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Abstract. Frobenius’ theorem in differential geometry asserts that every involutive subbundle
of the tangent bundle of a manifold M integrates to a decomposition of M into smooth leaves.

We prove an infinitesimal analogue of this result for locally coherent qcqs schemes X over
coherent rings. More precisely, we integrate partition Lie algebroids on X to formal moduli
stacks X → Ŝ, where Ŝ is the formal leaf space and the fibres of X → Ŝ are the formal leaves. We
deduce that deformations of X-families of algebro-geometric objects are controlled by partition
Lie algebroids on X. Combining our integration equivalence with a result of Fu, we deduce that
Toën–Vezzosi’s infinitesimal derived foliations (under suitable finiteness hypotheses) are formally
integrable.
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1. Introduction

A smooth algebraic foliation F on a smooth complex variety X is a subbundle

EF ⊆ TX

which is closed under the commutator bracket of vector fields, i.e. a locally free Lie algebroid whose
anchor map is injective. We call F algebraically integrable if there is a decomposition

X =
∐
α

Fα

of X into smooth complex subvarieties Fα – the leaves – whose tangent vectors span EF ⊂ TX .
Note that algebraic integrability is a highly nontrivial condition. One can approach the problem of
integrating a given smooth foliation F in three steps.

First, we integrate F formally, which means that for every point x ∈M , we find power series

f1, . . . , fk ∈ C[[z1, . . . , zn]]
1
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in local coordinates z1, . . . , zn such that a local vector field α lies in EF if and only if α.dfi = 0 for all i.
The formal leaf passing through x is then encoded by the functor

F∧
x : A 7→ {a1, . . . an ∈ A | ∀i : fi(a1, . . . an) = 0}

from local Artinian C-algebras to sets.
Varying x ∈ X, we obtain a ‘quotient’ map of prestacks

p : X → Ŝ

to the formal leaf space such that F∧
x sends A to the set of (isomorphism classes of) dotted lifts

Spec(C) X

Spec(A) Ŝ.

x

x

Next, we check the local convergence of these power series to obtain complex manifolds Fx passing
through all points of X, thereby verifying Frobenius theorem for complex manifolds.

Finally, we examine whether or not the various leaves Fx are algebraic subvarieties of X. If this
is the case, we obtain a submersion of Deligne–Mumford stacks p : X → S such that X → Ŝ is the
formal completion of X along p.

Figure 1. A foliation (depicted by tangent vectors) along with its formal leaves
(in gray) and leaves (in black).

In this article, we generalise the first step to more general Lie algebroids on more general
schemes. More precisely, we replace complex varieties by locally coherent qcqs schemes X over
coherent rings R, both possibly derived, and formally integrate partition Lie algebroids

ρ : E → TX/R[1]

with ρ not necessarily injective and E not necessarily locally free. The result of our integration
procedure is a formal moduli stack on X – around each point x in X, we obtain a formal moduli
problem F∧

x encoding the formal leaf passing through x, which can be non-smooth, stacky, and
derived.
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Formal moduli stacks X → Ŝ also arise in deformation theory, where they capture infinitesimal
derived deformation functors of X-indexed families of algebro-geometric objects

M

X.

Our integration equivalence then implies that every such deformation functor is governed by
an essentially unique partition Lie algebroid on X, generalising various earlier equivalences in
characteristic 0 ([DriDri, DelDel, Hin01Hin01, DAG XDAG X, Pri10Pri10, Hen18Hen18, GR17aGR17a, Nui19bNui19b]) and p ([BMBM, BWBW]).

Foliations on smooth complex varieties X can also be defined as quotient bundles

ΩX ↠ ΩF

inducing maps of commutative differential graded algebras

(Λ∗ΩX , ddR)→ (Λ∗ΩF , ddR).

This definition was generalised by Toën–Vezzosi [TV23TV23] to the non-smooth derived setting – they
call the resulting structure an infinitesimal derived foliation. Fu [Fu24Fu24] recently constructed an
equivalence between almost perfect infinitesimal derived foliations and dually almost perfect partition
Lie algebroids. Combining Fu’s equivalence with our main result, we deduce that almost perfect
infinitesimal derived foliations (in the sense of Toën–Vezzosi) are formally integrable.

1.1. Statement of results. A Lie algebroid on a smooth manifold X consists of an anchor map

ρ : E → TX

of vector bundles together with a bilinear Lie bracket [−,−] on the space Γ(X,E) of global sections
such that for all global sections s1, s2 ∈ Γ(M,E) and all smooth functions f , we have

[s1, fs2] = ρ(s1)(f) · s2 + f [s1, s2].

Lie algebroids were first introduced by Pradines [Pra67Pra67] and have since found numerous applications.
In this article, we will first generalise the theory of Lie algebroids the setting of algebraic geometry

over very general bases, and then formally integrate them.

Setup. Let us fix a coherent base ring R, i.e. a commutative ring whose finitely generated ideals are
also finitely presented. Let X be a quasi-compact quasi-separated (‘qcqs’) derived R-scheme which
is locally coherent, meaning that it admits an open cover by affine derived schemes Spec(B) with
π0(B) coherent and πi(B) finitely presented over π0(B).

Every such scheme admits a quasi-coherent cotangent complex LX/R and a tangent complex

TX/R = L∨
X/R.

This tangent complex belongs to the ∞-category QC∨
X = Ind(CohopX ) of pro-coherent sheaves on

X, which is the natural home of duals of quasi-coherent sheaves. Pro-coherent sheaves were first
introduced by Deligne [Har66Har66, Appendix]; we refer to Appendix B.2B.2 for further details.
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Partition Lie algebroids. In Section 33, we construct the ∞-category of partition Lie algebroids

LieAlgdπ∆,X/R

on the scheme X. These homotopical objects exhibit many expected properties:
(1) (Forgetful functor) There is a monadic forgetful functor LieAlgdπ∆,X/R → (QC∨

X)/TX/R[1];
hence partition Lie algebroids are maps of pro-coherent sheaves

g
ρ−−−→ TX/R[1]

equipped with additional Lie algebraic structure.
(2) (Global sections) Taking derived global sections gives rise to a functor

LieAlgdπ∆,X/R → (LieAlgπ∆,R)/RΓ(X,TX/R[1]),

where LieAlgπ∆,R = LieAlgdπ∆,Spec(R)/R denotes the ∞-category of R-partition Lie algebras
and

RΓ(X,TX/R[1])

is the Kodaira–Spencer partition Lie algebra encoding infinitesimal deformations of the
R-scheme X (cf. Section 4.44.4).

(3) (Descent) Every étale map
Y → X

induces a functor LieAlgdπ∆,X/R → LieAlgdπ∆,Y/R lifting the pullback functor on the level of
pro-coherent sheaves. Moreover, there is a canonical equivalence of ∞-categories

LieAlgdπ∆,X/R
≃−−→ lim

U⊆X affine open
LieAlgdπ∆,U/R.

Before proceeding to formal integration, let us highlight various special cases of our construction:
(a) For k a field of characteristic 0 and X = Spec(k), the∞-category LieAlgdπ∆,X/k = LieAlgπ∆,k

is modelled by (shifted) differential graded Lie algebras over k. For X = Spec(A) an affine
k-scheme, LieAlgdπ∆,X/k arises from the category of differential graded Lie algebroids on X

with the tame semi-model structure, see [Nui19aNui19a, Variant 3.12].
(b) For k a field of characteristic p and X = Spec(k), we recover the ∞-category of partition

Lie algebras introduced in [BMBM]. These can be modelled by cosimplicial-simplicial k-vector
spaces with additional operations parametrised by nested chains of partitions, see [BCNBCN,
Definition 5.43]. For X = Spec(F ) with F/k a finite purely inseparable field extension,
LieAlgdπ∆,X/k recovers the ∞-category of F/k-partition Lie algebroids appearing in the
purely inseparable Galois correspondence [BWBW]. For R = A complete local Noetherian with
residue field k and X = Spec(k), the ∞-category LieAlgdπ∆,X/A is equivalent to the mixed
partition Lie algebras appearing in [BMBM, Definition 6.22].

(c) For R a coherent ring and X = Spec(R), the∞-category LieAlgdπ∆,X/R = LieAlgπ∆,R appears
in [BCNBCN, Section 3]. It admits an explicit model in terms of simplicial-cosimplicial objects,
given in [BCNBCN, Theorem 5.42].

Formal moduli stacks. Given X and R as above, we will now introduce formal moduli stacks

X → Ŝ

under X. Informally, these can be thought of in at least two different ways:
(1) as decompositions of X into of formal leaves F∧

x parametrised by the points x of Ŝ;
(2) as infinitesimal deformation functors of X-indexed families of algebro-geometric objects.
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To formalise the notion of a formal moduli stack, we will use animated rings.

Notation 1.1. We write CAlgan = PΣ(Poly) for the ∞-category of animated rings, which is
obtained by freely adding sifted colimits to the category of finitely generated polynomial rings. Note
that CAlgan is also sometimes denoted by Ani, DAlg≥0, CAlg∆, or SCR in the literature. The last
notation emphasises that animated rings can be modelled by simplicial commutative rings.

Formal moduli stacks will belong to the ∞-category of R-prestacks

PrStkR

i.e. the ∞-category of (accessible) functors from animated R-algebras to spaces. Every derived
R-scheme X gives a prestack R 7→ MapSchder(Spec(R), X), which we denote by the same name.

Definition 1.2 (Formal moduli stacks). A formal moduli stack F under an R-prestack X is a map
of R-prestacks

X −→ Ŝ

satisfying the following conditions:

(1) Ŝ has deformation theory, which means that it preserves limits of Postnikov towers and
pullbacks along nilpotent extensions of animated R-algebras, see Definition B.6B.6;

(2) X → Ŝ is locally almost of finite presentation, see Definition B.3B.3;
(3) X → Ŝ restricts to an equivalence on all reduced affine schemes.

Write ModuliStkX/R ⊂ (PrStkR)X/ for the full subcategory of formal moduli stacks under X.

Remark 1.3 (Formal leaves of formal moduli stacks). Given an R-point x in X and a formal
moduli stack X → Ŝ, the formal leaf F∧

x passing through x is the formal moduli problem sending
an augmented local Artinian animated R-algebra A to the space of dotted lifts

Spec(R) X

Spec(A) Ŝ.

x

x

Remark 1.4 (Deformation functors and formal moduli stacks). Let B be a coherent eventually
coconnective animated R-algebra. Formal deformation functors of (suitably nice) B-indexed families
of algebro-geometric objects over R are then parametrised by functors

F : ArtR/B S

from the ∞-category
ArtR/B ⊂ CAlganR/B

of Artinian extensions of B (cf. Definition 4.14.1) to the ∞-category S of spaces satisfying

(1) F (B) ≃ ∗;
(2) F preserves pullbacks along nilpotent extensions.

In Section 55, we show that the ∞-category of such functors is equivalent to the ∞-category of
formal moduli stacks under X = Spec(B); this statement is essentially contained in [GR17bGR17b, 5.1.2].
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Indeed, if X → Ŝ is a formal moduli stack, then the corresponding functor ArtR/B → S sends an
Artinian extension A→ B over R to the space of dotted lifts in the following diagram:

X Ŝ

Spec(A) Spec(R).

The main theorem. Given a formal moduli stack X → Ŝ, we can consider the sheaf of ‘derived tangent
vectors’ to the formal leaves F∧

x . To make this idea precise, we use that the ∞-category QC∨
X of

pro-coherent sheaves can be identified with the ∞-category of functors CohX,≥0 → S preserving
terminal objects and pullbacks along π0-surjections. Here CohX,≥0 denotes the ∞-category of
connective coherent sheaves on X.

The pro-coherent tangent sheaf
TX/Ŝ

then corresponds to the functor sending I ∈ CohX,≥0 to the space of dotted arrows in the following
square:

X X

sqzX(I) Ŝ.

Here sqzX(I) denotes the derived scheme (X,OX ⊕ I), where OX ⊕ I is the trivial square-zero
extension of the structure sheaf OX by I. There is a natural map

TX/Ŝ → TX/R,

which captures the derived tangents to the formal leaves. We then prove:

Theorem 1.5 (Main theorem). Let X be a locally coherent qcqs derived R-scheme over a coherent
animated ring R. The shifted tangent fibre functor

ModuliStkX/R −→ (QC∨
X)TX/R[1]

(X → Y ) 7→ (TX/Y [1]→ TX/R[1])

lifts to an equivalence of ∞-categories

TX/−[1] : ModuliStkX/R
≃−→ LieAlgdπ∆,X/R.

Hence every partition Lie algebroid on X integrates uniquely to a formal moduli stack under X.
This equivalence is functorial with respect to almost finitely presented maps.

A key ingredient in the proof of Theorem 1.51.5 is a Koszul equivalence for animated rings. Before
stating it, we introduce some notation.

Definition 1.6. An animated R-algebra A over B is said to be complete almost finitely augmented if
(1) the induced map π0(A)→ π0(B) is surjective on π0 with kernel I;
(2) the animated ring A is derived I-complete;
(3) the A-module B is almost perfect as an A-module.

Write CAlgan,aft,∧R/B ⊂ CAlganR/B for the full subcategory spanned by those animated R-algebras which
are complete almost finitely augmented over B.
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Example 1.7. For R = B a complete local Noetherian animated ring, we can identify CAlgan,aft,∧R/B

with the ∞-category of augmented animated R-algebras which are complete, local, and Noetherian.

In Section 33, we lift the assignment A 7→ (L∨
B/A[1]→ L∨

B/R[1]) to a functor

D : CAlganR/B → Lieπ∆,X/R

for X = Spec(B) and establish the following result:

Theorem 1.8. The functor D restricts to an equivalence between the full subcategory

CAlgan,aft,∧R/B ⊂ CAlganR/B

of complete almost finitely augmented objects and the full subcategory

Lieπ,dap,
⪕ 0

∆,X/R ⊂ Lieπ∆,X/R

of partition Lie algebroids g→ L∨
B/R[1] with g dually almost perfect of Tor-amplitude ≤ 0.

Theorem 1.51.5 and Theorem 1.81.8 generalise various earlier results:
(a) Let k be a field of characteristic 0. For R = k and X = Spec(k) a point, our results specialise

to Lurie–Pridham’s equivalence between formal moduli problems and differential graded
Lie algebras [DAG XDAG X, Pri10Pri10], which is in turn extends earlier work work by Deligne [DelDel],
Drinfel’d [DriDri], Hinich [Hin01Hin01], Manetti [Man09Man09], and others.

Now assume A is a Noetherian and eventually coconnective animated k-algebra. For
R = k and X = Spec(A), our result is contained in [Nui19bNui19b], whereas for R = A and
X = Spec(A), it was proven by Hennion [Hen18Hen18].

In characteristic 0, the monadicity of the tangent fibre functor is also proven in the work
of Gaitsgory–Rozenblyum [GR17bGR17b, Chapter 8]. Note, however, that their proof crucially
relies on the fact that looped Lie algebras in characteristic 0 are abelian — this fails away
from characteristic 0 due to the presence of power operations.

(b) Let k be a field of characteristic p. For X = Spec(k) and R = k or, more generally, R = A
a complete local Noetherian ring with residue field k, our results are contained in [BMBM].
For X = Spec(L) with L a finite purely inseparable field extension over R = k, our Koszul
statement Theorem 1.81.8 recovers [BWBW, Theorem 3.15].

1.2. Acknowledgements. We are grateful to Jiaqi Fu, Sofía Marlasca Aparicio Bertrand Toën,
and Nikola Tomić for various discussions related to the content of this paper.

L.B. was supported as a Royal Society University Research Fellow at Oxford University through
grant URF\R1\211075 and by the Centre national de la recherche scientifique (CNRS) at Orsay.
K.M. was supported by NSF grants DMS-2152235 and DMS-21002010. J.N. was supported by the
CNRS, under the programme PEPS JCJC, and the ANR project ANR-24-CE40-5367-01 (“LieDG”).

2. Affine Koszul duality

We write CAlgderR for the∞-category of derived commutative rings and CAlganR for the∞-category
of animated R-algebras; a summary of their theory is given in Appendix AA. Note that animated
rings are the same as connective derived rings:

‘animated = derived + connective’.

The goal of this section will be to provide some results about derived rings that are derived
I-adically complete for ideals I that are of “sufficiently finite type”; most importantly, we prove a
comonadicity result (Theorem 2.252.25) generalising results from [BMBM].
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We will start by recalling a derived analogue of endowing a ring with the I-adic filtration with
respect to an ideal I. Instead of working directly with ideals I ⊆ A, it is more convenient to work
with the corresponding closed immersion A→ A/I = B. We will refer to objects A→ A/I = B as
arrows and use the notation (A→ B).

2.1. Derived filtered and graded rings. To describe the adic filtration associated to an arrow
(A→ B), we first recall how one can obtain the∞-category of derived filtered rings as the∞-category
of LSym-algebras in the ∞-category of filtered modules.

Notation 2.1. We will consider the following ∞-categories:

(a) The ∞-category Mod∆
1

Z := Fun(∆1,ModZ) of maps of Z-modules (X → Y ).
(b) The ∞-category FilModZ = Fun

(
(Z≥0,≤)op,ModZ

)
of non-negatively filtered Z-modules,

i.e. diagrams in ModZ of the form

· · · → F 1V → F 0V = V.

We will denote objects of FilModZ as F ⋆V , and often denote the underlying object F 0V of
the filtration simply as V .

(c) The ∞-category GrModZ = Fun((Z≥0,=),ModZ) of non-negatively graded Z-modules. We
use the notation V • for objects of GrModZ to emphasise the grading.

We will be interested in the following three functors relating these ∞-categories:

GrModZ FilModZ Mod∆
1

Z .Gr

aug

ker

Here Gr•(V ) is the associated graded of a filtered module F ⋆V , i.e. Gri(V ) = F iV/F i+1V . The
functor aug sends a filtered module F ⋆V to the natural augmentation (V → Gr0(V )) to its 0-th
graded piece. The functor ker is its left adjoint and sends an arrow (p : V → V0) to the filtered
module · · · → 0→ 0→ fib(p)→ V .

We endow each of these ∞-categories with a t-structure making it a stably projectively generated
∞-category in the sense of Definition A.1A.1, as well as a closed symmetric monoidal structure:

(a) We endow Mod∆
1

Z with the surjective t-structure, in which an object X → Y is connective if
Y and fib(X → Y ) (and hence also X) are connective Z-modules. In other words, X → Y is
connective if X and Y are connective and π0(X)→ π0(Y ) is surjective. An object X → Y
is coconnective if X and fib(X → Y ) are coconnective Z-modules. The monoidal structure
is the levelwise tensor product

(X → Y )⊗ (X ′ → Y ′) = (X ⊗X ′ → Y ⊗ Y ′).

(b) We endow FilModZ with the Day convolution product and the t-structure in which F ⋆V is
(co)connective if each F iV is (co)connective.

(c) Likewise, GrModZ is equipped with the Day convolution product and the t-structure in
which V • is (co)connective if each V • is (co)connective.

The generators of Mod∆
1

Z are the surjections Z⊕m+n → Z⊕n and the generators of FilModZ and
GrModZ are the finitely generated free abelian groups, where each generator is of a certain (filtration)
weight. Each of these ∞-categories is then a derived algebraic context in the sense of Definition A.8A.8
(see [Rak20Rak20, Section 4.2]) and hence comes with a notion of derived commutative algebra: these are
algebras over the monad obtained by right-left extending the (strict) symmetric algebra monad on
the categories of surjections of flat abelian groups and of flat filtered/graded abelian groups.
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Definition 2.2. We define the ∞-categories of animated (resp. derived) filtered rings, animated
(resp. derived) graded rings and animated (resp. derived) surjections to be the ∞-categories

FilCAlgan = CAlgan(FilModZ,≥0) FilCAlgder = CAlgder(FilModZ)

GrCAlgan = CAlgan(GrModZ,≥0) GrCAlgder = CAlgder(GrModZ)

CAlgan,∆
1

= CAlgan(Mod∆
1

Z,≥0) CAlgder,∆
1

= CAlgder(Mod∆
1

Z )

of animated and derived commutative algebras in the sense of Definition A.9A.9.

Remark 2.3. An animated surjection is simply a map of animated rings A→ B which is surjective
on π0; these have been introduced by Z. Mao in [Mao21Mao21], where they are called animated pairs.

Remark 2.4. By Remark A.13A.13, every derived filtered or graded ring has an underlying E∞-algebra
with respect to Day convolution, and modules are modules over this underlying E∞-algebra.

Taking associated graded objects and augmentations commutes with the LSym-monads, so that
we obtain functors

GrCAlgder FilCAlgder CAlgder,∆
1

.Gr aug

Both functors preserve limits, colimits and connective objects, and the functor aug sends a filtered
algebra F ⋆A to the augmentation arrow F 0A→ Gr0(A).

Definition 2.5. The adic filtration functor adic : CAlgder,∆
1

→ FilCAlgder is the left adjoint to aug.

Since the augmentation functor is left t-exact, taking adic filtrations preserves connective objects.
We therefore obtain a diagram of the form

GrCAlgan FilCAlgan CAlgan,∆
1

.Gr

aug

adic

where all functors are left adjoints. Note that taking the associated graded does not preserve limits
at the connective level.

We give a familiar description of the adic filtration on the level of 0-th homotopy groups.

Proposition 2.6. Let (A → B) be an animated surjection, and I = ker(π0A → π0B). Then
π0

(
adic(A→ B)

)
is given by the commutative algebra in Fun((Z,≥),Mod♡R)

. . . Sym3
π0(A)(I) Sym2

π0(A)(I) I π0(A).

In the situation where I is flat as a π0(A)-module, we have that Symn
π0(A)(I) ≃ In. Each map is

then an inclusion and π0

(
adic(A→ B)

)
is given by the classical I-adic filtration on π0(A).

Proof. We can assume that both A and B are discrete. The filtered algebra π0adic(A→ B) has the
universal property that given any discrete filtered algebra F ⋆R′, any map (A→ B)→ (R′ → Gr0(R′))
extends uniquely to a filtered map π0adic(A→ B)→ F ⋆R′. Note that the category of discrete filtered
algebras is equivalent to the category of commutative algebras in FilMod♡R = Fun((Z,≥),Mod♡R); in
other words, Fn+1R′ → FnR′ need not be injective.

The data of a map of surjections (A→ B)→ (R′ → Gr0(R′)) is the same as the data of a map
(A, I)→ (R′, F 1R′) of algebras equipped with an ideal. Let f1 : I → F 1R′ be induced map on ideals.
This extends uniquely to a map of discrete filtered algebra Sym⋆

AI → F ⋆R′, given in weight n by

Symn
A(f) : Sym

n
A(I) FnR; f⊗n(x1 ⊗ · · · ⊗ xn) = f1(x1) . . . f1(xn),
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where the product is taken inside F ⋆R. □

Finally, recall that a filtered module is complete if limFnV = 0 and that a derived filtered
commutative ring is complete if it is complete as a filtered module. Equivalently, a filtered module
is complete if it is local with respect to all maps inducing equivalences on the associated graded.
Since taking symmetric algebras preserves such graded equivalences, it follows that the completion
of a derived filtered ring is again a derived filtered ring. In good situations, one can relate the
completeness of a filtered derived algebra F ⋆A to completeness of the underlying algebra F 0A with
respect to its augmentation ideal:

Lemma 2.7. Let A be an animated filtered ring and let I denote the kernel of the augmentation
π0(F

0A)→ π0(Gr0(A)). Suppose that I is a finitely generated ideal of π0(F
0A). Then the following

hold:
(1) If M is a complete filtered A-module, then the underlying F 0A-module F 0M is I-complete

[SAGSAG, Definition 7.3.1.1].
(2) Suppose that A = adic(F 0A→ Gr0(A)) is the adic filtration of an animated surjection, and

let A∧ be its completion. If F 0A is I-complete and Gr0(A) ⊗F 0A F 0A∧ → Gr0(A) is an
equivalence, then A ≃ A∧.

The proof of Lemma 2.72.7 makes use of the following version of the “derived Nakayama lemma”:

Lemma 2.8. Let A→ B be a map of connective E2-rings inducing a surjection on π0 and suppose
that I = ker(π0(A)→ π0(B)) is a finitely generated ideal. If M is a connective I-complete A-module
such that B ⊗A M ≃ 0, then M ≃ 0.

Proof. Suppose that there exists a smallest integer n such that πn(M) ̸= 0. Then πn(M) is an
I-complete π0(A)-module [SAGSAG, Theorem 7.3.4.1] such that πn(M)⊗π0(A) π0(B) ≃ 0. But [DG02DG02,
Proposition 6.5] would then imply that πn(M) = 0. □

Proof of Lemma 2.72.7. If M is a complete filtered module, then F 0M ≃ limF 0M/FnM is a limit of
I-complete F 0A-modules: since each x ∈ I is of weight ≥ 1, xn : F 0M/FnM → F 0M/FnM is null.

For (2), the map A→ A∧ induces an equivalence on the associated graded, so that it suffices to
verify that F 0A→ F 0A∧ is an equivalence. To see this, let us start by observing that since A arises
as an adic filtration, Proposition 2.62.6 implies that

π0(F
0A∧) ∼= lim

n
coker

(
π0(F

nA)→ π0(F
0A)

) ∼= π0(F
0A)∧I

agrees with the (classical) I-adic completion of π0(F
0A). Since π0(F

0A) is I-complete, the map
π0(F

0A)→ π0(F
0A∧) is surjective. Consequently, the kernel I ′ = ker

(
π0(F

0A∧)→ π0(Gr0(A))
)

is the image of I; in particular, it is finitely generated. It follows from part (1) that F 0A∧ is
I ′-complete and hence I-complete as an A-module. Lemma 2.82.8 then implies that F 0A→ F 0A∧ is
an equivalence if and only if Gr0(A)→ Gr0(A)⊗F 0A F 0A∧, is an equivalence. This map is a section
of the natural map Gr0(A)⊗F 0A F 0A∧ → Gr0(A). □

2.2. Cotangent fibre. The usual cotangent complex formalism for derived rings extends in an
evident way to the graded/filtered/arrow setting; we refer to Appendix A.1A.1 for a general discussion.
We will be mainly interested in the relative cotangent complexes of augmentation maps:

Definition 2.9 (Cotangent fibre). For every A in GrCAlgder or FilCAlgder, we define the cotangent
fibre to be the desuspended relative cotangent complex

cot(A) = LGr0(A)/A[−1].
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Here we view Gr0(A) as a derived graded/filtered algebra concentrated in weight 0. Note that cot(A)
is concentrated in weights ≥ 1, i.e. Gr0

(
cot(A)

)
= 0.

Likewise, for every derived arrow (A→ B) we define the cotangent fibre to be the desuspended
relative cotangent complex

cot(A→ B) = LB/A[−1].

One can also identify this with the relative cotangent complex of the map of arrows (A→ B)→
(B → B), which is given by the (B → B)-module

(
cot(A→ B), 0

)
.

Note that the cotangent fibre is connective for each animated graded/filtered ring and each
animated surjection.

Remark 2.10. For any filtered derived ring A and any derived arrow (B′ → B), there are natural
equivalences

Gr(cot(A)) ≃ cot(Gr(A))

aug(cot(A)) ≃ cot(aug(A))

F ⋆≤1 cot(B′ → B) ≃ cot(adic(B′ → B))

where F ⋆≤1 cot(B′ → B) denotes the B-module cot(B′ → B) put in filtration weight 1. The first
two equivalences follow from the fact that the functors Gr and aug preserve cotangent complexes
(since they commute with taking derived symmetric algebras) and the last equivalence follows by
adjunction from the fact that aug preserves square zero extensions.

Lemma 2.11 ([BMBM, Remark 4.25]). Let f : A→ B be a map between derived graded rings. Then
the following are equivalent:

(1) f is an equivalence.
(2) A0 → B0 is an equivalence and cot(A)→ cot(B) is an equivalence of graded modules.

Similarly, a map between complete animated filtered rings f : A→ B is an equivalence if and only if
Gr0(A)→ Gr0(B) is an equivalence and cot(A)→ cot(B) induces an equivalence on the associated
graded.

Proof. The complete filtered case follows from the graded case since equivalences between complete
derived animated rings are detected on the associated graded and because the associated graded
commutes with taking cotangent complexes. For the graded case, suppose that f satisfies condition
(2) and that there exists a lowest weight n ≥ 1 such that cofib(An → Bn) is not zero. Let A≥n and
B≥n denote the weight ≥ n parts of A and B, both of which are graded A-modules, and consider
the natural map

B′ = A⊗LSymA(A≥n) LSymA(B
≥n)→ B

induced by f and the inclusion B≥n → B. Using that LSym≥2
A (B≥n) and LSym≥2

A (B≥n) are
concentrated in weights ≥ 2n (hence in weights ≥ n+ 1), one sees that B′ → B is an equivalence in
weights ≤ n. It follows that LB/B′ is zero in weights ≤ n; this can be seen for instance by using
the bar resolution to resolve B by free B′-algebras, each of which agrees with B′ in weight ≤ n.
Consequently, in weight n we find that Ln

B/A ≃ Ln
B′/A ≃ cofib(An → Bn) is non-zero. By part (1)

of Lemma A.21A.21, this implies that B0 ⊗B LB/A ≃ cofib(cot(A)→ cot(B)) is non-zero, contradicting
the assumption that cot(A) ≃ cot(B). □
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Lemma 2.12 ([BMBM, Proposition 4.26]). For any derived arrow (A → B), there is a natural
equivalence of derived graded rings

LSymB(cot(A→ B)(1))
∼−→ Gr(adic(A→ B))

where cot(A→ B)(1) denotes the cotangent fibre concentrated in weight 1.

Proof. For any graded algebra B•, the map LSymB0(B1)→ B• induces an equivalence in degrees
≤ 1 and hence induces a natural equivalence of B0-modules B1 → cot(B)1. Since

cot
(
Gr(adic(A→ B))

)
≃ cot(A→ B)(1)

is concentrated in weight 1, we obtain an equivalence cot(A → B) ≃ Gr(adic(A → B))1 of B-
modules. This induces a map of derived graded rings as in the lemma, which is an equivalence by
Lemma 2.112.11. □

2.3. Almost finite type conditions. We will use the cotangent fibre to study finiteness properties
of animated (graded or filtered) rings. To this end, let us recall from Definition A.18A.18 that a map of
animated (graded or filtered) rings A→ B is almost finitely presented if B is an almost compact
object in the ∞-category of animated (graded or filtered) A-algebras.

Lemma 2.13 ([BMBM, Proposition 5.15]). The following are equivalent for an animated graded ring A:
(1) cot(A) is an almost perfect graded A0-module.
(2) the map of graded algebras A→ A0 is almost finitely presented.
(3) the map of graded algebras A0 → A is almost finitely presented.

Proof. It is clear that (3) ⇒ (2) ⇒ (1), so assume that cot(A) is almost perfect. We can then define
a sequence of animated graded algebras A0 = A(0) → A(1) → . . . with colimit A, where

A(n) = A(n−1) ⊗LSymA0 (An
(n−1)

) LSymA0(An)

and A(0) = A0. The natural map A(n) → A is an equivalence in weight ≤ n, so that the colimit is
indeed A. Furthermore, an inductive argument shows that cot(A(n)) is precisely the weight ≤ n

part of cot(A). Using this, there are equivalences of A0-modules concentrated in weight n

(A/A(n−1))
n ≃ Ln

A/A(n−1)
≃ (A0 ⊗A LA/A(n−1)

)n ≃ cot(A)n.

