
Rational homotopy theory of automorphisms of manifolds

( following Berglund - Madsen )

Overview talk

1) Diffeomorphisms and automorphisms of . manifolds

Let M be a compact I snath ) manifold with
boundary 2M

.

Mapping Class Groups

- Diff fu) : orientation -

preserving diffeomorphisms

f : M → M s .

t
. florid .

( A topological app using
the Whitney topology ) .

- BD iff In ) : clarifying space of Diff IM
,

which classifies (smooth oriented) M - bueller I with 2)

- HEBDiff IN ,
Rl : Sry ke It

.

1B Diff IN
,
Rl

givesinvariant
for µ - bundles on X

,

valued in It
.
( X

,
RI



H
.

I B Diff IMI ,
RI is

very
hard to compute .

€-0
For M = Mg

,
F (g# Sdxsd) I DID and R = Q

,

we know Hh I B Ditfzlmg.
,
I

,
Q ) if k is small compared to g

( 2kt 4cg ) .

Setting U
.

= cohill
. , ,

we have

Theorem :
(Madsen

.

Vein
,

Galatians - Padall -
Williams)

Maita - Miller - hnfad - classes

I

It '

I BDiffdm.nl
, at -

- ACK
. ice

BT
7

monomials
.

np???
,

Pontryagin classes

with dye it ad if us ? 2

of a  i
,

a d if n - o  and s  =/

Open problem : Computing Tax ( B Diffzlhg
, ,

) !



A coarser moduli space
.

.

Homotopy automorphisms

- auto ( µ ) = { f : M → h In ) Hai id
, f a htpyeguiu) e leap

,
!uM , MI

,

equipped with the compact -

open topology ,

is

a topological monoid
.

- Bantam clarifies U - filiations I with boundary 2)

4)

- Any KE It
.

1B artful,
R)

gives
invariant for

µ - foliations on X valued in It
.
( X

,
Rl

There is a sequence

BDiffdul-BDifhb.cm
- Bantz Ml

where B Diffblhlis the topological group ofbloddiffeoswifhTo I BDiffbzlhltfdiffeosu - su fixing 2h) /pseudo isotopy



Main goal
.

.

Compute the rational cohomologyand homotopy groups of
b

Bautz had Bthffdn .
.
.
)

in high dimensions and prove homological stability .

We will need the following
tools :

① Quillen 's dg lie models for rational spaces

C

② Kosal duality .

③ The universal cover spectral sequence



Tool I : Rational lie models for spaces

Fundamental observation :

'

Sax Sb can be obtained from Sau Sb by attaching

an Catb I - all nm . attaching map
Satb - I

- i Sau Sb
.

Given a pointed space
X and two maps

safe , X Sbt , y

define the Whitehead product ( f , g ) as
the composite

Satb - I
→ Saw Sb ↳ X

Ext : For a - b -

- I
,

this is the cantata on IT
,

X

Ex 2 : lids
,

id , ) = 2 y ,

where
y

: 53 - 52 is the Kopf map

If X is a simply connected space ,
the Whitehead

product equips IT
* HI with the structure of

a graded lie algebra .

got



Quillen : There is a functor

#IE
-

-
- → C d. g. LA 's ke }

X

!
-

-

T.HN ④ A - It
. Cgd IH* H

.

-
-

-

S
*

. > a
Graded lie algebras) ¥{ Graded LA 's la }

-&④ T.lt ) C- D

We call g×
the lie model for X

.

.

The category dgla is equipped with a model structure

where ( g ,
d) toCg

'

,
d ' I is a dilation if

,

as graded lie algebras , g
' F

g to Freenet 4 will f -

- inclusion
.

The assignment X 1- g× phones hocelim
.



We give several examples for lie models
.

Examples
T.ge.

gradedlie algebra ma

,

generator in degree n - I
.

• Spheres : g su
=

4x4
for no .

2

This encapsulates Serve 's computationofthe rational homotopy

groups of spheres :

QC a ) if a odd

tilsat④ a = ( Way ①

Aha
. D if a is even

•

Wedges of spheres : 9
y su

- L ( x
,

x:/ ( rational Hilton - Minor )

•

Attaching a cell : given a htpypushout

sat, y s "

!
 in

will fxoa = we L kink
,

we hare
. I

gµ= ( L

Lxii's
It

,
dxi = o

, dy -

-

w )
.



