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Background

To solve the Hilbert’s fifth problem, Gleason and Yamabe proved the following theorem:

Theorem 1.1 (Gleason-Yamabe). Let G be a locally compact group. Then there is an open
subgroup G 1 of G such that for every open neighborhood U of the identity of G 1, there is a
compact open subgroup K 1 ⊴ G 1 such that G{K 1 is isomorphic to a Lie group.

Inspired by this theorem, Breuillard, Green and Tao classfied the finite approximate sub-
groups of local groups:

Theorem 1.2. Let A be a K-approximate subgroup. Then there is an approximate subgroup
A˚ and an A˚-invariant subgroup H˚ such that

• finitely many left translates of A˚ cover A,

• xA˚y{H˚ is nilpotent.

The existence of xA˚y{H˚ as a Lie model was firstly shown by Hrushovski, which involves
additional parameters when defining the Lie model. Our goal of this talk is to show Massicot
and Wagner’s result in [MW15] that this can be done without additional parameters:

Theorem 1.3. In a local group G, a definable amenable approximate subgroup A gives rise
∗Email: zhengqing.he@uni-muenster.de
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to a type-definable subgroup H Ď A4 such that finitely many left translates of H cover A.

The proof essentially relies on techniques from Sander’s theorem.

The main part

Definition 2.1. (1) (Local groups) A set closed under inverse and endowed with an asso-
ciative multiplication operation defined for up to 100 elements is called a local group.

(2) (Symmetric sets) A subset A of a (local) group G is symmetric, if 1 P A and A is closed
under inverse.

(3) (Approximate subgroups) A symmetric subset A of G is a K-approximate subgroup for
some K ă ω, if A2 :“ taa1 | a, a1 P Au is contained in K left cosets of A. A is called an
approximate subgroup if it is a K-approximate subgroup for some K ă ω.

(4) (Definably amenable subgroups) A definable approximate subgroup A is definably amenable,
if there is a left translate-invariant finitely additive measure µ on the definable subsets
of xAy with µpAq “ 1.

(5) (Wide definable sets) A definable subset B Ď xAy is wide in A, if A is covered by finitely
many left translates of B.

(6) (Equivalent approximate subgroups) Two approximate subgroups are called equivalent,
if each one is wide in the other.

Remark 2.2. If A is a K-approximate subgroup of a (local) group G, then there is some
E Ď G of cardinality less than K such that A2 Ď EA. Inductively, An Ď En´1A for all n ă ω.

From now on, we assume that:

• The ambient structure G is ω`-saturated and has domain G as a (local) group.

• A is definably amenable with a fixed measure µ witnessing the definable amenability.

• A is a K-approximate subgroup of G, so there exists a finite set E Ď G with |E| ď K

such that A2 Ď EA.

We will repeatedly apply ω`-saturation in this section. In fact, the consequences of ω`-
saturation are the only “model theory” that will be used.

Remark 2.3. Let G be a (local) group.

(1) Assume that A is a definable symmetric subset of G. Every definable subset X Ď xAy

is contained in An for some n ă ω.

(2) Assume that pAiqiăω is a sequence of definable subsets of G. Then
Ş

iăω Ai is nonempty,
as long as

Ş

iPI0
Ai is nonempty for any finite I0 Ď ω.

Proof. (1) Since A is definable, An is definable for any n ă ω. Then the type defining
x R XzxAy “ Xzp

Ť

năω A
nq is not realizable, so by ω`-saturation, the type is inconsistent,

which implies that X Ď An1 Y ¨ ¨ ¨ Y Ank for some k ă ω. Note that Ai Ď Aj for i ă j , since
1 P A. Hence X is contained in An for some n ă ω.
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(2) Since
Ş

iPI0
Ai is nonempty, for any finite I0 Ď ω,

Ş

iăω Ai is consistent by compactness.
Then by ω`-saturation,

Ş

iăω Ai must be realizable, i.e. nonempty. □

Stated from the model-theoretic point of view, under the ω`-saturation assumption, a
definable approximate subgroup is just a symmetric generic subset of xAy, i.e. every definable
subset of xAy is covered by finitely many left translates of A.

