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1 Introduction

I believe that it is a common feeling among experts that nowadays model
theory establishes itself more and more as a universal language of mathe-
matics. “Universal” might be not quite a right word here as very few people
outside logic speak this language, but surely its system of notions and ideas
developed on a very high level of abstraction is proving to have a power to
see many fields of mathematics in a new and unifying way. In many cases
this new angle of view yields new results but sometimes even a new inter-
pretation itself might be a good cause for research. The present paper is
pursuing rather the latter goal.

We study the L, .-theory of universal covers of semi-abelian varieties
over algebraically closed fields of characteristic 0, in fact over the complex
numbers C. Slightly simplifying and extending the definition, by a semi-
abelian variety over C we mean an algebraic group A(C) (we write the group
multiplicatively) such that its universal cover is C%, d = dim A. This assumes
that there is an exact sequence

0— A - C* 22 A(C) — 1, (1)

where exp is an analytic homomorphism from the additive group (C%, +) and
A = kerexp is a discrete Zariski dense subgroup of C? isomorphic to Z~, for
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some N = Ny, d < N < 2d. It follows immediately that the torsion in A can
be described uniquely by Ny :

Fact 1 Given a semi-abelian variety A and an algebraically closed field F'
containing the field of definition of A, for any n the group

A, ={a€eAF):a" =1}
is isomorphic to (Z/nZ)N.

We are going to discuss the following Uniqueness Problem for covers of
semi-Abelian varieties.

Let A be a semi-abelian variety defined over some ko, a finitely generated
extension of Q, let V' be an abelian divisible torsion-free group and exy an
abstract group homomorphism such that

0—2zZN L v 2% AC) — 1 (2)

is an exact sequence.

Uniqueness Problem Does there exist an isomorphism between the se-
quences (1) and (2), that is a pair of bijections (p,m) such that p : C* — V
is a group isomorphism and 7w : A(C) — A(C) is a bijection induced by a
field isomorphism fizing ko (a Galois automorphism over ko), and the dia-
gram commutes?

0 A —s Ct 22, AC) —— 1
L]
0 N s v AC) —— 1

Notice that the positive answer to the question would signal that (2) is a
reasonable ’algebraic’ substitute for the classical complex universal cover.
This, in turn, could be extended to suggest an algebraic substitute for uni-
versal covers for semi-abelian varieties over fields of positive characteristic,
replacing Z" by a suitable finite rank subgroup, e.g. for A equal to a one-
dimensional algebraic torus, the kernel of exy in characteristic p has to be
the additive group

1
mﬂ:{gumﬁeZ$20}
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We studied the Uniqueness Problem in [Z0] for A(C) = C*, the mul-
tiplicative group of the complexes, that is of the complex one-dimensional
torus, and managed to answer the question positively with the help of some
field arithmetic results as well as some quite advanced model theory. Notice
that if we require 7 to be identity the answer is negative even for this simple
case.

The uniqueness problem remains open even for the cases where we believe
the answer is positive, e.g. elliptic curves without complex multiplication, but
it is rather clear that these can be solved in positive provided the obvious gen-
eralisations of the arithmetic results of [Z0] can be proved. In this paper we
show the converse, that is, in order for the answer to the problem to be posi-
tive generalisations of the arithmetic results used in [Z0] must hold. In other
words, the geometrically motivated Uniqueness Problem in a rather non-
trivial way is equivalent to some profoundly arithmetical questions. The link
between arithmetic and model theory is provided by deep results of J.Keisler
[K] and S.Shelah [Sh] after an observation that the uniqueness problem can
be reformulated as a problem on categoricity in uncountable cardinals of an
appropriate L, ,-sentence. In section 5 we give a list of arithmetic proper-
ties which are necessary and sufficient for the sentence to be categorical in
all uncountable cardinals.

The criterion, as remarked above, holds for some classes but it does not
cover the general case. In particular, Theorem 1 of this paper states that a
necessary condition for the existence of the isomorphism is that the action of
the Galois group Gal(k : ko) on the Tate module Tj(A) is represented by a
subgroup of GLx(Z;) of finite index. This is true for elliptic curves without
complex multiplication by a result of Serre, but is false e.g. if the elliptic
curve has a complex multiplication.

A more appropriate version of the Uniqueness Problem assumes the in-
troduction of a more sophisticated structure on V, which yet should not be
too complicated. An expanded version may bear a structure of a module
of complex multiplications on V' as well as, say, a bilinear form on A. This
choice is restricted by the model-theoretic criterion on keeping the structure
analysable (preferably stable) and on the other hand we want the analysis to
cover a wider class of arithmetic examples. We would like to address these
matters in a further research.

The results of this paper were conjectured by the author in a vague
form after the main result of [Z0] was obtained. The author is grateful to
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E.Hrushovski for a suggestive discussion of the topic. Thanks are also due to
O.Lessmann for his educating lectures on Keisler-Shelah theory of excellency
and many helpful discussions. My special thanks to the anonymous referee
who suggested a number of important improvements to the paper.

Misha Gavrilovich achieved some progress in the solution of the Unique-
ness Problem for elliptic curves without complex multiplication, and discus-
sions with him not only were useful but also substantially influenced the final
form of results of section 5.

2 The first order theory of group covers

We consider a natural language of two sorted structures V to describe the
universal covers. The first sort, denoted usually V, corresponding to C¢, is
going to be a group structure in the language (+, ¢-)4eq, which treats V' as
a rational vector space.

The second sort describes the algebraic group A as a group on the set A =
A(F) of F-points of A, for some algebraically closed field F' of characteristic
zero (which is just C in the initial setting). Such a group can be represented
as a constructible (Boolean combination of Zariski closed) subset A(F) C
P"(F) of the projective space over F, with an algebraic group operation. Let
ko = Q(c) be a field which contains the field of definition of A, ¢ a finite tuple
from F. We consider all Zariski closed ko-definable relations W C A™ on A as
part of the language, that is each of the relations is named in the language.
Notice that the group operation corresponds to one of the relations. So, from
now on when we refer to A as a substructure of V we have all the Zariski
closed relations over kg on A in mind. We now refer to a well-known

Fact 2 (Folklore and [Z1], [Z2]) In A(F') an algebraically closed field (F'(A),+, )

15 definable. Moreover, if we choose ¢ in the definition of ko big enough,
A(F) Cdecl F(A) and F(A) C del (A(F)),

or equivalently: for any point a € A there is a finite tuple [a] in F such
that any automorphism of the structure that induces identity on |a] acts as
tdentity on a and vice versa.

