FORMAL INTEGRATION OF DERIVED FOLIATIONS
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ABSTRACT. Frobenius’ theorem in differential geometry asserts that every involutive subbundle
of the tangent bundle of a manifold M integrates to a decomposition of M into smooth leaves.
We prove an infinitesimal analogue of this result for locally coherent qcqs schemes X over
coherent rings. More precisely, we integrate partition Lie algebroids on X to formal moduli
stacks X — S , where S is the formal leaf space and the fibres of X — S are the formal leaves. We
deduce that deformations of X-families of algebro-geometric objects are controlled by partition
Lie algebroids on X. Combining our integration equivalence with a result of Fu, we deduce that
Toén—Vezzosi’s infinitesimal derived foliations (under suitable finiteness hypotheses) are formally

integrable.
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1. INTRODUCTION
A smooth algebraic foliation F on a smooth complex variety X is a subbundle
Er CTx

which is closed under the commutator bracket of vector fields, i.e. a locally free Lie algebroid whose
anchor map is injective. We call F algebraically integrable if there is a decomposition

X =[] *

of X into smooth complex subvarieties F, — the leaves — whose tangent vectors span Er C T.
Note that algebraic integrability is a highly nontrivial condition. One can approach the problem of
integrating a given smooth foliation F in three steps.

First, we integrate F formally, which means that for every point € M, we find power series

fl,...,kaC[[Zl,...,Zn]]
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in local coordinates z1, . . ., z, such that a local vector field « lies in E+ if and only if a.df; = 0 for all 7.
The formal leaf passing through z is then encoded by the functor

FriA—{ay,...a, € A|Vi: fi(ay,...a,) =0}

from local Artinian C-algebras to sets.
Varying x € X, we obtain a ‘quotient’” map of prestacks

p:X—>§

to the formal leaf space such that F,' sends A to the set of (isomorphism classes of) dotted lifts

Spec(C) —— X
l _,7 J{
Spcc(A) -4 3

Next, we check the local convergence of these power series to obtain complex manifolds F, passing
through all points of X, thereby verifying Frobenius theorem for complex manifolds.

Finally, we examine whether or not the various leaves F, are algebraic subvarieties of X. If this
is the case, we obtain a submersion of Deligne-Mumford stacks p : X — S such that X — S is the
formal completion of X along p.

FIGURE 1. A foliation (depicted by tangent vectors) along with its formal leaves
(in gray) and leaves (in black).

In this article, we generalise the first step to more general Lie algebroids on more general
schemes. More precisely, we replace complex varieties by locally coherent qcqs schemes X over
coherent rings R, both possibly derived, and formally integrate partition Lie algebroids

p: E— Tx/gl]

with p not necessarily injective and E not necessarily locally free. The result of our integration
procedure is a formal moduli stack on X — around each point z in X, we obtain a formal moduli
problem F* encoding the formal leaf passing through z, which can be non-smooth, stacky, and
derived.
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Formal moduli stacks X — S also arise in deformation theory, where they capture infinitesimal
derived deformation functors of X-indexed families of algebro-geometric objects

M

|

X.

Our integration equivalence then implies that every such deformation functor is governed by

an essentially unique partition Lie algebroid on X, generalising various earlier equivalences in

characteristic 0 ([Dri, Del, Hin01, DAG X, Pril0, Hen18, GR17a, Nuil9b]) and p ([BM, BW]).
Foliations on smooth complex varieties X can also be defined as quotient bundles

QX - Q]:
inducing maps of commutative differential graded algebras
(A*Qx, dar) = (A"QF, dar).

This definition was generalised by Toén—Vezzosi [TV23] to the non-smooth derived setting — they
call the resulting structure an infinitesimal derived foliation. Fu [Fu24| recently constructed an
equivalence between almost perfect infinitesimal derived foliations and dually almost perfect partition
Lie algebroids. Combining Fu’s equivalence with our main result, we deduce that almost perfect
infinitesimal derived foliations (in the sense of Toén—Vezzosi) are formally integrable.

1.1. Statement of results. A Lie algebroid on a smooth manifold X consists of an anchor map
p:E—Tx

of vector bundles together with a bilinear Lie bracket [—, —] on the space I'(X, E) of global sections
such that for all global sections s1, s9 € I'(M, E) and all smooth functions f, we have

[s1, fs2] = p(s1)(f) - s2 + f[s1,52]

Lie algebroids were first introduced by Pradines [Pra67] and have since found numerous applications.
In this article, we will first generalise the theory of Lie algebroids the setting of algebraic geometry
over very general bases, and then formally integrate them.

Setup. Let us fix a coherent base ring R, i.e. a commutative ring whose finitely generated ideals are
also finitely presented. Let X be a quasi-compact quasi-separated (‘qeqs’) derived R-scheme which
is locally coherent, meaning that it admits an open cover by affine derived schemes Spec(B) with
mo(B) coherent and 7;(B) finitely presented over 7o(B).

Every such scheme admits a quasi-coherent cotangent complex Lx,r and a tangent complex

Tx/r = Lx/g-

This tangent complex belongs to the co-category QCY = Ind(Coh$) of pro-coherent sheaves on
X, which is the natural home of duals of quasi-coherent sheaves. Pro-coherent sheaves were first
introduced by Deligne [Har66, Appendix|; we refer to Appendix B.2 for further details.
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Partition Lie algebroids. In Section 3, we construct the co-category of partition Lie algebroids
LieAlgdZ)X/R
on the scheme X. These homotopical objects exhibit many expected properties:

(1) (Forgetful functor) There is a monadic forgetful functor LieAlgd} x/ g — (QC})/TX/RM;
hence partition Lie algebroids are maps of pro-coherent sheaves

g —— Tx/r[1]

equipped with additional Lie algebraic structure.
(2) (Global sections) Taking derived global sections gives rise to a functor

LieAlgdZyX/R — (LieAng,R)/RF(X,TX/R[1])7
where LieAlga p = LieAlgd gpec(r)/r denotes the oco-category of R-partition Lie algebras
and
RT(X, Tx/r[1])
is the Kodaira—Spencer partition Lie algebra encoding infinitesimal deformations of the
R-scheme X (cf. Section 4.4).
(3) (Descent) Every étale map
Y - X

induces a functor LieAlgdy x/r — LieAlgd} y g lifting the pullback functor on the level of
pro-coherent sheaves. Moreover, there is a canonical equivalence of oco-categories

LieAlgdx x/p — vex i%rll]e open LieAlgdA /-

Before proceeding to formal integration, let us highlight various special cases of our construction:

(a) For k a field of characteristic 0 and X = Spec(k), the co-category LieAlgd} x/, = LieAlgh
is modelled by (shifted) differential graded Lie algebras over k. For X = Spec(A) an affine
k-scheme, LieAlgd& x/k arises from the category of differential graded Lie algebroids on X
with the tame semi-model structure, see [Nuil9a, Variant 3.12].

(b) For k a field of characteristic p and X = Spec(k), we recover the co-category of partition
Lie algebras introduced in [BM]. These can be modelled by cosimplicial-simplicial k-vector
spaces with additional operations parametrised by nested chains of partitions, see [BCN,
Definition 5.43]. For X = Spec(F) with F/k a finite purely inseparable field extension,
LieAlgda x /1 recovers the oo-category of F'/k-partition Lie algebroids appearing in the
purely inseparable Galois correspondence [BW]. For R = A complete local Noetherian with
residue field k and X = Spec(k), the co-category LieAlgdA x4 is equivalent to the mixed
partition Lie algebras appearing in [BM, Definition 6.22].

(c) For R a coherent ring and X = Spec(R), the oo-category LieAlgda v, p = LieAlg) p appears
in [BCN, Section 3]. It admits an explicit model in terms of simplicial-cosimplicial objects,
given in [BCN, Theorem 5.42].

Formal moduli stacks. Given X and R as above, we will now introduce formal moduli stacks
X5

under X. Informally, these can be thought of in at least two different ways:

(1) as decompositions of X into of formal leaves F,' parametrised by the points z of S ;
(2) as infinitesimal deformation functors of X-indexed families of algebro-geometric objects.
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To formalise the notion of a formal moduli stack, we will use animated rings.

Notation 1.1. We write CAlg™ = Px(Poly) for the oo-category of animated rings, which is
obtained by freely adding sifted colimits to the category of finitely generated polynomial rings. Note
that CAlg™ is also sometimes denoted by Ani, DAlg-, CAlgA, or SCR in the literature. The last
notation emphasises that animated rings can be modelled by simplicial commutative rings.

Formal moduli stacks will belong to the co-category of R-prestacks
PI‘Sth

i.e. the co-category of (accessible) functors from animated R-algebras to spaces. Every derived
R-scheme X gives a prestack R — Mapgaer (Spec(R), X ), which we denote by the same name.

Definition 1.2 (Formal moduli stacks). A formal moduli stack F under an R-prestack X is a map
of R-prestacks

~

X —S
satisfying the following conditions:

(1) S has deformation theory, which means that it preserves limits of Postnikov towers and
pullbacks along nilpotent extensions of animated R-algebras, see Definition B.6;

(2) X — § is locally almost of finite presentation, see Definition B.3;

3) X — S restricts to an equivalence on all reduced affine schemes.

Write ModuliStkx,z C (PrStkg)x, for the full subcategory of formal moduli stacks under X.

Remark 1.3 (Formal leaves of formal moduli stacks). Given an R-point z in X and a formal
moduli stack X — S, the formal leaf F/' passing through z is the formal moduli problem sending
an augmented local Artinian animated R-algebra A to the space of dotted lifts

Spec(R) —— X

Spec(A) —— S.

Remark 1.4 (Deformation functors and formal moduli stacks). Let B be a coherent eventually
coconnective animated R-algebra. Formal deformation functors of (suitably nice) B-indexed families
of algebro-geometric objects over R are then parametrised by functors

F: ArtR/B — 8

from the co-category
of Artinian extensions of B (cf. Definition 4.1) to the co-category 8 of spaces satisfying

(1) F(B) ~
(2) F preserves pullbacks along nilpotent extensions.

In Section 5, we show that the oco-category of such functors is equivalent to the co-category of
formal moduli stacks under X = Spec(B); this statement is essentially contained in [GR17b, 5.1.2].
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Indeed, if X — § is a formal moduli stack, then the corresponding functor Art r/B — S sends an
Artinian extension A — B over R to the space of dotted lifts in the following diagram:

I

Spec(A)‘ —— Spec(R).

The main theorem. Given a formal moduli stack X — S , we can consider the sheaf of ‘derived tangent
vectors’ to the formal leaves 7. To make this idea precise, we use that the oo-category QCY% of
pro-coherent sheaves can be identified with the oo-category of functors Cohx >o — & preserving
terminal objects and pullbacks along my-surjections. Here Cohx >o denotes the oo-category of
connective coherent sheaves on X.

The pro-coherent tangent sheaf

TX/§

then corresponds to the functor sending I € Cohx >o to the space of dotted arrows in the following
square:

X —
3

|

squ(I) — S.

) —

Here sqzy (I) denotes the derived scheme (X,Ox @ I), where Ox @ I is the trivial square-zero
extension of the structure sheaf Ox by I. There is a natural map
Ty, = Tx/r;

which captures the derived tangents to the formal leaves. We then prove:
Theorem 1.5 (Main theorem). Let X be a locally coherent gcgs derived R-scheme over a coherent
animated ring R. The shifted tangent fibre functor

ModuliStkx/r — (QCX )7y, pl1]

(X =Y) = (Ixyv[l] = Tx/r[1])
lifts to an equivalence of co-categories
Tx,_[1] : ModuliStkx,z — LieAlgd} x,z-

Hence every partition Lie algebroid on X integrates uniquely to a formal moduli stack under X.
This equivalence is functorial with respect to almost finitely presented maps.

A key ingredient in the proof of Theorem 1.5 is a Koszul equivalence for animated rings. Before
stating it, we introduce some notation.

Definition 1.6. An animated R-algebra A over B is said to be complete almost finitely augmented if

(1) the induced map mo(A4) — mo(B) is surjective on my with kernel I;
(2) the animated ring A is derived I-complete;
(3) the A-module B is almost perfect as an A-module.

Write CAlg?{‘/’;&’A C CAlgR) p for the full subcategory spanned by those animated R-algebras which
are complete almost finitely augmented over B.
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Example 1.7. For R = B a complete local Noetherian animated ring, we can identify CAlg'(;”%n/’%ft’A
with the co-category of augmented animated R-algebras which are complete, local, and Noetherian.

In Section 3, we lift the assignment A — (L} 4[1] = L} [1]) to a functor
D : CAlgryp — Liex x/r
for X = Spec(B) and establish the following result:
Theorem 1.8. The functor ® restricts to an equivalence between the full subcategory

CAlg?%n/’;ft’/\ - CAlg%n/B

of complete almost finitely augmented objects and the full subcategory
. m,dap,Z0 .
Llezy)?l/)R C LleZ,X/R
of partition Lie algebroids g — LE/R[I] with g dually almost perfect of Tor-amplitude < 0.

Theorem 1.5 and Theorem 1.8 generalise various earlier results:

(a) Let k be a field of characteristic 0. For R = k and X = Spec(k) a point, our results specialise
to Lurie-Pridham’s equivalence between formal moduli problems and differential graded
Lie algebras [DAG X, Pril0], which is in turn extends earlier work work by Deligne [Del],
Drinfel’d [Dri], Hinich [Hin01], Manetti [Man09], and others.

Now assume A is a Noetherian and eventually coconnective animated k-algebra. For
R = k and X = Spec(A), our result is contained in [Nuil9b], whereas for R = A and
X = Spec(A4), it was proven by Hennion [Henl8|.

In characteristic 0, the monadicity of the tangent fibre functor is also proven in the work
of Gaitsgory—Rozenblyum [GR17b, Chapter 8]. Note, however, that their proof crucially
relies on the fact that looped Lie algebras in characteristic 0 are abelian — this fails away
from characteristic 0 due to the presence of power operations.

(b) Let k be a field of characteristic p. For X = Spec(k) and R = k or, more generally, R = A
a complete local Noetherian ring with residue field k, our results are contained in [BM].
For X = Spec(L) with L a finite purely inseparable field extension over R = k, our Koszul
statement Theorem 1.8 recovers [BW, Theorem 3.15].
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and Nikola Tomi¢ for various discussions related to the content of this paper.
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CNRS, under the programme PEPS JCJC, and the ANR project ANR-24-CE40-5367-01 (“LieDG”).

2. AFFINE KOSZUL DUALITY

We write CAlg‘};r for the oo-category of derived commutative rings and CAlg%' for the co-category
of animated R-algebras; a summary of their theory is given in Appendix A. Note that animated
rings are the same as connective derived rings:

‘animated = derived + connective’.

The goal of this section will be to provide some results about derived rings that are derived
I-adically complete for ideals I that are of “sufficiently finite type”; most importantly, we prove a
comonadicity result (Theorem 2.25) generalising results from [BM].



FORMAL INTEGRATION OF DERIVED FOLIATIONS 8

We will start by recalling a derived analogue of endowing a ring with the I-adic filtration with
respect to an ideal I. Instead of working directly with ideals I C A, it is more convenient to work
with the corresponding closed immersion A — A/I = B. We will refer to objects A — A/I = B as
arrows and use the notation (A — B).

2.1. Derived filtered and graded rings. To describe the adic filtration associated to an arrow
(A — B), we first recall how one can obtain the co-category of derived filtered rings as the oco-category
of LSym-algebras in the co-category of filtered modules.

Notation 2.1. We will consider the following oco-categories:

(a) The co-category Modg1 := Fun(A',Modyz) of maps of Z-modules (X — Y).
(b) The oo-category FilModz = Fun((Z>0, <)°?,Modz ) of non-negatively filtered Z-modules,
i.e. diagrams in Modgz of the form

o FWV S FV =V

We will denote objects of FilModz as F*V, and often denote the underlying object F°V of
the filtration simply as V.

(c) The oo-category GrModz = Fun((Z>¢, =), Modz) of non-negatively graded Z-modules. We
use the notation V* for objects of GrMody to emphasise the grading.

We will be interested in the following three functors relating these co-categories:

ker
GrMody, (G FilMody, - Mod%l.
Here Gr*(V) is the associated graded of a filtered module F*V, i.e. Gr'(V) = F'V/F*'V. The
functor aug sends a filtered module F*V to the natural augmentation (V — Gr°(V)) to its 0-th
graded piece. The functor ker is its left adjoint and sends an arrow (p: V' — V}) to the filtered
module --- — 0 — 0 — fib(p) = V.

We endow each of these co-categories with a t-structure making it a stably projectively generated
oo-category in the sense of Definition A.1, as well as a closed symmetric monoidal structure:

(a) We endow Modg1 with the surjective t-structure, in which an object X — Y is connective if
Y and fib(X — Y) (and hence also X') are connective Z-modules. In other words, X — Y is
connective if X and Y are connective and 7y(X) — mo(Y") is surjective. An object X — Y
is coconnective if X and fib(X — Y') are coconnective Z-modules. The monoidal structure
is the levelwise tensor product

(X=Y)oX =-Y)=XeX YY)

(b) We endow FilModz with the Day convolution product and the ¢-structure in which F*V is
(co)connective if each F'V is (co)connective.

(¢) Likewise, GrMody is equipped with the Day convolution product and the t-structure in
which V* is (co)connective if each V* is (co)connective.

The generators of Modé1 are the surjections Z¥™T" — Z9" and the generators of FilModz and
GrMody, are the finitely generated free abelian groups, where each generator is of a certain (filtration)
weight. Each of these oo-categories is then a derived algebraic context in the sense of Definition A.8
(see [Rak20, Section 4.2]) and hence comes with a notion of derived commutative algebra: these are
algebras over the monad obtained by right-left extending the (strict) symmetric algebra monad on
the categories of surjections of flat abelian groups and of flat filtered /graded abelian groups.
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Definition 2.2. We define the co-categories of animated (resp. derived) filtered rings, animated
(resp. derived) graded rings and animated (resp. derived) surjections to be the oco-categories

FilCAlg™ = CAlg™ (FilModz, >0) FilCAlg?®" = CAlg* (FilMody)
GrCAlg™ = CAlg™ (GrModz, >) GrCAlg?” = CAlg" (GrMody)
CAlg™2" = CAlg™ (Mod5 - ) CAlg®2" = CAlg® (Mod?')

of animated and derived commutative algebras in the sense of Definition A.9.

Remark 2.3. An animated surjection is simply a map of animated rings A — B which is surjective
on 7p; these have been introduced by Z. Mao in [Mao21], where they are called animated pairs.

Remark 2.4. By Remark A.13, every derived filtered or graded ring has an underlying E..-algebra
with respect to Day convolution, and modules are modules over this underlying E..-algebra.

Taking associated graded objects and augmentations commutes with the LSym-monads, so that
we obtain functors

GrCAlg®® « G FilCAlgde 28, CAlgdend’

Both functors preserve limits, colimits and connective objects, and the functor aug sends a filtered
algebra F* A to the augmentation arrow FOA — Gr’(A).

Definition 2.5. The adic filtration functor adic: CAlgder’Al — FilCAlg“®" is the left adjoint to aug.
Since the augmentation functor is left t-exact, taking adic filtrations preserves connective objects.
We therefore obtain a diagram of the form

adic
GrCAlg™ « S FilCAlg™ < CAlg™2'
aug

where all functors are left adjoints. Note that taking the associated graded does not preserve limits
at the connective level.
We give a familiar description of the adic filtration on the level of 0-th homotopy groups.

Proposition 2.6. Let (A — B) be an animated surjection, and I = ker(mgpA — moB). Then
7o (adic(A — B)) is given by the commutative algebra in Fun((Z,>), Mod},)

In the situation where I is flat as a mo(A)-module, we have that Symy 4)(/) ~ I". Each map is
then an inclusion and mo(adic(A — B)) is given by the classical I-adic filtration on mo(A).

Proof. We can assume that both A and B are discrete. The filtered algebra mpadic(A — B) has the
universal property that given any discrete filtered algebra F*R’, any map (A — B) — (R’ — Gr(R"))
extends uniquely to a filtered map mpadic(A — B) — F*R’. Note that the category of discrete filtered
algebras is equivalent to the category of commutative algebras in FilMod}, = Fun((Z,>), Modg); in
other words, F"*'R’ — F™R' need not be injective.

The data of a map of surjections (A — B) — (R’ — GrY(R’)) is the same as the data of a map
(A, I) = (R, F1R') of algebras equipped with an ideal. Let f;: I — F'R’ be induced map on ideals.
This extends uniquely to a map of discrete filtered algebra Sym’ I — F*R’, given in weight n by

Sym’y (f): Sym4 (1) —— F"R; fE (1@ @an) = fi(z) ... fi(wn),
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where the product is taken inside F*R. O

Finally, recall that a filtered module is complete if lim F*V = 0 and that a derived filtered
commutative ring is complete if it is complete as a filtered module. Equivalently, a filtered module
is complete if it is local with respect to all maps inducing equivalences on the associated graded.
Since taking symmetric algebras preserves such graded equivalences, it follows that the completion
of a derived filtered ring is again a derived filtered ring. In good situations, one can relate the
completeness of a filtered derived algebra F* A to completeness of the underlying algebra FYA with
respect to its augmentation ideal:

Lemma 2.7. Let A be an animated filtered ring and let I denote the kernel of the augmentation
mo(FYA) — 7o (Gr¥(A)). Suppose that I is a finitely generated ideal of mo(FCA). Then the following
hold:
(1) If M is a complete filtered A-module, then the underlying F° A-module FOM is I-complete
[SAG, Definition 7.3.1.1].
(2) Suppose that A = adic(F°A — Gr°(A)) is the adic filtration of an animated surjection, and
let A™ be its completion. If FOA is I-complete and Gr®(A) ®@pos FOAN — GrY(A) is an
equivalence, then A ~ A",

The proof of Lemma 2.7 makes use of the following version of the “derived Nakayama lemma’:

Lemma 2.8. Let A — B be a map of connective Eo-rings inducing a surjection on mg and suppose
that I = ker(mo(A) — mo(B)) is a finitely generated ideal. If M is a connective I-complete A-module
such that B®4 M ~ 0, then M ~ 0.

Proof. Suppose that there exists a smallest integer n such that 7, (M) # 0. Then m,(M) is an
I-complete mo(A)-module [SAG, Theorem 7.3.4.1] such that 7, (M) ®x,a) mo(B) ~ 0. But [DGO2,
Proposition 6.5] would then imply that m, (M) = 0. O

Proof of Lemma 2.7. 1f M is a complete filtered module, then FOM =~ lim FOM/F"M is a limit of
I-complete F°A-modules: since each z € I is of weight > 1, 2™: FOM/F"M — FOM/F™M is null.

For (2), the map A — A" induces an equivalence on the associated graded, so that it suffices to
verify that FOA — FOA” is an equivalence. To see this, let us start by observing that since A arises
as an adic filtration, Proposition 2.6 implies that

mo(F°A™) = lim coker (o (F™ A) — mo(F°A)) = mo(F°A)}

agrees with the (classical) I-adic completion of mo(F?A). Since mo(F°A) is I-complete, the map
mo(FCA) — mo(FPA") is surjective. Consequently, the kernel I’ = ker (mo(F°AN) — m(G1”(A)))
is the image of I; in particular, it is finitely generated. It follows from part (1) that FYA”" is
I'-complete and hence I-complete as an A-module. Lemma 2.8 then implies that FOA — FYA" is
an equivalence if and only if Gr°(A4) — Gr°(A) ® po4 FOA”, is an equivalence. This map is a section
of the natural map Gr’(A) ®poy FOAN — Gro(A). O

2.2. Cotangent fibre. The usual cotangent complex formalism for derived rings extends in an
evident way to the graded/filtered/arrow setting; we refer to Appendix A.l for a general discussion.
We will be mainly interested in the relative cotangent complexes of augmentation maps:

Definition 2.9 (Cotangent fibre). For every A in GrCAlg®" or FilCAlg?", we define the cotangent
fibre to be the desuspended relative cotangent complex

cot(A) = Lgo(a)/a[—1].



FORMAL INTEGRATION OF DERIVED FOLIATIONS 11

Here we view Gr’(A) as a derived graded /filtered algebra concentrated in weight 0. Note that cot(A)
is concentrated in weights > 1, i.e. Gro(cot(A)) =0.

Likewise, for every derived arrow (A — B) we define the cotangent fibre to be the desuspended
relative cotangent complex

cot(A — B) = Lg/a[—1].

One can also identify this with the relative cotangent complex of the map of arrows (A — B) —
(B — B), which is given by the (B — B)-module (cot(4 — B),0).

Note that the cotangent fibre is connective for each animated graded/filtered ring and each
animated surjection.

Remark 2.10. For any filtered derived ring A and any derived arrow (B’ — B), there are natural
equivalences

Gr(cot(A)) ~ cot(Gr(A))
aug(cot(A)) ~ cot(aug(A))
F*<lcot(B' — B) ~ cot(adic(B' — B))

where F*<! cot(B’ — B) denotes the B-module cot(B’ — B) put in filtration weight 1. The first
two equivalences follow from the fact that the functors Gr and aug preserve cotangent complexes
(since they commute with taking derived symmetric algebras) and the last equivalence follows by
adjunction from the fact that aug preserves square zero extensions.

Lemma 2.11 ([BM, Remark 4.25]). Let f: A — B be a map between derived graded rings. Then
the following are equivalent:

1 is an equivalence.
(1) f q
(2) A° — B is an equivalence and cot(A) — cot(B) is an equivalence of graded modules.

Similarly, a map between complete animated filtered rings f: A — B is an equivalence if and only if
Cr%(A) — Gr¥(B) is an equivalence and cot(A) — cot(B) induces an equivalence on the associated
graded.

Proof. The complete filtered case follows from the graded case since equivalences between complete
derived animated rings are detected on the associated graded and because the associated graded
commutes with taking cotangent complexes. For the graded case, suppose that f satisfies condition
(2) and that there exists a lowest weight n > 1 such that cofib(A™ — B") is not zero. Let A=" and
BZ" denote the weight > n parts of A and B, both of which are graded A-modules, and consider
the natural map

B' = A®isym , (a>n) LSym,(B=") — B

induced by f and the inclusion B=" — B. Using that ]LSyrn%Q(BZ”) and ILSym%Q(BZ”) are
concentrated in weights > 2n (hence in weights > n + 1), one sees that B’ — B is an equivalence in
weights < n. It follows that Lp,p/ is zero in weights < n; this can be seen for instance by using
the bar resolution to resolve B by free B’-algebras, each of which agrees with B’ in weight < n.
Consequently, in weight n we find that Ly, ~ L, 4 ~ cofib(A™ — B"™) is non-zero. By part (1)
of Lemma A.21, this implies that B ®g L 4 ~ cofib(cot(A) — cot(B)) is non-zero, contradicting
the assumption that cot(A) ~ cot(B). O
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Lemma 2.12 ([BM, Proposition 4.26]). For any derived arrow (A — B), there is a natural
equivalence of derived graded Tings

LSympg(cot(A — B)(1)) = Gr(adic(A — B))
where cot(A — B)(1) denotes the cotangent fibre concentrated in weight 1.

Proof. For any graded algebra B®, the map LSym go(B!) — B*® induces an equivalence in degrees
< 1 and hence induces a natural equivalence of B%-modules B! — cot(B)*. Since

cot (Gr(adic(A — B))) ~ cot(A — B)(1)

is concentrated in weight 1, we obtain an equivalence cot(A — B) ~ Gr(adic(A — B))! of B-
modules. This induces a map of derived graded rings as in the lemma, which is an equivalence by
Lemma 2.11. (]

2.3. Almost finite type conditions. We will use the cotangent fibre to study finiteness properties
of animated (graded or filtered) rings. To this end, let us recall from Definition A.18 that a map of
animated (graded or filtered) rings A — B is almost finitely presented if B is an almost compact
object in the co-category of animated (graded or filtered) A-algebras.

Lemma 2.13 ([BM, Proposition 5.15]). The following are equivalent for an animated graded ring A:
(1) cot(A) is an almost perfect graded A°-module.
(2) the map of graded algebras A — A° is almost finitely presented.
(3) the map of graded algebras A° — A is almost finitely presented.

Proof. 1t is clear that (3) = (2) = (1), so assume that cot(A) is almost perfect. We can then define
a sequence of animated graded algebras A° = Ay — Ay — ... with colimit A, where

Ay = An-1) CLsym o (ay, _,,) LSYm 40 (A")

(n—
and Ay = A®. The natural map Ay — A'is an equivalence in weight < n, so that the colimit is
indeed A. Furthermore, an inductive argument shows that cot(A,)) is precisely the weight < n
part of cot(A). Using this, there are equivalences of A%-modules concentrated in weight n

(AJA—1))" ~ Ljag .y = (A° ®a Lajag,_,,))" = cot(A)".

Here the first two equivalences use that A,_1) — A is an equivalence in weight < n — 1. The last
equivalence uses the cofibre sequence cot(A,—1)) — cot(A4) — A’ ® 4 L4ya,_,, and the fact that
cot(A(,—1)) coincides with the weight < n — 1 part of cot(A4). By assumption, each cot(A)" is an
almost perfect A% module that becomes increasingly connective as n tends to co. It follows that
each A¢,_1y — A, is almost finitely presented, with cofibre becoming increasingly connective as n
tends to co. This implies that the colimit A is almost finitely presented as well. O

Proposition 2.14. Let A — B be a map of animated filtered rings inducing a surjection on m.
Then the following are equivalent:

(1) B is an almost finitely presented filtered A-algebra.