Remark 2.4. Assume that X is a definable subset of xAy. By Remark 2.3, X Ď An for some
n ă ω. Since A is K-approximate for some K ă ω,

µpXq ď µpAnq ď Kn´1µpAq ă 8.

The second inequality follows from Remark 2.2.

Remark 2.5. If limnÑ8 µpAnq ă 8, then there is some n ă ω with An “ xAy.

Proof. Suppose not. Then we can take an P An`1zAn for any n ă ω. In fact, anAX amA “ ∅
for n ă m ´ 2. Assume that x P anA X amA. Then x “ ana “ ama

1 for a, a1 in A, so
am “ anaa

1´1 P anA
2 Ď An`2 Ď Am´1, contradicted to that am P AmzAm´1. Fix n ă ω. Then

pa3kA | k ď nq is a sequence of disjoint left translates of A inside A3n`2. We have

µpA3n`2
q ě µp

ď

kďn

a3kAq “
ÿ

kďn

µpa3kAq “
ÿ

kďn

µpAq
µpAq“1

“ n ` 1.

Since n is arbitrary here, limnÑ8 µpAnq “ 8, contradiction. □

By Remark 2.5, we can assume that limnÑ8 µpAnq “ 8.

Fact 2.6 (Ruzsa’s covering lemma). Let X, Y Ď G be definable such that µpXY q ď KµpY q.
Then X Ď ZY Y ´1 for some finite set Z Ď X with |Z| ď K.

Proof. Assume WLOG that X ‰ ∅, since otherwise the conclusion is trivial. Lt Z be a finite
subset Z Ď X such that zY X z 1Y “ ∅ for all z ‰ z 1 P Z. Then

|Z|µpY q “ µpZY q ď µpXY q ď KµpY q,

so |Z| ď K. Hence, we can choose Z to be a maximal such set. For x P Z, clearly,
x P Z Ď ZY Y ´1. For x P XzZ, there exists z P Z such that zY X xY ‰ ∅, otherwise it
contradicts the maximality of Z. Then x P ZY Y ´1. Therefore, X Ď ZY Y ´1. □

Lemma 2.7. Let B Ď xAy be definable.

(1) If µpBq ą 0, then BB´1 is wide in A and symmetric.

(2) If B is wide in A and symmetric, then B is an approximate subgroup equivalent to A.

Proof. (1) Clearly, BB´1 is symmetric. Since AB is a definable subset of xAy, µpABq ă 8 by
Remark 2.4. Since B is a definable subset of xAy, µpBq ă 8. Hence there exists some L ą 0

such that µpABq ď LµpBq. By Fact 2.6, there exists some finite set Z Ď A with |Z| ď L
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such that A Ď ZBB´1, so BB´1 is wide in A.
(2) Assume that B is wide in A and symmetric. By (1) in Remark 2.3, there exists some

n ă ω such that B Ď An, so B2 Ď A2n Ď E2n´1A. Since B is wide in xAy, there exists some
finite set Y Ď xAy such that A Ď Y B, so B2 Ď A2 Ď E2n´1A Ď E2n´1Y B, where E2n´1Y is a
finite set. Hence B is an approximate subgroup. Moreover, since B Ď An Ď En´1A, A is wide
in B. Therefore, A and B are equivalent. □

Lemma 2.8 (Sander). Let f : p0, 1s Ñ r1, Ks and ϵ ą 0. Then there exists n ă ω depending
on K, ϵ, and t ą 1

p2Kq2
n´1 such that f p 1

p2Kq2
n´1 q ě p1´ ϵqf ptq.

Proof. Assume WLOG that 0 ă ϵ ă 1, since otherwise p1 ´ ϵqf ptq ď 0, so the inequality
holds trivially. Construct ptnq Ď p0, 1s inductively by letting t0 “ 1 and tn`1 “

t2n
2K

for n ă ω.
Then tn “ 1

p2Kq2
n´1 for all n ă ω. For a fixed n ă ω, if for all i ă n, f pti`1q ă p1 ´ ϵqf ptiq,

then f ptnq ă p1 ´ ϵqnf pt0q ď p1 ´ ϵqnK. But since f ptnq ě 1, K ě 1, there exists some
n ă ω such that p1 ´ ϵqnK ă 1 ď f ptnq, which means that there exists some i ă n such
that f pti`1q ě p1 ´ ϵqf ptiq. Since ti “ 1

p2Kq2
i´1

ą 1
p2Kq2

n´1 by i ă n, ti is the desired t in the
conclusion. □

Theorem 2.9. For every m ă ω, there is a definable L-wide (in A) approximate subgroup S
with Sm Ď A4, where L depends only on K and m.

