Binomial coefficients

Miscellaneous Curiosities

Recall:

e For n a non-negative integer and r an integer,
(7) = number of subsets of size r of a set of size n
= _ ifo<r<n

 nl(n—r)!
=0 else.

e Pascal’s triangle

e Pascal’s Formula: (:) = (”*1) + ("*1)

o (1) =02%)
°* >0 (:) =2"

o (w+y) =My

Remark:
(:) = number of paths from root of Pascal’s triangle to the (n,r) position.

Further identities:

° k:(Z) = n(Zj) (immediate from (Z) = %)

o (x+1)"=3%" (?)xr
0= (1) +1)" = Sy ()1

so alternating sum of binomial coefficients is 0;
so sum of even coefficients = sum of odd coefficients = 271,

Yet further identities:
() (1) =20 ()
(i) X0 ()= (%)

(iii) Yo7 () =n2mt

Proofs:

(i) Iteratively apply Pascal’s formula:
G = () ()

() + ()

904+t ()

(
() + ()



Alternative inductive proof:

Easily holds for n = r = 0.

Suppose inductively it holds for smaller n 4+ 7.
Then using Pascal’s formula, we have:

Cﬁ):QL)+¢)
= Yo (1) + 25050 (1)
= Z é((k) + (rﬁl))
Z o (")
= Zk:l (7")
= ZZ:O (]:)

(ii) Consider diamonds in Pascal’s triangle.

OR: Given a set S of size 2n, arbitrarily split it into two sets 57, .S of
size n.

Then an n-subset S” of S corresponds to the pair (S N Sy, 5" N .Sy).
The pairs of subsets arising in this way are precisely those of sizes
summing to n,

SO
() =2 () =X ()
(iii) Neat algebraic proof
n(e+ 1"t = e+ )" = £ 500 ()

= Zf:o (7")

This holds for all z; taking = 1 gives the result.

Examples of (i):
« (=250 =X 1=
e ()= S ) =>" ~, s = nth triangular number
e (3) = 25:—5 (5) = nth pyrimidal number

3

Multinomial theorem

What is the coefficient a,. s+ of z"y*z" in the expansion of (z + y + z)"?
Clearly a,s; # 0 only if r + s+t =n.

ars¢ is the number of ways of choosing r x’s, s y’s, and ¢ 2z’s from the n
factors (x +y + z);

i.e. the number of strings like "xyzzyxyzzy” with this many of each letter;
i.e. the number of permutations of the multiset {r x x, sy, t * z}.

So as we saw before,

|
— mn:
Ar,st = Fisial-

Write (TTSL t) for this number.

Generalising to arbitrarily many variables, we have



Theorem:

(x1+ ... +x)" = Znizo,n1+...+nt:n (m n: ):B’flxg?. xyt

Here, (m n; nt) = #'nt, are the multinomial coefficients (only defined if

ny+...+n;, =n).

Note:
() = (asn):

The number of terms in the multinomial expansion of (x; + ... + x;)™ is the
number of n-combinations with ¢ types in unlimited supply, which we saw

1s
(")

Unnatural exponents: (z + y)“

Theorem [Newton’s Binomial Theorem]:
Let a be a real (or even complex) number.
Suppose 0 < |z] < |y|.

Then

(@ +y)* =30, () ety
where

(5) = lefecken)

Note that for o natural, this agrees with our previous definition.

Proof (not on syllabus):
Dividing through by y?, sufficient to show that for |z| < 1,

(1+2)* =30, ()4
We show this for complex z with |z] < 1.
(14 2)* = exp(alog(l + z)) for any choice of branch.

This is holomorphic on the domain |z| < 1,
so the Taylor series at O converges to the value of the function on this domain.

Since (1 + 2)* = (1 +2)* ' and (14 0)* =1,
this gives
(1 2)° = ((1+ =)o)+
(@ +2 )5+
(afa = 1)(1 + 2)*7?].= o)'§—+...
= rglafa = 1).(a—k+1)%
= (3)2"
]

Examples:

=(1+2)"

= o ( k )Zk

1+z



o oo (=1)x(=2)x..x(—k) _k
= ko o o

= Zzio(_Dka

=1—z422—224 ..

V37T =6 +1=064/1+1/36 =6(1 + 1/36)"/

= 63232, (1) (1/36)%)
Now for k > 0,
(/2) = s
k k!
o (_1)k*11*3*5*...*(2k—3)
- 2k k!

_ _ (=D (2k-2)!
T 2k (2x4x...x(2k—2))k!
(—=1)k—1(2k—2)!
22k =T (k—1)1k!
_(=D)F k-2

T k22R-1 (k—l)

So

00 1\k—1 _
Vitz=1+37, (k212)’€*1 (o)
_ 1 1.2 1 1 .4
—1+§Z—§Z +EZ3—%Z + ...
So /37 = 6(1 + 1/36)"/2
~ 6(141/(2%36) —1/(8%36%) + 1/(16 % 363) — 1/(25 * 364))
= 6.0828

(Error is very small: (6 % (1+1/(2%36) —1/(8*36%) +1/(16 * 363) —
1/(25 % 361)))? = 36.99999992692224)