(2) Lpya is an almost perfect filtered B-module and the map of filtered algebras mo(A) — mo(B)
is of finite presentation.

(8) B is almost perfect as a filtered A-module.

The same assertions apply to animated rings and animated graded Tings.

Proof. This is a special case of Proposition A.19. O
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Definition 2.15. We will say that:

(1) an animated graded algebra A is almost finitely augmented if it satisfies the equivalent
conditions of Lemma 2.13.

(2) an animated filtered algebra A is complete almost finitely augmented if it is complete and
the (filtered) map A — Gr°(A) satisfies the equivalent conditions of Proposition 2.14.

(3) an animated surjection (A — B) is complete almost finitely augmented if adic(A — B) is
complete almost finitely augmented.

Lemma 2.16. Let A be a complete filtered animated ring and let M be a connective filtered A-module.
Then M is an almost perfect A-module if and only if it is complete and Gr(M) is an almost perfect
graded Gr(A)-module.

Proof. This is a special case of Lemma A.22. O

We now verify that this agrees with the notions introduced in [BM] (in the pointed setting):

Lemma 2.17 ([BM, Proposition 5.28]). Let A be a complete animated filtered ring. Then A is
complete almost finitely augmented if and only if Gr(A) is an almost finitely augmented graded ring.

Proof. By Proposition 2.14, A is almost finitely augmented if and only GrO(A) is almost perfect as a
filtered A-module. By Lemma, 2.16, this equivalent to Gr’(A) being an almost perfect graded Gr(A)-
module, which in turn is equivalent to Gr(A) being almost finitely augmented by Proposition 2.14.

O

Proposition 2.18. Let (A — B) be an animated surjection and let I = ker(mo(A) — mo(B)). Then
the following are equivalent:

(1) The map (A — B) is complete almost finitely augmented.
(2) The map (A — B) is almost finitely presented and A is I-complete.
(3) B is almost perfect as an A-module and A is I-complete.

Proof. Write Ayq = adic(A — B). Assertions (2) and (3) are equivalent by Proposition 2.14. For
(1) = (2), suppose that the adic filtration A,q is complete almost finitely augmented and note that
A — B is equivalent to FOA,q — Gr°(A,.q). To see that this map is almost finitely presented, note
that FO: FilCAlg‘}fr — CAlg}jfr preserves almost finitely presented maps. Indeed, its right adjoint,
sending a derived algebra A’ to the filtered algebra --- — A" — A" — A’ preserves filtered colimits
and n-coconnective objects.

Since Aaq — GrO(Aad) is almost finitely presented, we conclude that FCA,q — GrO(Aad) is almost
finitely presented as well. Finally, A is I-complete by Lemma 2.7.

Let us now assume that condition (2) holds and show that A,q is complete almost finitely
augmented. The functor adic preserves almost finitely presented objects, since its right adjoint
preserves filtered colimits and sends n-coconnective objects to (n + 1)-coconnective objects. Since
the map of animated surjections (A — B) — (B — B) is almost finitely presented, we conclude
that A,q — Gr°(A,q) is almost finitely presented. It follows that A% is complete, connective (by
the Milnor sequence) and Gr(A%,) ~ Gr(A,q) is almost finitely augmented. Lemma 2.17 therefore
implies that A/, is almost finitely augmented.

It therefore remains to show that A,q — AL is an equivalence. By Lemma 2.7 and the fact that
A,q is I-complete, it suffices to verify that

f:Gr%A) @4 FPAN — Gr¥(A)
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is an equivalence. This map is an isomorphism on 7 because mo(F?A%,) = m(A)7 and 7o (Gr?(A)) =
mo(A)/I. Tt then suffices to verify that its cotangent complex vanishes. Unravelling the definitions, the
cotangent complex of f is the underlying module of the filtered module cofib(cot(Aaq) — cot(ALy)),
which is indeed null: its associated graded is null and cot(A.q) and cot(AZ,) are both complete, by
Remark 2.10 and Proposition 2.18 (and since almost perfect Gr¥(A)-modules are complete). O

Corollary 2.19 ([BM, Proposition 5.23]). Let A be an animated filtered ring that is complete almost
finitely augmented. Then the induced pair FO°A — Gr°A is complete almost finitely presented.

Proof. Since the functor aug preserves free algebras, it sends almost finitely presented maps of
filtered animated rings to almost finitely presented maps of pairs. In particular, FOA — Gr’A
is almost finitely presented. Lemma 2.7 implies that A is complete with respect to the kernel of
mo(FOA) — moGr®(A), and we conclude by Proposition 2.18. O

Lemma 2.20. Let B be an animated (filtered, graded) ring, let M be an almost perfect connective
(filtered, graded) B-module and let f: B, = B @4 M — B be a square zero extension of B by M
classified by a map a: Lg[—1] — M. Then the following assertions hold:

(1) Let X be the thick subcategory of (filtered, graded) Bn-modules generated by the B,-modules
underlying an almost perfect B-module. Then X = APerfp,_ .
(2) f is almost of finite presentation.

Proof. Assuming (1), we see that B is almost perfect as a B,-module, so that (2) follows from
Proposition 2.14. To see that APerfp C X, notice that every almost perfect B,-module N fits into
a cofibre sequence where the outer terms arise from almost perfect B-modules

M@B(B(X)BQN)ZM@BQN*>N4)B®BQN.

To see that X C APerfp, , observe that any object N € X is eventually connective and that 7y (V)
is a finitely generated module over my(B,) if N is k-connective. Indeed, these properties hold
for almost perfect B-modules and are stable under (co)fibres and retracts. Consequently, every
k-connective N € X fits into a cofibre sequence B, [k]®" — N — N’ where N’ is (k + 1)-connective.
Notice that B, is contained in X, since it fits into a cofibre sequence M — B, — B where both M
and B are almost perfect B-modules. It follows that N’ defines a (k 4+ 1)-connective object in XK.
Given a module N € X and n > 0, we can therefore apply this construction iteratively to obtain
a cofibre sequence K — N — N/K where K is a perfect B,-module and N/K is n-connective. This
implies that IV is an almost perfect B,-module. O

Corollary 2.21. Let B be an animated ring, M € APerf(B)>o and B&, M a square zero extension
of B by M classified by a map «: Lg[—1] — M. Then the arrow (B @&, M — B) is complete almost
finitely augmented.

Proof. Let I be the kernel of mo(B®, M) — mo(B). This is a finitely generated ideal, with generators
arising from the generators of mo(M). By Proposition 2.18, it suffices to prove that B ®, M — B
is almost of finite presentation and that B &, M is I-complete. The first condition follows from
Lemma 2.20 and the second condition is immediate since I? = 0. O

Corollary 2.22. Let (A — B) be an animated arrow which is complete almost finitely presented.
For any almost perfect connective A-module M and any square zero extension of A by M, the arrow
(A®, M — B) is again complete almost finitely presented.
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Proof. We apply Proposition 2.18. As the composite A &, M — A — B of two maps that are
almost finitely presented, A &, M — B is almost finitely presented. Let I be the kernel of
mo(A ®o M) — mo(B). This is generated by finitely many generators x; of mo(M ), which square to
zero, and finitely many elements y; that lift the generators of ker(mg(A4) — mo(B)). Then A &, M
is evidently (x;)-complete, and it is (y;)-complete since it is an extension of A by M, both of which
are (y;)-complete. We conclude that A ®, M is I-complete. O

2.4. Comonadicity of the cotangent fibre. Throughout this section, we fix a base animated ring
R. For each animated surjection (A — B) of R-algebras, the cotangent fibre cot(A — B) = L 4[—1]
is a connective B-module that comes equipped with a natural map

LB/R[_l] — COt(A — B)
The goal of this section will be to show that when (A — B) is complete almost finitely augmented,

its structure can be completely encoded in terms of its cotangent fibre.

Notation 2.23. Let B be an animated R-algebra. We will write

CAlg;‘yga“ —— CAlg})

for the full subcategory of connective derived R-algebras A endowed with a map A — B that exhibits
A as complete almost finitely augmented (Definition 2.15).

Definition 2.24. Let B be a derived R-algebra. We define a derivation (M, «) on B to be the
datum of a B-module M, together with a map a: L, g[—1] — M. Write

DerB/R = (MOdB)LB/R[fl]/

aperf
B/R,>0
the full subcategory spanned by the derivations (M, «), where M is an almost perfect connective.

for the oco-category of derivations (M, «) on B. If B is connective, let Der C Derg/r denote

Our goal will then be the following;:
Theorem 2.25. Let B be an animated R-algebra. Then the the cotangent fibre defines the left

adjoint in a comonadic adjunction

Naft — T
(1) cot: CAlg‘;;/Ba Der%p/e}%zo. sqz.

Let us first construct the desired adjoint pair. In fact, for later purposes we will construct a
version of this adjunction that also encodes naturality in the animated R-algebra B.

Construction 2.26. Let Mod be the oo-category of pairs (B, M) consisting of a derived R-algebra
and a B-module (cf. Construction A.17). We then have a commuting diagram as follows:
der,A" L d
C}AlgR‘sr7 MOd X CAlgder CAlgI%er

triv

evy /

CAlg®™.

Here the two downwards pointing functors send a map of derived rings A — B, resp. a derived
ring with a module (B, M), to B; both functors are cocartesian and cartesian fibrations. The pair
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(L, triv) is the relative adjunction given by the cotangent complex and trivial square zero extension
functors

L(A— B) = (B,La/r ®4 B) triv(B, M) = (B® M — B).

We abuse notation and also write L: CAlg}i%er — Mod for the functor sending A + (A, La/R).

We then define the oo-category Der,r of derivations to be the fibre product

Der; — Fun([1], Mod) X gy (1), calgaer) CAlgs”

l lcvo

CAlg(}%er L MOd XcAlgder CAlg%er

An object of Derp is given by a tuple (B, M, a) consisting of a derived ring B and a derivation on
B, i.e. a B-module M and a map a: Lg,/g[—1] — M. By adjunction, one can also identify this with
a tuple (B, M, a) of a derived ring, a module and a map of derived pairs a: (B, B) — (B @ MI[1}, B)
which is the identity on the codomains.

Remark 2.27. The projection Der,r — CAlg¥"; (B,M,a) — B is a cartesian fibration by

construction, classifying the functor

Br— DerB/R.
Each map f: B — B’ induces a functor f.: Derg/ g — Derg g by restriction of scalars, sending a
derivation (N, 8) to f.(N,B) = (f«N, ") with

B Lp/rl-1 — fuLlpr-1] =5 f.N

This admits a left adjoint, sending a derivation (M, «) to the derivation computed as the pushout of
the diagram of B’-modules

Ly jrl-1] ¢« f*Ly/ul-1] 1% fM.

Consequently, the projection Der,r — CAlg‘}%Cr is a cocartesian fibration as well.

Remark 2.28. Let f: B — B’ be a map of derived rings with Lp//p ~ 0. Then the induced adjoint
pair from Remark 2.27 has a simpler description: the left adjoint sends (M, a) to the derivation
(f*M, f*a), with f*a: Lp/ g[—1] ~ f*Lp/r[—1] = f*M. In other words, the adjoint pair is simply
given by the functors

J*: Derg/r Derp//r: fa
taking base change and direct image at the level of modules.

Definition 2.29. We will write

cot
(]Alg‘}?f%r’Al Der,p

sqz

) -

CAlgH™.

for the relative adjunction defined as follows:
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(1) The right adjoint sqz sends a derivation (B , M, a) to the square zero extension B, M — B
classified by «. More precisely, this is given by the fibre product in the co-category of maps
of derived R-algebras

[B®y M - Bl ———— [B — B]

l |

[B— B] —*— [B® M][1] — BJ.
(2) The left adjoint cot is given by
[A — B] — (B, LB/R[fl] — LB/A[fl]).

Proof of Theorem 2.25. The proof is essentially the same as in [BM], although one cannot apply
the axiomatic argument from loc. cit. (nor the modification in Section 6) stricto sensu. To start,
notice that Corollary 2.21 implies that for each animated R-algebra B, the adjoint pair (2) restricts
to an adjoint pair cot: CAlgj},/n/’]gaft = Der%p/egzoz sqz. We have to verify that this adjoint pair is

comonadic. To see that cot is conservative, let (A — B) — (A’ — B) be a map in CAlg?:in/’]/;,aft

that induces an equivalence on cotangent fibres. The induced map adic(A — B) — adic(A’ — B)
then induces an equivalence on the associated graded by Lemma 2.12. Since the adic filtrations are
complete by definition, this implies that A — A’ is an equivalence.

Next, let A®* be a cosimplicial diagram in CAlgaRf’/gaft such that cot(A®) admits a splitting in
Der%p/eéﬁzo. Let Tot(A®) be the totalisation of A®, computed in the co-category CAlg‘}%efB of (not
necessarily connective) derived R-algebras augmented over B. We need to show that Tot(A®) is
complete almost finitely presented and that the natural map cot(Tot(A®)) — Tot(cot(A®)) is an
equivalence.

To see this, let A2, = adic(A®* — B) denote the associated diagram of complete almost finitely
presented derived filtered algebras. Recall that there are functors

au,

GrCAlgl™ «S FilCAlglr —28, CAlglena’

preserving both limits (computed in unbounded R-modules) and colimits, and commuting with
the functors taking cotangent fibres. In particular, aug(Tot(A2,)) ~ Tot(aug(A2,)) ~ Tot(A®) and
there is a commuting square

aug (cot(Tot(A2,))) — aug ( Tot(cot(A%,)))
cot(Tot(A®)) ————— Tot(cot(A®)).

It therefore suffices to verify that:

(a) the derived filtered ring Tot(A2,) is complete almost finitely augmented (hence connective).
(b) the filtered cotangent fibre preserves this totalisation (in unbounded filtered modules).

For (a), note that Tot(A2,) is complete as a limit of complete algebras. Its associated graded is
Gr(Tot(A2,)) ~ Tot (Gr(A2y)) ~ Tot [LSymp (cot(A* — B))]| ~ LSymp( Tot[cot(A® — B)]).

Here the second equivalence is Lemma 2.12 and the last equivalence uses that the augmented
cosimplicial diagram Tot[cot(A® — B)] — cot(A®* — B) admits a splitting, so that LSymp (or any
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other functor) preserves this totalisation. Since Tot[cot(A® — B)] is almost perfect by assumption,
we conclude that Gr(Tot(A;d)) is an almost finitely augmented graded algebra (in particular
connective). It follows that the complete derived filtered algebra Tot(A?2,) is connective as well, and
Lemma 2.17 implies that it is complete almost finitely augmented.

For (b), note that there is a commuting square

Gr(cot(Tot(Ag,))) — Gr(Tot(cot(A2y)))

cot (Tot[Gr(A;d)]) —— Tot [cot(Gr(A;d))]

since taking the associated graded commutes with totalisations (in the unbounded setting) and with
cotangent complexes. Since the cosimplicial diagram Gr(Ag,) ~ LSymp(cot(A® — B)) has a split
totalisation (preserved by any functor), the bottom map is an equivalence. Consequently, the map

(3) cot(Tot(Asy)) — Tot(cot(Asy))

induces an equivalence on the associated graded. The domain is an almost perfect connective filtered
module: this follows from Proposition 2.14, since Tot(A2,) is complete almost finitely presented
by part (a). In particular, cot(Tot(A2,)) is a complete filtered module. The codomain of the map
(3) is a limit of complete (in fact, almost perfect connective) filtered B-modules and is therefore
complete itself. We conclude that (3) is an equivalence, as desired. O

In particular, Theorem 2.25 shows that for every animated surjection (A — B) which is complete
almost finitely augmented, there exists a cosimplicial diagram of square zero extensions of B whose
totalisation is equivalent to A: this is simply the comonadic cobar resolution of A. For later purposes,
we record the following variant of this construction:

Corollary 2.30. Let A — B € CAlg%n/’g’aft and let M € APerfp >¢. For any map o: A— B®& M

of animated R-algebras augmented over B, there exists a natural coaugmented cosimplicial diagram
A—— A* —— BOM

n (CAlg%‘/’g’aft)/B@M with the following properties:

(1) For each i, the map A® — B & M is equivalent to sqz(M*,a*) — sqz(M,0) for a map

(M, o) — (M, 0) in Dergpfg;zo.

(2) The augmented cosimplicial diagram cot(A) — cot(A®) in Der%p/e;fzo is split.
(3) A~ Tot(A*).

Proof. Suppose that U: D < €: R is a comonadic adjunction. For every object ¢ € C, this induces
an adjoint pair U: D/p) S €/.: C on over-categories, which is comonadic as well. It follows that
every object a: d — R(c) in D/p(.) admits a comonadic cobar resolution of the form

d —— (RU)*(d) —— R(c).

Here each o™: (RU)™(d) — R(c) is the image under R of the map U(RU)""(d) — UR(c) — ¢,
where the first map is the image of o”~! under the forgetful functor . This has the property that the
augmented cosimplicial object U(d) — U(RU)*(d) in C, is split and (hence) that d ~ Tot((RU)*(d)).
We now apply this to the situation where (U, R) = (cot, sqz) is the comonadic adjunction (1), ¢ is

the derivation (M, 0) € DeraBp/eg>0 and d — R(c) is the map a: A — B® M. O
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3. PARTITION LIE ALGEBROIDS

Recall that a Lie algebroid over a smooth scheme Z over a field k is a quasi-coherent sheaf
gc QCE equipped with an Oz-linear anchor map p: g — T/ to the tangent sheaf and a k-linear
Lie bracket [—,—]: g ®; g — g satisfying the Leibniz rule. The goal of this section will be to
introduce a derived (and shifted) variant of such Lie algebroids over a qcgs locally coherent derived
R-scheme X, which we will refer to as partition Lie algebroids. More precisely, we will define a
partition Lie algebroid to be given by a map p: g — Tx/g[1] in the co-category

QCY = Ind(Coh$f)
of pro-coherent sheaves on X, together with the structure of an algebra over a certain monad
T . \ \
Liea x/r: (QCX)/TX/R[l] (QCX)/TX/R[l]'

Here Tx/p = L% /R denotes the pro-coherent dual of the cotangent sheaf of X (Example B.27). One
can therefore think of p: g — T'x,g[1] as the anchor map underlying the partition Lie algebroid.
Our construction of the monad Liej y,p will be based on two ingredients:

(1) Let Der";f/elf-{/f>0 denote the oo-category of derivations a: Lx/r[—1] — M with values in a

connective, almost perfect quasi-coherent sheaf on X. We then consider the comonad

coLieZ,X/R: Deri;?/egzo — Derig’/egzo; (M,o) —— cot ((’)X Ba M)

sending each derivation a: Lx,g[—1] — M to the cotangent fibre of the square zero extension
Ox ®a M.

(2) Taking pro-coherent duals determines a fully faithful functor (Lemma A.34)

rf,
(—)V: Deri?/eRZOg — (QCX()/TX/R[H'

Its essential image consists of maps F' — T'x,g[1] where F' is dually almost perfect (Defini-
tion A.33) and of non-positive tor-amplitude (Definition A.35).

Our main aim will then be to prove the following:
Theorem 3.1. Let X be a locally coherent qcgs derived R-scheme. There exists a unique extension

T op

De aperf,op (COLIEAYX/R) De aperf,op
—>

TX/R,>0 TX/R,>0

(—)v\[ \[(—)v

Lie
\Vi AX/R \Vi
(QCX) /iy ' (QCKX) /7y iy
to a monad Lie} x g that preserves sifted colimits.

Definition 3.2. We will refer to the monad LieLX/R of Theorem 3.1 as the partition Lie algebroid
monad and define the co-category of partition Lie algebroids

LieAlgdZyX/R = AlgLie&X/R ((QCX{)/TX/R[H>

to be its co-category of algebras.
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We will prove the affine case of Theorem 3.1 in Section 3.1. In Section 3.2 we will study the
naturality of the oo-category LieAlgda p /r In the coherent animated R-algebra B. More precisely,
we will prove the following in Proposition 3.25:

(a) For each map f: B — B’ of that is almost finitely presented, there exists a functor
fTi . LleAlgdZ,B/R e LieAIgdZ’B//R.

(b) When f is étale, the functor f* = f* is given by the usual inverse image at the level of the
underlying pro-coherent module, and admits a right adjoint.

We will then use this in Section 3.3 to prove Theorem 3.1 by a descent argument.

3.1. Partition Lie algebroids on affine schemes. Let B be an animated R-algebra and recall
the adjoint pair from Definition 2.29

cot: CAlg%{e/rB Derpg/g :sqz.

Here Derp/p is the oco-category of derivations (M,a) = (M,a: Lg/g[~1] = M) on B (Defini-
tion 2.24).

Notation 3.3. Let us write coLie} p,p := cot osqz for the composite comonad
coLiep p/g = cotosqz: Derg/rp —— Derppg.

Remark 3.4. Given a derivation (M, «), one can endow coLie}y p, (M, ) with a natural decreasing
filtration, as follows. Consider Ly, z[—1] as a filtered module in weight 0 (i.e. F* = 0) and consider
M as a filtered module in weight 1, i.e., F2M = 0 and F'M = M. The derivation « then lifts to a
derivation a: Lg,g[—1] = F*M and we obtain a filtration

F*colie} p/r(M,a) = cot(B @q F*M).

Note that Lg,g[—1] — F*M is null on the associated graded, so that the associated graded of this
filtration is equivalent to coliep g, g(M,0).

We will use the following notation throughout this paper:

Definition 3.5. Let C be an oo-category such that the inclusion 7<,,C C € of its n-truncated objects
admits a left adjoint 7<,, for each n € N. We will say that a tower
=X = X
is almost eventually constant if for each n € N, there exists an m such that
T<nXit1 = T<nXi
is an equivalence for all i > m.

Lemma 3.6. The comonad coLieLB/R: Derp,r — Derp/r has the following properties:

(1) It preserves derivations (M, «) where M is an almost perfect connective B-module.

(2) It preserves sifted colimits.

(8) For each finite cosimplicial diagram (M®,a®) in Derg g such that Tot(M®) and all M* are
in APerfp >0, there is a natural equivalence

coLie} p/g (Tot(M*,a®)) ~ Tot (coLie} p,r(M*,a®)).
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(4) For any tower - -- — (My,az) — (My, ) in Derg/g such that - - - — My — M is eventually
constant (i.e. the connectivity of ib(M,,+1 — M,,) tends to 0o), there is an equivalence

coLiep p/r(lim(My, ay)) ~ lim (coLie&B/R(Mn, o).

Proof. Property (1) follows from Lemma 2.20 and (2) follows from the fact that cot and sqz both
preserve sifted colimits. For (3), we use the filtration from Remark 3.4. Since limits in Derg,p are
computed on the underlying B-modules, it then suffices to show that the natural map

p: cot (Tot(B @ae F*M®)) — Tot (cot(B Gae F*M?*))

is an equivalence of filtered modules. Proposition 2.14 and Lemma 2.20 imply that cot (B GBo F*M )
is an almost perfect filtered B-module whenever M is almost perfect. In particular, the domain
and codomain of p are complete, and it remains to verify that the induced map on the associated
graded is an equivalence. As the maps «® are null on the associated graded, it will be enough to
show that the functor

F: Modg — GrModg'; M —— cot (B @ M(1))

preserves finite totalisations, where GrMod%1 is the oco-category of strictly positively graded B-
modules. Using the bar resolution, the functor F' can be obtained via colimits and compositions
from the functors LSym's: GrMOd%l — GrMod%l. These are n-excisive and hence preserve finite
totalisations [BM, Proposition 3.37]. Since the functors preserving finite totalisations are stable
under composition and colimits, the result follows.

For (4), note that if fib(M, 1 — M,) is i-connective, then B ©,,,, Mpy1 — B @, M, has
i-connective fibres. Consequently, its relative cotangent complex is (¢4 1)-connective [SAG, Corollary
25.3.6.4]. Taking cotangent fibres, one finds that coLie} (M, +1) — coLie} (M,,) has i-connective
fibres. The tower therefore stabilises after k-truncation for any k, from which the result follows. [

Let us now suppose that B is a coherent animated R-algebra and consider the dual picture,
using linear duality in the co-category QCY, = Ind(Coh’) of pro-coherent B-modules. We refer to
Appendix B for the theory of pro-coherent sheaves and just recall that there are left adjoint functors
(cf. Observation A.30 and Definition A.31)

t: Modg —— QC}% (—=)V: Modg — QCR°".

The first functor is fully faithful on eventually connective B-modules and the second is fully faithful
on almost perfect B-modules. We will write dAPerfg C QC} for the full subcategory of dually
almost perfect pro-coherent B-modules (Definition A.33). Explicitly, one can identify QC} with
the oo-category of exact functors F': Cohp — Sp. The pro-coherent module (M) then sends
K+ K ®p M and the pro-coherent dual M" sends K +— Homp(M, K).

Notation 3.7. Given a coherent animated R-algebra B € CAlg%', we will write Tp g = L}, /R for
the pro-coherent dual of the cotangent complex and refer to it as the (pro-coherent) tangent complex.

By Lemma A.34, pro-coherent duality determines an equivalence

(=) Deril i = ((APerfp)p,, nr-1y/) " —— (dAPerfB)/TB,Rm'

Using this, we construct the partition Lie algebroid monad in the affine setting:
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Proposition 3.8. Let B be a coherent animated R-algebra. Then there exists a unique extension

T op
D aperf,op (COLIEAYB/R) D aperf,op

'B/R,>0 'B/R,>0

| X

Lie
\Vi A,B/R \Vi
(QC8) 1, ' (QC&) 1,
to a monad Lie&B/R that preserves sifted colimits.

Definition 3.9. Following Definition 3.2, we will write LieAlgdA g /R for the co-category of partition
Lie algebroids over B, that is, algebras over the monad Lie} g/ p.

Before turning to the proof of Proposition 3.8, we record some first consequences of the above
definition.

Example 3.10. If B = R is a coherent animated ring, then the monad Lie} p,p coincides with the
partition Lie algebra monad from [BM, BCN], so that LieAlgd} p,p ~ LieAlga p is equivalent to
the oo-category of partition Lie algebras over B. In particular, the free partition Lie algebra on a
dually almost perfect B-module can be computed explicitly in terms of the partition complex, using
the derived functor of ¥,-invariants (see [BCN, Section 3.6])

LieX p,5(M) = (C*(SIL|°, B) ®p M®")™".

Remark 3.11. For a coherent animated R-algebra B, the free partition Lie algebroid Lie} g, (M, a)
can be viewed as a deformation of the free B-linear partition Lie algebra on M. More precisely,
Lie} p/r(M, ) admits a natural exhaustive increasing filtration whose associated graded is equiv-
alent to the free partition Lie algebra Lie} p,g(M,0) ~ Liex p,5(M). Indeed, Remark 3.4 and
Lemma A.22 provide such a filtration when M is the pro-coherent dual of a connective almost
perfect B-module; one then extends by sifted colimits. The resulting filtration is analogous to the
filtration on free Lie algebroids constructed in [Kap07].

Proposition 3.12. Let B be a coherent animated R-algebra. Then the following hold:
(1) There is an equivalence (LieAlgd} g, r)/0 ~ LieAlgh 5.
(2) Taking the fibre of the anchor map defines a sifted colimit preserving right adjoint functor
LieAlgdA 5/ — LieAlgh g.

It follows that one can identify LieAlgd} g /r With the co-category of algebras over a monad on
LieAlg 5 whose underlying endofunctor sends g to g x Tp/g-

Proof. For (1), note that the forgetful functor (LieAlgd} p, )/ 0 — QCp exhibits (LieAlgd 5/r) /0
as the oo-category of algebras over a sifted colimit preserving monad on QC}%. Unravelling the
definitions, this monad coincides with Lie} p,p, so that the result follows from Example 3.10. Part

(2) follows from part (1) and the fact that taking pullbacks along the map of partition Lie algebroids
0 — T'p,g[1] preserves limits and sifted colimits. O

Finally, we record the following reformulation of Theorem 2.25, using pro-coherent duality:

Corollary 3.13. Let B be a coherent animated R-algebra. Then there is a fully faithful functor

D: CAlg?%n/’gaft _cot , CoalgcoLieZ (Dergp/cgm) i> (LieAlgdlB/R)Op
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whose essential image consists of the partition Lie algebroids whose underlying pro-coherent B-module
is dually almost perfect of non-positive tor-amplitude.

Let us now turn to the proof of Proposition 3.8. We will show that the co-category (QCE)/TB/R[”
is generated under sifted colimits by the full subcategory of M — Tg,g[l] where M is dually almost
perfect of nonpositive tor-amplitude (Definition A.35). To make this more precise, recall the process
of adding colimits to oco-categories from [HTT, Section 5.3.6]:

Definition 3.14. Let X be a class of small co-categories. An oco-category V is said to be K-complete
if it admits all colimits of diagrams indexed by oco-categories in XK.

Suppose that € is a small co-category equipped with a set of colimiting cocones R = {K> — €}
where each K, € XK. We will say that a functor j: € — 'V exhibits V as the X-completion of C
relative to R if it is the initial K-complete co-category with a functor from € that preserves the
colimit diagrams in R.

By [HTT, Proposition 5.3.6.2], the K-completion of C relative to R always exists and the functor
j: € —Vis fully faithful.