Corollary 1 We can identify the initial field F' with F(A) and A(F) with
the A.



Remark Technically, the identifications can be realised via a finite collection
of meromorphic functions fi,..., f, on A such that

fila) = fi(d) & ... &fn(a) = fu(d') iff a = d/, for generic a,d’ € A.
Then for such an a one can let [a] = (fi(a),..., fu(a)).

To complete the description of V we indicate that one more operation
ex : V — A acts between the two sorts.

The first-order axioms for group covers of a fixed semi-abelian variety A
say:

Al. (V,+,¢")4eq0 is a Q-vector space;

A2. The complete first order theory of A(F') in the relational language
having a name for each algebraic variety W C A" defined over ky = Q(c);

A3. ex is a group homomorphism from (V,+) onto the group (A(F),).

We let T4 be the first order theory axiomatised by Al - A3.
It follows from the uncountable categoricity of the theory of algebraically
closed fields of fixed characteristic and Fact 2

Fact 3 Given T4, an uncountable cardinal k and a model of Ty with card F' =
K, the isomorphism type of the structure on A(F') described by axioms A2 is
determined uniquely.

In other words, if there is another model with card F' = k, then there
is an isomorphism 7 : A(F) — A(F") of the substructures inducing a field
isomorphism F — F' over k.

Moreover, the theory of A(F) has elimination of quantifiers in the lan-
guage of Zariski closed relations.

In what follows we usually denote V = (V| A), with A = A(F), models of
Ty.

Given a subgroup S C V we write S ® Q for the divisible hull of the
subgroup. Also we denote A(V) the kernel of ex in V' (which is definable by
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the quantifier-free formula ex(z) = 1) and often we omit mentioning V' when
no ambiguity can arise.

Lemma 2.1 T4 implies that
VeV AV)eQ, (3)

with Vo a linear subspace, and
AV)/nA(V) =2 (Z/nZ)N, N = Ny. (4)

Proof The first follows from the general theory of linear spaces, since
A(V) ® Q is a subspace. It follows also from the axioms that

AF) =2V, x (A(V)®Q)/A(V).

The second component of the decomposition is isomorphic to the torsion
subgroup of A(F"), which is described in Fact 1, and the description is first
order. Hence (4) follows. O

We say that the kernel in V is standard if

AV) =7V,

3 Types and elimination of quantifiers

We write the group operation in A multiplicatively.

Let W C A™ be an algebraic variety defined and irreducible over some
field K D ko. With any such W and K we associate a sequence {WT : [ € N}
of algebraic varieties which are definable and irreducible over K and satisfy
the following;:

W' =W, and for any [, m € N the mapping

m m

[m] = Y1, Yn) = W Yn)

maps Won onto Wi.



Such a sequence is said to be a sequence associated with W over K.

Also with any (wy,...w,) € W as above we associate a sequence

~l

.1 € N}

{{wy, ... wy,)

such that for any I, m € N the mapping

[m] = (Y, yn) = YY)

1 1 . . .
maps (wi, ... w,) onto (wi,...w,)T. Such a sequence is said to be associ-
ated with w = (wy, ... w,).

A sequence associated with w is not uniquely determined; for w1 there
are [V™ possible values. Obviously, one can get all the values multiplying a
value w1 by all the £ = (€1,...,&n), with &’s torsion points of order [, which
we sometimes denote 11. We say that other possible choices of the sequence
associated with the same w are conjugated to the given one. The same is
applied to sequences associated with a variety W.

Lemma 3.1 Let w € W and {w? : | € N}, {WT : | € N} be sequences
assoctated with w and W correspondingly. Then there is a sequence {i% e
N} of torsion points associated with 1 = (1,...,1) € A™ such that

then we may assume

o~

17 =(1,...,1, ﬁ), for some associated sequence {1% -l e N}

Proof Immediate from the definitions.O



Lemma 3.2 Assume that A in'V is algebraically compact (which is the case
if Vis w-saturated), W a nonempty algebraic subvariety of F™ and {W% :
| € N} a sequence associated with W over k. Then there is & € V™ such that

1
ex(i - T) € Wi

for alll € N. In fact, given any v = (vy,...,v,) such that ex(v) € W, we can
get the required T in the form T = (v1+11, ..., Vy+T,) for somey, ..., 7, € A.
Moreover, if for every | there is z; € A such that

(%1 Un—1

(ex(), o ox( ), z) € W1

then we may assume 71 = +++ = T,_1 = 0.

Proof By 3.1 we need to choose 7 such that

-1
7

ex(—) =11 for all [ € N.

d Bl

This defines a consistent type in A in terms of group operation, and we are
done by algebraic compactness. O

Lemma 3.3 Given a finitely generated extension k of kg andv € V", linearly
independent, the quantifier-free type of v over k is determined by the following
three sets of formulas:

{ex(%-@ew% :ZGN}; (5)

{ex(z) ¢ V : V. C W, k-variety, dimV < dim W} ; (6)
{ml'x1+"'+mn"rn#0: <m1,...,mn>€Zn\{6}}, (7)

for W the minimal k-variety containing ex(v) and a sequence W1 associated
with the variety.



Proof Check all atomic formulas in the type of v :

Any atomic formula containing a term with ex is equivalent to a Zariski
closed relation between ex(%), 7 =,1...,n, with a common (. This is included
in (5). The negation of such an atomic formula follows from (6). And (7) lists
all the negations of atomic formulas, which do not contain terms with ex.

Positive atomic formulas with no ex terms can not hold by the assumptions.O

Remark If dim W = 0 the part given by (6) is void.

Lemma 3.4 Let
V=(WV,A) and V' = (V' A"

be w-saturated models of Ty and
p: (VUA) = (VIUA)

a partial L-isomorphism, with finitely generated domain D. Then given any
z € VUA, p extends to the substructure generated by D U {z}.

Proof By definition the V-part of D is a linear subspace generated by some
linearly independent vy, ...,v,_1 € V.

