(ug™,v) := Gu(ug™,v) we have

S :s(ug™, v) — ug™s(ug™,v) (26)
Vi s(ug™, v) = vs(ug™ 1t v)

and
SGu(ug™,v) = ug"Gu(ug™,v) = GUu(ug™,v). (27)

Proof. (26) is by direct application of S to (25). (27) is a corollary of
(26).

Since S is unitary by construction, the basis is orthogonal, so Lemma
follows. U

6.16 We can calculate the action of G on the basis {v(v¢",u) : n =
0,1,...,N —1}.
Substituting (25) in formula (3.18) for v(vg", u) we get

N-1 —

1 (1-m)?
Gv(vq", u) ¢""Gu(ug™ qg q¢ 2 u(uvg,v
( 7% mZO Z ) =

m=0

N—-1 N-1

=y St
=0 m=0

Note that (I—m)?+2nm = [—n?+2nl]+ (m+n—1)?. Hence we may continue
the above

=2

_nt (m+n H? a a2 n
:_Zq e l{Z u(uvg',v) = NG ¢""u(uvg', v)

l

Il
o

where

=

—1 5 N-—1
(m+n ) m2
2

G(N)=)» ¢ q

0 m=0

3
]

is a quadratic Gauss sum, see [11]. The last expression by (3.18) can be
rewritten as

v(vg", uv).
We have proven that

G:v(vg",u) » —=G(N)q zv



in particular, for v = 1 the v(vq",u) are eigenvectors of G with eigenvalues

n2
T%G(N)qf?.
6.17 We set

VN

- G(N)
By 6.16 this is equivalent to the assumption that

n2

Gv(vg",u) = ¢~ F v(vg", w) (28)

Moreover, reversing the calculation in 6.16 we see that (28) is equivalent to
(25).

6.18 Proposition. Assume that N is even. Then

a=e %,

Proof. Recall the Gauss formula, for integers a and L,

L—1 I . a—1
eﬂ'i%n2 _ /’_’ . eﬂ'i‘zzle . Zeﬂi§n27 (29>
a
n=0

n=0

see [11]. The statement follows, if we take a =1 and L = N even. [

6.19 A general form of Gaussian transformation more useful in applications
is given by the associated matrix defined in 6.9, of the form

(53

for some positive integers b and d.
This corresponds to

B = (U V" =B = UV V.

Ud — gy -t
| VAR, VL
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6.20 Proposition. Gp is a reqular unitary transformation.

Proof. For simplicity (but without loss of generality) we consider the
example with b = 1.

We assume A = (U, V) and correspondingly

B=(ULV)=RB = UV V).

Let 5 € Spp and «a be an element of Sp, such that Vg(5) C Va(a). We
may identify o with a pair (u”,v") € F* x F*, and according to 3.46-3.47,
B = (u, v%), so we have exactly d distinct B-submodules in the A-module.

A canonical U? basis of V() can be represented in the form

{u®! (udq®™, )'m:0,...,%—1}

defined by the formula (12). In this notation the definition (25) becomes

Gpu®t (ulq?™ v) = a\/ Z qd(l s u® (utvg® v) =: s(uq™™,v)  (30)

where s(u%q?™,v) is an element of a canonical U4V ~!-basis as described in

(26).
So, the formula (30) defines, for the given choice of parameters u and v,
the map

Vi(B) = Ve /(8), B'=5

between the submodules of V 4(«). This verifies conditions (i),(ii) and (iii)
of the definition 6.1.

To check (iv) note that 8(u,v) = B(u/,v') if and only if v’ = ug® and
v' = vg™ for some k,n € Z.

Suppose u = u’ and consider the substitution v = vg? for v in (30). By
3.17 ud,l( dqdm qdn> =c qdnmud 1( dqdm ) and
ubt(ulvg®, vg™) = cyq®utt (uvg®, v) with ¢y, ey roots of unity of order N
(since the choice of the bases is within Eg). Write G'; for the transformation
defined by A(b,b’, v, v).

We will have

[d m)?
G/Bu ( d dm n —a qu(l 5 udl U Vg d(l+n) Uq )
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X
d d9=m? 4y d,l d,dl
=ang ) 4 7 u® (uvg™, v)

/ d,l( d_dm dn) — ClqdanIB (ud dm )

and
q

Hence

Ny
m (= m) n n—m n
Bu ( dqd _Cl CQCL / qu d I+ )ud1<u vq d(l+ ) )_

-1

(H»nf'm) 2 2
¢ u® (u qu(H") v) =c¢f Leog T = =c; Leog T S(udq
1=0

m\z

n2

-1 n”
=C; CqZ2a dm

. 2

L
2

Set ¢ = c;'eaq’z . Clearly, (Y =1. 0
6.21 Remark. If we only require the coefficient ¢ to be an element of Iy
of modulus 1, this can be shown by a simpler argument:

Note that the substitution v := «’ and v := v’ by 3.17 transforms the basis
{futt(udg® v): 0 <1 < %} by the application of a transformation of the form
¢y, where 7 is a Fp-unitary matrix and ¢ a non-zero constant. It follows that
the basis {G pu®! (u?q™,v) : 0 < I < &} under the substitution transforms by
the application of a Fo-unitary matrix 7' to a basis {s'(u?¢¥,v): 0 <1 < I}
satisfying (26). Now 3.17 imply that s'(u?q®,v) = ¢ - s(uq?,v) for some
¢ € Fy of modulus 1. O

6.22 Finally, we consider diagonal transformations D,, on V4 which
correspond to the matrices of the form

(34)

We assume that N is divisible by m.
We construct a respective regular unitary transformation by considering
the subalgebras B = (U, V™) and B’ = (U™, V) and the isomorphism

O'IU'—)Um, Vs V.
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A canonical U-base for a B-module is of the form
N
{u(ug™,v) : k=0,1...,— —1}
m

and that of B’ N
m(, m_mk
k=0,1...,——1
g u) k= 0,1, = - 1)

where by the definition (12)

3
L

m(, m_m m 1 m
u (U q kav ) = _m u(uchlvv )7
l

I
o

for ¢ a root of 1 of order m, and respectively,

um - um(umquyvm) — umquum(uqu’vm)’
vV o um<umqu7vm) — vmum<umqu—m’ U)

In terms of bases the transformation is

m
LZ’C&U . U(U,mqu, U) - um(umqu’ Um)
where for a = (u™Y v") the correspondence A determines o/ = (u,v™V).
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7 The limit coordinate system

7.1 Consider E4(a) defined in 3.55 as the union of Ef(«), canonical (S, R)-

bases (see 3.38).

We note first that each E%(«) is in a natural way coordinatised by the
residue ring Z .