Proposition 3.15. Let K be a class of small co-categories, each of which is contractible. Suppose that
Jj: €=V exhibits V as the K-completion of € relative to a set of colimit diagrams R = {K5 — C}.
For any object X €V, the induced fully faithful functor

j: G/X — V/X

exhibits V,x as the X-completion of C,x relative to the set R,x of colimit diagrams K5 — C/x
whose image in C is contained in R.

Proof. Let Px(C) C P(C) be the oo-category of presheaves on € that send the colimit diagrams in
R to limits. By the proof of [HTT, Proposition 5.3.6.2], we can then identify V C P5(C) with the
smallest full subcategory that contains the representable presheaves and is closed under X-indexed
colimits. Using this, we can identify X with a presheaf X : C°? — 8 and C,x is the full subcategory
of representable presheaves over X.

Now recall that the inclusion €,x < P(C),x induces a natural equivalence P(C,x) — P(C),x
[HTT, Corollary 5.1.6.12] (the proof in loc. cit. also applies to non-representable X). This equivalence
restricts to an equivalence P(C),x ~ P, (C/x). Since the forgetful functor Px, (€,x) — Px(C)
detects colimits of X-indexed diagrams (which are all contractible), it follows that V,x C P, (€,/x)
is the smallest full subcategory that contains the representable presheaves and is closed under
XK-indexed colimits. The result then follows from [HTT, Proposition 5.3.6.2]. O

Proof of Proposition 3.8. Let dAPerfg0 C QCY¥ denote the full subcategory of dually almost perfect

objects of non-positive tor-amplitude (Definition A.35). This co-category is equivalent to APerf’ -,

by pro-coherent duality. It now follows from [BCN, Proposition 4.20] that dAPerfE0 — QC}
exhibits QC}, as the sifted colimit completion of dAPerff; Y relative to the set Rp of colimit diagrams
in dAPerfEO that are dual to the following diagrams in APerfp >q:
(a) Augmented cosimplicial diagrams M*: Ay — APerfp >¢ such that M~ ~ Tot(M*®) (com-
puted in Modp).
(b) Limits Moo — -+ — My — M; of towers in APerfp > that are almost eventually constant
(see Definition 3.5).
By Proposition 3.15, (QCE)/TB/R[I] is the sifted colimit completion of (dAPerfgo)/TB/R[l} relative
to (Rp) /Tp /R[] This implies that restriction along j determines an equivalence between:
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(1) the (monoidal) co-category of sifted colimit preserving endofunctors of (QC%) /7, /rl1) that
preserve the full subcategory (dAPerfgo) /Ts /1]

(2) the (monoidal) co-category of endofunctors of (dAPerfgo) /T, r[1] that preserve all sifted
colimits of the form (a) and (b) above.

Using that (dAPerfs?) /T, pll] = Der%p/eg’sg by pro-coherent duality (Lemma A.34), the result then

follows from Lemma 3.6. O

3.2. Base change. We will now study the functoriality of the oo-categories LieAlgd} g /r of
partition Lie algebroids with respect to the animated R-algebra B. We will do this by directly
construct the cartesian fibration classifying B —— LieAlgd} p /r- This is somewhat technical, and
we refer to Proposition 3.25 for the final result.

We start by studying the functoriality of the co-category (QC)) /Tg,r[1] 10 the coherent animated
R-algebra B. To do this, we will organise these co-categories into a cartesian fibration over the
opposite of a certain subcategory of animated R-algebras.

Notation 3.16. Let CAIg?{“COﬁ — CAlg%' denote the subcategory whose objects are coherent
animated R-algebras and whose morphisms are maps A — B that are almost finitely presented.

More generally, for any functor M — CAlgy' or N — CAlg%"°", we denote
Mcoft -M XCAlg‘}{‘ CAlg;n’COft Ncoft - N XCAng‘“OP CAlg;n’COft’Op.

Recall the oo-category Der, of derivations (A, M, «) = (A, a: Ly/gr[—1] = M) from Construc-
tion 2.26, and let Der"/‘%ego C Der i denote the full subcategories of derivations (A, M, o) where M
is a connective almost perfect A-module.

Lemma 3.17. The projection m: Der?%eg’(;x’ft — CAlg?”%n’COft is a cocartesian fibration.

Proof. Let f: A — B be a map of animated R-algebras. Recall from Remark 2.27 that a map
(A,M,a) — (B, N, 3) covering f is a cocartesian arrow in Der p if the induced square of B-modules

[*Layr[-1] —— Lp/gr[-1]
i) s
PM— N

is cocartesian. If f is almost finitely presented, then the cofibres of the horizontal maps are almost
perfect connective B-modules. Consequently, N will be an almost perfect B-module if M is an

almost perfect connective A-module. We conclude that Der?ﬁ’;gg(’& < Derp is stable under taking
cocartesian lifts of maps in CAlg%I’CO&, so that 7 is indeed a cocartesian fibration. O

Construction 3.18. Let Der?%e;fg‘)fmp — CAlg'(;”%n’COft’op be the opposite of the cocartesian fibration
~ an,coft

from Lemma 3.17. This classifies a functor CAlgp, — Caty, sending A — Der
each map f: A — B to the functor

aperf,op

A/R,50 and sending

(4) (Lajrl-1 — M) — (LB/R[—l] = Lp/r[=1 &Lyl f*M)~

Write R4 for the collection of colimit diagrams in Der:p/eg’;g opposite to pullback squares of

derivations along mg-surjections, as well as limits of towers of derivations that are almost eventually
constant (cf. Definition 3.5).
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By Proposition 3.15 and Lemma A.42; the fully faithful functor
(VR aperf,op vV
(5) (=)": Dery)p 2o ’ (QCA)/TA/R[I]
exhibits (QCY) /T, ,r[1] as the completion of Der:F’/elr%Eg under colimits relative to the set of colimit
diagrams R4 from the proof of Proposition 3.8 (see Definition 3.14).
Each base change functor Derzp/egég — Der%p/elgf,’gg sends colimit diagrams in R4 to colimit

diagrams in Rp. The universal property of (QCY) /Ta, (1] therefore implies that the maps (5)
assemble into a natural transformation between two diagrams of co-categories. Explicitly, this sends
f: A — B to a commuting square

aperf, (=)Y
Deri: 20— (QCA) /1, oy

! J

aperf,o (-)Y v
Deer/R,zg ’ (QCA) /Ts,r[1]

where the right vertical functor f% is the unique colimit preserving extension of the left vertical
functor, given by

FHF = Tayrll]) = FF X (gL, v Tasrll.
Note that this indeed preserves colimits and is dual to (4).

Definition 3.19. We will write QCXT[” — CAlgi;”z]“’COft’op for the cartesian fibration classified by
the functor A — (QCX)/TA/R“] from Construction 3.18, and

Deraperﬁcoft,op (=) QcyT[l]

/R, >0
\ /

an,coft,op
CAlgh
for the unstraightening of the natural transformation from Construction 3.18.

Our next goal will be to construct a version of the partition Lie algebroid monad in families. To
this end, recall from Definition 2.29 that taking cotangent fibres and square zero extensions defines
a relative adjunction

cot

CAlglera’ Der 5
sqz

(6) -

CAlgy”

We will write coLie} = cot osqz for the composite comonad relative to the base CAlghk™. On the
fibre over each animated R-algebra B, this restricts to the comonad colie} g, from Notation 3.3.

Lemma 3.20. The adjoint pair (6) enjoys the following properties:

(1) Let f: (A’ — A) — (B’ — B) be a map of animated surjections such that A ®4 B’ ~ B
and Lpya ~ 0. Then cot(A” — A) — cot(B’ — B) is a cocartesian arrow in Der /g.
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(2) Let (A,M,a) — (B, N, ) be a cocartesian arrow in Der,p such that A,M,B, N are all
connective and L/ ~ 0. Then the induced square of animated rings

A®o M — BOy N

| |

A—— B

18 cocartesian.

Proof. For property (1), note that the left commutative square of animated R-algebras gives rise to
the right square of B-modules:

A — A f*Lajp — f"Laja
sl b | |
B —— B Lg/jp — Lp/p

Since left square is a pushout of derived rings, the right vertical map f*L,/ar — Lp/p/ is an
equivalence. The left vertical map is an equivalence as well, since f: A — B was formally étale.
It follows that the right square is a pushout square of B-modules, which means precisely that
cot(A” — A) — cot(B’ — B) is a cocartesian arrow in Der,z by Remark 2.28.

Property (2) follows from deformation theory. Indeed, consider the cartesian square of animated
rings

and note that we need to show that the natural map ¢5(B@®z N) — B is an equivalence of connective
A-modules. By [SAG, Theorem 16.2.0.2|, the above square induces an equivalence

(qik7 q;): Modag,m,>0 Moda,>0 XMod ag (], >0 Moda >0

with inverse sending (E1, F2,0*E; ~ a* E») to the fibre product qi.(E1) X g, 0 (5,) q2+(£2). Since
Lpa ~ 0, the cocartesian morphism (A4, M, a) — (B, N, 3) induces an equivalence N ~ B ®4 M
(Remark 2.28). Using this, one sees that the A &, M-module B &g N corresponds under the above
equivalence to the triple (B, B,0*(B) ~ «*B), where the equivalence is induced by £. This implies
that ¢5(B @3 N) — B is an equivalence. O

Lemma 3.21. The comonad coLie} restricts to a fibrewise comonad

aperf,coft coLie} aperf,coft
Der/R720 Der/RZO

N T

CAlg%n’COft

where m sends a tuple (A, M, «) to the underlying coherent animated R-algebra A. Furthermore, it
preserves w-cocartesian maps covering étale maps.
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Proof. The comonad restricts by Lemma 3.6 and preserves m-cocartesian morphisms covering étale
maps by Lemma 3.20. O

We then have the following families version of Proposition 3.8:
Proposition 3.22. There exists a unique extension

(coLieX )°P

Deraperf,coft,op Deraperf,coft,op

/R,>0 /R,>0
(—)v\[ \[(—)v
Liey
(QCV)/T[l] B » (QCV)/T[l]

to a monad Lie} relative to CAlg%"COft’Op, that is, a monad in CatOO/CAlg?{n,coft,op, that preserves
sifted colimits fibrewise.
Remark 3.23. The relative monad Lie} restricts to a monad (QCE)/TB/R[H — (QCE)/TB/R[” on
the fibre over a coherent animated R-algebra B. This monad preserves sifted colimits and extends
the monad (coLiej p,x)°P, so that it is naturally equivalent to the partition Lie algebroid monad
Lieg’ B/R of Proposition 3.8. Consequently, Proposition 3.22 shows that the partition Lie algebroid
monads Lie& B,/r depend oplax naturally on the coherent animated R-algebra B.

As the proof of Proposition 3.22 is somewhat technical, we first describe the consequences of
Proposition 3.22 at the level of algebras.
Definition 3.24. We define the oco-category LieAlgdg’/R of partition Lie algebroids to be the
oo-category of algebras for the monad Lie} : QC\//T[l] — QCyT[l].

Since Lie} covers the identity monad on CAngn’COft’OP, we obtain a natural projection

LleAlgdZJR N Algid (CAIg%n,coft,Op) ~ CAlg%n’COft’Op,

For each coherent animated R-algebra B, the fibre over B is equivalent to the co-category of partition
Lie algebroids over B from Definition 3.9.

Proposition 3.25. The following assertions hold:
(1) The forgetful functor defines a map of cartesian fibrations preserving cartesian arrows

QCJrpy

forget

LleAlgd&/R

) T~ —

scoft,
CAlgR 7P,

In particular, every almost finitely presented map f: A — B of animated R-algebras induces
a commuting square

t
LicAlgdR 4/ —— LicAlgd} 5,z

forgetl lforget

fﬁ
QCV (A)/TA/R[]-] — (Qc\é)/TB/R[l]

where the bottom functor is given by f¥(g) = f*(g) X(f*Lar)V1] Tg/r[1].
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(2) If f: A — B is étale, then the square (7) is left adjointable, i.e. f* intertwines the free
partition Lie algebroid functors. Consequently, f*: LieAlgd} 4/r — LieAlgd} g, preserves
colimits and is given by g —> f*g on the underlying pro-coherent modules.

(3) The cartesian fibration LieAlgd} /p — CAlg™eotoP s classified by a functor A —s
LieAlgdZ}A/R satisfying étale descent.

Remark 3.26. Note that for a general finitely presented map f: A — B, the functor f¥ preserves
sifted colimits, but it need not preserve limits and it typically does not preserve all colimits.

Proof. Assertion (1) is a formal property of categories of algebras over a fibrewise monad: if p: Y — X
is a cartesian fibration and 7' € End,x(Y) is a fibrewise monad on Y, then the forgetful functor
Algr(Y) — Y is a map of cartesian fibrations over X that preserves cartesian edges. To see this,
let O be the operad for algebras and modules and consider the map of O-monoidal categories
(End/x(‘d), 9) — (*, f)C) Taking algebras, we then obtain

Algg (End/x — Algg, End/x(%J)) xY

\/

It follows from [HA, Corollary 3.2.2.3] that this is a map of cartesian fibrations over X preserving
cartesian arrows. Taking the fibre over a fixed monad T' € Algy, (End,x(Y)), one obtains that
Algr(Y) — X is a cartesian fibration as well (with cartesian arrows detected in Y).

Assertion (2) follows from Lemma 3.6 and (3) follows from (2) and étale descent for A —

QCY(A). O

We now turn to the proof of Proposition 3.22. We will need the following technical category-
theoretic result about completing families of co-categories under colimits:

Definition 3.27. Let p: € — B be a cartesian fibration over a small co-category and let X be a
class of small co-categories.

e Let us say that a colimit diagram K® — Cp in a fibre is conserved if it is preserved by the
base change functor f*: €, — Gy for each ¥’ — b in B.

e We will say that p is K-complete if each fibre &; is K-complete and if all of these colimits
are conserved.

e By a collection of conserved colimit diagrams we will mean a collection R = Upe Ry, where
each Ry, = { fa: K& — Gb} is a set of conserved colimit diagrams in the fibre C, and each
base change functor sends Ry, to Ry .

e Given another cartesian fibration ¢: W — B, write Fung /5 (€, W) for the full subcategory of
Fun,3 (€, W) on those functors F': € — W over B such that each map on fibres Fy,: C, — W,
preserves the colimits in Ry,. If R is the collection of all colimits indexed by diagrams from
X, we will simply write Fung /5 (C, W).

Proposition 3.28. Let B be a small co-category and consider a fully faithful map of cartesian
fibrations, preserving cartesian arrows

c—21 v

S~ 7
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Let X be a collection of small co-categories and let R be a set of conserved colimit diagrams, indexed
by oo-categories in K. Suppose that the following condition holds:
(1) p: V — B is K-complete.
(2) Each jy: Cp — Vi, exhibits V, as the K-completion of Cp relative to Ry.
Then for every K-complete cartesian fibration q: W — B, restriction along j induces an equivalence
of co-categories
Funge /5 (V, W) ~ Fung,5(C, W).

Proof. We will need some details about the construction of the K-completion V, of Cp relative to Ry
from the proof of [HTT, Proposition 5.3.6.2]. Let Px, (Cy) C P(Cp) be the oo-category of presheaves
on G, sending all colimits in R, to limits and recall that we can identify V, C Px, (C,) with the
smallest subcategory that contains the representable presheaves and is closed under X-indexed
colimits. Let Ly: P(Cy) — Px,(Cp) be the left adjoint to the inclusion and let &, C P(C;) be the
inverse image L, '(V;); note that &, is closed under K-indexed colimits in P(€;). The functor
jo: Cp — 'V, then factors as

v Cyp *>hb Ep *>Lb Vi

where the first functor is the Yoneda embedding and the second is a localisation (at the Lj-
local equivalences). All of this depends functorially on the pair (Cp,Rp). Consequently, under
unstraightening it gives rise to a diagram of cartesian fibrations and maps preserving cartesian

arrows
e—rye Ly
where £ and V are both X-complete. By [Hinl6], the map L is a localisation, inverting the Lj-local

equivalences in each fibre £;,. Since each localisation L; preserves K-indexed colimits and admits a
fully faithful right adjoint, it follows that restriction along L defines a fully faithful embedding

W M,

FunK/B(V,W) — Fungc/g (E,W)

Write Funy /5(€, W) for the essential image; it consists of those functors F': € — W over B such that
each Fy: Eg — W, preserves K-indexed colimits and sends the Lj-local equivalences to equivalences
in W,. We now claim that the following two assertions hold:
(a) Let F € Fun;5 (€, W) such that its restriction F|C is contained in Fung 5 (€, W). Then
F € Funy /5(E, W) is the g-left Kan extension of F’ |G along h if and only if F' sends L-local
equivalences and preserves X-indexed colimits fibrewise.
(b) If Fy € Fung,5(C,' W), then there exists a g-left Kan extension F' € Fung,5(€, W) of Fy
along h.
Given (a) and (b), the result follows: restriction along the localisation L yields an equivalence
Fung /3 (V, W) ~ Fun'x/g(E,W) and restriction along h yields an equivalence Fun/gc/,B (E,W) ~
Fung /5 (€, W) with inverse given by g-left Kan extension.
It remains to verify claims (a) and (b). In the case where B = %, these assertions are proven in
the proof of [HTT, Proposition 5.3.6.2]; we will reduce to this case by a cofinality argument. To this
end, let us fix a presheaf X € &, C P(Cp) in the fibre over b € B. Then the functor

(8) (Gb)/x = Gb Xey (Eb)/XHeXg S/X =: G/X
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is cofinal. To see this, we have to show that for each g: ¢ — X in €, x covering a map f: V' — b, the

oo-category ((@b)/X)g/ is contractible. Unravelling the definitions, the left fibration ((@b)/x)g/ —

(Cp)/x classifies the functor
Co)yx — & (¢ = X) —— Mapg (¢, f*) XMapy , (c.f*X) {9}

The colimit of this diagram is contractible: indeed, f*: &, — &y and Mapg (¢,=): & — 8
both preserve colimits (recall that £, C P(C}) and that f* is the colimit-preserving extension of
[*: Cp — €} by definition).
Using [HTT, Corollary 4.3.1.16] and the fact that (8) is cofinal, we find that:
(a’) F € Fun, (&, W) is the g-left Kan of its restriction to C if and only if each Fy,: & — Wy is
the left Kan extension of its restriction to Gy.
(b’) Fy € Fun;5 (€, W) admits a g-left Kan extension along A if and only if each Foy: C, — Wy
admits a left Kan extension along hy.

Using this, it suffices to verify assertions (a) and (b) fibrewise, where they hold by the proof of
[HTT, Proposition 5.3.6.2]. O

Proof of Proposition 3.22. This follows the same strategy as the proof of Proposition 3.8. By
Proposition 3.28 and the proof of Proposition 3.8 (applied fibrewise), restriction defines an equivalence
of monoidal co-categories between:

(1) endofunctors of QCr(;) relative to CAlg P that preserve sifted colimits fibrewise and

that preserve the full subcategory Derj‘}z‘fg’oc‘)&pp

aperf,coft,op
/R,>0
diagrams (a) and (b) from the proof of Proposition 3.8 fibrewise.

(2) endofunctors of Der relative to (]Alg‘;g"coft’Op that preserve the sifted colimit

The result now follows from the fact that the monad (coLie} )°P defines an algebra in the co-category
(2), by Lemma 3.6. O

3.3. Partition Lie algebroids on schemes. We will now deduce Theorem 3.1 from Proposi-
tion 3.25 by a descent argument. To establish unicity of the partition Lie algebroid monad Liex y /R
we will need the following observation:

Lemma 3.29. Let X be a locally coherent qcgs scheme, T € QCY% and write Cp C (QC})/T for
the full subcategory of M — T where M is dually almost perfect of non-positive tor-amplitude. If D
be an oco-category with sifted colimits and F': (QC})/T — D preserves sifted colimits, then F' is left
Kan extended from its restriction to €7 C (QCX) 7.

Proof. The proof of Lemma A.42 shows that the co-category QCY =~ Ind(Coh%) is equivalent to
the oo-category of functors (APerf X,ZO)OP — 8 that are reduced excisive and preserve limits of
almost eventually constant towers (cf. Definition 3.5). Under this equivalence, the dually almost
perfect objects of non-positive tor-amplitude simply correspond to the corepresentable functors.
Consequently, for every M € QCY the canonical map colimyee,, N — M is an equivalence.

Now let M € (QC%),r and notice that there is an equivalence (€7),5s ~ Cpr. To see that F is
left Kan extended from Cr, we need to show that
F(N) — F(colimNe(@T) N) —— F(M)

colim ¢

Cr)/m /M
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are both equivalences. Now note that (Cr),as =~ Cas, so that the last map is an equivalence. Since
Cy is sifted (it has finite coproducts) and F' preserves sifted colimits, the first map is an equivalence
as well. 0

Proof of Theorem 3.1. Tt follows directly from Lemma 3.29 that space of sifted colimit preserving
extensions is either empty or contractible. It therefore remains to prove the existence of the monad
Liex x /r- Writing U for the poset of affine opens of X, Proposition 3.25 provides a natural diagram

4P —— Fun™M(AL Cat); U —— ((QCH)1, pin ™ LieAlgdR ow/m) )

to the oo-category of left adjoints and right adjointable squares between them [HA, Definition
4.7.4.16]. The limit of this diagram then yields an adjoint pair [HA, Proposition 4.7.4.19]
. T . —_— . : s
Lie} : UleuL%p(ch)/TU/R[l] Uleugl}m LieAlgdX oy r: forget
where the left (right) adjoint is given by the limit of the diagram of free (forgetful) functor for all
affine open subspaces. Consequently, both adjoints preserve sifted colimits. Since pro-coherent
sheaves satisfy descent (Corollary A.39), one obtains a sifted colimit-preserving monad

Lie} x/r: (QCX) /1y, n) — (QCX) /1y, nl1l-

By construction, the restriction of this monad to the full subcategory Deri?/eg’gg is the limit of the

monads

. vy V. aperf,op aperf,op
(cot otriv(—")) " Derp7)/r. >0 — Derow)/r >0

for all affine opens U C X. By descent for almost perfect complexes, this monad naturally equivalent
P RVRNY .
to (cototriv(—"))", as desired. O

Remark 3.30. The proof of Theorem 3.1 shows that the oo-category LieAlgda x /r from Defini-
tion 3.2 coincides with the definition as the limit of the categories LieAlgdR ;/z from Definition 3.9
for all affine open subschemes.
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4. INFINITESIMAL DEFORMATIONS OF FAMILIES

In this section, we will show that the co-category of partition Lie algebroids over a coherent
animated R-algebra B is equivalent to the co-category of deformation functors, or formal moduli
problems in the terminology of Lurie [SAG, Chapter 12], defined on a certain co-category of Artinian
extensions of B. In Section 4.4, we will use this to show that every partition Lie algebroid over B
has an underlying R-linear partition Lie algebra.

4.1. Artinian extensions. We begin by introducing the following variant of Artin local rings
relative to B:

Definition 4.1 (Artinian extensions). Let B be a coherent animated R-algebra. We will say that
a map of animated R-algebras A — B is an Artinian extension if it satisfies the following three
conditions:

(1) A — B is a nilpotent extension, that is, mo(A4) — m(B) is surjective with nilpotent kernel.
(2) A — B is almost of finite presentation.
(3) the fibre of A — B is eventually coconnective.

A map of animated R-algebras A — B is said to be an almost Artinian extension if it satisfies
conditions (1) and (2). We will write Artp, 5 C AArty, 5 C CAlgh)p for the full subcategory on
the Artinian extensions of B.

Remark 4.2. Let A be a discrete commutative ring and let I C A be a finitely presented nilpotent
ideal such that A/I is a coherent ring. Let us recall the following facts:
(1) A is coherent [Gla89, Theorem 4.1.1].
(2) For every k > 0, the ideal I* is finitely generated, and hence finitely presented over A.
(3) If M is a finitely presented A-module, then I*M/I*+1M is a finitely presented A-module
and hence a finitely presented A/I-module [Gla89, Theorem 2.1.8, Theorem 2.2.1].

Proposition 4.3. Let A" — A be a map in CAlgy)p with A € Artg . Then the following
assertions are equivalent:
(1) A" € Artp,p and A" — A is a nilpotent extension.
(2) There exists a finite chain of maps A" = A, = Ap—1 — -+ — Ag = A in CAlgl)p where
each A; — A;_1 is a square zero extension by a connective coherent B-module, viewed as an
A;_1-module via the canonical map A;_1 — B.

Proof. If A — A satisfies condition (2), it is clearly a nilpotent extension. We will prove by
induction on ¢ that the map A; — B exhibits B as an almost perfect A;-module. This is evident
for i = 0. Assume that B € APerf4, ,, so that every almost perfect B-module is almost perfect
as an A;_j;-module. It follows that A; — A;_; is a square zero extension by an almost perfect
A;_1-module. Lemma 2.20 now implies that every almost perfect A;_j-module is almost perfect as
an A;-module, so that B € APerf 4, as well. Proposition 2.14 now implies that A; — B is almost
finitely presented. Since A; — B is clearly a nilpotent extension with eventually coconnective fibre,
we conclude that A; — B is an Artinian extension, so that (1) follows.

For the converse, we first suppose that A’ — A is a nilpotent extension with A’ € Artp /B such
that A € APerf 4. Write

I = ker(mo(A4") = mo(B)) and  J = ker(m(4") = mo(A)).

Both I and J are finitely presented nilpotent ideals, since A’ — A and A’ — B are almost finitely
presented. In particular, mg(A’) is a coherent ring by Remark 4.2, and likewise for mq(A).
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We now fix m > 0 such that I™ = 0 and ¢ > 1 such that cofib(A’” — A) is t-coconnective; such
t exists since A’ — B and A — B both have eventually coconnective fibres. We will construct a
sequence of animated A’-algebras A" = A1) — -+ = Ay — Ay = Ay — Aq) = A with the
following properties:
(a) For each i, cofib(A — A(;)) is a i-connective and t-coconnective almost perfect A’-module.
(b) Each A1) — A decomposes into m square zero extensions, each by the i-fold suspension
of a finitely presented discrete mo(B)-module.

Since finitely presented discrete 7y(B)-modules are coherent as B-modules (Definition A.41), this
provides the desired decomposition.

To begin, we define A1y = mo(A’) Xr,(a) A and note that Ay — Ay = A is the base change of
the sequence of square zero extensions

mo(A') — mo(A) TV — ... — wo(A)/IT — mo(A'))J = mo(A)

by the finitely presented discrete 7o(B)-modules I*.J/I**1.J (by Remark 4.2). Note that mq(A’) =
mo(A(1y) and that cofib(A” — A(yy) is 1-connective and ¢-coconnective, as desired.

For i > 1, suppose that we have constructed Ag;) and let C' = cofib(A" — A(;)) € APerf4.
Since C' is i-connective and mo(A’) = mo(A()), La,, as is i-connective and m;(La, sa) = mi(C)
is a finitely presented mo(A’)-module. We define A(;41) to be the square zero extension of A
classified by the map L4, sas — m;(C)[i]. Then cofib(4" — A(i11)) = 7>i11C is (i + 1)-connective
and ¢-coconnective. The finitely presented mo(A’)-module 7;(C) fits into a sequence of extensions

WZ(C) — Wi(C)/Imil —_— ... WZ(C)/Iz — WZ(C) ®7T0(A/) 7T0(B)

by finitely presented discrete mo(B)-modules. This implies that A;41) — A(;) has property (b).

It now remains to verify by induction that A1) is indeed an almost perfect A’-module for all
i > —1. For 1 = —1, this holds by hypothesis and for i > 0 we constructed A(;;) as an iterated
extension of A(;) by coherent B-modules, all of which are in APerf 4 by inductive hypothesis.

Finally, let us show that if A" — A is a map in Artg,p, then A € APerfs,. To this end, note
that A — B exhibits B as an almost perfect A-module because A — B is an Artinian extension.
The previous part of the proof therefore shows that A is an iterated square zero extension of B
by coherent B-modules. Because A" € Artp, g, these are all almost perfect as A’-modules, so that
A € APerf 4, as well. O

Corollary 4.4. The subcategory Artp,p C CAIg?{I/B is the smallest full subcategory satisfying the
following two conditions:

(1) It contains the terminal object B — B.
(2) Given M € Cohpg >o and a pullback square exhibiting A, as the square zero extension of A
by M

A, — B
I
A— Bo M[]

we have that A, € Artp, p as soon as A € Artg/p.

Furthermore, for each diagram Ay — Ao < Az in Artg,p where one arrow is a nilpotent extension,
the pullback is again contained in Artp, .
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Proof. The first assertion follows from Proposition 4.3 applied to A = B: this shows that A" — B is
an Artinian extension if and only if it decomposes into a finite sequence of square zero extensions by
connective coherent B-modules. The second assertion follows from Proposition 4.3 by decomposing
the nilpotent extension into square zero extensions by coherent B-modules and using the first

assertion.
O

Corollary 4.5. Let B be a coherent animated ring and let A — B be an Artinian extension. Then
A is coherent as well.

Proof. By Proposition 4.3, it suffices to treat the case where A is a square zero extension of B by
a coherent B-module. In this case, Lemma 2.20 implies that the truncation of an almost perfect
A-module remains almost perfect. O

Corollary 4.6. Let B be a coherent animated ring and let A — A’ be a map of Artinian extensions
of B. Then A’ is almost finitely presented as an animated A-algebra.