Here the first two equivalences use that A(n−1) → A is an equivalence in weight ≤ n− 1. The last
equivalence uses the cofibre sequence cot(A(n−1))→ cot(A)→ A0 ⊗A LA/A(n−1)

and the fact that
cot(A(n−1)) coincides with the weight ≤ n− 1 part of cot(A). By assumption, each cot(A)n is an
almost perfect A0-module that becomes increasingly connective as n tends to ∞. It follows that
each A(n−1) → A(n) is almost finitely presented, with cofibre becoming increasingly connective as n
tends to ∞. This implies that the colimit A is almost finitely presented as well. □

Proposition 2.14. Let A → B be a map of animated filtered rings inducing a surjection on π0.
Then the following are equivalent:

(1) B is an almost finitely presented filtered A-algebra.
(2) LB/A is an almost perfect filtered B-module and the map of filtered algebras π0(A)→ π0(B)

is of finite presentation.
(3) B is almost perfect as a filtered A-module.

The same assertions apply to animated rings and animated graded rings.

Proof. This is a special case of Proposition A.19A.19. □
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Definition 2.15. We will say that:
(1) an animated graded algebra A is almost finitely augmented if it satisfies the equivalent

conditions of Lemma 2.132.13.
(2) an animated filtered algebra A is complete almost finitely augmented if it is complete and

the (filtered) map A→ Gr0(A) satisfies the equivalent conditions of Proposition 2.142.14.
(3) an animated surjection (A→ B) is complete almost finitely augmented if adic(A→ B) is

complete almost finitely augmented.

Lemma 2.16. Let A be a complete filtered animated ring and let M be a connective filtered A-module.
Then M is an almost perfect A-module if and only if it is complete and Gr(M) is an almost perfect
graded Gr(A)-module.

Proof. This is a special case of Lemma A.22A.22. □

We now verify that this agrees with the notions introduced in [BMBM] (in the pointed setting):

Lemma 2.17 ([BMBM, Proposition 5.28]). Let A be a complete animated filtered ring. Then A is
complete almost finitely augmented if and only if Gr(A) is an almost finitely augmented graded ring.

Proof. By Proposition 2.142.14, A is almost finitely augmented if and only Gr0(A) is almost perfect as a
filtered A-module. By Lemma 2.162.16, this equivalent to Gr0(A) being an almost perfect graded Gr(A)-
module, which in turn is equivalent to Gr(A) being almost finitely augmented by Proposition 2.142.14.

□

Proposition 2.18. Let (A→ B) be an animated surjection and let I = ker(π0(A)→ π0(B)). Then
the following are equivalent:

(1) The map (A→ B) is complete almost finitely augmented.
(2) The map (A→ B) is almost finitely presented and A is I-complete.
(3) B is almost perfect as an A-module and A is I-complete.

Proof. Write Aad = adic(A→ B). Assertions (2) and (3) are equivalent by Proposition 2.142.14. For
(1) ⇒ (2), suppose that the adic filtration Aad is complete almost finitely augmented and note that
A→ B is equivalent to F 0Aad → Gr0(Aad). To see that this map is almost finitely presented, note
that F 0 : FilCAlgderR → CAlgderR preserves almost finitely presented maps. Indeed, its right adjoint,
sending a derived algebra A′ to the filtered algebra · · · → A′ → A′ → A′, preserves filtered colimits
and n-coconnective objects.

Since Aad → Gr0(Aad) is almost finitely presented, we conclude that F 0Aad → Gr0(Aad) is almost
finitely presented as well. Finally, A is I-complete by Lemma 2.72.7.

Let us now assume that condition (2) holds and show that Aad is complete almost finitely
augmented. The functor adic preserves almost finitely presented objects, since its right adjoint
preserves filtered colimits and sends n-coconnective objects to (n+ 1)-coconnective objects. Since
the map of animated surjections (A → B) → (B → B) is almost finitely presented, we conclude
that Aad → Gr0(Aad) is almost finitely presented. It follows that A∧

ad is complete, connective (by
the Milnor sequence) and Gr(A∧

ad) ≃ Gr(Aad) is almost finitely augmented. Lemma 2.172.17 therefore
implies that A∧

ad is almost finitely augmented.
It therefore remains to show that Aad → A∧

ad is an equivalence. By Lemma 2.72.7 and the fact that
Aad is I-complete, it suffices to verify that

f : Gr0(A)⊗A F 0A∧
ad → Gr0(A)
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is an equivalence. This map is an isomorphism on π0 because π0(F
0A∧

ad)
∼= π0(A)∧I and π0(Gr0(A)) ∼=

π0(A)/I. It then suffices to verify that its cotangent complex vanishes. Unravelling the definitions, the
cotangent complex of f is the underlying module of the filtered module cofib(cot(Aad)→ cot(A∧

ad)),
which is indeed null: its associated graded is null and cot(Aad) and cot(A∧

ad) are both complete, by
Remark 2.102.10 and Proposition 2.182.18 (and since almost perfect Gr0(A)-modules are complete). □

Corollary 2.19 ([BMBM, Proposition 5.23]). Let A be an animated filtered ring that is complete almost
finitely augmented. Then the induced pair F 0A→ Gr0A is complete almost finitely presented.

Proof. Since the functor aug preserves free algebras, it sends almost finitely presented maps of
filtered animated rings to almost finitely presented maps of pairs. In particular, F 0A → Gr0A
is almost finitely presented. Lemma 2.72.7 implies that A is complete with respect to the kernel of
π0(F

0A)→ π0Gr0(A), and we conclude by Proposition 2.182.18. □

Lemma 2.20. Let B be an animated (filtered, graded) ring, let M be an almost perfect connective
(filtered, graded) B-module and let f : Bα = B ⊕α M → B be a square zero extension of B by M
classified by a map α : LB [−1]→M . Then the following assertions hold:

(1) Let K be the thick subcategory of (filtered, graded) Bα-modules generated by the Bα-modules
underlying an almost perfect B-module. Then K = APerfBα

.
(2) f is almost of finite presentation.

Proof. Assuming (1), we see that B is almost perfect as a Bα-module, so that (2) follows from
Proposition 2.142.14. To see that APerfBα ⊆ K, notice that every almost perfect Bα-module N fits into
a cofibre sequence where the outer terms arise from almost perfect B-modules

M ⊗B (B ⊗Bα
N) ≃M ⊗Bα

N N B ⊗Bα
N.

To see that K ⊆ APerfBα
, observe that any object N ∈ K is eventually connective and that πk(N)

is a finitely generated module over π0(Bα) if N is k-connective. Indeed, these properties hold
for almost perfect B-modules and are stable under (co)fibres and retracts. Consequently, every
k-connective N ∈ K fits into a cofibre sequence Bα[k]

⊕n → N → N ′ where N ′ is (k + 1)-connective.
Notice that Bα is contained in K, since it fits into a cofibre sequence M → Bα → B where both M
and B are almost perfect B-modules. It follows that N ′ defines a (k + 1)-connective object in K.

Given a module N ∈ K and n ≥ 0, we can therefore apply this construction iteratively to obtain
a cofibre sequence K → N → N/K where K is a perfect Bα-module and N/K is n-connective. This
implies that N is an almost perfect Bα-module. □

Corollary 2.21. Let B be an animated ring, M ∈ APerf(B)≥0 and B⊕αM a square zero extension
of B by M classified by a map α : LB [−1]→M . Then the arrow (B⊕α M → B) is complete almost
finitely augmented.

Proof. Let I be the kernel of π0(B⊕αM)→ π0(B). This is a finitely generated ideal, with generators
arising from the generators of π0(M). By Proposition 2.182.18, it suffices to prove that B ⊕α M → B
is almost of finite presentation and that B ⊕α M is I-complete. The first condition follows from
Lemma 2.202.20 and the second condition is immediate since I2 = 0. □

Corollary 2.22. Let (A→ B) be an animated arrow which is complete almost finitely presented.
For any almost perfect connective A-module M and any square zero extension of A by M , the arrow
(A⊕α M → B) is again complete almost finitely presented.
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Proof. We apply Proposition 2.182.18. As the composite A ⊕α M → A → B of two maps that are
almost finitely presented, A ⊕α M → B is almost finitely presented. Let I be the kernel of
π0(A⊕α M)→ π0(B). This is generated by finitely many generators xi of π0(M), which square to
zero, and finitely many elements yi that lift the generators of ker(π0(A)→ π0(B)). Then A⊕α M
is evidently (xi)-complete, and it is (yi)-complete since it is an extension of A by M , both of which
are (yi)-complete. We conclude that A⊕α M is I-complete. □

2.4. Comonadicity of the cotangent fibre. Throughout this section, we fix a base animated ring
R. For each animated surjection (A→ B) of R-algebras, the cotangent fibre cot(A→ B) = LB/A[−1]
is a connective B-module that comes equipped with a natural map

LB/R[−1]→ cot(A→ B).

The goal of this section will be to show that when (A→ B) is complete almost finitely augmented,
its structure can be completely encoded in terms of its cotangent fibre.

Notation 2.23. Let B be an animated R-algebra. We will write

CAlgan,∧aft
R/B CAlganR/B

for the full subcategory of connective derived R-algebras A endowed with a map A→ B that exhibits
A as complete almost finitely augmented (Definition 2.152.15).

Definition 2.24. Let B be a derived R-algebra. We define a derivation (M,α) on B to be the
datum of a B-module M , together with a map α : LB/R[−1]→M . Write

DerB/R = (ModB)LB/R[−1]/

for the ∞-category of derivations (M,α) on B. If B is connective, let DeraperfB/R,≥0 ⊆ DerB/R denote
the full subcategory spanned by the derivations (M,α), where M is an almost perfect connective.

Our goal will then be the following:

Theorem 2.25. Let B be an animated R-algebra. Then the the cotangent fibre defines the left
adjoint in a comonadic adjunction

(1) cot : CAlgan,∧aft
R/B DeraperfB/R,≥0 : sqz.

Let us first construct the desired adjoint pair. In fact, for later purposes we will construct a
version of this adjunction that also encodes naturality in the animated R-algebra B.

Construction 2.26. Let Mod be the ∞-category of pairs (B,M) consisting of a derived R-algebra
and a B-module (cf. Construction A.17A.17). We then have a commuting diagram as follows:

CAlgder,∆
1

R Mod×CAlgderCAlgderR

CAlgderR .

L

ev1

triv

Here the two downwards pointing functors send a map of derived rings A → B, resp. a derived
ring with a module (B,M), to B; both functors are cocartesian and cartesian fibrations. The pair
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(L, triv) is the relative adjunction given by the cotangent complex and trivial square zero extension
functors

L(A→ B) =
(
B,LA/R ⊗A B

)
triv(B,M) = (B ⊕M → B).

We abuse notation and also write L : CAlgderR → Mod for the functor sending A 7→ (A,LA/R).
We then define the ∞-category Der/R of derivations to be the fibre product

Der/R Fun([1],Mod)×Fun([1],CAlgder) CAlgderR

CAlgderR Mod×CAlgderCAlgderR .

ev0

L[−1]

An object of Der/R is given by a tuple
(
B,M,α

)
consisting of a derived ring B and a derivation on

B, i.e. a B-module M and a map α : LB/R[−1]→M . By adjunction, one can also identify this with
a tuple (B,M,α) of a derived ring, a module and a map of derived pairs α : (B,B)→

(
B⊕M [1], B)

which is the identity on the codomains.

Remark 2.27. The projection Der/R → CAlgderR ; (B,M,α) 7−→ B is a cartesian fibration by
construction, classifying the functor

B 7−→ DerB/R.

Each map f : B → B′ induces a functor f∗ : DerB′/R → DerB/R by restriction of scalars, sending a
derivation (N, β) to f∗(N, β) = (f∗N, β′) with

β′ : LB/R[−1] f∗LB′/R[−1] f∗N
f∗β

This admits a left adjoint, sending a derivation (M,α) to the derivation computed as the pushout of
the diagram of B′-modules

LB′/R[−1] f∗LB/R[−1] f∗M.
f∗α

Consequently, the projection Der/R → CAlgderR is a cocartesian fibration as well.

Remark 2.28. Let f : B → B′ be a map of derived rings with LB′/B ≃ 0. Then the induced adjoint
pair from Remark 2.272.27 has a simpler description: the left adjoint sends (M,α) to the derivation
(f∗M,f∗α), with f∗α : LB′/R[−1] ≃ f∗LB/R[−1]→ f∗M . In other words, the adjoint pair is simply
given by the functors

f∗ : DerB/R DerB′/R : f∗

taking base change and direct image at the level of modules.

Definition 2.29. We will write

(2)
CAlgder,∆

1

R Der/R

CAlgderR .

cot

ev1

sqz

for the relative adjunction defined as follows:
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(1) The right adjoint sqz sends a derivation
(
B,M,α

)
to the square zero extension B⊕αM → B

classified by α. More precisely, this is given by the fibre product in the ∞-category of maps
of derived R-algebras

[B ⊕α M → B] [B → B]

[B → B] [B ⊕M [1]→ B].

0

α

(2) The left adjoint cot is given by

[A→ B]
(
B, LB/R[−1]→ LB/A[−1]

)
.

Proof of Theorem 2.252.25. The proof is essentially the same as in [BMBM], although one cannot apply
the axiomatic argument from loc. cit. (nor the modification in Section 6) stricto sensu. To start,
notice that Corollary 2.212.21 implies that for each animated R-algebra B, the adjoint pair (22) restricts
to an adjoint pair cot : CAlgan,∧aft

R/B ⇆ DeraperfB/R,≥0 : sqz. We have to verify that this adjoint pair is

comonadic. To see that cot is conservative, let (A → B) → (A′ → B) be a map in CAlgan,∧aft
R/B

that induces an equivalence on cotangent fibres. The induced map adic(A→ B)→ adic(A′ → B)
then induces an equivalence on the associated graded by Lemma 2.122.12. Since the adic filtrations are
complete by definition, this implies that A→ A′ is an equivalence.

Next, let A• be a cosimplicial diagram in CAlgan,∧aft
R/B such that cot(A•) admits a splitting in

DeraperfB/R,≥0. Let Tot(A•) be the totalisation of A•, computed in the ∞-category CAlgderR/B of (not
necessarily connective) derived R-algebras augmented over B. We need to show that Tot(A•) is
complete almost finitely presented and that the natural map cot(Tot(A•)) → Tot(cot(A•)) is an
equivalence.

To see this, let A•
ad = adic(A• → B) denote the associated diagram of complete almost finitely

presented derived filtered algebras. Recall that there are functors

GrCAlgderR FilCAlgderR CAlgder,∆
1

R

augGr

preserving both limits (computed in unbounded R-modules) and colimits, and commuting with
the functors taking cotangent fibres. In particular, aug(Tot(A•

ad)) ≃ Tot(aug(A•
ad)) ≃ Tot(A•) and

there is a commuting square

aug
(
cot(Tot(A•

ad))
)

aug
(
Tot(cot(A•

ad))
)

cot(Tot(A•)) Tot(cot(A•)).

∼ ∼

It therefore suffices to verify that:
(a) the derived filtered ring Tot(A•

ad) is complete almost finitely augmented (hence connective).
(b) the filtered cotangent fibre preserves this totalisation (in unbounded filtered modules).

For (a), note that Tot(A•
ad) is complete as a limit of complete algebras. Its associated graded is

Gr(Tot(A•
ad)) ≃ Tot

(
Gr(A•

ad)
)
≃ Tot

[
LSymB

(
cot(A• → B)

)]
≃ LSymB

(
Tot[cot(A• → B)]

)
.

Here the second equivalence is Lemma 2.122.12 and the last equivalence uses that the augmented
cosimplicial diagram Tot[cot(A• → B)]→ cot(A• → B) admits a splitting, so that LSymB (or any
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other functor) preserves this totalisation. Since Tot[cot(A• → B)] is almost perfect by assumption,
we conclude that Gr

(
Tot(A•

ad)
)

is an almost finitely augmented graded algebra (in particular
connective). It follows that the complete derived filtered algebra Tot(A•

ad) is connective as well, and
Lemma 2.172.17 implies that it is complete almost finitely augmented.

For (b), note that there is a commuting square

Gr
(
cot(Tot(A•

ad))
)

Gr
(
Tot(cot(A•

ad))
)

cot
(
Tot[Gr(A•

ad)]
)

Tot
[
cot(Gr(A•

ad))
]∼ ∼

since taking the associated graded commutes with totalisations (in the unbounded setting) and with
cotangent complexes. Since the cosimplicial diagram Gr(A•

ad) ≃ LSymB

(
cot(A• → B)

)
has a split

totalisation (preserved by any functor), the bottom map is an equivalence. Consequently, the map

(3) cot(Tot(A•
ad))→ Tot(cot(A•

ad))

induces an equivalence on the associated graded. The domain is an almost perfect connective filtered
module: this follows from Proposition 2.142.14, since Tot(A•

ad) is complete almost finitely presented
by part (a). In particular, cot(Tot(A•

ad)) is a complete filtered module. The codomain of the map
(33) is a limit of complete (in fact, almost perfect connective) filtered B-modules and is therefore
complete itself. We conclude that (33) is an equivalence, as desired. □

In particular, Theorem 2.252.25 shows that for every animated surjection (A→ B) which is complete
almost finitely augmented, there exists a cosimplicial diagram of square zero extensions of B whose
totalisation is equivalent to A: this is simply the comonadic cobar resolution of A. For later purposes,
we record the following variant of this construction:

Corollary 2.30. Let A→ B ∈ CAlgan,∧,aft
R/B and let M ∈ APerfB,≥0. For any map α : A→ B ⊕M

of animated R-algebras augmented over B, there exists a natural coaugmented cosimplicial diagram

A A• B ⊕M

in (CAlgan,∧,aft
R/B )/B⊕M with the following properties:

(1) For each i, the map Ai → B ⊕M is equivalent to sqz(M i, αi) → sqz(M, 0) for a map
(M i, αi)→ (M, 0) in DeraperfB/R,≥0.

(2) The augmented cosimplicial diagram cot(A)→ cot(A•) in DeraperfB/R,≥0 is split.
(3) A ≃ Tot(A•).

Proof. Suppose that U : D ⇆ C : R is a comonadic adjunction. For every object c ∈ C, this induces
an adjoint pair U : D/R(c) ⇆ C/c : C on over-categories, which is comonadic as well. It follows that
every object α : d→ R(c) in D/R(c) admits a comonadic cobar resolution of the form

d (RU)•(d) R(c).

Here each αn : (RU)n(d) → R(c) is the image under R of the map U(RU)n−1(d) → UR(c) → c,
where the first map is the image of αn−1 under the forgetful functor U . This has the property that the
augmented cosimplicial object U(d)→ U(RU)•(d) in C/c is split and (hence) that d ≃ Tot((RU)•(d)).
We now apply this to the situation where (U,R) = (cot, sqz) is the comonadic adjunction (11), c is
the derivation (M, 0) ∈ DeraperfB/R,≥0 and d→ R(c) is the map α : A→ B ⊕M . □
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3. Partition Lie algebroids

Recall that a Lie algebroid over a smooth scheme Z over a field k is a quasi-coherent sheaf
g ∈ QC♡

Z equipped with an OZ-linear anchor map ρ : g→ TZ/R to the tangent sheaf and a k-linear
Lie bracket [−,−] : g ⊗k g → g satisfying the Leibniz rule. The goal of this section will be to
introduce a derived (and shifted) variant of such Lie algebroids over a qcqs locally coherent derived
R-scheme X, which we will refer to as partition Lie algebroids. More precisely, we will define a
partition Lie algebroid to be given by a map ρ : g→ TX/R[1] in the ∞-category

QC∨
X = Ind(CohopX )

of pro-coherent sheaves on X, together with the structure of an algebra over a certain monad

Lieπ∆,X/R :
(
QC∨

X

)
/TX/R[1]

(
QC∨

X

)
/TX/R[1]

.

Here TX/R = L∨
X/R denotes the pro-coherent dual of the cotangent sheaf of X (Example B.27B.27). One

can therefore think of ρ : g→ TX/R[1] as the anchor map underlying the partition Lie algebroid.
Our construction of the monad Lieπ∆,X/R will be based on two ingredients:

(1) Let DeraperfX/R,≥0 denote the ∞-category of derivations α : LX/R[−1] → M with values in a
connective, almost perfect quasi-coherent sheaf on X. We then consider the comonad

coLieπ∆,X/R : DeraperfX/R,≥0 DeraperfX/R,≥0; (M,α) cot
(
OX ⊕α M

)
sending each derivation α : LX/R[−1]→M to the cotangent fibre of the square zero extension
OX ⊕α M .

(2) Taking pro-coherent duals determines a fully faithful functor (Lemma A.34A.34)

(−)∨ : Deraperf,opX/R,≥0

(
QC∨

X

)
/TX/R[1]

.

Its essential image consists of maps F → TX/R[1] where F is dually almost perfect (Defini-
tion A.33A.33) and of non-positive tor-amplitude (Definition A.35A.35).

Our main aim will then be to prove the following:

Theorem 3.1. Let X be a locally coherent qcqs derived R-scheme. There exists a unique extension

Deraperf,opX/R,≥0 Deraperf,opX/R,≥0

(
QC∨

X

)
/TX/R[1]

(
QC∨

X

)
/TX/R[1]

(coLieπ∆,X/R)op

(−)∨ (−)∨

Lieπ∆,X/R

to a monad Lieπ∆,X/R that preserves sifted colimits.

Definition 3.2. We will refer to the monad Lieπ∆,X/R of Theorem 3.13.1 as the partition Lie algebroid
monad and define the ∞-category of partition Lie algebroids

LieAlgdπ∆,X/R = AlgLieπ
∆,X/R

((
QC∨

X

)
/TX/R[1]

)
to be its ∞-category of algebras.
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We will prove the affine case of Theorem 3.13.1 in Section 3.13.1. In Section 3.23.2 we will study the
naturality of the ∞-category LieAlgdπ∆,B/R in the coherent animated R-algebra B. More precisely,
we will prove the following in Proposition 3.253.25:

(a) For each map f : B → B′ of that is almost finitely presented, there exists a functor

f ♯ : LieAlgdπ∆,B/R LieAlgdπ∆,B′/R.

(b) When f is étale, the functor f ♯ = f∗ is given by the usual inverse image at the level of the
underlying pro-coherent module, and admits a right adjoint.

We will then use this in Section 3.33.3 to prove Theorem 3.13.1 by a descent argument.

3.1. Partition Lie algebroids on affine schemes. Let B be an animated R-algebra and recall
the adjoint pair from Definition 2.292.29

cot : CAlgderR/B DerB/R : sqz.

Here DerB/R is the ∞-category of derivations (M,α) = (M,α : LB/R[−1] → M) on B (Defini-
tion 2.242.24).

Notation 3.3. Let us write coLieπ∆,B/R := cot ◦sqz for the composite comonad

coLieπ∆,B/R = cot ◦sqz : DerB/R DerB/R.

Remark 3.4. Given a derivation (M,α), one can endow coLieπ∆,B/R(M,α) with a natural decreasing
filtration, as follows. Consider LB/R[−1] as a filtered module in weight 0 (i.e. F 1 = 0) and consider
M as a filtered module in weight 1, i.e., F 2M = 0 and F 1M = M . The derivation α then lifts to a
derivation α : LB/R[−1]→ F ⋆M and we obtain a filtration

F ⋆ coLieπ∆,B/R(M,α) = cot(B ⊕α F ⋆M).

Note that LB/R[−1]→ F ⋆M is null on the associated graded, so that the associated graded of this
filtration is equivalent to coLieπ∆,B/R(M, 0).

We will use the following notation throughout this paper:

Definition 3.5. Let C be an∞-category such that the inclusion τ≤nC ⊆ C of its n-truncated objects
admits a left adjoint τ≤n for each n ∈ N. We will say that a tower

· · · → X1 → X

is almost eventually constant if for each n ∈ N, there exists an m such that

τ≤nXi+1 → τ≤nXi

is an equivalence for all i ≥ m.

Lemma 3.6. The comonad coLieπ∆,B/R : DerB/R → DerB/R has the following properties:
(1) It preserves derivations (M,α) where M is an almost perfect connective B-module.
(2) It preserves sifted colimits.
(3) For each finite cosimplicial diagram (M•, α•) in DerB/R such that Tot(M•) and all M t are

in APerfB,≥0, there is a natural equivalence

coLieπ∆,B/R

(
Tot(M•, α•)

)
≃ Tot

(
coLieπ∆,B/R(M

•, α•)
)
.
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(4) For any tower · · · → (M2, α2)→ (M1, α1) in DerB/R such that · · · →M2 →M1 is eventually
constant (i.e. the connectivity of fib(Mn+1 →Mn) tends to ∞), there is an equivalence

coLieπ∆,B/R(lim
n
(Mn, αn)) ≃ lim

n

(
coLieπ∆,B/R(Mn, αn)

)
.

Proof. Property (1) follows from Lemma 2.202.20 and (2) follows from the fact that cot and sqz both
preserve sifted colimits. For (3), we use the filtration from Remark 3.43.4. Since limits in DerB/R are
computed on the underlying B-modules, it then suffices to show that the natural map

µ : cot
(
Tot(B ⊕α• F ⋆M•)

)
→ Tot

(
cot(B ⊕α• F ⋆M•)

)
is an equivalence of filtered modules. Proposition 2.142.14 and Lemma 2.202.20 imply that cot

(
B⊕α F ⋆M

)
is an almost perfect filtered B-module whenever M is almost perfect. In particular, the domain
and codomain of µ are complete, and it remains to verify that the induced map on the associated
graded is an equivalence. As the maps α• are null on the associated graded, it will be enough to
show that the functor

F : ModB GrMod≥1
B ; M cot

(
B ⊕M(1)

)
preserves finite totalisations, where GrMod≥1

B is the ∞-category of strictly positively graded B-
modules. Using the bar resolution, the functor F can be obtained via colimits and compositions
from the functors LSymn

B : GrMod≥1
B → GrMod≥1

B . These are n-excisive and hence preserve finite
totalisations [BMBM, Proposition 3.37]. Since the functors preserving finite totalisations are stable
under composition and colimits, the result follows.

For (4), note that if fib(Mn+1 → Mn) is i-connective, then B ⊕αn+1
Mn+1 → B ⊕αn

Mn has
i-connective fibres. Consequently, its relative cotangent complex is (i+1)-connective [SAGSAG, Corollary
25.3.6.4]. Taking cotangent fibres, one finds that coLieπ∆(Mn+1) → coLieπ∆(Mn) has i-connective
fibres. The tower therefore stabilises after k-truncation for any k, from which the result follows. □

Let us now suppose that B is a coherent animated R-algebra and consider the dual picture,
using linear duality in the ∞-category QC∨

B = Ind(CohopB ) of pro-coherent B-modules. We refer to
Appendix BB for the theory of pro-coherent sheaves and just recall that there are left adjoint functors
(cf. Observation A.30A.30 and Definition A.31A.31)

ι : ModB QC∨
B (−)∨ : ModB QC∨,op

B .

The first functor is fully faithful on eventually connective B-modules and the second is fully faithful
on almost perfect B-modules. We will write dAPerfB ⊆ QC∨

B for the full subcategory of dually
almost perfect pro-coherent B-modules (Definition A.33A.33). Explicitly, one can identify QC∨

B with
the ∞-category of exact functors F : CohB → Sp. The pro-coherent module ι(M) then sends
K 7→ K ⊗B M and the pro-coherent dual M∨ sends K 7→ HomB(M,K).

Notation 3.7. Given a coherent animated R-algebra B ∈ CAlganR , we will write TB/R = L∨
B/R for

the pro-coherent dual of the cotangent complex and refer to it as the (pro-coherent) tangent complex.

By Lemma A.34A.34, pro-coherent duality determines an equivalence

(−)∨ : Deraperf,opB/R =
(
(APerfB)LB/R[−1]/

)op (
dAPerfB

)
/TB/R[1]

.∼

Using this, we construct the partition Lie algebroid monad in the affine setting:
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Proposition 3.8. Let B be a coherent animated R-algebra. Then there exists a unique extension

Deraperf,opB/R,≥0 Deraperf,opB/R,≥0

(
QC∨

B

)
/TB/R[1]

(
QC∨

B

)
/TB/R[1]

(coLieπ∆,B/R)op

(−)∨ (−)∨

Lieπ∆,B/R

to a monad Lieπ∆,B/R that preserves sifted colimits.

Definition 3.9. Following Definition 3.23.2, we will write LieAlgdπ∆,B/R for the∞-category of partition
Lie algebroids over B, that is, algebras over the monad Lieπ∆,B/R.

Before turning to the proof of Proposition 3.83.8, we record some first consequences of the above
definition.

Example 3.10. If B = R is a coherent animated ring, then the monad Lieπ∆,B/B coincides with the
partition Lie algebra monad from [BMBM, BCNBCN], so that LieAlgdπ∆,B/B ≃ LieAlgπ∆,B is equivalent to
the ∞-category of partition Lie algebras over B. In particular, the free partition Lie algebra on a
dually almost perfect B-module can be computed explicitly in terms of the partition complex, using
the derived functor of Σr-invariants (see [BCNBCN, Section 3.6])

Lieπ∆,B/B(M) ≃
∑
r

(
C̃∗(Σ|Πr|⋄, B)⊗B M⊗r

)Σr
.

Remark 3.11. For a coherent animated R-algebra B, the free partition Lie algebroid Lieπ∆,B/R(M,α)
can be viewed as a deformation of the free B-linear partition Lie algebra on M . More precisely,
Lieπ∆,B/R(M,α) admits a natural exhaustive increasing filtration whose associated graded is equiv-
alent to the free partition Lie algebra Lieπ∆,B/R(M, 0) ≃ Lieπ∆,B/B(M). Indeed, Remark 3.43.4 and
Lemma A.22A.22 provide such a filtration when M is the pro-coherent dual of a connective almost
perfect B-module; one then extends by sifted colimits. The resulting filtration is analogous to the
filtration on free Lie algebroids constructed in [Kap07Kap07].

Proposition 3.12. Let B be a coherent animated R-algebra. Then the following hold:
(1) There is an equivalence (LieAlgdπ∆,B/R)/0 ≃ LieAlgπ∆,B.
(2) Taking the fibre of the anchor map defines a sifted colimit preserving right adjoint functor

LieAlgdπ∆,B/R → LieAlgπ∆,B.

It follows that one can identify LieAlgdπ∆,B/R with the ∞-category of algebras over a monad on
LieAlgπ∆,B whose underlying endofunctor sends g to g× TB/R.

Proof. For (1), note that the forgetful functor (LieAlgdπ∆,B/R)/0 → QC∨
B exhibits (LieAlgdπ∆,B/R)/0

as the ∞-category of algebras over a sifted colimit preserving monad on QC∨
B. Unravelling the

definitions, this monad coincides with Lieπ∆,B/B , so that the result follows from Example 3.103.10. Part
(2) follows from part (1) and the fact that taking pullbacks along the map of partition Lie algebroids
0→ TB/R[1] preserves limits and sifted colimits. □

Finally, we record the following reformulation of Theorem 2.252.25, using pro-coherent duality:

Corollary 3.13. Let B be a coherent animated R-algebra. Then there is a fully faithful functor

D : CAlgan,∧aft
R/B CoalgcoLieπ∆(DeraperfB/R,≥0) (LieAlgdπ∆,B/R)

opcot (−)∨
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whose essential image consists of the partition Lie algebroids whose underlying pro-coherent B-module
is dually almost perfect of non-positive tor-amplitude.

Let us now turn to the proof of Proposition 3.83.8. We will show that the∞-category (QC∨
B)/TB/R[1]

is generated under sifted colimits by the full subcategory of M → TB/R[1] where M is dually almost
perfect of nonpositive tor-amplitude (Definition A.35A.35). To make this more precise, recall the process
of adding colimits to ∞-categories from [HTTHTT, Section 5.3.6]:

Definition 3.14. Let K be a class of small∞-categories. An∞-category V is said to be K-complete
if it admits all colimits of diagrams indexed by ∞-categories in K.

Suppose that C is a small ∞-category equipped with a set of colimiting cocones R = {K�
α → C}

where each Kα ∈ K. We will say that a functor j : C → V exhibits V as the K-completion of C

relative to R if it is the initial K-complete ∞-category with a functor from C that preserves the
colimit diagrams in R.

By [HTTHTT, Proposition 5.3.6.2], the K-completion of C relative to R always exists and the functor
j : C→ V is fully faithful.