First consider the case z € A. We may assume that z ¢ ex(V N D), for
otherwise z is in D already. Then the quantifier-free type qftp(z/D) of z over
D is determined by the quantifier-free type qftp(z/D N A) of the structure
A of z over D N A, since the only terms over D N H that may appear in
the atomic formulas concerning z are of the form ex(q - v), and these can be
replaced by their values in D N A. In this case we can extend p by choosing
a realisation of the type p(qftp,(z/D N A)), which is consistent because of
the quantifier elimination for A.

Now consider the case when z € V' \ D. Let C be a finite subset of A
which, along with {vy,...,v,_1}, generates D. We can replace the field kg
by its extension ko(C) and thus w.l.o.g. assume that D N A is generated by
ex(vq,...,U,_1) alone.

Let, for [ € N, W be the minimal algebraic variety over ko which con-
tains (ex(%),...,ex(*=),ex(%)). Obviously, {W1 :1 e N} is a sequence
associated with W. By assumptions on p and the elimination of quantifiers in
A, for every I there is 3 € A’ such that (ex(Z7),... ex(Z5=1),y) € Wt. By

Lemma 3.2 there is v;, € V such that (ex(%7),... ,ex(p”’l”‘l),ex(%» e Wi
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for all [ € N. Letting p(z) = v/, and extending to the subspace generated
by DNV U{z} by linearity, we have by Lemma 3.3 the required partial
isomorphism. O

Corollary 2 The first-order theory T4 is submodel complete, allows elimi-
nation of quantifiers and is complete and superstable.

Corollary 3 The structure induced in 'V on the sort A s the structure in-
duced by Zariski closed ko-definable relations only.

Elimination of quantifiers also yields

Corollary 4 Given a model V. = (V,A) of Ty, the decomposition (3) of
Lemma 2.1 and elements 11,...,7ny € A(V) such that

niT 4 -+ nnty € mA iff g.cd.(ny, ..., ny) € mZ (8)
foranyny,....ny,meZ, m>1, let
V=W +Qn+- +Qry.

Then the substructure V' = (V'; A) of V is a model of Ty with standard
kernel.

Proof Indeed, ex(V') = A(F), since ex(Qr; + --- + Q7n) contains all the
m-torsion points of A(F'), for all m, by Fact 1, and thus

ex(Qm + -+ Qry) = ex(A(V) ® Q).

This proves that V' is a model of T'y4.
Since A(V)@QNVy=0and Qry + -+ Qry € A(V') @ Q, we have
Qn+ - +Qryv =A(V)®Q and thus Zm + -+ Zry = A(V'). O

We call an N-tuple (71, ...,7y) in A(V) with the property (8) a pseudo-
generating tuple of A(V).
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Lemma 3.5 Let V = (V| A) be an w-saturated model of T, K a subfield of
F,V(K)=Ln(AK))={v eV :ex(v) € A(K)} and let v = (vy,...,v,) be
an n-tuple in V' linearly independent over V(K) ® Q.

Then there is a model (V', A") = V' <V with standard kernel such that
A(K) C A" and V' realises the type tp(v/A(K)).

Proof Consider the decomposition of the vector space V' into the direct sum
V=V(K)®Q+V

for Vi a linear subspace containing v. We can further decompose
V(K)@Q=A(V)® Q+Vs,

for a linear subspace V5. Thus we have
V=(Vi+V)+AV)®Q.

Choose pseudogenerators 7y, ..., 7y in A(V) and let

Vi=(WVi+W)+Qn + -+ Qry.

By Corollary 4 we have that V' = (V'] A) is a model of T4. The rest follows
from elimination of quantifiers and the fact that v is in V.0

Given a sequence {W1 : | € N} associated with W in n variables over a
field K and a type p in n variables we say that the sequence stabilises
modulo type p if there is an [ € N such that for all m there is only
one K-definable variety V with V™ = W1, such that p(ry,...,z,) and
(ex(2),...,ex(%)) € V is consistent.

ml
An obvious equivalent condition is that

Tn X1

p(xl,...,xn)u{@x(%),...,eX(E» € Win}k {(ex(7),. ex(1) € W

If p is trivial we omit mentioning the type.

11
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Lemma 3.6 Let U C AN be the variety given by equations x1 = --- = oy =
1. Let K D kg be a field and, given a pseudogenerating N -tuple T, the sequence
1

Uz, n €N, associated with U over K. Then the number of distinct sequences

1
Uz over K, for all pseudogenerating T, is either finite or 2%°.

Proof Notice first that if one defines o; = ex(%) then U7 describes the locus
of {(aq,...,ay) (and so determines the complete type of the tuple over A (ko))
and {ay,...,ay} is a basis over Z/nZ of the free finite module

Ay ={acA(F):a" =1}

(see also Fact 1). Moreover, it follows from definition that an N-tuple 7" with
eX(TT/) € Ut, for all I, pseudogenerates kernel if and only if U= determines
the type of a generating N-tuple (3, ..., On) of A, for every n.

Since the a’s and (§’s above are independent generators of the same group,
there is an invertible (Z/nZ)-linear (in multiplicative form) map o : AY —
AP such that

o:{ag,...,ay)— (B1,...,0n).

1
o is a group automorphism AY — AN (-definable in A, and o(U7) meets
1 1

1 1 1
U’ . Since both are atoms, we have o(U7) = U;.

Letting n = Im we see that the number Dg; ,,,(U;) of choices for varieties
1 1

1 1 1

U, some pseudogenerating 7/, such that (U} )™ = U} depends only on K. In
1

case the sequence {U/ : [ € N} stabilises we obviously have that the number

of all such sequences is finite.

In the alternative case consider the sequence L = {ly,...,l;,...,} con-

structed by induction as l; = 1 and [;;; = [; - m for m minimal such that
1

Dy, m(U;) > 1. Now, given an [; € L, for any choice of UE there are at least
1

2 choices of UTlfJrl such that

1 li+

U
~ Ul

,T/

Hence there are 2% sequences associated with U over K.O
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Proposition 1 Let V be a model of Ta and (T,v) = (T1,..., TN, V1, .., V)
with vy, ...,v, € V linearly independent over A(V) ® Q and (11,...,Tn)
pseudo-generators of the kernel.

(i) Suppose that the sequence {Wj,v : 1 € N} associated with {ex(5%) : 1 €
N} over ko does not stabilise modulo the type ‘x is a pseudogenerating N -
tuple’ (see (8)). Then there are 2% distinct complete types over ko realisable
in uncountable models of Ty with standard kernel.