Proof. Recall that A is a K-approximate subgroup of G. Firstly we prove this claim.

Claim 2.10. If B Ď A is definable with µpBq ě tµpAq for some 0 ă t ď 1 and s “ t
2K

, then
A is covered by N :“ t1

s
u many translates of X “ tg P A2 |µpgBXBq ě stµpAqu by elements

of A.

Proof. Suppose not. We can find pgi : i ď Nq Ď A such that gj P pAz
Ť

iăj giXq, so for all
j ď N and i ă j , gj R giX implies µpgiB X gjBq ă stµpAq. Then

KµpAq ě µpA2q ě µp
ď

iďN

giBq

ě pN ` 1qµpBq ´
ÿ

iăjďN

µpgiB X gjBq

ą pN ` 1qtµpAq ´
NpN ` 1q

2
stµpAq

“ p1´ N
s

2
qpN ` 1qtµpAq

ě p1´
1

s

s

2
q
1

s
tµpAq “

1

2s
tµpAq “ KµpAq,

contradiction. □

Since the measure µ is not supposed to be definable, X need not be definable neither, but
we would like to get a definable one.

Let PnpXq (n ă ω, 0 ă t ď 1) be a predicate on definable subsets of A defined recursively:
for a definable subset B of A
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• P t0 pBq if B ‰ ∅,

• P tn`1pBq if P tn pBq and A is covered by t2K
t

u many translates of

Xtn`1pBq “ tg P A2 |P t
2{p2Kq
n pgB X Bq ^ P t

2{p2Kq
n pg´1B X Bqu.

If pBxqx is uniformly definable by ψpy ; xq, then P tn pBxq is defined by some formula θtnpxq, which
can be seen inductively. For 0 ă t ď 1, let Bt be the family of definable subsets B of A with
P tn pBq for all n ă ω. Then the following properties hold:

(1) If B is a definable subset of A and µpBq ě tµpAq, then P tn pBq for all n ă ω, so B P Bt .

(2) From (1), A P Bt , so Bt ‰ ∅.

(3) Bt1 Ď Bt2 for t1 ě t2.

For (1), we will prove by induction on n that for all B definable in xAy and 0 ă t ď 1,
µpBq ě tµpAq implies P tn pBq.

• n “ 0: µpBq ě tµpAq ô B ‰ ∅ô P t0 pBq.

• n ` 1 when assuming it holds for n: Assume that µpBq ě tµpAq. By the induction
hypothesis and µpBq ě tµpAq, we have P tn pBq. Let N “ t2K

t
u. By Claim 2.10, A is

covered by N-translates of

X :“ tg P A2 |µpgB X Bq ě stµpAqu.

Hence, there exist pgi | 1 ď i ď Nq in A such that for all a P A, there exists some gi P A

for 1 ď i ď N such that g´1
i a P X. So µppg´1

i aq ¨ B X Bq ě stµpAq and by induction
hypothesis, P stn ppg´1

i aq ¨ B X Bq holds. Similarly, P stn ppa´1giq ¨ B X Bq holds. Then the
same pgi | 1 ď i ď Nq satisfies that for all a P A, there exists some gi for 1 ď i ď N

such that

g´1
i a P Xtn`1pBq “ tg P A2 |P stn pgB X Bq ^ P stn pg´1B X Bqu.

Hence A is covered by N-translates of Xtn`1pBq in A, so P tn`1pBq holds.

For (3), we can prove by induction on n that P t1n pgB X Bq implies P t2n pgB X Bq if t1 ě t2,
because the induction hypothesis will imply Xt1n`1pBq Ď Xt2n`1pBq due to t2K

t1
u ď t2K

t2
u at the

induction step. Then it follows that Bt1 Ď Bt2 for t1 ě t2.

