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Warmup ' Let X be a smooth t proper variety la
.

Consider : Deff :{ local Arlin E - algebras } s Sets

e ÷
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Kodaira - Spencer : Deff, ( EEG lol E It ' ( X
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Question : Given x e H' l X ,Txl
,

does it extend to  a deformation  over Cl Ks ?

Insight : HMX
, Tx I sis a graded Lie algebra ( A commutator bracket of vector fields )

X extends  ⇐ Ex,
x ] = O

.

Given a surjection E

At
of local Artin E - algebras with kernel I

,

have obstruction classes in H2 I X
,
Tx ) ④ I

Definition : X is unobstructed iffor all A → A as above
,

Def'x' ( AT ⇒ Deff I At is surjective .
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A variety X is Calabi . You if its canonical bundle is trivial
.

Examples : Elliptic curves
,

abelian / K 3 surfaces ,

Calabi - you threefold ,
abelian varieties -

" BTT "

Theorem l Bogomolov - Tian - Todorov )

Every Calabi-Yau variety le is unobstructed . dim : In
' 'd .  u

Note .
This is surprising as the obstruction group HY Tx I need net vanish

.

=x : The quintic threefold I lxo : xixi .  x ; xp lift . . .
 tx ! - o ) EEP " has h " =L

.

We will
discuss

a proof by Iacono - Manetti
.

.



Recap : HMX
, Txt refines do a differential graded Lie algebra

gx :  = RN X
,

Tx ) HA " (Tx , → to , ya , →
.

.  

÷
them - comb "

"  " "  ke "  " in  ed "  si  '
commutator  t.ec#tieus

The dgla g× also controls the derived deformation functor
.

animated
denied scheme

Detx :

Lag

't
{ signedgminas} - spaces

,
At - { IT : }

a Speck → Spec A

Functors like Def x satisfy the following conditions :

Deth : A formal moduli problem over Q in a functor D : L

Again
→ S

such that (1) Normalisation

:D
Cel I *

(2) Gluing : For all pullbacksAtwith If.toin surjective ,

A
,

Ao ,
At Aoi

O
DA → DAO

the square t
.

- I

→

I is a pullback in spaces .

DA
,

D Aoi

Write Moduli as Fun ( LAgi

'T
Sl for the co -

category of formal moduli problems .



EveryFMP has a tangent fibre TD E Sp
,

satisfying I
-

Tp =D ( ¥71
.

The spectrum TDof a FMP can be promoted to a
' le

.

h fact :

Theorem ( Lurie - Bidhan )

Tp can be promoted to a differential goaded Lie algebra
,

and the resulting

functor Moduli
e

→ dglae
,

D I - TD is an equivalence .

Example : This correspondence sends Def x
to g × .

We now use this correspondence to prove the BTT theorem
.

Reduction : vanishing bracket
.

To prove unobstructed ness of X
,

ETS : g xx abeliandgla

To
prove g× abelian

,
ETS that there is a map of dglas .

Enology
if so

,
can find map ofMian

gxths.ti.iTxhliniectiue@easguha.I!!age?!?
")• h abelian



To produce  map gx th s 't
. IT

.
lil injective ,

h abelian
,

we proceed in several steps .

I It Every defamation I of X over AE

CAGE#
gives a deformation of the

map of chain complexes

I Rrc x. rich ) - Rrc x
,

rill = Id RE - d 12×1

121 Varying
A

,
obtain a diagram of formal moduli problems

I
Def ×

Fib Lpl -
Dtt Detdkx

,

where the green arrow  exists as dR× deforms trivially I this step can fail in dear p . )

( Gauss - Manin connection - a ther HT #H'drlxlkl A for all def
' I of X over A

. )



131 Applying Kosal duality equivalence by Lurie - Bidhan gives  a diagram of dgla 's

←91→ ,h → g .
- ⇒ g ,

Explicitmodels : dR×=

ppcx.li/=CA;i.d1=(pQgrcqu.aqyd.-aeffch

"  ' 9¥

4

DR =RMX.li/--lAYidaghaicapaxfe-hiewendos
Then ( g.  

→

g.IE#ulii!AileEhdTA'
ill t.it?sEfIIiYii7ggd

.

"
presences

d f -

- Cdu
,

ft  duff - Hlltlfdv .

(4)
Claim : g .

- ' ga is m-jech.ve an IT
.

g.→ g.tn#wlii!A'

'
'

I e End.CA '  I )

By Hodge - de - Rhem deg
,

IT
. DRY → IT

.
 9,44 is injective

It 'T"

grey
- Hix

, rid

Pick a direct sun deca position of chain ex 's dR×=dRx" to dkxldq.ru
.

= U * V
.

Nofe K= If  e Edltdxllinnlft ' Vithro
)

are complementary

and Eduldrxl



(5)
Show he fits ( p) abelian

.

Nga - o

* Lp , ad .us  an  explicit description  as

f.Hp) g! t - fiblpt-llx.mmpiii.in#a+teg.xgitidt7lmH--oia4I--fH
!

Get map Igf ' fib (P)
I 92 Get  mm A dgeas I'm-  '  ' hi!! damn

.

O
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rgz is abelian dglea .

I. ( - I surjective

So  can find abelian defer h t hop h - rgz sit
. h n Abl Pl is an equivalence .

(6) Shew gx-ih-h.HN injective  on The

h .

- fib = Color I End

qq.oqffyxlefffgffxllf-tfmapldrxh.dk/dri.n/
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Now  consider g×=RMYTxl

\
,

of Mpldt; DR  'daniel's
h-fih-lkpldk-n.dk/dRjhC-i7lMgplRMX,rY,RMX.ra-Y/dRx/dRxhf-l7

r  is  injective  on IT *  as HDR - dy ⇒ It * IX. t 't '  H' IX.
'

txlri.lu ?
is  an  injection .

÷

- ri ,
trivial  ⇒ up

will

g.  is injective a T
. as licx

, Txt -1 legs I Hour
- I

,
HMX

,
r " 'll is

'

in a.FI?f.sEfiE7E*
"

and we can

the
It (4TH - IT

.

(Map CNN.at ,RMkr" 4) → Map l It Kiril ,
Htkr "  -

't - I leap I Hockey
,

H' I yr
"  - Y

D
.