The assignment ( X 1- s gxl preserves products

• Products of spheres :

9%5=-9

six
g sa

is modelled by LLX to Ly ,
o )

A cofihant model of this dg lie algebra is given by

( L ( x
"

, y
"

,
zu -

t I
,

d x -

- o
, dy -

- o
,

dz  
= Cx

. y ) ) I

° Product of space
and sphere

let g
= ( LU

,dy) beacefihant model for a so
. space

Y

Then She,
Y has lie model g

I g
=k¥4,dy )

"
t

.

.
.

?
. . .

, ↳ product in lie algebras

To obtain a
lie model for 544

,
we must glue in higher

cells ensuring
that if ye LU has dy -

- o
,

then Ex
, y )isa boundary .

a f higher cells .

Set g××E ( Ux to V touch - Dl
,
21

To define 2
,

consider the

inclusion
2 : LV - Ux to u touch - D )

the 2 -derivationS : L U →LlxtoVtoVfh-D1@Ca.b3l-Esa.b
) - it - H'

" "  "ha,
SD)withSlu ) = U Ck - D

and set

2*0
,

2ft
-

dy
ly) for ye LU

24
Ch -

BIX
, y

) t

t
- Hh

Sldylyll



•

Simply connected corners of Bout -

spaces .

Fix a cofihatia A - X of s
. a

. file Cw ox 's

modelled by a cefihatia.gs -

sgx between afihatdgla 's
.

We here the following result

Theorem I Tanner )
~

The simply
connected cover B : - B antsy of Bantam

' is modelled by the dgla go -

Dergglgxlt
with

Dergglgx { O :*-

gx.ee/OCxcD--ldx.yItHMYx.ey3

,
Olga - O }

with differential DO -

- doo - C - Hold od

and bracket C O
, y ) - Oo y

- I -1110117
'

god .

and

* Der
. lgxli if iz 2

Dagalgxli
= ( hayed

: Degaton ,

- BergdahlMy! o .

O



For instance
,

take A = *
.

For k > I
,

we here

Whitehead - ,
~

product Thet
Bath Xl I ④ On = Hh ( Brgacg .lt/

It

y.aiatop.gr . The!Bat
.

(4) ④ Q It
'

a

It
"  "  "  

IT ( out .CH/ ④ a ⇒Ha I Rergalgxll
Spandau h

e

How is P defined ?

let gx-flb.dk/ .

Given f : Sh → ant
.

HI
,

we obtain a map
Sh x X → X modelled by

( Ll x to Uto uh - A )
,

2) - ( UH
,

d)

Then fly ) is repeated by the derivation

L ( VI -53 Ux to Uto UCHI) → 44

Exercise : A IX ga
- gx

Using that Is as
n is modelled by

Ixion-14%5 ,
dex!

show that outplay is rationally contractible
.



Tool 2 : Kosak duality
Natural question : Given a s

.

c
. space X

with
lie model g x

' (g. all
,

what is It
* ( X

,
On ) ?

Using that the koszul dual of the Lie opened

is the combative opened ,
we will prove :

It
. ( X

,
Q1 =

HIE
Cg × ) -

-Toru! "
la

,
a ,

where HCE (
g ×

) denotes lie algebra homology
,

which

can be computed using the Chartley - Eilenberg complex

CE ( g. d I = C Syne Igc Dl
,

S)

S ( L x
,

I
.

 -
I xD I = qq.net

" -  
"

P "

x
,

:
-

xi ,
dxixie

.

-

-

'

Xa

c- &
-y

Pi (pi .it .  . tf ,
I

Kic je u
ki -

Xi - exit
,

'

. .

: Xj . Exit ;) xj.ci Xn



Tool 3 : The Universal Cover Spectral Sequence

Lf X is a CW complex with universal cover I

there is a spectral sequence of

signatureEfg - Hp I Tix
,

Hgl Fall⇒ftp.iglx/
.

