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General Setup

» (M, g)— Compact smooth surface (can
generalize higher dimensions)

» A lLaplace-Beltrami on M
» Eigenfunctions: (boundary condition)
» Orthonormal basis of LZ(M,dVoI),QLj — 00




Nodal components & domains

» Nodal set: Z(goj) 7 1(0)

* Nodal components: Connected components
of ¢;* (0).

» Nodal domains: Connected components of
M\ @; 1(0) smooth

* Nodal count: How many

components (domains)?




Interesting Questions — non-local

.@unt (Nazarov-Sodin 09,12, ' |5,
Kurlberg-WV " 14, "17)

* Topology, nesting,geometry(Sarnak-VV, Beliaev-WV)

e Local: [Len,y g (f)| = |[Leny(f)|+|Leng(f)]
ANB =0

° Semilocality “Most” of the nodal domains of

diameter \/__’ R>>().

* Approximate locally




Nodal count (deterministic)
* Nodal Count. Courant: N(gaj) <]

 Pleijel: limsup M) < 0.691..

J—o00 J -

» Constant improved by 3 - 10™° (Bourgain)
* No lower bound N((pj) > 2

Nodal picture for the
square, arbitrarily high
energy. A. Stern’s thests,
Gottingen, 1925.
Courtesy of P. Sarnak.




Berry’s Random Wave Model

* M chaotic. As 1 — CO, (pj “behave randomly”

wavenumber VA1 monochromatic wave R?
1 : | |
usz(x) = =Jte (Zfﬂ el(mx’ﬁ’)””))

* Scale invariant, assume u = u4
» Centered Gaussian, covariance

E[u(x) -uy)] = Jo(lx —y|)

» Spectral measure — arc length on unit circle



2. Random Band
Limited Functions



Random Band-Limited Functions

* Fix M — smooth n-manifold, 0 < a <l
LX) = Xaasa <a 4@ (x), a; - N(O,1) i.id.
(@ = 1 summation over A — 0(1) < 4; < 1)

» Covariance function
E[f2(x)2(y)] = z(Pj(x)(Pj(Y)

i.e. the spectral projector.



Example |. Random Spherical harmonics

ea=1,M = §%, 2d sphere.

» E[T;(x) - Ty (y)] = Pi(cos(d(x,y))).
e Pi(cos(d)) = J,(ld) Legendre fast uniform

Random spherical harmonics RWM
A. Barnett




a=| vs a=0 (Alex Barnett)

p— e,

a=1 a=0
Random spherical harmonics | “Real Fubini-Study”




Example 2. Toral eigenfunctions.
o T =M = RZ/ZZ
* fu(x) = Z”M”z:n a, - e((x, 1))

a, standard Gaussian i.i.d. (save to

’

a_, = a,) “arithmetic random waves’

» Summation over {u € Z*: ||u||* = n}

X 20 S 40
% ;
2% ( 30
P
% A
==




More general: limiting ensembles

¢ Natural scaling around any point of M.

¢ Scaling for covariance (values & derivatives)
(classical Hormander, Lax)

E[f() - 0] ~ Ko (V- d(x,7))
« Ko@) = K(IwlD) = [y 1 €w, €)dE

¢ Canzani-Hanin 16 a = 1 thin window.

¢ Define gs,0n R%,“clean” covariance
E[9(2) - 9o (2')] = Ko (|lz — Z'])



Limiting ensembles (cont.)

* E[geo(2) - 9o (2)] = Ko (llz = Z'|])

* Jo SCa
* (o de

» Spectral measure

ing limit f; (everywhere)

bends on «, not on M, x (universality)

» Relevant: nodal structures of g, restricted on
ball B(R), R — oo.

» E.g. nodal count of domains lying in B(R).



