MODEL THEORY I — EXERCISE 13

Question 1

Recall the definition of dclys (A) for a model M and a subset A C M. In class we talked
of a monster model of a theory, €, which is a big saturated model. Once we fixed a theory,
all sets and models considered will be small (i.e., of cardinality < ||€||) and contained in €.

We showed that if M < N then dclys (A) = dcly (A) so that we may define dcl (4) =
dclg (A) once we fixed the theory. We also gave an implicit argument that showed that
del (del (A)) = dcl (A).

(1) Prove that equation explicitly.

(2) Prove that ¢ € dcl (A) iff there is an (-definable function f : €” — € and some a € A"
such that ¢ = f (a). (the number n can be also 0.)

(3) Work in T' = ACF; (algebraically closed fields of char. 0). Show that for any set A,
dcl (A) is the field generated by A.

Hint: Use either the quantifier elimination in 7" to find a direct proof, or use Galois

theory.

(4) * Now work in ACF,, for p > 0. Show that dcl(4) = {c|3n € N(¢#" € K)} where
K is the field generated by A.

Question 2
Recall Question 7 from Exercise 12.
Suppose that M < € is a small model (where € is as in Question 1). A partial type

p(x) over € is finitely satisfiable over M if for every formula ¢ (z,c) € p, for some m € M
¢ =@ (m,c).

(1) Show that every type over M is finitely satisfiable over M.

(2) Suppose that p is a partial finitely satisfiable type over M, closed under finite conjunc-
tions. Show that p can be extended to a complete type over € which is still finitely
satisfiable over M.
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Hint: there are several ways to do this. Omne of them is to define F' to be the
collection of subsets of M?l defined by p and noticing this is a filter.

(3) Show that any complete type p € S (€) finitely satisfiable over M is invariant over M.

(4) * Let p € S(€) be f.s. over M and let (a; | i < w) be a Morley sequence generated by p

as in Question 7, Exercise 12. Show that dcl (Mayg ... ap—1)Ndcl (May, . ..a2,—1) = M.

Question 3

Suppose that M is any infinite structure. Show that M has a proper elementary ex-
tension N and an elementary embedding f : N — N such that M = (O __ f™ (N) =
{a e N|f(a) =a}.

Hint: Use Question 3, (4) (note that there is a type p € S(€), f.s. over M, containing

x # a for all a € M), and Skolem hulls, See Exercise 12.

n<w

Question 4 *

Recall the definition of when a theory has built in definable Skolem functions — in Exercise
12, Question 2.

Show that if 7" has built in definable Skolem functions iff for all small sets A (see Question
1), dcl(A) < €.

Question 5

(1) Suppose that T' is a complete theory in L which is k-stable for some . Show that
there is some L' C L of size < k such that for every formula ¢ (Z) in L, there is some
formula ¢’ (z) € L' such that T |= ¢ <> ¢’ (i.e., T is a definable expansion of 7").

(2) Show that T is totally transcendental (t. t.) iff 7' | L’ is w-stable for any countable
L' C L.

(3) Conclude from (2) that if 7" is not t. t. then this is witnessed by formulas with one
free variables.

(4) * Does (3) hold also for having a binary tree? Namely, suppose that T is count-
able and not small. Does it follow that there is a sequence of consistent formulas
(ps (x)|s € 2<¥) in one variable x over () with T | Vo= (ps0 () Aps1 (2)), T E
©s0 V Ps1 — Ps.

Question 6
Let T be a complete theory with infinite models, and let € be its monster model. For a

small set A and a model M containing A, let aclys (A) (the algebraic closure of A) be the set
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of elements ¢ € M such that for some formula ¢ (z) € L4 and some n < w, M |= 35"z¢ ()

and M = ¢ (c).

(1) Show that if A € M < N then acly (A) = acly (A). This allows us to denote
acl (A) = aclg (A).

(2) Show that ¢ € acl (A) iff ¢ has finitely many conjugates under the action of Aut (€/A),
i.e., the set {o(c)|o € Aut (€/A)} is finite.

(3) Show that acl (acl (A4)) = acl (A).

(4) Show that acl (A) = |J{acl (F)|F C A finite}.

(5) *Isit true that a €-definable set D C |€] is definable over acl (A) iff it has finitely many
conjugates over A (i.e., {o(D)|o € Aut(€/A)} is finite)? (we proved an analogous
result for dcl).

Hint: consider the theory of an equivalence relation with two infinite classes.
Question 7
This question has the same context as Question 6.
(1) Show that acl(A) =N{M|A <M < C}.
Hint: use Question 6 (2).

(2) Show that in AC'F, for p = 0 or p > 0, model-theoretic algebraic closure is the same
as the field-theoretic one: for a field F' C €, acl (F)) is F* where F is the algebraic
closure of F'.

(3) * Let L contain the language of fields {0, 1,+, -}, and let T be any L-complete theory
of fields (with maybe more structure). Let € be a monster for 7. Show that for a field
F C ¢, if dcl (F) = F then acl (F) is the field-theoretic algebraic closure of F' inside

¢: the set of elements in € that solve some polynomial over F.