Define f : p0, 1s Ñ R by f ptq “ inftµpBAq

µpAq
|B P Btu. Fix ϵ ą 0. Note that 1 ď f ptq ď K

for 0 ă t ď 1. By Lemma 2.8, there is some t ą 0 depending on K and ϵ such that
f p t

2

2K
q ě p1´ ϵqf ptq. Choose B P Bt with µpBAq

µpAq
ď p1` ϵqf ptq. Let

Xn “ XtnpBq “ tg P A2 |P stn pgB X Bq ^ P stn pg´1B X Bqu.

Let X “
Ş

năω Xn. Note that each Xn is definable, so X is type-definable. For all n ă ω,

• Xn is symmetric by definition.

• Xn`1 Ď Xn, because P stn`1pBq implies P stn pBq for all definable B Ď A.

• N-translates of Xn cover A for all n ă ω, because B P Bt and Xn “ XtnpBq.

Every finite intersection of tXnunăω is nonempty, because Xn`1 Ď Xn for all n ă ω implies
that every finite intersection is just some element in tXnunăω. By (2) in Remark 2.3, X is
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nonempty. Moreover, for g P X, we have gB X B P Bst , so

µpgBAX BAq ě µppgB X Bq ¨ Aq ě f p
t2

2K
qµpAq

ě p1´ ϵqf ptqµpAq ě
1´ ϵ

1` ϵ
µpBAq.

Hence, for g P X, we have

µpgBA△BAq “ µpgBAY BAq ´ 2µpgBAX BAq

ď 2µpBAq ´
2p1´ ϵq

1` ϵ
µpBAq

“
4ϵ

1` ϵ
µpBAq ă 4ϵµpBAq.

Hence, for g1, ¨ ¨ ¨ , gm P X,

µpg1 ¨ ¨ ¨ gmBA△BAq

ďµppBA△g1BAq Y g1pBA△g2BAq Y ¨ ¨ ¨ Y g1 ¨ ¨ ¨ gm´1pBA△gmBAqq

ďµpBA△g1BAq ` µpBA△g2BAq ` ¨ ¨ ¨ ` µpBA△gmBAq

ă4mϵµpBAq,

where the first inequality is because for any sets C,D,E, C△E Ď pC△Dq Y pD△Eq and it
can be generalized to arbitrarily many sets by induction. In particular, if ϵ ď 1

4m
, then

µpg1 ¨ ¨ ¨ gmBA△BAq ă µpBAq,

so g1 ¨ ¨ ¨ gmBAXBA ‰ ∅, because otherwise µpg1 ¨ ¨ ¨ gmBA△BAq “ 2µpBAq, contradiction.
Whence, Xm Ď A4, because for any g1, ¨ ¨ ¨ , gn from X, if x is in g1 ¨ ¨ ¨ gmBA X BA and
g1 ¨ ¨ ¨ gmx

1 “ x , then g1 ¨ ¨ ¨ gm “ xpx 1q´1 P A4. By ω`-saturation, Xm Ď A4 implies that
Xmn Ď A4 for some n ă ω, because by compactness, we have

Ş

năω X
m
n “ p

Ş

năω Xnq
m and by

compactness again we get that Xmn Ď A4 for some n ă ω. S :“ Xn is N-wide in A, symmetric
and definable, so it is an approximate subgroup equivalent to A by Lemma 2.7. □

Lemma 2.11. Let X1, ¨ ¨ ¨ , Xn be definable subsets of A with NiµpXiq ě µpAq for some
Ni ă ω. Then there is a definable subset D Ď A such that

• D´1D Ď pX´1
1 X1q X pX´1

2 X2q
2 ¨ ¨ ¨ X pXnX

´1
n q2,

• Kn´1N1 ¨ ¨ ¨NnµpDq ě µpAq.

Proof. Since µpAX2q ď KµpAq ď KN2µpX2q, by Fact 2.6, there are g1, ¨ ¨ ¨ , gKN2 such that
A Ď

ŤKN2
i“1 giX2X

´1
2 . Then there is some i ă ω such that

KN1N2µpX1 X giX2X
´1
2 q ě µpAq,

since otherwise for all 1 ď i ď KN2, KN1N2µpX1 X giX2X
´1
2 q ă µpAq, so

µpAq ď N1µpX1q ď N1KN2µpgiX2X
´1
2 XX1q ă µpAq,
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contradiction. The second inequality comes from A Ď
ŤKN2
i“1 giX2X

´1
2 intersecting X1 on both

side. Observe that Fact 2.6 can be applied generally:

If B is a definable subset of A with µpAq ď NµpBq and C is a definable subset of
A with µpAq ď N 1µpCq, then

• KNN 1µpC X giBB
´1q ě µpAq for some i ď KN.