Proposition 3.15. Let K be a class of small∞-categories, each of which is contractible. Suppose that
j : C ↪→ V exhibits V as the K-completion of C relative to a set of colimit diagrams R = {K�

α → C}.
For any object X ∈ V, the induced fully faithful functor

j : C/X V/X

exhibits V/X as the K-completion of C/X relative to the set R/X of colimit diagrams K�
α → C/X

whose image in C is contained in R.

Proof. Let PR(C) ⊆ P(C) be the ∞-category of presheaves on C that send the colimit diagrams in
R to limits. By the proof of [HTTHTT, Proposition 5.3.6.2], we can then identify V ⊆ PR(C) with the
smallest full subcategory that contains the representable presheaves and is closed under K-indexed
colimits. Using this, we can identify X with a presheaf X : Cop → S and C/X is the full subcategory
of representable presheaves over X.

Now recall that the inclusion C/X ↪→ P(C)/X induces a natural equivalence P(C/X)→ P(C)/X
[HTTHTT, Corollary 5.1.6.12] (the proof in loc. cit. also applies to non-representable X). This equivalence
restricts to an equivalence PR(C)/X ≃ PR/X

(C/X). Since the forgetful functor PR/X
(C/X)→ PR(C)

detects colimits of K-indexed diagrams (which are all contractible), it follows that V/X ⊆ PR/X
(C/X)

is the smallest full subcategory that contains the representable presheaves and is closed under
K-indexed colimits. The result then follows from [HTTHTT, Proposition 5.3.6.2]. □

Proof of Proposition 3.83.8. Let dAPerf
⪕ 0
B ⊆ QC∨

B denote the full subcategory of dually almost perfect
objects of non-positive tor-amplitude (Definition A.35A.35). This ∞-category is equivalent to APerfopB,≥0

by pro-coherent duality. It now follows from [BCNBCN, Proposition 4.20] that dAPerf
⪕ 0
B → QC∨

B

exhibits QC∨
B as the sifted colimit completion of dAPerf

⪕ 0
B relative to the set RB of colimit diagrams

in dAPerf
⪕ 0
B that are dual to the following diagrams in APerfB,≥0:

(a) Augmented cosimplicial diagrams M• : ∆+ → APerfB,≥0 such that M−1 ≃ Tot(M•) (com-
puted in ModB).

(b) Limits M∞ → · · · →M2 →M1 of towers in APerfB,≥0 that are almost eventually constant
(see Definition 3.53.5).

By Proposition 3.153.15, (QC∨
B)/TB/R[1] is the sifted colimit completion of (dAPerf

⪕ 0
B )/TB/R[1] relative

to (RB)/TB/R[1]. This implies that restriction along j determines an equivalence between:
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(1) the (monoidal) ∞-category of sifted colimit preserving endofunctors of (QC∨
B)/TB/R[1] that

preserve the full subcategory (dAPerf
⪕ 0
B )/TB/R[1].

(2) the (monoidal) ∞-category of endofunctors of (dAPerf
⪕ 0
B )/TB/R[1] that preserve all sifted

colimits of the form (a) and (b) above.
Using that (dAPerf

⪕ 0
B )/TB/R[1] ≃ Deraperf,opB/R,≥0 by pro-coherent duality (Lemma A.34A.34), the result then

follows from Lemma 3.63.6. □

3.2. Base change. We will now study the functoriality of the ∞-categories LieAlgdπ∆,B/R of
partition Lie algebroids with respect to the animated R-algebra B. We will do this by directly
construct the cartesian fibration classifying B 7−→ LieAlgdπ∆,B/R. This is somewhat technical, and
we refer to Proposition 3.253.25 for the final result.

We start by studying the functoriality of the ∞-category (QC∨
B)/TB/R[1] in the coherent animated

R-algebra B. To do this, we will organise these ∞-categories into a cartesian fibration over the
opposite of a certain subcategory of animated R-algebras.

Notation 3.16. Let CAlgan,coftR ↪→ CAlganR denote the subcategory whose objects are coherent
animated R-algebras and whose morphisms are maps A → B that are almost finitely presented.
More generally, for any functor M→ CAlganR or N→ CAlgan,opR , we denote

Mcoft = M×CAlgan
R

CAlgan,coftR Ncoft = N ×CAlgan,op
R

CAlgan,coft,opR .

Recall the ∞-category Der/R of derivations (A,M,α) = (A,α : LA/R[−1]→M) from Construc-
tion 2.262.26, and let Deraperf/R,≥0 ⊆ Der/R denote the full subcategories of derivations (A,M,α) where M

is a connective almost perfect A-module.

Lemma 3.17. The projection π : Deraperf,coft/R,≥0 → CAlgan,coftR is a cocartesian fibration.

Proof. Let f : A → B be a map of animated R-algebras. Recall from Remark 2.272.27 that a map
(A,M,α)→ (B,N, β) covering f is a cocartesian arrow in Der/R if the induced square of B-modules

f∗LA/R[−1] LB/R[−1]

f∗M N

f∗(α) β

is cocartesian. If f is almost finitely presented, then the cofibres of the horizontal maps are almost
perfect connective B-modules. Consequently, N will be an almost perfect B-module if M is an
almost perfect connective A-module. We conclude that Deraperf,coft/R,≥0 ↪→ Der/R is stable under taking

cocartesian lifts of maps in CAlgan,coftR , so that π is indeed a cocartesian fibration. □

Construction 3.18. Let Deraperf,coft,op/R,≥0 → CAlgan,coft,opR be the opposite of the cocartesian fibration

from Lemma 3.173.17. This classifies a functor CAlgan,coftR → Cat∞ sending A 7→ Deraperf,opA/R,≥0 and sending
each map f : A→ B to the functor

(4)
(
LA/R[−1]→M

) (
LB/R[−1]→ LB/R[−1]⊕f∗LA/R[−1] f

∗M
)
.

Write RA for the collection of colimit diagrams in Deraperf,opA/R,≥0 opposite to pullback squares of
derivations along π0-surjections, as well as limits of towers of derivations that are almost eventually
constant (cf. Definition 3.53.5).
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By Proposition 3.153.15 and Lemma A.42A.42, the fully faithful functor

(5) (−)∨ : Deraperf,opA/R,≥0

(
QC∨

A

)
/TA/R[1]

exhibits (QC∨
A)/TA/R[1] as the completion of Deraperf,opA/R,≥0 under colimits relative to the set of colimit

diagrams RA from the proof of Proposition 3.83.8 (see Definition 3.143.14).
Each base change functor Deraperf,opA/R,≥0 → Deraperf,opB/R,≥0 sends colimit diagrams in RA to colimit

diagrams in RB. The universal property of (QC∨
A)/TA/R[1] therefore implies that the maps (55)

assemble into a natural transformation between two diagrams of ∞-categories. Explicitly, this sends
f : A→ B to a commuting square

Deraperf,opA/R,≥0

(
QC∨

A

)
/TA/R[1]

Deraperf,opB/R,≥0

(
QC∨

A

)
/TB/R[1]

(−)∨

f♯

(−)∨

where the right vertical functor f ♯ is the unique colimit preserving extension of the left vertical
functor, given by

f ♯
(
F → TA/R[1]

)
= f∗F ×(f∗LA/R)∨[1] TA/R[1].

Note that this indeed preserves colimits and is dual to (44).

Definition 3.19. We will write QC∨
/T [1] → CAlgan,coft,opR for the cartesian fibration classified by

the functor A 7−→ (QC∨
A)/TA/R[1] from Construction 3.183.18, and

Deraperf,coft,op/R,≥0 QC∨
/T [1]

CAlgan,coft,opR

(−)∨

for the unstraightening of the natural transformation from Construction 3.183.18.

Our next goal will be to construct a version of the partition Lie algebroid monad in families. To
this end, recall from Definition 2.292.29 that taking cotangent fibres and square zero extensions defines
a relative adjunction

(6)
CAlgder,∆

1

R Der/R

CAlgderR

cot

ev1

sqz

We will write coLieπ∆ = cot ◦sqz for the composite comonad relative to the base CAlgderR . On the
fibre over each animated R-algebra B, this restricts to the comonad coLieπ∆,B/R from Notation 3.33.3.

Lemma 3.20. The adjoint pair (66) enjoys the following properties:
(1) Let f : (A′ → A) → (B′ → B) be a map of animated surjections such that A ⊗A′ B′ ≃ B

and LB/A ≃ 0. Then cot(A′ → A)→ cot(B′ → B) is a cocartesian arrow in Der/R.
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(2) Let (A,M,α) → (B,N, β) be a cocartesian arrow in Der/R such that A,M,B,N are all
connective and LB/A ≃ 0. Then the induced square of animated rings

A⊕α M B ⊕β N

A B

is cocartesian.

Proof. For property (1), note that the left commutative square of animated R-algebras gives rise to
the right square of B-modules:

A′ A

B′ B

f ′ f

f∗LA/R f∗LA/A′

LB/R LB/B′

Since left square is a pushout of derived rings, the right vertical map f∗LA/A′ → LB/B′ is an
equivalence. The left vertical map is an equivalence as well, since f : A → B was formally étale.
It follows that the right square is a pushout square of B-modules, which means precisely that
cot(A′ → A)→ cot(B′ → B) is a cocartesian arrow in Der/R by Remark 2.282.28.

Property (2) follows from deformation theory. Indeed, consider the cartesian square of animated
rings

A⊕α M A

A A⊕M [1].

q1

q2
q0

0

α

and note that we need to show that the natural map q∗2(B⊕βN)→ B is an equivalence of connective
A-modules. By [SAGSAG, Theorem 16.2.0.2], the above square induces an equivalence

(q∗1 , q
∗
2) : ModA⊕αM,≥0 ModA,≥0×ModA⊕M[1],≥0

ModA,≥0
∼

with inverse sending (E1, E2, 0
∗E1 ≃ α∗E2) to the fibre product q1∗(E1)×q0∗0∗(E1) q2∗(E2). Since

LB/A ≃ 0, the cocartesian morphism (A,M,α)→ (B,N, β) induces an equivalence N ≃ B ⊗A M
(Remark 2.282.28). Using this, one sees that the A⊕α M -module B ⊕β N corresponds under the above
equivalence to the triple (B,B, 0∗(B) ≃ α∗B), where the equivalence is induced by β. This implies
that q∗2(B ⊕β N)→ B is an equivalence. □

Lemma 3.21. The comonad coLieπ∆ restricts to a fibrewise comonad

Deraperf,coft/R,≥0 Deraperf,coft/R,≥0

CAlgan,coftR

coLieπ∆

π π

where π sends a tuple (A,M,α) to the underlying coherent animated R-algebra A. Furthermore, it
preserves π-cocartesian maps covering étale maps.
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Proof. The comonad restricts by Lemma 3.63.6 and preserves π-cocartesian morphisms covering étale
maps by Lemma 3.203.20. □

We then have the following families version of Proposition 3.83.8:

Proposition 3.22. There exists a unique extension

Deraperf,coft,op/R,≥0 Deraperf,coft,op/R,≥0

(
QC∨)

/T [1]

(
QC∨)

/T [1]

(coLieπ∆)op

(−)∨ (−)∨

Lieπ∆

to a monad Lieπ∆ relative to CAlgan,coft,opR , that is, a monad in Cat∞/CAlgan,coft,op
R

, that preserves
sifted colimits fibrewise.

Remark 3.23. The relative monad Lieπ∆ restricts to a monad (QC∨
B)/TB/R[1] → (QC∨

B)/TB/R[1] on
the fibre over a coherent animated R-algebra B. This monad preserves sifted colimits and extends
the monad (coLieπ∆,B/R)

op, so that it is naturally equivalent to the partition Lie algebroid monad
Lieπ∆,B/R of Proposition 3.83.8. Consequently, Proposition 3.223.22 shows that the partition Lie algebroid
monads Lieπ∆,B/R depend oplax naturally on the coherent animated R-algebra B.

As the proof of Proposition 3.223.22 is somewhat technical, we first describe the consequences of
Proposition 3.223.22 at the level of algebras.

Definition 3.24. We define the ∞-category LieAlgdπ∆,/R of partition Lie algebroids to be the
∞-category of algebras for the monad Lieπ∆ : QC∨

/T [1] → QC∨
/T [1].

Since Lieπ∆ covers the identity monad on CAlgan,coft,opR , we obtain a natural projection

LieAlgdπ∆,/R Algid
(
CAlgan,coft,opR

)
≃ CAlgan,coft,opR .

For each coherent animated R-algebra B, the fibre over B is equivalent to the∞-category of partition
Lie algebroids over B from Definition 3.93.9.

Proposition 3.25. The following assertions hold:
(1) The forgetful functor defines a map of cartesian fibrations preserving cartesian arrows

(7)

LieAlgdπ∆,/R QC∨
/T [1]

CAlgan,coft,opR .

forget

In particular, every almost finitely presented map f : A→ B of animated R-algebras induces
a commuting square

LieAlgdπ∆,A/R LieAlgdπ∆,B/R

QC∨(A)/TA/R[1] (QC∨
B)/TB/R[1]

f♯

forget forget

f♯

where the bottom functor is given by f ♯(g) = f∗(g)×(f∗LA/R)∨[1] TB/R[1].
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(2) If f : A → B is étale, then the square (77) is left adjointable, i.e. f ♯ intertwines the free
partition Lie algebroid functors. Consequently, f ♯ : LieAlgdπ∆,A/R → LieAlgdπ∆,B/R preserves
colimits and is given by g 7−→ f∗g on the underlying pro-coherent modules.

(3) The cartesian fibration LieAlgdπ∆,/R → CAlgan,coft,op is classified by a functor A 7−→
LieAlgdπ∆,A/R satisfying étale descent.

Remark 3.26. Note that for a general finitely presented map f : A→ B, the functor f ♯ preserves
sifted colimits, but it need not preserve limits and it typically does not preserve all colimits.

Proof. Assertion (1) is a formal property of categories of algebras over a fibrewise monad: if p : Y→ X

is a cartesian fibration and T ∈ End/X(Y) is a fibrewise monad on Y, then the forgetful functor
AlgT (Y) → Y is a map of cartesian fibrations over X that preserves cartesian edges. To see this,
let O be the operad for algebras and modules and consider the map of O-monoidal categories(
End/X(Y),Y

)
→

(
∗,X

)
. Taking algebras, we then obtain

AlgO
(
End/X(Y),Y

)
AlgE1

(
End/X(Y)

)
× Y

X.

It follows from [HAHA, Corollary 3.2.2.3] that this is a map of cartesian fibrations over X preserving
cartesian arrows. Taking the fibre over a fixed monad T ∈ AlgE1

(
End/X(Y)

)
, one obtains that

AlgT (Y)→ X is a cartesian fibration as well (with cartesian arrows detected in Y).
Assertion (2) follows from Lemma 3.63.6 and (3) follows from (2) and étale descent for A 7−→

QC∨(A). □

We now turn to the proof of Proposition 3.223.22. We will need the following technical category-
theoretic result about completing families of ∞-categories under colimits:

Definition 3.27. Let p : C→ B be a cartesian fibration over a small ∞-category and let K be a
class of small ∞-categories.

• Let us say that a colimit diagram K� → Cb in a fibre is conserved if it is preserved by the
base change functor f∗ : Cb → Cb′ for each b′ → b in B.
• We will say that p is K-complete if each fibre Eb is K-complete and if all of these colimits

are conserved.
• By a collection of conserved colimit diagrams we will mean a collection R = ∪b∈BRb, where

each Rb =
{
fα : K

�
α → Cb

}
is a set of conserved colimit diagrams in the fibre Cb and each

base change functor sends Rb to Rb′ .
• Given another cartesian fibration q : W→ B, write FunR/B(C,W) for the full subcategory of
Fun/B(C,W) on those functors F : C→W over B such that each map on fibres Fb : Cb →Wb

preserves the colimits in Rb. If R is the collection of all colimits indexed by diagrams from
K, we will simply write FunK/B(C,W).

Proposition 3.28. Let B be a small ∞-category and consider a fully faithful map of cartesian
fibrations, preserving cartesian arrows

C V

B.
p

j

p̂
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Let K be a collection of small ∞-categories and let R be a set of conserved colimit diagrams, indexed
by ∞-categories in K. Suppose that the following condition holds:

(1) p̂ : V→ B is K-complete.
(2) Each jb : Cb → Vb exhibits Vb as the K-completion of Cb relative to Rb.

Then for every K-complete cartesian fibration q : W→ B, restriction along j induces an equivalence
of ∞-categories

FunK/B(V,W) ≃ FunR/B(C,W).

Proof. We will need some details about the construction of the K-completion Vb of Cb relative to Rb

from the proof of [HTTHTT, Proposition 5.3.6.2]. Let PRb
(Cb) ⊆ P(Cb) be the ∞-category of presheaves

on Cb sending all colimits in Rb to limits and recall that we can identify Vb ⊆ PRb
(Cb) with the

smallest subcategory that contains the representable presheaves and is closed under K-indexed
colimits. Let Lb : P(Cb) → PRb

(Cb) be the left adjoint to the inclusion and let Eb ⊆ P(Cb) be the
inverse image L−1

b (Vb); note that Eb is closed under K-indexed colimits in P(Cb). The functor
jb : Cb → Vb then factors as

jb : Cb Eb Vb
hb Lb

where the first functor is the Yoneda embedding and the second is a localisation (at the Lb-
local equivalences). All of this depends functorially on the pair (Cb,Rb). Consequently, under
unstraightening it gives rise to a diagram of cartesian fibrations and maps preserving cartesian
arrows

C E V

B
p

h L

p̂

where E and V are both K-complete. By [Hin16Hin16], the map L is a localisation, inverting the Lb-local
equivalences in each fibre Eb. Since each localisation Lb preserves K-indexed colimits and admits a
fully faithful right adjoint, it follows that restriction along L defines a fully faithful embedding

FunK/B(V,W) FunK/B(E,W).

Write Fun′K/B(E,W) for the essential image; it consists of those functors F : E→W over B such that
each Fb : EB →Wb preserves K-indexed colimits and sends the Lb-local equivalences to equivalences
in Wb. We now claim that the following two assertions hold:

(a) Let F ∈ Fun/B(E,W) such that its restriction F
∣∣C is contained in FunR/B(C,W). Then

F ∈ Fun′K/B(E,W) is the q-left Kan extension of F
∣∣C along h if and only if F sends L-local

equivalences and preserves K-indexed colimits fibrewise.
(b) If F0 ∈ FunR/B(C,W), then there exists a q-left Kan extension F ∈ FunK/B(E,W) of F0

along h.
Given (a) and (b), the result follows: restriction along the localisation L yields an equivalence
FunK/B(V,W) ≃ Fun′K/B(E,W) and restriction along h yields an equivalence Fun′K/B(E,W) ≃
FunR/B(C,W) with inverse given by q-left Kan extension.

It remains to verify claims (a) and (b). In the case where B = ∗, these assertions are proven in
the proof of [HTTHTT, Proposition 5.3.6.2]; we will reduce to this case by a cofinality argument. To this
end, let us fix a presheaf X ∈ Eb ⊆ P(Cb) in the fibre over b ∈ B. Then the functor

(8) (Cb)/X := Cb ×Eb
(Eb)/X C×E E/X =: C/X
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is cofinal. To see this, we have to show that for each g : c→ X in C/X covering a map f : b′ → b, the
∞-category

(
(Cb)/X

)
g/

is contractible. Unravelling the definitions, the left fibration
(
(Cb)/X

)
g/
→

(Cb)/X classifies the functor

(Cb)/X S; (c′ → X) MapEb′
(c, f∗c′)×MapE

b′
(c,f∗X) {g}.

The colimit of this diagram is contractible: indeed, f∗ : Eb → Eb′ and MapEb′
(c,−) : Eb′ → S

both preserve colimits (recall that E′
b ⊆ P(C′

b) and that f∗ is the colimit-preserving extension of
f∗ : Cb → C′

b by definition).
Using [HTTHTT, Corollary 4.3.1.16] and the fact that (88) is cofinal, we find that:
(a’) F ∈ Fun/B(E,W) is the q-left Kan of its restriction to C if and only if each Fb : Eb →Wb is

the left Kan extension of its restriction to Cb.
(b’) F0 ∈ Fun/B(C,W) admits a q-left Kan extension along h if and only if each F0b : Cb →Wb

admits a left Kan extension along hb.
Using this, it suffices to verify assertions (a) and (b) fibrewise, where they hold by the proof of
[HTTHTT, Proposition 5.3.6.2]. □

Proof of Proposition 3.223.22. This follows the same strategy as the proof of Proposition 3.83.8. By
Proposition 3.283.28 and the proof of Proposition 3.83.8 (applied fibrewise), restriction defines an equivalence
of monoidal ∞-categories between:

(1) endofunctors of QC∨
/T [1] relative to CAlgan,coft,opR that preserve sifted colimits fibrewise and

that preserve the full subcategory Deraperf,coft,op/R,≥0 .

(2) endofunctors of Deraperf,coft,op/R,≥0 relative to CAlgan,coft,opR that preserve the sifted colimit
diagrams (a) and (b) from the proof of Proposition 3.83.8 fibrewise.

The result now follows from the fact that the monad (coLieπ∆)op defines an algebra in the∞-category
(2), by Lemma 3.63.6. □

3.3. Partition Lie algebroids on schemes. We will now deduce Theorem 3.13.1 from Proposi-
tion 3.253.25 by a descent argument. To establish unicity of the partition Lie algebroid monad Lieπ∆,X/R,
we will need the following observation:

Lemma 3.29. Let X be a locally coherent qcqs scheme, T ∈ QC∨
X and write CT ⊆ (QC∨

X)/T for
the full subcategory of M → T where M is dually almost perfect of non-positive tor-amplitude. If D
be an ∞-category with sifted colimits and F : (QC∨

X)/T → D preserves sifted colimits, then F is left
Kan extended from its restriction to CT ⊆ (QC∨

X)/T .

Proof. The proof of Lemma A.42A.42 shows that the ∞-category QC∨
X ≃ Ind(CohopX ) is equivalent to

the ∞-category of functors
(
APerfX,≥0

)op → S that are reduced excisive and preserve limits of
almost eventually constant towers (cf. Definition 3.53.5). Under this equivalence, the dually almost
perfect objects of non-positive tor-amplitude simply correspond to the corepresentable functors.
Consequently, for every M ∈ QC∨

X the canonical map colimN∈CM
N →M is an equivalence.

Now let M ∈ (QC∨
X)/T and notice that there is an equivalence (CT )/M ≃ CM . To see that F is

left Kan extended from CT , we need to show that

colimN∈(CT )/M F (N) F
(
colimN∈(CT )/M N

)
F (M)
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are both equivalences. Now note that (CT )/M ≃ CM , so that the last map is an equivalence. Since
CM is sifted (it has finite coproducts) and F preserves sifted colimits, the first map is an equivalence
as well. □

Proof of Theorem 3.13.1. It follows directly from Lemma 3.293.29 that space of sifted colimit preserving
extensions is either empty or contractible. It therefore remains to prove the existence of the monad
Lieπ∆,X/R. Writing U for the poset of affine opens of X, Proposition 3.253.25 provides a natural diagram

Uop FunRAd(∆1,Cat); U
(
(QC∨

U )TU/R[1]
free−−→ LieAlgdπ∆,O(U)/R)

)
to the ∞-category of left adjoints and right adjointable squares between them [HAHA, Definition
4.7.4.16]. The limit of this diagram then yields an adjoint pair [HAHA, Proposition 4.7.4.19]

Lieπ∆ : lim
U∈Uop

(QC∨
U )/TU/R[1] lim

U∈Uop
LieAlgdπ∆,O(U)/R : forget

where the left (right) adjoint is given by the limit of the diagram of free (forgetful) functor for all
affine open subspaces. Consequently, both adjoints preserve sifted colimits. Since pro-coherent
sheaves satisfy descent (Corollary A.39A.39), one obtains a sifted colimit-preserving monad

Lieπ∆,X/R : (QC∨
X)/TX/R[1] (QC∨

X)/TX/R[1].

By construction, the restriction of this monad to the full subcategory Deraperf,opX/R,≥0 is the limit of the
monads (

cot ◦triv(−∨)
)∨

: Deraperf,opO(U)/R,≥0 Deraperf,opO(U)/R,≥0

for all affine opens U ⊆ X. By descent for almost perfect complexes, this monad naturally equivalent
to

(
cot ◦triv(−∨)

)∨, as desired. □

Remark 3.30. The proof of Theorem 3.13.1 shows that the ∞-category LieAlgdπ∆,X/R from Defini-
tion 3.23.2 coincides with the definition as the limit of the categories LieAlgdπ∆,U/R from Definition 3.93.9
for all affine open subschemes.
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4. Infinitesimal deformations of families

In this section, we will show that the ∞-category of partition Lie algebroids over a coherent
animated R-algebra B is equivalent to the ∞-category of deformation functors, or formal moduli
problems in the terminology of Lurie [SAGSAG, Chapter 12], defined on a certain∞-category of Artinian
extensions of B. In Section 4.44.4, we will use this to show that every partition Lie algebroid over B
has an underlying R-linear partition Lie algebra.

4.1. Artinian extensions. We begin by introducing the following variant of Artin local rings
relative to B:

Definition 4.1 (Artinian extensions). Let B be a coherent animated R-algebra. We will say that
a map of animated R-algebras A → B is an Artinian extension if it satisfies the following three
conditions:

(1) A→ B is a nilpotent extension, that is, π0(A)→ π0(B) is surjective with nilpotent kernel.
(2) A→ B is almost of finite presentation.
(3) the fibre of A→ B is eventually coconnective.

A map of animated R-algebras A → B is said to be an almost Artinian extension if it satisfies
conditions (1) and (2). We will write ArtR/B ⊆ AArtR/B ⊆ CAlganR/B for the full subcategory on
the Artinian extensions of B.

Remark 4.2. Let A be a discrete commutative ring and let I ⊆ A be a finitely presented nilpotent
ideal such that A/I is a coherent ring. Let us recall the following facts:

(1) A is coherent [Gla89Gla89, Theorem 4.1.1].
(2) For every k ≥ 0, the ideal Ik is finitely generated, and hence finitely presented over A.
(3) If M is a finitely presented A-module, then IkM/Ik+1M is a finitely presented A-module

and hence a finitely presented A/I-module [Gla89Gla89, Theorem 2.1.8, Theorem 2.2.1].

Proposition 4.3. Let A′ → A be a map in CAlganR/B with A ∈ ArtR/B. Then the following
assertions are equivalent:

(1) A′ ∈ ArtR/B and A′ → A is a nilpotent extension.
(2) There exists a finite chain of maps A′ = An → An−1 → · · · → A0 = A in CAlganR/B where

each Ai → Ai−1 is a square zero extension by a connective coherent B-module, viewed as an
Ai−1-module via the canonical map Ai−1 → B.

Proof. If A′ → A satisfies condition (2), it is clearly a nilpotent extension. We will prove by
induction on i that the map Ai → B exhibits B as an almost perfect Ai-module. This is evident
for i = 0. Assume that B ∈ APerfAi−1

, so that every almost perfect B-module is almost perfect
as an Ai−1-module. It follows that Ai → Ai−1 is a square zero extension by an almost perfect
Ai−1-module. Lemma 2.202.20 now implies that every almost perfect Ai−1-module is almost perfect as
an Ai-module, so that B ∈ APerfAi

as well. Proposition 2.142.14 now implies that Ai → B is almost
finitely presented. Since Ai → B is clearly a nilpotent extension with eventually coconnective fibre,
we conclude that Ai → B is an Artinian extension, so that (1) follows.

For the converse, we first suppose that A′ → A is a nilpotent extension with A′ ∈ ArtR/B such
that A ∈ APerfA′ . Write

I = ker(π0(A
′)→ π0(B)) and J = ker(π0(A

′)→ π0(A)).

Both I and J are finitely presented nilpotent ideals, since A′ → A and A′ → B are almost finitely
presented. In particular, π0(A

′) is a coherent ring by Remark 4.24.2, and likewise for π0(A).
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We now fix m ≥ 0 such that Im = 0 and t ≥ 1 such that cofib(A′ → A) is t-coconnective; such
t exists since A′ → B and A → B both have eventually coconnective fibres. We will construct a
sequence of animated A′-algebras A′ = A(t+1) → · · · → A(3) → A(2) → A(1) → A(0) = A with the
following properties:

(a) For each i, cofib(A→ A(i)) is a i-connective and t-coconnective almost perfect A′-module.
(b) Each A(i+1) → A(i) decomposes into m square zero extensions, each by the i-fold suspension

of a finitely presented discrete π0(B)-module.
Since finitely presented discrete π0(B)-modules are coherent as B-modules (Definition A.41A.41), this
provides the desired decomposition.

To begin, we define A(1) = π0(A
′)×π0(A) A and note that A(1) → A(0) = A is the base change of

the sequence of square zero extensions

π0(A
′) π0(A

′)/Im−1J . . . π0(A
′)/IJ π0(A

′)/J = π0(A)

by the finitely presented discrete π0(B)-modules IkJ/Ik+1J (by Remark 4.24.2). Note that π0(A
′) ∼=

π0(A(1)) and that cofib(A′ → A(1)) is 1-connective and t-coconnective, as desired.
For i ≥ 1, suppose that we have constructed A(i) and let C = cofib(A′ → A(i)) ∈ APerfA′ .

Since C is i-connective and π0(A
′) ∼= π0(A(i)), LA(i)/A′ is i-connective and πi(LA(i)/A′) ∼= πi(C)

is a finitely presented π0(A
′)-module. We define A(i+1) to be the square zero extension of A(i)

classified by the map LA(i)/A′ → πi(C)[i]. Then cofib(A′ → A(i+1)) ≃ τ≥i+1C is (i+ 1)-connective
and t-coconnective. The finitely presented π0(A

′)-module πi(C) fits into a sequence of extensions

πi(C) πi(C)/Im−1 . . . πi(C)/I2 πi(C)⊗π0(A′) π0(B)

by finitely presented discrete π0(B)-modules. This implies that A(i+1) → A(i) has property (b).
It now remains to verify by induction that A(i+1) is indeed an almost perfect A′-module for all

i ≥ −1. For i = −1, this holds by hypothesis and for i ≥ 0 we constructed A(i+1) as an iterated
extension of A(i) by coherent B-modules, all of which are in APerfA by inductive hypothesis.

Finally, let us show that if A′ → A is a map in ArtR/B, then A ∈ APerfA′ . To this end, note
that A → B exhibits B as an almost perfect A-module because A → B is an Artinian extension.
The previous part of the proof therefore shows that A is an iterated square zero extension of B
by coherent B-modules. Because A′ ∈ ArtR/B , these are all almost perfect as A′-modules, so that
A ∈ APerfA′ as well. □

Corollary 4.4. The subcategory ArtR/B ⊂ CAlganR/B is the smallest full subcategory satisfying the
following two conditions:

(1) It contains the terminal object B → B.
(2) Given M ∈ CohB,≥0 and a pullback square exhibiting Aη as the square zero extension of A

by M

(9)

Aη B

A B ⊕M [1]
η

we have that Aη ∈ ArtR/B as soon as A ∈ ArtR/B.
Furthermore, for each diagram A1 → A0 ← A2 in ArtR/B where one arrow is a nilpotent extension,
the pullback is again contained in ArtR/B.
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Proof. The first assertion follows from Proposition 4.34.3 applied to A = B: this shows that A′ → B is
an Artinian extension if and only if it decomposes into a finite sequence of square zero extensions by
connective coherent B-modules. The second assertion follows from Proposition 4.34.3 by decomposing
the nilpotent extension into square zero extensions by coherent B-modules and using the first
assertion.

□

Corollary 4.5. Let B be a coherent animated ring and let A→ B be an Artinian extension. Then
A is coherent as well.