Proof. By Proposition A.19, it suffices to verify that A’ is an almost perfect A-module. Since A’
arises from B by square zero extensions by coherent B-modules, it suffices to verify that B is almost
perfect as an A-module, which holds by assumption (and Proposition A.19). O

The oo-category of almost Artinian extensions AArtg,p is essentially obtained from the oo-
category of Artinian extensions by adding limits of relative Postnikov towers.

Lemma 4.7. Let CAlga;/’;ur C CAlgh)p denote the full subcategory of animated surjections A — B.

For each (A — B) € CAlg%n/’;ur, there exists an initial map (A — B) — (7<,(A4/B) — B) to an
animated surjection with n-coconnective fibre.

We will refer to 7<,,(A/B) as the fibrewise n-truncation of A over B.

Proof. Consider the full subcategory € C Fun(A!, CAlg%') spanned by the animated surjections,
and recall that € has compact projective generators of the form R[x1,...,Zpim] — Rl21, ..., Z5].
Using this, one sees that an object (A — B) of € is n-truncated if and only if A and fib(A — B)
are n-truncated (which implies that B is (n + 1)-truncated). Furthermore, each animated surjection
(A — B) admits an n-truncation 7<, (A — B) whose domain and fibre are 7<,, A and 7<,, fib(A — B);
write 77, B for the codomain, which need not be the n-truncation of B. Given an animated surjection
A — B, we then define

T§n<A/B> = TSnA XT/<T,,B B.

This determines a functor 7<,: CAlg;n/’z;“r — CAlg%n/’?r equipped with a natural transformation

id — 7<,. By construction, the map fib(A — B) — fib(7<,(A/B) — B) exhibits its target as
the n-truncation of the domain. In particular, this implies that 7<,, is a localisation and that the
T<n-local objects are the animated surjections with n-coconnective fibre. O

Lemma 4.8. Let A — B be an animated surjection. Then the following are equivalent:

(1) A — B is an almost Artinian extension.
(2) For each n > 0, the fibrewise n-truncation 7<,(A/B) — B is an Artinian extension.

Consequently, AArtg,p C CAlg?%n/B is closed under
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Proof. Note that m;(A) = 7;(7<,(A/B)) for all i < n. Assuming (2), it therefore follows that A — B
is a nilpotent extension and that A is a coherent animated ring. Since each m;(B) is a finitely
presented discrete module over my(A) = mo(7<0(A/B)), we conclude that B is an almost perfect
A-module, so that A — B is almost finitely presented.

Assuming (1), the argument from Proposition 4.3 shows that there exists a tower --- — A,, —
A,—1 — -+ — B of Artinian extensions such that fib(4 — A,,) becomes increasingly connective. In
particular, choosing n large enough we see that mo(A4) = my(A4,,) is a coherent ring and that each
mi(A) 2 m;(A,) is a finitely presented mp(A)-module. It follows that A is coherent, so that each
truncation 7<, fib(A — B) is an almost perfect A-module. Using this and Proposition 2.14, one
sees that each A — 7<,,(A/B) is almost finitely presented. It follows that 7<,,(A/B) — B is almost
finitely presented, and it is clearly a nilpotent extension with n-coconnective fibre. O

Definition 4.9. Let Artp < AArty — Fun(A!, CAlg%') denote the subcategories whose:
(1) objects are (almost) Artinian extensions A — B where B is coherent.
(2) morphisms (f, f): (A — B) — (A’ — B’) are commuting squares in which f is étale.

AL

|

B .,p

Proposition 4.10. Let CAlg'(;”%n’COh’et — CAlg%' denote the subcategory of coherent animated
R-algebras and étale maps between them. Then the codomain projections define cocartesian fibrations

AI‘tR e CAlgE;%n’COh’Ct AAI‘tR N CAlg}l%n,coh,ct.

Furthermore, for each étale map f: B — B’, the induced functor f*: AArtg, g — AArtg/p
preserves pullbacks along nilpotent extensions, as well as limits of fibrewise Postnikov towers.

Proof. A commuting square as in Definition 4.9 defines a locally cocartesian arrow in AArty if
A — A’ is étale. Indeed, any map of Artinian extensions (A — B) — (A” — B’) covering the map
B — B’ factors uniquely over (A’ — B’) because the étale map A — A’ has the unique lifting
property against the nilpotent extension A” — B’. It is clear that these types of locally cocartesian
arrows are stable under composition.

It therefore remains to verify that for every Artinian extension (A — B) and every étale map
f: B — B’, there exists a lift (f, f): (A — B) — (A’ — B’) such that f: A — A’ is étale. For every
animated ring B, the functor B’ — my(B) ® p B’ defines an equivalence between the categories of
étale B-algebras and étale mo(B)-algebras. In turn, the functor B” +— B” @, (p)mo(B)/I determines
an equivalence between the (ordinary) categories of étale my(B)-algebras and my(B)/I-algebras
whenever I is a nilpotent ideal [Stal9, Tag 039R|. Using this, one sees that there is a unique lift of
f to an étale map f: A — A’

To see that the resulting map A’ — B’ is (almost) Artinian, note that it is almost of finite
presentation since both A’ and B’ are almost of finite presentation over A. Furthermore, ker(my(A4’) —
mo(B')) = mo(A") @y (a) ker(mo(A) — mo(A’)) is the base change of a nilpotent ideal along a flat
map, and hence a nilpotent ideal itself. Likewise, fib(A’ — B’) ~ A’ ® 4 fib(A — B) is eventually
coconnective if fib(A — B) is eventually coconnective, as A — A’ is flat.

Finally, consider the change of fibre functor f*: AArtg,p — AArtp /. For any map Ay — A,
of (almost) Artinian extensions of B, we have that A; — f*(A;) is the unique étale map covering
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f. This implies that f*(As) ~ f*(A41) ®4, A2. Using this, one readily verifies that f* preserves
pullbacks along nilpotent extensions. Furthermore, the fact that A — f*(A) is flat implies that
[*(A) ®a T7<n(A/B) ~ 1<, (f*(A)/B’), so that f* preserves limits of fibrewise Postnikov towers as
well. O

4.2. Formal moduli problems. We recall the notion of a formal moduli problem [SAG, Chapter 12]:

Definition 4.11. A functor X: Arty, 5 — 8 is a formal moduli problem if it satisfies the following
two conditions:

(1) X(B) =~ *.
(2) For any pullback square in Artp, g of the form

A—— A

o

A1 —_— A()l

where Ag — Ao is a nilpotent extension, X (A) — X (Ao) X x(4,,) X (A1) is an equivalence.
We will write Modulig,r for the oo-category of formal moduli problems.
Remark 4.12. Using Proposition 4.3, one sees that X : ArtR/B — § is a formal moduli problem if

and only if X (B) ~ % and X preserves each pullback square (9) describing a square zero extension
of A € Artp,p by a coherent connective B-module.

Example 4.13. Let B’ — B be a map of derived R-algebras. We will write Spf(B’) for the
corresponding corepresentable formal moduli problem

Spf(B'): Artp g —— & Ar—— MapCAlg??é/rB(B/,A).
This defines the right adjoint in an adjoint pair

O: Modulip/r CAlgd;;gP :Spf

where O(X) can be viewed as the global sections of the formal moduli problem X.

Lemma 4.14. Restriction along i: Artp g — AArtg, g defines an equivalence between Modulip/r
and the oo-category of functors X : AArtR/B — 8 satisfying the following conditions:

(1) X(B) ~ x.

(2) X preserves pullbacks along nilpotent extensions in AArtR/B,

(8) X preserves limits of fibrewise Postnikov towers.

Proof. Lemma 4.8 implies that for any functor Y: Artp,p — 8, its right Kan extension along ¢ is
given by .Y (A) = lim,, Y (7<,(A/B)). The result follows readily from this. O

Recall that every formal moduli problem has a tangent complex:

Construction 4.15. Let Der?}lpz,zo denote the oo-category of derivations a: L, g[—1] — M where
M 1is a connective coherent B-module.
Given a formal moduli problem X : Artp /B — S, write

T x[1]: Der®fp 5o —— 8 (M, ) —— X(B @y M)
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for the restriction of X to the square zero extensions of B. Because X is a formal moduli problem,
this functor preserves pullbacks of my-surjections. Consequently, Proposition 3.15 and Lemma A.42
(or Example 4.25 below) imply that Tz, x[1] is classified by an object of QCE/TB/R[” that we will
refer to as the tangent fibre of the formal moduli problem X, and denote by Tz, x[1] as well.

Example 4.16. Let B — B be a map of derived R-algebras and let Spf(B’) be the associated
corepresentable formal moduli problem (Example 4.13). The tangent fibre of Spf(B’) is then given
by the functor DerCBO}leo — 8 corepresented by the cotangent complex Lg/pr[—1] = Lp/p/[—1].
Consequently, Tz /spr(p) =~ LY / p/[1] is the pro-coherent dual of the cotangent fibre.

Finally, we record the functoriality of the co-category Modulip,r with respect to étale maps:

Construction 4.17. Write A — B for the cocartesian fibration Artyp — CAlg% ™ from
Proposition 4.10 and consider the relative functor oo-category Fun,z(A,8) — B. Recall that
this is the oo-category over B defined by the universal property that functors D — Fun,s(A,8)
are naturally equivalent to pairs consisting of a functor D — B and a functor A xg D — 8.
Then projection Fun,5(A,8) — B is a cartesian and cocartesian fibration, classifying the functor
sending B +— Fun(Artg,p,8) and a map f: B — B’ to restriction and left Kan extension along
Artgp/p — Artg,p [GHN1T7, Proposition 7.3]. We write

Moduli/r € Fun,s(A,S§)
for the full subcategory spanned by the tuples (B, X : Artp /B~ 8) where X is a formal moduli
problem. Since each Artp /B Artp /B breserves pullbacks along nilpotent extensions, the projection
Moduli;r — CAIg?{"COh’et is a cartesian and cocartesian fibration.

4.3. Deformation theory. Let B be a coherent animated R-algebra. Our goal will be to show that
taking the tangent complex of a formal moduli problem (Construction 4.15) refines to an equivalence

Tp,-[1]: Modulip;p —— LieAlgd} p/p-

In fact, we will construct a version of this equivalence that is functorial in B with respect to étale
maps. To this end, we introduce the following notation:

Notation 4.18. Consider the functor CAlg?%“’COh’et — Caty sending B + LieAlgd} 5,z and
sending each étale map f: B — B’ to f*: LieAlgd} 5/ — LieAlgd} p//p. This classifies a
cartesian fibration and a cocartesian fibration that we will denote by

p: LieAlgd}f}, —— CAlgimeohetop pY: LieAlgd2/ R —— CAlgimeohet,

More precisely, p is the restriction of the cartesian fibration from Proposition 3.25 to the subcategory
of étale maps, and we define p¥ to be the cocartesian fibration classified by the same diagram of
oo-categories. Part (2) of Proposition 3.25 implies that pV is a cartesian fibration as well.

Theorem 4.19. There is an equivalence of co-categories

LieAlgds.f ~ Moduli/ 5

et

\ /

n,coh,et
CAlgimeonet,
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Furthermore, the induced equivalence between fibres over a coherent animated R-algebra B fits into
a commuting diagram

LieAlgd} p,p ——— Modulig/r

forgetl lTB/— [1]

coh
QCB/TB/R Fun(DerB/R7207S).
We will first construct the functor LieAlgdﬁé? — Moduli,r and then use the language of
deformation theories from [SAG, Chapter 12] to prove that it is an equivalence.

Construction 4.20. If an animated surjection A — B is an (almost) Artinian extension, then it is
in particular complete almost finitely augmented (Definition 2.15). Using Corollary 3.13, we thus
obtain a composite functor
t £y ()Y .
D: Arty, — Coalg., 0 (Derj%ego) —— (LieAlgd} /r)°P.

sending each Artinian extension A — B to the partition Lie algebroid ©(A) = cot(A)Y over B.
Since the maps in Arty all cover étale maps B — B’, this assembles into a functor

Artp 2 (LieAlgd s, )oP

A/R
T~ —

n,coh,et
CAlgameohet,

The functor © preserves cocartesian arrows: indeed, for any cocartesian arrow (A — B) — (A’ — B’)
in Artp covering an étale map f: B — B’, we have that B’ ~ A’ ® 4 B so that D(A’) ~ f*D(A).
The functor ® induces a fully faithful functor on fibres by Corollary 3.13 and is hence fully faithful
itself, since it preserves cocartesian arrows.

Proposition 4.21. Let B be a coherent animated ring and let A — B & M[1] be a map in Artp, g
classifying a square zero extension A, — A by a coherent connective B-module. Then induced map
of partition Lie algebroids over B

(10) D(A) Upemp)) P(B) —— D(4,)
is an equivalence.

Lemma 4.22. Let B be a coherent animated ring and let F*M € FilModg be an almost perfect
filtered B-module. Then the diagram of pro-coherent duals

(FOM/F'M)V —— (F'M/F*M)¥ —— ... —— (F°M)V
is a colimit diagram in QCY%.

Proof. Recall that the pro-coherent dual of a B-module M can be described by the left exact functor
Cohp — 8 corepresented by M. It therefore suffices to verify that for any coherent B-module IV, the
map colim Map g (F°M/F"M, N) — Mapg(F°M, N) is an equivalence of spaces. Suppose that N
is k-coconnective. Because F* M is almost perfect, there exists an m such that F"* M is k-connective
for all n > m. It follows that Mapz(F°M/F"M, N) — Mapg(F°M, N) is an equivalence for all
n>m. O
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Proof of Proposition 4.21. Let us say that an object A € CAL‘;?%E;J’BA’aft is adequate if for every
N € APerfp >, the natural map

D(A)UD(B@N) — D(A®N)

is an equivalence, where B& N and A® N = A x5 (B® N) denote the trivial square zero extensions
by N. To prove the proposition, it will suffice to verify the following assertions:

(1) Every square zero extension B &, M of B by M € APerfp > is adequate.
(2) Suppose that A is adequate and consider a pullback square (9) classifying a square zero
extension A, — A by M € APerfp . Then the following hold:
(2a) the map (10) is an equivalence.
(2b) A, is adequate.
Indeed, Corollary 4.4 then shows by induction that every A € Arty,p is adequate, so that © sends
every pullback square (9) to a pushout of partition Lie algebroids.

Recall that for any square zero extension B ©, M classified by a: Lp/r[—1] — M, the partition
Lie algebroid D (B @©, M) is the free partition Lie algebroid on a: MY — Tg,p[1]. Consequently,
D((B®q M) ® N) is the free partition Lie algebroid on («",0): MY ®© N — Tg,p[1]. Assertion (1)
then follows from the fact that taking free Lie algebroids is a left adjoint.

We will simultaneously verify assertions (2a) and (2b). To this end, suppose that A is adequate and
let A,, — A be a square zero extension of A classified by a: A - B@M]1]. Let A - A* — B& M][1]
be the cosimplicial resolution provided by Corollary 2.30. Given N € APerfp >0, we then obtain a
diagram of complete almost finitely augmented algebras over B

A& N — A& N —— B&e N

(11) J l l(id,O)

A A B& M[1].

where the top row is obtained from the bottom row by base change. This gives rise to a diagram of
partition Lie algebroids of the form

1D(A®) o (o) D(B® N)| —— D(A) Uosemp) D(B® N)

g | J

|D(A; & N)| D(A, & N).

It suffices to verify that the right vertical map is an equivalence: if this is the case, then taking
N =0 yields assertion (2a) and assertion (2b) then follows from the equivalences

(D(A4) o (emp)) D(B)) UD(B@ N) —— D(A) Uy pemp)) D(B® N)

Iy I~

D(A,) ID(B®N) D(A, @ N).

To see that the right vertical map in (12) is an equivalence, we will show that each of the other
three maps is an equivalence.

Top horizontal map. To see that the top horizontal map in (12) is an equivalence, it suffices to
show that the map |D(A®*)] — D(A) is an equivalence. Since geometric realisations of partition
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Lie algebroids are computed in (QC}) /Ts s[5 16 suffices to verify this at the level of pro-coherent
modules. Now recall that the cosimplicial resolution A — A® from Corollary 2.30 has the property
aperf

that the augmented cosimplicial diagram cot(A4) — cot(A®) in Der; R, >0 is split. Taking pro-

coherent duals, one obtains that the augmented simplicial diagram D(A°®) — ©(A) is split in
(Qcé)/TB/R[lb so that |D(A®)| ~ D(A).

Left vertical map. It suffices to verify that each square of partition Lie algebroids

D(B @ M[l]) —— D(BON)

| |

D(AY) —— D(A} @ N)

is a pushout. The cosimplicial resolution A® from Corollary 2.30 has the property that A* ~ B@®, K
is a square zero extension of B and that the map A® ~ B &, K — B & M][1] arises from a map
e: K — M[1] in Der%p/egm. It follows that the above square is the image of a pushout square in

(QCY%) /Ty, 1] under the free partition Lie algebroid functor, and hence a pushout square itself.

Bottom horizontal map. It suffices to check that the augmented simplicial diagram D (A} & N) —
D(A, @ N) is a colimit diagram in QC}. Recall that this is the pro-coherent dual of the augmented
cosimplicial diagram of B-modules cot(A4, @ N) — cot(A} ® N). We will refine this to a diagram of
filtered B-modules as follows. The diagram (11) of derived R-algebras over B lifts to a diagram
of filtered R-algebras over B: we endow B @ N, A and A® with the filtration where F* = 0 for all
i > 1, and B ® M[1] with the filtration

FY(B® M[1]) = M[1] F(BoM[1])=0  fori>2.

Taking fibre products, we then obtain (finite) filtrations on A, & N and Ay © N.
The maps of animated filtered algebras F*(A, ® N) — B and F *(Aﬁ, ® N) — B are almost of
finite presentation. Indeed, each A* — B (concentrated in weight 0) is almost of finite presentation
and Af7 @ N — A’ is a square zero extension by an almost perfect filtered A*-module, and thus

almost of finite presentation by Lemma 2.20. By Proposition 2.14, we therefore obtain an augmented
cosimplicial diagram of almost perfect filtered B-modules

cot(F* (A, ® N)) —— cot(F*(Ay @ N)).
At the level of F°, this is given by cot(A, ® N) — cot(Ay @ N) and at the level of the associated
graded, it is given by
cot(A® M(1)® N) —— cot(A* @ M (1)@ N).
Here A® M(1) ® N denotes the derived graded R-algebra given by the trivial square zero extension
of Aby N (in weight 0) and M (in weight 1).

Using Lemma 4.22; we therefore obtain a certain augmented simplicial diagram of pro-coherent
B-modules equipped with an increasing filtration

(13) F.D(As & N) — F,D(A, & N)

At the level of the underlying objects (i.e. taking the colimit as * — o0), this yields the augmented
simplicial diagram D (A} & N) — D(A, © N). To see that this is a colimit diagram, it now suffices
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to show that (13) is a colimit diagram at the level of the associated graded. The associated graded
of (13) is equivalent to the augmented simplicial diagram (with a certain weight grading that will
not play a role)

DA*DMON)—>D(AD®M®N).
Since A and all A® (which are of the form B @, I) are adequate, this is equivalent to the map
DAY IDBOMON) DA UD(BO®M®N).
This is an equivalence because (as we already saw), |D(A®)| ~ D(A). O

By Proposition 4.21, any partition Lie algebroid g over B determines a formal moduli problem

(14) Wy ArtR/B =8 Wy(4) = Mappicalgan (D(A), 9).

A,B/R

Using this, we will now construct the putative equivalence of Theorem 4.19.

Construction 4.23. Consider the functor

A/R (D,id) et

et B (LleAlgdA/R)op XCAlgan,coh,ct LleAlgdA/R % 8
' R

et

Artp X Algineohet LieAlgd

where the last functor is the fibrewise mapping space functor. Using Construction 4.17, this is
.. . AJR
adjoint to a functor LieAlgd

et

= Fun oy ganconec (Artp,8). Unravelling the definitions, this sends
each g € LieAlgd} p/p to the formal moduli problem ¥y from (14). We thus obtain a functor

LieAlgd>/F v Moduli 5

b T~ —

CAlg;L%n,coh,ct )

Because ® preserved cocartesian fibrations, the functor ¥ is a map of cartesian fibrations that
preserves cartesian arrows.

It now remains to verify that ¥ restricts to an equivalence on fibres. For this we will use Lurie’s
formalism of deformation theories, slightly reformulated as follows:

Theorem 4.24 (cf. [SAG, Theorem 12.3.3.5]). Let B be a presentable co-category equipped with a set
of adjunctions Ly : Sp S B : R, such that each R, preserves sifted colimits and the R, are jointly
conservative. Let Bg C B be the smallest full subcategory of B satisfying the following conditions:

(1) It contains the initial object 0.
(2) If K € By, the for each pushout square in B of the form

L,(Sin)) — K

L

0 — K’

for some a and n < 0, the object K’ is contained in Bqy as well.

Then the restricted Yoneda embedding h: B — P(Bg); K — Mapg(—, K) is fully faithful, with
essential image consisting of those presheaves X on By such that X (0) ~ x and such that (15) is
sent to a pullback diagram of spaces.
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Proof. Consider the adjoint pair ©*: B S P(B()°P : D, where D*(K) = Mapg (K, —). The condi-
tions imply that this is a deformation theory in the sense of [SAG, Definition 12.3.3.2], and the
result follows from [SAG, Theorem 12.3.3.5]. O

Example 4.25. Let B be a coherent animated R-algebra. For each M € Cohp, >(, consider
Rar: QChy1y pn) — SP3 (p: N = Tpyg[l]) —— Homgqev () (MY, fib(p)).

This is a right adjoint functor preserving sifted colimits since MY € QC}% is compact. Since the
collection of MY with M € Cohp >( generates QC}, this satisfies the conditions of Theorem 4.24.
The full subcategory Bi® C QCY /T3, (1) BPPearing in Theorem 4.24 can then be identified as follows.
Note that

LM(S) ~ (0 MY — TB/R[].]).
For any p: NV — Tg,p[l] with N € Cohp >0, we then have that:

(a) For any n < 0 and MV[n] — NV, the cofibre fib(N — M[—n])¥ is dual to a coherent
connective B-module.
(b) it can be obtained as a pushout of a diagram 0 + Ly (S[—1]) — 0 in QCE/TB/RH]'

It follows that B is the full subcategory of p: N¥ — Tz, p[1] where NV is the pro-coherent dual
of a coherent connective B-module. Using Lemma 2.16, we can identify Bi™P ~ Der‘g’/hR,ZO with
the full subcategory of derivations a: Lg,g[—1] — M for which M € Cohp >¢. Consequently, there
is a fully faithful functor

QCE/TB/R — Fun(Der%)}lR’ZO, S)

whose essential image consists of functors X such that X (0) ~ x and preserving pullbacks along all
maps 0 — (M][1],«) in Der?}l&zo with M € Cohp >o.

Proof of Theorem 4.19. We will mimic the strategy from Example 4.25. For each M € Cohp >0,
consider the functor

Ry LieAlgdA g/p — Sp; (p: 9 = Tp/pll]) — Homgqcy, (MY, fib(p)).

Proposition 3.8 implies that the forgetful functor LieAlgd&B/R — QCJVB/TB 1] 1s a right adjoint
that preserves sifted colimits and detects equivalences. Using this and Example 4.25, it follows that
the set of functors R, satisfies the conditions of Theorem 4.24.

To identify the full subcategory By C LieAlgd p, g, note that La/(S) ~ Liej} 5/z(0: MY —
Tp/g) is the free partition Lie algebroid generated by the zero map from M". By Proposition 3.8,
this means that there are natural equivalences

L(S) ~ Lie} p/r(0: MY — Tp/r) ~D(B @ M)

for all M € Cohp,>¢. It follows that Bo C LieAlgd\ g, is the smallest full subcategory containing
the initial partition Lie algebroid 0 ~ ® which is closed under pushouts along the maps © (B &
MI1]) — ©(B) for all M € Cohp, >¢. Corollary 4.4 and Proposition 4.21 now imply that there is a



FORMAL INTEGRATION OF DERIVED FOLIATIONS 43

commuting diagram

(_)v in,o [e)
Z— By ——— (QCE/1y, ) v

sqzl J{ lLieZ,B/R

ArtR/B ‘ng (LleAlgdZ7B/R)Op

coh
DerB/R,ZO

|9

where equivalence © sends each pullback square (9) to the opposite of a pushout square of the
form (15). Using this, Theorem 4.24 then implies that ¥: LieAlgdA/R — Moduli, g restricts to an

et

equivalence LieAlgd& B/r = Modulig/r on fibres with the desired properties. O

Remark 4.26. Combining the equivalence of Theorem 4.19 with the adjoint pair from Example
4.13, we obtain an adjoint pair

C*: LieAlgdR p/p  CAlgg 5P :D
where ©(B’) = Tg/sp(pry With the partition Lie algebroid structure arising from Theorem 4.19.
Example 4.16 implies that the underlying object of ®(B’) in QC% /T r(1] is naturally equivalent to
Ly p 1] = L pll] = Tp/r[1].

The right adjoint C* can be thought of as a version of the Chevalley—FEilenberg complex for
partition Lie algebroids. Explicitly, C*(g) is the derived algebra of functions on the formal moduli
problem classified by g. One can now check that the adjoint pair (C*,®) also defines a deformation
theory in the sense of [SAG, Definition 12.3.3.2].

Remark 4.27. Suppose that X is a locally coherent qcgs derived scheme. By Remark 3.30, the
oo-category of partition Lie algebroids on X can be identified with the co-category of dotted sections

Open®? (X)op Sy LieAlgd AR~ Moduli, g

et

\l/

CAl aén ,coh,et

sending each map to a cocartesian arrow. Using Theorem 4.19 and unravelling Construction 4.17,
one sees that the co-category of partition Lie algebroids on X is equivalent to the co-category of
functors F': Artp x, Algrneoh.et OpenaH(X )°P — 8 satisfying the following two properties:

R

(1) For each affine open U C X, F restricts to a formal moduli problem Fy: Artg, o) — 8.
(2) For each inclusion of affine opens V' C U C X, Fy is the initial formal moduli problem
equipped with a map from Fy to its restriction along Artg oy = Artgr/ow)-

4.4. Underlying partition Lie algebra. Suppose that R is coherent and that B is a coherent
animated R-algebra. We will use Theorem 4.19 to show that the underlying pro-coherent R-module
of a partition Lie algebroid g over B can be endowed with a (R-linear) partition Lie algebra structure.
To this end, we begin by recalling the following properties of the oo-categories CAlg®" of animated
A-algebras.
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Proposition 4.28. Given a cartesian square of animated rings on the left in which f: Ag — Ao
induces a surjection on my, the Tight square of co-categories is cartesian as well:

A7 4, CAlgY — CAlgY
f/l J/f f/* J/f*
A1 —2 Ag CAlgY —Z CAlgY .

Proof. Write h: A — Ag; for the composite map and consider the following diagram of co-categories:

(9" f"™)
CAlg!

forgetl e o lforget
(", f"™)
MOdAzo MOdAo.,ZO XMOdAm,zo MOdAl,zo .

CAlgfi{:) XCAlgiX:n CAngnl

Here the rows are both adjoint pairs: the left adjoint (¢’*, f"*) sends an animated A-algebra (resp.
A-module) B to the matching triple of objects (Ag ®4 B, Ag1 ®4 B, A1 ®4 B) and the right adjoint
sends a matching triple of animated algebras (resp. modules) (By, Bo1, B1) to the fibre product
9.Bo Xn, By, fiB1 of A-algebras (resp. A-modules). In particular, the vertical forgetful functors
commute both with the left adjoints and with the right adjoints. Since the forgetful functor detects
equivalences, the unit and counit of the top adjunction are an equivalence if the unit and counit of
the bottom adjunction are equivalences. This follows from [SAG, Theorem 16.2.0.2], so that the top
adjunction is an equivalence. O

Definition 4.29. Suppose that R is coherent and let B € CAlg%:' be a R-algebra. We will write
Def /g for the full subcategory of Fun(Al, CAlg®) /R—p spanned by those commuting squares

A—— R
BA —— B
that are cocartesian and in which A — R is an Artinian extension. We will typically write A — B4

for an object in Defp /g, omitting the data of the cocartesian square.

There is a canonical functor Defp/p — Artg, g sending each such square to A — R. We then
have the following corollary of Proposition 4.28:

Lemma 4.30. Suppose that R is coherent and let B be an animated R-algebra. Then the functor
Defp,r — ArtR/R is a left fibration, classified by a formal moduli problem defp: ArtR/R — 8.

Proof. The functor Defp/p — Artp,p is a cocartesian fibration, classified by defp: Artp, p — Catoo
sending A — CAlgy’ Xcaigar {B}. Proposition 4.28 implies that defp is a formal moduli problem.
In particular, defg(R @ M) ~ Qdefg(R ® M]I1]) is a space for every coherent R-module M. By
Artinian induction, this implies that defg(A) is a space for all A, so that the result follows. 0

Notation 4.31. Write I'(Tz/g[1]) € LieAlgy x for the partition Lie algebra classified by the formal
moduli problem defg.