• Let D be CX giBB
´1. Then D´1D Ď pC´1Cq X pBB´1q2 and KNN 1µpDq ě

µpAq.

Now, we iterately use our observation:

• B :“ X2, C :“ X1: the observation yields D0 such that D´1
0 D0 Ď X´1

1 X1 X pX2X
´1
2 q2

and KN1N2µpD0q ě µpAq.

Suppose Di has been constructed with K i`1N1 ¨ ¨ ¨Ni`2µpDiq ě µpAq and D´1
i Di Ď pX´1

1 X1qX

pX2X
´1
2 q2 X ¨ ¨ ¨ X pXi`2X

´1
i`2q

2.

• B :“ Xi`3, C :“ Di : the observation yields Di`1 such that K i`2N1 ¨ ¨ ¨Ni`3µpDiq ě µpAq

and D´1
i`1Di`1 Ď pX´1

1 X1q X pX2X
´1
2 q2 X ¨ ¨ ¨ X pXi`3X

´1
i`3q

2.

This procedure ends when we get Dn´2. Then let D “ Dn´2 and it satisfies the requirement
for D in the statement. □

Theorem 2.12. Let R be a definable N-wide symmetric subsets with R4 Ď A4. Then there
exists a definable L-wide symmetric subset pS8qA Ď R4, where L depends only on K and N.

Proof. If A Ď XR, then R2 Ď A4 Ď E3A Ď E3XR, so R is a K3N-approximate subgroup.
By Theorem 2.9, there is some definable approximate subgroup T Ď R4 equivalent to R with
T 48 Ď R4 and T is ta1, ¨ ¨ ¨ , anu-wide in A, which means that A Ď

Ťn
i“1 aiT . Define µ on

definable subsets of xAy by µpXq :“ 1
n

řn
i“1 µpXaiq. Then

• µ is left-invariant,

• µpAq “ 1
n

řn
i“1 µpAaiq ď µpA2q ď KµpAq,

• µpaiTa
´1
i q ě 1

n
µpT q ě 1

n2
µpAq ě 1

Kn2
µpAq, where the second inequality is because

µpAq ď
řn
i“1 µpaiT q “ nµpT q and the last inequality is because µpAq ď KµpAq from

the last clause.

Since all the aiTa´1
i (1 ď i ď n) are subsets of A6. Because A6 Ď E5A and |E| ď K, we have

K6n2µpaiTa
´1
i q ě K5µpAq ě µpA6q.

Apply Lemma 2.11 to aiTa´1
i Ď A6 (1 ď i ď n) with K6n2µpaiTa

´1
i q ě K5µpAq ě µpA6q.

Let Xi be aiTa´1
i . There exists D Ď A6 such that S :“ D´1D Ď pX´1

1 X1q X pX2X
´1
2 q2 X

¨ ¨ ¨ X pXnX
´1
n q2 and Kn´1N1 ¨ ¨ ¨NnµpDq ě µpAq. Since S Ď X´1

i Xi for any 1 ď i ď n, Sai “

a´1
i Sai Ď T 4 for any 1 ď i ď n. Since A Ď

Ťn
i“1 aiT , S Ď T 6, so pS8qA Ď T 48 Ď R4. □

Corollary 2.13. There is a type-definable normal subgroup H of xAy contained in A4 such
that every definable superset of H contained in xAy is wide in A.

Proof. Recall that as long as
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• A is K-approximate,

• R is a definable N-wide symmetric subset with R4 Ď A4,

there exists some definable L-wide symmetric subset S with pS8qA Ď R4. Take S0 “ R.
Assume Si has been constructed. Let Si`1 satisfy that pS8i`1q

A Ď S4i by Theorem 2.12. Let
H “

Ş

iăωpS4i q
A. H is normal, type-definable, and every definable superset of H contained in

xAy is wide in A. □
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