Proof. By Proposition 4.34.3, it suffices to treat the case where A is a square zero extension of B by
a coherent B-module. In this case, Lemma 2.202.20 implies that the truncation of an almost perfect
A-module remains almost perfect. □

Corollary 4.6. Let B be a coherent animated ring and let A→ A′ be a map of Artinian extensions
of B. Then A′ is almost finitely presented as an animated A-algebra.

Proof. By Proposition A.19A.19, it suffices to verify that A′ is an almost perfect A-module. Since A′

arises from B by square zero extensions by coherent B-modules, it suffices to verify that B is almost
perfect as an A-module, which holds by assumption (and Proposition A.19A.19). □

The ∞-category of almost Artinian extensions AArtR/B is essentially obtained from the ∞-
category of Artinian extensions by adding limits of relative Postnikov towers.

Lemma 4.7. Let CAlgan,surR/B ⊆ CAlganR/B denote the full subcategory of animated surjections A→ B.
For each (A → B) ∈ CAlgan,surR/B , there exists an initial map (A → B) → (τ≤n(A/B) → B) to an
animated surjection with n-coconnective fibre.

We will refer to τ≤n(A/B) as the fibrewise n-truncation of A over B.

Proof. Consider the full subcategory C ⊂ Fun(∆1,CAlganR ) spanned by the animated surjections,
and recall that C has compact projective generators of the form R[x1, . . . , xn+m]→ R[x1, . . . , xn].
Using this, one sees that an object (A→ B) of C is n-truncated if and only if A and fib(A→ B)
are n-truncated (which implies that B is (n+ 1)-truncated). Furthermore, each animated surjection
(A→ B) admits an n-truncation τ≤n(A→ B) whose domain and fibre are τ≤nA and τ≤n fib(A→ B);
write τ ′≤nB for the codomain, which need not be the n-truncation of B. Given an animated surjection
A→ B, we then define

τ≤n(A/B) = τ≤nA×τ ′
≤n

B B.

This determines a functor τ≤n : CAlgan,surR/B → CAlgan,surR/B equipped with a natural transformation
id → τ≤n. By construction, the map fib(A → B) → fib(τ≤n(A/B) → B) exhibits its target as
the n-truncation of the domain. In particular, this implies that τ≤n is a localisation and that the
τ≤n-local objects are the animated surjections with n-coconnective fibre. □

Lemma 4.8. Let A→ B be an animated surjection. Then the following are equivalent:
(1) A→ B is an almost Artinian extension.
(2) For each n ≥ 0, the fibrewise n-truncation τ≤n(A/B)→ B is an Artinian extension.

Consequently, AArtB/R ⊆ CAlganR/B is closed under
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Proof. Note that πi(A) ∼= πi(τ≤n(A/B)) for all i ≤ n. Assuming (2), it therefore follows that A→ B
is a nilpotent extension and that A is a coherent animated ring. Since each πi(B) is a finitely
presented discrete module over π0(A) ∼= π0(τ≤0(A/B)), we conclude that B is an almost perfect
A-module, so that A→ B is almost finitely presented.

Assuming (1), the argument from Proposition 4.34.3 shows that there exists a tower · · · → An →
An−1 → · · · → B of Artinian extensions such that fib(A→ An) becomes increasingly connective. In
particular, choosing n large enough we see that π0(A) ∼= π0(An) is a coherent ring and that each
πi(A) ∼= πi(An) is a finitely presented π0(A)-module. It follows that A is coherent, so that each
truncation τ≤n fib(A → B) is an almost perfect A-module. Using this and Proposition 2.142.14, one
sees that each A→ τ≤n(A/B) is almost finitely presented. It follows that τ≤n(A/B)→ B is almost
finitely presented, and it is clearly a nilpotent extension with n-coconnective fibre. □

Definition 4.9. Let ArtR ↪→ AArtR ↪→ Fun(∆1,CAlganR ) denote the subcategories whose:
(1) objects are (almost) Artinian extensions A→ B where B is coherent.
(2) morphisms (f̃, f) : (A→ B)→ (A′ → B′) are commuting squares in which f is étale.

A A′

B B′

f̃

f

Proposition 4.10. Let CAlgan,coh,etR ↪→ CAlganR denote the subcategory of coherent animated
R-algebras and étale maps between them. Then the codomain projections define cocartesian fibrations

ArtR CAlgan,coh,etR AArtR CAlgan,coh,etR .

Furthermore, for each étale map f : B → B′, the induced functor f∗ : AArtR/B → AArtR/B′

preserves pullbacks along nilpotent extensions, as well as limits of fibrewise Postnikov towers.

Proof. A commuting square as in Definition 4.94.9 defines a locally cocartesian arrow in AArtR if
A→ A′ is étale. Indeed, any map of Artinian extensions (A→ B)→ (A′′ → B′) covering the map
B → B′ factors uniquely over (A′ → B′) because the étale map A → A′ has the unique lifting
property against the nilpotent extension A′′ → B′. It is clear that these types of locally cocartesian
arrows are stable under composition.

It therefore remains to verify that for every Artinian extension (A → B) and every étale map
f : B → B′, there exists a lift (f̃, f) : (A→ B)→ (A′ → B′) such that f̃ : A→ A′ is étale. For every
animated ring B, the functor B′ 7→ π0(B)⊗B B′ defines an equivalence between the categories of
étale B-algebras and étale π0(B)-algebras. In turn, the functor B′′ 7→ B′′⊗π0(B) π0(B)/I determines
an equivalence between the (ordinary) categories of étale π0(B)-algebras and π0(B)/I-algebras
whenever I is a nilpotent ideal [Sta19Sta19, Tag 039R]. Using this, one sees that there is a unique lift of
f to an étale map f̃ : A→ A′.

To see that the resulting map A′ → B′ is (almost) Artinian, note that it is almost of finite
presentation since both A′ and B′ are almost of finite presentation over A. Furthermore, ker(π0(A

′)→
π0(B

′)) ∼= π0(A
′) ⊗π0(A) ker(π0(A) → π0(A

′)) is the base change of a nilpotent ideal along a flat
map, and hence a nilpotent ideal itself. Likewise, fib(A′ → B′) ≃ A′ ⊗A fib(A→ B) is eventually
coconnective if fib(A→ B) is eventually coconnective, as A→ A′ is flat.

Finally, consider the change of fibre functor f∗ : AArtB/R → AArtB′/R. For any map A1 → A2

of (almost) Artinian extensions of B, we have that Ai → f∗(Ai) is the unique étale map covering
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f . This implies that f∗(A2) ≃ f∗(A1) ⊗A1 A2. Using this, one readily verifies that f∗ preserves
pullbacks along nilpotent extensions. Furthermore, the fact that A → f∗(A) is flat implies that
f∗(A)⊗A τ≤n(A/B) ≃ τ≤n(f

∗(A)/B′), so that f∗ preserves limits of fibrewise Postnikov towers as
well. □

4.2. Formal moduli problems. We recall the notion of a formal moduli problem [SAGSAG, Chapter 12]:

Definition 4.11. A functor X : ArtR/B → S is a formal moduli problem if it satisfies the following
two conditions:

(1) X(B) ≃ ∗.
(2) For any pullback square in ArtR/B of the form

A A0

A1 A01

where A0 → A01 is a nilpotent extension, X(A)→ X(A0)×X(A01) X(A1) is an equivalence.
We will write ModuliB/R for the ∞-category of formal moduli problems.

Remark 4.12. Using Proposition 4.34.3, one sees that X : ArtR/B → S is a formal moduli problem if
and only if X(B) ≃ ∗ and X preserves each pullback square (99) describing a square zero extension
of A ∈ ArtR/B by a coherent connective B-module.

Example 4.13. Let B′ → B be a map of derived R-algebras. We will write Spf(B′) for the
corresponding corepresentable formal moduli problem

Spf(B′) : ArtR/B S; A MapCAlgder
R/B

(B′, A).

This defines the right adjoint in an adjoint pair

O : ModuliB/R CAlgder,opR/B :Spf

where O(X) can be viewed as the global sections of the formal moduli problem X.

Lemma 4.14. Restriction along i : ArtR/B ↪→ AArtR/B defines an equivalence between ModuliB/R

and the ∞-category of functors X : AArtR/B → S satisfying the following conditions:
(1) X(B) ≃ ∗.
(2) X preserves pullbacks along nilpotent extensions in AArtR/B.
(3) X preserves limits of fibrewise Postnikov towers.

Proof. Lemma 4.84.8 implies that for any functor Y : ArtR/B → S, its right Kan extension along i is
given by i∗Y (A) = limn Y (τ≤n(A/B)). The result follows readily from this. □

Recall that every formal moduli problem has a tangent complex:

Construction 4.15. Let DercohB/R,≥0 denote the∞-category of derivations α : LB/R[−1]→M where
M is a connective coherent B-module.

Given a formal moduli problem X : ArtR/B → S, write

TB/X [1] : DercohB/R,≥0 S; (M,α) X(B ⊕α M)
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for the restriction of X to the square zero extensions of B. Because X is a formal moduli problem,
this functor preserves pullbacks of π0-surjections. Consequently, Proposition 3.153.15 and Lemma A.42A.42
(or Example 4.254.25 below) imply that TB/X [1] is classified by an object of QC∨

B/TB/R[1] that we will
refer to as the tangent fibre of the formal moduli problem X, and denote by TB/X [1] as well.

Example 4.16. Let B′ → B be a map of derived R-algebras and let Spf(B′) be the associated
corepresentable formal moduli problem (Example 4.134.13). The tangent fibre of Spf(B′) is then given
by the functor DercohB/R,≥0 → S corepresented by the cotangent complex LB/R[−1] → LB/B′ [−1].
Consequently, TB/Spf(B′) ≃ L∨

B/B′ [1] is the pro-coherent dual of the cotangent fibre.

Finally, we record the functoriality of the ∞-category ModuliB/R with respect to étale maps:

Construction 4.17. Write A → B for the cocartesian fibration ArtR → CAlgan,coh,etR from
Proposition 4.104.10 and consider the relative functor ∞-category Fun/B(A, S) → B. Recall that
this is the ∞-category over B defined by the universal property that functors D → Fun/B(A, S)
are naturally equivalent to pairs consisting of a functor D → B and a functor A ×B D → S.
Then projection Fun/B(A, S)→ B is a cartesian and cocartesian fibration, classifying the functor
sending B 7→ Fun(ArtR/B , S) and a map f : B → B′ to restriction and left Kan extension along
ArtR/B → ArtR/B′ [GHN17GHN17, Proposition 7.3]. We write

Moduli/R ⊆ Fun/B(A, S)

for the full subcategory spanned by the tuples (B,X : ArtR/B → S) where X is a formal moduli
problem. Since each ArtR/B → ArtR/B′ preserves pullbacks along nilpotent extensions, the projection
Moduli/R → CAlgan,coh,etR is a cartesian and cocartesian fibration.

4.3. Deformation theory. Let B be a coherent animated R-algebra. Our goal will be to show that
taking the tangent complex of a formal moduli problem (Construction 4.154.15) refines to an equivalence

TB/−[1] : ModuliB/R LieAlgdπ∆,B/R.
∼

In fact, we will construct a version of this equivalence that is functorial in B with respect to étale
maps. To this end, we introduce the following notation:

Notation 4.18. Consider the functor CAlgan,coh,etR → Cat∞ sending B 7→ LieAlgdπ∆,B/R and
sending each étale map f : B → B′ to f∗ : LieAlgdπ∆,B/R → LieAlgdπ∆,B′/R. This classifies a
cartesian fibration and a cocartesian fibration that we will denote by

p : LieAlgdπ,et∆/R CAlgan,coh,et,opR p∨ : LieAlgd∆/R
π CAlgan,coh,etR .

More precisely, p is the restriction of the cartesian fibration from Proposition 3.253.25 to the subcategory
of étale maps, and we define p∨ to be the cocartesian fibration classified by the same diagram of
∞-categories. Part (2) of Proposition 3.253.25 implies that p∨ is a cartesian fibration as well.

Theorem 4.19. There is an equivalence of ∞-categories

LieAlgd
∆/R
π,et Moduli/R

CAlgan,coh,etR .

∼
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Furthermore, the induced equivalence between fibres over a coherent animated R-algebra B fits into
a commuting diagram

LieAlgdπ∆,B/R ModuliB/R

QC∨
B/TB/R[1] Fun

(
DercohB/R,≥0, S

)
.

∼

forget TB/−[1]

We will first construct the functor LieAlgd
∆/R
π,et → Moduli/R and then use the language of

deformation theories from [SAGSAG, Chapter 12] to prove that it is an equivalence.

Construction 4.20. If an animated surjection A→ B is an (almost) Artinian extension, then it is
in particular complete almost finitely augmented (Definition 2.152.15). Using Corollary 3.133.13, we thus
obtain a composite functor

D : ArtR CoalgcoLieπ∆(Deraperf/R,≥0) (LieAlgdπ∆,/R)
op.cot (−)∨

sending each Artinian extension A → B to the partition Lie algebroid D(A) = cot(A)∨ over B.
Since the maps in ArtR all cover étale maps B → B′, this assembles into a functor

ArtR (LieAlgdπ,et∆/R)
op

CAlgan,coh,etR .

D

The functor D preserves cocartesian arrows: indeed, for any cocartesian arrow (A→ B)→ (A′ → B′)
in ArtR covering an étale map f : B → B′, we have that B′ ≃ A′ ⊗A B so that D(A′) ≃ f∗D(A).
The functor D induces a fully faithful functor on fibres by Corollary 3.133.13 and is hence fully faithful
itself, since it preserves cocartesian arrows.

Proposition 4.21. Let B be a coherent animated ring and let A→ B ⊕M [1] be a map in ArtR/B

classifying a square zero extension Aη → A by a coherent connective B-module. Then induced map
of partition Lie algebroids over B

(10) D(A)⨿D(B⊕M [1]) D(B) D(Aη)

is an equivalence.

Lemma 4.22. Let B be a coherent animated ring and let F ⋆M ∈ FilModB be an almost perfect
filtered B-module. Then the diagram of pro-coherent duals

(F 0M/F 1M)∨ (F 0M/F 2M)∨ . . . (F 0M)∨

is a colimit diagram in QC∨
B.

Proof. Recall that the pro-coherent dual of a B-module M can be described by the left exact functor
CohB → S corepresented by M . It therefore suffices to verify that for any coherent B-module N , the
map colimMapB(F

0M/FnM,N)→ MapB(F
0M,N) is an equivalence of spaces. Suppose that N

is k-coconnective. Because F ⋆M is almost perfect, there exists an m such that FnM is k-connective
for all n ≥ m. It follows that MapB(F

0M/FnM,N) → MapB(F
0M,N) is an equivalence for all

n ≥ m. □
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Proof of Proposition 4.214.21. Let us say that an object A ∈ CAlgder,∧,aft
R/B is adequate if for every

N ∈ APerfB,≥0, the natural map

D(A) ⊔D(B ⊕N) D(A⊕N)

is an equivalence, where B⊕N and A⊕N = A×B (B⊕N) denote the trivial square zero extensions
by N . To prove the proposition, it will suffice to verify the following assertions:

(1) Every square zero extension B ⊕α M of B by M ∈ APerfB,≥0 is adequate.
(2) Suppose that A is adequate and consider a pullback square (99) classifying a square zero

extension Aη → A by M ∈ APerfB,≥0. Then the following hold:
(2a) the map (1010) is an equivalence.
(2b) Aη is adequate.

Indeed, Corollary 4.44.4 then shows by induction that every A ∈ ArtR/B is adequate, so that D sends
every pullback square (99) to a pushout of partition Lie algebroids.

Recall that for any square zero extension B ⊕α M classified by α : LB/R[−1]→M , the partition
Lie algebroid D(B ⊕α M) is the free partition Lie algebroid on α∨ : M∨ → TB/R[1]. Consequently,
D((B ⊕α M)⊕N) is the free partition Lie algebroid on (α∨, 0) : M∨ ⊕N → TB/R[1]. Assertion (1)
then follows from the fact that taking free Lie algebroids is a left adjoint.

We will simultaneously verify assertions (2a) and (2b). To this end, suppose that A is adequate and
let Aη → A be a square zero extension of A classified by α : A→ B⊕M [1]. Let A→ A• → B⊕M [1]
be the cosimplicial resolution provided by Corollary 2.302.30. Given N ∈ APerfB,≥0, we then obtain a
diagram of complete almost finitely augmented algebras over B

(11)

Aη ⊕N A•
η ⊕N B ⊕N

A A• B ⊕M [1].

(id,0)

where the top row is obtained from the bottom row by base change. This gives rise to a diagram of
partition Lie algebroids of the form

(12)

∣∣D(A•)⨿D(B⊕M [1]) D(B ⊕N)
∣∣ D(A)⨿D(B⊕M [1]) D(B ⊕N)

∣∣D(A•
η ⊕N)

∣∣ D(Aη ⊕N).

It suffices to verify that the right vertical map is an equivalence: if this is the case, then taking
N = 0 yields assertion (2a) and assertion (2b) then follows from the equivalences(

D(A)⨿D(B⊕M [1]) D(B)
)
⨿D(B ⊕N) D(A)⨿D(B⊕M [1]) D(B ⊕N)

D(Aη)⨿D(B ⊕N) D(Aη ⊕N).

∼

∼ ∼

To see that the right vertical map in (1212) is an equivalence, we will show that each of the other
three maps is an equivalence.

Top horizontal map. To see that the top horizontal map in (1212) is an equivalence, it suffices to
show that the map |D(A•)| → D(A) is an equivalence. Since geometric realisations of partition
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Lie algebroids are computed in (QC∨
B)/TB/R[1], it suffices to verify this at the level of pro-coherent

modules. Now recall that the cosimplicial resolution A→ A• from Corollary 2.302.30 has the property
that the augmented cosimplicial diagram cot(A) → cot(A•) in DeraperfB/R,≥0 is split. Taking pro-
coherent duals, one obtains that the augmented simplicial diagram D(A•) → D(A) is split in
(QC∨

B)/TB/R[1], so that |D(A•)| ≃ D(A).

Left vertical map. It suffices to verify that each square of partition Lie algebroids

D(B ⊕M [1]) D(B ⊕N)

D(Ai) D(Ai
η ⊕N)

is a pushout. The cosimplicial resolution A• from Corollary 2.302.30 has the property that Ai ≃ B⊕αK
is a square zero extension of B and that the map Ai ≃ B ⊕α K → B ⊕M [1] arises from a map
e : K → M [1] in DeraperfB/R,≥0. It follows that the above square is the image of a pushout square in
(QC∨

B)/TB/K [1] under the free partition Lie algebroid functor, and hence a pushout square itself.

Bottom horizontal map. It suffices to check that the augmented simplicial diagram D(A•
η ⊕N)→

D(Aη ⊕N) is a colimit diagram in QC∨
B . Recall that this is the pro-coherent dual of the augmented

cosimplicial diagram of B-modules cot(Aη ⊕N)→ cot(A•
η ⊕N). We will refine this to a diagram of

filtered B-modules as follows. The diagram (1111) of derived R-algebras over B lifts to a diagram
of filtered R-algebras over B: we endow B ⊕N , A and A• with the filtration where F i = 0 for all
i ≥ 1, and B ⊕M [1] with the filtration

F 1(B ⊕M [1]) = M [1] F i(B ⊕M [1]) = 0 for i ≥ 2.

Taking fibre products, we then obtain (finite) filtrations on Aη ⊕N and A•
η ⊕N .

The maps of animated filtered algebras F ⋆(Aη ⊕N)→ B and F ⋆(Ai
η ⊕N)→ B are almost of

finite presentation. Indeed, each Ai → B (concentrated in weight 0) is almost of finite presentation
and Ai

η ⊕ N → Ai is a square zero extension by an almost perfect filtered Ai-module, and thus
almost of finite presentation by Lemma 2.202.20. By Proposition 2.142.14, we therefore obtain an augmented
cosimplicial diagram of almost perfect filtered B-modules

cot(F ⋆(Aη ⊕N)) cot(F ⋆(A•
η ⊕N)).

At the level of F 0, this is given by cot(Aη ⊕N)→ cot(A•
η ⊕N) and at the level of the associated

graded, it is given by

cot(A⊕M(1)⊕N) cot(A• ⊕M(1)⊕N).

Here A⊕M(1)⊕N denotes the derived graded R-algebra given by the trivial square zero extension
of A by N (in weight 0) and M (in weight 1).

Using Lemma 4.224.22, we therefore obtain a certain augmented simplicial diagram of pro-coherent
B-modules equipped with an increasing filtration

(13) F⋆D(A•
η ⊕N) F⋆D(Aη ⊕N)

At the level of the underlying objects (i.e. taking the colimit as ⋆→∞), this yields the augmented
simplicial diagram D(A•

η ⊕N)→ D(Aη ⊕N). To see that this is a colimit diagram, it now suffices
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to show that (1313) is a colimit diagram at the level of the associated graded. The associated graded
of (1313) is equivalent to the augmented simplicial diagram (with a certain weight grading that will
not play a role)

D(A• ⊕M ⊕N)→ D(A⊕M ⊕N).

Since A and all Ai (which are of the form B ⊕α I) are adequate, this is equivalent to the map

D(A•)⨿D(B ⊕M ⊕N)→ D(A)⨿D(B ⊕M ⊕N).

This is an equivalence because (as we already saw), |D(A•)| ≃ D(A). □

By Proposition 4.214.21, any partition Lie algebroid g over B determines a formal moduli problem

(14) Ψg : ArtR/B → S; Ψg(A) = MapLieAlgdπ
∆,B/R

(D(A), g).

Using this, we will now construct the putative equivalence of Theorem 4.194.19.

Construction 4.23. Consider the functor

ArtR ×CAlgan,coh,et
R

LieAlgd
∆/R
π,et

(
LieAlgdπ,et∆/R)

op ×CAlgan,coh,et
R

LieAlgd
∆/R
π,et S

(D,id) Map

where the last functor is the fibrewise mapping space functor. Using Construction 4.174.17, this is
adjoint to a functor LieAlgd

∆/R
π,et → Fun/CAlgan,coh,et

R
(ArtR, S). Unravelling the definitions, this sends

each g ∈ LieAlgdπ∆,B/R to the formal moduli problem Ψg from (1414). We thus obtain a functor

LieAlgd
∆/R
π,et Moduli/R

CAlgan,coh,etR .

Ψ

Because D preserved cocartesian fibrations, the functor Ψ is a map of cartesian fibrations that
preserves cartesian arrows.

It now remains to verify that Ψ restricts to an equivalence on fibres. For this we will use Lurie’s
formalism of deformation theories, slightly reformulated as follows:

Theorem 4.24 (cf. [SAGSAG, Theorem 12.3.3.5]). Let B be a presentable ∞-category equipped with a set
of adjunctions Lα : Sp ⇆ B :Rα such that each Rα preserves sifted colimits and the Rα are jointly
conservative. Let B0 ⊆ B be the smallest full subcategory of B satisfying the following conditions:

(1) It contains the initial object 0.
(2) If K ∈ B0, the for each pushout square in B of the form

(15)
Lα(S[n]) K

0 K ′

for some α and n < 0, the object K ′ is contained in B0 as well.
Then the restricted Yoneda embedding h : B → P(B0);K 7−→ MapB(−,K) is fully faithful, with
essential image consisting of those presheaves X on B0 such that X(0) ≃ ∗ and such that (1515) is
sent to a pullback diagram of spaces.
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Proof. Consider the adjoint pair D∗ : B ⇆ P(B0)
op :D∗ where D∗(K) = MapB(K,−). The condi-

tions imply that this is a deformation theory in the sense of [SAGSAG, Definition 12.3.3.2], and the
result follows from [SAGSAG, Theorem 12.3.3.5]. □

Example 4.25. Let B be a coherent animated R-algebra. For each M ∈ CohB,≥0, consider

RM : QC∨
B/TB/R[1] Sp; (ρ : N → TB/R[1]) HomQC∨(B)(M

∨,fib(ρ)).

This is a right adjoint functor preserving sifted colimits since M∨ ∈ QC∨
B is compact. Since the

collection of M∨ with M ∈ CohB,≥0 generates QC∨
B , this satisfies the conditions of Theorem 4.244.24.

The full subcategory Blin
0 ⊆ QC∨

B/TB/R[1] appearing in Theorem 4.244.24 can then be identified as follows.
Note that

LM (S) ≃
(
0: M∨ → TB/R[1]

)
.

For any ρ : N∨ → TB/R[1] with N ∈ CohB,≥0, we then have that:

(a) For any n < 0 and M∨[n] → N∨, the cofibre fib(N → M [−n])∨ is dual to a coherent
connective B-module.

(b) it can be obtained as a pushout of a diagram 0← LN (S[−1])→ 0 in QC∨
B/TB/R[1].

It follows that Blin
0 is the full subcategory of ρ : N∨ → TB/R[1] where N∨ is the pro-coherent dual

of a coherent connective B-module. Using Lemma 2.162.16, we can identify B
lin,op
0 ≃ DercohB/R,≥0 with

the full subcategory of derivations α : LB/R[−1]→M for which M ∈ CohB,≥0. Consequently, there
is a fully faithful functor

QC∨
B/TB/R

Fun
(
DercohB/R,≥0, S

)
whose essential image consists of functors X such that X(0) ≃ ∗ and preserving pullbacks along all
maps 0→ (M [1], α) in DercohB/R,≥0 with M ∈ CohB,≥0.

Proof of Theorem 4.194.19. We will mimic the strategy from Example 4.254.25. For each M ∈ CohB,≥0,
consider the functor

RM : LieAlgdπ∆,B/R Sp;
(
ρ : g→ TB/R[1]

)
HomQC∨

B
(M∨,fib(ρ)).

Proposition 3.83.8 implies that the forgetful functor LieAlgdπ∆,B/R → QC∨
B/TB/R[1] is a right adjoint

that preserves sifted colimits and detects equivalences. Using this and Example 4.254.25, it follows that
the set of functors RM satisfies the conditions of Theorem 4.244.24.

To identify the full subcategory B0 ⊆ LieAlgdπ∆,B/R, note that LM (S) ≃ Lieπ∆,B/R(0 : M
∨ →

TB/R) is the free partition Lie algebroid generated by the zero map from M∨. By Proposition 3.83.8,
this means that there are natural equivalences

LM (S) ≃ Lieπ∆,B/R(0 : M
∨ → TB/R) ≃ D(B ⊕M)

for all M ∈ CohB,≥0. It follows that B0 ⊆ LieAlgdπ∆,B/R is the smallest full subcategory containing
the initial partition Lie algebroid 0 ≃ D which is closed under pushouts along the maps D(B ⊕
M [1])→ D(B) for all M ∈ CohB,≥0. Corollary 4.44.4 and Proposition 4.214.21 now imply that there is a
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commuting diagram

DercohB/R,≥0 B
lin,op
0

(
QC∨

B/TB/R[1]

)op
ArtR/B B

op
0 (LieAlgdπ∆,B/R)

op

sqz

(−)∨

∼

Lieπ∆,B/R

D
∼

where equivalence D sends each pullback square (99) to the opposite of a pushout square of the
form (1515). Using this, Theorem 4.244.24 then implies that Ψ: LieAlgd

∆/R
π,et → Moduli/R restricts to an

equivalence LieAlgdπ∆,B/R ≃ ModuliB/R on fibres with the desired properties. □

Remark 4.26. Combining the equivalence of Theorem 4.194.19 with the adjoint pair from Example
4.134.13, we obtain an adjoint pair

C∗ : LieAlgdπ∆,B/R CAlgder,opR/B :D

where D(B′) = TB/Spf(B′) with the partition Lie algebroid structure arising from Theorem 4.194.19.
Example 4.164.16 implies that the underlying object of D(B′) in QC∨

B/TB/R[1] is naturally equivalent to
L∨
B/B′ [1]→ L∨

B/R[1] = TB/R[1].
The right adjoint C∗ can be thought of as a version of the Chevalley–Eilenberg complex for

partition Lie algebroids. Explicitly, C∗(g) is the derived algebra of functions on the formal moduli
problem classified by g. One can now check that the adjoint pair (C∗,D) also defines a deformation
theory in the sense of [SAGSAG, Definition 12.3.3.2].

Remark 4.27. Suppose that X is a locally coherent qcqs derived scheme. By Remark 3.303.30, the
∞-category of partition Lie algebroids on X can be identified with the∞-category of dotted sections

Openaff(X)op LieAlgd
∆/R
π,et Moduli/R

CAlgan,coh,etR

O

g

p∨

∼

sending each map to a cocartesian arrow. Using Theorem 4.194.19 and unravelling Construction 4.174.17,
one sees that the ∞-category of partition Lie algebroids on X is equivalent to the ∞-category of
functors F : ArtR ×CAlgan,coh,et

R
Openaff(X)op → S satisfying the following two properties:

(1) For each affine open U ⊆ X, F restricts to a formal moduli problem FU : ArtR/O(U) → S.
(2) For each inclusion of affine opens V ⊆ U ⊆ X, FV is the initial formal moduli problem

equipped with a map from FU to its restriction along ArtR/O(U) → ArtR/O(V ).

4.4. Underlying partition Lie algebra. Suppose that R is coherent and that B is a coherent
animated R-algebra. We will use Theorem 4.194.19 to show that the underlying pro-coherent R-module
of a partition Lie algebroid g over B can be endowed with a (R-linear) partition Lie algebra structure.
To this end, we begin by recalling the following properties of the ∞-categories CAlganA of animated
A-algebras.
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Proposition 4.28. Given a cartesian square of animated rings on the left in which f : A0 → A01

induces a surjection on π0, the right square of ∞-categories is cartesian as well:

A A0

A1 A01

g′

f ′ f

g

CAlganA CAlganA0

CAlganA1
CAlganA12

.

g′∗

f ′∗ f∗

g∗

Proof. Write h : A→ A01 for the composite map and consider the following diagram of∞-categories:

CAlganA CAlganA0
×CAlgan

A01
CAlganA1

ModA,≥0 ModA0,≥0×ModA01,≥0
ModA1,≥0 .

(g′∗,f ′∗)

forget forget
(g′∗,f ′∗)

Here the rows are both adjoint pairs: the left adjoint (g′∗, f ′∗) sends an animated A-algebra (resp.
A-module) B to the matching triple of objects (A0⊗AB, A01⊗AB, A1⊗AB) and the right adjoint
sends a matching triple of animated algebras (resp. modules) (B0, B01, B1) to the fibre product
g′∗B0 ×h∗B01 f ′

∗B1 of A-algebras (resp. A-modules). In particular, the vertical forgetful functors
commute both with the left adjoints and with the right adjoints. Since the forgetful functor detects
equivalences, the unit and counit of the top adjunction are an equivalence if the unit and counit of
the bottom adjunction are equivalences. This follows from [SAGSAG, Theorem 16.2.0.2], so that the top
adjunction is an equivalence. □

Definition 4.29. Suppose that R is coherent and let B ∈ CAlganR be a R-algebra. We will write
DefB/R for the full subcategory of Fun(∆1,CAlganR )/R→B spanned by those commuting squares

A R

BA B

that are cocartesian and in which A→ R is an Artinian extension. We will typically write A→ BA

for an object in DefB/R, omitting the data of the cocartesian square.

There is a canonical functor DefB/R → ArtR/R sending each such square to A → R. We then
have the following corollary of Proposition 4.284.28:

Lemma 4.30. Suppose that R is coherent and let B be an animated R-algebra. Then the functor
DefB/R → ArtR/R is a left fibration, classified by a formal moduli problem defB : ArtR/R → S.

Proof. The functor DefB/R → ArtR/R is a cocartesian fibration, classified by defB : ArtR/R → Cat∞
sending A 7→ CAlganA ×CAlgan

R
{B}. Proposition 4.284.28 implies that defB is a formal moduli problem.

In particular, defB(R ⊕M) ≃ ΩdefB(R ⊕M [1]) is a space for every coherent R-module M . By
Artinian induction, this implies that defB(A) is a space for all A, so that the result follows. □

Notation 4.31. Write Γ(TB/R[1]) ∈ LieAlgπ∆,R for the partition Lie algebra classified by the formal
moduli problem defB .