One can identify the complex underlying I'(T'’s,g[1]) as follows.
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Construction 4.32. Given a map of coherent animated rings f: R — B, consider the functor
f*: Cohg,>0 — Modp and define

Defsl;l/ZR = COhR,ZO XMod g (MOdB)LB/R[—l]/
to be the oo-category of tuples (M, o) where M € Cohg, >0 and a: Lg/p[—1] — f*M is a derivation.
This fits into a commuting square of co-categories

Def}7, —— Defp)n

o I

Cohg >0 —2¥5 Artp IR

in which the vertical functors are left fibrations. The bottom horizontal functor sends M € Cohp >¢
to the trivial square zero extension R & M and the top horizontal map sends (M, a) to (R® M —
B ®, f*M). This indeed defines a deformation of B over R @ M: it is obtained as the pullback of
the diagram of deformations

(R— B) —%» (R® M[1] » B® f*M[1]) «+2— (R — B)

where the left map arises from the derivation a: B — B & f*M|[1] and the right map from the zero
derivation. By the proof of Proposition 4.28, the fibre product then defines a deformation of B as
well.

Lemma 4.33. Let f: R — B be a map of coherent animated rings. Then there is an equivalence of
pro-coherent R-modules T'(Tg/g[1]) ~ f.Tp/r[1].

Proof. By construction, the left fibration DefSB?f r — Cohpg >¢ is classified by the functor Cohg >o —
§ sending M to the space of B-linear maps Mapg(Lp,r[—1], f*M). By Lemma A.42, this functor
is classified by a pro-coherent R-module; unravelling the definitions using Example A.32 and
Definition A.37, one sees that this pro-coherent R-module is precisely f.Tz/r[1].

It now suffices to verify that this pro-coherent R-module is equivalent to the module underlying
the partition Lie algebra I'(Tz,g[1]). In terms of formal moduli problems, this is equivalent to the
square (16) being cartesian. Since the base change

P= DefB/R XArtR/R COhR7ZO — COhR,ZO

is a left fibration classified by a reduced excisive functor Cohr >0 — 8, it suffices to verify the
following: for each M € Cohg, >¢, the induced map on fibres Mapg(Lp/r[—1], f*M) — Py induces
an equivalence on loop spaces at the canonical (zero) basepoint. This map of loop spaces can be
identified with the canonical map

Mapg(Lg/r, f*M) — Mapcmg%nGB B® f*M,B® f*M) ~ MapCAlg?/B(B,B@f*M)

M/B (
which is an equivalence by definition of the cotangent complex. O

Remark 4.34. Suppose that R is coherent and let g € LieAlgX p be a partition Lie algebra.
Write X': Artg/p — 8 for the formal moduli problem classified by g and J X — Artp /g for its
unstraightening. We then have fully faithful inclusions

(LieAlgA p)/g —— (Modulig/r)/x — Fun(Artp g, 8),x —— Fun(/[ X,8).



FORMAL INTEGRATION OF DERIVED FOLIATIONS 46

The last equivalence follows from the fact that, under unstraightening, both oo-categories are
equivalent to the oo left fibrations over [ X. Unravelling the definitions, one sees that the essential
image of the above inclusion consists of those functors [ X — § that preserve the terminal object,
as well as every pullback square in f X whose image in Artp /R 18 as in Definition 4.11.

Construction 4.35. Let B be a coherent R-algebra. Given an object A — B4 in Defp/g, the
map Ba — B is an almost Artinian extension. Indeed, it is the base change of the almost finitely
presented map A — R, hence almost finitely presented, and the kernel of mo(Ba) — mo(B) is
generated by the images of the (nilpotent) generators of the kernel of mo(A) — mo(R). We thus
obtain a functor ¢: Defg,r — AArtR/B given by t(A — B4) = Ba. Now suppose that Ag — Ao1 is
a nilpotent extension and consider a pullback square in Defp,r

(A— By) — (Ao — Ba,)

l l

(Al — BAl) —_— (A()l — BAm)'

Then By, — Ba,, is a nilpotent extension as well, and the proof of Proposition 4.28 shows that
Ba~ By, XB Aoy B, . It follows that restriction along ¢ preserves formal moduli problems. Using
Remark 4.34, we therefore obtain a functor
LT T ~ . t* . ~ . g
I': LieAlgd; p/p —— Modulig/p —— (MOdullR/R)/defB — (LleAlgAqR)/F(TB/R[l])'
Proposition 4.36. Let f: R — B be a map of coherent animated rings. Then there is a commuting
diagram of right adjoint functors

LieAlgd} p/p —— (LieAlg} g)/r(Ts, (1))

(17) forge{ J

I
(QCE) /7, nit) —— (QCR) /11, n11))-
In particular, T'(Tg/gr(1]) ~ f«(Ts/r[1]) as pro-coherent R-modules.

Proof. Consider the commuting square of co-categories

et4 t’ aperf
DefB/R — DerB/R’20

| |

DefB/R *t> AArtR/B.

where the top functor ¢’ sends (M, «: L g[—1] = f*M) to (f*M,«). By restriction, this induces
a commuting square of co-categories of formal moduli problems and right adjoint functors between
them. Using the equivalences from Example 4.25, Theorem 4.19 and Remark 4.34, this square
of oo-categories of formal moduli problems is equivalent to a commuting square of the form (17).
Indeed, the functor I' is equivalent to restriction along t by definition, and one readily verifies
that restriction along the functor ¢’ sending (M, «) to (f*M,a) corresponds to f. at the level of
pro-coherent modules. O
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5. FORMALLY INTEGRATING PARTITION LIE ALGEBROIDS

Let X be a locally coherent qcgs derived scheme over a coherent ground ring R. In this section,
we will formally integrate partition Lie algebroids
g — Tx/r(l]

on locally coherent qcqs derived schemes X over animated rings R. The result of our integration
procedure will be formal moduli stacks
X =Y

under X, where Y can be thought of as a formal leaf space. More precisely, we define:

Definition 5.1 (Formal moduli stacks). A formal moduli stack under X is a map of R-prestacks
X —=Y

satisfying the following conditions:

(1) Y has deformation theory, which means that it preserves limits of Postnikov towers and
pullbacks along nilpotent extensions of R-algebras, see Definition B.6;

(2) X — Y is locally almost of finite presentation (‘laft’), see Definition B.3;

(3) X — Y is a nil-isomorphism. Equivalently, it restricts to an equivalence on all reduced
affine schemes, see Remark B.13.

Let ModuliStkx,r C (PrStkg)x, be the full subcategory spanned by all formal moduli stacks under X.
Remark 5.2. Note that Definition 5.1 also makes sense for X a general prestack.

In Section 5.1 below, we will link formal moduli stacks under affine schemes to formal moduli
problems in the sense of Definition 4.11, and hence to partition Lie algebroids. In Section 5.2, we
will then prove our main integration equivalence in Theorem 5.26.

5.1. Formal moduli problems and formal moduli stacks. Throughout this section, let X =
Spec(B) be a coherent affine derived scheme over R. We will show:

Theorem 5.3. Let X = Spec(B) be a coherent affine derived R-scheme. Then there is an equivalence
between the oco-category ModuliStkx,r of formal moduli stacks under X and the oco-category of
formal moduli problems

F: ArtB/R — 8

in the sense of Definition 4.11. If X — Y is a formal moduli stack, then the corresponding formal
moduli problem Artp,p — 8 sends A — B to the space of diagonal lifts

X—%Y

Spec(A) —— Spec(R).

The proof closely follows (a simple version of) the argument in [GR17a] and proceeds in two
steps.

Notation 5.4. Throughout, we write

Xprored = SpeC(Bprored)a Xint 1= (X/R)inf
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for the pro-reduction (Definition B.8) and infinitesimal stack of the affine derived scheme X. We
will write U for the pushout of (pro-)affine derived schemes (i.e. the fibre product of (ind-)rings) and
consider the following categories:

(1) Write Affg?f/t}; "L+ for the oo-category of affine R-schemes equipped with a nilpotent em-
bedding X — S that exhibits X as an almost finitely presented S-scheme, such that
O(S) = O(X) = B has eventually coconnective fibre. Equivalently, we simply have

laft—nil,+ ,0p
AffX/R —ArtB/R.

In particular, each S € Affl;f/tg b+ s a coherent affine derived scheme as well (Corollary

4.5).

(2) Let Affnxﬂ/’;%r be the co-category of affine R-schemes equipped with a nilpotent embedding
X — S such that O(S) — O(X) has eventually coconnective fibre.

(3) Let Aff/x, . be the co-category of affine schemes over Xiyy, i.e. S € Affp together with a
map S < Sprored — X.

Our goal will be to first identify formal moduli problems with certain functors on the co-category
Aff;l/’;g. Next, we will relate functors on Aff}ll/’; with prestacks X — Y — Xjur in between X and
its infinitesimal prestack. The oco-category of formal moduli stacks can then be identified with a

natural subcategory of this co-category.

Definition 5.5. We will say that a functor F': (Afanﬂ/’;)Op — 8 has deformation theory if:

(1) its value on the initial object is contractible,
(2) it sends pushouts along nilpotent embeddings to pullbacks of spaces.

Let u: Affl)?f/t}g nil+ Aff;‘;l/; be the evident fully faithful embedding and consider the induced

adjoint pair between oo-categories of presheaves:

w T(Affl)a(f/tgnil’+) — ?(Affr)l(ﬂ/’;): u*.

The main technical step in the proof of Theorem 5.3 is the following:

Proposition 5.6. Let F': (Affl;f/;nﬂ’Jr)Op — 8 be a formal moduli problem. Then the left Kan

extension u F': (Aff;l/’;)()p — 8 has deformation theory.

The proof will require some preliminaries:

Lemma 5.7. Let F: (Affl)?f/tlgnil’+)0p — 8 be a formal moduli problem and consider a pushout
diagram in Aﬁnxﬂ/’g

So —L 8

|

S —— 9

such that Sy and S are contained in Affl;f/;nﬂ’Jr and Sy — S is a square zero extension. Then the

induced map
U!F(S/) — U!F(S) Xy F(So) UIF(S{))

is an equivalence.
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Proof. We will compare the fibres over a fixed z: S — wF. Suppose Sy — S is a square zero
extension by an (necessarily eventually coconnective) ideal I and let Sy ;117 be the trivial square
zero extension of Sy by its suspension. Since Sy € Affl;f/tlg L+ s a coherent affine derived scheme
(Corollary 4.5), we can choose a filtered system I,.: KX — Coh(Sy)>o with colim, I, = I.

Having fixed this, let €’ be the co-category of factorizations

Sy —— S
| N
S’ o > w

with T" € Affl;f/tlg b+ oA map is a natural transformation that restricts to the identity on the solid

part of the diagram. The geometric realization of this co-category computes the fibre w F(S’);.
Likewise, let C be the oco-category of factorizations

S() — So
A
S > T > wF

which computes the fibre w1 F'(S),. The restriction w F(S’), — w F(S), then arises as the realization
of the functor 7: €’ — C that restricts a factorization along S — S’.

We therefore have to prove that 7 is a weak equivalence. To do this, we will replace €’ and € be
weakly equivalent categories D’ and D. First, let us consider the functor X — Cat sending each
a € X to the co-category D(«) of diagrams of the form

-~

S0,1.[1]

Sop —— So

(18)

So » T > UIF

where T' € Aﬂl;l;tg M+ and a morphism is a natural transformation which is the identity on the solid
part of the diagram. This depends functorially on a by restriction along the map of trivial square
zero extensions So r1] — So,1,5[1] — So,1,[1) for each map of ideals I, — Is. We let D = faex D(a)
be the (cocartesian) unstraightening.

There is a natural functor q: D — C restricting to the right face of the cube in (18). This
map is a cocartesian fibration (by postcomposition with 7' — T”) whose fibre over a factorization
S — T — wF is given as follows. Note that the map S — T exhibits S as a square zero extension
of So by I relative to T, i.e. it is classified by a map Lg,, — I[1]. One can then identify

g (T) :/ :KMapQC(SO)/I[l] (Lsy 7, 1a[1])
ac
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with the unstraightening of the functor sending each « to the space of lifts of the map Lg, 7 — I[1]
to I [1]. Since Sy and T are in Affl)ag;tg “il’+7 the map Sy — T is almost finitely presented (Corollary
4.6). Using that Lg, p is an almost perfect So-module, we find that

lg~ ()| ~ cgéi}r{n Mapqc s,y /) (Lsy /7, Ia[1]) ~ Mapq (s, /) (LSO/T7co(llimIa[1]) = x.

We conclude that g: D — C is a weak equivalence.
Next, we define D’ to the the co-category of diagrams of the form

So,111) So
S0,1.11] > So Sl
(19)
S0 S |
/ ~ k
So s T — sy F

where again, T’ € Affl)?f/tlg nib+ and a morphism is a natural transformation which is the identity
on the solid part of the diagram. Restriction to the right face determines a cocartesian fibration
q : D' — @ whose fibre over T" satisfies

I~ H(T")| ~ c(;)éi}r{n Mapq (s, /) (LSO/T,,Ia[l]) ~ Mapqc(s,)/ ) (LSO/T/,colllimIa[l}) = %,

We thus obtain a commuting square

D — &

- =
D—C

where the horizontal functors are weak equivalences and 7’ forgets the copies of S and S’ in Diagram
(19). Tt therefore remains to verify that n’ is a weak equivalence.
Now let & < D and & < D’ be the full subcategories of diagrams of the form (18), resp. (19),

whose front face is a pushout in Affl)?itg "L+ These inclusions admit left adjoints L, L’ that replace

the object T' by the pushout of the front face; in particular, & and &’ are weakly equivalent to D and
D’. Furthermore, there is a natural functor ¢: & — &’ sending each T as in (18) to 7" = S| Us, T,
which fits naturally into a diagram of the form (19).

Now note that for any T' € € C D, there is a natural transformation T' — 7’ o ¢(T") = S Ug, T
In particular, the map #’: |D’| — |D| admits a right inverse (presented by ¢). Conversely, for every
object TV € D’ as in (19), there is a natural map

¢poLo W/(T) = Sé USO,IQ[I] So =T

which shows that 7’: |D’| — |D| admits a left inverse (presented by ¢ o L). We conclude that 7/,
and therefore the map wF(S"), — wF(S),s, is an equivalence. O
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Lemma 5.8. Let F: (Affl;f/tgnil’+)0p — 8 be a formal moduli problem and consider a pushout
square

So —L 8

|

S —— 9

mn Aff’;(il/’;tlr such that S} € Affg‘?;tgnﬂ"'r and Sy — S is a square zero extension. Then the induced map

u;F(S’) E— ’LuF(S) XU!F(SO) UlF(Sé)

is an equivalence.

Proof. We fix x: S — wF with ¢ = x|SO. Consider the co-category D of diagrams of the form

SO > S(/)
(20) l

where the square is cocartesian and S}, € Aﬁl)é}f/; nil+ oA map is a natural transformation that is

constant on the solid part of the diagram. Likewise, let Gy be the oo-category of factorizations

S(] > S(l) o > ’U,IF
\_/

Zo

where S, € Affl;i/'t};nﬂ’f There is an evident right fibration 7: D — €y sending 2’ ++ 2/|Sj). The
lemma asserts that the fibres of 7 are contractible.

By Lemma 5.7, the functor 7 is also a left fibration. Furthermore, the co-category Cy is contractible
by definition of u F' as a left Kan extension. Consequently, it will suffice to prove that the co-category
D itself is contractible.

To see this, let D’ be the oo-category of diagrams of the form (20) where the square is not

. . . . . laft —nil . .
necessarily cocartesian, but where S’ is contained in Aff¢ / . . There is an evident functor

m: D’ — D sending a factorization 2’: S — w F with S’ € Af‘fl)?f/tlgnil’+ to SUg, Sy — S = wF.
To prove the lemma it will thus suffice to show that:

(a) D’ is weakly contractible.
(b) m: D' — D is a weak equivalence.

Let us start with (a): notice that restriction of the diagram (20) to the bottom row defines a functor
¢: D' — € to the oo-category of factorizations

S > S’ “ > w
\_/?

x



FORMAL INTEGRATION OF DERIVED FOLIATIONS 52

with S’ € Affl;f/tg nil+ Note that € is contractible by definition of uF" as a left Kan extension and
that ¢ admits a right adjoint sending each factorization S — S’ — w, F' to

SO > S

Lo

S y Sy F
\/

x

This implies that D’ is weakly contractible.

For (b), pick a factorization z’: S’ = S Ug, S — wF in D and consider the comma oco-category
a’/D’. Unraveling the definitions, one sees that z'/D’ is just the oco-category D’ considered in
our proof of (a), but with Sy — S replaced S — S’. The proof of (a) then shows that z'/D’ is
contractible, so that 7 is a weak equivalence. O

Corollary 5.9. Let F': (Aff;itgnil’+)0p — 8 be a formal moduli problem and consider a pushout

square in Aff ;l/g

So —L 81

L

S — 9

such that Sg — S is a square zero extension. Then the induced map
u!F(S/) —_— U!F(S) X’U,[F(S()) UIF<S(I))
is an equivalence.

Proof. Let us fix a map z: S}, — wF. It suffices to show that the induced map on fibres w F/(S"), —

w F(S)zs, is an equivalence. Now z factors as S — Tp W F with T € Affl)?f/tgnil’+. Letting

T =Ty Ug, S, we then have maps

UIF(T)tO Emd U!F(S/)to|S(’, Emd U!F(S)to\so-
The left map and the composite are equivalences by Lemma 5.8, so that the right map is an

equivalence as well. O

Proof of Proposition 5.6. Every nilpotent embedding of eventually coconnective affine derived
schemes can be decomposed into a finite sequence of square zero extensions, so this follows from
Corollary 5.9. O

Definition 5.10. Let f: G — G’ be a natural transformation between functors (Aff}ﬂ/’;)()p — 8.
We will say that f is locally almost finitely presented if for any n € N and any cofiltered diagram
St K — AH?I/E with limit S such that all O(S,) — O(X) = B have (n — 1)-coconnective fibre,
the map

colim G(S,) = G(S) x¢r(s) (colim G'(S,))

acKeor acKeop

is an equivalence.
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Remark 5.11. Suppose that S,: X — Aff‘;l/’; is a cofiltered diagram of affine schemes under X
such that all O(S,) — O(X) have (n — 1)-coconnective fibre for some fixed n. Then

Sa ~ Sagn |_|X§n X
where we write X <" = Spec(7<,,B) for the corresponding truncated affine derived scheme.

Corollary 5.12. The adjoint pair (uy,u*) restricts to an equivalence between the full subcategories
of:
(1) formal moduli problems F': (Aﬁ’l)?f/tgnil’Jr)Op — 8.

(2) functors G (Aff;’él/’E)OP — 8 with deformation theory such that the canonical map X — G

18 locally almost finitely presented.

Proof. Tt will suffice to show that X — w(F') is indeed locally almost finitely presented. Assuming
this, one has that w is fully faithful because it takes the left Kan extension along the fully faithful
functor u. A map G — G’ between functors with deformation theory is an equivalence if and only if
it for every square zero extension X — X; with I € QC(X )J;O, the induced map

G(X1) = G(X) Xa(xy) GX) —— G'(X) Xar(xyy) G (X) = G'(X7)

)
is an equivalence. If X — G and X — G’ are both locally almost finitely presented, it suffices to
verify this when I € Coh(X), in which case X € Affl)?f/t_nil’+. It follows that u* detects equivalences
such functors, so that (uy, u*) restricts to the desired equivalence.

To see that X — w(F) is indeed locally almost finitely presented, let S,: KX — Aff}ﬂ/’;f be
a cofiltered diagram as in Definition 5.10, with limit S. By Remark 5.11, we can assume that
S, = S="U x<n X arises as the pushout of the cofiltered diagram of n-coconnective schemes S="
under X=". Consequently, we have natural equivalences S, ~ S=" Lig<. S. We will need to prove
that the square

colim, X (S,) —— X(5)

l l

colim, w1 F'(S,) —— wF(S)

is cartesian. To this end, note that w F(S) arises as the classifying space of the oco-category €
of factorizations S — T — 5 F with T € Aﬁ’l)?f/t}gml’+. Likewise, for each « let C(a) be the oo-

category of factorizations S, — T" — w F'. This determines a diagram of categories X — Cat whose

unstraightening
e = / Cla)
aceX

has the property that |€’| = colim, w1 F'(Sy).

We now consider the functor 7: ¢’ — € sending each S, — T — wF to the composite S —
So — T — w F. This is a cocartesian fibration (by postcomposition with 7' — T") whose fibre over
T = (S T = ugF) € C is given by the oo-category

7 (z) :/ Mapg, (SQ,T) :/ Mapg<n (5'5"7T).
aeX aeX
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The classifying space of this co-category can be identified with |7~ ()| = colim, Mapsgn/(SaS", T).
For every map in C of the form

SoThT S uF

the induced change-of-fibres map f.: 7~ !(z) — 7~ !(2’) is then given at the level of classifying
spaces by

colim, Mapg<.,(S5",T) o7, colim, Mapgz<n,(S5™, T").

This map is a weak equivalence since every T — T" in Affg?ftg nil+ g locally almost finitely presented
(Corollary 4.6). Consequently, given a point = € |C| = wF(S), corresponding to a factorization

x: S — T — wF, there is an equivalence

(colimw F(Sq)) Xu,r(s) {2} = |77 (2)].

«

Applying this to each point z: S — X — w F', one sees that
(ColimugF(Sa)) X F(s) 12} =~ colimMapS/(S’a,X) ~ (colimX(Sa)) X x(s) 1z}
« . @ (03
which yields the result. O
Next, let PrStkS"" be the oo-category of convergent prestacks over Xin. Every S € Affr)‘(ﬂ/’l',tlr in
gives rise to a convergent prestack S — Xjur over Xj,¢, where the map is adjoint to the canonical
map Sprored = Xprored — X . Let us now consider the adjoint pairs
.. nil 4y —— - - nil 4y —— .
OIS fP(AffX/R) (PrStk™Y): v Oy T(AHX/R) (PrSt E?EZ)X/. 0]
where v and o are the unique colimit-preserving functors sending each nilpotent embedding
S € Aﬁ’?l/’; to the diagrams of convergent prestacks S — Xjur and X — S — Xj,¢, respectively.
At the level of the right adjoints, given a diagram of convergent R-prestacks X — Y — Xju¢, the
presheaf 9*Y sends each nilpotent embedding X < S in Aff;l/; to the space of dotted lifts

X —Y

(21) j - X l

S *> Xinf

in PrStk%™". Let us point out that, since X < S is a nilpotent embedding, this space is equivalent
to the space of dotted lifts where we forget compatibility with the projection to Xjys.

Remark 5.13. The functor vy can be computed explicitly as follows: if z: S — Xj,¢ is a map from
an eventually coconnective affine derived scheme, then

Map, x, (S, v F) ~ F(X Ug S) = colim F (S s, X)
«

prored
with the colimit taken over the filtered co-category of nilpotent ideals in 7o(O(S)). Indeed, both
of these functors preserve colimits, as colimits of convergent prestacks are computed pointwise
on eventually coconnective affine derived schemes. Furthermore, they are naturally equivalent for
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functors F' represented by T € APf“XiI/E7

diagram of dotted extensions in Affp

because Map, X (S,0iT) is naturally equivalent to the

T
Sprored > X

[

S > T.

Lemma 5.14. The adjoint pair (0),0*) restricts to an equivalence between the full subcategories of:

(1) functors F': (AHHXH/’;)OP — 8 with deformation theory.
(2) diagrams of nil-isomorphic convergent prestacks X —Y — Xinr where Y has deformation

theory.

Proof. Let us first prove that 0y and v* preserve these two subcategories. First, given X — Y — Xju¢

where Y has deformation theory, the diagram (21) directly shows that 9*(Y") sends pushouts in

Aﬁ;l/’; along nilpotent embeddings to pullbacks of spaces and sends X to a contractible space.
Next, we consider the functor

forget conv

PAMR L) — (Prstkse™) | 55 PrStky

and the unique colimit-preserving functor

il,+
E fP(AH;/R) — PrStk
that sends X < S to the map § — Xin¢ adjoint to Sprored = Xprorea — X. DBoth functors
preserve colimits indexed by contractible diagrams and are naturally equivalent on representables.
Consequently, they are naturally equivalent on all presheaves arising as colimits of contractible

diagrams of representables. Since every functor F': Affr)‘(ﬂ/’;g — 8 with deformation theory has

F(X) ~ %, it is such a colimit of a contractible diagram, i.e. we can identify 0(F) — Xint simply
with v (F) = Xin¢. Using the formula from Remark 5.13 and Lemma B.7, one now readily verifies
that if F' has deformation theory, then the convergent prestack oy(F') ~ v(F') has deformation theory
and is nil-isomorphic to Xj,¢ (or equivalently, to X).

The adjoint pair (o1, 7*) therefore restricts to an adjoint pair between functors F' with deformation
theory and nil-isomorphisms X — Y — Xj,r+ where Y has deformation theory. When F' has
deformation theory, the unit F — v*0,F is given at each nilpotent embedding X < S as follows.
Write 29: X — F for the canonical map and suppose that O(S) — O(X) has (n — 1)-coconnective
fibre for some n, so that S = SS" LUy <. X is the pushout of the corresponding n-coconnective affine
derived schemes. Then the unit map can be identified with

(22) F(S) ~ F(S5" Ux<n X) —— F(S<" g, 00 X) Xp(x<ntiy x){V*zo}

prored
where f: X< Ux . X — X arises from the codiagonal map. Diagrammatically, this sends the
dotted map x: S — F' in the following diagram to its restrictions:

X<y, o X —— X

prored

| AN

S<n I1g X ——8 % F

prored
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where X7 11y

Using that Xprored — Sprored 1S an equivalence and that S ~ S<" Liy<. X, one sees that the

above square is a pushout square of pro-objects in Aff?l/; Consequently, the unit map (22) is an

X is a pro-object in Affnxﬂ/’;g using the inclusion of X as the right component.

prored

equivalence, since F' had deformation theory.
On the other hand, for X Ry & Xing, the counit ©,9*Y — Y is given at each x: S — Xijur,
where S is an eventually coconnective affine derived scheme, by the map

(23> Map/Xjnf (S Hsprorcd X7 Y) ><Map/Xinf (X,Y) {yO} Map/Xinf (Sa Y)

In terms of diagrams, the domain can be identified with the space of dotted extensions in the
following diagram

Yo
Sprored X g Y

| Lo

S — Slg X — Xint-

prored

The counit sends such y to its restriction to S. Notice that the pushout SUs ., X arises as a

pro-system of pushout squares S Ug, X, where each S, — S is a nilpotent embedding. Since Y has
deformation theory, it follows that the map

Y(X LIS S) — Y(X) XY(Sprored) Y(S)

prored

is an equivalence. Consequently, the counit map (23) can be identified with the map

ah ol }——Y(S)

prored

Y (S) X (¥ (Sprorea) % x (s

prored

projecting onto the first factor. The fact that ¥ — Xj,¢ is a nil-isomorphism is equivalent to the
fact that Y (Sprored) = X (Sprored); 50 that Y (Sprored) X x(8,,0:0a) 12} is contractible and the above
map is indeed an equivalence as desired. O

Finally, we note:

Lemma 5.15. The functor oblv: (PrStk/me)X/ — PrStkx/r sending each X —'Y — Xiur to
X =Y restricts to an equivalence between the full subcategories of:
(1) Diagrams X — Y — Xi,¢ where Y has deformation theory and X — Y is a laft nil-

isomorphism.
(2) Formal moduli stacks X — Y in the sense of Definition 5.1.

Proof. Note that if f: X — Y is locally almost finitely presented, then f is a nil-isomorphism if and
only if it restricts to an equivalence on reduced schemes, by Remark B.13. The forgetful functor
then restricts to an equivalence because for any nil-isomorphism X — Y, space Mapy, (Y, Xing) is
contractible, as all three functors are naturally equivalent on pro-reduced affine schemes S,rored. O

Proof of Theorem 5.8. Proposition 5.6 and Lemma 5.14 imply that the composite adjunction

wr: PARE ) p— P(ARYE) % (PrStkSY)  : w”

*

restricts to an adjunction (w,dEf, w},¢) between formal moduli problems on Affl;f/; nil+ Art};’r/’R
and nil-isomorphisms X — Y — X, where Y has deformation theory.
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The resulting adjoint pair (w?ef7w§ef) has a fully faithful left adjoint: wy is fully faithful by
Corollary 5.12 and oy was fully faithful on functors with deformation theory by Lemma 5.14. It
therefore remains to show that the essential image of w{®! consists precisely of nil-isomorphisms
X =Y — Xinr which exhibit X as a laft Y-prestack. Lemma 5.15 then implies that w},; induces
an equivalence between formal moduli stacks X — Y and formal moduli problems. Unravelling the
definitions, one sees that w}, is precisely the functor from Theorem 5.3.

Let us first verify that X — w{*f(F) is indeed laft, i.e. for each map T — w{*(F) from an
eventually coconnective affine derived R-scheme T, the pullback X X et (F) T is a laft T-prestack.

Note that wl*f(F) is the colimit of a contractible diagram of nilpotent extensions S € Affl)?f/tlg nil,+

and that such colimits in PrStky"™" are computed pointwise on eventually coconnective affine derived

schemes. Hence it suffices to treat the case where T' — w{®!(F) fits into a diagram

X

wy (x)

T ——8 wit(F)

Hlaft—nil,—i—

X/R and x € F(S). It therefore suffices to treat the case where

where X — S is contained in A
T = S. In that case,

X Xw!def(F) S = w!def(X XF S)

arises as the image of a formal moduli problem over the base S, i.e. a formal moduli problem
(Affl;it; ni1’+)0p — 8. This uses that u preserves pullbacks of formal moduli problems (by Corollary
5.12) and that v, preserves pullbacks by the formula from Remark 5.13.