The group ¥ 4(a) = (i) of definable permutations of a basis {s(sq",r) :
n < N — 1} can be realised as a group of 0-defined operators R", or equiva-
lently as pairs s(sq¥, ) — s(s¢"*™, r) of elements of E5 (), up to the obvious
equivalence.

Using parameters s and r the inner product formula

(s(sq™,r)[r(rq™, s)) = q""™ - (s(s,r)[r(r,s)) = (s(sq",r)[r(r¢"™, s))
allows to recognise the 4-ary relation
n1Mmy = name mod N.
Since we can choose and fix ny = 1 we obtain the relation nym; = ma.

7.2 Here we start the analysis of how the above coordinatisation behaves
under passing to an infinite limit, which we formalise through considering a
nonstandard model of integers and an infinite value of N in it.

Let *Z be the non-standard model of the ring of integers and u € *Z
divisible by all standard integers. Let N = p2h~!, for some h € Q. Let
R =RU{—00,+0} and S = R/Z. We construct a surjective map

St# : *Z/N — R

We identify an element m of the residue ring *Z,y with the unique (non-

sgndard) integer m € [—%, %) N *Z. Note that % and % are elements of
*

Set
m

st, @ m > st(—)
! fu

where st is the standard part map *Q — R.
7.3 Lemma.

(1) st, is an additive (semi)group homomorphism,
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(1t) st, preserves the linear pre-order on [—%, %) N*Z, that s

my < my = st,(mq) < st (me);

11) 1 min, = Many does hold in *7Z N ana the images oy miy, Ny, Mo and
/
N9 are zzmte then

st,my - st,ny = st,my - st,no mod Z

Proof. (i) and (ii) are obvious.
(iii). We have the unique representation m; = ajp + ¢1, mo = aspt + Co,
ny = byp+dy, ny = bopr + da, and

|a'1’a ‘a2|7 |b1|7 |bQ|7617CQad17d2 S *Z N [Ovlu)

The assumption of finiteness implies that ai,aq,b;,bs € Z (standard).
Now

ming — MaoNg = ((llbl — a2b2),U/2 + (&1d1 + 5101 — (l2b2 — b2€2>/l¢ + C1d1 — ngz

Note that a;by — agby € Z, |ardy + bicy — asby — baca| < ku for some positive
k € Z and |c1dy — cads| < p?. Tt follows that

ming — mony = 0mod p® iff myng — mony = (a1by — agbs)p®.

Hence the condition in (ii) implies that

myny ma N2
—_— = — = albl - Clgbg € 7.

o pp

It is now immediate from the definition
st,my - st,ny — st,me - st,ng = aiby — agbs

thus the statement follows. [

For o, € *Z let |a| << || stand for “§ is an infinitesimal”. And let
a<<fmean a <0 & || << |a] V >0& |a] << |f].
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7.4 Corollary. st, is a homomorphism of the additive ordered group {m &
T —“72 <<m << “72} onto the additive ordered group R and

2mix1Y1 2TiT2Y2

ming = MaoNg = € =€
for xy = st,my, yi = st,ni, xo = st,me and yp = st,n.

In particular, the image of the partial ring structure on {m € *Z : 0 <
m < p} induces via st, the partial addition and multiplication on the real
interval [0, 1).

7.5 Definition. The weak ring structure R,, on the reals R is given by the
addition + and the ternary relation

2mir1Y1 2mix2y2

PY(z1,y1, 20, 12) = € =e

The compactified weak ring structure R,, on the compactified reals R =
R{—00, 400} is given by the extension of + to R in the natural way as the
ternary relation S®(z,y,2) (in particular, S3(—o0, +00, 2) holds for any zRR)

and the extension of P* to R defined by the condition
]Rw = P4(&1, bl, as, bg) if + o0 € {al, bl, asg, bg}

Clearly, one can always consider the 4-ary relation a;b; — asby = 0 on an
arbitrary ring R. For a ring with 1 this relation is 0-definably equivalent to
the multiplication. In this context any ring R is a weak ring.

7.6 Corollary to 7.4. st, is a surjective homomorphism of the weak ring
*Z/N onto the compactified weak ring structure R,,.

7.7 Dirac rescaling. By assuming the (practically) infinite dimensionality
of the algebraic-Hilbert spaces we deal with, we encounter an immediate
problem of vanishing values of inner product since the absolute value of (e|f)
in V4(«) is proportional to LN, for N = ny4.

In order to remedy this problem we rescale the definition of the inner
product and introduce another pairing, Dirac inner product (¢|f)p;-. The
rescaling depends on the number N as well as on a “parametrisation” by a
variable x based on the following data.

Let B, D C A be two Weyl subalgebras of A with pseudo-unitary gener-
ators B = (R, Ry) and D = (S, S;).
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Suppose also that there is a regular unitary transformation L of the bun-
dle V4(a) such that for each o € Sp, the domain of L, is a B-submodule
Vp(a) and the range of L, is a D-submodule Vp(a) of V4(a), both of
dimension np, the domain is spanned by the R-eigenvectors

{r(r¢®*,r) : k=0,1,...,np — 1}
and the range by S-eigenvectors
{s(sq¢™™, s;) :m=0,1,...,np — 1}
canonical R and S bases of V() and Vp(«) respectively, such that
L, : r(rqdk,n) — s(sq™, st), k=0,1,...,np — 1. (31)

Our next step is to define a rescaling parameter called Ak.
If R and S commute, then r = s and we define

[ d
Ak =c¢ N,

where ¢ is a fixed parameter to be defined later, independent of A and L.
Otherwise we assume that RS # SR.
Let b < N be the minimal positive integer with the property

RS = ¢"SR or SR = ¢"RS.
Let ag, as be the maximal positive integers with the property that
Rin € Aand S35 € A.

Set
be

B CLRCLS\/N‘

We can now define the Dirac delta-function, which depends on the
parametrisation, that is on A and L.

00 = { 3o

Ak

0, otherwise.

Further set the rescaled product, dependent on the chosen parametrisa-
tion:

(g™, (4™ 50)) pie = 7 g™ ) ls(sa ™, s0)) - (32)
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7.8 An example. Let A = (U,V).
L be the Fourier transform ® : V4 — V4, which by definition is a
bijection of V 4-modules. That is B=D =A.
We respectively will have R =U = S;, S =V = R;, and (B, D) = A.
_ 1
Hence Ak = I
(u(ug", v)|[v(vg™, w)pir = ¢ - VN(u(ug*, v)|v(vg™ u)) = eg""
and does not depend on N.
7.9 A non-example. Consider the transform

Ppef) : ue’f(ueqd“, Uf) — Vf’e(qufk, u®).