One can identify the complex underlying Γ(TB/R[1]) as follows.



FORMAL INTEGRATION OF DERIVED FOLIATIONS 45

Construction 4.32. Given a map of coherent animated rings f : R → B, consider the functor
f∗ : CohR,≥0 → ModB and define

DefsqzB/R = CohR,≥0 ×ModB
(ModB)LB/R[−1]/

to be the∞-category of tuples (M,α) where M ∈ CohR,≥0 and α : LB/R[−1]→ f∗M is a derivation.
This fits into a commuting square of ∞-categories

(16)

DefsqzB/R DefB/R

CohR,≥0 ArtR/R

sqz

triv

in which the vertical functors are left fibrations. The bottom horizontal functor sends M ∈ CohR,≥0

to the trivial square zero extension R⊕M and the top horizontal map sends (M,α) to (R⊕M →
B ⊕α f∗M). This indeed defines a deformation of B over R⊕M : it is obtained as the pullback of
the diagram of deformations

(R→ B) (R⊕M [1]→ B ⊕ f∗M [1]) (R→ B)α 0

where the left map arises from the derivation α : B → B ⊕ f∗M [1] and the right map from the zero
derivation. By the proof of Proposition 4.284.28, the fibre product then defines a deformation of B as
well.

Lemma 4.33. Let f : R→ B be a map of coherent animated rings. Then there is an equivalence of
pro-coherent R-modules Γ(TB/R[1]) ≃ f∗TB/R[1].

Proof. By construction, the left fibration DefsqzB/R → CohR,≥0 is classified by the functor CohR,≥0 →
S sending M to the space of B-linear maps MapB(LB/R[−1], f∗M). By Lemma A.42A.42, this functor
is classified by a pro-coherent R-module; unravelling the definitions using Example A.32A.32 and
Definition A.37A.37, one sees that this pro-coherent R-module is precisely f∗TB/R[1].

It now suffices to verify that this pro-coherent R-module is equivalent to the module underlying
the partition Lie algebra Γ(TB/R[1]). In terms of formal moduli problems, this is equivalent to the
square (1616) being cartesian. Since the base change

P = DefB/R ×Art
R/R

CohR,≥0 CohR,≥0

is a left fibration classified by a reduced excisive functor CohR,≥0 → S, it suffices to verify the
following: for each M ∈ CohR,≥0, the induced map on fibres MapB(LB/R[−1], f∗M)→ PM induces
an equivalence on loop spaces at the canonical (zero) basepoint. This map of loop spaces can be
identified with the canonical map

MapB(LB/R, f
∗M) MapCAlgan

R⊕M/B

(
B ⊕ f∗M,B ⊕ f∗M

)
≃ MapCAlgan

R/B
(B,B ⊕ f∗M)

which is an equivalence by definition of the cotangent complex. □

Remark 4.34. Suppose that R is coherent and let g ∈ LieAlgπ∆,R be a partition Lie algebra.
Write X : ArtR/R → S for the formal moduli problem classified by g and

∫
X → ArtR/R for its

unstraightening. We then have fully faithful inclusions

(LieAlgπ∆,R)/g (ModuliR/R)/X Fun(ArtR/R, S)/X Fun(
∫
X, S).≃ ≃
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The last equivalence follows from the fact that, under unstraightening, both ∞-categories are
equivalent to the ∞ left fibrations over

∫
X. Unravelling the definitions, one sees that the essential

image of the above inclusion consists of those functors
∫
X → S that preserve the terminal object,

as well as every pullback square in
∫
X whose image in ArtR/R is as in Definition 4.114.11.

Construction 4.35. Let B be a coherent R-algebra. Given an object A → BA in DefB/R, the
map BA → B is an almost Artinian extension. Indeed, it is the base change of the almost finitely
presented map A → R, hence almost finitely presented, and the kernel of π0(BA) → π0(B) is
generated by the images of the (nilpotent) generators of the kernel of π0(A) → π0(R). We thus
obtain a functor t : DefB/R → AArtR/B given by t(A→ BA) = BA. Now suppose that A0 → A01 is
a nilpotent extension and consider a pullback square in DefB/R

(A→ BA) (A0 → BA0
)

(A1 → BA1) (A01 → BA01).

Then BA0 → BA01 is a nilpotent extension as well, and the proof of Proposition 4.284.28 shows that
BA ≃ BA0 ×BA01

BA1 . It follows that restriction along t preserves formal moduli problems. Using
Remark 4.344.34, we therefore obtain a functor

Γ: LieAlgdπ∆,B/R ModuliB/R

(
ModuliR/R

)
/defB

(
LieAlgπ∆,R

)
/Γ(TB/R[1])

.∼ t∗ ∼

Proposition 4.36. Let f : R→ B be a map of coherent animated rings. Then there is a commuting
diagram of right adjoint functors

(17)

LieAlgdπ∆,B/R (LieAlgπ∆,R)/Γ(TB/R[1])

(QC∨
B)/TB/R[1] (QC∨

R)/Γ(TB/R[1]).

forget

Γ

f∗

In particular, Γ(TB/R[1]) ≃ f∗(TB/R[1]) as pro-coherent R-modules.

Proof. Consider the commuting square of ∞-categories

DefsqzB/R DeraperfB/R,≥0

DefB/R AArtR/B .

t′

t

where the top functor t′ sends (M,α : LB/R[−1]→ f∗M) to (f∗M,α). By restriction, this induces
a commuting square of ∞-categories of formal moduli problems and right adjoint functors between
them. Using the equivalences from Example 4.254.25, Theorem 4.194.19 and Remark 4.344.34, this square
of ∞-categories of formal moduli problems is equivalent to a commuting square of the form (1717).
Indeed, the functor Γ is equivalent to restriction along t by definition, and one readily verifies
that restriction along the functor t′ sending (M,α) to (f∗M,α) corresponds to f∗ at the level of
pro-coherent modules. □
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5. Formally integrating partition Lie algebroids

Let X be a locally coherent qcqs derived scheme over a coherent ground ring R. In this section,
we will formally integrate partition Lie algebroids

g→ TX/R[1]

on locally coherent qcqs derived schemes X over animated rings R. The result of our integration
procedure will be formal moduli stacks

X → Y

under X, where Y can be thought of as a formal leaf space. More precisely, we define:

Definition 5.1 (Formal moduli stacks). A formal moduli stack under X is a map of R-prestacks

X −→ Y

satisfying the following conditions:
(1) Y has deformation theory, which means that it preserves limits of Postnikov towers and

pullbacks along nilpotent extensions of R-algebras, see Definition B.6B.6;
(2) X → Y is locally almost of finite presentation (‘laft’), see Definition B.3B.3;
(3) X → Y is a nil-isomorphism. Equivalently, it restricts to an equivalence on all reduced

affine schemes, see Remark B.13B.13.
Let ModuliStkX/R ⊂ (PrStkR)X/ be the full subcategory spanned by all formal moduli stacks under X.

Remark 5.2. Note that Definition 5.15.1 also makes sense for X a general prestack.

In Section 5.15.1 below, we will link formal moduli stacks under affine schemes to formal moduli
problems in the sense of Definition 4.114.11, and hence to partition Lie algebroids. In Section 5.25.2, we
will then prove our main integration equivalence in Theorem 5.265.26.

5.1. Formal moduli problems and formal moduli stacks. Throughout this section, let X =
Spec(B) be a coherent affine derived scheme over R. We will show:

Theorem 5.3. Let X = Spec(B) be a coherent affine derived R-scheme. Then there is an equivalence
between the ∞-category ModuliStkX/R of formal moduli stacks under X and the ∞-category of
formal moduli problems

F : ArtB/R S

in the sense of Definition 4.114.11. If X → Y is a formal moduli stack, then the corresponding formal
moduli problem ArtB/R → S sends A→ B to the space of diagonal lifts

X Y

Spec(A) Spec(R).

The proof closely follows (a simple version of) the argument in [GR17aGR17a] and proceeds in two
steps.

Notation 5.4. Throughout, we write

Xprored = Spec(Bprored), Xinf := (X/R)inf
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for the pro-reduction (Definition B.8B.8) and infinitesimal stack of the affine derived scheme X. We
will write ⊔ for the pushout of (pro-)affine derived schemes (i.e. the fibre product of (ind-)rings) and
consider the following categories:

(1) Write Aff laft−nil,+
X/R for the ∞-category of affine R-schemes equipped with a nilpotent em-

bedding X → S that exhibits X as an almost finitely presented S-scheme, such that
O(S)→ O(X) = B has eventually coconnective fibre. Equivalently, we simply have

Aff laft−nil,+
X/R = Art,opB/R.

In particular, each S ∈ Aff laft−nil,+
X/R is a coherent affine derived scheme as well (Corollary

4.54.5).
(2) Let Affnil,+

X/R be the ∞-category of affine R-schemes equipped with a nilpotent embedding
X → S such that O(S)→ O(X) has eventually coconnective fibre.

(3) Let Aff/Xinf
be the ∞-category of affine schemes over Xinf , i.e. S ∈ AffR together with a

map S ←↩ Sprored → X.

Our goal will be to first identify formal moduli problems with certain functors on the ∞-category
Affnil,+

X/R . Next, we will relate functors on Affnil,+
X/R with prestacks X → Y → Xinf in between X and

its infinitesimal prestack. The ∞-category of formal moduli stacks can then be identified with a
natural subcategory of this ∞-category.

Definition 5.5. We will say that a functor F : (Affnil,+
X/R

)op → S has deformation theory if:

(1) its value on the initial object is contractible,
(2) it sends pushouts along nilpotent embeddings to pullbacks of spaces.

Let u : Aff laft−nil,+
X/R ↪→ Affnil,+

X/R be the evident fully faithful embedding and consider the induced
adjoint pair between ∞-categories of presheaves:

u! : P
(
Aff laft−nil,+

X/R

)
P
(
Affnil,+

X/R

)
: u∗.

The main technical step in the proof of Theorem 5.35.3 is the following:

Proposition 5.6. Let F :
(
Aff laft−nil,+

X/R

)op → S be a formal moduli problem. Then the left Kan

extension u!F :
(
Affnil,+

X/R

)op → S has deformation theory.

The proof will require some preliminaries:

Lemma 5.7. Let F :
(
Aff laft−nil,+

X/R

)op → S be a formal moduli problem and consider a pushout

diagram in Affnil,+
X/R

S0 S′
0

S S′

f

such that S0 and S′
0 are contained in Aff laft−nil,+

X/R and S0 → S is a square zero extension. Then the
induced map

u!F (S′) u!F (S)×u!F (S0) u!F (S′
0)

is an equivalence.
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Proof. We will compare the fibres over a fixed x : S′
0 → u!F . Suppose S0 → S is a square zero

extension by an (necessarily eventually coconnective) ideal I and let S0,I[1] be the trivial square
zero extension of S0 by its suspension. Since S0 ∈ Aff laft−nil,+

X/R is a coherent affine derived scheme
(Corollary 4.54.5), we can choose a filtered system I∗ : K→ Coh(S0)≥0 with colimα Iα = I.

Having fixed this, let C′ be the ∞-category of factorizations

S′
0 S′

0

S′ T ′ u!F

=

x

with T ′ ∈ Aff laft−nil,+
X/R . A map is a natural transformation that restricts to the identity on the solid

part of the diagram. The geometric realization of this ∞-category computes the fibre u!F (S′)x.
Likewise, let C be the ∞-category of factorizations

S0 S0

S T u!F

=

x|S0

which computes the fibre u!F (S)x. The restriction u!F (S′)x → u!F (S)x then arises as the realization
of the functor π : C′ → C that restricts a factorization along S → S′.

We therefore have to prove that π is a weak equivalence. To do this, we will replace C′ and C be
weakly equivalent categories D′ and D. First, let us consider the functor K → Cat sending each
α ∈ K to the ∞-category D(α) of diagrams of the form

(18)

S0,I[1] S0

S0,Iα[1] S0

S0 S

S0 T u!F

x|S0

where T ∈ Aff laft−nil,+
X/R and a morphism is a natural transformation which is the identity on the solid

part of the diagram. This depends functorially on α by restriction along the map of trivial square
zero extensions S0,I[1] → S0,Iβ [1] → S0,Iα[1] for each map of ideals Iα → Iβ . We let D =

∫
α∈K

D(α)

be the (cocartesian) unstraightening.
There is a natural functor q : D → C restricting to the right face of the cube in (1818). This

map is a cocartesian fibration (by postcomposition with T → T ′) whose fibre over a factorization
S → T → u!F is given as follows. Note that the map S → T exhibits S as a square zero extension
of S0 by I relative to T , i.e. it is classified by a map LS0/T → I[1]. One can then identify

q−1(T ) =

∫
α∈K

MapQC(S0)/I[1]

(
LS0/T , Iα[1]

)
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with the unstraightening of the functor sending each α to the space of lifts of the map LS0/T → I[1]

to Iα[1]. Since S0 and T are in Aff laft−nil,+
X/R , the map S0 → T is almost finitely presented (Corollary

4.64.6). Using that LS0/T is an almost perfect S0-module, we find that

|q−1(T )| ≃ colim
α∈K

MapQC(S0)/I[1]

(
LS0/T , Iα[1]

)
≃ MapQC(S0)/I[1]

(
LS0/T , colimα

Iα[1]
)
= ∗.

We conclude that q : D→ C is a weak equivalence.
Next, we define D′ to the the ∞-category of diagrams of the form

(19)

S0,I[1] S0 S′
0

S0,Iα[1] S0 S′
0

S0 S S′

S0 T ′ u!F

x

where again, T ′ ∈ Aff laft−nil,+
X/R and a morphism is a natural transformation which is the identity

on the solid part of the diagram. Restriction to the right face determines a cocartesian fibration
q′ : D′ → C′ whose fibre over T ′ satisfies

|q′−1(T ′)| ≃ colim
α∈K

MapQC(S0)/I[1]

(
LS0/T ′ , Iα[1]

)
≃ MapQC(S0)/I[1]

(
LS0/T ′ , colim

α
Iα[1]

)
= ∗.

We thus obtain a commuting square

D′ C′

D C

π′ π

where the horizontal functors are weak equivalences and π′ forgets the copies of S′
0 and S′ in Diagram

(1919). It therefore remains to verify that π′ is a weak equivalence.
Now let E ↪→ D and E′ ↪→ D′ be the full subcategories of diagrams of the form (1818), resp. (1919),

whose front face is a pushout in Aff laft−nil,+
X/R . These inclusions admit left adjoints L,L′ that replace

the object T by the pushout of the front face; in particular, E and E′ are weakly equivalent to D and
D′. Furthermore, there is a natural functor ϕ : E→ E′ sending each T as in (1818) to T ′ = S′

0 ⊔S0
T ,

which fits naturally into a diagram of the form (1919).
Now note that for any T ∈ E ⊆ D, there is a natural transformation T → π′ ◦ ϕ(T ) = S′

0 ⊔S0 T .
In particular, the map π′ : |D′| → |D| admits a right inverse (presented by ϕ). Conversely, for every
object T ′ ∈ D′ as in (1919), there is a natural map

ϕ ◦ L ◦ π′(T ) = S′
0 ⊔S0,Iα[1]

S0 → T

which shows that π′ : |D′| → |D| admits a left inverse (presented by ϕ ◦ L). We conclude that π′,
and therefore the map u!F (S′)x → u!F (S)x|S0

is an equivalence. □
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Lemma 5.8. Let F :
(
Aff laft−nil,+

X/R

)op → S be a formal moduli problem and consider a pushout
square

S0 S′
0

S S′

f

in Affnil,+
X/R such that S′

0 ∈ Aff laft−nil,+
X/R and S0 → S is a square zero extension. Then the induced map

u!F (S′) u!F (S)×u!F (S0) u!F (S′
0)

is an equivalence.

Proof. We fix x : S → u!F with x0 = x
∣∣S0. Consider the ∞-category D of diagrams of the form

(20)
S0 S′

0

S S′ u!F

x

x′

where the square is cocartesian and S′
0 ∈ Aff laft−nil,+

X/R . A map is a natural transformation that is
constant on the solid part of the diagram. Likewise, let C0 be the ∞-category of factorizations

S0 S′
0 u!F

x0

x′
0

where S′
0 ∈ Aff laft−nil,+

X/R . There is an evident right fibration π : D → C0 sending x′ 7→ x′
∣∣S′

0. The
lemma asserts that the fibres of π are contractible.

By Lemma 5.75.7, the functor π is also a left fibration. Furthermore, the∞-category C0 is contractible
by definition of u!F as a left Kan extension. Consequently, it will suffice to prove that the∞-category
D itself is contractible.

To see this, let D′ be the ∞-category of diagrams of the form (2020) where the square is not
necessarily cocartesian, but where S′ is contained in Aff laft−nil,+

X/R . There is an evident functor

π : D′ → D sending a factorization x′ : S′ → u!F with S′ ∈ Aff laft−nil,+
X/R to S ⊔S0

S′
0 → S′ → u!F .

To prove the lemma it will thus suffice to show that:

(a) D′ is weakly contractible.
(b) π : D′ → D is a weak equivalence.

Let us start with (a): notice that restriction of the diagram (2020) to the bottom row defines a functor
ϕ : D′ → C′ to the ∞-category of factorizations

S S′ u!F

x

x′
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with S′ ∈ Aff laft−nil,+
X/R . Note that C′ is contractible by definition of u!F as a left Kan extension and

that ϕ admits a right adjoint sending each factorization S → S′ → u!F to

S0 S′

S S′ u!F.

x

x′

This implies that D′ is weakly contractible.
For (b), pick a factorization x′ : S′ = S ⊔S0

S′
0 → u!F in D and consider the comma ∞-category

x′/D′. Unraveling the definitions, one sees that x′/D′ is just the ∞-category D′ considered in
our proof of (a), but with S0 → S replaced S′

0 → S′. The proof of (a) then shows that x′/D′ is
contractible, so that π is a weak equivalence. □

Corollary 5.9. Let F :
(
Aff laft−nil,+

X/R

)op → S be a formal moduli problem and consider a pushout

square in Affnil,+
X/R

S0 S′
0

S S′

f

such that S0 → S is a square zero extension. Then the induced map

u!F (S′) u!F (S)×u!F (S0) u!F (S′
0)

is an equivalence.

Proof. Let us fix a map x : S′
0 → u!F . It suffices to show that the induced map on fibres u!F (S′)x →

u!F (S)x|S0
is an equivalence. Now x factors as S′

0 → T0
t0→ u!F with T0 ∈ Aff laft−nil,+

X/R . Letting
T = T0 ⊔S0

S, we then have maps

u!F (T )t0 u!F (S′)t0|S′
0

u!F (S)t0|S0
.

The left map and the composite are equivalences by Lemma 5.85.8, so that the right map is an
equivalence as well. □

Proof of Proposition 5.65.6. Every nilpotent embedding of eventually coconnective affine derived
schemes can be decomposed into a finite sequence of square zero extensions, so this follows from
Corollary 5.95.9. □

Definition 5.10. Let f : G→ G′ be a natural transformation between functors
(
Affnil,+

X/R

)op → S.
We will say that f is locally almost finitely presented if for any n ∈ N and any cofiltered diagram
S∗ : K → Affnil,+

X/R with limit S such that all O(Sα) → O(X) = B have (n− 1)-coconnective fibre,
the map

colim
α∈Kop

G(Sα)→ G(S)×G′(S)

(
colim
α∈Kop

G′(Sα)
)

is an equivalence.
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Remark 5.11. Suppose that S∗ : K→ Affnil,+
X/R is a cofiltered diagram of affine schemes under X

such that all O(Sα)→ O(X) have (n− 1)-coconnective fibre for some fixed n. Then

Sα ≃ S≤n
α ⊔X≤n X

where we write X≤n = Spec(τ≤nB) for the corresponding truncated affine derived scheme.

Corollary 5.12. The adjoint pair (u!, u
∗) restricts to an equivalence between the full subcategories

of:

(1) formal moduli problems F :
(
Aff laft−nil,+

X/R

)op → S.

(2) functors G :
(
Affnil,+

X/R

)op → S with deformation theory such that the canonical map X → G

is locally almost finitely presented.

Proof. It will suffice to show that X → u!(F ) is indeed locally almost finitely presented. Assuming
this, one has that u! is fully faithful because it takes the left Kan extension along the fully faithful
functor u. A map G→ G′ between functors with deformation theory is an equivalence if and only if
it for every square zero extension X → XI with I ∈ QC(X)+≥0, the induced map

G(XI) ≃ G(X)×G(XI[1]) G(X) G′(X)×G′(XI[1]) G
′(X) = G′(XI)

is an equivalence. If X → G and X → G′ are both locally almost finitely presented, it suffices to
verify this when I ∈ Coh(X), in which case XI ∈ Aff laft−nil,+

X/ . It follows that u∗ detects equivalences
such functors, so that (u!, u

∗) restricts to the desired equivalence.
To see that X → u!(F ) is indeed locally almost finitely presented, let S∗ : K → Affnil,+

X/R be
a cofiltered diagram as in Definition 5.105.10, with limit S. By Remark 5.115.11, we can assume that
S∗ = S≤n

∗ ⊔X≤n X arises as the pushout of the cofiltered diagram of n-coconnective schemes S≤n
α

under X≤n. Consequently, we have natural equivalences Sα ≃ S≤n
α ⊔S≤n S. We will need to prove

that the square

colimα X(Sα) X(S)

colimα u!F (Sα) u!F (S)

is cartesian. To this end, note that u!F (S) arises as the classifying space of the ∞-category C

of factorizations S → T → j!F with T ∈ Aff laft−nil,+
X/R . Likewise, for each α let C(α) be the ∞-

category of factorizations Sα → T → u!F . This determines a diagram of categories K→ Cat whose
unstraightening

C′ =

∫
α∈K

C(α)

has the property that |C′| = colimα u!F (Sα).
We now consider the functor π : C′ → C sending each Sα → T → u!F to the composite S →

Sα → T → u!F . This is a cocartesian fibration (by postcomposition with T → T ′) whose fibre over
x =

(
S → T → u!F

)
∈ C is given by the ∞-category

π−1(x) =

∫
α∈K

MapS/
(
Sα, T

)
≃

∫
α∈K

MapS≤n/

(
S≤n
α , T

)
.
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The classifying space of this ∞-category can be identified with |π−1(x)| = colimα MapS≤n/(S
≤n
α , T ).

For every map in C of the form

S → T
f→ T ′ → u!F

the induced change-of-fibres map f∗ : π
−1(x) → π−1(x′) is then given at the level of classifying

spaces by

colimα MapS≤n/(S
≤n
α , T ) colimα MapS≤n/(S

≤n
α , T ′).

f◦−

This map is a weak equivalence since every T → T ′ in Aff laft−nil,+
X/R is locally almost finitely presented

(Corollary 4.64.6). Consequently, given a point x ∈ |C| = u!F (S), corresponding to a factorization
x : S → T → u!F , there is an equivalence(

colim
α

u!F (Sα)
)
×u!F (S) {x} ≃ |π−1(x)|.

Applying this to each point x : S → X → u!F , one sees that(
colim

α
u!F (Sα)

)
×u!F (S) {x} ≃ colim

α
MapS/(Sα, X) ≃

(
colim

α
X(Sα)

)
×X(S) {x}

which yields the result. □

Next, let PrStkconvXinf
be the ∞-category of convergent prestacks over Xinf . Every S ∈ Affnil,+

X/R in
gives rise to a convergent prestack S → Xinf over Xinf , where the map is adjoint to the canonical
map Sprored = Xprored → X. Let us now consider the adjoint pairs

v! : : P
(
Affnil,+

X/R

) (
PrStkconvXinf

)
: v∗ ṽ! : P

(
Affnil,+

X/R

) (
PrStkconvXinf

)
X/

: ṽ∗

where v! and ṽ! are the unique colimit-preserving functors sending each nilpotent embedding
S ∈ Affnil,+

X/R to the diagrams of convergent prestacks S → Xinf and X → S → Xinf , respectively.
At the level of the right adjoints, given a diagram of convergent R-prestacks X → Y → Xinf , the
presheaf ṽ∗Y sends each nilpotent embedding X ↪→ S in Affnil,+

X/R to the space of dotted lifts

(21)
X Y

S Xinf

in PrStkconvR . Let us point out that, since X ↪→ S is a nilpotent embedding, this space is equivalent
to the space of dotted lifts where we forget compatibility with the projection to Xinf .

Remark 5.13. The functor v! can be computed explicitly as follows: if x : S → Xinf is a map from
an eventually coconnective affine derived scheme, then

Map/Xinf
(S, v!F ) ≃ F (X ⊔Sprored

S) = colim
α

F
(
S ⨿Sα X

)
with the colimit taken over the filtered ∞-category of nilpotent ideals in π0(O(S)). Indeed, both
of these functors preserve colimits, as colimits of convergent prestacks are computed pointwise
on eventually coconnective affine derived schemes. Furthermore, they are naturally equivalent for
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functors F represented by T ∈ Affnil,+
X/R , because Map/Xinf

(S, v!T ) is naturally equivalent to the
diagram of dotted extensions in AffR

Sprored X

S T.

x

Lemma 5.14. The adjoint pair (ṽ!, ṽ
∗) restricts to an equivalence between the full subcategories of:

(1) functors F :
(
Affnil,+

X/R

)op → S with deformation theory.
(2) diagrams of nil-isomorphic convergent prestacks X → Y → Xinf where Y has deformation

theory.

Proof. Let us first prove that ṽ! and ṽ∗ preserve these two subcategories. First, given X → Y → Xinf

where Y has deformation theory, the diagram (2121) directly shows that ṽ∗(Y ) sends pushouts in
Affnil,+

X/R along nilpotent embeddings to pullbacks of spaces and sends X to a contractible space.
Next, we consider the functor

P
(
Affnil,+

X/R

) (
PrStkconvXinf

)
X/

PrStkconvXinf

ṽ! forget

and the unique colimit-preserving functor

v! : P
(
Affnil,+

X/R

)
PrStkconvXinf

that sends X ↪→ S to the map S → Xinf adjoint to Sprored = Xprored → X. Both functors
preserve colimits indexed by contractible diagrams and are naturally equivalent on representables.
Consequently, they are naturally equivalent on all presheaves arising as colimits of contractible
diagrams of representables. Since every functor F : Affnil,+

X/R → S with deformation theory has
F (X) ≃ ∗, it is such a colimit of a contractible diagram, i.e. we can identify ṽ!(F )→ Xinf simply
with v!(F )→ Xinf . Using the formula from Remark 5.135.13 and Lemma B.7B.7, one now readily verifies
that if F has deformation theory, then the convergent prestack ṽ!(F ) ≃ v!(F ) has deformation theory
and is nil-isomorphic to Xinf (or equivalently, to X).

The adjoint pair (ṽ!, ṽ∗) therefore restricts to an adjoint pair between functors F with deformation
theory and nil-isomorphisms X → Y → Xinf where Y has deformation theory. When F has
deformation theory, the unit F → ṽ∗ṽ!F is given at each nilpotent embedding X ↪→ S as follows.
Write x0 : X → F for the canonical map and suppose that O(S)→ O(X) has (n− 1)-coconnective
fibre for some n, so that S = S≤n ⊔X≤n X is the pushout of the corresponding n-coconnective affine
derived schemes. Then the unit map can be identified with

(22) F (S) ≃ F (S≤n ⊔X≤n X) F (S≤n ⨿Sprored
X)×F (X≤n⨿Xprored

X) {∇∗x0}

where f : X≤n ⊔Xprored
X → X arises from the codiagonal map. Diagrammatically, this sends the

dotted map x : S → F in the following diagram to its restrictions:

X≤n ⨿Xprored
X X

S≤n ⨿Sprored
X S F

∇

x0

x
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where X≤n ⨿Xprored
X is a pro-object in Affnil,+

X/R using the inclusion of X as the right component.
Using that Xprored → Sprored is an equivalence and that S ≃ S≤n ⊔X≤n X, one sees that the
above square is a pushout square of pro-objects in Affnil,+

X/R . Consequently, the unit map (2222) is an
equivalence, since F had deformation theory.

On the other hand, for X
y0→ Y → Xinf , the counit ṽ!ṽ

∗Y → Y is given at each x : S → Xinf ,
where S is an eventually coconnective affine derived scheme, by the map

(23) Map/Xinf

(
S ⨿Sprored

X,Y
)
×Map/Xinf

(X,Y ) {y0} Map/Xinf
(S, Y ).

In terms of diagrams, the domain can be identified with the space of dotted extensions in the
following diagram

Sprored X Y

S S ⊔Sprored
X Xinf .

y0

y

The counit sends such y to its restriction to S. Notice that the pushout S ⊔Sprored
X arises as a

pro-system of pushout squares S ⊔Sα
X, where each Sα → S is a nilpotent embedding. Since Y has

deformation theory, it follows that the map

Y (X ⊔Sprored
S) Y (X)×Y (Sprored) Y (S)

is an equivalence. Consequently, the counit map (2323) can be identified with the map

Y (S)×(Y (Sprored)×X(Sprored){x}) {y0
∣∣
Sprored

} Y (S)

projecting onto the first factor. The fact that Y → Xinf is a nil-isomorphism is equivalent to the
fact that Y (Sprored) ≃ X(Sprored), so that Y (Sprored)×X(Sprored) {x} is contractible and the above
map is indeed an equivalence as desired. □

Finally, we note:

Lemma 5.15. The functor oblv :
(
PrStk/Xinf

)
X/
→ PrStkX/R sending each X → Y → Xinf to

X → Y restricts to an equivalence between the full subcategories of:
(1) Diagrams X → Y → Xinf where Y has deformation theory and X → Y is a laft nil-

isomorphism.
(2) Formal moduli stacks X → Y in the sense of Definition 5.15.1.

Proof. Note that if f : X → Y is locally almost finitely presented, then f is a nil-isomorphism if and
only if it restricts to an equivalence on reduced schemes, by Remark B.13B.13. The forgetful functor
then restricts to an equivalence because for any nil-isomorphism X → Y , space MapX/(Y,Xinf) is
contractible, as all three functors are naturally equivalent on pro-reduced affine schemes Sprored. □

Proof of Theorem 5.35.3. Proposition 5.65.6 and Lemma 5.145.14 imply that the composite adjunction

w! : P
(
Aff laft−nil,+

X/R

)
P
(
Affnil,+

X/R

) (
PrStkconvXinf

)
X/

: w∗
u! ṽ!

u∗ ṽ∗

restricts to an adjunction (wdef
! , w∗

def) between formal moduli problems on Aff laft−nil,+
X/R ≃ Art,opB/R

and nil-isomorphisms X → Y → Xinf where Y has deformation theory.
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The resulting adjoint pair (wdef
! , w∗

def) has a fully faithful left adjoint: u! is fully faithful by
Corollary 5.125.12 and ṽ! was fully faithful on functors with deformation theory by Lemma 5.145.14. It
therefore remains to show that the essential image of wdef

! consists precisely of nil-isomorphisms
X → Y → Xinf which exhibit X as a laft Y -prestack. Lemma 5.155.15 then implies that w∗

def induces
an equivalence between formal moduli stacks X → Y and formal moduli problems. Unravelling the
definitions, one sees that w∗

def is precisely the functor from Theorem 5.35.3.
Let us first verify that X → wdef

! (F ) is indeed laft, i.e. for each map T → wdef
! (F ) from an

eventually coconnective affine derived R-scheme T , the pullback X ×wdef
! (F ) T is a laft T -prestack.

Note that wdef
! (F ) is the colimit of a contractible diagram of nilpotent extensions S ∈ Aff laft−nil,+

X/R ,
and that such colimits in PrStkconvR are computed pointwise on eventually coconnective affine derived
schemes. Hence it suffices to treat the case where T → wdef

! (F ) fits into a diagram

X

T S wdef
! (F )

w!(x)

where X → S is contained in Aff laft−nil,+
X/R and x ∈ F (S). It therefore suffices to treat the case where

T = S. In that case,
X ×wdef

! (F ) S = wdef
!