Since X — S is a nilpotent embedding which is almost finitely presented, each S’ € Aﬁl;f/ts_ nil, +
is almost finitely presented over S (Corollary 4.6). Consequently, the prestack X X et (F) T is a
colimit of almost finitely presented affine derived T-schemes; this implies that it is a laft T-prestack,
as required.

To conclude, it now suffices to verify that w}, detects equivalences between laft nil-isomorphisms
X — Y where Y has deformation theory. This follows from the fact that * detects weak equivalences
by Lemma 5.14 and that u* detects weak equivalences by Corollary 5.12. O

5.2. Formal integration of partition Lie algebroids. Let us again fix a coherent animated base
ring R and a locally coherent qcgs derived R-scheme X. To prove our main theorem Theorem 5.26,
we will proceed in two steps: first, we will shat the shifted tangent complex functor

ModuliStkx/r —— (QCX) 7y, 1]
(X =Y) —— (Tx)y[1] = Tx/r[1])

is monadic; next, we will identify the resulting monad with the partition Lie algebroid monad
constructed in Theorem 3.1. In our proof, we will need to relate formal moduli stacks on different
schemes.

Construction 5.16 (Functorial moduli stacks and their tangent fibres). Let X’ — X be a laft map
of prestacks with deformation theory. Given a formal moduli stack X — Y, consider the composite
map

X' XY
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and let Y be the formal completion of Y along X’ — Y as defined in Construction B.9. Via the
natural map X’ — Y, the prestack Y, becomes a formal moduli stack under X’ by Lemma B.14.
The construction (X — Y) +— (X’ — Y{,) defines a functor

(=)%: ModuliStkx,r — ModuliStky/ 5.

More formally, let us write PrStkCIi;f’laftfmap for the oo-category of R-prestacks with deformation
theory and laft maps between them. Consider the full subcategory

ModuliStkr C Fun(A!, PrStk‘}j%ef’laft*map)

whose objects are maps of R-prestacks X — Y with Y a formal moduli stack under X (Definition
5.1) and whose morphisms are squares

X —Y

]

X — Y

for which the vertical maps are laft and have deformation theory. Evaluation at 0 defines a cartesian
fibration

ModuliStkp — Protk(ehafi-—map,

which we straighten to obtain a functor (PrStk =™ )op _y Cat .. It sends an object X to
ModuliStky,z and a morphism X’ — X to the induced

Construction B.23 and Proposition B.32 then define (after suspending) the functorial shifted
relative tangent complex
T[l] ModuhSth e QCYT—/R[H
(X =Y) —— (Txyv[l] = Tx/r[1])
This defines a map of cartesian fibrations by Proposition B.32 and Proposition B.28(4). In other

words, we obtain functors Tx,_[1]: ModuliStkx,/r — (QCX()/TX/R[I] that are natural in X with
respect to laft maps, i.e., each laft map f: X’ — X gives rise to a commutative square

) Tx/_[1]
ModuliStky,/p —2 (QCX) /7))

H@{ |

. v
MOduhSth//R W (QCX/)/TX//R[l]

where f#(F — Tx/r(l]) =~ f*(F) X (TR ) 1] Tx:/gr[1]. If f is formally étale, then this simplifies
to f#(F — Tx/g[1]) = f*F by Proposition B.28(3).

Proposition 5.17 (Conservativity). Let X be a prestack with deformation theory and Y1 — Y3 a
map of formal moduli stacks under X. If Tx;y, = Txy, is an equivalence, then so is Y1 — Y.
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Proof. Since Y7 and Y3 are both convergent, it suffices to verify that Y3 (A) — Y2(A) is an equivalence
for every eventually coconnective animated ring A. To see this, consider the ind-ring

Aprored = ¢ colIim "mo(A)/1
indexed by the filtered poset of nilpotent ideals of mo(A). We then have a commuting diagram
Yi(A) —— Y3(4)

l l

X(Aprored) — Yl (Aprored) — 1/2(14131"01red)-

The bottom maps are equivalences since X — Y7 and X — Y5 are nil-isomorphisms and laft (Remark
B.13). We therefore have to show that for each point € X (Aprorea) = colim; X (mo(A)/I), the
map on fibres Y1(A4), — Y2(A4), is an equivalence. To see this, it will suffice to show that for any
nilpotent ideal I C m(A) and = € X (mo(A)/I), the map
(24) Y1(A) Xyi(xo(a)/n) {2} = Y2(A) Xyy(mo(a)/n) {2}
is an equivalence. Indeed, the map Y;(A4), — Y2(A), is a filtered colimit of maps of the above form.
Now recall that A — mg(A)/I decomposes as a finite sequence A = A4,, = A, 1 — -+ = Ay =
mo(A)/I where each Ay, — Aj_; is a square zero extension by an Ag-module J; (concentrated in a
single degree, although we will not need this). To prove that (24) is an equivalence, we will proceed
by induction on this tower, the case of Ay being evident. For the inductive step, note that there is a
natural map of fibre sequences of spaces

Yi(Ak) Xv;(a0) {2} — Y1(Ak—1) Xy, (40) {7} — Yi(Ao @ Jk[1]) Xv;(a,) {2}

l l |

Y2(Ak) Xvy(a0) {2} — Ya(Ak—1) Xyy(a0) {7} — Y2(Ao @ Ji[1]) Xvy(a,) {2}

since Y7 and Y5 have deformation theory. By inductive hypothesis the middle vertical map is
an equivalence, so it suffices to verify that the right vertical map is an equivalence. Unravelling
Definition B.17 and using that the maps X — Y; are laft, one sees that the right vertical map fits
into a pullback square

Y1(Ao @ Ji[1]) Xy, (a0) {2} —— Txvy,2(Jk[2])

| l

Yo (Ao @ Ji[1]) Xy, 040) 12} —— Tx/vs,e(Ji[2]).

The right vertical map is an equivalence by the assumption that T'x/y, — T’x/y, Was an equivalence,
so the result follows. O

Definition 5.18 (Zariski descent). We say that a prestack X € PrStk satisfies Zariski descent if
for all animated rings A € CAlg™ and all families of animated rings

for which the maps Spec(A4;) — Spec(A) are jointly surjective open immersions, we have
X(A) = 1lim X(S),

where the limit is indexed by all S € CAlg?%" such that A — S factors through some A;.
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Theorem 7.3.5.2 in [HTT] implies the following ‘finite’ characterisation of Zariski descent:

Proposition 5.19. A prestack X € PrStk satisfies Zariski descent if and only if the following
conditions hold:

(1) X(0) ~ « is contractible;

(2) Let us say that a square of animated rings

A— A

]

A2 e A12

is a Zariski square if it is cocartesian (A1s >~ Ay ®4 As) and the maps Spec(A4;) — Spec(A)
are jointly surjective open immersions. Then X sends each Zariski square to a pullback
square.

Remark 5.20. For any Zariski square, the induced square of n-truncations is a Zariski square
as well, since A — A; and A — A, are flat. Consequently, each Zariski square is the limit of the
Zariski squares of its n-truncations. A convergent prestack therefore satisfies Zariski descent if and
only if it sends every Zariski square of eventually coconnective animated rings to a pullback.

Proposition 5.21. Let X be a prestack with deformation theory that satisfies Zariski descent, and
let X =Y be a formal moduli stack under X. Then the prestack Y satisfies Zariski descent as well.

Proof. By Remark 5.20, it suffices to verify that Y/(A) ~ Y (A1) Xy (a,,) Y (A2) for any Zariski
square of eventually coconnective animated rings. Let us fix such a Zariski square, as well as
a filtered system of nilpotent ideals I C m(A) such that colimj mg(A)/I = A,eq. For each such
ideal, let us furthermore write I; = mo(Ai) ®@ry(ay Li- For i = (,1,2,12, we then have that
colimy mo(A4;)/I; 2 A; @4 Ared = (Aj)reqa- Since X — Y is laft, we have a cartesian square

colIimX(wo(Ai)/Ii) — COlIimY(WO(Ai)/Ii)

| |

X(Ai,red) —_— Y(Ai,red)

for each i = 0,1,2,12. The bottom map is an equivalence because X — Y is a nil-isomorphism, so
that the top map is an equivalence as well. We therefore obtain a diagram of the form

Y(4) V(A1) Xy (a12) Y (A1)
l !
CO]IimY(’lToA/I) é COIIim<Y(7T0A1/Il) Xy(ﬂoAm/Im) Y(’]T()AQ/IQ))
~ T~

COlIIInX(WoA/I) — COlIiIIl(X(TF()Al/Il) XX(‘ITOA12/I12) X(ﬂ'oAg/Ig))

in which the bottom map is an equivalence because X satisfies Zariski descent. Given a point
xz € colimy X (mo(A)/I), we therefore need to check that the induced map on fibres Y (4), —
Y(A1)ay Xy (Aya),,, Y (A2)z, is an equivalence, where z; denotes the restriction of x to the corre-
sponding Zariski open. For this it suffices to show that for any nilpotent ideal I and any point
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x € X(mo(A)/I), the square

Y (A) Xy (roa/n {2} ——— Y (A1) Xy (roa,/n) {71}

e | |

Y (A2) Xy (rgAs/1) {72} — Y (A12) Xy (roA1a/110) 1712}

is cartesian. Indeed, one then finds that Y'(A), ~ Y (A1)z, Xy (41s).,, Y (A2)z, by taking the filtered
colimit over all 1.

We now proceed as in the proof of Proposition 5.17: the map A — my(A)/I decomposes as a
finite sequence A = A(n) - A(n —1) — --- — A(0) = mpA/I where each A(k) - A(k—1)is a
square zero extension by an A(0)-module J(k). Localising, we similarly have that 4, — mo(A;)/I;
decomposes as a finite sequence A; = A(n); — -+ = A(0); = mo(A;)/I; of square zero extensions
by the A(0);-modules J(k); = J(k) ®(0) A(0);. We will prove by induction on this tower that the
square (25) is cartesian; when k = 0, all spaces are contractible and the assertion is evident.

For the inductive step, note that for each i« = (J, 1, 2,12, there is a natural fibre sequence of spaces

Y (A(k)i) Xy (a)) (i} — Y(A(k = 1)i) Xy (aq),) {zi} — Y(A0); © J(k)i[1]) Xy (a(0),) {zi}

because Y has deformation theory. By inductive hypothesis, the middle terms for i = ), 1,2, 12
fit into a cartesian square. It therefore suffices to show that the right terms also form a cartesian
square. Since Y has deformation theory, there is a natural equivalence

Y (A(0) ® J(k)i[1]) Xy (aq)) {7} = Y(A(0); & J(k)i[1]) Xy (a(0),) {2i}-

and it suffices to verify that the square

Y (A(0) @ J(K)[1]) Xy (a) {2} — Y(A(0) ® J(k)1[1]) Xy (a(o)) {7}

l l

Y (A(0) ® J(k)2[1]) xy(aq)) {z} —— Y(A(0) & J(k)12[1]) Xy (a(0)) {z}

is cartesian. The functor Y'(A(0) & —) Xy (a()) {#}: Moda,>0 — 8 preserves all pullback diagrams
preserved by the inclusion into Mod 4, again because Y has deformation theory. We are therefore left
with showing that J(k)[1] >~ J(k)1[1] X j(x),,[1) J/(K)2[1]. Unravelling the definitions, this is nothing
but Zariski descent for (the quasi-coherent sheaf associated to) the A(0)-module J(k). O

x12

Theorem 5.22 (Zariski descent for formal moduli stacks). Given a derived scheme X, write L for
the poset of affine opens of X. Then there is canonical equivalence

ModuliStk ~ 5 lim ModuliStk .
odull X/R—>UEHLE>P odull U/R

Proof. Let us consider the cartesian fibration
MOduliStku’R — A
obtained by restricting the cartesian fibration

ModuliStkgp — Prstk%ef,laft,map

from Construction 5.16 along the evident functor 4 — PrStk(Ii%Cf’laft_map. By [HTT, Proposition
3.3.3.1], there is an equivalence

lim ModuliStk ~ Fun"* (4, ModuliStk
Lim oduliStky, r ung™ (4, ModuliStky r),
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where the right hand side denotes the oo-category of cartesian sections of ModuliStky r — 4L
We have a canonical functor

U: ModuliStkx,r — Fun®™* (U, ModuliStky r)

sending (X — Y) to
{U — Yé\}Ueu'

Here the formal completion Y} ~ Y xy: U? is the prestack defined in Definition B.8, where we
have used the notation F*(—) := F(—q). Note that each map U — Y is laft by [DAG, Proposition
5.3.10], so Y} agrees with (Y/U )ins.

The above functor is well-defined as each U — Y7} is a formal moduli stack under U. Indeed,
the fact that Y;? ~ (Y/U)in¢ has deformation theory follows immediately from the definitions. Since
U —Y islaft, U — Y} is laft by Lemma B.14 and clearly an equivalence on reduced objects.

To construct an inverse to ¥, we will need some notation. Write PrStkr, <o for the oo-category
of prestacks defined only on coconnective objects. Let Stk%™ c PrStkp (Stk%fioo C PrStkp <o)
denote the full subcategories spanned by all prestacks Y satisfying Zariski descent, i.e. satisfying
Y (0) ~ % and sending Zariski squares (of eventually coconnective rings) to pullbacks. By Remark
5.20, the functor

conv: PrStkg <oo — PrStkgr; X —— lim, X (7<,—)

sends sheaves to sheaves.
We then define
®: Fun{?* (U, ModuliStky ) — ModuliStk y, r

as the composite
Fun{?™* (4, ModuliStky z) € Fun(4, Fun(A', Stklz;fioo)) colim, Fun(A?, Stk}Z{‘im) L, Fun(Al, Stk%).

Note that colim is computed by sheafifying the pointwise colimit. We have used Proposition 5.21 to
embed formal moduli stacks into Zariski sheaves.
We now want to verify that ® takes values in formal moduli stacks under X. To this end, let us
fix a family
{U — YU)}UELL S Funffrt (ﬂ, MOduliStku’R)

indexed by the poset 4 of affine opens U of X and let (X — Y) € Fun(A!, Stk%{‘r) denote its image
under ®. In a first step, we will prove that the natural map

{U = Yolveu = {U = Y tuen

is an equivalence, i.e. that for each U € 4, the following square in Stk,zfzoc is cartesian:

Yy ————— Ut

| !

. . ¢
limYy —— (colimYy ).
Yy — (i)

Note that the functor (—)ﬁ: PrStkr <oc — PrStkr <o preserves colimits and Zariski sheaves, and
commutes with Zariski sheafification. For the last assertion, it suffices to observe that for any covering
sieve S — Spec(A) for the Zariski topology and a map f: Spec(B) — Spec(A)!, corresponding to
frea: Spec(Brea) — Spec(Areq), the base change f*S* — Spec(B) is a covering sieve as well: it is
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the unique covering sieve whose restriction to Spec(Byeq) coincides with f7 ;5. Consequently, the
natural map of Zariski sheaves colimy ¢y Y(g — (colimpey Yyr)¥ is an equivalence.

To see that the above square is cartesian, it then suffices to consider the natural transformation
« of $l-indexed diagrams in Stklzfioc given by

Yy — (Yy)!

Write @ for the induced transformation between the U”-indexed colimit cones. The transformation
« is cartesian as for each U — V, we have Yy ~ (Yy/)fy ~ Yy xy: U¥, which implies by [HTT,
Theorem 6.1.0.6] that the above square is also cartesian.

We will use this to show that X — Y is a formal moduli problem. The prestack Y is convergent
by construction and the map X — Y is laft by (the derived analogue of) [SAG, 17.4.3.3]. To verify
it has deformation theory, it suffices to check that for any pullback square of eventually coconnective
animated rings

B —— B

L

A —— A
with B — A a nilpotent extension and any f € Y(B) with image fa € Y(A), the map
Y(Op') xy(05) {f} = Y(Op @5 A') Xy (©posa) {fa}

of sheaves on the topological space | Spec(B)| & | Spec(B’)| is an equivalence on global sections.
Taking global sections, this implies that the fibres Y(B') xy(p) {f} = Y(4') xy(a) {fa} are
equivalent, so that Y (B') ~ Y (B) xy4) Y (4).

Since Y is a Zariski sheaf, it suffices to check this after restricting to a Zariski cover of | Spec(B)|.
Let us pick a cover of Spec(B) by affine opens V; C Spec(B) corresponding to affine opens
Vired C Spec(Bred) such that each composite

fi,red: ‘/i,red C SpeC(Bred) — Yied ~ Xred

factors through some affine open U; C X. This implies that each restriction f;: V; — Y of the map
f factors through some Y,j\i . The claim follows as Y,j\i ~ Yy, by the above argument, and Yy, has
deformation theory.

Finally, to see that X — Y is an equivalence on reduced affine schemes, we note that precomposing
with A + A,eq gives rise to a limit-preserving functor Fun(CR™?,S) — Fun(CAlg™,S), F —
F(—1ca) which sends sheaves to sheaves. Here CR™ ¢ CAlg™ denotes the full subcategory of
reduced discrete rings. Passing to left adjoints, we see that restriction to CR™? commutes with
sheafification. As each object U — Yy induces an equivalence on reduced affine schemes, we deduce
that X = colimyeg U — colimpyey Yy =Y does so as well.

We may therefore conclude that the functor ® lands in formal moduli stacks, and the above
argument also shows that ¥ o ® is equivalent to the identity.

To see that ® o ¥ is equivalent to the identity, let us fix a formal moduli stack X — Y under X.
It suffices to verify that the canonical map

colimYyy — Y
Ued

is an equivalence of sheaves on eventually coconnective objects. Since colimits in the oco-topos
Stklzfioo are universal in the sense of [HTT, Definition 6.1.1.2], it suffices to check that for all maps
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Spec(A) — Y, the induced map
. A
C((])lelﬁn (Y? xy Spec(A)) — Spec(A)

is an equivalence. But
Y xy Spec(A) ~ Spec(A) xy: U ~ Spec(A) x x: U*
and hence the above map is an equivalence since colimy ey U? — X* is an equivalence. O

Proposition 5.23 (Monadicity of the tangent fibre). Let X be a locally coherent qcgs derived
scheme over an animated ring R. Then the functor

Tx/-[1]: ModuliStkx/r ———— (QCX) /1y, 1)
(X =Y) ————— (Ix/v[1] = Tx/r[1])
in Construction 5.16 is a monadic right adjoint.

The proof uses the following oco-categorical result:

Lemma 5.24. Let F: €S D: U be a monadic adjunction and let G: D' — D be a functor from an
oo-category D’ with geometric realisations. If UG admits a left adjoint, then G admits a left adjoint.

Proof. As in [HA, Lemma 4.7.3.13], let X C D be the full subcategory of objects D € D such that
Map, (D, G(—)) is corepresentable and let L: X — D’ be the corresponding partial left adjoint. For
any simplicial diagram D, in X, the colimit |L(D,)| corepresents Mapq, (| De|, G(—)), so that X is
closed under geometric realisations. Since UG admits a left adjoint, X contains all the free objects
F(C) with C € C. As every object in D is the geometric realisation of a (U-split) simplicial diagram
of free objects, X = D. O

Proof of Proposition 5.28. When X = Spec(B) is affine, the tangent functor T'x,_[1] from Construc-
tion 5.16 can be identified with the composite

T/ [1]: ModuliStky /5 —=— Modulip/r —20 (QC%) /iy, m

where the first functor is the equivalence from Theorem 5.3, restricting formal moduli stacks to
Artinian extensions of B, and the second functor takes the tangent complex of the corresponding
formal moduli problem. It then follows from Proposition 3.12 and Theorem 4.19 that T'x,_[1] is a
monadic right adjoint preserving sifted colimits.

For non-affine X, let us first prove that ModuliStky,p has sifted colimits and that Tx,_[1]
preserves these. To this end, let us again write 4 for the category of Zariski open affine subsets of
X. By Proposition B.32, have a commutative square

ModuliStky/ g —————— (QCX) /7y nl1]
limyey ModuliStky) r —— limyew(QCY) /7y, n]

where the vertical functors are equivalences by Theorem 5.22 and Corollary A.39, respectively. Each
functor ModuliStky p — (QCY) /Ty, (1) Preserves sifted colimits, and this also holds true for the
transition maps associated to inclusions j: U — V of Zariski open subsets of X

. (o . ji*
MOduhStkv/R —% MOduhStkU/R (QC&)/TV/RU] L, (ch)/TU/R[l]'
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For the functor (—);, we use that the functors Ty, [1]: ModuliStky g — (QCE)/TU/RD] are conser-
vative and hence detect sifted colimits. It then follows from [HTT, Corollary 5.3.6.10] that T'x,_[1]
is also a sifted colimit preserving functor between oo-categories with sifted colimits.

Next, we will show that T'y,_[1] admits a left adjoint. By Lemma 5.24, it suffices to verify that

. T/ (1]
ModuliStkx/r —— (QCY) /7y, ni1) —2 QCY

admits a left adjoint, since taking the fibre is a monadic right adjoint. This follows immediately
from Proposition B.33, using that the left adjoint F' — Xp constructed there takes values in the full
subcategory of formal moduli stacks since X — X is a nil-isomorphism.

The claim now follows from the Barr—Beck—Lurie theorem [HA, Theorem 4.7.3.5] as the tangent
fibre is conservative by Proposition 5.17. O

Proposition 5.25 (Identification of the monad). The right adjoint in Proposition 5.28 induces the
partition Lie algebroid monad from Definition 3.2 the co-category (QC}/()/TX/R[”'

Proof. Consider the commutative diagram

ModuliStk ~— lim ModuliStk ~— lim Moduli ~— lim LieAlgd
oduliS X/R%Ulgi oduliS U/R*>Ulg}1 o} UIO(U)/R%UIgL ieAlgda ow)/r)

Tx/f[l]l Tm lTO(U)/%

(QCX) /15 rl1] = (QCH) /1y, m1)

lim
Ueil
where the left square is defined as in Proposition 5.23 and the two triangles arise from Theorem 5.3

and Theorem 4.19. The claim then follows from the construction of the monad Liej y,p in the
proof of Theorem 3.1.

We deduce:

Theorem 5.26 (Main theorem). Let X be a locally coherent qcgs derived R-scheme over an animated
ring R.
(1) The shifted tangent fibre functor

ModuliStkx/r —— (QCX )1y, nl1)
(X =Y) ——— (Tx/y[l] = Tx/r[1])
lifts to an equivalence of co-categories
Tx,-[1]: ModuliStkx,r — LieAlgd} x5

Hence every partition Lie algebroid on X integrates uniquely to a formal moduli stack under X .
(2) This equivalence is functorial with respect to almost finitely presented maps. More precisely,
if X =Y is a locally almost finitely presented map, there is a commuting diagram

. Ty, [1] . r
ModuliStky, ——— Liej y/g

(7)9{ lf"

MOduhSth/, m LleZ’X/R

where f*(g — Ty,r[l]) = f*g X (f*Ly, )V (1] Tx/r([1] as pro-coherent sheaves.
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APPENDIX A. DERIVED ALGEBRA RECOLLECTIONS

The goal of this section is to introduce some elements of (homological) algebra that will be used
throughout the text. We will start in Section A.1 by reviewing the theory of derived commutative
rings, the non-connective analogues of animated (or simplicial) rings. We will work in a somewhat
general setting that also includes the derived filtered and graded rings studied in Section 2. Section
A.2 discusses the theory of pro-coherent modules over an animated ring.

A.1. Derived commutative rings. To set the stage, we will briefly recall the method of right-left
extending monads from [BM, Section 3.2] and [BCN, Section 2.2] in the generality needed for us,
see also [Rak20, Section 4.2] for the case of the commutative algebra monad.

Definition A.1. Let C be a presentable stable co-category with a left complete ¢-structure (€>¢, C<o).
We call C is stably projectively generated if there exists a full additive subcategory Vectft((i) C C>o
whose objects are compact in € and projective in C>¢, generating C>¢ under sifted colimits.

In this situation, there is an equivalence

€ ~ Fun® (Vect™(€)°P, Sp)

identifying ¢-structures [Rak20, Remark 4.2.2]. We define the subcategory of flat objects in € as the
ind-completion of Vect™(C):
Flat(€) := Ind(Vect™(€)) C €.

Example A.2. For A € Alg(Sp) a connective algebra object in spectra, the stable co-category
Mod 4 of (left) A-module spectra with its usual t-structure is stably projectively generated. In
this case, we will take Vectfﬁ to be the oco-category consisting of finite direct sums of copies of A.
Then Flat4 is the co-category of flat A-modules in the sense of [HA, Definition 7.2.2.10], by Lurie’s
version of Lazard’s theorem (cf. Theorem 7.2.2.15 of [op.cit]).

Definition A.3. Let € be a projectively generated stable co-category with ¢-structure (C>o, C<o)
and D a presentable co-category. We will say that a functor F': € — D is right-left extended if it
preserves sifted colimits and totalisations of finite cosimplicial diagrams with values in Vectft(e) ccC.

The following follows from [BCN, Remark 2.45] and the definition of Flat(€) as an ind-completion:

Proposition A.4. The restriction functor
Fung, (€, D) —— Fun®(Flat(C), D) —~ Fun(Vect™(C), D)

is fully faithful. Here Fungy,(C,D) C Fun(C, D) denotes the full subcategory of right-left extended
functors and Fun®(Flat(C), D) C Fun(Flat(C), D) is the full subcategory of functors preserving
filtered colimits.

Definition A.5. Let us say that a functor F': Vectft(e) — D, or equivalently, a filtered-colimit
preserving functor F': Flat(C) — D, admits a right-left extension or is right-left extendable, if it is
contained in the essential image. In that case, we will refer to its (unique) inverse image LF: € — D
as the derived functor, or right-left extension, of F. Note that this coincides with the non abelian
derived functor in the sense of Dold-Puppe on the connective part € ~ Pg(Vect™(C)).

Example A.6. When D is stable, every functor F': Vect'™(C) — D which is a filtered colimit of
finite degree functors is right-left extendable. See [BCN, Corollary 2.49] for details.
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Example A.7. Let Endglft(e)((?) C Endgy,(€) be the full subcategory of endofunctors € — € which

preserve the full subcategory Flat(C) C C. Restriction Endglft(e)(@) — End”(Flat(@)) is a monoidal
equivalence onto the full subcategory of End” (Flat(€)) spanned by right-left extendable functors.
Consequently, any right-left extendable and filtered-colimit preserving monad 7': Flat(€C) — Flat(C)
induces a derived monad LT: C — C.

As an example of this kind of derived monad, consider the derived symmetric algebra monad. To
define this, assume that C is a derived algebraic context in the sense of [Rak20, Section 4.2]:

Definition A.8. We will say that a stably projectively generated oo-category C is a derived algebraic
context if it comes equipped with a closed symmetric monoidal structure such that:

(1) Vect™ (@) is stable under tensor products and contains the monoidal unit.
(2) Vect™(€) is an ordinary category.
(3) For each M € Vect™ (@), the object Sym"(M) = TS()((M;?XZL)) is contained in Vect(€).

Condition (1) implies that C>¢ is stable under the tensor product. We include condition (2) for
simplicity; it implies that Flat(€) is an ordinary category and that C¥ is a symmetric monoidal
abelian category with enough projectives. Extending the functors Sym" : Vectft(e) — Vectft(e) by
filtered colimits and taking the sum over all n > 0, one then obtains a monad Sym: Flat(€) — Flat(C)
preserving filtered colimits. Since each Sym™: Vect™ (@) — Vect™ (@) is of degree < n, this admits a
derived monad LSym: € — C.

Definition A.9. If C is a derived algebraic context, we will refer to LSym-algebras as derived
commutative algebras and to connective LSym-algebras as animated commutative algebras in €, and
write CAlg™ (C>g) C CAlg®® (@) for the corresponding co-categories.

The (ordinary) category CAlgd® (€)¥ of discrete derived algebras is equivalent to the category of
commutative algebras in €Y.

Example A.10. Let ¢ = Modz with the usual t-structure, so that Vectft(e) = Vectht is the
(ordinary) category of finite free abelian groups and Flat(C) = Flaty is the (ordinary) category of flat
abelian groups. This is a derived algebraic context, and the resulting monad Sym: Flatz; — Flaty is
the usual symmetric algebra monad. One thus obtains the co-categories CAlg™ = CAlg™ (Modz)
and CAlg?®" = CAlg?" (Mody) of animated and derived rings.

Example A.11. Let € be a derived algebraic context and let J be a small symmetric monoidal
(ordinary) category. Then Fun(J, C) is a derived algebraic context as well with respect to the Day
convolution product and the t-structure in which a diagram is (co)connective if it is pointwise
(co)connective in C.

Remark A.12. There is a natural equivalence LSym(V) @ LSym(W) ~ LSym(V @& W) for all
V,W € €: this follows by right-left extension, using that there is such a natural equivalence for
V,W € Flat(C) by construction. Consequently, the coproduct of two derived algebras is simply
given by their tensor product. Since CAlg®®"(€) — € preserves sifted colimits by construction, it
follows that pushouts of derived algebras are computed as relative tensor products, as usual.

Remark A.13. For every M € Vect™ (@), there is a natural map (M®"),s — Sym™(M) from the
coinvariants in €. By right-left extension, this induces a map Freeg_, — LSym from the E.,-monad.
In particular, any derived commutative algebra has an underlying E..-algebra and a module over a
derived commutative algebra is simply a module over its underlying E..-algebra.
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Definition A.14. For A € CAlg?”(€), we define the oo-category of derived (commutative) A-
algebras to be the under-category

CAlgy™ (€) = CAlg™ (€) 4.