(i1) Suppose that K D kg is a field such that Ayprs € A(K), v is linearly

independent over V(K) @ Q and the sequence {W : 1 € N} associated
with {ex(7) : I € N} over K does not stabilise. Then there are 2% distinct
complete types over K realisable in uncountable models of Ty with standard
kernel.

Proof We may assume that V is w-saturated.
(i) Consider first the N-type

prle) = {ex(7) € UI i1 €N},

with ex(7) € Uj for all [ € N. In case p, does not stabilise modulo the type
'z is a pseudogenerating N-tuple’ by Lemma 3.6 we have 2% distinct types of
the form p, for pseudogenerating 7. By Corollary 4 each such type is realised
in a model of Ty with standard kernel.

In the opposite case p.(z) can be replaced by a formula ¢ (z) and the
type 'x is a pseudogenerating tuple’.
Let, for each [ € N,

25, = {zc A" (ex(7), 2) € Wi}

These varieties can be also represented as the fibres over ex(7) of the

1
projection of W+, into the N-space on the first N co-ordinates.
Claim. For any [ there is m and a;,, € A}, such that

1 1

Zin Na- 2% = 0.

)
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1
Proof. Since {W, : 1 € N} does not stabilise, for any given [ there is an
m and some kg-irreducible Wm such that

1 1

Wik " Wim = 9)

)

and

(W)™ = Wik = (W)™, (10)

1
We can assume that [ is big enough in order for both pr(W}l%) and

pr(Wﬁ) to be equal to the same UT% , the member of the stabilised sequence
above. It follows from (9) that the fibres over same point of the projection of
the sets do not intersect. It follows from (10) that the fibres are conjugated
by a multiple a of order m. This proves the claim.

Now consider a sequence L = {ly,...,l;,...,} constructed by induction
as [y = 1 and l;;1 = [; - m for m minimal given by the claim.
Now, given a sequence p: N — A} with the property

tors
p(1) =1 and p(i + 1) = p(i)

we have that p(m) € A7, for all m and we can construct an n-type over
kO(Ators) .
Y Todm
e (9) = {ex(—0) € ulm) - V™ s € ),

By the claim there are 2% mutually inconsistent such types.
Notice that, since the N-tuple ex(T) generates the group A; for all [,
w(m) = M(m,7) is a term of 7. Now we consider the N +n-types in variables

{$17"'axN7y17"'7yn}

Qu(z,y) = {ex(

1

)€ M(m,z)-Viy'™ :m € N}

Loy

obtained by replacing all occurrences of 7 in ¢, by x. Let

Q.(z,y) = Qu(z,y)&(2)&{ = is a pseudogenerating tuple}. (11)

We claim that @}, (7,y) and @}, (7,y) are consistent if and only if Q% (7,y)
and @y, (7,y) are. This follows from the fact that ¢(z)& "z is a pseudogen-
erating tuple’ is a complete type, by Lemma 3.3, since it is equivalent to p,.
Hence there are 2% mutually inconsistent types of the form (11).
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For each such type there is a realisation of the form (7, v") in V. It follows
that v],...,v] are linearly independent over A(V) ® Q. Hence the linear
subspace L = Qu] + ...Qu/, does not intersect A(V) ® Q. Hence we can
choose linear subspace Vj 2 L of V such that

Vg + A(V)=V.

By Corollary 4, for
V' =Vi+Qr +---+Qry

V' = (V' A) is a model of T4 with standard kernel. By elimination of quan-
tifiers the types of (7,v") in V and V' coincide. This finishes the proof of (i).

(i) Given the K-irreducible variety W = W, C A", any sequence {W1 : | €
N} associated with W over K has the property that for every I,m € N the
number Dg; ., (W, K) of K-varieties X C A" such that X™ = W1 depends
on [ and m but not on the way the associated sequence has been chosen.
This follows from the fact that if Z7 is another choice for the /th member of

the sequence then, for some a € A} |

Wi=am.Z1
and the map x +— ax sets a K-definable bijection

(xeA" 2™ eWi} > {z €A 2™ e Z1).

This property allows us to construct under the assumption that {Wj} does
not stabilise a binary tree of 2% mutually inconsistent sequences associated
with W. For each such sequence {W%} we can, using Lemma 3.5, construct
a model of Ty with standard kernel in which the sequence is realised. O

Remark (i) The assumption that vy, ..., v, are linearly independent over
A ® Q is equivalent to the fact that the elements ex(vy), ..., ex(v,) are mul-
tiplicatively independent in the group A, that is no non-trivial group word
on the elements is equal to 1.

(ii) The assumption that vy, ..., v, are linearly independent over V(K)®
Q is equivalent to the fact that the elements ex(vy), ..., ex(v,) are multiplica-
tively independent in the group A over A(K), that is no non-trivial group
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word on the elements is in A(K).

4 The L, -theory of group covers

We start with
Remark There is an L, ,-formula stating that A = ZN -

Ir,..., v EA /\ 2T+ 2nTn # OA
(21,--.2n)€EZN\{0}

AVu € A \/ 2am+ o+ AT = U

(Z1,...ZN)EZN

Now we observe that the Uniqueness Problem as formulated in the in-
troduction (without complex multiplication) is equivalent to the following
model theoretic question:

Given a semi-abelian variety A, is the L, ,-sentence Ty + {A = ZN}
categorical in power 2807

Naturally, there are no model theoretical reasons to distinguish 2%, ex-
cept maybe for the case 2% = XN;, so we consider rather two versions of the
problem:

Given a semi-abelian variety A, is the Ly, ,-sentence Tq + {A = ZN}
categorical in

(i) power Ny?

(i) all uncountable powers?

In these forms the problem can be treated in the frames of Keisler-Shelah
theory of L, .-categoricity.

The first step in this theory is to reduce the study of a categorical sentence
to the case when all the models of the sentence are first-order atomic. This
is done in general by extending the language by appropriate L, ,-definable
predicates.
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We assume below that T4 + {A = Z"} is N;-categorical.

Notation Let
(i) for each n > 0, Ind"(zi,...,z,) denote an n-type stating that
x1,...%, are linearly independent in the Q-space V;

(i) PGY(x1,...,7;), 1 € N, be the I-type:

(x1,...,2) €N & /\ mixy + - 4+ myxp ¢ mA;

g.c.d.(mi,....,m;)=1, m>1

(iii) for each n and a ko-irreducible variety W in n variables Gen" () be
the n-type on A stating that g is ko-generic point in W.