(
X ×F S

)
arises as the image of a formal moduli problem over the base S, i.e. a formal moduli problem(
Aff laft−nil,+

X/S

)op → S. This uses that u! preserves pullbacks of formal moduli problems (by Corollary
5.125.12) and that v! preserves pullbacks by the formula from Remark 5.135.13.

Since X → S is a nilpotent embedding which is almost finitely presented, each S′ ∈ Aff laft−nil,+
X/S

is almost finitely presented over S (Corollary 4.64.6). Consequently, the prestack X ×wdef
! (F ) T is a

colimit of almost finitely presented affine derived T -schemes; this implies that it is a laft T -prestack,
as required.

To conclude, it now suffices to verify that w∗
def detects equivalences between laft nil-isomorphisms

X → Y where Y has deformation theory. This follows from the fact that ṽ∗ detects weak equivalences
by Lemma 5.145.14 and that u∗ detects weak equivalences by Corollary 5.125.12. □

5.2. Formal integration of partition Lie algebroids. Let us again fix a coherent animated base
ring R and a locally coherent qcqs derived R-scheme X. To prove our main theorem Theorem 5.265.26,
we will proceed in two steps: first, we will shat the shifted tangent complex functor

ModuliStkX/R (QC∨
X)/TX/R[1]

(X → Y ) (TX/Y [1]→ TX/R[1])

is monadic; next, we will identify the resulting monad with the partition Lie algebroid monad
constructed in Theorem 3.13.1. In our proof, we will need to relate formal moduli stacks on different
schemes.

Construction 5.16 (Functorial moduli stacks and their tangent fibres). Let X ′ → X be a laft map
of prestacks with deformation theory. Given a formal moduli stack X → Y , consider the composite
map

X ′ → X → Y
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and let Y ∧
X′ be the formal completion of Y along X ′ → Y as defined in Construction B.9B.9. Via the

natural map X ′ → Y ∧
X′ , the prestack Y ∧

X′ becomes a formal moduli stack under X ′ by Lemma B.14B.14.
The construction (X → Y ) 7−→ (X ′ → Y ∧

X′) defines a functor

(−)∧X′ : ModuliStkX/R → ModuliStkX′/R.

More formally, let us write PrStkdef,laft−map
R for the ∞-category of R-prestacks with deformation

theory and laft maps between them. Consider the full subcategory

ModuliStkR ⊂ Fun(∆1,PrStkdef,laft−map
R )

whose objects are maps of R-prestacks X → Y with Y a formal moduli stack under X (Definition
5.15.1) and whose morphisms are squares

X Y

X ′ Y ′

for which the vertical maps are laft and have deformation theory. Evaluation at 0 defines a cartesian
fibration

ModuliStkR → PrStkdef,laft−map
R ,

which we straighten to obtain a functor (PrStkdef,laft−map
R )op → Cat∞. It sends an object X to

ModuliStkX/R and a morphism X ′ → X to the induced

(−)∧X′ : ModuliStkX/R ModuliStkX′/ ; (X → Y ) (X ′ → Y ∧
X′).

Construction B.23B.23 and Proposition B.32B.32 then define (after suspending) the functorial shifted
relative tangent complex

T [1] : ModuliStkR QC∨
/T−/R[1]

(X → Y ) (TX/Y [1]→ TX/R[1])

This defines a map of cartesian fibrations by Proposition B.32B.32 and Proposition B.28B.28(4). In other
words, we obtain functors TX/−[1] : ModuliStkX/R → (QC∨

X)/TX/R[1] that are natural in X with
respect to laft maps, i.e., each laft map f : X ′ → X gives rise to a commutative square

ModuliStkX/R (QC∨
X)/TX/R[1]

ModuliStkX′/R (QC∨
X′)/TX′/R[1]

TX/−[1]

(−)∧X f♯

TX′/−[1]

where f ♯(F → TX/R[1]) ≃ f∗(F)×(f∗Tpre
X/R

)aft[1] TX′/R[1]. If f is formally étale, then this simplifies
to f ♯(F → TX/R[1]) ≃ f∗F by Proposition B.28B.28(3).

Proposition 5.17 (Conservativity). Let X be a prestack with deformation theory and Y1 → Y2 a
map of formal moduli stacks under X. If TX/Y1

→ TX/Y2
is an equivalence, then so is Y1 → Y2.
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Proof. Since Y1 and Y2 are both convergent, it suffices to verify that Y1(A)→ Y2(A) is an equivalence
for every eventually coconnective animated ring A. To see this, consider the ind-ring

Aprored = “ colim
I

”π0(A)/I

indexed by the filtered poset of nilpotent ideals of π0(A). We then have a commuting diagram

Y1(A) Y2(A)

X(Aprored) Y1(Aprored) Y2(Aprored).
∼ ∼

The bottom maps are equivalences since X → Y1 and X → Y2 are nil-isomorphisms and laft (Remark
B.13B.13). We therefore have to show that for each point x ∈ X(Aprored) = colimI X(π0(A)/I), the
map on fibres Y1(A)x → Y2(A)x is an equivalence. To see this, it will suffice to show that for any
nilpotent ideal I ⊆ π0(A) and x ∈ X(π0(A)/I), the map

(24) Y1(A)×Y1(π0(A)/I) {x} → Y2(A)×Y2(π0(A)/I) {x}
is an equivalence. Indeed, the map Y1(A)x → Y2(A)x is a filtered colimit of maps of the above form.

Now recall that A→ π0(A)/I decomposes as a finite sequence A = An → An−1 → · · · → A0 =
π0(A)/I where each Ak → Ak−1 is a square zero extension by an A0-module Jk (concentrated in a
single degree, although we will not need this). To prove that (2424) is an equivalence, we will proceed
by induction on this tower, the case of A0 being evident. For the inductive step, note that there is a
natural map of fibre sequences of spaces

Y1(Ak)×Y1(A0) {x} Y1(Ak−1)×Y1(A0) {x} Y1(A0 ⊕ Jk[1])×Y1(A0) {x}

Y2(Ak)×Y2(A0) {x} Y2(Ak−1)×Y2(A0) {x} Y2(A0 ⊕ Jk[1])×Y2(A0) {x}

since Y1 and Y2 have deformation theory. By inductive hypothesis the middle vertical map is
an equivalence, so it suffices to verify that the right vertical map is an equivalence. Unravelling
Definition B.17B.17 and using that the maps X → Yi are laft, one sees that the right vertical map fits
into a pullback square

Y1(A0 ⊕ Jk[1])×Y1(A0) {x} TX/Y1,x(Jk[2])

Y2(A0 ⊕ Jk[1])×Y2(A0) {x} TX/Y2,x(Jk[2]).

The right vertical map is an equivalence by the assumption that TX/Y1
→ TX/Y2

was an equivalence,
so the result follows. □

Definition 5.18 (Zariski descent). We say that a prestack X ∈ PrStk satisfies Zariski descent if
for all animated rings A ∈ CAlgan and all families of animated rings

{A→ Ai}
for which the maps Spec(Ai)→ Spec(A) are jointly surjective open immersions, we have

X(A)
∼−→ limX(S),

where the limit is indexed by all S ∈ CAlganA such that A→ S factors through some Ai.



FORMAL INTEGRATION OF DERIVED FOLIATIONS 60

Theorem 7.3.5.2 in [HTTHTT] implies the following ‘finite’ characterisation of Zariski descent:

Proposition 5.19. A prestack X ∈ PrStk satisfies Zariski descent if and only if the following
conditions hold:

(1) X(0) ≃ ∗ is contractible;
(2) Let us say that a square of animated rings

A A1

A2 A12

is a Zariski square if it is cocartesian (A12 ≃ A1 ⊗A A2) and the maps Spec(Ai)→ Spec(A)
are jointly surjective open immersions. Then X sends each Zariski square to a pullback
square.

Remark 5.20. For any Zariski square, the induced square of n-truncations is a Zariski square
as well, since A→ A1 and A→ A2 are flat. Consequently, each Zariski square is the limit of the
Zariski squares of its n-truncations. A convergent prestack therefore satisfies Zariski descent if and
only if it sends every Zariski square of eventually coconnective animated rings to a pullback.

Proposition 5.21. Let X be a prestack with deformation theory that satisfies Zariski descent, and
let X → Y be a formal moduli stack under X. Then the prestack Y satisfies Zariski descent as well.

Proof. By Remark 5.205.20, it suffices to verify that Y (A) ≃ Y (A1) ×Y (A12) Y (A2) for any Zariski
square of eventually coconnective animated rings. Let us fix such a Zariski square, as well as
a filtered system of nilpotent ideals I ⊆ π0(A) such that colimI π0(A)/I ∼= Ared. For each such
ideal, let us furthermore write Ii = π0(Ai) ⊗π0(A) Ii. For i = ∅, 1, 2, 12, we then have that
colimI π0(Ai)/Ii ∼= Ai ⊗A Ared

∼= (Ai)red. Since X → Y is laft, we have a cartesian square

colim
I

X(π0(Ai)/Ii) colim
I

Y (π0(Ai)/Ii)

X(Ai,red) Y (Ai,red)

for each i = ∅, 1, 2, 12. The bottom map is an equivalence because X → Y is a nil-isomorphism, so
that the top map is an equivalence as well. We therefore obtain a diagram of the form

Y (A) Y (A1)×Y (A12) Y (A1)

colim
I

Y (π0A/I) colim
I

(
Y (π0A1/I1)×Y (π0A12/I12) Y (π0A2/I2)

)
colim

I
X(π0A/I) colim

I

(
X(π0A1/I1)×X(π0A12/I12) X(π0A2/I2)

)
∼

∼
∼

∼

in which the bottom map is an equivalence because X satisfies Zariski descent. Given a point
x ∈ colimI X(π0(A)/I), we therefore need to check that the induced map on fibres Y (A)x →
Y (A1)x1

×Y (A12)x12
Y (A2)x2

is an equivalence, where xi denotes the restriction of x to the corre-
sponding Zariski open. For this it suffices to show that for any nilpotent ideal I and any point
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x ∈ X(π0(A)/I), the square

(25)

Y (A)×Y (π0A/I) {x} Y (A1)×Y (π0A1/I1) {x1}

Y (A2)×Y (π0A2/I2) {x2} Y (A12)×Y (π0A12/I12) {x12}

is cartesian. Indeed, one then finds that Y (A)x ≃ Y (A1)x1
×Y (A12)x12

Y (A2)x2
by taking the filtered

colimit over all I.
We now proceed as in the proof of Proposition 5.175.17: the map A → π0(A)/I decomposes as a

finite sequence A = A(n) → A(n − 1) → · · · → A(0) = π0A/I where each A(k) → A(k − 1) is a
square zero extension by an A(0)-module J(k). Localising, we similarly have that Ai → π0(Ai)/Ii
decomposes as a finite sequence Ai = A(n)i → · · · → A(0)i = π0(Ai)/Ii of square zero extensions
by the A(0)i-modules J(k)i = J(k)⊗A(0) A(0)i. We will prove by induction on this tower that the
square (2525) is cartesian; when k = 0, all spaces are contractible and the assertion is evident.

For the inductive step, note that for each i = ∅, 1, 2, 12, there is a natural fibre sequence of spaces

Y (A(k)i)×Y (A(0)i) {xi} Y (A(k − 1)i)×Y (A(0)i) {xi} Y (A(0)i ⊕ J(k)i[1])×Y (A(0)i) {xi}

because Y has deformation theory. By inductive hypothesis, the middle terms for i = ∅, 1, 2, 12
fit into a cartesian square. It therefore suffices to show that the right terms also form a cartesian
square. Since Y has deformation theory, there is a natural equivalence

Y (A(0)⊕ J(k)i[1])×Y (A(0)) {x} ≃ Y (A(0)i ⊕ J(k)i[1])×Y (A(0)i) {xi}.
and it suffices to verify that the square

Y (A(0)⊕ J(k)[1])×Y (A(0)) {x} Y (A(0)⊕ J(k)1[1])×Y (A(0)) {x}

Y (A(0)⊕ J(k)2[1])×Y (A(0)) {x} Y (A(0)⊕ J(k)12[1])×Y (A(0)) {x}

is cartesian. The functor Y (A(0)⊕−)×Y (A(0)) {x} : ModA,≥0 → S preserves all pullback diagrams
preserved by the inclusion into ModA, again because Y has deformation theory. We are therefore left
with showing that J(k)[1] ≃ J(k)1[1]×J(k)12[1] J(k)2[1]. Unravelling the definitions, this is nothing
but Zariski descent for (the quasi-coherent sheaf associated to) the A(0)-module J(k). □

Theorem 5.22 (Zariski descent for formal moduli stacks). Given a derived scheme X, write U for
the poset of affine opens of X. Then there is canonical equivalence

ModuliStkX/R
∼−−→ lim

U∈Uop
ModuliStkU/R.

Proof. Let us consider the cartesian fibration

ModuliStkU,R → U

obtained by restricting the cartesian fibration

ModuliStkR → PrStkdef,laft−map
R

from Construction 5.165.16 along the evident functor U → PrStkdef,laft−map
R . By [HTTHTT, Proposition

3.3.3.1], there is an equivalence

lim
U∈U

ModuliStkU/R ≃ FuncartU (U,ModuliStkU,R),
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where the right hand side denotes the ∞-category of cartesian sections of ModuliStkU,R → U.
We have a canonical functor

Ψ: ModuliStkX/R −→ FuncartU (U,ModuliStkU,R)

sending (X → Y ) to
{U −→ Y ∧

U }U∈U .

Here the formal completion Y ∧
U ≃ Y ×Y ♯ U ♯ is the prestack defined in Definition B.8B.8, where we

have used the notation F ♯(−) := F (−red). Note that each map U → Y is laft by [DAGDAG, Proposition
5.3.10], so Y ∧

U agrees with (Y/U)inf .
The above functor is well-defined as each U −→ Y ∧

U is a formal moduli stack under U . Indeed,
the fact that Y ∧

U ≃ (Y/U)inf has deformation theory follows immediately from the definitions. Since
U → Y is laft, U → Y ∧

U is laft by Lemma B.14B.14 and clearly an equivalence on reduced objects.
To construct an inverse to Ψ, we will need some notation. Write PrStkR,<∞ for the ∞-category

of prestacks defined only on coconnective objects. Let StkZarR ⊂ PrStkR (StkZarR,<∞ ⊂ PrStkR,<∞)
denote the full subcategories spanned by all prestacks Y satisfying Zariski descent, i.e. satisfying
Y (0) ≃ ∗ and sending Zariski squares (of eventually coconnective rings) to pullbacks. By Remark
5.205.20, the functor

conv : PrStkR,<∞ PrStkR; X limn X(τ≤n−)

sends sheaves to sheaves.
We then define

Φ: FuncartU (U,ModuliStkU,R) −→ ModuliStkX/R

as the composite

FuncartU (U,ModuliStkU,R) ⊂ Fun(U,Fun(∆1,StkZarR,<∞))
colim−−−→ Fun(∆1,StkZarR,<∞)

conv−−−→ Fun(∆1,StkZarR ).

Note that colim is computed by sheafifying the pointwise colimit. We have used Proposition 5.215.21 to
embed formal moduli stacks into Zariski sheaves.

We now want to verify that Φ takes values in formal moduli stacks under X. To this end, let us
fix a family

{U → YU )}U∈U ∈ FuncartU (U,ModuliStkU,R)

indexed by the poset U of affine opens U of X and let (X → Y ) ∈ Fun(∆1,StkZarR ) denote its image
under Φ. In a first step, we will prove that the natural map

{U → YU}U∈U → {U → Y ∧
U }U∈U

is an equivalence, i.e. that for each U ∈ U, the following square in StkZarR,<∞ is cartesian:

YU U ♯

colim
U∈U

YU

(
colim
U∈U

YU

)♯
.

Note that the functor (−)♯ : PrStkR,<∞ → PrStkR,<∞ preserves colimits and Zariski sheaves, and
commutes with Zariski sheafification. For the last assertion, it suffices to observe that for any covering
sieve S → Spec(A) for the Zariski topology and a map f : Spec(B)→ Spec(A)♯, corresponding to
fred : Spec(Bred)→ Spec(Ared), the base change f∗S♯ → Spec(B) is a covering sieve as well: it is
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the unique covering sieve whose restriction to Spec(Bred) coincides with f∗
redS. Consequently, the

natural map of Zariski sheaves colimU∈U Y ♯
U → (colimU∈U YU )

♯ is an equivalence.
To see that the above square is cartesian, it then suffices to consider the natural transformation

α of U-indexed diagrams in StkZarR,<∞ given by

YU → (YU )
♯

Write α for the induced transformation between the U�-indexed colimit cones. The transformation
α is cartesian as for each U → V , we have YU ≃ (YV )

∧
U ≃ YV ×V ♯ U ♯, which implies by [HTTHTT,

Theorem 6.1.0.6] that the above square is also cartesian.
We will use this to show that X → Y is a formal moduli problem. The prestack Y is convergent

by construction and the map X → Y is laft by (the derived analogue of) [SAGSAG, 17.4.3.3]. To verify
it has deformation theory, it suffices to check that for any pullback square of eventually coconnective
animated rings

B′ B

A′ A

with B → A a nilpotent extension and any f ∈ Y (B) with image fA ∈ Y (A), the map

Y (OB′)×Y (OB) {f} → Y (OB ⊗B′ A′)×Y (OB⊗BA) {fA}

of sheaves on the topological space |Spec(B)| ∼= |Spec(B′)| is an equivalence on global sections.
Taking global sections, this implies that the fibres Y (B′) ×Y (B) {f} → Y (A′) ×Y (A) {fA} are
equivalent, so that Y (B′) ≃ Y (B)×Y (A) Y (A′).

Since Y is a Zariski sheaf, it suffices to check this after restricting to a Zariski cover of |Spec(B)|.
Let us pick a cover of Spec(B) by affine opens Vi ⊂ Spec(B) corresponding to affine opens
Vi,red ⊂ Spec(Bred) such that each composite

fi,red : Vi,red ⊂ Spec(Bred)→ Yred ≃ Xred

factors through some affine open Ui ⊂ X. This implies that each restriction fi : Vi → Y of the map
f factors through some Y ∧

Ui
. The claim follows as Y ∧

Ui
≃ YUi

by the above argument, and YUi
has

deformation theory.
Finally, to see that X → Y is an equivalence on reduced affine schemes, we note that precomposing

with A 7→ Ared gives rise to a limit-preserving functor Fun(CRred,S) → Fun(CAlgan,S), F 7→
F (−red) which sends sheaves to sheaves. Here CRred ⊂ CAlgan denotes the full subcategory of
reduced discrete rings. Passing to left adjoints, we see that restriction to CRred commutes with
sheafification. As each object U → YU induces an equivalence on reduced affine schemes, we deduce
that X = colimU∈U U → colimU∈U YU = Y does so as well.

We may therefore conclude that the functor Φ lands in formal moduli stacks, and the above
argument also shows that Ψ ◦ Φ is equivalent to the identity.

To see that Φ ◦Ψ is equivalent to the identity, let us fix a formal moduli stack X → Y under X.
It suffices to verify that the canonical map

colim
U∈U

Y ∧
U → Y

is an equivalence of sheaves on eventually coconnective objects. Since colimits in the ∞-topos
StkZarR,<∞ are universal in the sense of [HTTHTT, Definition 6.1.1.2], it suffices to check that for all maps
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Spec(A)→ Y , the induced map

colim
U∈U

(Y ∧
U ×Y Spec(A))→ Spec(A)

is an equivalence. But

Y ∧
U ×Y Spec(A) ≃ Spec(A)×Y ♯ U ♯ ≃ Spec(A)×X♯ U ♯

and hence the above map is an equivalence since colimU∈U U ♯ → X♯ is an equivalence. □

Proposition 5.23 (Monadicity of the tangent fibre). Let X be a locally coherent qcqs derived
scheme over an animated ring R. Then the functor

TX/−[1] : ModuliStkX/R (QC∨
X)/TX/R[1]

(X → Y ) (TX/Y [1]→ TX/R[1])

in Construction 5.165.16 is a monadic right adjoint.

The proof uses the following ∞-categorical result:

Lemma 5.24. Let F : C ⇆ D : U be a monadic adjunction and let G : D′ → D be a functor from an
∞-category D′ with geometric realisations. If UG admits a left adjoint, then G admits a left adjoint.

Proof. As in [HAHA, Lemma 4.7.3.13], let X ⊆ D be the full subcategory of objects D ∈ D such that
MapD(D,G(−)) is corepresentable and let L : X→ D′ be the corresponding partial left adjoint. For
any simplicial diagram D• in X, the colimit |L(D•)| corepresents MapD(|D•|, G(−)), so that X is
closed under geometric realisations. Since UG admits a left adjoint, X contains all the free objects
F (C) with C ∈ C. As every object in D is the geometric realisation of a (U -split) simplicial diagram
of free objects, X = D. □

Proof of Proposition 5.235.23. When X = Spec(B) is affine, the tangent functor TX/−[1] from Construc-
tion 5.165.16 can be identified with the composite

TX/−[1] : ModuliStkX/R ModuliB/R (QC∨
B)/TB/R[1]

∼ TB/[1]

where the first functor is the equivalence from Theorem 5.35.3, restricting formal moduli stacks to
Artinian extensions of B, and the second functor takes the tangent complex of the corresponding
formal moduli problem. It then follows from Proposition 3.123.12 and Theorem 4.194.19 that TX/−[1] is a
monadic right adjoint preserving sifted colimits.

For non-affine X, let us first prove that ModuliStkX/R has sifted colimits and that TX/−[1]
preserves these. To this end, let us again write U for the category of Zariski open affine subsets of
X. By Proposition B.32B.32, have a commutative square

ModuliStkX/R (QC∨
X)/TX/R[1]

limU∈U ModuliStkU/R limU∈U(QC∨
U )/TU/R[1]

≃ ≃

where the vertical functors are equivalences by Theorem 5.225.22 and Corollary A.39A.39, respectively. Each
functor ModuliStkU/R → (QC∨

U )/TU/R[1] preserves sifted colimits, and this also holds true for the
transition maps associated to inclusions j : U ↪→ V of Zariski open subsets of X

ModuliStkV/R
(−)∧U−−−→ ModuliStkU/R (QC∨

V )/TV/R[1]
j∗−→ (QC∨

U )/TU/R[1].



FORMAL INTEGRATION OF DERIVED FOLIATIONS 65

For the functor (−)∧U , we use that the functors TU/[1] : ModuliStkU/R → (QC∨
U )/TU/R[1] are conser-

vative and hence detect sifted colimits. It then follows from [HTTHTT, Corollary 5.3.6.10] that TX/−[1]
is also a sifted colimit preserving functor between ∞-categories with sifted colimits.

Next, we will show that TX/−[1] admits a left adjoint. By Lemma 5.245.24, it suffices to verify that

ModuliStkX/R (QC∨
X)/TX/R[1] QC∨

X

TX/−[1] fib

admits a left adjoint, since taking the fibre is a monadic right adjoint. This follows immediately
from Proposition B.33B.33, using that the left adjoint F 7→ XF constructed there takes values in the full
subcategory of formal moduli stacks since X → XF is a nil-isomorphism.

The claim now follows from the Barr–Beck–Lurie theorem [HAHA, Theorem 4.7.3.5] as the tangent
fibre is conservative by Proposition 5.175.17. □

Proposition 5.25 (Identification of the monad). The right adjoint in Proposition 5.235.23 induces the
partition Lie algebroid monad from Definition 3.23.2 the ∞-category (QC∨

X)/TX/R[1].

Proof. Consider the commutative diagram

ModuliStkX/R lim
U∈U

ModuliStkU/R lim
U∈U

ModuliO(U)/R lim
U∈U

LieAlgdπ∆,O(U)/R)

(QC∨
X)/TX/R[1] lim

U∈U
(QC∨

U )/TU/R[1]

∼

TX/−[1]
TU/−[1]

∼

TO(U)/[1]

∼

oblv

∼

where the left square is defined as in Proposition 5.235.23 and the two triangles arise from Theorem 5.35.3
and Theorem 4.194.19. The claim then follows from the construction of the monad Lieπ∆,X/R in the
proof of Theorem 3.13.1. □

We deduce:

Theorem 5.26 (Main theorem). Let X be a locally coherent qcqs derived R-scheme over an animated
ring R.

(1) The shifted tangent fibre functor

ModuliStkX/R (QC∨
X)TX/R[1]

(X → Y ) (TX/Y [1]→ TX/R[1])

lifts to an equivalence of ∞-categories

TX/−[1] : ModuliStkX/R
≃−→ LieAlgdπ∆,X/R.

Hence every partition Lie algebroid on X integrates uniquely to a formal moduli stack under X.
(2) This equivalence is functorial with respect to almost finitely presented maps. More precisely,

if X → Y is a locally almost finitely presented map, there is a commuting diagram

ModuliStkY/ Lieπ∆,Y/R

ModuliStkX/− Lieπ∆,X/R

TY/−[1]

(−)∧X f♯

TX/−[1]

where f ♯(g→ TY/R[1]) = f∗g×(f∗LY/R)∨[1] TX/R[1] as pro-coherent sheaves.
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Appendix A. Derived algebra recollections

The goal of this section is to introduce some elements of (homological) algebra that will be used
throughout the text. We will start in Section A.1A.1 by reviewing the theory of derived commutative
rings, the non-connective analogues of animated (or simplicial) rings. We will work in a somewhat
general setting that also includes the derived filtered and graded rings studied in Section 22. Section
A.2A.2 discusses the theory of pro-coherent modules over an animated ring.

A.1. Derived commutative rings. To set the stage, we will briefly recall the method of right-left
extending monads from [BMBM, Section 3.2] and [BCNBCN, Section 2.2] in the generality needed for us,
see also [Rak20Rak20, Section 4.2] for the case of the commutative algebra monad.

Definition A.1. Let C be a presentable stable∞-category with a left complete t-structure (C≥0,C≤0).
We call C is stably projectively generated if there exists a full additive subcategory Vectft(C) ⊆ C≥0

whose objects are compact in C and projective in C≥0, generating C≥0 under sifted colimits.
In this situation, there is an equivalence

C ≃ Fun⊕(Vectft(C)op,Sp)

identifying t-structures [Rak20Rak20, Remark 4.2.2]. We define the subcategory of flat objects in C as the
ind-completion of Vectft(C):

Flat(C) := Ind(Vectft(C)) ⊆ C.

Example A.2. For A ∈ Alg(Sp) a connective algebra object in spectra, the stable ∞-category
ModA of (left) A-module spectra with its usual t-structure is stably projectively generated. In
this case, we will take VectftA to be the ∞-category consisting of finite direct sums of copies of A.
Then FlatA is the ∞-category of flat A-modules in the sense of [HAHA, Definition 7.2.2.10], by Lurie’s
version of Lazard’s theorem (cf. Theorem 7.2.2.15 of [op.cit]).

Definition A.3. Let C be a projectively generated stable ∞-category with t-structure (C≥0,C≤0)
and D a presentable ∞-category. We will say that a functor F : C→ D is right-left extended if it
preserves sifted colimits and totalisations of finite cosimplicial diagrams with values in Vectft(C) ⊆ C.

The following follows from [BCNBCN, Remark 2.45] and the definition of Flat(C) as an ind-completion:

Proposition A.4. The restriction functor

FunRL(C,D) Funω(Flat(C),D) Fun(Vectft(C),D)∼

is fully faithful. Here FunRL(C,D) ⊆ Fun(C,D) denotes the full subcategory of right-left extended
functors and Funω(Flat(C),D) ⊂ Fun(Flat(C),D) is the full subcategory of functors preserving
filtered colimits.

Definition A.5. Let us say that a functor F : Vectft(C) → D, or equivalently, a filtered-colimit
preserving functor F : Flat(C)→ D, admits a right-left extension or is right-left extendable, if it is
contained in the essential image. In that case, we will refer to its (unique) inverse image LF : C→ D

as the derived functor, or right-left extension, of F . Note that this coincides with the non abelian
derived functor in the sense of Dold–Puppe on the connective part C≥0 ≃ PΣ(Vect

ft(C)).

Example A.6. When D is stable, every functor F : Vectft(C) → D which is a filtered colimit of
finite degree functors is right-left extendable. See [BCNBCN, Corollary 2.49] for details.
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Example A.7. Let EndFlat(C)RL (C) ⊂ EndRL(C) be the full subcategory of endofunctors C→ C which
preserve the full subcategory Flat(C) ⊂ C. Restriction End

Flat(C)
RL (C)→ Endω(Flat(C)) is a monoidal

equivalence onto the full subcategory of Endω(Flat(C)) spanned by right-left extendable functors.
Consequently, any right-left extendable and filtered-colimit preserving monad T : Flat(C)→ Flat(C)
induces a derived monad LT : C→ C.

As an example of this kind of derived monad, consider the derived symmetric algebra monad. To
define this, assume that C is a derived algebraic context in the sense of [Rak20Rak20, Section 4.2]:

Definition A.8. We will say that a stably projectively generated∞-category C is a derived algebraic
context if it comes equipped with a closed symmetric monoidal structure such that:

(1) Vectft(C) is stable under tensor products and contains the monoidal unit.
(2) Vectft(C) is an ordinary category.
(3) For each M ∈ Vectft(C), the object Symn(M) = τ≤0((M

⊗n
hΣn

)) is contained in Vectft(C).

Condition (1) implies that C≥0 is stable under the tensor product. We include condition (2) for
simplicity; it implies that Flat(C) is an ordinary category and that C♡ is a symmetric monoidal
abelian category with enough projectives. Extending the functors Symn : Vectft(C)→ Vectft(C) by
filtered colimits and taking the sum over all n ≥ 0, one then obtains a monad Sym: Flat(C)→ Flat(C)

preserving filtered colimits. Since each Symn : Vectft(C)→ Vectft(C) is of degree ≤ n, this admits a
derived monad LSym: C→ C.

Definition A.9. If C is a derived algebraic context, we will refer to LSym-algebras as derived
commutative algebras and to connective LSym-algebras as animated commutative algebras in C, and
write CAlgan(C≥0) ⊆ CAlgder(C) for the corresponding ∞-categories.

The (ordinary) category CAlgder(C)♡ of discrete derived algebras is equivalent to the category of
commutative algebras in C♡.

Example A.10. Let C = ModZ with the usual t-structure, so that Vectft(C) = VectftZ is the
(ordinary) category of finite free abelian groups and Flat(C) = FlatZ is the (ordinary) category of flat
abelian groups. This is a derived algebraic context, and the resulting monad Sym: FlatZ → FlatZ is
the usual symmetric algebra monad. One thus obtains the ∞-categories CAlgan = CAlgan(ModZ)

and CAlgder = CAlgder(ModZ) of animated and derived rings.

Example A.11. Let C be a derived algebraic context and let I be a small symmetric monoidal
(ordinary) category. Then Fun(I,C) is a derived algebraic context as well with respect to the Day
convolution product and the t-structure in which a diagram is (co)connective if it is pointwise
(co)connective in C.

Remark A.12. There is a natural equivalence LSym(V ) ⊗ LSym(W ) ≃ LSym(V ⊕W ) for all
V,W ∈ C: this follows by right-left extension, using that there is such a natural equivalence for
V,W ∈ Flat(C) by construction. Consequently, the coproduct of two derived algebras is simply
given by their tensor product. Since CAlgder(C)→ C preserves sifted colimits by construction, it
follows that pushouts of derived algebras are computed as relative tensor products, as usual.

Remark A.13. For every M ∈ Vectft(C), there is a natural map (M⊗n)hΣn
→ Symn(M) from the

coinvariants in C. By right-left extension, this induces a map FreeE∞ → LSym from the E∞-monad.
In particular, any derived commutative algebra has an underlying E∞-algebra and a module over a
derived commutative algebra is simply a module over its underlying E∞-algebra.
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Definition A.14. For A ∈ CAlgder(C), we define the ∞-category of derived (commutative) A-
algebras to be the under-category

CAlgderA (C) = CAlgder(C)A/.