This is a special case of Grothendieck 's composite

functor spectral sequence .

-

o compute the homology of X - Bautz IMI
,

we will implement the following strategy :

I Find a rational lie model for the universal cover IT

2 Compute H
*

IT
, A) = It ?- Igel as a

T
,
X - module using

Kosal duality

3 Compute the
. group homologyH

.

( Tix
,

Hill
,

all
,

study differentials In the universal cover spectral sequence .



Back to manifolds

Let M be a ( d -  - connected manifold

of dimension 2d > 2
.

We record several simple facts :

'

- µ simply connected ⇒ te orientable ⇒ Poincare duality
holds

.

- As he is (d - H connected
,

this shows that H.IM
,
21 is simple :

Hi In
,

a ,=/"

.

it i = o
, za

Is if i =D
\ o else

.

- Given an embedded ball DM - M
, pick a basis

&
,

.  - -

, th for the middle -

dimensional homology -

- homotopyTld
( MID4.) = Hd ( MID 'd

,
2) -

Hdmi
)

Whitehead 's theorem gives an equivalence

Ii
,

Sd E,

ten
= : N

Writing we IIe ,ist) for the class corresponding

to the inclusion of the boundary of D 'd into N

- The homotopy typeof M is determined by the

following (homotopy) pushers : SY'T ¥sd
but ii



The abelian group V = Hd IM
, 2) is equipped

with the intersection paining .

Pick a dual basis I
,

- . -

,
In to d.

, → da
.

Theorem :

(1) The boundary class we Itza ,
( Sd ) ④ Q

is given by w = I €
,

Hi
,

E )

I 21 The lie models of le and N = MiB 'd

are givenby

g µ
- I Feel x. Ha , yl , Sy -

-

w )

g N
= ( Fueelxinxal

,
O )

131 The lie model of BIN ) is formal

and given by ①erj KU )
,

O )
,

where V is concentrated in degree d- I
.



Back to N = Mg ,
= It ( Sdx Sdl ID 'd

Set Vg = Hd ( leg
,

, ,
Q1 and rg = but ( Vg

,

c .

,
- s )

( = Ogg for d even

Using Kosal duality and our lie model for BME, I
,

we observe

H
*

( Banting
,

Q ) E Hie I Der I lug D)

Fact .

. This isomorphism is IT
,

I Bautz Ing , ,
D - equivariant,

where the action on the RHS uses the canonical morphism

IT
, I Banting .

.
It → Tg

" "

To I auto tug . ,11¥but l Hd lug
,

,
,

al
,

c-
,

- s )

Theorem ( Berglund - Madsen) : The kernel of ④ is finite .

'

C

-



As the rational homology of finite groups
vanishes

,
we

Can rewrite the Ez -

page of the universal cover spectral

sequence in terms of Pg :

ftp.g-Hplrg , HIE l Deihl Lugh) ⇒ It
peg

I BantaMg
,
it

, a)

To establish homological stability ,
we need the following

general
result :

Theorem ( Charney ,
Vogt man I

If P : Ab → Ab is a polynomial functor on

abelian groups of degree s l ( ie
.

PI - k¥91 !
? !qui

- Fh )

then Hqlrg
,

Pl Hgh → Hg life . ,
Pl Hg all

is an isomorphism for all g s 2 q the 4
.



Berglund and Madsen apply this theorem to the

"

modified
" Ez -

page ftp.g-Hplrg , HIE I Dahl ugh)
.

Using

Bid
- vanishing , they prove

.

.

Theorem ( Berglund - Madsen)
.

( let d 23 ) .

( 11 For g
> 2kt 4

,
the followingmapis

'

an isomorphism :

Hal Bantz Ing
,
it

, a) → Hh I Bantz Inga
,
it

,
Q)

121 Writing

My ,
= Colin Mg , ,

,

f
,

= colin Pg
, go=ceding g

for gg
= Brill Lug )

there is an isomorphism

HMB after .
.

HEH 'T f
.

,
a) ④ Heel ¥ . I

"

\

The factor Ht I E
, G) is known by a result of Bad

,

and HIelg.TO can be computed using graph cohomology
.