Remark A new predicates of type (i) is equivalent to the set of formu-
las (7) and of (iii) to the set (6).

Remark It is immediate by definitions that an [-tuple (xq,...,2;) can be
extended to a pseudo-generating N-tuple iff PG'(z1, ..., x;) holds.

In the following definition we use vector and matrix notations: = =

(1,...,2,), and for r = (ry,...,r,) € Q", we denote rz = rx1 + - - +r,Tp.
Call a quantifier-free L-type p(z1, ..., x,) almost principal if p is equiva-
lent to a union of the following subtypes, for some rational vectors qi, ..., ¢mn €

Q", (m < n), a rational n X m-matrix @), a non negative integer [ < m, a
positive integer M and a kg-irreducible variety W in m variables:

(i) Ind™(qx,...,qnx) & x = (1, . .., GmT)Q;
(11) PGZ(lew"vCle); .
(iii) (ex(q12),...,ex(gnx)) € Wn & Gen" (ex(q1), . .., ex(gm®)

Let S5 be the set of all complete n-types in V-variables, for all n, realisable
in models of Ty + {A = ZV}.

Lemma 4.1 Any type in S4 is almost principal or |S 4| = 2%.
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Proof Assume that there is a non-almost principal type realised in a model
V of Ty + {A = ZN} by some (vy,...,v,) € V™
We claim that then, for 7q,..., 7y generating A(V'), the type of

(T1,.-., TN, V1, ..., V) is not almost principal as well. Indeed, we may assume
w.lo.g. that 14 = vy,..., 7 = v, and {v4q,...,v,} is linearly independent
over A ® Q. Let W be the minimal kq-variety containing (exvy,...,exuv,).

Our assumptions imply that, for no positive integer M, the type
Ind™(vy,...,v,) & PGYvy,...,v) & Gen" (ex(vy),. .., ex(vy)) &

&lex(vy), ... ex(v,)) € Wit

implies
(%1 Un _1
ex(—),...,ex(—)) € Wum :m € N}.
fex(2),. . ex(22)) }
This is also true if we replace PG!(vy, ..., v;) with PGN (vy, ..., v, w41, - . -, un),
for new variables w1, ..., uy, since an [-tuple can be extended (in a satu-

rated model of T4) to a pseudogenerating N-tuple iff the [-tuple satisfies
PG

So, we now are under assumptions of Proposition 1 and hence |Sa| =
2% .0

Keisler’s Theorem (Theorem 5.6 of [K]|) If an L, ,-sentence ¥ is N;-
categorical then the set of complete n-types realisable in models of ¥ is at
most countable.

Corollary 5 All types in S4 are almost principal.

Extend the language L to a new language L* by adding predicate symbols
to be interpreted as Ind"(zy, ..., z,), PG'(zy,...,7;) and Gen" (g) on A for
all n,l, W (I < N).

Remark All the new predicates are L, ,-definable in T'4.
Recall that an L-structure is said to be L-atomic if the type of any fi-

nite tuple of elements in the structure is principal, i.e. is determined by a
finite set of L-formulas.
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The following is stating that all the uncountable models of Ty +{A = ZV}
are w-homogeneous in the language L*.

Lemma 4.2 Let
V=(WV,A) and V' = (V' A"

be models of Ta + {A =2 ZN} such that the underlying fields F(A) and F(A’)
are of infinite transcendence degree. Suppose

p: (VUA) = (V'UA)

is a partial L-isomorphism with finitely generated domain D. Then, given
any z € VU A, p extends to the substructure generated by D U {z}.

In particular, if V and V' are countable, p extends to an isomorphism
between the structures.

Proof Similarly to the proof of Lemma 2.1.

Let vy, ...,v,_1 € V generate the linear subspace V N D and be indepen-
dent.

First consider the case z € A\ ex(V N D). The quantifier-free type
qftp(z/D) of z over D is determined by the quantifier-free type qftpa(z/D N
A). The latter by QE for A is equivalent to a collection of formulas stating
that z is generic in W over AN D, for some irreducible over AN D variety W.
Then p(qftp,(z/D N A)) states the corresponding genericity condition about
z € p(W). Such a 2z’ must exist in A" by the assumptions of the lemma.
Hence we are done in this case.

Now consider the case when z € V '\ D. Let C be a finite subset of A
which along with {v,...,v,_1} generates D. We can replace the field kg by
its extension ko(C) and thus w.l.o.g. assume that D N A is generated by
ex(vq,...,U,_1) alone.

Let, for [ € N, W7 be the minimal algebraic variety over ko which

v1

contains (ex(%),...,ex(*),ex(5)). By Corollary 5 the type

U1 z

{fex(2), ,ex(%),ex(l» eWi:leN}

is equivalent to its finite subset, in fact just to one of the formulas. By
assumptions on p and the elimination of quantifiers in A, given [, there is

19



yi € A’ such that (ex(Z2),... ex(Z2=L) y) € W 1. Then, letting p(z) = 2/

for a 2/ € V'’ such that ex(%) = y;, we get, extending to V N D + Qz by
linearity, the required partial isomorphism. O

Proposition 2 Any model of the L, ,-sentence
Ta+{A=ZN} + {tr.d.F(A) > R} (12)
15 L*-atomic.

Proof By Lemma 4.2 any complete L*-type p (in fact any complete Ly, .-
type) in a model of the sentence is determined by its quantifier-free L-
subtype, which is almost principal by Corollary 5. This immediately implies
that p is equivalent to a finite L*-type.O

Keisler’s theory can say more about our X. To get stronger consequences
notice first

Proposition 3 T + {A = ZV} has the amalgamation property, that is for
any three models Vi, Vi and Vy of the sentence with embeddings Vo<, V;,
i = 1,2 there is a model V and embeddings V;<,,V, i = 1,2 agreeing with
the m;’s.

Proof Notice that by quantifier elimination the embeddings are just usual
embeddings. Let Vg C V;, ¢ = 1,2 be embeddings of models and V, C V;,
A(Fy) C A(F;) the corresponding embeddings of the underlying sets. By QE
and the definable correspondence between A(F) we have Fy C F;, i = 1,2.