This is not a restriction of ® 4, so 7.10 is not applicable. Moreover, condition
(31) for parametrisation is not satisfied.

7.10 Proposition. Let e, f be positive integers and
B'=(R°,R]), D'=(55]),

subalgebras of B and D of 7.7 respectively. Consider the restriction L' of L
sending B'-submodules onto D'-submodules

N
L : re’f(reqdek,r{) > 597 (s8q°k, s{), k=0,f2f ..., Qi f.

Then
(e (rq®* D) |8 (5™ s1)) pir = (x(rq™, 74)Is(5¢™™, 54)) Dir

where the left-hand side is rescaled with respect to L', and in the case RS =
SR both sides of the equality take value equal to 6(k — m), with respective
interpretations of this symbol on the left- and on the right-hand side.

Proof. It is enough to prove the statement in the two cases:

Case 1. e = 1.

and

Case 2. f=1.

The relation between the r/ and r (and between s/ and s) has been
analysed in 3.47.
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In the first case, the respective bases of the submodules are just subsets
of the initial bases, so nothing changes and we have the required equality.

In the second case, the new bases are different, however calculating with
formula (12) we get

(o (g™, r]) 8% (57", s)) = (e (rq™, 1) [s(s4™", 51))-

Now we look at the new Ak. Clearly, ' = €%, a’y = ear and asy = eas. Hence
Ak remains the same and so the required equality holds. [J

7.11 We can now introduce the Dirac rescaled pairing (probability mea-
sure) just replacing the inner product in 4.7 by the Dirac rescaled inner
product.

el o = ()7 el

7.12 Lemma — definition. Let B C A, A, B € Ay, and C € O(A). Then
the commutative subalgebra Cp = (C N B, Z(B)) (generated by C' N B and
Z(B)) is in O(B). Moreover, the map

s O(A) - O(B), Cw~ Cg,
18 surjective.
7.13 Lemma — definition. For a pseudo-unitary S define
C(S) = (5" :a€Q),

that is the subalgebra of AW generated by all elements S%, keZ.
C(S) is a mazimal commutative subalgebra of AW,

This has natural generalisation to maximal commutative subalgebra of
A,
Proof. Immediate. []

8 Limit objects

Our aim here is to extend the categories A%};,(C) and V3, (C) by adding
some limit objects. This follows the idea that objects in A%, (C) and V},,(C)
approximate objects from a larger categories A*(C) and V*(C) in a functorial
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correspondence to the way the rational Weyl algebras approximate (in the
sence of normed algebras) subalgebras of the whole Weyl algebra.

The approximation will be carried out in terms of structural approxima-
tion described in [17], sections 3 and 4.

One particular limit object of V§; (C) will be called the space of states
and will take the role of the rigged Hilbert space of mathematical physics.

We assume Fy C C when Fj is mentioned and will mostly drop referring
to C below.

8.1 We fix an ultrapower *Z (equivalently, a saturated enough model) of
the ring of integers.

Fix a non-standard integer p € *Z which in addition to assumptions in
7.2 we assume to have the high divisibility property:

 is divisible by any standard m € Z (33)

We also fix for the rest of the paper a (standard) positive rational number
h.!

The definitions and statements of previous sections are applicable in the
new context, with 'rational’ and ’integer’ replaced by more general non-
standard rational’ and 'non-standard integer’. In particular, in the defini-
tions we consider 'non-standard’ Heisenberg group I:I(i, %) consisting of non-
standard pseudo-unitary operators generated (in the non-standard sense) by

Ur and V. More precisely, Iil(i, /%) can be identified with the ultraprod-
h

uct of the groups H(%, =), m € N, along an ultrafilter Dy;, which for every
positive integer n contains the set
{m e N:n|m}.
We use, for a positive d € *Z the notation “much less”

d=<p

with the meaning that % is an infinitesimal and d divides pu.

IThe theory which follows is also applicable to a non-standard rational h € *Qfin
provided the numerator of h is “much less” than p and divides pu.
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8.2 A universal nonstandard-rational Weyl algebra. Define the al-
gebra A to be the ultraproduct of the algebras A(%, %), m € N, along the

ultrafilter Dy;,. One may think of A as being generated, in a pseudo-finite
1 h ~

sense, by U» and V». A pseudo-unitary operator W in A is by definition

any element of H(;, ).

8.3 We call a pseudo-unitary W € A finite if it can be presented in the

form ,
2mihy P hr

W=e i UV (34)
for nonstandard integers v, p, T such that |v| < u? and ﬁ,ﬁ € *Qyyp-

Define A #in to be the subalgebra of A generated by all the finite pseudo-

unitary W.
Note that .
ACA (35)
and so A is an upper bound for A Fin-
8.4 We set
h:=2mh (36)
and the constant introduced in 7.7
¢:=V2rh. (37)

8.5 We are interested in the physically meaningful A-module corresponding

to Uk- and V%—eigenvalues u = 1 and v = 1, which is the principal module
V(1) (see also 3.34). We abbreviate the latter to V,(1).
It follows from definitions that V(1) is the ultraproduct of V 4(1), A =

(Uw, V) along the ultrafilter Dys,. In order to understand V, (1) we study
some construction on the V 4(1).

8.6 Let N be the denominator of the reduced fraction % By definitions

N =dim V,(1).
By divisibility of u we have
2 2
wo 2w
N=" = . 38
o - (38)

If not stated otherwise, we denote

27ih ih
qg=e w2 = eou?
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8.7 The global language L{'*.

We are interested in switching to a language which is, on each V A(L 1),
interdefinable with our original language but has the advantage not to refer
to the parameter m, (equivalently N), or similar parameters which change
with the “size” of V4.

For each C' € O(A) the language L' contains the unary predicate E©,
which we also may denote E if C' = C(S). In each V 4(«) the interpretation
of e € EC is e € E{*(a).

The unitary predicate E is interpreted in each V4 as

E= \/ EC.

CEeO(A)

We are going to “forget” the names of pseudo-unitary predicates such
1 h . . .« .
as Um and V'm and instead introduce to L$'°" names for pseudo-selfadjoint
operators R = Ryy, for each W € Ay, or more generally of the form

2mihn T ht

W=emUnVm

where n, m,r and t can be standard or non-standard integers.
Interpret Ry in V 4 as a linear operator

W —-w-!

Ry = 7777
2|5+ 11

(39)

In particular, we use special names for operators

a _ Jr—a Vah_ —ah
QU e Vv

1
2ia 2ia m’

Note Ry, are in Afm.

Clearly, for each A, the Q is interdefinable with U® and P with V.
However the interpretation is given by different formulas depending on A.

