MATH 3TP3 Assignment #7 Solutions

1. Read the derivation carefully, and get a feel for how it works.

2.

(i) Vo :Vy: (z+ Sy) = S(x +y)
Yy : (x+ Sy) = S(z +v)
(x+ S0) = S(z +0)

(i)

Ve:(z+0)=uz
(x+0)==x
S(x+0) =Sz
(x +50) = Sz
Sz = (z + 50)

Vo : Sx = (x4 S0)

Ve :(x-0)=0
(50-0)=0
[

(S0-z)=2x

Vo :Vy: (x-Sy) = ((x-y)+x)
Vy : (S0 - Sy) = ((S0-y) + S0)
(S0 - Sz) = ((S0-x)+ 50)

Vo : Sz = (x4 S0)

S(S0-x) = ((S0-x)+ S0)
((SO0-z)+S0) = S(S0 - x)

(S0 - Sz) =S5(50-x)
S(S0-z)= Sx

(S0-Sz) = Sx

]

((S0-2) =2 > (S0-Sz) = Sx)
Vo : ((S0-z) =2 D (S0-Sx) = Sxz)

Vr:(S0-z)=ux

(Fantasy)
(Gen)
(Induction)

This one involves some awkward futzing with variables (see lines

15-19 and 39-44)...

(y+0)=y
Ve :x=x
=21

CUR o

Ve:(z+0)=2z
(z+y)+0)=(z+y)



CVzeVe Yy (4 y)+2) =

Vi Vy (e +y)+2) =

Vy’i(($+y)+52) S((x+y)+2)
((z+y)+52)=S((x+y) +2)
S((x+y)+2) =5+ (y+2))
(z+y)+S2) =S+ (y+2)

Yy : (z+ Sy) = S(x +
(x+S(y+2z) =5
S+ (y+2) =(x
((z+y)+Sz) = (x
Yy : (¥ + Sy) =Sy
(¥ +Sz) =Sy +2)

Yy i (Y + Sz) =Sy + 2)
(y+Sz)=S(y+z2)
S(y+2)=(y+ S2)
(x+Sly+2)) =
((z+y)+5z2) = (y + S2))

Vy: (z+y)+ S2)=(z+ (y+ Sz2))
Vo :Vy: ((z+y) +52) = (z+ (y + 52))

Y)
+(y+
+ Sy +
S(y+
+y)

(x + (y+ Sz2))
(x+

-

(Vo :Vy:((z+y)+2)=(@+H+2) D
Vo :Vy: ((x+y)+ Sz) = (z+ (y + S2)))

(@ +(y+2))
(z+(y+2))

2

Cong)
Sym)
Trans 2,7)
Gen)

P U

(Fantasy)

(Induction)

(Spec)



40. Yy : ((z+y) +2)=(z+ (y +2)) (
41 ((x+y)+2)=(z+ (y+2)) (
2. Vz: ((z+y)+2)=(x+ (y+ 2)) (Gen)
43. Yy :Vz: ((z4+y)+2) = (x+ (y+ 2)) (
4. Vo :Vy:Vz: ((x+y)+2)=(x+ (y + 2)) (

Here’s a relatively neat way to get this. Note that in the inductive
step, the inductive hypothesis (the premise of the fantasy) isn’t
actually used!

Ve:z==x
0=0
0=0D2(0-0=0D>0=0)) (Tautology)

(0-0=0D>0=0)
[

E(m-x)zODx:(J)
(Sx-Sx)=0
Vo :Vy: (x-Sy)=((z-y)+x)
Yy : (Sx - Sy) = ((Sz - y) + Sx)
(Sx-Sx)=((Sx-x)+ Sx)
Vo :Vy: (z+ Sy) = S(z +y)
Vy: ((Sz-z)+ Sy) =S((Sz-z)+y)
((Sz-x)+ Sx) =S5((Sz-z) + x)
(Sx-Sx)=S5((Sz-z)+x)
S((Sx-x)+x) = (Sx - Sx)
S((Sz-x)+x)=0

]

((Sz-Sx)=0>8((Sz-z)+x)=0)

Vo~ Sz =0

~S((Sz-z)+x)=0

(~S((Sz-z)+x)=0D~ (Sz-Sx)=0)

~ (Sz-Sz)=0

(~ (Sz-Sz)=0D ((Sz-Sz)=0D Sx=0)) (Tautology)

((Sx-Sx)=0D Sz =0)

z=0)D ((Sz-Sx)=0D Sx=0))
0D2=0)D((Sz-Sz)=0>DSx=0))

3



Ve:((x-2)=0Dz=0)

3. Consider the structure N* :=< NU {o0}; S, +,-,0 > where we extend
the usual definitions of S, +,- on N to oo as follows:

S(00) := 00;
T+ 00:=00 for all z;
o0 4 & 1= 00 for all x;
X - 00 = 00 for all z;
00-0:=0;
00 - T = 00 for all z # 0.

Then we can check that N* satisfies the axioms of TNT’. Note that
00 -0 =0, but 0-00 = oc0... this is necessary to make the axioms work
out.

Now does N* satisfy
Ve:{(x=0V3y:Sy=ux)?

Yes, it does! oo *is* the successor of something, namely oo!

We can’t set Soo to anything else without contradicting one the axioms
- 0 is not allowed to be a successor, and nothing can be the successor
of two distinct elements.

So in fact, the hint I gave in the question was entirely misleading! Sorry
about that.

However, our old friend Mat,(N) does provide an example. Thanks to
Michael Birch for pointing this out!

Mato(N) Ve : (x =0V Iy : Sy = x),
since e.g. consider

10
00

The structure N* is still an interesting model of TNT” to consider,
though. It demonstrates, for example, that

TNT' i/ Vx :~ Sz = .