Now consider an algebraically closed field F' which is a free amalgam of
algebraically closed subfields F} and F; over Fjy, that is, up to isomorphism,
we can think of F' as acl(F1Fy) with Fy, Fy, C F, Fy = F; N F, and transcen-
dence bases B; of F; over Fy, i = 1,2, independent over Fj. Let also V; + V5
be a free amalgam of the two vector spaces over V. Let ex; : V; — A(F;),
©=0,1,2, denote exy,. We then have a natural homomorphism

ex': Vi 4+ Vo — A(Fy) - A(Fy) C A(F),
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defined by ex(v; + vy) = exy(vy) - exa(vy), for vy € Vi, v9 € V5.
By the theory of Abelian groups we have a direct decomposition

A(F) = (A(F1) - A(F2)) x B.

Let
V=WVi+V,)xB

and ex : V. — A(F) be defined as (v,b) — (ex'(v),b). We then have that
ker ex = ker exg & Z and all the axioms of T4 satisfied for V = (V, ex, A(F))
by construction. Thus V is a model of Ty + {A = Z"} extending the amal-
gam Vo CV,, +=1.20

Now, in the proof of Keisler’s theorem the unique model of cardinality
N; is an Ehrenfeucht-Mostowski model, that is it realises countably many
complete types over any countable set. Thus if we use the amalgamation
property for countable models of ¥ then a stronger version of Keisler’s The-
orem holds
In the presence of the amalgamation property ¥ is w-stable, that is the set
of complete n-types over a countable model realisable in models of > is at
most countable.

Corollary 6 Ty + {A = ZN} is w-stable.

Under assumption of w-stability and the amalgamation property for count-
able models Shelah develops the theory of splitting, ranks and independence.

Recall that a complete type p over B splits over C' C B if there are
by, by in B realising the same type over C' and a formula ¢(x,y) such that
¢(x,b1) € p and —¢(,by) € p.

Non-splitting in w-stable classes is an independence relation - . More
precisely for subsets A, B, C' with C C A and C C B

A \‘/c B iff tp(a/B) doesn’t split over C for all finite a in A.

In what follows we are interested in the case when A, B and C' are models.
It is helpful to notice that
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Lemma 4.3 In the theory of algebraically closed fields

F J/FO E5 iff the fields 'y and F5 are linearly disjoint over Fy = Fi; N F5.

Proof Immediate from definitions. See [L], Chapter VIII, section 4 for the
definition and properties of linear disjointness.O

By Fact 2 the elements and types of sort A in Ty + {A = Z"} are in a
direct correspondence to types in the theory of algebraically closed fields. It
follows

Lemma 4.4 Let Vo CV,, i = 1,2 be models of Ty + {A = ZN} intersecting
at Vo and A; = A(F;) the sort A subset for V;, and F; the corresponding
algebraically closed field, i = 0,1,2. Then

Ay \I/AO Ag iff the fields Fy and Fy are linearly disjoint over Fy = Fy N Fy.

By quantifier elimination we know that to check non-splitting of a general
type of tp(z/Va), T in V4, over Vj it is enough to check that corresponding
algebraic varieties over A in (5) of Lemma 3.3 are irreducible over Ay, which
follows if F} and F; are linearly disjoint over F. Thus we get

Corollary 7
\A J/VO Vo iff the fields Fy and Fy are linearly disjoint over Fy = Fy N F5.
Finally observe by definitions

Remark Algebraically closed fields F; and F; are linearly disjoint over
Fy = Fy N Fy if and only if there is an algebraically independent set B
such that

B =B, UBy, ByNBy= B

and B; is a transcendence basis for F; for : = 0,1 and 2.

Now we can introduce the notion of excellency of a sentence X ( [Sh]). It
is based on the notion of an independent n-system of countable models.
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By this we mean a collection of countable models {M; : s C n} of ¥ (here
n =4{0,...,n—1} and C means the proper subset relation) with the property
that

My, < M, iff scCt

and

M, \LMW M;, for any s,t C n.

Example and definition Let F' be an algebraically closed field containing
ko, B C F' a subset algebraically independent over ky and

B=BU...UB,

its partition into non-empty subsets. Define, for s C n :

F, = acl(ko(|_{B; :i € s})). (13)

By the observation about linear disjointness { F; : s C n} is an n-independent
system of subfields. By the above remark characterising linear disjointness
of algebraically closed fields any independent n-system of algebraically closed
fields containing ko has this form.

Proposition 4 An independent n-system of countable models of
Ta+{A = ZN} has the form

{Vy=(V5, Ag) : s Cn}, for Ay = A(Fy)
where {Fs: s Cn} is a system of the form (13).

Proof Immediate by Corollary 7 and following remarks.O

Definition A sentence Y all of whose models are atomic is said to be
excellent if the class of models of ¥ has the amalgamation property for
countable models and for any independent n-system of countable models
{M; < M : s C n} there is a model M, of ¥, such that M; < M, for all
s C n and M, prime over {M; < M : s C n}.

Remark In particular, it follows that {M,; < M : s C n} is good, that
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is any type over the set realisable in a model of ¥ is principal.

Definition Given a countable algebraically independent over kg subset B C
F and its partition B = B,U...UB,, define acl-B-generated extension of
ko to be the field

kP = ko(U Fy), an extension of kg by the algebraically closed fields.

sCn

Shelah’s Theorem [Sh] Suppose that all models of an L, ,-sentence ¥ are
atomic, ¥ is categorical in X, all n, and assume also that 2%+ > 2% for all
n € N (or just GCH). Then the class of models of 3 is excellent and w-stable.

Assuming below GCH and that T4 + {A = Z} is categorical in all
uncountable powers we have

Corollary 8 For any algebraically independent countable B with a partition,
1Sa(V(kg))] = Ro.

Proposition 5 Given V, a model of Ta + {A = ZN}, and an algebraically
independent B C F(V) with a partition, V is L*-atomic over V (kE).

Proof We can reduce any type over V (k) to the type of an n-tuple v =
(v1,...,0,) € V" linearly independent over V (k). By Proposition 1(ii) and
Corollary 8 any such type is L*-principal. O

5 Arithmetic consequences
Given an algebraically closed field F' D kg let, for a € A(F),
a¥ = {x € A(F) : 2" = a™ some m,n € Z,n # 0}.