The forgetful functor CAlg%™(€) — Mod 4(C) is monadic and we will write LSym ,: Mod(€) —
Mod 4(€) for the associated monad.

Remark A.15. If A € CAlgder(G) is connective, then Mod4(€) is stably projectively generated
for the t-structure inherited from €. The monad LSym , is then derived from the restricted monad
LSym 4 : Flat(Mod 4(€)) — Flat(Mod 4(€)).

The usual cotangent complex formalism for animated rings carries over to this setting. Below
we will recall one way to see this, using an abstract method for constructing functors out of the
oo-category of T-algebras over some monad T (see also [Hol23]).

Proposition A.16. Let C be a stably projectively gemerated stable co-category. Suppose that
T: Flat(C) — Flat(C) is a filtered colimit preserving and right-left extendable monad, and let
LT: C — C be the derived monad T. Let Klr(Flat(C)) denote the full subcategory of Alg,(Flat(C))
spanned by the free algebras. Assume that

F: Klp(Flat(€)) —— D

s a functor such that

(1) the composite F o Freer: Flat(C) — D preserves filtered colimits and is right-left extendable,
(2) F preserves geometric realizations of simplicial objects in Klr(Flat(Q)) that become split
after applying Forget .
Then there exists a unique sifted colimit preserving functor LF: Algr(C) — D that extends F,
together with a natural equivalence LE o Free ~ IL(F o Free).

Proof. Let Fungy, (Flat(C), D) denote the co-category of filtered-colimit preserving functors that are
right-left extendable, and notice that there is a right action

Fungy, (Flat(C), D) v~ Fung;, (Flat(C), Flat(C)).

In the above situation, we have an algebra object T' € Fung;, (Flat(C), Flat(C)), and the functor
F o Freer € Fung; (Flat(C), D) is a right module for T. Using the same logic as [Hol23, Proposition
2.2.15], taking right-left extension is lax monoidal and consequently, the functor L(F oFreer): € — D
is a right module for the derived monad LT. On the other hand, Forget,: Alg;(C) — € is a left
T-module. Since D admits sifted colimits, we can define LF' by the formula:

LF := ’Bar(]L(FoFreeT),T, ForgetT)|: Alg,(€) —— D.
One readily verifies all the desired properties. O

Construction A.17 (Cotangent complex as a derived functor). Let € be a derived algebraic context
and write Mod(C) for the co-category of tuples (A, M) consisting of a derived commutative algebra
A and an A-module M in €. Notice that Mod arises as the co-category of algebras over a derived
monad Tp,eq on €, such that Kl (C) is simply the ordinary oo-category of free derived algebras
A = Sym(V) generated by V € Flat(C), together with a free A-module AQ@ W on W € Flat(€). We

now have:
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(1) A functor between ordinary categories triv: Klp  (Flat(€)) — CAlg®"(€) sending each
(A, M) to the trivial square zero extension A & M.

(2) A functor between ordinary categories Q': Klsym(Flat(€)) — Klr,_,(€) defined by the
universal property that Map(QY, (B, M)) ~ Map(A, B @ M). One readily verifies that
such a universal object exists for each free algebra A = Sym(V') and is given by the tuple
(Sym(V),Sym(V) ® V'), which is indeed in Klr,__,(C).

Both of these functors satisfy the conditions of Proposition A.16 and hence admit derived functors

L: CAlg?"(€) — Mod(C) and triv: Mod(€) — CAlg®"(C). The universal property of Q! then
implies that L is left adjoint to triv. We refer to Ls € Mod 4(C) as the cotangent complex of A.

As usual, every map f: A — B in CAlg%"(C) induces a map (A,L4) — (B, Lp) in Mod(€).
Since the projection Mod(€) — CAlg?® (€) is a cocartesian fibration, as € € CAlg(Pr"), this is
equivalent to a map f*La — Lp in Modpg, whose cofibre is the relative cotangent compler Lp,:

f*LA —— Lp —— LB/A-

If B =1LSym (M) is the free derived A-algebra on M € Mod4(€), then Lp/q ~ B®4 M.
We conclude with some observations about finite type conditions on maps between animated
commutative algebras, well-known for animated rings.

Definition A.18. If € is a derived algebraic context and A € CAlg™ (@), then we will say that:

(1) amap A — B in CAlg™(C) is almost of finite presentation if B is an almost compact object
of CAlg%(C), that is, each 7<, B is a compact object of 7<, CAlg%"(C) [HA, Definition
7.2.4.8].

(2) an A-module M € Mod4(C) is almost perfect if M € Moda(€)>x and M defines an almost
compact object of Mod 4 (C)>.

Proposition A.19. Let C be a derived algebraic context and f: A — B be a map of animated
commutative algebras in C. Then the following are equivalent:

(1) f is almost of finite presentation.
(2) The map mo(A) — mo(B) of commutative algebras in C¥ is of finite presentation and Ly, 4
is an almost perfect B-module.

In addition, the following assertions hold:

(3) If B is almost perfect as an A-module, then f is almost of finite presentation.
(4) If [ is almost of finite presentation and mo(A) — mo(B) is surjective, then B is almost
perfect as an A-module.

The proof of Proposition A.19 requires some preliminaries about cell decompositions and the
resulting filtrations.

Construction A.20. Let A — B be a map of animated commutative algebras in €. By a cell
decomposition of B, we will mean a sequence of animated filtered A-algebras A = B_; — By —
B; — -+ — B constructed inductively according to the following procedure:

e Having constructed B,,, choose a map x,,: M,, — (B/B,)[—1] from a connective B,-module
M, such that the cofibre is (n + 1)-connective.
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e Define B, 11 as the pushout of derived filtered algebras

LSymp (M,) - % . B,

o !

L
By ———— Bp

where the top map sends M,, to zero. The map B,, — B then factors canonically over
t: By = Bpy.
Let us record some properties of such cell decompositions:

(a) If mo(A) — mo(B) is surjective, one can take By = B_; = A.

(b) Each By, admits an increasing filtration whose associated graded is LSymp (M;[1]): this
filtration is the base change along x of the filtration on B,, obtained by applying LSymp
to the zero object with increasing filtration given by Fy(0) = M,, and F;(0) = 0 for ¢ > 0.
Here we use Example A.11 in the case J = (Z, <).

(¢) Each cofibre B/B,, is (n + 1)-connective and hence each M, is n-connective. To see this,
we proceed by induction, the case n = —1 being evident. For the inductive step, note that
the map x,, factors as

Xn: Mn[1] = Bny1/B, — B/By.

Since the cofibre of the composite is (n + 2)-connective by construction, to show that
the cofibre B/B,,+1 of the second map is (n + 2)-connective it will suffice to show that
M, [1] = By+41/By has (n + 2)-connective cofibre. Using the filtration from (b), this map
decomposes as

M, [1] ~ Fi(Bn1)/Fo(Bns1) = F2(Bnia)/Fo(Bnt1) = - = By /Fo(Bnya)-

It therefore suffices to verify that the cofibre of each of these maps is (n + 2)-connective.
These cofibres are given by LSym'g (M,[1]) with m > 2, which fit into a cofibre sequence

(MH[H ®B, OB, Mn[l])hzm — LSymgLn (Mn[l]) — Fm(Mn[l])

The result now follows because the outer terms are both (n + 2)-connective. For the
right term, this follows because F), is right-left extended from a functor on Vect™(€) with
1-connective values.

(d) For each n, consider the natural B,,1-linear maps

BnJrl ®Bn Mn[” — Bn+1 ®Bn (Bn+1/Bn) — LBn+1/Bn

where the first map is induced by x and the last map arises from the universal derivation
Bny1 = Bny1 @ L, /B,- The composite map is an equivalence of (n + 1)-connective
modules and the cofibre of the first map is (n 4 2)-connective, so that the cofibre of the
natural map B, 11®p, (Bny1/Bn) = Lp, /B, is (n+3)-connective. An inductive argument
then shows that each B ®p, (B/B,) — Lp,/p, has (n + 3)-connective cofibre as well.

Lemma A.21. Let C be o derived algebraic context and let Fun((Z>o, =), C) be the co-category of
non-negatively graded objects in C, as in Fxample A.11. Given a graded algebra A := A® and a
graded module M := M?®, the following hold:
(1) If A @4 M ~ 0, then M ~ 0.
(2) If A and M are connective and A° @4 M is an almost perfect A°-module, then M is almost
perfect.
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Proof. For (1), we prove the claim by induction on the weight. Clearly, M° = 0. Assuming that
M? =0 for i <n, we have M" ~ (A° ®4 M)", so that M™ = 0 as well. For (2), note that

7T0(AO) ®Tfo(A) WQ(M) = 7T0(A0 ®A M)

is the module of indecomposables associated to the graded m(A)-module mo(M). Since this module is
finitely generated, it follows that mo(M) is a finitely generated my(A)-module. Lifting the generators
provides a map P — M from a finite free graded A-module, which is surjective on my. The cofibre
N is then a 1-connective A-module such that A° ® 4 N is an almost perfect A%-module. Proceeding
by induction, one finds that M is indeed almost perfect. O

Lemma A.22. Let C be a derived algebraic context and let Fun((Z, <), €) be the oco-category of
objects in C with an unbounded increasing filtration, as in Example A.11. Let A = F,A be a
connective filtered algebra which is complete, i.e. lim,,_,_, F,,A = 0. Then a filtered A-module
M = F,M is almost perfect if and only if it is complete and Gr(M) is an almost perfect left
Gr(A)-module.

Proof. If M is almost perfect, then Gr(M) is almost perfect because taking the associated graded
preserves compact objects and is t-exact up to a shift. To see that M is complete, let n > 0 and
pick a perfect filtered A-module N,, with a map N,, — M whose cofibre is n-connective. Since A is
complete, N,, is complete and hence lim F'M ~ lim F*(M/N,,). By the Milnor sequence, the latter
is (n — 1)-connective. Since n was arbitrary, we conclude that lim FiM = 0.

For the converse, it suffices that if M is n-connective, there exists a cofibre sequence

DL, A® Fou Viln] Lo M —— M’
where M’ is (n+1)-connective and the first term consists of free filtered A-modules with V; € Vect™ (@),
concentrated in filtration weight > w;. Indeed, this implies that M’ is a complete (n + 1)-connective
module such that Gr(A{’) is almost perfect; it follows by induction that each 7<,, (M) is equivalent
to the m-truncation of a perfect A-module, so that M is almost perfect.

Since Gr(M) is an almost perfect n-connective Gr(A)-module, the desired cofibre sequence exists
at the graded level. In particular, there exists a map f’: @, Gr(4) ® V;(w;)[n] — Gr(M), where
the domain is a sum of free Gr(A)-modules in various weights w;. Since the V; € Vect™ (@) are
projective in C>g, we can lift f’ to a map f of filtered modules. The cofibre M’ of f is then a
complete module with (n + 1)-connective associated graded, and is thus itself (n + 1)-connective by
the Milnor sequence. O

Proof of Proposition A.19. For (1) = (2), note that mo(B) is a compact object in 7y (A)-algebras and
hence finitely presented. The cotangent complex Lp,4 is almost perfect because for any filtered sys-
tem of k-coconnective B-modules M., the map colim Mapg(Lp/a, M) — Mapg(Lp,a4,colim M)
is the base change of the equivalence

colim Mapgajgan (e (B,B® M,) — Mapgaigan () (B, colim(B & M,)).

For (2) = (1), we claim that there exists a cell decomposition for B with the property that each B,
is almost of finite presentation over A. It then follows that B is the colimit of a sequence of almost
finitely presented algebras that stabilises upon k-truncation for any k. This implies that A — B
almost finitely presented as well.

To construct this cell decomposition, we fix a finite presentation of mo(A) — mo(B). We
can then choose a map My = A® Vy — B from a free A-module on Vj € Vectft(e) such that
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mo(My) — mo(B) picks out the generators of mo(B). We then set By = LSym 4(My). Next, we
choose a map M; = A® V; — fib(By — B) from a free Bp-module on V; € Vectft((?) such that
mo(M1) — mo(Bo) = Symy a)(mo(Mo)) picks out the relations of this presentation. The resulting
By is almost finitely presented and mo(B1) = mo(B). Now suppose we have constructed the desired
cell decomposition up to B, for some n > 1. Since A — B,, is a almost of finite presentation, the
first part of the proof shows that Lp /4 is an almost perfect B,-module. Consequently, Lg,p, is
an almost perfect B-module. Since

B®Bn (B/Bn) — LB/Bn

has (n + 3)-connective cofibre, it follows that we can choose an n-connective free B,-module
M, = B, ® V,,[n] with V,, € Vect™(C), together with a map x: M, — (B/B,)[—1] that is surjective
on 7m,. The resulting map B,, — B,4+1 is then almost finitely presented, so that the composite
A — Bj41 is almost finitely presented as well.

For assertion (4), suppose that f is almost finitely presented and that wo(A) — 7o (B) is surjective,
and consider the above cell decomposition. Then By = A, and we claim that each B,, is an almost
perfect A-module. The colimit B is then an almost perfect A-module as well, because the cofibre of
each B, — Bp41 is (n + 1)-connective. Note that by part (b) of Construction A.20, B;,,11 comes
with an increasing filtration by B,-modules whose associated graded LSymp (M,[1]) is almost
perfect: indeed, each ILSym’an (M, [1]) is almost perfect and (at least) k-connective, since M,, was a
connective almost perfect B,-module. It follows that B,,;1 is an almost perfect B,-module, so that
an inductive argument shows that B,, € APerf 4(C) (the case n = 0 being evident).

Finally, let us prove assertion (3). Consider the cell decomposition for B defined inductively by
setting B_; = A and

M, = (B/By)[-1].
We claim that B is almost perfect as a B,,-module for each B,,. Assuming this, it follows by induction
that each B,, — B, 11 is almost finitely presented, so that A — B, is almost finitely presented
as well. Since the sequence of truncations 7<; B, is eventually constant, the colimit B is then an
almost finitely presented A-algebra as well.

We prove our claim by induction, the case n = —1 being evident. Assuming B is an almost
perfect B,-module, we endow B,,;1 with the increasing filtration from part (b) of Construction
A.20 and B with the increasing filtration where FyB = B,, and F;B = B for + > 1. Then F,B
is an F, B, 11-module, and it it suffices to verify that it is almost perfect as a filtered module.
By Lemma A.21, it suffices to verify that the associated graded is an almost perfect module over
Gr(Bny1) = LSymp (B/B,). We then have a cofibre sequence of Gr(B,1)-modules B,(0) —
Gr(B) — (B/By)(1) of where the outer terms are concentrated in weight 0 and 1. By Lemma A.21,
it therefore suffices to verify that the graded B,-modules

By, ®Lsymy, (B/B,) Bn = LSymp (B/By[1])
Bn ®]LsymBn (B/B») (B/Bn) ~ LSymBn (B/Bn[l]) ®Bn B/Bn
are almost perfect B,,-modules. This follows from the fact that B/B,, is an almost perfect B,-module

and that LSympg (B/B,[1]) is almost perfect, because each LSym%n (B/Byl1]) is almost perfect
and k-connective. d

A.2. Pro-coherent modules. As highlighted in [GR17a], the usual co-category of quasi-coherent
sheaves on a derived scheme (or prestack) is not very well-adapted to deformation theory. For
schemes that are locally almost finitely presented over a field, it is better to consider their categories
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of ind-coherent sheaves instead. In this situation, Serre duality provides a natural identification
between ind-coherent sheaves and the dual notion of pro-coherent sheaves: on an almost finitely
presented scheme X over a field k, this is simply given by Ind(Cohx) ~ Ind(Coh%’). To also deal
with situations without Serre duality, where we cannot directly use the machinery of ind-coherent
sheaves, let us introduce the following provisional modification of the co-category of pro-coherent
sheaves over an affine derived scheme:

Definition A.23. Given an animated ring A, we will write QC" for the oco-category of exact
functors F': Mod 4 — Sp satisfying the following two conditions:
(1) They are convergent, in the sense that they preserve limits of Postnikov towers in Mod 4.
(2) They are almost finitely presented, in the sense that for each n € N and each filtered diagram
of n-coconnective A-modules M,,, the map colim, F(M,) — F(colim M, ) is an equivalence.

Warning A.24. For a general animated ring, the co-category QCY is not very manageable and one
should view this as an ad-hoc definition. The definition will essentially only become useful when A
is a coherent animated ring: in that case QCY ~ Ind(Coh’}) can be identified with the compactly
generated co-category of pro-coherent sheaves on A.

Keeping this warning in mind, let us nonetheless record some formal properties of QC.

Notation A.25. If C is a stable oo-category with a t-structure, we let €+ =, C<,,, €~ =, C>p
and C” = €T N €~ be the full subcategories of eventually coconnective, eventually connective and
bounded objects [HA].

Lemma A.26. Let A be an animated ring. Then the following co-categories are naturally equivalent:

(1) The co-category QCY.

(2) The co-category of exact functors Mod: — Sp that are almost finitely presented.

(8) The co-category of left exact functors F: Mod}y — 8 that are almost finitely presented.

(4) The oo-category of functors F': ModX7>0 — 8 that are locally almost finitely presented and
preserve the terminal object and pullbacks along a m-surjection.

(5) The oco-category of functors F: Moda >o — 8 preserving limits of almost eventually constant
towers and satisfying the conditions from (4).

Proof. The equivalence between (1) and (2) is given by restriction and right Kan extension
along j: Mod}; <+ Mod4. Recall that the right Kan extension is given explicitly by j.F(M) =
lim F'(7<,M). The equivalence between (2) and (3) is given by postcomposition with 2°°. The
equivalence between (3) and (4) is given by restriction along the inclusion i1 : Mod’ «—— Mod}; and
i2: Modj,>0 — Modi‘ of bounded (resp. bounded connective) objects. The inverse is given by
right Kan extension along iy followed by left Kan extension along i;. The equivalence between (4)
and (5) follows by restriction and right Kan extension along Mod} -, < Mod >o. O

Lemma A.27. Let A be an animated ring and let k be a reqular cardinal such that T<,: Mods —
Mod s preserves k-compact objects. Then restriction and left Kan extension along i: Mod}” —
Modz induces an equivalence between QCY and the oo-category of exact functors F': Modi‘""i — Sp
preserving colimits of k-small filtered diagrams of n-coconnective objects, for each n.

Proof. Since <, preserves s-small objects, for any n-coconnective A module M the inclusion
(Mod’; ,, )/M — (Modz’“ )/M is cofinal. Using that (Mod -, )/M is filtered, one readily sees

that iyi* F ~ F for any F' € QCY. The identification of its essential image follows from the fact that
any filtered colimit can be written as a x-filtered colimit of x-small filtered colimits. O
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Corollary A.28. Let A be an animated ring A. Then QCY is a stable presentable co-category.

Proof. By Lemma A.27, QC} C Fun(Mod:’”, Sp) is the full subcategory of functors preserving
certain types of colimits. It is hence presentable by the proof of [HTT, Proposition 5.5.3.8]. O

Corollary A.29. Let F: Moda — Sp be an exact functor which is accessible and convergent and
consider the oo-category (QCX)/F of functors in QCY equipped with a natural transformation to

F. This oco-category admits a terminal object F?, which we will refer to as the almost finitely
presented approximation to F'.

Proof. Since F' is convergent and k-accessible for some uncountable &, it suffices to verify that there
exists a universal object F?* € QCY equipped with a natural transformation to the restriction
F: Modj"€ — Sp. The previous proof shows that for large enough x, the inclusion QCY% C
Fun( Modz’”, Sp) is accessible and preserves colimits, and hence admits a right adjoint. O

For any A, there is an adjoint pair
t: Mod4 QC} v

where the left adjoint sends an A-module M to the exact functor M ®4 (—): Mod} — Sp and the
right adjoint sends any F': Mod} — Sp to the A-module v(F) = lim,, F(7<,A).

Observation A.30. The co-category QCYy comes equipped with a left complete t-structure whose
connective part consists of those F': Modz — Sp that are right t-exzact. This induces an equivalence

MOdA,ZO ~ QCX,ZO'

Indeed, the equivalences of Lemma A.26 identify QCX?O with the co-category of colimit-preserving
functors F: Moda o — 8, which is equivalent to Moda o via sending such a functor F to the
A-module F(A) € Mod4 >¢.

Consequently, Mod 4 is the right completion of QCY%. In particular, we will typically identify
eventually connective A-modules with the corresponding object in QCy. If A is eventually coconnective,
then QC, — QCY is fully faithful on all modules (not just the eventually connective ones).

Let A be an animated ring and F € QC%. For each N € Mod}, the spectrum F(N) inherits
a natural A-module structure from the A-module structure on N. More precisely, one can this
describe this A-module structure on F(N) by the exact functor Perf(A4)°? — Sp sending M to
F(MY ®4 N). Using this, the co-category QC is tensored over Mod4 via

(26) ®4: QCYH x Mody —— QCY; (M ®4 F)(N)=M®4 (F(N))

for each N € Modj. This preserves colimits in each variable and the functor 1: Mods — QCY is
compatible with the tensoring.

Definition A.31. Let M € Mod4 be an A-module. Then the tensoring M ®4 —: QCY — QCY
admits a right adjoint. We define the pro-coherent dual MY of M to be the value of this right
adjoint on A.

Example A.32. If M is a perfect A-module, then the adjoint to M ®4 —: QCY — QC? is given by
tensoring with the dual perfect module. Consequently, the pro-coherent dual of a perfect A-module
is simply its usual A-linear dual. In terms of functors, one can also identify this with the functor
Homa (M, —): Mods — Sp. Using this and the fact that (—)" sends colimits in Mod, to limits
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in QCY, it follows that for any eventually connective M € Mod, its pro-coherent dual M" is the
almost finitely presented approximation to Hom4 (M, —) in the sense of Corollary A.29.

We will be particularly interested in the pro-coherent duals of almost perfect A-modules: in this
case, MV is given by Hom (M, —): Moda — Sp, which is already almost finitely presented.

Definition A.33. We will say that a pro-coherent module F' € QCY is dually almost perfect
if F': Mods — Sp is corepresented by an almost perfect A-module. Taking pro-coherent duals
therefore determines an equivalence

(=)V: APerf}” —=— dAPerf,
between almost perfect A-modules and dually almost perfect pro-coherent A-modules.

Lemma A.34. Let M € Mody be an A-module and let MY be its pro-coherent A-linear dual. Then
pro-coherent duality determines an equivalence

(27) (—)V: ((APerfA)M/)Op ——— (dAPerf),psv.

Proof. The functor (27) defines a map of right fibrations covering the equivalence APerf’ ~
dAPerf 4. It therefore suffices to verify that it induces an equivalence on fibres, i.e. that the map
Mapyoq, (M, N) = Mapqcy (NV,MV) is an equivalence for every N € APerf 4. To see this, recall
that NV: Mod4 — Sp is corepresented by N and MY : Mod 4 — Sp is the almost finitely presented
approximation to the functor corepresented by M, so that Mapgcy (N, MV) is equivalent to the
space of maps between the functors corepresented by N and M. Unravelling the definitions, one
then sees that Mapy.q, (M, N) — Machy‘ (NY,MV) is an equivalence by the Yoneda lemma. [J

Definition A.35. Let A be an animated ring. For all —oo < a < b < 0o, we will say that an object
F € QCY has tor-amplitude in [a, b] if for any discrete A-module M € Modg,

T F (M) #0 = a<n<b.
Write QCX’[“’(’] C QCY for the full subcategory on the objects with tor-amplitude in [a, b].

Example A.36. We have the following special cases:

(1) A pro-coherent module F has tor-amplitude in [0, c0] if and only if F' is connective. In
particular, QCX’[O’OO] o~ Mod 4 >¢ is equivalent to the ordinary oo-category of connective
A-modules.

(2) QCX’[O’O] ~ Flaty coincides with the full subcategory of Mod4 >¢ spanned by the flat
A-modules.

(3) Let F'= MY be dually almost perfect. Then M" has tor-amplitude in [—b, —a] if and only
if M has tor-amplitude in [a, b].

Let us now turn to the functoriality of QCY in the animated ring A.

Definition A.37. Let f: A — B be a map of rings. We will write f*: QCY = QCY : f. for the
adjoint pair whose left adjoint is given by precomposition with f, : Modg — Modj;

Note that f* fits in a commuting square

Mods —1— Modjp

Qcy L qcy.
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In the presence of Serre duality, f* is Serre dual to the f'-functor on ind-coherent sheaves [Gaill,
Section 9.2.3]

Lemma A.38. If f: A — B has finite tor-amplitude, then the right adjoint f, preserves colimits.
Furthermore, for any pullback square

Spec(B’) AN Spec(B)

/| |

Spec(A’) AN Spec(A).
where [ has finite tor-amplitude, the Beck—Chevalley map g* f« — fLg'* is an equivalence.

Proof. If f has finite tor-amplitude, then f, is simply given by restriction along f*: Modjg —
ModJBC. Using this, one sees that for every F € QCY, and M € Modg, the Beck—Chevalley
map (¢*fF)(M) — (fi.g”F)(M) is given by the image under F of the Beck—Chevalley map
g [« M — flg’* M, which is an equivalence. g

Corollary A.39. The functor QCY: CAlg® — Pr% satisfies descent with respect to universal
descent morphisms of finite tor-amplitude, in the sense of [SAG, Definition D.3.1.1]. In particular,
it satisfies fppf descent.

Proof. Using that A — Mod 4 preserves products, one readily sees that QC" preserves finite products
of animated rings. Next, let f: A — B be a universal descent morphism of finite tor-amplitude. Let
B* be the corresponding Cech nerve and consider the map 0: QC — lim QCY.. Using Lemma A.38
and [HA, Corollary 4.7.5.3], we see that 6 is an equivalence if f*: QCY — QC} is conservative. To
see this, take F' € QC such that f*F ~ 0. The objects M € Mod such that F(M) ~ 0 form a
stable subcategory of Mod 4 that contains f.(Modpg) and is closed under retracts; since f was a
universal descent morphism, this means that it contains every A-module. O

We now specialise to the case where A is a coherent animated ring.

Definition A.40. An animated ring A is said to be coherent if the standard t-structure on Mod 4
restricts to a t-structure on APerf 4. Equivalently, mo(A) is coherent and each 7, (A) is a finitely
presented my(A)-module.

Definition A.41. Assume A is a coherent animated ring. An almost perfect A-module M is
coherent if it eventually connective and coconnective. Equivalently, an A-module M is coherent
if all homotopy groups m, M are finitely presented over myA, and only finitely many of w, M are
non-zero. We denote Coh 4 C APerf 4 the full subcategory of coherent modules.

Lemma A.42. If A € CAlg™ is coherent, then QCY is equivalent to the categories of:

(1) Ezact functors F': Cohs — Sp.

(2) Functors F': Cohg >0 — 8 that preserve the terminal object and pullbacks along mo-surjections.

(8) Functors F: APerf 4 o0 — 8 that preserve almost eventually constant towers, the terminal
object and pullbacks along my-surjections.

In particular, QCYy ~ Ind(Coh’’) is compactly generated.

Proof. This follows from Lemma A.27 with kK = w, as well as the argument from Lemma A.26. [
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Remark A.43. Let A be a coherent animated ring with dualising complex w4. Then the t-structure
on QCY from Observation A.30 is Serre dual to the t-structure on Ind(Coh4) whose connective part
is generated by wa4.

Corollary A.44. The following holds for a map of coherent animated rings f: A — B:
(1) If f has finite tor-amplitude, then the functor f*: QCY% — QCY coincides with Ind(f*), for
f*: CohY — Coh®.
(2) If f is finite, then f* has a left adjoint fi: QCY(B) — QCY(A) given by the ind-completion
of fi: Cohy — Cohy.

Corollary A.45. Let A be a coherent animated ring. Then QCY carries a unique closed symmetric
monoidal structure whose restriction to dAPerf 4 ~ APerf is equivalent to the usual symmetric
monoidal structure on almost perfect A-modules, i.e. MY @ ANV = (M®@aN)V for all M, N € APerf 4.
Every map f: A — B between coherent animated rings induces a symmetric monoidal functor
f*:QCY — QCY.

Proof. Using part (3) of Lemma A.42, it suffices to verify that QCY C Fun(APerf >0,8) is a
monoidal left Bousfield localisation with respect to the Day convolution product. This follows from
the fact that if F' is a functor as in (3) and M € APerf4 >, then F(M ® 4 —) satisfies the conditions
from (3) as well. O

Remark A.46. One readily verifies that t: Mods — QC is symmetric monoidal and that the
tensoring from (26) is induced by this symmetric monoidal functor. It follows that the pro-coherent
dual of an A-module M from Definition A.31 coincides with the dual of (M) with respect to the
symmetric monoidal structure from Corollary A.45.

APPENDIX B. DERIVED ALGEBRAIC GEOMETRY RECOLLECTIONS
We recall the following terminology:

Definition B.1 (Prestacks). A prestack is an accessible functor X : CAlg™ — § from animated
rings to spaces. We will write PrStk for the co-category of prestacks. Given a prestack S, we let
(1) PrStk,g be the oo-category of S-prestacks, that is, prestacks X endowed with a map X — S.
(2) Aff,s be the oo-category of affine derived schemes with a map to S, i.e. all Spec(A) — S
where Spec(A) is the functor corepresented by an animated ring A.

The oo-category of S-prestacks can then also be identified with the oco-category of accessible
functors (Aff )P — 8.