A concrete algebraic Hilbert space V4(a) is given in terms of global
language L' as the two sorted structure (E, F) with

e unary predicates E¢, for each C' € O(A);

e pseudo-selfadjoint operators R¢ for each C' € Cyip;
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e regular unitary transformations L interpreted for each A by the formula
in (21) and a fixed associated matrix g, (see 6.9).

As before F will stand in L' for the field sort with addition and multipli-
cation defined on it.
The formal linear equalities Eq(z1, ..., Tp, €1,...,€5) :

rier+...+xpe, =0, 21,...,0, €F, €1,...,¢, € E

are expressible in L', and are interpreted in each V 4(«) according to the
values taken by the linear combination in the F-vector space. Note that one
can interpret arbitrary elements of the vector space V4(a) in terms of Eq.
Later we will add to the global language predicates encoding the Dirac
inner product (see 7.7 and 7.11).
We call these globally defined operators and predicates.

8.8 Below we standardise our notation for the generators of A,
- 1. h
U=Ur, V=Vu

More generally, an important role will be played by pairs of pseudo-unitary
generators of A, S and T conjugated to U and V by a v € Aut(H (1 z) ;

S=U"and T =V"

(see 3.14). Canonical U, V and generally S-bases for V(1) will be denoted
u(q®), v(¢*) and s(¢*), 0 < k < N, respectively. (See the definition (10) for
s).

We will also often work in subalgebras of A of the form B(a,b) = (U®, V),
with a,b,c,d € *Z, 0 < a,b < p. The corresponding canonical bases for the
principal module V(5 (1) will be referred to as u*(¢g™), v**(¢™), and
s®b(g™), respectively.

8.9 We define a pseudo-metric (that is the distance between distinct point
can be 0) on the group H(%, %) in Of all the finite pseudo-unitary elements of
Ao

For W and W’ in the form (34) define the pseudo-distance,

v v

. . ap P T 7
dist(W, W") :=lim{|= — = |+ |— = —|+ | = — =]},
( ) {|M |+ | |u2 M2|}

64



where v/, p and 7’ are the respective parameters of W’ in the representation
(34) and lim is just the standard part map *C — C.
Note that
dist(U, 1) = 0 = dist(V, 1). (40)

Let
AOm = {RW € Afm v=0& B, Z € *szn}
e
which we call the basic pseudo-selfadjoint operators.
The pseudo-metric on A9, is given by

/ /

. . P P T T . '
dist(Rw, Rw) =1 — + — +dist(W, W").
Sl B ) = e o T e T i e )

8.10 Define

W~ W' iff dist(W, W') = 0,
an equivalence relation on the group I:I(i, %) fin- It is immediate from the
definition that ~ is invariant under the group operation. Set

~ h
HR:H y m/z
( M)f

=~

This is a real Heisenberg group.
Define on A9,
R~ R'iff dist(R, R') = 0.
The elements of the quotient 3

will be called the basic selfadjoint operators. The pseudo-metric becomes
a metric on the set of basic selfadjoint operators. 2

2The basic self-adjoint operators can be interpreted as the elements of the real Lie
algebra generated by the classical P and Q (the Heisenberg algebra)

It is possible in principle to consider in the similar way the associative algebra of op-
erators generated by these operators (the Weyl algebra). This, however, in our setting
becomes rather messy business. Instead, we will study in later section operators which
correspond in mathematical terms to automorphisms of the Lie algebra and in physical
terms to time evolution operators, without trying to identify these operators with elements
of the Weyl algebra.
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8.11 Test-equivalence on E. Let a,b,¢,d € *Z, 0 < a,b,c,d < p.
For e € "E(1) g, (1) we define We to be the unique element of H(/%, ,%)fm
with the properties:

e v =0 in the form (34) for W,
e ¢ is an eigenvector of W,

e p>0orp=0andT>0,

e |p| + |7| is minimal.

Given e e’ € Epa(1) let W = W,, and W' = Wo and R = Ry,
R’ = Ry be the corresponding pseudo-selfadjoints.
Define the two elements to be test-equivalent,

ere
if
R ~ R' and (e|Re) ~ (¢'|R'e’).

8.12 Note that
e~ re,

for r a root of unity. In other words, ~ identifies elements representing the
same physical state.

Also, crucially with the use of regular unitary transformations, ~ agrees
with the relation introduced in 6.5.

8.13 Lemma. f; = f5 is an equivalence relation.
Proof. (i) Immediate by definition. [

8.14 Extending the global language by ~. . We introduce for each
positive € € Q a new binary predicate e; =, eo, interpreted in each E4 as a
statement:

“e1,e9 € E and there are pseudo-selfadjoint operators R, Ry € A such
that for some wy, wy € F,

Rie; = wieq & Roeq = woeqy & |U)1 — WQ| <e”.

This is definable by a positive quantifier-free formula since for every choice
of A the existential quantifier runs through finitely many choices.
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Note that the relation =~ on *E(1) is definable by a type consisting of
positive formulas (positively type-definable):

€1 ~ €y = /\ €1 X1 €9.
n
neN

8.15 Lemma. Let R = Ry € Ay, be a selfadjoint operator and e € *E(1)
its eigenvector. Then R R
ex~Ue and e = Ve.
Proof. Clearly, e is a W-eigenvector too. That is We = we for some
w € *Fy. o
Let W' := UWU™!. Then, using the commutation identity (4),
W/ _ eQﬂihu%W
and o
W'e =UWU e = we'.
It follows that
1

2mwih % —2mth%
Rw/e’:_—<e W — e w2 1) e,
io

for o = [£] 4 | 7| as defined in (34).
We claim that

l <62mhui2u) . ef2frihui2w_1> -~ l(w - w—l)
o o
that is the Ry/-eigenvalue of €’ is infinitesimally close to the Ry -eigenvalue

of e. Indeed, this is immediate from the fact that

SHE

-
112
is infinitesimal. This proves the statement for ¢/ = Ue.

The proof for ¢ = Ve is similar. OJ

8.16 Lemma. Let k,[ € *Z, ﬁ,ﬁ € "Qyi,. Then

u™ (™) ~ u(q"), (41)
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and
vP(g") = v(q). (42)

Proof. Note that for finite values of ﬁ calculating in the B(a, b)-module

ak __ ,—ak k _ ,—k
(g Pust(ge, ) = LT L K
2ia/p 2i/p ft
And in the A-module
k —k

k k q —(q kn

u(¢”)|Pu(q)) = —— ~ —.