In particular, 1% = A, is the set of all torsion points of A(F).
Given a subset X C A we denote

X) =ko(| J{[z] : 2 € X}) =dd X NF(A).
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In particular we consider for a given finite collection of points aq,...,a, €
A(F), n >0,
ko = ko(Agors, a2, ..., a9

the subfield of I’ generated over kg by all the coordinates of the elements of
a;@, including ag = 1. In other words k, is the field obtained by adjoining to
ko the coordinates of all the points in the division hull of the group generated
by ai,...,a,. In particular, we need A,,.s only in case n = 0.

We are going to consider the group A(k,) of k,-points of A, and the group
A(kg).

We denote K = acl(K) for a field K.

Theorem 1 (Torsion points) Assuming X;-categoricity of
Ta+ {A 2 ZN} we have for any finitely generated extension k of ky :

(i) the torsion subgroup A..s(k) of A(k) is finite;

(ii) there is a number d such that for any | the Galois group Gal(l% k)
has at most d orbits on the set

{{ay,...,an) €AY : ay,...,an generate A};

(iii) for all but finitely many prime p the group Gal(k : k) acts on the
Tate module T,(A) as GLn(Z,), and for remaining finite number of p the
group acts as a subgroup of GLy(Z,) of finite index.

Proof In fact we are going to use only the fact that all models of infinite
transcendence degree of the sentence are L*-atomic (Proposition 2). This
property is preserved under expansion of the language with finitely many
constant, thus we can assume that k = k.

(i) follows from (ii). Indeed, let a € A(ky) be a primitive solution of
the equation 2! = 1. Then a can be included in some @, a generating N-
tuple of A,;. For any m co-prime with [ we have that @™ (component-wise)
is generating A; as well. But a and a™ are not conjugated by a Galois
automorphism over kg, unless m =1 mod [. Hence, by (ii), ¢(I) < d, sol is
bounded.

(i) Follows from Proposition 2 or, more precisely, from the fact that the
type of any N-tuple 7 pseudogenerating kernel stabilises. This implies that
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there are at most d complete types of pseudogenerating N-tuples, some finite
d, and by w-saturatedness of the structure on A we get d orbits under the
automorphism group, which acts on A(l%o) D Ayors as Gal(l%o 2 ko).
(iii) Essentially the same argument as for (ii) but in a different language.
Consider a model V of Ty with A(V) = ZN, where Z denotes the com-
pactification of Z in profinite topology. It is known that equivalently we can
represent
z= 1] z. (14)

p prime

as a direct product of additive groups of p-adic numbers, considered as topo-
logical groups. We then have correspondingly

Avy= ]z (15)

p prime

and each p-component of the direct product is a module over the ring Z,
which can be identified as the Tate module T'(A) of A.

Identifying A(V') with N , notice that a pseudogenerating tuple 7 of ij}
generates a dense subgroup of the group. Hence an o € Aut(iN ) is uniquely
determined by the pseudogenerating tuple 7/ = a(7). This « obviously pre-
serves the profinite topology and is Z-linear so component-wise « is Z,-linear,
hence R

Aut(z¥)= T[] GLn(Z,).

p prime

Any Galois automorphism « on A, over kg, by elimination of quantifiers
and Lemma 3.2, can be lifted to an automorphism of the additive group A(V).
Since there are only finitely many types of generating tuples, the Galois
automorphisms induce a subgroup Autg(ZY) of Aut(ZY) of finite index.
Component-wise we have

Autga(ZM)= [[ G, G, CGLx(Z,)

p prime

with G, = GLx(Z,) for almost all p and of finite index in the remaining
finite number of p.0
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Comments (i) of Theorem 1 and (i) of the next theorem for a number field
k is an immediate consequence of the Mordell-Weil Theorem (and Dirich-
let’s theory in the case A is a one-dimensional torus). (iii) of Theorem 1
is well-known for the one-dimensional torus (the multiplicative group of the
field) and is a difficult theorem of Serre for elliptic curves without complex
multiplication. No other cases are known to the author.

The known cases of the next theorem are classically proved via the theory
of Abelian Galois extensions and the method of infinite descent. For elliptic
curves without multiplication (iii) is given by Bashmakov’s Theorem.

Theorem 2 (Kummer’s Theory and heights) Assuming N, -categoricity
of Ty +{A = ZN} we have:
(i) A(ko) = Ag X Ayors(ko) for some free abelian group Ao;

and for ay,...,a, € A multiplicatively independent:
(i)
Aky) = Ay X Aggrs - a -+ - a2

n

for some A, free abelian;
(i11) given by, ..., by € A(ko) multiplicatively independent there is anl € N
such that for any m € N

Gal(ko(Amt, b7, - 577 : ko(Amt, b7 .., b1)) 2 (Z/mZ)N™.

(v) given by, ... by € A(k,) such that aq,. .., an, by, ..., by are multiplica-
tively independent, there is an | € N such that for any m € N

Gal(ka (b7, ... b)) < ka(bT, ..., b0)) & (Z/mZ)N .

(v) Let Fy C F = F(A) be a countable algebraically closed subfield and
bi,...,bx € A(F) multiplicatively independent over A(Fy). Then there is an
[ € N such that for any m € N

1 1 1 1
Gal(Fo (b, ..., b))« Fo(bi,...,b})) = (Z/mZ)N".
Proof We first prove (v). This follows directly from w-stability and Propo-

sition 1.

27



Now we consider (iv). We start with the remark that w-stability and
atomicity is preserved when the language is extended by naming a finite
number of elements of a model. Thus if we name 7,...,75,h1,...,h, €V,
such that 7,..., 7y generate the kernel of a model and ex(h;) = a;, we still

have atomicity of the model. Notice that such an expansion of a model V
names all elements of the subfield k, = ko(Aops, a?, ...,a2) of F(V). Hence

1
we have that any sequence {W,/ : [ € N} associated with a v in V over k,

1
stabilises, by Proposition 1. Consider the sequence {W,' : [ € N} associated
with vy, ..., v, where ex(v;) = b;. We then have an [ such that for any
m all the k-tuples of roots of order m of ex(7) are conjugated by a Galois
1

1 1
automorphism over k,(ex(7)), that is over kq(b{, ..., b} ). Then the group in
(iv) is transitive on k-tuples of roots of order m of ex(7). It follows that the
group action is of the form

ex(%) = Q- ex(%), for a € A% .