Example B.2. When S = Spec(R) is affine, Aff,g ~ CAlg%"° can be identified with the opposite
of the oo-category of animated commutative R-algebras. Consequently, a prestack X over R is
simply an accessible functor X : CAlgh' — §; we will write PrStkg for the resulting oo-category of
R-prestacks.

The purpose of this section is to briefly recall some of the results and constructions from [GR17a]
in this setting.

B.1. Finiteness and deformation-theoretic properties of prestacks. We begin with a recol-
lection of some of the conditions that one can impose on a prestack, following [GR17a] and [SAG,
Section 17]. As in [GR17a, Volume 1, Chapter 2] and [SAG, Section 17.4], the following finiteness
condition will play a central role in this text:
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Definition B.3. A map of prestacks X — S is said to be
e convergent if for all A € CAlg™”, the square

X(A) — lim X (1<, A)

S(A) —— lim S(7<,A)

is cartesian.

e locally almost finitely presented if it is convergent and satisfies the following condition for
each n > 0: for each filtered diagram A, : I — CAlgY, of n-truncated animated rings with
colimit A, the square -

colim X (4,) —— X(4)
colim S(4,) —— S(A)

is cartesian. Equivalently, X is convergent and for any Spec A — S and each n > 0, the base
change X xg Spec(A) restricts to a functor CAlgy'c,, — 8 that preserves filtered colimits.

We will write PrStkia® «—— Protk$™ «—— PrStkg for the full subcategories spanned by the S-
prestacks that are locally of finite presentation, resp. convergent.

Next, let us recall the conditions on a prestack that guarantee that it has a well-behaved
infinitesimal structure, using the following algebraic terminology:

Definition B.4. A map of animated rings A — B is said to be a nilpotent extension if wo(A) — mo(B)
is surjective and its kernel is a nilpotent ideal.

Lemma B.5 (|[GR17a, Volume 2, Chapter 1, Proposition 5.5.3]). Let f: A — B be a nilpotent
extension. Then f can be decomposed as the limit of an almost eventually constant tower

A:AOO An An_14>...4>A0:B

where each A, — A,_1 is a square zero extension by a mo(B)-module M,, and for each N.

Definition B.6 ([GR17a, Volume 2, Chapter 1, Definition 7.1.2]). An S-prestack X is said to have
deformation theory (relative to S) if it is convergent (relative to S) and for each pullback diagram
of animated rings on the left in which B — A (and hence B’ — A’) is a nilpotent extension, the
square on the right is cartesian

B — s B X(B/) Emd X(B) XX(A) X(A/)
A —— A S(A") —— S(B) xg(a) S(A").

Equivalently, for each s: Spec(A) — S, the fibre X;: CAlg’y' — 8 has deformation theory, i.e.
preserves limits of Postnikov towers and pullbacks along nilpotent extensions of animated A-algebras.

Lemma B.7. Let X be a convergent S-prestack. Then X has deformation theory if and only if one
of the following two equivalent conditions holds:
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(1) For each square in (Aff,5)°P opposite to a pullback square of animated rings

B — A

J |00

B—— AaI[1]

with I € QC(A)>o, its image under X : (Aff,4)°? — 8 is a pullback diagram of spaces.
(1°) The condition of (1) holds for all squares such that A, B and I are eventually coconnective.

Proof. The equivalence between X having deformation theory and condition (1) follows from
Lemma B.5 by decomposing a general nilpotent extension as a tower of successive square-zero
extensions. The equivalence between (1) and (1°) follows from X being convergent. O

Finally, let us introduce two versions of the formal completion of a prestack, based on the following
algebraic constructions:
Definition B.8 (Reduction and pro-reduction). Let A € CAlg®' be an animated R-algebra.

(1) The reduction Areq is the quotient of mo(A) by its nilradical.
(2) The pro-reduction Aprored to be the ind-ring

Aprored = COllim K 71—O(A)/I’

where the colimit is taken over all nilpotent ideals I of 7y(A).

For S = Spec(A) affine, we write Syeq = Spec(Areq) for the underlying reduced scheme. We
moreover define a pro-scheme Sproreq Over R as the formal limit

Spec(Aprored) = “lim;” Spec(mo(A)/I),
where I again ranges over all nilpotent ideals of mo(A). Given another R-prestack X, we set
X (Aprored) = MapPro(PrStk) (Sprored, X) = COllim X(mo(A)/1).

Definition B.9. Let X — Y be a map of prestacks over R.

(1) The formal completion Y3 is the R-prestack sending an animated R-algebra A to

YR (A) = X (Area) Xy(4ea) Y (A).
(2) The formal infinitesimal completion of Y at X is the R-prestack sending A to
(X/Y)inf(A) = X(Aprored) XY (Aprored) Y(A)'

Remark B.10. When X — Y is laft, then the canonical map (X/Y)ins — Y is an equivalence, as
X (Area) ~ X(Aprored) Xy (A Y (Area)

Notation B.11. For Y = x the terminal prestack, we write X = (X/%)ins. In characteristic 0,
the prestack Xj,r is often called the de Rham stack of X.

prored)

Definition B.12. We will say that a map of R-prestacks f: X — Y is a nil-isomorphism if for
every A € CAlg%h', the map
X(Aprored) — Y(Aprored)

is an equivalence.

Remark B.13. When X — Y is laft, then it is a nil-isomorphism if and only if X(A) — Y (A) is
an equivalence for all reduced commutative rings.
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Lemma B.14. Completion satisfies the following properties:
(1) For any X —Y, the map Y — Y has deformation theory. If X —'Y is laft, then X — Y3
and Y{ —'Y are laft.
(2) Let X' — X be an étale map between derived schemes and let X —'Y be a nil-isomorphism.
Then the square
X — X

L]

Y)/(\, — Y
1S cartesian.

Proof. The first part of (1) follows from the fact that for any nilpotent extension A’ — A of animated
rings, Y (A') >~ Y (A) Xy (a) Y(A’). For the second part, it is enough to show that Y3 — Y is laft.
This is the base change of the map *% — *{, which is laft because for any filtered diagram of n-
coconnective animated rings A, with colimit A, colim X (Aq,rea) =~ colim Y (Aq red) Xy (A,0q) X (Ared)-
For (2), the fact that X’ — X is laft implies that Y, — Y is the base change of X! ; — Xius
(Remark B.10). It now suffices to verify that the map X’ — X! ; X x, , X is an equivalence. This
follows from X’ — X being étale, so that X'(A) ~ X(A) X x(r,a,1) X'(moA/I) for any nilpotent
ideal 1. O

B.2. Pro-coherent sheaves. The theory of pro-coherent sheaves on affine derived schemes from
Section B.2 has an evident global analogue:

Definition B.15. For a prestack X, we define the stable presentable co-category QCY¥ as

Ct = i CY

QCx sl . QCoH(s)

where the limit is taken with respect to the f*-functoriality. Every map f: Y — X between prestacks
induces an adjoint pair f*: QCY% < QCy-: f..

Let us point out that in the presence of Serre duality, this is Serre dual to the co-category QC!X
of ind-coherent sheaves on X defined using f'-functoriality [Gaill, 9.2.3]. The main features of
QC’} carry over to pro-coherent sheaves on prestacks by naturality:

(1) Since each f*: QCY — QC} is right t-exact, for any prestack X the oo-category QC¥%
admits a right complete ¢t-structure such that all f*-functors are right ¢t-exact. Since the
functor t: Mod, — QC intertwines the f*-functors, there is a natural transformation
t: QCx — QCY% which induces an equivalence on connective objects.

(2) Each QC¥ is tensored and cotensored over QCy and t is compatible with the tensoring.

(3) If M is an almost perfect A-module, then the natural map f*(MY) — (f*M)Y is an
equivalence. Using this, one sees that for any prestack X, pro-coherent duality induces an
equivalence

(—)V: APerf¥ —— dAPerfx

between the full subcategories of pro-coherent sheaves F' that are (dually) almost perfect in
the sense that f*F is (dually) almost perfect for each f: Spec(4) — X.

The oco-category QCY% is particularly well-behaved when X is locally coherent. In particular, we
have the following generalisation of Lemma A.42 to derived schemes that are locally coherent, i.e.
which admit an Zariski cover coherent affine open subschemes or equivalently, for which every affine
open subscheme is coherent [Gla89, Theorem 2.4.2; Corollary 2.4.5].
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Proposition B.16. Let X be a qgcgs derived scheme which is locally coherent and write write 31 for
the poset of affine opens of X. Then the natural map

COhC))(P = thGLl Coh?}p — limUeu QC& = QC}
induces an equivalence Ind(Coh%Y) ~ QCY.

Proof. By the usual reduction principle for qcgs schemes, it suffices to verify that for Uy C X D Uy
an open cover such that the assertion holds on Uy, U; and Uy = Uy N Uy, the assertion holds also
for X. Since QC" satisfies Zariski descent by Corollary A.39, it suffices to verify that Ind(Coh°P)
also satisfies Zariski descent.

To see this, let us write j*: Ind(Coh%’) < Ind(CohyT): j. for the adjoint pair associated to an
open inclusion j: U < X. Since j, preserves colimits, this is an adjoint pair in Pr". As such, it is the
dual with respect to the Lurie tensor product of the adjoint pair j*: Ind(Cohx) = Ind(Cohy): j.
considered in [Gaill]. Using this duality, one sees the counit j*j, — id is an equivalence [Gaill,
Lemma 4.1.1] and that Ind(Coh°P) satisfies base change for open inclusions [Gaill, Lemma 3.6.9].
It follows that

(35,761, 71): Ind(Coh ) —— Ind(Coh‘E}(’)) XInd(Cohf? ) Ind(Cohc{}j)

is an equivalence as in the proof of [Gaill, Proposition 4.2.1]: this functor has a colimit-preserving
right adjoint sending a compatible triple (Fy, F1, Fo1) to the fibre product jo«Fo X o, Fmo; J1+F1-
Using base change and the fact that j;j;. ~ id, one sees that the counit is an equivalence. To verify
that the unit F' — joxJoF Xjoi.jz, F J1xJ1 F' is an equivalence, it suffices to treat the case where
F € Coh(X)°P. In that case, the result follows from descent for coherent sheaves. O

B.3. Tangent complex. In this section, we will discuss the tangent complex of a map of prestacks
X — S (if it exists). The main goal will be to establish a form of functoriality of the tangent
complex, which is used in Section 5.2.

Let us start by recalling the pointwise definition of the tangent and cotangent complex of an
S-prestack. Let m: X — S be an S-prestack and z: Spec(A) — X a point, and consider the functor

Spec(4) :  x
(28) Modg, >0 = & M +— l e J{

Spec(A® M) - Spec(A) T, g

We then have the following:
Definition B.17. Let X be an S-prestack and let z: Spec(A) — X be a point.

(1) We will say that X admits a cotangent complex at x (relative to S) if there exists a
(necessarily unique) eventually connective module Lx /g, € Moda s corepresenting the
functor (28).

(2) We will say that X admits a (pro-coherent) tangent complex at = (relative to S) if the
functor (28) defines an object Tx /g, € QCY.

If X is an S-prestack with deformation theory, then each map of rings f: A — B induces a
natural equivalence

X(A® M) xx{r} =~ X(B& fuM) xx) {f 7}
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for each connective A-module M. This implies that Lx /g f«» =~ f*Lx/s,. and Tx/g r+» = f*Tx/s0
whenever X admits a (co)tangent complex at the point x. Consequently, if X has deformation
theory and admits a (co)tangent complex at each of its points, then these (co)tangent complexes
glue to global objects on X:

Definition B.18. Let X be an S-prestack with deformation theory.

(1) If X admits a cotangent complex at each point, then the cotangent complex Lx,s € QCx
is the unique quasi-coherent sheaf such that Lx,g ., >~ 2*Lx/g for each point of X.

(2) If X admits a tangent complex at each point, then the tangent complex Tx /s € QCY is the
unique pro-coherent sheaf such that Ty ,g, ~ #*Tx /g for each point of X.

Example B.19. Suppose that X is a laft S-prestack with deformation theory. Then X admits a
relative tangent complex at each point.

Having a tangent complex at each point requires a finiteness condition on X — S similar to
Example B.19 (but at the linear level). However, there are many prestacks for which one can make
sense of their tangent complex, without requiring the existence of a tangent complex at each point.
For example, for every affine derived R-scheme X, we can define the tangent complex Tx/p = LY /R
to be the pro-coherent dual of its cotangent complex. In order to define the tangent complex in such
cases, and to make the functoriality of the tangent complex more explicit, we will need a somewhat
technical argument.

Construction B.20. Let Mod>o . — Aff be the cocartesian fibration classifying the functor
sending f: Spec(A) — Spec(B) to the direct image f.: Moda >9 — Modp, >0 and let us consider
the following pullback

M Fun([1], PrStk)
MOdZO,* Aff PrStk

An object of M corresponds a map of prestacks x: Spec(A) — X together with a connective
A-module M. The functor M — PrStk sending (Spec(A) — X, M) — X is a cocartesian fibration
and each fibre Mx comes equipped with a cocartesian fibration My — Aff,x parametrising the
oo-category of connective modules at each point of X.

Let Fun /p,gc (M, 8) — PrStk be the relative functor oco-category over PrStk; by [HTT] this is a
cartesian fibration, classified by the functor PrStk°” — Cats sending a prestack X to Fun(Mx, 8)
and sending f: X — Y to restriction along Mx — My . Let us write

D — Fun /pysei (M, 8)

for the full subcategory of tuples (X, F') consisting of a prestack X and a functor F': Mx — 8
satisfying the following two properties:
(1) F sends cocartesian arrows with respect to My — Aff,x to equivalences.
(2) For each z: Spec(A) — X, the restriction of F to the fibre
F,: MX@ ~ MOdA,ZO — 8

is accessible and preserves the terminal object, pullbacks along mp-surjections and limits of
almost eventually constant towers.
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Let us write D?t C D and DereP C D for the subcategories of tuples (X, F') where, in addition to
condition (2), each restriction F,, is almost finitely presented, respectively corepresentable by an
eventually connective A-module.

One readily verifies that for any map of prestacks f: X — Y, restriction along Mx — My
preserves these conditions, so that for any cartesian arrow (X,G) — (Y, F) with (Y, F) € D, (X,G)
is in D as well (and similarly in the other cases). Consequently, we obtain a diagram of cartesian
fibrations (and maps preserving cartesian arrows)

D aft

D qycorep
PrStk
Proposition B.21. Fach of the above three cartesian fibrations classifies a functor PrStk°® — Caty

preserving limits. Furthermore, the cartesian fibration D — PrStk is classified by the functor
X — QCY and the cartesian fibration D**P — PrStk is classified by the functor X — (QCy)°P.

Proof. Let X be a prestack and consider the cocartesian fibration Mx — Aff,x that classifies the
diagram of categories Aff,x — Cato, sending a map of affines f: Spec(A) — Spec(B) over X to
fv: Modg, >0 = Modp,>o. The localisation of M x at the cocartesian arrows classifies the colimit of
this diagram of categories. Condition (1) therefore implies that Dx is a full subcategory of the limit
lim Fun(ModA,>o,S)
Spec(A)€Aff, x -
where each morphism f: Spec(A) — Spec(B) in Aff,x is sent to restriction along f.. Using this,
Condition (2) then identifies
Dx ~ li F Mod¥ -, 8
X Spec(Al)IgAff/X unrex,acc( © 4,20 )
with the limit of the co-categories of accessible functors that are right exact (or equivalently, that
preserve the terminal object and pullbacks along m -surjections). This identification is natural in
X, so that X — Dy evidently preserves limits. The categories Daf* and DEP are the limits over
Aff/x of the diagram of full subcategories of Furlmxmc(l\/lodj207 8) spanned the by almost finitely
presented and corepresentable functors. It follows that there are natural equivalences Dt ~ QCY%
and DY'P ~ (QCY)°P. 0

Observation B.22. Given a prestack X, the inclusion
QC} = thpeC(A)—)X QCX — thpeC(A)—)X Funrex,acc(MOdz,ZoaS) ~ Dy

preserves colimits. Since QCY is presentable, it follows that there is a right adjoint Dy — QCY%.
Given F € Dx, we will refer to its image under this right adjoint F*%* as the almost finitely presented
approximation to F. Let us point out that the right adjoints Dx — QCY¥ do not assemble into a
right adjoint D — D,

Let us now use this construction to give a functorial description of the tangent complex.

Construction B.23. Let us write Fun(A!, PrStk)4*f C Fun(A!, PrStk) for the full subcategory of
maps X — S that have deformation theory. We define a functor

®: M xprgii Fun(Al, PrStk)def — §;
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as follows. The domain of @ is the fibre product of the cocartesian fibration M — PrStk from
Construction B.20 and the functor evg: Fun(A®, PrStk)9¢! — PrStk taking the domain. We then
define @ by

Spec(A) z — X
@(x: Spec(4) — X, M, X—>S) = l l |
SPeC(A@M) *} Spec(A) & S

The functor ® is adjoint to
Fun(A!, PrStk)def Fun /pser (M, 8)

evo

PrStk

sending X — S to the restriction ®(—, X — S): Mx — 8. The fact that X — S has deforma-
tion theory implies that ®(—, X — S) satisfies conditions (1) and (2) from Construction B.20.
Consequently, we obtain a functor that we will denote by

Fun(A!, PrStk)def i D
PrStk.

If X — S is laft, then TP*(X/S) is contained in D**. Under the equivalence D& ~ QCY(X),
this corresponds to the tangent complex Tx /s from Definition B.18. If X — S admits cotangent
complexes at all points of X, then TP*(X/S) € D™P and corresponds under the equivalence
DY ~ (QCX)P to the cotangent complex Ly, g from Definition B.18.

From the formula for @, one readily sees:
Lemma B.24. The functor TP™ preserves pullbacks.

Since DP C D is closed under pullbacks, this reproduces for example the well-known behaviour
of the cotangent complex with respect to base change and composition.

Let us now use the functor TP™ to define the tangent complex of a prestack with deformation
theory:

Definition B.25. Let X be an S-prestack with deformation theory. We define the (pro-coherent)
tangent complex of X over S to be the almost finitely presented approximation T'x /g = T)Izr/céaft € QCY
from Observation B.22.

Example B.26. If X is a laft S-prestack with deformation theory, this coincides with the pointwise
definition of tangent complex from Definition B.18. Indeed, since X — S is laft, Tf(r/es is already

contained in D3 C Dx.
Example B.27. Suppose that X is a (not necessarily laft) S-prestack with deformation theory and
a cotangent complex at each point. Then there is an equivalence T'x,s = LY, /s in QCY, where LY /s

is the pro-coherent linear dual of Lx,g € (QCx ) (see Example A.32). Since the right adjoint
QCY — QCy preserves the linear dual of a quasi-coherent sheaf, one can think of Tx /s € QC¥% as



FORMAL INTEGRATION OF DERIVED FOLIATIONS 85

a pro-coherent refinement of the coherator of the tangent sheaf on X, in the sense of [Stal9, Tag
08D6].

The tangent complex T'x/s is much less well-behaved when X — S is not laft. For example,
given a map of S-prestacks with deformation theory X — Y, there is no direct map from T'x /s to
J*Tys. For instance, if X and Y admit a cotangent complex at each point, there is only a zig-zag of
maps LY, /s — (f"Ly, s)Y « fr(Ly /5) because base change does not commute with duality without
finiteness assumptions. Let us nonetheless record the following properties:

Proposition B.28. Let f: X — Y be a map of S-prestacks with deformation theory. Then the
following hold.

(1) There is a fibre sequence Tx )y — Tx;s — (f*T{i;%)aft.

(2) There is a zig-zag of maps Tx/s — (f*T;;Z)aft — [*Ty;s in QC¥.

(3) If f is a formally étale, then there is a map f*Ty;s — Tx/s.

(4) Txss ~Txysp -

If X and Y are furthermore laft S-prestacks with deformation theory, then:

(5) There is natural map Tx,s — f*Ty ;g that fits into a fibre sequence Tx/y — Tx;s — [*Ty;s
in QCY.

(6) Given a morphism S’ — S, there is a natural equivalence Txy  g/s0 = p*Tx;g where
p: X xg 8 — X is the evident projection.

Proof. The first three assertions follow from the natural fibre sequence T)p(r/ey — T)P;r/es - f *Tf/’;es in
Dx by taking almost finitely presented approximations, using that T;r/cy ~0if X =Y is formally
étale. Likewise, (4) follows from the fact that TV o ~ TV .. Assertion (5) follows from the fact

x/s = 1Lx/s0
that Ty /g = T;’;es and (6) follows from the equivalence TV g, 5 = p*T;}r/es, which follows from
Lemma B.24. (]

The somewhat problematic behaviour of Tx,s when X — S is not laft will not be a problem
for us, because we are mainly interested in the co-category (QCX ),y /s of pro-coherent sheaves
over T'x/g. This oo-category is equivalent to the oo-category (QCY%) JTES, of pro-coherent sheaves
equipped with a map F — T;}TS in Dx, and T)p(r/es is very well-behaved.

For instance, each laft map X — Y of S-prestacks with deformation theory gives rise to a natural
object Tx/y € (QCYX) 7y /s> OF equivalently, in (QCY) ST Let us conclude with a functorial
description of this construction:

Construction B.29. Let us fix a base prestack S and write PrStkng’laft*map for the subcategory
of PrStkg whose objects are prestacks with deformation theory over S and whose morphisms are
the laft morphisms between such S-prestacks. Let us write

aft—ms: ft—
& =D xpysi Protkg 1t mer, QCY = D xp,gy PrStkgeH M map

for the evident restrictions. The cartesian fibration & — PrStdeef’laft_map then admits a section
TP sending each X —— T)I?/es. Taking fibrewise over-categories then produces a diagram that we
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will denote by

QC>/T = QCV Xg E/Tpre 8/Tpre

\ /

def,laft—
PrStki” " MP,
At the level of the fibres over a prestack X, this is given by

(QCX)/1y/s = (QCX) Xvx (Dx)jrpme, — (Dx) /e, -

Lemma B.30. The projection QCfT — PrStk%Cf’la&*map is a cartesian fibration.

Proof. Let us first consider the cartesian fibration 7: & — PrStk‘;ef’laftfmap. This classifies a functor
sending X to &x = limgpec(a)—x Funex’acc(Modjg, Sp) and f: X — Y to the evident functor between
limits
e _ + : + _
ffi &y = Specl(l.g;ay Funeyx acc(Mod, Sp) — specl(lg)qu Funex acc(Mod}, Sp) = £x.

Note that each € x is a stable co-category and that f* is exact. This implies that € admits finite
limits and that 7 admits a fully faithful right adjoint (taking the terminal object fibrewise). The
projection & /ppre — PrStkgef’laftfmap is then a cartesian fibration as well: indeed, given a map
f: X Y and F — Tg;cs in &y, the cartesian lift of f in &€ pere corresponds to the following
pullback square in €&:

pre f
TX/S XT{ZT/@X F—F

| |

TR ——— TP

More explicitly, this is given by the pullback T)‘zr/cs X perpie, f*F in the fibre €.
Finally, it suffices that the full subcategory QC\//T C & 7pre is stable under these cartesian arrows.

For this, suppose that F € QCy- C £y and consider the fibre sequence in € x

T)I;r/ey — T)I?/es X perere f*F — f*F.
The base change functor f* sends QCy- to QCY, so f*F € QCY. Since f: X — Y was assumed to
be laft, T)I;r/ey =Tyy € QCx as well so that the middle term is contained in QC¥, as desired. [

Remark B.31. Informally, Lemma B.30 asserts that there is a functor sending each S-prestack X
with deformation theory to the oco-category (QC})/TX/S, and each map f: X’ — X to a functor
fui (QC}/()/TX/S —_— (QC}/(/)/TX//S; (F — TX/S) > TX//S Xfx(T)}z‘“/eS)aft F.

In particular, when f is formally étale, then f*(F — Tx/s) = f*F by Proposition B.28.
If f: X — Y is a map of S-prestacks with deformation theory and a cotangent complex, Example
B.27 identifies the resulting base change functor with f#(F) = Tx/s X(f*Ly, )V f*F, using the

natural map f*(Ty,s) = f*(va//S) = (f*Lyys)”.
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Proposition B.32. There is a map of cartesian fibrations preserving cartesian arrows

Fun(A!, PrStkgef’laftfmap) L QC>/T

evo /

Prstkgcf,laft—map

sending each X —Y to Tx;y — Tx/s. Furthermore, the induced functors between fibres preserve
limats.

In other words, for every square of laft maps between S-prestacks with deformation theory
X — X
Y — Y

there is a natural map T'x/ )y’ — fﬁ(TX/y) where f* is as in Remark B.31. The fact that T preserves
cartesian arrows corresponds to this map being an equivalence if Y/ =Y. We are mostly interested
for in the situation of (locally coherent) derived schemes X (over a base S): the above then provides
a functor sending X — Y a map Tx,y — L}/Y in QCY¥, functorial with respect to laft maps of
schemes X' — X.

Proof. The desired functor arises formally from the functor TP* in (29), using that Tx/y = T;}r/ey
if X — Y is laft (Example B.26). To see that is preserves cartesian arrows, note that TP sends

f re re
X x Ty — TRy
—
[ | |
v oy TR — THs

Here the left square defines a cartesian arrow covering f in the domain. To see that its image is
cartesian, it suffices to verify that the right square is cartesian in &; this follows from the fact that
the functor TP from (29) preserves pullbacks by Lemma B.24. O

We conclude by recording the following property of the induced functors T'x,_ between the fibres.
Proposition B.33. Let X be an S-prestack with deformation theory and consider the composite

Tx/—
W (Prstkg™ ™) ) 25 (QCX)/1y s 2 QCK

where the first functor is induced by the functor T from Proposition B.32 and the second functor
sends F' — Tx /g to its cofibre. This functor admits a left adjoint, sending each F € QC¥% to a map
X — X that is furthermore a nil-isomorphism. In particular, the functor T _ preserves limits.

Proof. Unravelling the definitions, U(f: X = Y) = (f *Tg;cs)a&. To describe its left adjoint, recall

from Construction B.20 that each F' € QCY¥ defines a functor F': Mx — 8 on the co-category of
tuples (z: Spec(A) — X, M € Mod2>0). Let § — Mx be the (cocartesian) unstraightening of
this functor. We then define B

XFp = colim Spec(Ad M)
(A, M)eFor
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as the colimit in convergent S-prestacks. There are natural maps X — Xp — X. The first map is
the natural map from the colimit indexed by the subcategory of F°P on those (A, M) where M ~ 0
is the zero module. The second map is the colimit over the objects of F, corresponding to tuples

(x: Spec(A) = X, M € ModX207 y e F(M)),

of the maps Spec(A @ M) — Spec(4) = X. Given a map f: X — Y to an S-prestack with
deformation theory, a map Xp — Y of S-prestacks under X corresponds to a natural transformation
F— f*T;;% between functors My — 8, i.e. a map F — (f*T}Ii;eS)aft =V(f: X -Y)in QC¥.
Hence, it remains to show that X — Xp is indeed a laft nil-isomorphism and that Xz has
deformation theory. For this it suffices to check that for each z: Spec(A) — X with A eventually
coconnective, the base change x* X r is a laft A-prestack with deformation theory that is nil-isomorphic
to Spec(A). This base change can be identified as follows. Let F, denote the unstraightening of the

restriction z*F': Modj,20 — 8 of F to the fibre of (Mx) Xaf,, {z}. Then
(30) x*Xp = colim Spec(A® M)
MeFg®

where the colimit is taken in convergent A-prestacks. This is clearly nil-isomorphic to Spec(A), as
every Spec(A @ M) is nil-isomorphic to Spec(A). The category F2P is filtered, so that 2* Xy has
deformation theory, being a filtered colimit of A-prestacks with deformation theory.

To see that z* X is laft, observe that for any eventually coconnective animated A-algebra B,
one can either compute the value z*Xp(B) using the colimit (30), or as follows. Let us write
Sqz,p = Modjg’zo xcalgy CAlghy) g for the oo-category of A-modules M € Modjg’zo equipped with
a map of animated A-algebras A ® M — B. Then

*Xp(B) = colim z*F(M).
z" Xp(B) plim (M)
If B is n-coconnective, it suffices to take the colimit over the cofinal subcategory Sqz,, /B S Sz,
of n-coconnective A-modules M equipped with a map A® M — B. Note that Sqz,, /B I8 compactly
generated with compact objects given by

(M,A® M — B),

where M is the n-truncation of a perfect connective A-module; let us refer to such n-coconnective
modules as n-compact. Since x* F preserves colimits of filtered diagrams of n-coconnective A-modules,
one can thus reduce the above colimit to the colimit over the full subcategory Sqz<,, /5 C Sqz<,,/p
of n-compact A-modules M with a map A ® M — B. Equivalently, this means that

7" Xp(B) = Mce();ig‘;%‘; Mapcagan (A @ M, B) =~ Mce()}‘i;%‘; Map,_ calgan (T<n A ® M, B)
where F_, C F, is the full subcategory of tuples (M,y € x*F(M)) where M is n-compact.

We conclude that the restriction of z* X to T<, CAlg%" is equivalent to a colimit of representables
Spec(7<p A ® M) where M is an n-compact A-module. By Lemma 2.20, each square zero extension
T<nA® M by an n-compact A-module defines a compact object in 7<,, CAlg%". It follows that z* Xp
restricts to a functor on 7<, CAlg’" preserving filtered colimits, so that z* X is indeed laft. O
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