(Pl = o~ 2

This proves the first equivalence. The second and third equivalences follows
by the same argument. [

8.17 Remark. Under the above assumptions we have a|l and b|k by defini-
tion of a canonical basis. We then have by calculation in 7.8 in the ambient
module B(a,b) :

(™ (g™ )v"*(¢")) pir = ¢ 4" (43)
8.18 Lemma. Let k be as in 8.16 and d € *Z, 0 < d < u. Then

u(¢") ~ u(q") (44)

and
V(g™ 1) &~ v(d") (45)

Proof. Using the same same calculations as in 8.16 we would need to
prove
¢ — gt g (k)
2ifu 2i/ 1

; ih(k+d
f—f, ¢" e = exp “rY (uj ) and so

Recall that ¢* = exp
qk—i-d _ qk _ qk,ueia -1
2i/u 2i

where o is infinitesimal. The equivalence follows. [J
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8.19 Corollary. The statements of 8.16 hold for any pair of pseudo-unitary
operators S and T and their eigenvectors in place of U and V?.

8.20 The space of states and the bra-ket notations.
We define the space of states as the quotient space

S:="E(1)/ =
and the canonical quotient map as

lim : *E(1) — S. (46)

Note that by definition *E(1) is a pseudo-finite union of definable subsets of
the form EC, C' = C(S), S € A, S =U"V?, a,b € *Qy;,. Thus

limS =: 8 =U*V?, where a = lima, 8 = limb,

According to 8.16 and 8.19

8 1
limEC = {lims(ex): s € ;*Z N*Qpint = {|s) : s € R},

the image of the S-basis.
For the given S = U*V? we denote the image of the basis in S,

Sa/s :={]s) : s € R},

and call it a Lagrangian subspace of S.? Lagrangian subspaces with «, 3
rational will be referred to as rational Lagrangian subspaces.

Thus
S= |J Sas

a,ﬂERX

and we also will use the rational part of the space of states,

SQ = U Sa/ﬂ.
a,feQx

3Note that UV# and U™*V™8 commute and so generate the same Lagrangian sub-
space, hence the subspace is determined by the fraction a/f.
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8.21 Keeping with physics notation we set

|z) = limu(e #)
p) = limv(e’)
for 5
.T/,p/ S ; ’ *Z7 xl7pl € *szrw (47>

Note that these assumptions imply that z’,p’ € [—4, 4F) and lim2’ € R,
limp’ € R, taking all possible values in R.

These notation rely on distinguishing between the so called position
eigenstates |r) and the momentum eigenstates |p) just by the letters x
or p used to denote possibly the same number, the eigenvalue of the corre-
sponding operator (to be explained below).

Often we simply right

|7) = limu(e*)

and N
p) = limv(e)

assuming that the passage from the right-hand side to the left is clear.

8.22 We extend the domain of lim to *EB(a,b)(l), the eigenvector-bases of
submodules, and define

limu®(e’) = |z) (48)

lim v (es) = [p) (49)
and ias

lims®(en ) = |s) (50)

This agrees with ~ by (41) and (42).

8.23 We say that a subset £ C *E(1) is dense in S, 3 if im E =S, /3.
Note that *Epg (s (1) C Vi(1) (see 3.46) and *Ep(4)(1) can be embedded
into *E(1).
Assuming that B(a,b) is a subalgebra of A of finite index, a,b € *Q,
S € B(a,b), it follows from 8.16 and 8.19 that *E%(a,b)(l) is dense in S, /3.
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We study S along with the structure V, and the map
lim : *E(1) — S.

8.24 Dirac product on S. This is defined in accordance with 7.7 with
usually fixed parametrisation in variables x or p.

We will work in the situation when we are given canonical bases u(e%),
r(ex ), and s(e ) such that both r(e# ) and s(e ) are parametrised by regular
transformations

L, : u(e%) > r(e%) and Ly, : u(e%) — s(e%),

This will define Au, which we following above notations will write as Ax.
We will also use the notation

lim r(e%) = |r(z)) and lim s(e%) = |s(z)).

Now set
.1 iz} s}
Gelstanon =im o { m oFlseE) ] 6y

./
1Ty
nw

)

Here the quantifier max chooses 2| and % so that the modulus of (r(ez%ﬂs(e
reaches maximum. The argument of this expression depends continuously on
x) and x4 (see the definition and 3.28). Hence the right-hand side of (51) is
well-defined.

On the left-hand side of (51), the use of bra-ket notation assumes that
we rescale the product.

Warning. (51) only makes sense when we have chosen the corresponding
canonical bases, that is the two consecutive vectors of each basis. Otherwise,
we can only determine the absolute value of (r(z1)|s(x2))pir-

Nevertheless, (51) is a function of x1,xs defined “up to the phase”, that
is the scalar of modulus 1.

Similarly one defines the parametrisation on variable p, just replacing
u(er ) by v(en).

We will have to use respectively Ap in the definition of the Dirac product.
But note, that the application of the Fourier transform will produce the
equality

Ap = Ax.
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8.25 Example. Reinterpreting the calculation in 7.8 and taking into ac-
count (37) we have the classical

(lp) !
X ir —
bip V2rh

8.26 We also use the Dirac delta in V,(1) as defined in 7.7. Since the
dimension of the module is pseudo-finite the Ax and ¢ are nonstandard
integers-valued. In the limit structure on S we introduce the Dirac §(x)
as an “infinite constant”-valued function, or symbol, along with symbol dx
and set

TP

lim Az = dx,

limd(x) := d(limz).

8.27 Using integration notation. It is helpful to re-write the definition
(51) in the following suggestive terms.
From the notations agreement above we get in particular,

1T iTo

da (r(w1)|s(x2)) = (r(e )[s(e)). (52)

In functional Hilbert spaces elements |r(x)) and |s(z)) are understood as a
family of functions p(x, p) and o(z, p), with variable, say p. Now a summation
formula _ _ _ _

r(er) =D (r(e)ls(e)s(er)
Yy
corresponds to the integral

mLmzfﬂ@vwm@»vwm»

E.g. the summation formula for the Fourier transform (23) becomes,
s

for \/2——}18%7 an eigenvector of the operator f — —ih%, and d(z — p), an

eigenvgctor of the operator f — xf,

1 _iyz 1 iyp

oz —p) = d e h eh
( P) yeR y\/27rh vV 2rh

1
6(0) = ﬁ/yeu@dy
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Conversely,

1. 1.
- ’Ll’p — d _ l’y(Eé _
\/ﬁe - yyre (p—y),

8.28 Note also that by definition the integral reinterpretation of definitions
7.7 yield
/ d(z)dx = 1.
R

8.29 Topology on the space of states. Note that the construction of the
space of states (S, C) as the limit (46) of the pseudo-finitary space V(1) =
(*E(1),*Fy) introduces a topology on the pseudo-Hibert space. Namely, C
canonically acquires the metric topology from the standard part map lim :
“Fo — C. The predicates e; ~1 ey define topology on S. More generally,
on Cartesian products of S and C the topology is given by declaring closed
subsets those which are definable by positive quantifier free formulas in the
language L' extended by metric relation |z| < 1 on C. All such relations
are preserved by map lim.

