MODEL THEORY I — EXERCISE 4

Question 1

Let T be the theory of torsion free abelian groups (i.e., abelian groups in which nz # 0 for

all n,z # 0) in the language L = {+,0}.

Let T* be the theory of divisible torsion free nontrivial abelian groups (i.e., such that for

all x and n there is some y such that ny = ).

Prove that 7% is the model companion (in fact, model completion) of 7.

Note: in class we already proved that T* eliminates quantifiers, but we omitted some details

which you should fill. You may write that proof in all detail, or write another proof.

Question 2

(1) Let L = {<}. Let LO be the theory of a linear order. Show that DLO is the model
companion of 7.

(2) Show that in fact DLO is the model completion of LO (i.e., DLO eliminates quanti-
fiers).

(3) *Let L' = {<, f} where f is a unary function. Let T'= LOU{Vay (z <y — f (z) < f (v))}
(i.e., f is order preserving). Show that T" does not have a model companion.

Hint: you should show that the class of existentially closed models of T' (among

models of T') is not an elementary class, i.e., for no theory 7' C T, is it the case that

Mod (T™) is exactly the class of existentially closed models of T'.
Second hint: note that if a < f (a) then for any a < b < f(a), b < f(b).

Question 3

A field K is called algebraically closed if for every polynomial f (X) € K [X] in one variable

there is a solution in K.

Let L be the language of fields {+,-,0,1}.

(1) Show that there is a first order theory in L, AC'F which is the theory of all algebraically
closed fields.
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(2) Show that ACF eliminates quantifiers and conclude that ACF' is the model com-
pletion of the theory of integral domains (you may assume that every field can be
extended to an algebraically closed one).

Hint 1: if you know a bit of field theory (Mivnim 2), you may try to do a similar
proof to the one we had in class for divisible torsion free abelian groups.

Hint 2: another approach is more elementary. Use the criterion we had in class.
A primitive existential formula over a field A is (equivalent to) a formula of the form
Jz A fi(x) = 0A Agj(z) # 0 where f;,g; are in A[X]. Use the fact that in general,
for two polynomials hy, hy € K [X] over any field K, hy, hy have a common zero a iff
hi (a) = ged (hy, ha) (a) = 0.

(3) Is ACF complete? What are its completions?

Question 4
Let L = {E} where E is a binary relation. Let EQ be the theory that says that E is an

equivalence relation.

(1) Show that FQ has a model completion: it is the theory T saying that each F-class is
infinite and that there are infinitely many classes.

(2) Suppose EQ C T is a theory extending EQ which has quantifier elimination. Show
that T" is complete and describe all possible such T"s.

Hint: consider the formula ¢ (z) which says that x has at least m elements in its

class.

(3) Is it true that all complete model complete theories extending EQ eliminate quanti-
fiers?

(4) * Is it true that all complete model-complete theories extending FQ U T, eliminate

quantifiers? (T is the theory saying that the universe is infinite).

Question 5
Show that if T eliminates quantifiers then it can be axiomatized by sentences of the form
VxiVay ... Vr,dyy where ¥ is quantifier free. (x1,...,z, and y are single variables.)
Question 6
Do (1) and (2) or (3).
For 0 #m € N, let AB,,, be the theory of abelian groups such that Va (m - x = 0).
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(1) Show that when m is prime, AB,, has a model completion: AB,, UTy (see Question
4, (4))-
(2) Show that ABg has a model completion ABf. (Hint: show that any group G = ABg
is isomorphic to Gy x Gy where G1 |= AB3, G2 |= ABs.)
(3) * Show that AB4 has a model completion.
Question 7
Let L = {R} where R is a binary relation symbol.
Let Gr be the theory of graphs (saying that R is symmetric, anti-reflexive).

Fix m,n and consider a, , which states:

Vor...2;mVy1 ... Ym /\az:Z #yj — Hz/\R(a:i,z) /\/\—|R(yj,z) Nyj # 2
i\ i J
(1) Let N € N and let py be the probability that oy, holds in a graph G with vertex set
Vn ={1,...,N} (there are 2(3) such graphs, and each is given the same probability).
Show that lim,, .o pny = 1.

Hint: fix ai,...,am,b1,...,b, € Vi such that ay # a; # b; # by and compute the
probability py (@,b) that G = -3z \; R (a;, 2) A N; 7R (bj, z) Abj # z. Show that it
is = ¢~ (N="=1) where ¢ = 1 — 27" < 1 (so exponentially goes to 0). Note that
1 —pN <D choices of @b PN (d, 5). (You should be a bit careful as a;,, didn’t ask
that x; # xy.)

(2) Let RG = {amn|m,n € N} UGr (RG stands for Random Graph). Conclude that
RG is consistent.

(3) Show by induction on k < w that any finite graph of size k can be embedded in a
model of RG. Conclude that RGy = Gr.

(4) Show that RG eliminates quantifiers.