Hence the group in (iv) is isomorphic to A¥  and so to (Z/mZ)N*.

The proof of (iii) is very similar, with the use of (i) instead of (ii) of
Proposition 1. We thus get an [ such that for any m all the (N + k)-tuples

of roots of order m of ex(%”) are conjugated by a Galois automorphism over

1 1
ko(ex(%%)). In particular any two values of (b{™,...,b;") are conjugated over
1

ko(Apm, 51%7 ..., bl). Hence (iii) follows.

For (i) and (ii) we need to prove that the groups
AD = A(ko)/Ators(kO) and Aa = A(ka)/Ators . a(l@ e (1,@

n

are free.
Then (i) and (ii) follow by the general theory of Abelian groups, see [F,
Th 14.4].

Obviously, A, and Ay are torsion-free. By Pontryagin Theorem [F, Th 19.1]
we only need to prove

Claim. For any finitely generated subgroup U C A, (correspondingly
U C Ap) the pure hull

U={ucA,:u™cU for some m € N}
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of the subgroup in A, (in Ay) is finitely generated.

Notice that U itself is free since it is finitely generated torsion-free [F,
Th. 15.5].

Proof of Claim.

We prove it for the group A(k,) using (iv) proved above and notice that
the proof for A(kg) is very similar but uses (iii) in place of (iv).

Let {ui,...,ur} be independent generators of U, and {by,...,b;} ele-
ments in A(k,) which correspond to {us, ..., u;} under the natural projection
A(k,) — A,. Thus {ay,...,a,,b,...,b;} are multiplicatively independent.

We claim that for some [

)- (16)

(Here and below gp(S) for a subset S C A stands for a subgroup of A
generated by elements of S.)
By (iv) we can choose an [ € N such that for any m € N

T~

~ 1
UCgp(uf,...,u

Gal(ka (b7, ..., b7) < ka(bT, ..., b0)) = (Z/mZ)N .
If (16) does not hold for this [ then there is g € A(k,) such that

1 1
9" € gp(Ators,at, ... al bl ... b))

but g is not in the subgroup.
Then, replacing g by g - ¢, some ¢ € gp(Apps, a?, ...,a2), we can have

qg" Egp(blj,...,b;), ggégp(bf,...,b,i),

and N N
g € gp(bi™,....b0m).

The latter can be written as
b{m ..... b]lfm =g, (17)

for some integers si,...,s; € {0,...,m — 1}. We may assume s; # 0. Then
for a € A,,, a torsion point of order m, by (iv)

1 1 1 1 1
Im  }lm Im Im phim l
(b7, bE7, .. b ) = (@bl b7, b
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1 1
generates a Galois automorphism & over k,(b{,...,bl). By (17) a(g) =
a’lg # g, contradicting g € A(k,). Claim proved and the Proposition fol-
lows. O

The previous statements can be generalised to the fields of the form kZ,
acl- B-generated extensions of kg, introduced in section 4. Given finite subset
a={ai,...,a,} C F and k¢-algebraically independent B with an n-partition
denote also

Theorem 3 Assuming GCH and the categoricity of Ty + {A =2 ZN} in all
uncountable cardinals, we have
(i)
AkY) = AT xaf----al - T AR,
sCn
for some free abelian AB;

(i) if by, ..., bp € A are multiplicatively independent over
[Locn A(ES) - al-...-aQ, there is an | € N such that for any m € N

Gal(KP (b7, b77) - kB (bT,...,b])) = (Z/mZ)™".

Proof Obviously (ii) in the statement of the theorem is very similar to (iv)
of Theorem 2 with k, replaced by k2. On the other hand by Corollary 8 and
Proposition 5 we have w-stability and L*-atomicity of models of the sentence
over kP, and this is the only fact we use to prove (iv) of Theorem 2. Thus
(ii) follows by repeating the same argument. O

Remark This theorem has been proved without any assumptions for the
one-dimensional torus A (the multiplicative group of the field) in [Z0] in a
stronger form: we don’t need B to be independent. Nevertheless the proof
in [Z0] uses heavily the theory of linearly disjoint extensions of a field.

Now we want to show that the statements of Theorems 1 -3 imply excel-
lency and w-stability. Moreover,
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Theorem 4 Assume that the statements (i1) of Theorem 1, (iii) and (v) of
Theorem 2 and (i) of Theorem 3 hold. Then Ta+{A = ZN} is almost quasi-
minimal excellent in the sense of [Z3] and is categorical in all uncountable
cardinalities.

Proof First we remark that (ii) of Theorem 1 implies, taking into account
quantifier elimination and the description of types (Lemma 3.3), that any
type over () of a tuple of elements in the standard kernel is principal (in the
language L*). (iii) of Theorem 2 in combination with the previous statement
implies that any type over () is principal.

Our proof of categoricity is based on the definition of almost quasi-
minimality and the categoricity theorem 5 in section 3 of [Z3].

Let B C A be an irreducible algebraic curve in A defined over a finite
extension k of kg and thus defined over some choice of constants in A. Notice
that by the previous remark the type of constants is principal, hence if we
prove categoricity of the class of models with the new constants we get also
the categoricity of the original class. (In fact, Fact 2 implies that one can
choose B defined over ky).

Let U = LnB = {v € V : ex(v) € B}. By elimination of quantifiers B
is strongly minimal and U is quasi-minimal. Moreover, since the algebraic
closure acl (in model theoretic sense) of B contains F' = F(A) and the
algebraic closure of F' contains A(F'), we have A C acl(B). Obviously V =
Ln(A) and so V' C cl(U), where by definition

cl(X) = Ln(acl(exX)).

It is now easy to see that cl satisfies the Assumption 1 of [Z3].

The observation above stating that any type is principal proves w-homogeneity
over (). w-homogeneity over models follows immediately from (v) of Theo-
rem 2, by the same argument. This proves Assumption 2 of [Z3].

Finally, compairing definitions one sees that (ii) of Theorem 3 with r = 0
states in terms of [Z0] that the type of a tuple (vy,...,v) in V such that
ex(v;) = b; over a special set V (k&) is principal, thus definable over a finite
subset. This proves Assumption 3 and the theorem.O

Corollary 9 The conditions in Theorems 1 - 3 are equivalent to the state-
ment that Ty + {A = ZN} is categorical in all uncountable cardinals.
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