8.30 Theorem. The object V(R) is universally attracting for the category
Vtin. In other words, for every V. € Vi, there is a unique morphism

Pa: V4 — V(R)

Proof. First we consider the trivial morphism
w4 Spu(R) — 1,

the right-hand side being the spectrum of V(R), by definition.
Now we need to define the embeddings

P Va(B) = V(R)

for every € Sp,(R).
Since A C A(L, L) for m € Z large enough (in terms of divisibility), such

2

that 2 is an integer, we may assume A = A(L, L) Recall that N = ny = 2

is the dimension of V 4(0).
By definition, 8 = (u",v") for some u,v € C of modulus 1, that is

iz P .
u=e'm, v=e'm, forsome unique real x,p € [0,2mm).
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For b = £ consider the subalgebra B(1,b) = (U, V%> and a canonical
27ih

U-basis {u"*(¢*) : k=0,..., T —1} of Vpag (1), g =emr.
Since 1 is an infinite integer, for k = 0,...,mu — 1, lim ¢* takes all the
complex values of modulus 1. Let ky be such that

lim g™ = u

and denote

bn o Lb( kotbny | m?
lug™) = limu™’(q ) nzO,l,...T—l.

By definition .
Um - ‘uqbn> — uqbn‘uqbn>
and §
Vi s Jug™) = Jug" ).
Write the U -basis of VA(8) as {u(ug™,v) : n=0,1,..., ng — 1} and
define p’; on the basis as

m?

pi cu(ug”™, v) = v " ug™), n=0,1,..., o " 1.

It is clear that p’ commutes with U 7. One also checks that

n—1)

L n —n n—
Vo phu(ug™, v) = v " ug™ V) = vphu(ug™ Y, v),

which proves that pi commutes with V. Hence it is an isomorphism be-
tween the A-modules.

O

9 Some basic calculations.

9.1 We calculate with operators Q and P defined in 8.7.

Qlz) = lim I=Uy o) =
= lim &(ew —e w)u(er) = z[x).
It is clear, that this calculation is invariant under replacing x by z’, with

x e~
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Hence
Qlz) = z|z).
On the other hand

—1 ix

Plz) = lim % (en) =
AR 3 (414 (54)
zllmz{u(e wow) —ufe e )}
is ill-defined since the vector in the bracket is an infinitesimal and pu is

infinite.
Similarly,

Plp) = plp)
but
Qlp) is undefined.

9.2 Comments. The real reason for P and Q to be only partially defined
operators on E is that these are unbounded operators, that is

|IP[] = oo = |Q]].

For Q this follows from the calculation (53) and similarly can be checked for
p.

In mathematical physics this is the main difficulty for treating the Heisen-
berg algebra as a C*-algebra.

9.3 Let us calculate the application of QP — PQ to |x) and |p). To simplify
the computation, we rewrite

Q:%(Q,+QII), P:%(P/“I—P”)

where . .
U-1 1-Ut
Ql = > QH = : )
i/p i/u
P,_V 1 P,,_1—f/—1
ilp ilw

First we calculate

QP — P'Q)u(er) = —4u UV VU>
—1? <1 — e%) UVu(e%) 1 —er? Jer w2 uler #2)
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Now note that by definition and (44)

ix _ ih

lim u(e™) = |z) = lim u(e* ),

so, applying lim to the initial and final term of the equality and using that

iz ih

ih
lim p?(ew? —1)-er u* =ih

we get

(QP' —P'Q)|z) = ih|z).
Similarly we get the same result for (Q'P”"—P"Q’), (Q"P'—P'Q") and (Q"P"—
P"Q"). It follows

(QP —PQ)|z) = ih|z).

Analogously one gets
(QP — PQ)|p) = ih|p).
In fact, these are the instances of the more general fact.
9.4 Theorem. The Canonical Commutation Relation (2) holds in'S :
QP — PQ =ihl.
In other words, given |s) € S

(QP — PQ)|s) = ihls).

Proof. By definition |s) = lims(e'#), for some s(e'#) € *E(1), an element
of a canonical S-basis. .
Now we apply (Q'P' — P'Q’) to s(e"#) and get by the calculation in 9.3

QP — P'Q)s(e'h) = 1 (e* - 1) OVs(e'h).
By 8.15 UVs(e'n) ~ s(e’n). Also 2 (eZTg — 1) ~ ih. Hence
QP — PQ)s(eF) w ihs(e'F)

and hence, ; y
(QP — PQ)s(e'») =~ ihs(e'w).
O

76



9.5 By the argument in 9.3 we also have for S
Q' =Qand P'=P.
9.6 The Fourier transform is defined on S by applying lim to (23):

o) = |p), forp=2.
Applying ® twice we get

P?:|x) > | — z).

9.7 The structure on *E(1) in the global language plays a central role in the
theory below. This is a pseudo-finite structure which can be seen as a model
of “huge finite universe” of quantum mechanics. Its specialisation (image
under lim ), the “standard” structure S, the space of states, is a close analogue
of the standard Hilbert space where operators of quantum mechanics are
being represented. The calculations in the next sections demonstrate that
we may carry out rigorous quantitative analysis of processes in the “huge
finite universe” and then, specialising these to the standard space of states,
obtain well-defined formulas in complete agreement with traditional methods
of quantum mechanics.

10 Regular unitary transformations on V, and

S.

10.1 A regular unitary transformation L of finite type on V. is
defined as in 6.1(i)-(iv) for the algebra A with the extra assumption:

(v) The index vg := (N : np) of the subalgebra B in A is finite.
Then we have the following refinement of Theorem 6.8.

10.2 Theorem. (i) A regular unitary transformation L of finite type on
V. associated with the subalgebra B :A(U“AVb,AUCVd% a,b,c,d € Z, and the
isomorphism o : (UV®, UV — (UYVY UV induces a bijection

[A/ : Sa/b — Sa’/b’-
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(ii) If C = (U Ve UeeVie) C B is another subalgebra of finite inder,
oc s the restriction of o to C' and L the transformation associated to C
and oc, then Lo = L. In particular,

ﬁ : Sac/bc — Sa/c/blc’

and so L is defined on all rational Lagrangian subspaces

i:SQ%S@.

(ili) The set G of all transformations L, for regular unitary transfor-
mation L of finite type on V,, forms a group acting on Sg. The group is
isomorphic to SL(2,Q).

Proof. By definition and 8.19 we have
L:{|s):seR} = {|s): s €R}

where S = U*V? and S’ = U*V?. This is exactly the statement of (i).

(ii) follows by 6.4.