3. Nazarov-Sodin
Constant



Scale invariant (Euclidean) case

o F:R? - R stationary Gaussian field
¢ p spectral measure of F

* N(F; R) is the number of connected
components (domains) of F inside B(R)

* Assuming: |. F ergodic (p has no atoms)
2. F smooth. 3. Non-degeneracy
* Nazarov-Sodin ("12,"15):c = cys(p) = 0
E[N(F;R)] = ¢+ R* + 0p_s(R?)
e “Usually” ¢ > 0 (support of p)



Nodal count band-limited functions

s ¢ =cyns(p), E[N(F;R)] = ¢ - R? + 0p_0o(R?)
» Stronger convergence in mean (ergodicity)

B -‘N(FR) —C-R? ] 50

» Band-limited functions ¢ = cys(p,) > 0

P area measure annulus

o E[N(f)]~c- A (NS 12, 15)

e Convergence in mean




Random spherical harmonics

* u =Plane monochromatic waves (RWM)

o E[N(u; R)]~cryum * R?, universal NS constant
°* CrvM = CNS(%) > ( percolation? 4
* E[N(T)]~crwn - 1* (NS "09)

» Convergence in mean /\
|/

» Exponential probability concentration



4. Variation on
Nazarov-Sodin consant



Generalise NS constant
* Restrict to p supported on the unit ball P
(spectral moments), includes band limited case
» Proposition | (Kurlberg-W):c = cys(p),
E[N(F;R)] = c-R* + O(R), p € P arbitrary,
absolute constant (uniform)
* cys(p) bounded (e.g. critical points Kac-Rice)

* No convergence in mean. Can construct

N(F;R)—c-R? : ,
examples E [l ( R)Z l] doesn’t vanish

* Example: p atomic supported at 0. F = const,
Gaussian N(F; R) =0, = cyg (p) =0.



Variation of NS constant

* Proposition 2 (Kurlberg-WV):
|N(F;R)—c-R?|

Py exists

dys(p) = Rl)irn &
(NS discrepancy functional””) non-uniform,

discontinous

» Theorem | (Kurlberg-W): cys(p): P — Ry is
continuous (weak™ topology on P).

» Corollary: cys(p) attains an interval [0, c; ]
(P is essential)
* Q:ls it true that ¢ = cpyyyy, uniquely?



5. Toral Eigenfunctions



Example 2.Toral eigenfunctions.

o T =M = ]RZ/ZZ
* fa(x) = Z”M”z:n a, - e({x, 1))

a, standard Gaussian i.i.d. (save to

a_, = a,) “arithmetic random waves”

» Summation over {u € Z*: ||u||* = n}
lattice points on radius \/n circle

* N(f,,(x)) nodal count



On the 2 squares problem
*1,(n) = #{(a, b)eZ?: a* + b* = n}
* On average 1, (n)~c - y/log(n) (E.Landau)

Equidistributed Exceptional “Cilleruelo”
generic r,(n) =

* Partial classification (P. Kurlberg-IW " 15)



Some pics
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Fragment, domains long and narrow



On the 2 squares problem

.Tn

ZH,LLHZ—TL 611/\/— PI‘Obablllt)' S1

L) (n)

(spectral measure)

* Equidistributed T, nj = - (Tn] = T)

* Angular distribution «w Nodal structure
Local: Krishnapur-Kurlberg-WV " | 3,
Rudnick-W " 14, Rossi-W |7

» Nonlocal: N(f;,,(x)) — total nodal count

Nazarov-Sodin 12, | 5+Kurlberg-WV 14,17



Toral eigenfunctions

> fn(x) — Z||M||2=n Clﬂ . 8(()6, ,Ll)) arithmetic
random waves

° T, =

1
—=Zulp=n S ON'S

o Apply N-S:if T,, = 7 then ¢ = cp5(T)
(generalised)

EIN(fu(x))] = c-n+o(n)

IN(Fn(x))—crwm| 50
n

e Generic E

* Exponential concentration (Y. Rozenshein " |5)



Toral eigenfunctions (cont.)

> fn(x) — Z||M||2=n Clﬂ . 8(()6, ,Ll)) arithmetic
random waves

° T, =

1
—=Zulp=n S ON'S
e Theorem 2 (Kurlberg-W):

|. Uniformly

E[N(fo(x))] = cns(tn) - n + 0(Vn)
2.cys(t) = 0iff T is Cilleruelo or its tilt
(T restricted, in particular by symmetries)



Toral eigenfunctions (cont.)

» cys(T) = 0iff T is Cilleruelo or its tilt
(restricted)

e cys(T) attains an interval [0, ¢q].
* Q.:ls it true that ¢; = ¢y = ¢y uniquely?
* Q.. For Cilleruelo: E|N (f,,(x))] - ?
E[N(fp(x))] - o -1
E[N(fo(x))] > Vn -?
» Meanwhile full classification cys(p) = 0
(Beliaev-McAuley-Muirhead). Same for dys(p)?