The forgetful functor CAlgderA (C)→ ModA(C) is monadic and we will write LSymA : ModA(C)→
ModA(C) for the associated monad.

Remark A.15. If A ∈ CAlgder(C) is connective, then ModA(C) is stably projectively generated
for the t-structure inherited from C. The monad LSymA is then derived from the restricted monad
LSymA : Flat(ModA(C))→ Flat(ModA(C)).

The usual cotangent complex formalism for animated rings carries over to this setting. Below
we will recall one way to see this, using an abstract method for constructing functors out of the
∞-category of T -algebras over some monad T (see also [Hol23Hol23]).

Proposition A.16. Let C be a stably projectively generated stable ∞-category. Suppose that
T : Flat(C) → Flat(C) is a filtered colimit preserving and right-left extendable monad, and let
LT : C→ C be the derived monad T . Let KlT (Flat(C)) denote the full subcategory of AlgT (Flat(C))
spanned by the free algebras. Assume that

F : KlT (Flat(C)) D

is a functor such that
(1) the composite F ◦ FreeT : Flat(C)→ D preserves filtered colimits and is right-left extendable,
(2) F preserves geometric realizations of simplicial objects in KlT (Flat(C)) that become split

after applying ForgetT .
Then there exists a unique sifted colimit preserving functor LF : AlgT (C) → D that extends F ,
together with a natural equivalence LF ◦ Free ≃ L(F ◦ Free).

Proof. Let FunωRL(Flat(C),D) denote the ∞-category of filtered-colimit preserving functors that are
right-left extendable, and notice that there is a right action

FunωRL(Flat(C),D) ↶ FunωRL(Flat(C),Flat(C)).

In the above situation, we have an algebra object T ∈ FunωRL(Flat(C),Flat(C)), and the functor
F ◦ FreeT ∈ FunωRL(Flat(C),D) is a right module for T . Using the same logic as [Hol23Hol23, Proposition
2.2.15], taking right-left extension is lax monoidal and consequently, the functor L(F ◦FreeT ) : C→ D

is a right module for the derived monad LT . On the other hand, ForgetT : AlgT (C)→ C is a left
T -module. Since D admits sifted colimits, we can define LF by the formula:

LF :=
∣∣Bar(L(F ◦ FreeT ), T,ForgetT )∣∣ : AlgT (C) D.

One readily verifies all the desired properties. □

Construction A.17 (Cotangent complex as a derived functor). Let C be a derived algebraic context
and write Mod(C) for the ∞-category of tuples (A,M) consisting of a derived commutative algebra
A and an A-module M in C. Notice that Mod arises as the ∞-category of algebras over a derived
monad Tmod on C, such that KlTmod

(C) is simply the ordinary ∞-category of free derived algebras
A = Sym(V ) generated by V ∈ Flat(C), together with a free A-module A⊗W on W ∈ Flat(C). We
now have:
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(1) A functor between ordinary categories triv : KlTmod
(Flat(C)) → CAlgder(C) sending each

(A,M) to the trivial square zero extension A⊕M .
(2) A functor between ordinary categories Ω1 : KlSym(Flat(C)) → KlTmod

(C) defined by the
universal property that Map(Ω1

A, (B,M)) ≃ Map(A,B ⊕M). One readily verifies that
such a universal object exists for each free algebra A = Sym(V ) and is given by the tuple
(Sym(V ),Sym(V )⊗ V ), which is indeed in KlTmod

(C).

Both of these functors satisfy the conditions of Proposition A.16A.16 and hence admit derived functors
L : CAlgder(C) → Mod(C) and triv : Mod(C) → CAlgder(C). The universal property of Ω1 then
implies that L is left adjoint to triv. We refer to LA ∈ ModA(C) as the cotangent complex of A.

As usual, every map f : A → B in CAlgder(C) induces a map (A,LA) → (B,LB) in Mod(C).
Since the projection Mod(C) → CAlgder(C) is a cocartesian fibration, as C ∈ CAlg(PrL), this is
equivalent to a map f∗LA → LB in ModB , whose cofibre is the relative cotangent complex LB/A:

f∗LA LB LB/A.

If B = LSymA(M) is the free derived A-algebra on M ∈ ModA(C), then LB/A ≃ B ⊗A M .
We conclude with some observations about finite type conditions on maps between animated

commutative algebras, well-known for animated rings.

Definition A.18. If C is a derived algebraic context and A ∈ CAlgan(C), then we will say that:

(1) a map A→ B in CAlgan(C) is almost of finite presentation if B is an almost compact object
of CAlganA (C), that is, each τ≤nB is a compact object of τ≤nCAlganA (C) [HAHA, Definition
7.2.4.8].

(2) an A-module M ∈ ModA(C) is almost perfect if M ∈ ModA(C)≥k and M defines an almost
compact object of ModA(C)≥k.

Proposition A.19. Let C be a derived algebraic context and f : A → B be a map of animated
commutative algebras in C. Then the following are equivalent:

(1) f is almost of finite presentation.
(2) The map π0(A)→ π0(B) of commutative algebras in C♡ is of finite presentation and LB/A

is an almost perfect B-module.

In addition, the following assertions hold:

(3) If B is almost perfect as an A-module, then f is almost of finite presentation.
(4) If f is almost of finite presentation and π0(A) → π0(B) is surjective, then B is almost

perfect as an A-module.

The proof of Proposition A.19A.19 requires some preliminaries about cell decompositions and the
resulting filtrations.

Construction A.20. Let A → B be a map of animated commutative algebras in C. By a cell
decomposition of B, we will mean a sequence of animated filtered A-algebras A = B−1 → B0 →
B1 → · · · → B constructed inductively according to the following procedure:

• Having constructed Bn, choose a map χn : Mn → (B/Bn)[−1] from a connective Bn-module
Mn such that the cofibre is (n+ 1)-connective.
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• Define Bn+1 as the pushout of derived filtered algebras

LSymBn
(Mn) Bn

Bn Bn+1

χ

0

ι

where the top map sends Mn to zero. The map Bn → B then factors canonically over
ι : Bn → Bn+1.

Let us record some properties of such cell decompositions:
(a) If π0(A)→ π0(B) is surjective, one can take B0 = B−1 = A.
(b) Each Bn+1 admits an increasing filtration whose associated graded is LSymBn

(Mn[1]): this
filtration is the base change along χ of the filtration on Bn obtained by applying LSymBn

to the zero object with increasing filtration given by F0(0) = Mn and Fi(0) = 0 for i > 0.
Here we use Example A.11A.11 in the case I = (Z,≤).

(c) Each cofibre B/Bn is (n+ 1)-connective and hence each Mn is n-connective. To see this,
we proceed by induction, the case n = −1 being evident. For the inductive step, note that
the map χn factors as

χn : Mn[1]→ Bn+1/Bn → B/Bn.

Since the cofibre of the composite is (n + 2)-connective by construction, to show that
the cofibre B/Bn+1 of the second map is (n + 2)-connective it will suffice to show that
Mn[1]→ Bn+1/Bn has (n+ 2)-connective cofibre. Using the filtration from (b)(b), this map
decomposes as

Mn[1] ≃ F1(Bn+1)/F0(Bn+1)→ F2(Bn+1)/F0(Bn+1)→ . . .→ Bn+1/F0(Bn+1).

It therefore suffices to verify that the cofibre of each of these maps is (n+ 2)-connective.
These cofibres are given by LSymm

Bn
(Mn[1]) with m ≥ 2, which fit into a cofibre sequence

(Mn[1]⊗Bn
· · · ⊗Bn

Mn[1])hΣm
→ LSymm

Bn
(Mn[1])→ Fm(Mn[1]).

The result now follows because the outer terms are both (n + 2)-connective. For the
right term, this follows because Fm is right-left extended from a functor on Vectft(C) with
1-connective values.

(d) For each n, consider the natural Bn+1-linear maps

Bn+1 ⊗Bn Mn[1]→ Bn+1 ⊗Bn (Bn+1/Bn)→ LBn+1/Bn

where the first map is induced by χ and the last map arises from the universal derivation
Bn+1 → Bn+1 ⊕ LBn+1/Bn

. The composite map is an equivalence of (n + 1)-connective
modules and the cofibre of the first map is (n + 2)-connective, so that the cofibre of the
natural map Bn+1⊗Bn

(Bn+1/Bn)→ LBn+1/Bn
is (n+3)-connective. An inductive argument

then shows that each B ⊗Bn
(B/Bn)→ LB/Bn

has (n+ 3)-connective cofibre as well.

Lemma A.21. Let C be a derived algebraic context and let Fun((Z≥0,=),C) be the ∞-category of
non-negatively graded objects in C, as in Example A.11A.11. Given a graded algebra A := A• and a
graded module M := M•, the following hold:

(1) If A0 ⊗A M ≃ 0, then M ≃ 0.
(2) If A and M are connective and A0 ⊗A M is an almost perfect A0-module, then M is almost

perfect.
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Proof. For (1), we prove the claim by induction on the weight. Clearly, M0 = 0. Assuming that
M i = 0 for i < n, we have Mn ≃ (A0 ⊗A M)n, so that Mn = 0 as well. For (2), note that

π0(A
0)⊗π0(A) π0(M) ∼= π0(A

0 ⊗A M)

is the module of indecomposables associated to the graded π0(A)-module π0(M). Since this module is
finitely generated, it follows that π0(M) is a finitely generated π0(A)-module. Lifting the generators
provides a map P →M from a finite free graded A-module, which is surjective on π0. The cofibre
N is then a 1-connective A-module such that A0 ⊗A N is an almost perfect A0-module. Proceeding
by induction, one finds that M is indeed almost perfect. □

Lemma A.22. Let C be a derived algebraic context and let Fun((Z,≤),C) be the ∞-category of
objects in C with an unbounded increasing filtration, as in Example A.11A.11. Let A = F⋆A be a
connective filtered algebra which is complete, i.e. limn→−∞ FnA = 0. Then a filtered A-module
M = F⋆M is almost perfect if and only if it is complete and Gr(M) is an almost perfect left
Gr(A)-module.

Proof. If M is almost perfect, then Gr(M) is almost perfect because taking the associated graded
preserves compact objects and is t-exact up to a shift. To see that M is complete, let n ≥ 0 and
pick a perfect filtered A-module Nn with a map Nn →M whose cofibre is n-connective. Since A is
complete, Nn is complete and hence limF iM ≃ limF i(M/Nn). By the Milnor sequence, the latter
is (n− 1)-connective. Since n was arbitrary, we conclude that limF iM = 0.

For the converse, it suffices that if M is n-connective, there exists a cofibre sequence⊕k
i=1 A⊗ F≥wi

Vi[n] M M ′f

where M ′ is (n+1)-connective and the first term consists of free filtered A-modules with Vi ∈ Vectft(C),
concentrated in filtration weight ≥ wi. Indeed, this implies that M ′ is a complete (n+1)-connective
module such that Gr(M ′) is almost perfect; it follows by induction that each τ≤m(M) is equivalent
to the m-truncation of a perfect A-module, so that M is almost perfect.

Since Gr(M) is an almost perfect n-connective Gr(A)-module, the desired cofibre sequence exists
at the graded level. In particular, there exists a map f ′ :

⊕n
i=1 Gr(A)⊗ Vi(wi)[n]→ Gr(M), where

the domain is a sum of free Gr(A)-modules in various weights wi. Since the Vi ∈ Vectft(C) are
projective in C≥0, we can lift f ′ to a map f of filtered modules. The cofibre M ′ of f is then a
complete module with (n+ 1)-connective associated graded, and is thus itself (n+ 1)-connective by
the Milnor sequence. □

Proof of Proposition A.19A.19. For (1)⇒ (2), note that π0(B) is a compact object in π0(A)-algebras and
hence finitely presented. The cotangent complex LB/A is almost perfect because for any filtered sys-
tem of k-coconnective B-modules Mα, the map colimMapB(LB/A,Mα)→ MapB(LB/A, colimMα)
is the base change of the equivalence

colimMapCAlgan
A (C)

(
B,B ⊕Mα

)
→ MapCAlgan

A (C)

(
B, colim(B ⊕Mα)

)
.

For (2) ⇒ (1), we claim that there exists a cell decomposition for B with the property that each Bn

is almost of finite presentation over A. It then follows that B is the colimit of a sequence of almost
finitely presented algebras that stabilises upon k-truncation for any k. This implies that A→ B
almost finitely presented as well.

To construct this cell decomposition, we fix a finite presentation of π0(A) → π0(B). We
can then choose a map M0 = A ⊗ V0 → B from a free A-module on V0 ∈ Vectft(C) such that
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π0(M0) → π0(B) picks out the generators of π0(B). We then set B0 = LSymA(M0). Next, we
choose a map M1 = A ⊗ V1 → fib(B0 → B) from a free B0-module on V1 ∈ Vectft(C) such that
π0(M1)→ π0(B0) = Symπ0(A)(π0(M0)) picks out the relations of this presentation. The resulting
B1 is almost finitely presented and π0(B1) = π0(B). Now suppose we have constructed the desired
cell decomposition up to Bn, for some n ≥ 1. Since A→ Bn is a almost of finite presentation, the
first part of the proof shows that LBn/A is an almost perfect Bn-module. Consequently, LB/Bn

is
an almost perfect B-module. Since

B ⊗Bn (B/Bn)→ LB/Bn

has (n + 3)-connective cofibre, it follows that we can choose an n-connective free Bn-module
Mn = Bn⊗ Vn[n] with Vn ∈ Vectft(C), together with a map χ : Mn → (B/Bn)[−1] that is surjective
on πn. The resulting map Bn → Bn+1 is then almost finitely presented, so that the composite
A→ Bn+1 is almost finitely presented as well.

For assertion (4), suppose that f is almost finitely presented and that π0(A)→ π0(B) is surjective,
and consider the above cell decomposition. Then B0 = A, and we claim that each Bn is an almost
perfect A-module. The colimit B is then an almost perfect A-module as well, because the cofibre of
each Bn → Bn+1 is (n+ 1)-connective. Note that by part (b)(b) of Construction A.20A.20, Bn+1 comes
with an increasing filtration by Bn-modules whose associated graded LSymBn

(Mn[1]) is almost
perfect: indeed, each LSymk

Bn
(Mn[1]) is almost perfect and (at least) k-connective, since Mn was a

connective almost perfect Bn-module. It follows that Bn+1 is an almost perfect Bn-module, so that
an inductive argument shows that Bn ∈ APerfA(C) (the case n = 0 being evident).

Finally, let us prove assertion (3). Consider the cell decomposition for B defined inductively by
setting B−1 = A and

Mn = (B/Bn)[−1].
We claim that B is almost perfect as a Bn-module for each Bn. Assuming this, it follows by induction
that each Bn → Bn+1 is almost finitely presented, so that A→ Bn+1 is almost finitely presented
as well. Since the sequence of truncations τ≤kBn is eventually constant, the colimit B is then an
almost finitely presented A-algebra as well.

We prove our claim by induction, the case n = −1 being evident. Assuming B is an almost
perfect Bn-module, we endow Bn+1 with the increasing filtration from part (b)(b) of Construction
A.20A.20 and B with the increasing filtration where F0B = Bn and FiB = B for i ≥ 1. Then F⋆B
is an F⋆Bn+1-module, and it it suffices to verify that it is almost perfect as a filtered module.
By Lemma A.21A.21, it suffices to verify that the associated graded is an almost perfect module over
Gr(Bn+1) = LSymBn

(B/Bn). We then have a cofibre sequence of Gr(Bn+1)-modules Bn(0) →
Gr(B)→ (B/Bn)(1) of where the outer terms are concentrated in weight 0 and 1. By Lemma A.21A.21,
it therefore suffices to verify that the graded Bn-modules

Bn ⊗LSymBn
(B/Bn) Bn ≃ LSymBn

(B/Bn[1])

Bn ⊗LSymBn
(B/Bn) (B/Bn) ≃ LSymBn

(B/Bn[1])⊗Bn
B/Bn

are almost perfect Bn-modules. This follows from the fact that B/Bn is an almost perfect Bn-module
and that LSymBn

(B/Bn[1]) is almost perfect, because each LSymk
Bn

(B/Bn[1]) is almost perfect
and k-connective. □

A.2. Pro-coherent modules. As highlighted in [GR17aGR17a], the usual ∞-category of quasi-coherent
sheaves on a derived scheme (or prestack) is not very well-adapted to deformation theory. For
schemes that are locally almost finitely presented over a field, it is better to consider their categories
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of ind-coherent sheaves instead. In this situation, Serre duality provides a natural identification
between ind-coherent sheaves and the dual notion of pro-coherent sheaves: on an almost finitely
presented scheme X over a field k, this is simply given by Ind(CohX) ≃ Ind(CohopX ). To also deal
with situations without Serre duality, where we cannot directly use the machinery of ind-coherent
sheaves, let us introduce the following provisional modification of the ∞-category of pro-coherent
sheaves over an affine derived scheme:

Definition A.23. Given an animated ring A, we will write QC∨
A for the ∞-category of exact

functors F : ModA → Sp satisfying the following two conditions:
(1) They are convergent, in the sense that they preserve limits of Postnikov towers in ModA.
(2) They are almost finitely presented, in the sense that for each n ∈ N and each filtered diagram

of n-coconnective A-modules Mα, the map colimα F (Mα)→ F (colimMα) is an equivalence.

Warning A.24. For a general animated ring, the ∞-category QC∨
A is not very manageable and one

should view this as an ad-hoc definition. The definition will essentially only become useful when A
is a coherent animated ring: in that case QC∨

A ≃ Ind(CohopA ) can be identified with the compactly
generated ∞-category of pro-coherent sheaves on A.

Keeping this warning in mind, let us nonetheless record some formal properties of QC∨
A.

Notation A.25. If C is a stable ∞-category with a t-structure, we let C+ =
⋃

n C≤n, C− =
⋃

n C≥n

and Cb = C+ ∩ C− be the full subcategories of eventually coconnective, eventually connective and
bounded objects [HAHA].

Lemma A.26. Let A be an animated ring. Then the following ∞-categories are naturally equivalent:
(1) The ∞-category QC∨

A.
(2) The ∞-category of exact functors Mod+A → Sp that are almost finitely presented.
(3) The ∞-category of left exact functors F : Mod+A → S that are almost finitely presented.
(4) The ∞-category of functors F : Mod+A,≥0 → S that are locally almost finitely presented and

preserve the terminal object and pullbacks along a π0-surjection.
(5) The ∞-category of functors F : ModA,≥0 → S preserving limits of almost eventually constant

towers and satisfying the conditions from (4).

Proof. The equivalence between (1) and (2) is given by restriction and right Kan extension
along j : Mod+A ↪→ ModA. Recall that the right Kan extension is given explicitly by j∗F (M) =
limF (τ≤nM). The equivalence between (2) and (3) is given by postcomposition with Ω∞. The
equivalence between (3) and (4) is given by restriction along the inclusion i1 : ModbA ↪−→ Mod+A and
i2 : Mod+A,≥0 ↪−→ ModbA of bounded (resp. bounded connective) objects. The inverse is given by
right Kan extension along i2 followed by left Kan extension along i1. The equivalence between (4)
and (5) follows by restriction and right Kan extension along Mod+A,≥0 ↪−→ ModA,≥0. □

Lemma A.27. Let A be an animated ring and let κ be a regular cardinal such that τ≤n : ModA →
ModA preserves κ-compact objects. Then restriction and left Kan extension along i : Mod+,κ

A ↪→
Mod+A induces an equivalence between QC∨

A and the ∞-category of exact functors F : Mod+,κ
A → Sp

preserving colimits of κ-small filtered diagrams of n-coconnective objects, for each n.

Proof. Since τ≤n preserves κ-small objects, for any n-coconnective A module M the inclusion(
ModκA,≤n

)
/M

↪→
(
Mod+,κ

A

)
/M

is cofinal. Using that
(
ModκA,≤n

)
/M

is filtered, one readily sees
that i!i∗F ≃ F for any F ∈ QC∨

A. The identification of its essential image follows from the fact that
any filtered colimit can be written as a κ-filtered colimit of κ-small filtered colimits. □
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Corollary A.28. Let A be an animated ring A. Then QC∨
A is a stable presentable ∞-category.

Proof. By Lemma A.27A.27, QC∨
A ⊆ Fun

(
Mod+,κ

A ,Sp
)

is the full subcategory of functors preserving
certain types of colimits. It is hence presentable by the proof of [HTTHTT, Proposition 5.5.3.8]. □

Corollary A.29. Let F : ModA → Sp be an exact functor which is accessible and convergent and
consider the ∞-category

(
QC∨

A

)
/F

of functors in QC∨
A equipped with a natural transformation to

F . This ∞-category admits a terminal object F aft, which we will refer to as the almost finitely
presented approximation to F .

Proof. Since F is convergent and κ-accessible for some uncountable κ, it suffices to verify that there
exists a universal object F aft ∈ QC∨

A equipped with a natural transformation to the restriction
F : Mod+,κ

A → Sp. The previous proof shows that for large enough κ, the inclusion QC∨
A ⊆

Fun
(
Mod+,κ

A ,Sp
)

is accessible and preserves colimits, and hence admits a right adjoint. □

For any A, there is an adjoint pair

ι : ModA QC∨
A :υ

where the left adjoint sends an A-module M to the exact functor M ⊗A (−) : Mod+A → Sp and the
right adjoint sends any F : Mod+A → Sp to the A-module υ(F ) = limn F (τ≤nA).

Observation A.30. The ∞-category QC∨
A comes equipped with a left complete t-structure whose

connective part consists of those F : Mod+A → Sp that are right t-exact. This induces an equivalence

ModA,≥0 ≃ QC∨
A,≥0.

Indeed, the equivalences of Lemma A.26A.26 identify QC∨
A,≥0 with the ∞-category of colimit-preserving

functors F : ModA,≥0 → S, which is equivalent to ModA,≥0 via sending such a functor F to the
A-module F (A) ∈ ModA,≥0.

Consequently, ModA is the right completion of QC∨
A. In particular, we will typically identify

eventually connective A-modules with the corresponding object in QC∨
A. If A is eventually coconnective,

then QCA → QC∨
A is fully faithful on all modules (not just the eventually connective ones).

Let A be an animated ring and F ∈ QC∨
A. For each N ∈ Mod+A, the spectrum F (N) inherits

a natural A-module structure from the A-module structure on N . More precisely, one can this
describe this A-module structure on F (N) by the exact functor Perf(A)op → Sp sending M to
F (M∨ ⊗A N). Using this, the ∞-category QC∨

A is tensored over ModA via

(26) ⊗A : QC∨
A ×ModA QC∨

A; (M ⊗A F )(N) = M ⊗A (F (N))

for each N ∈ Mod+A. This preserves colimits in each variable and the functor ι : ModA → QC∨
A is

compatible with the tensoring.

Definition A.31. Let M ∈ ModA be an A-module. Then the tensoring M ⊗A − : QC∨
A → QC∨

A

admits a right adjoint. We define the pro-coherent dual M∨ of M to be the value of this right
adjoint on A.

Example A.32. If M is a perfect A-module, then the adjoint to M ⊗A− : QC∨
A → QC∨

A is given by
tensoring with the dual perfect module. Consequently, the pro-coherent dual of a perfect A-module
is simply its usual A-linear dual. In terms of functors, one can also identify this with the functor
HomA(M,−) : ModA → Sp. Using this and the fact that (−)∨ sends colimits in Mod−A to limits
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in QC∨, it follows that for any eventually connective M ∈ Mod−A, its pro-coherent dual M∨ is the
almost finitely presented approximation to HomA(M,−) in the sense of Corollary A.29A.29.

We will be particularly interested in the pro-coherent duals of almost perfect A-modules: in this
case, M∨ is given by HomA(M,−) : ModA → Sp, which is already almost finitely presented.

Definition A.33. We will say that a pro-coherent module F ∈ QC∨
A is dually almost perfect

if F : ModA → Sp is corepresented by an almost perfect A-module. Taking pro-coherent duals
therefore determines an equivalence

(−)∨ : APerfopA dAPerfA
∼

between almost perfect A-modules and dually almost perfect pro-coherent A-modules.

Lemma A.34. Let M ∈ ModA be an A-module and let M∨ be its pro-coherent A-linear dual. Then
pro-coherent duality determines an equivalence

(27) (−)∨ :
(
(APerfA)M/

)op
(dAPerfA)/M∨ .∼

Proof. The functor (2727) defines a map of right fibrations covering the equivalence APerfopA ≃
dAPerfA. It therefore suffices to verify that it induces an equivalence on fibres, i.e. that the map
MapModA

(M,N)→ MapQC∨
A
(N∨,M∨) is an equivalence for every N ∈ APerfA. To see this, recall

that N∨ : ModA → Sp is corepresented by N and M∨ : ModA → Sp is the almost finitely presented
approximation to the functor corepresented by M , so that MapQC∨

A
(N∨,M∨) is equivalent to the

space of maps between the functors corepresented by N and M . Unravelling the definitions, one
then sees that MapModA

(M,N)→ MapQC∨
A
(N∨,M∨) is an equivalence by the Yoneda lemma. □

Definition A.35. Let A be an animated ring. For all −∞ ≤ a ≤ b ≤ ∞, we will say that an object
F ∈ QC∨

A has tor-amplitude in [a, b] if for any discrete A-module M ∈ Mod♡A,

πnF (M) ̸= 0 =⇒ a ≤ n ≤ b.

Write QC
∨,[a,b]
A ⊆ QC∨

A for the full subcategory on the objects with tor-amplitude in [a, b].

Example A.36. We have the following special cases:
(1) A pro-coherent module F has tor-amplitude in [0,∞] if and only if F is connective. In

particular, QC
∨,[0,∞]
A ≃ ModA,≥0 is equivalent to the ordinary ∞-category of connective

A-modules.
(2) QC

∨,[0,0]
A ≃ FlatA coincides with the full subcategory of ModA,≥0 spanned by the flat

A-modules.
(3) Let F = M∨ be dually almost perfect. Then M∨ has tor-amplitude in [−b,−a] if and only

if M has tor-amplitude in [a, b].

Let us now turn to the functoriality of QC∨
A in the animated ring A.

Definition A.37. Let f : A→ B be a map of rings. We will write f∗ : QC∨
A ⇆ QC∨

B :f∗ for the
adjoint pair whose left adjoint is given by precomposition with f∗ : Mod+B → Mod+A

Note that f∗ fits in a commuting square

ModA ModB

QC∨
A QC∨

B .

f∗

ι ι

f∗
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In the presence of Serre duality, f∗ is Serre dual to the f !-functor on ind-coherent sheaves [Gai11Gai11,
Section 9.2.3]

Lemma A.38. If f : A→ B has finite tor-amplitude, then the right adjoint f∗ preserves colimits.
Furthermore, for any pullback square

Spec(B′) Spec(B)

Spec(A′) Spec(A).

f ′

g′ g

f

where f has finite tor-amplitude, the Beck–Chevalley map g∗f∗ → f ′
∗g

′∗ is an equivalence.

Proof. If f has finite tor-amplitude, then f∗ is simply given by restriction along f∗ : Mod+A →
Mod+B. Using this, one sees that for every F ∈ QC∨

A′ and M ∈ Mod+B, the Beck–Chevalley
map (g∗f∗F )(M) → (f ′

∗g
′∗F )(M) is given by the image under F of the Beck–Chevalley map

g∗f∗M → f ′
∗g

′∗M , which is an equivalence. □

Corollary A.39. The functor QC∨ : CAlganR → PrL satisfies descent with respect to universal
descent morphisms of finite tor-amplitude, in the sense of [SAGSAG, Definition D.3.1.1]. In particular,
it satisfies fppf descent.

Proof. Using that A 7→ ModA preserves products, one readily sees that QC∨ preserves finite products
of animated rings. Next, let f : A→ B be a universal descent morphism of finite tor-amplitude. Let
B• be the corresponding Čech nerve and consider the map θ : QC∨

A → limQC∨
B• . Using Lemma A.38A.38

and [HAHA, Corollary 4.7.5.3], we see that θ is an equivalence if f∗ : QC∨
A → QC∨

B is conservative. To
see this, take F ∈ QC∨

A such that f∗F ≃ 0. The objects M ∈ ModA such that F (M) ≃ 0 form a
stable subcategory of ModA that contains f∗(ModB) and is closed under retracts; since f was a
universal descent morphism, this means that it contains every A-module. □

We now specialise to the case where A is a coherent animated ring.

Definition A.40. An animated ring A is said to be coherent if the standard t-structure on ModA
restricts to a t-structure on APerfA. Equivalently, π0(A) is coherent and each πn(A) is a finitely
presented π0(A)-module.

Definition A.41. Assume A is a coherent animated ring. An almost perfect A-module M is
coherent if it eventually connective and coconnective. Equivalently, an A-module M is coherent
if all homotopy groups πnM are finitely presented over π0A, and only finitely many of πnM are
non-zero. We denote CohA ⊂ APerfA the full subcategory of coherent modules.

Lemma A.42. If A ∈ CAlgan is coherent, then QC∨
A is equivalent to the categories of:

(1) Exact functors F : CohA → Sp.
(2) Functors F : CohA,≥0 → S that preserve the terminal object and pullbacks along π0-surjections.
(3) Functors F : APerfA,≥0 → S that preserve almost eventually constant towers, the terminal

object and pullbacks along π0-surjections.
In particular, QC∨

A ≃ Ind(CohopA ) is compactly generated.

Proof. This follows from Lemma A.27A.27 with κ = ω, as well as the argument from Lemma A.26A.26. □
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Remark A.43. Let A be a coherent animated ring with dualising complex ωA. Then the t-structure
on QC∨

A from Observation A.30A.30 is Serre dual to the t-structure on Ind(CohA) whose connective part
is generated by ωA.

Corollary A.44. The following holds for a map of coherent animated rings f : A→ B:
(1) If f has finite tor-amplitude, then the functor f∗ : QC∨

A → QC∨
B coincides with Ind(f∗), for

f∗ : CohopA → CohopB .
(2) If f is finite, then f∗ has a left adjoint f! : QC∨(B)→ QC∨(A) given by the ind-completion

of f∗ : Coh
op
B → CohopA .

Corollary A.45. Let A be a coherent animated ring. Then QC∨
A carries a unique closed symmetric

monoidal structure whose restriction to dAPerfA ≃ APerfopA is equivalent to the usual symmetric
monoidal structure on almost perfect A-modules, i.e. M∨⊗AN

∨ = (M⊗AN)∨ for all M,N ∈ APerfA.
Every map f : A → B between coherent animated rings induces a symmetric monoidal functor
f∗ : QC∨

A → QC∨
B.

Proof. Using part (33) of Lemma A.42A.42, it suffices to verify that QC∨
A ⊆ Fun(APerfA,≥0, S) is a

monoidal left Bousfield localisation with respect to the Day convolution product. This follows from
the fact that if F is a functor as in (33) and M ∈ APerfA,≥0, then F (M ⊗A−) satisfies the conditions
from (33) as well. □

Remark A.46. One readily verifies that ι : ModA → QC∨
A is symmetric monoidal and that the

tensoring from (2626) is induced by this symmetric monoidal functor. It follows that the pro-coherent
dual of an A-module M from Definition A.31A.31 coincides with the dual of ι(M) with respect to the
symmetric monoidal structure from Corollary A.45A.45.

Appendix B. Derived algebraic geometry recollections

We recall the following terminology:

Definition B.1 (Prestacks). A prestack is an accessible functor X : CAlgan → S from animated
rings to spaces. We will write PrStk for the ∞-category of prestacks. Given a prestack S, we let

(1) PrStk/S be the∞-category of S-prestacks, that is, prestacks X endowed with a map X → S.
(2) Aff/S be the ∞-category of affine derived schemes with a map to S, i.e. all Spec(A)→ S

where Spec(A) is the functor corepresented by an animated ring A.

The ∞-category of S-prestacks can then also be identified with the ∞-category of accessible
functors (Aff/S)

op → S.