(iii). It follows from 6.8(iii)-(iv) that G is a group. Moreover, a regular
transformations acts on elements of the rational Heisenberg group

AN

as an automorphism (and so symplectomorphism). So G is the subgroup
of all (rational) symplectomorphisms on Sg, that is SL(2,Q). On the other
hand 6.13, 6.19 and 6.22 prove that the generators of SL(2,Q) are in G. So

G =SL(2,Q). O
10.3 A tame regular unitary transformation L on V., is defined as in
6.1(i)-(iv) for the algebra A with the extra assumption:

(v) The index vp := (N : np) of the subalgebra B in A is “small compared
to u, that is
v < .

This condition is equivalent to B = (0“Vb, UCVd>, a,b,c,d € *7Z,

a,b,c,d < p.

78



10.4 Theorem. (i) A tame regular unitary transformation L on V. asso-
ciated with the subalgebra B = <€]“Vf’, vad>, a,b,c,d € *Z, and the isomor-
phism o - (UVP, UV = (UYVY UV induces a bijection

i : Sa/g — Sa’/ﬂ’

where a/ 5 =lima/b, &/ /" = limd' /¥,

(ii) The set G of all transformations L, for tame reqular unitary trans-
formation L on V,, forms a group acting on S. The group is isomorphic to
SL(2,R).

Proof. The same arguments as in 10.2. [J

11 Time evolution operators. The case of the
free particle

11.1 Let t be a rational number. We introduce a regular unitary transfor-
mation K}, on the space of states, which corresponds to the so called time
evolution operator for the free particle. In terms of the Heisenberg-Weyl
algebra this operator could be defined as

2
P
efztﬁ )

Equivalently, this is the operator acting on the position eigenstates as
. p2 2
e "3 |p) = o i |p). (55)

Our K| satisfies the same property.

As above K will first be defined on the pseudo-finitary space V(1) and
then transferred to S by lim.

11.2 In fact, we can only fully define K} on a submodule of V,(1) the
construction of which depends on ¢.
We assume that t = g, where b,d € *Z, |b], |d| < p.
We calculate over the subalgebra B(b, d) of A.
By 3.46 the A-module V(1) splits into the direct sum of d of its B(b, d)-
submodules. We define K{ on the submodule Vg 4)(1).
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Set ) N
@=en =4 bdh  bd
Clearly,
N = dim VB(b,d)(]-)-

Choose a canonical U%basis of Vp,a) (1) in the form
m=0,...,N—1}

{u(q") :
satisfying A
U a(qm) — ¢magm)
Veoa(gm) — a(@™t)

Set K on the U-basis by:
(56)

Kfrﬁ(qm) =

where a is defined in 6.18.
One sees immediately that K/ is the Gaussian transformation with the
domain of definition and range VB(b,d)(l). So we may use 29 - 6.20.
11.3 An alternative definition of K{. According to quantum mechanics
52
i35 and the ex-

the time evolution operator for the free particle is Kf := e~
pression on the right makes sense in the operator algebra Then the canonical

commutation relation (2) gives

Q. Kiy] = tPKG,.

Hence, QK} — K} Q = tPK}, and
KLiQKL" = i(Q — tP).

Note that by the Baker-Campbell-Hausdorff formula, for any » € R
U™ - V™ = expirQ - exp{—irtP} = exp(irQ — irtP + i[irQ, —irtP]) =
= exp(irQ — irtP + irr’th) = ™ KU K.
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Letting t = C% and r = % as above, we get

N[

KUKt =S, S=g=20'v" (57)

which is (27) in corresponding notation.
Another property that follows from the form of the time evolution oper-
ator, is its commutation with P and so with V? :

K'VPK= =V? (58)

(57) and (58) can be taken as the defining properties of Kf. Note that
these two algebraic properties alone do not allow to determine the scalar
coefficient a.

11.4 Now we define K[ on S by continuity, that is set

for all s € *E(]-)B(d,b)-
By (49), remembering that

{/(V”) — V% % em:ibd = vaa(eipr)’
where
ndh
p = —_—
I

satisfies (47). We have by definition

Ip) = lim v (e ).
We also note that
Y ot t = 9
q =€ ? - d'
By (28) as
Kilp) = e™"5|p). (59)
Respectively, in (56) we set
[bh mbh
Ty =— T2=—7h
7 7
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we get by definition and recalling that

1bdh d
a(d) = (e ) =ue ),

mbdh dx
(") = w4 () = u ()

dxz
1) = limi(e #)

and
dx

Kl|2s) = lims(e # ).

11.5 Our aim now is to determine the value of

(e )s(e ™)) pir,

for which we need to determine Ax. This was determined in 7.7 taking into
account (37) and gives for B = D = B(d, b)

_bh
n

Az

By (52) and (56)

o dmy dag 1 . o vVbdh —xi _-m)?
(e ™) s(eF ) i = 3 (@) Is(a™) = 21T

which gives us by application of lim :

i dh 1 i@ -29)? 1 i(zy —wg)?
x Ktrflf ir =€ 4\/— -z 2 = e~ 2th 60

The left-hand side of (60) is called the kernel of a time evolution
operator (Feynman propagator for the corresponding particle).

12 Harmonic oscillator.

12.1 In the Heisenberg Weyl algebra consider the operator

PP

H ;
2
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the Hamiltonian for the Harmonic oscillator, where we suppressed some pa-
rameters of physical significance).
We are interested in the time evolution operator for the Harmonic oscil-
lator, i.e. the operator
K':= Kl = e it

In order to motivate our technical definition we assuming again as in 11.3
that P and Q belong to a Banach algebra. Then well-known calculations,
which we omit here, produce the following formulae

_ —a2mihsi T
KtUaK t_ e a 7rzhsmtcostUacostV ahsmt. (61)

and
_ 2 . . .
KtvahK i ea 7rzhsmtcostUasmtvahcost. (62)

12.2 We will assume that ¢ € R is such that sint¢ and cost are rational
(there is a dense subset of ¢ € (0,2n] satisfying this condition), and even
allow these to be non-standard rational.

For the rest of this section we fix

, e
sint = —, cost =%, for some nonzero e, f,c € *Z, 0 < |le|,|f], ¢ < p.
c c

We work in the principal A-module V.(1) and in the space of states S
and want to construct, as suggested by (61) and (62), an operator K* so that

KUK =g 2 0/v—e (63)
(Kt)Vce(Kt)—l _ q%eSfﬁeQer (64)
where ,
1 mih
qi N
12.3 Denote

S, = q_%erfV_e, Ry = q%ere\A/f and check that R}" := q%efWQUemf/fm.