Example B.2. When S = Spec(R) is affine, Aff/S ≃ CAlgan,opR can be identified with the opposite
of the ∞-category of animated commutative R-algebras. Consequently, a prestack X over R is
simply an accessible functor X : CAlganR → S; we will write PrStkR for the resulting ∞-category of
R-prestacks.

The purpose of this section is to briefly recall some of the results and constructions from [GR17aGR17a]
in this setting.

B.1. Finiteness and deformation-theoretic properties of prestacks. We begin with a recol-
lection of some of the conditions that one can impose on a prestack, following [GR17aGR17a] and [SAGSAG,
Section 17]. As in [GR17aGR17a, Volume 1, Chapter 2] and [SAGSAG, Section 17.4], the following finiteness
condition will play a central role in this text:
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Definition B.3. A map of prestacks X → S is said to be
• convergent if for all A ∈ CAlgan, the square

X(A) limX(τ≤nA)

S(A) limS(τ≤nA)

is cartesian.
• locally almost finitely presented if it is convergent and satisfies the following condition for

each n ≥ 0: for each filtered diagram Aα : I → CAlgan≤n of n-truncated animated rings with
colimit A, the square

colimX(Aα) X(A)

colimS(Aα) S(A)

is cartesian. Equivalently, X is convergent and for any SpecA→ S and each n ≥ 0, the base
change X ×S Spec(A) restricts to a functor CAlganA,≤n → S that preserves filtered colimits.

We will write PrStklaftS ↪−→ PrStkconvS ↪−→ PrStkS for the full subcategories spanned by the S-
prestacks that are locally of finite presentation, resp. convergent.

Next, let us recall the conditions on a prestack that guarantee that it has a well-behaved
infinitesimal structure, using the following algebraic terminology:

Definition B.4. A map of animated rings A→ B is said to be a nilpotent extension if π0(A)→ π0(B)
is surjective and its kernel is a nilpotent ideal.

Lemma B.5 ([GR17aGR17a, Volume 2, Chapter 1, Proposition 5.5.3]). Let f : A → B be a nilpotent
extension. Then f can be decomposed as the limit of an almost eventually constant tower

A = A∞ . . . An An−1 . . . A0 = B

where each An → An−1 is a square zero extension by a π0(B)-module Mn and for each N .

Definition B.6 ([GR17aGR17a, Volume 2, Chapter 1, Definition 7.1.2]). An S-prestack X is said to have
deformation theory (relative to S) if it is convergent (relative to S) and for each pullback diagram
of animated rings on the left in which B → A (and hence B′ → A′) is a nilpotent extension, the
square on the right is cartesian

B′ B

A′ A

X(B′) X(B)×X(A) X(A′)

S(A′) S(B)×S(A) S(A
′).

Equivalently, for each s : Spec(A) → S, the fibre Xs : CAlganA → S has deformation theory, i.e.
preserves limits of Postnikov towers and pullbacks along nilpotent extensions of animated A-algebras.

Lemma B.7. Let X be a convergent S-prestack. Then X has deformation theory if and only if one
of the following two equivalent conditions holds:
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(1) For each square in (Aff/S)
op opposite to a pullback square of animated rings

B′ A

B A⊕ I[1]

(id,0)

with I ∈ QC(A)≥0, its image under X : (Aff/S)
op → S is a pullback diagram of spaces.

(1’) The condition of (1) holds for all squares such that A,B and I are eventually coconnective.

Proof. The equivalence between X having deformation theory and condition (1) follows from
Lemma B.5B.5 by decomposing a general nilpotent extension as a tower of successive square-zero
extensions. The equivalence between (1) and (1’) follows from X being convergent. □

Finally, let us introduce two versions of the formal completion of a prestack, based on the following
algebraic constructions:

Definition B.8 (Reduction and pro-reduction). Let A ∈ CAlganR be an animated R-algebra.
(1) The reduction Ared is the quotient of π0(A) by its nilradical.
(2) The pro-reduction Aprored to be the ind-ring

Aprored = “ colim
I

”π0(A)/I,

where the colimit is taken over all nilpotent ideals I of π0(A).
For S = Spec(A) affine, we write Sred = Spec(Ared) for the underlying reduced scheme. We

moreover define a pro-scheme Sprored over R as the formal limit

Spec(Aprored) = “limI” Spec(π0(A)/I),

where I again ranges over all nilpotent ideals of π0(A). Given another R-prestack X, we set

X(Aprored) := MapPro(PrStk)(Sprored, X) = colim
I

X(π0(A)/I).

Definition B.9. Let X → Y be a map of prestacks over R.
(1) The formal completion Y ∧

X is the R-prestack sending an animated R-algebra A to

Y ∧
X (A) = X(Ared)×Y (Ared) Y (A).

(2) The formal infinitesimal completion of Y at X is the R-prestack sending A to

(X/Y )inf(A) = X(Aprored)×Y (Aprored) Y (A).

Remark B.10. When X → Y is laft, then the canonical map (X/Y )inf → Y ∧
X is an equivalence, as

X(Ared) ≃ X(Aprored)×Y (Aprored) Y (Ared).

Notation B.11. For Y = ∗ the terminal prestack, we write Xinf = (X/∗)inf . In characteristic 0,
the prestack Xinf is often called the de Rham stack of X.

Definition B.12. We will say that a map of R-prestacks f : X → Y is a nil-isomorphism if for
every A ∈ CAlganR , the map

X(Aprored)→ Y (Aprored)

is an equivalence.

Remark B.13. When X → Y is laft, then it is a nil-isomorphism if and only if X(A)→ Y (A) is
an equivalence for all reduced commutative rings.
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Lemma B.14. Completion satisfies the following properties:
(1) For any X → Y , the map Y ∧

X → Y has deformation theory. If X → Y is laft, then X → Y ∧
X

and Y ∧
X → Y are laft.

(2) Let X ′ → X be an étale map between derived schemes and let X → Y be a nil-isomorphism.
Then the square

X ′ X

Y ∧
X′ Y

is cartesian.

Proof. The first part of (1) follows from the fact that for any nilpotent extension A′ → A of animated
rings, Y ∧

X (A′) ≃ Y ∧
X (A)×Y (A) Y (A′). For the second part, it is enough to show that Y ∧

X → Y is laft.
This is the base change of the map ∗∧X → ∗∧Y , which is laft because for any filtered diagram of n-
coconnective animated rings Aα with colimit A, colimX(Aα,red) ≃ colimY (Aα,red)×Y (Ared)X(Ared).
For (2), the fact that X ′ → X is laft implies that Y ∧

X′ → Y is the base change of X ′
inf → Xinf

(Remark B.10B.10). It now suffices to verify that the map X ′ → X ′
inf ×Xinf

X is an equivalence. This
follows from X ′ → X being étale, so that X ′(A) ≃ X(A) ×X(π0A/I) X

′(π0A/I) for any nilpotent
ideal I. □

B.2. Pro-coherent sheaves. The theory of pro-coherent sheaves on affine derived schemes from
Section B.2B.2 has an evident global analogue:

Definition B.15. For a prestack X, we define the stable presentable ∞-category QC∨
X as

QC∨
X = lim

S∈Aff/X

QC∨
O(S)

where the limit is taken with respect to the f∗-functoriality. Every map f : Y → X between prestacks
induces an adjoint pair f∗ : QC∨

X ⇆ QC∨
Y : f∗.

Let us point out that in the presence of Serre duality, this is Serre dual to the ∞-category QC!
X

of ind-coherent sheaves on X defined using f !-functoriality [Gai11Gai11, 9.2.3]. The main features of
QC∨

A carry over to pro-coherent sheaves on prestacks by naturality:
(1) Since each f∗ : QC∨

A → QC∨
B is right t-exact, for any prestack X the ∞-category QC∨

X

admits a right complete t-structure such that all f∗-functors are right t-exact. Since the
functor ι : ModA → QC∨

A intertwines the f∗-functors, there is a natural transformation
ι : QCX → QC∨

X which induces an equivalence on connective objects.
(2) Each QC∨

X is tensored and cotensored over QCX and ι is compatible with the tensoring.
(3) If M is an almost perfect A-module, then the natural map f∗(M∨) → (f∗M)∨ is an

equivalence. Using this, one sees that for any prestack X, pro-coherent duality induces an
equivalence

(−)∨ : APerfopX dAPerfX
∼

between the full subcategories of pro-coherent sheaves F that are (dually) almost perfect in
the sense that f∗F is (dually) almost perfect for each f : Spec(A)→ X.

The ∞-category QC∨
X is particularly well-behaved when X is locally coherent. In particular, we

have the following generalisation of Lemma A.42A.42 to derived schemes that are locally coherent, i.e.
which admit an Zariski cover coherent affine open subschemes or equivalently, for which every affine
open subscheme is coherent [Gla89Gla89, Theorem 2.4.2, Corollary 2.4.5].
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Proposition B.16. Let X be a qcqs derived scheme which is locally coherent and write write U for
the poset of affine opens of X. Then the natural map

CohopX = limU∈U CohopU limU∈U QC∨
U = QC∨

X

induces an equivalence Ind(CohopX ) ≃ QC∨
X .

Proof. By the usual reduction principle for qcqs schemes, it suffices to verify that for U0 ⊆ X ⊇ U1

an open cover such that the assertion holds on U0, U1 and U01 = U0 ∩ U1, the assertion holds also
for X. Since QC∨ satisfies Zariski descent by Corollary A.39A.39, it suffices to verify that Ind(Cohop)
also satisfies Zariski descent.

To see this, let us write j∗ : Ind(CohopX ) ⇆ Ind(CohopU ) : j∗ for the adjoint pair associated to an
open inclusion j : U ↪→ X. Since j∗ preserves colimits, this is an adjoint pair in PrL. As such, it is the
dual with respect to the Lurie tensor product of the adjoint pair j∗ : Ind(CohX) ⇆ Ind(CohU ) : j∗
considered in [Gai11Gai11]. Using this duality, one sees the counit j∗j∗ → id is an equivalence [Gai11Gai11,
Lemma 4.1.1] and that Ind(Cohop) satisfies base change for open inclusions [Gai11Gai11, Lemma 3.6.9].
It follows that

(j∗0 , j
∗
01, j

∗
1 ) : Ind(Coh

op
X ) Ind(CohopU0

)×Ind(Cohop
U01

) Ind(Coh
op
U1
)

is an equivalence as in the proof of [Gai11Gai11, Proposition 4.2.1]: this functor has a colimit-preserving
right adjoint sending a compatible triple (F0, F1, F01) to the fibre product j0∗F0 ×j01∗F01

j1∗F1.
Using base change and the fact that j∗i ji∗ ≃ id, one sees that the counit is an equivalence. To verify
that the unit F → j0∗j

∗
0F ×j01∗j∗01F

j1∗j
∗
1F is an equivalence, it suffices to treat the case where

F ∈ Coh(X)op. In that case, the result follows from descent for coherent sheaves. □

B.3. Tangent complex. In this section, we will discuss the tangent complex of a map of prestacks
X → S (if it exists). The main goal will be to establish a form of functoriality of the tangent
complex, which is used in Section 5.25.2.

Let us start by recalling the pointwise definition of the tangent and cotangent complex of an
S-prestack. Let π : X → S be an S-prestack and x : Spec(A)→ X a point, and consider the functor

(28) ModA,≥0 → S; M 7−→


Spec(A) X

Spec(A⊕M) Spec(A) S

x

π(x)

 .

We then have the following:

Definition B.17. Let X be an S-prestack and let x : Spec(A)→ X be a point.
(1) We will say that X admits a cotangent complex at x (relative to S) if there exists a

(necessarily unique) eventually connective module LX/S,x ∈ ModA,>∞ corepresenting the
functor (2828).

(2) We will say that X admits a (pro-coherent) tangent complex at x (relative to S) if the
functor (2828) defines an object TX/S,x ∈ QC∨

A.

If X is an S-prestack with deformation theory, then each map of rings f : A → B induces a
natural equivalence

X(A⊕M)×X(A) {x} ≃ X(B ⊕ f∗M)×X(B) {f∗x}
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for each connective A-module M . This implies that LX/S,f∗x ≃ f∗LX/S,x and TX/S,f∗x ≃ f∗TX/S,x

whenever X admits a (co)tangent complex at the point x. Consequently, if X has deformation
theory and admits a (co)tangent complex at each of its points, then these (co)tangent complexes
glue to global objects on X:

Definition B.18. Let X be an S-prestack with deformation theory.
(1) If X admits a cotangent complex at each point, then the cotangent complex LX/S ∈ QCX

is the unique quasi-coherent sheaf such that LX/S,x ≃ x∗LX/S for each point of X.
(2) If X admits a tangent complex at each point, then the tangent complex TX/S ∈ QC∨

X is the
unique pro-coherent sheaf such that TX/S,x ≃ x∗TX/S for each point of X.

Example B.19. Suppose that X is a laft S-prestack with deformation theory. Then X admits a
relative tangent complex at each point.

Having a tangent complex at each point requires a finiteness condition on X → S similar to
Example B.19B.19 (but at the linear level). However, there are many prestacks for which one can make
sense of their tangent complex, without requiring the existence of a tangent complex at each point.
For example, for every affine derived R-scheme X, we can define the tangent complex TX/R = L∨

X/R

to be the pro-coherent dual of its cotangent complex. In order to define the tangent complex in such
cases, and to make the functoriality of the tangent complex more explicit, we will need a somewhat
technical argument.

Construction B.20. Let Mod≥0,∗ → Aff be the cocartesian fibration classifying the functor
sending f : Spec(A)→ Spec(B) to the direct image f∗ : ModA,≥0 → ModB,≥0 and let us consider
the following pullback

M Fun([1],PrStk)

Mod≥0,∗ Aff PrStk

ev0

An object of M corresponds a map of prestacks x : Spec(A) → X together with a connective
A-module M . The functor M→ PrStk sending (Spec(A)→ X,M) 7−→ X is a cocartesian fibration
and each fibre MX comes equipped with a cocartesian fibration MX → Aff/X parametrising the
∞-category of connective modules at each point of X.

Let Fun/PrStk(M, S)→ PrStk be the relative functor ∞-category over PrStk; by [HTTHTT] this is a
cartesian fibration, classified by the functor PrStkop → Cat∞ sending a prestack X to Fun(MX , S)
and sending f : X → Y to restriction along MX →MY . Let us write

D ↪→ Fun/PrStk(M, S)

for the full subcategory of tuples (X,F ) consisting of a prestack X and a functor F : MX → S

satisfying the following two properties:
(1) F sends cocartesian arrows with respect to MX → Aff/X to equivalences.
(2) For each x : Spec(A)→ X, the restriction of F to the fibre

Fx : MX,x ≃ ModA,≥0 → S

is accessible and preserves the terminal object, pullbacks along π0-surjections and limits of
almost eventually constant towers.
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Let us write Daft ⊆ D and Dcorep ⊆ D for the subcategories of tuples (X,F ) where, in addition to
condition (22), each restriction Fx is almost finitely presented, respectively corepresentable by an
eventually connective A-module.

One readily verifies that for any map of prestacks f : X → Y , restriction along MX → MY

preserves these conditions, so that for any cartesian arrow (X,G)→ (Y, F ) with (Y, F ) ∈ D, (X,G)
is in D as well (and similarly in the other cases). Consequently, we obtain a diagram of cartesian
fibrations (and maps preserving cartesian arrows)

Daft D Dcorep

PrStk

Proposition B.21. Each of the above three cartesian fibrations classifies a functor PrStkop → Cat∞
preserving limits. Furthermore, the cartesian fibration Daft → PrStk is classified by the functor
X 7−→ QC∨

X and the cartesian fibration Dcorep → PrStk is classified by the functor X 7−→ (QC−
X)op.

Proof. Let X be a prestack and consider the cocartesian fibration MX → Aff/X that classifies the
diagram of categories Aff/X → Cat∞ sending a map of affines f : Spec(A) → Spec(B) over X to
f∗ : ModA,≥0 → ModB,≥0. The localisation of MX at the cocartesian arrows classifies the colimit of
this diagram of categories. Condition (11) therefore implies that DX is a full subcategory of the limit

lim
Spec(A)∈Aff/X

Fun
(
ModA,≥0, S

)
where each morphism f : Spec(A)→ Spec(B) in Aff/X is sent to restriction along f∗. Using this,
Condition (22) then identifies

DX ≃ lim
Spec(A)∈Aff/X

Funrex,acc(Mod+A,≥0, S)

with the limit of the ∞-categories of accessible functors that are right exact (or equivalently, that
preserve the terminal object and pullbacks along π0 -surjections). This identification is natural in
X, so that X 7→ DX evidently preserves limits. The categories Daft

X and D
corep
X are the limits over

Aff/X of the diagram of full subcategories of Funrex,acc(Mod+A,≥0, S) spanned the by almost finitely
presented and corepresentable functors. It follows that there are natural equivalences Daft ≃ QC∨

X

and D
corep
X ≃ (QC−

X)op. □

Observation B.22. Given a prestack X, the inclusion

QC∨
X = limSpec(A)→X QC∨

A limSpec(A)→X Funrex,acc(Mod+A,≥0, S) ≃ DX

preserves colimits. Since QC∨
X is presentable, it follows that there is a right adjoint DX → QC∨

X .
Given F ∈ DX , we will refer to its image under this right adjoint F aft as the almost finitely presented
approximation to F . Let us point out that the right adjoints DX → QC∨

X do not assemble into a
right adjoint D→ Daft.

Let us now use this construction to give a functorial description of the tangent complex.

Construction B.23. Let us write Fun(∆1,PrStk)def ⊆ Fun(∆1,PrStk) for the full subcategory of
maps X → S that have deformation theory. We define a functor

Φ: M×PrStk Fun(∆
1,PrStk)def → S;
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as follows. The domain of Φ is the fibre product of the cocartesian fibration M → PrStk from
Construction B.20B.20 and the functor ev0 : Fun(∆

1,PrStk)def → PrStk taking the domain. We then
define Φ by

Φ
(
x : Spec(A)→ X, M, X → S

)
=


Spec(A) X

Spec(A⊕M) Spec(A) S

x

π(x)

 .

The functor Φ is adjoint to

Fun(∆1,PrStk)def Fun/PrStk(M, S)

PrStk

ev0

sending X → S to the restriction Φ(−, X → S) : MX → S. The fact that X → S has deforma-
tion theory implies that Φ(−, X → S) satisfies conditions (11) and (22) from Construction B.20B.20.
Consequently, we obtain a functor that we will denote by

(29)
Fun(∆1,PrStk)def D

PrStk.

ev0

Tpre

If X → S is laft, then T pre(X/S) is contained in Daft. Under the equivalence Daft
X ≃ QC∨(X),

this corresponds to the tangent complex TX/S from Definition B.18B.18. If X → S admits cotangent
complexes at all points of X, then T pre(X/S) ∈ Dcorep and corresponds under the equivalence
D

corep
X ≃ (QC−

X)op to the cotangent complex LX/S from Definition B.18B.18.

From the formula for Φ, one readily sees:

Lemma B.24. The functor T pre preserves pullbacks.

Since Dcorep ⊆ D is closed under pullbacks, this reproduces for example the well-known behaviour
of the cotangent complex with respect to base change and composition.

Let us now use the functor T pre to define the tangent complex of a prestack with deformation
theory:

Definition B.25. Let X be an S-prestack with deformation theory. We define the (pro-coherent)
tangent complex of X over S to be the almost finitely presented approximation TX/S = T pre,aft

X/S ∈ QC∨
X

from Observation B.22B.22.

Example B.26. If X is a laft S-prestack with deformation theory, this coincides with the pointwise
definition of tangent complex from Definition B.18B.18. Indeed, since X → S is laft, T pre

X/S is already
contained in Daft

X ⊆ DX .

Example B.27. Suppose that X is a (not necessarily laft) S-prestack with deformation theory and
a cotangent complex at each point. Then there is an equivalence TX/S = L∨

X/S in QC∨
X , where L∨

X/S

is the pro-coherent linear dual of LX/S ∈ (QC−
X)op (see Example A.32A.32). Since the right adjoint

QC∨
X → QCX preserves the linear dual of a quasi-coherent sheaf, one can think of TX/S ∈ QC∨

X as
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a pro-coherent refinement of the coherator of the tangent sheaf on X, in the sense of [Sta19Sta19, Tag
08D6].

The tangent complex TX/S is much less well-behaved when X → S is not laft. For example,
given a map of S-prestacks with deformation theory X → Y , there is no direct map from TX/S to
f∗TY/S . For instance, if X and Y admit a cotangent complex at each point, there is only a zig-zag of
maps L∨

X/S → (f∗LY/S)
∨ ← f∗(L∨

Y/S) because base change does not commute with duality without
finiteness assumptions. Let us nonetheless record the following properties:

Proposition B.28. Let f : X → Y be a map of S-prestacks with deformation theory. Then the
following hold.

(1) There is a fibre sequence TX/Y → TX/S → (f∗T pre
Y/S)

aft.
(2) There is a zig-zag of maps TX/S → (f∗T pre

Y/S)
aft ← f∗TY/S in QC∨

X .
(3) If f is a formally étale, then there is a map f∗TY/S → TX/S.
(4) TX/S ≃ TX/S∧

X
.

If X and Y are furthermore laft S-prestacks with deformation theory, then:

(5) There is natural map TX/S → f∗TY/S that fits into a fibre sequence TX/Y → TX/S → f∗TY/S

in QC∨
X .

(6) Given a morphism S′ → S, there is a natural equivalence TX×SS′/S′ = p∗TX/S where
p : X ×S S′ → X is the evident projection.

Proof. The first three assertions follow from the natural fibre sequence T pre
X/Y → T pre

X/S → f∗T pre
Y/S in

DX by taking almost finitely presented approximations, using that T pre
X/Y ≃ 0 if X → Y is formally

étale. Likewise, (4) follows from the fact that T pre
X/S ≃ T pre

X/S∧
X

. Assertion (5) follows from the fact
that TY/S = T pre

Y/S and (6) follows from the equivalence T pre
X×SS′/S′ = p∗T pre

X/S , which follows from
Lemma B.24B.24. □

The somewhat problematic behaviour of TX/S when X → S is not laft will not be a problem
for us, because we are mainly interested in the ∞-category (QC∨

X)/TX/S
of pro-coherent sheaves

over TX/S . This ∞-category is equivalent to the ∞-category (QC∨
X)/Tpre

X/S
of pro-coherent sheaves

equipped with a map F → T pre
X/S in DX , and T pre

X/S is very well-behaved.
For instance, each laft map X → Y of S-prestacks with deformation theory gives rise to a natural

object TX/Y ∈ (QC∨
X)/TX/S

, or equivalently, in (QC∨
X)/Tpre

X/S
. Let us conclude with a functorial

description of this construction:

Construction B.29. Let us fix a base prestack S and write PrStkdef,laft−map
S for the subcategory

of PrStkS whose objects are prestacks with deformation theory over S and whose morphisms are
the laft morphisms between such S-prestacks. Let us write

E = D×PrStk PrStk
def,laft−map
S , QC∨ = Daft ×PrStk PrStk

def,laft−map
S

for the evident restrictions. The cartesian fibration E → PrStkdef,laft−map
S then admits a section

T pre sending each X 7−→ T pre
X/S . Taking fibrewise over-categories then produces a diagram that we
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will denote by

QC∨
/T

..= QC∨ ×E E/Tpre E/Tpre

PrStkdef,laft−map
S .

At the level of the fibres over a prestack X, this is given by

(QC∨
X)/TX/S

≃ (QC∨
X)×DX

(DX)/Tpre
X/S

(DX)/Tpre
X/S

.

Lemma B.30. The projection QC∨
/T → PrStkdef,laft−map

S is a cartesian fibration.

Proof. Let us first consider the cartesian fibration π : E→ PrStkdef,laft−map
S . This classifies a functor

sending X to EX = limSpec(A)→X Funex,acc(Mod+A,Sp) and f : X → Y to the evident functor between
limits

f∗ : EY = lim
Spec(A)→Y

Funex,acc(Mod+A,Sp)→ lim
Spec(A)→X

Funex,acc(Mod+A,Sp) = EX .

Note that each EX is a stable ∞-category and that f∗ is exact. This implies that E admits finite
limits and that π admits a fully faithful right adjoint (taking the terminal object fibrewise). The
projection E/Tpre → PrStkdef,laft−map

S is then a cartesian fibration as well: indeed, given a map
f : X → Y and F → T pre

Y/S in EY , the cartesian lift of f in E/Tpre corresponds to the following
pullback square in E:

T pre
X/S ×Tpre

Y/X
F F

T pre
X/S T pre

Y/X .

f̃

More explicitly, this is given by the pullback T pre
X/S ×f∗Tpre

Y/X
f∗F in the fibre EX .

Finally, it suffices that the full subcategory QC∨
/T ⊆ E/Tpre is stable under these cartesian arrows.

For this, suppose that F ∈ QC∨
Y ⊆ EY and consider the fibre sequence in EX

T pre
X/Y → T pre

X/S ×f∗Tpre
Y/X

f∗F → f∗F.

The base change functor f∗ sends QC∨
Y to QC∨

X , so f∗F ∈ QC∨
X . Since f : X → Y was assumed to

be laft, T pre
X/Y = TX/Y ∈ QC∨

X as well so that the middle term is contained in QC∨
X , as desired. □

Remark B.31. Informally, Lemma B.30B.30 asserts that there is a functor sending each S-prestack X
with deformation theory to the ∞-category (QC∨

X)/TX/S
, and each map f : X ′ → X to a functor

f ♯ : (QC∨
X)/TX/S

(QC∨
X′)/TX′/S

; (F → TX/S) TX′/S ×f∗(Tpre
X/S

)aft F.

In particular, when f is formally étale, then f ♯(F → TX/S) = f∗F by Proposition B.28B.28.
If f : X → Y is a map of S-prestacks with deformation theory and a cotangent complex, Example

B.27B.27 identifies the resulting base change functor with f ♯(F ) = TX/S ×(f∗LY/S)∨ f∗F , using the
natural map f∗(TY/S) = f∗(L∨

Y/S)→ (f∗LY/S)
∨.
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Proposition B.32. There is a map of cartesian fibrations preserving cartesian arrows

Fun(∆1,PrStkdef,laft−map
S ) QC∨

/T

PrStkdef,laft−map
S

T

ev0

sending each X → Y to TX/Y → TX/S. Furthermore, the induced functors between fibres preserve
limits.

In other words, for every square of laft maps between S-prestacks with deformation theory

X ′ X

Y ′ Y

there is a natural map TX′/Y ′ → f ♯(TX/Y ) where f ♯ is as in Remark B.31B.31. The fact that T preserves
cartesian arrows corresponds to this map being an equivalence if Y ′ = Y . We are mostly interested
for in the situation of (locally coherent) derived schemes X (over a base S): the above then provides
a functor sending X → Y a map TX/Y → L∨

X/Y in QC∨
X , functorial with respect to laft maps of

schemes X ′ → X.

Proof. The desired functor arises formally from the functor T pre in (2929), using that TX/Y = T pre
X/Y

if X → Y is laft (Example B.26B.26). To see that is preserves cartesian arrows, note that T pre sends

X ′ X T pre
X′/Y T pre

X/Y

Y Y T pre
X′/S T pre

X/S

f

id

Here the left square defines a cartesian arrow covering f in the domain. To see that its image is
cartesian, it suffices to verify that the right square is cartesian in E; this follows from the fact that
the functor T pre from (2929) preserves pullbacks by Lemma B.24B.24. □

We conclude by recording the following property of the induced functors TX/− between the fibres.

Proposition B.33. Let X be an S-prestack with deformation theory and consider the composite

Ψ: (PrStkdef,laft−map
S )X/− (QC∨

X)/TX/S
QC∨

X

TX/− cofib

where the first functor is induced by the functor T from Proposition B.32B.32 and the second functor
sends F → TX/S to its cofibre. This functor admits a left adjoint, sending each F ∈ QC∨

X to a map
X → XF that is furthermore a nil-isomorphism. In particular, the functor TX/− preserves limits.

Proof. Unravelling the definitions, Ψ(f : X → Y ) = (f∗T pre
Y/S)

aft. To describe its left adjoint, recall
from Construction B.20B.20 that each F ∈ QC∨

X defines a functor F :MX → S on the ∞-category of
tuples (x : Spec(A) → X, M ∈ Mod+A,≥0). Let F →MX be the (cocartesian) unstraightening of
this functor. We then define

XF = colim
(A,M)∈Fop

Spec(A⊕M)
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as the colimit in convergent S-prestacks. There are natural maps X → XF → X. The first map is
the natural map from the colimit indexed by the subcategory of Fop on those (A,M) where M ≃ 0
is the zero module. The second map is the colimit over the objects of F , corresponding to tuples

(x : Spec(A)→ X, M ∈ Mod+A,≥0, y ∈ F (M)),

of the maps Spec(A ⊕M) → Spec(A)
x−→ X. Given a map f : X → Y to an S-prestack with

deformation theory, a map XF → Y of S-prestacks under X corresponds to a natural transformation
F → f∗T pre

Y/S between functorsMX → S, i.e. a map F → (f∗T pre
Y/S)

aft = Ψ(f : X → Y ) in QC∨
X .

Hence, it remains to show that X → XF is indeed a laft nil-isomorphism and that XF has
deformation theory. For this it suffices to check that for each x : Spec(A)→ X with A eventually
coconnective, the base change x∗XF is a laft A-prestack with deformation theory that is nil-isomorphic
to Spec(A). This base change can be identified as follows. Let Fx denote the unstraightening of the
restriction x∗F : Mod+A,≥0 → S of F to the fibre of (MX)×Aff/X

{x}. Then

(30) x∗XF = colim
M∈Fop

x

Spec(A⊕M)

where the colimit is taken in convergent A-prestacks. This is clearly nil-isomorphic to Spec(A), as
every Spec(A⊕M) is nil-isomorphic to Spec(A). The category Fop

x is filtered, so that x∗XF has
deformation theory, being a filtered colimit of A-prestacks with deformation theory.

To see that x∗XF is laft, observe that for any eventually coconnective animated A-algebra B,
one can either compute the value x∗XF (B) using the colimit (3030), or as follows. Let us write
Sqz/B = Mod+A,≥0×CAlgan

A
CAlganA/B for the ∞-category of A-modules M ∈ Mod+A,≥0 equipped with

a map of animated A-algebras A⊕M → B. Then

x∗XF (B) = colim
M∈Sqz/B

x∗F (M).

If B is n-coconnective, it suffices to take the colimit over the cofinal subcategory Sqz≤n/B ⊆ Sqz/B
of n-coconnective A-modules M equipped with a map A⊕M → B. Note that Sqz≤n/B is compactly
generated with compact objects given by

(M,A⊕M → B),

where M is the n-truncation of a perfect connective A-module; let us refer to such n-coconnective
modules as n-compact. Since x∗F preserves colimits of filtered diagrams of n-coconnective A-modules,
one can thus reduce the above colimit to the colimit over the full subcategory Sqzω≤n/B ⊆ Sqz≤n/B

of n-compact A-modules M with a map A⊕M → B. Equivalently, this means that

x∗XF (B) = colim
M∈Fω,op

x,≤n

MapCAlgan
A
(A⊕M,B) ≃ colim

M∈Fω,op
x,≤n

Mapτ≤nCAlgan
A
(τ≤nA⊕M,B)

where Fω
x,≤n ⊆ Fx is the full subcategory of tuples (M,y ∈ x∗F (M)) where M is n-compact.

We conclude that the restriction of x∗XF to τ≤nCAlganA is equivalent to a colimit of representables
Spec(τ≤nA⊕M) where M is an n-compact A-module. By Lemma 2.202.20, each square zero extension
τ≤nA⊕M by an n-compact A-module defines a compact object in τ≤nCAlganA . It follows that x∗XF

restricts to a functor on τ≤nCAlganA preserving filtered colimits, so that x∗XF is indeed laft. □
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