Note that the algebra (S;, R¢) is isomorphic to (U, V) by the isomor-
phism given by conjugation by K, so its irreducible modules are of the same
dimension %
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Clearly, S; and R; are pseudo-unitary. Recall that with our notation

) N
dim VB(1,€)<1) = z

Note also that the U basis u"*(¢*) can be identified with the subset {u(¢*) :
elk} of the U-basis of V,(1).

12.4 Define the operator®
K. VB(c,ce)(]-) — V*(]_)

by the action on an U-basis,

A |
2 2 e \ 2e?m? —e3m e(l+m
K- uc,ce(qc em) — S(qc em) — CO /N ; qef 5 lu(q I+ f))’ (65)

where Cy € Fqy is a constant of modulus 1, the exact value of which we
determine at the end of this section.

12.5 Lemma. For any integer m,

St . S<qc22em> — qc%’rr;s(chem)
R? . S(qc em) — S(qc e(m—l))'

Proof. One checks that

S, u(qe(l+mf)> N qef(l—‘r%)—&-emeu(qe(l—l-l—l-mf))

and thus, using f2 + e* = ¢2,

2

St . qef%—egmlu(qe(l—i-mf)) — qc em qefw—e:am(l—&-l)

u(qe(l—l-l—l-mf)) '

This implies the first statement.
For the second statement first note that

N_1
e\ 2
s(1) := Cy N Z qeflz u(q?)
I=1

4We state without proof that K* can be defined as a regular unitary operator on V i
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and that
Rt—em . u(qel) — qk(e,f,m,l)u(qel—i—emf)

for )
ke, f,m,l) = —egfm? —e®ml.
It follows
Rt—em g P-) CO I Z qefl —<’m? _ 3 (q (l+mf)) (qc em)
1=1
]
12.6 For n,m € *Z we have, expressing uc’ce(qCQQ") in terms of u (see 3.47),

(e (g s(g" ™)) =

c 1
6 cen+k
\f N
k=0

SetM::Z and I, = kM + [y, fork:(),...,c—l.
Note that the necessary condition for the product (u®°(g<**")|s(¢" ™))
to be non-zero is that

2 75 m? —e3m e(l+m
ef —5"— ! u(q I+ f))>

cen + kM = el + emf for some [ =0,...,. M —1, k=0,...,c—1. (66)

Let l[o = cn—mf.
Claim.
flo — e*m = 0modc.

Note that fly — e*m = fen — mf? — me* = fen — me?. Claim proved.
So
ecn+ kM =1, +mf.

Recall that 0 < ||, |e|] < N which implies that
M? = 0modN.

Now we can continue

2

(e (g o) (g o)) =
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c—1 2_2 2
7 —e“m
=G/ E :<u<qm+’f%>|qef’“f—e3mlku<qe“k+mf>>> =
| € Z f’v *m? ! [ e opli=etm® s Zc_l FlokM —e3mkM
qe —e3 mk_CvO qe +—=—-—e"mlo qe 0 —e’m
Nc Ne —

Now note that eflghM — e3mkM = ekM(fly — e*m) is divisible by N by

Claim above. Hence the last sum is equal to ¢ and we have finally

c,ce( c2en cZem ec efM—eBmlo
(g™ ™)Is(q” ™)) = Coy[ 4 2 - (67)

12.7 Note by direct substitution and using f? + e? = ¢? that

— 627”2 3 L oag 2 2
ef —e’mly = Sec {(n*+m*)f — 2cnm}. (68)
Now rename
cenh cemh
T = , L9 1=
i
Then, using 8.2, 8.6 and (68), the equality (67) becomes
cces Cen em ech (3 + 22) f — 231290
(e (sl ) = LD e LI ZI0TE (g

Vech (23 + 23)cost — 2x1x9
expi .

=C
0 2hsint

12.8 We rescale the last product according to 7.7 and (32). We have
(U, V) in place of (R, R;), and (S;, R¢) in place of (S, S;). N =N = MT?
We have
SR = q¢“RS

and ar = ¢, the maximal with the property
Re € A,

while for S the corresponding number ag = 1.
Hence, by 7.7 and (37)



Thus

c,ce C2 en 02 em M c,ce C2 en 02 em
(g™ ) Is(@” ")) pir = —{u**(q"")[s(¢"™")) =
_ iCo Vech expz’(aﬁ + x3) cost — 219 _ Co expi (2 4 x3) cost — 211y
eh U hsint Vorhsint 2hsint '

12.9 For the Feynman propagator we need to apply the limit

2

(1| K" [2) = lim (u® (") [s(¢"" ™)) pir

which by the final formula of 12.8 above gives us

1 (22 + 22) cost — 2179
K =C i Ml ,
(wal Kioler) = Coy/ 5 my &P 2hsint

This is in accordance with the well-known formula [15], p552, if we set

C() = a:e_%. (70)

Our definition can only determine K* up to the coefficient Cj of modulus
1.

12.10 In this subsection we will motivate a stronger definition for K%,
which will have (70) as a corollary.

First we need to formulate and prove several claims. Note, that in the
definition (65) Cy may depend on ¢. We need to have reasons to claim that
it does not.

Claim 1. Given t; and t5 as in 12.2 we have the following operator identity

Kt te = gtitte

where K| K* and K" are defined by (65) with the same Cy (but with
different values of e and ¢, which depend on t).

Proof of the Claim. TODO.

Corollary. For all t; € Q - ¢,

Co(t1) = Co(t).

Now we may use the fact used by physicists and motivated by simple al-
gebraic (the Trotter product formula) and continuity arguments which imply
that the physicists’ values of the operator must satisfy

lim (21| Kro2)

= 1.
>0 (a1 | Kk x9)
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Postulating that this identity holds for the operators Kk, and K}, as

defined above and comparing the corresponding formulas we conclude that
(70) holds.

13 Trace of the time evolution operator for
the Harmonic oscillator.

13.1 First note that by (66)

2

N
(U (¢ [s(g”")) # 0 < en(c—f)+kM = el for some [ =0,... E_l’ E=0,...,c—

Hence, the n on the right-hand side can only take values

N
=0,1,...,—— —1
n 07 Y ) 60(0 _ f)
13.2 Note for n = m (68) is equal to
—ec?(c — f)n®.

Hence, by (67) and 13.1

—1
Kt —a l —ec f)n

Denote L = W We can rewrite the above as
cL—1

TI-(Kt) —a Z 271'7, 2

By the Gauss quadratic sums formula (29)

L-1 cL—1

627r12_2€ fush _e \/_ 262212:@.

(Kt—caQ\/_H o7 1/1__

=0

3

Hence

1.



Returning to the original notation 12.2 we have

Since a?

2 2 1
(1_%)_ (1 —cost) [sini|

= —1, we finally get,
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