
 

Solid Modules

1 Motivation Part I

The theory of solid modules does not clearly
represent a classical object 1 construction
But at least the motivation behind it
does ms completion

ContLAH Excellent Categorical Properties
Computation of Hom Ext
with good results

But things break when forming tensor products

What cond ab gp structure shell we equip 2402,24
with
Note This is a defect already present in the
classical theory and part of themotivation for
considering completions of tensor products of topologicalrings

II Eye towards analytic geometry
ms Need to consider rings of corn powerseries

Ex A ZEINUsos ee p The underlying ring of
A is equipped with an element TEA with
T T2 1 0 ms polynomial algebra

ZET



As we are used to by now whenever such

difficulties occur there exists a construction with
excellent categorical properties to resolve them

Motivation Part II vs structure of free cons alegp
finite

Proposition Jet S Lim 5 be a profinite set
In let ZES en CZES consist of the formal
sums Fees Ns43 s t Z Inst E n

Note IES en is a finite set the transition
maps ZES DES preserve these subsets

There is a natural isomorphism of cont abelian
groups

2 IS E UnLing2Esienctirinzes

Remark 2153 is a countable union of profinitesets
µ fizzes en is a subsrael of tie Zhi

gf.ESyotmZ3y
Proof Sketch Step 1 show that ZED fins Desi
is an injection
Step 2 Show it factors through a surjection
ZES UnLim IES en



The map of underlying abelian groups is
injective
For any finite formal sum n Es with

SjES nj 0 there exists some 5 where the
images of the Sj are all distinct

K
Then I n Es projects to a nonzero element of 2Esi

j L

Now assume f i s O eLim ZEE ITU
ZEC LTSI

then VteT f It in ZEST is 0 by inj of underlying edges

By the sheaf condition it suffices to show
that the preimage of f vanishes on IEC CtmSB
for some cover of T by profinite sets Tm

f NjEg g it S distinct continuous

Choose Tj CT be the closed subset of T
where Og 9



It is a cover otherwise for some tet the
go.lt s are pairwise distinct

Z NjEglet c ZED non trivial

Now by passing to the cover we reduce the
number of the gj's

proceed by induction

Note There is a map 5 tins Unlie 2Esisen

from which we get a map 263 Y lie Zesisen

Suffices to show it is a surjection
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2 Definition

We now have a canditate for how completion should
behave on the free cont ab groups ZES s

us
ZEDO.si clips ZES

freesolidabeliangroup

This is already promising since it addresses partof the
motivation
Looking at centerlying space

21E INV oo Ceos o Lim 2110,1 in 1,00311easeof
n

lim ZET ZEIT us power series algebra
or

We will now counterintuitively use thedesired universal

property of the ZEDO.si to define solidabelian groups
in general

Definition lit A solidabelian group is a
condensed

abelian group A such that for all profinite sets 5
and all maps fi S A there is a unique map

I 215dB A

extending f



J

3 Free solid abelian groups are solid abelian groups

Note zest Ii 2ESi3 lm Hom Isi 21,2
Hs is

2 11 21
Isil Isil

Hom 1115,21 2

The underlying abelian group of ZEST is the

space of all 2 valued measures on the retinite
set 5

MLS 2 E Hom US 21,21

Remark For a solid abelian group A f S SA

p t MIS 2 we can define

ffp c A

by evaluating F zEs30 A Lcarefulwith interer

Before saying anything meaningful about 2Est
we thus need to first control S Z

theorem Nobeling Specker

For any profinite set S the abelian group 5,21
of continuous maps from S to Z is a free abelian

group



J

obvious for finite sets
quite surprising that C15,21 Of 2 with

III E 2
s

Corollary 243 E LIZ
Proof IES Hon Cls 24,2 E Hom 2 2 ELIZ
same behavior as finite sets

Proposition For any profinite set 5 21553 is solid

Proof we will prove sth stronger namely for
all profinite sees T we have

RHom ZE13,2830 RHom ZED ZED B

DES ELIZ for some I so suffices to show

RHom LIE 13,2 RHomlZE1392

LHS Ext 12273,2 Hilt z
0 for i o

C IT Z for i O
SH

Z
J
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RHS we will use the computations from Rodrigo's talk

RHom lLIZ 2 Ota CLS 2

Starting with the short exact sequence

0 TIZ LIIR II11212 so

we note

RHom l ti Ma 2 Ot2E I

RHom l IR Z 0

Recall that we had seen RHom 112,21 0

RH om CIRO M Z 0 it cord ale gpsM
Take M FfIR ms IR module in cordIAA

In particular II IR is a retrace of 1120 Ifor and
the conclusion fellows

RHom l 2,2 2 Cls 2 Bad



H Main Theorem

the category Solid CContcAH of solid
abelian groups is an abelian subcategory
stable under all limits colonies and extensions

the objects III c Solid where I isany set
form a family of compact projectivegenerators

The inclusion SolidCContCAA admits a left
adjoint

M MB contCA6 Solid

that is the unique colimit preserving extension

of 21153 2555

Proof strategy Isolate key categorical
property Nain Lemma

Show how main Lemma
applies in our setup



5 Main Lemma

Let A be an abelian category with all eolimits
to be identified later with ContCAb

that admits a subcategory Ace of comp projgen
Assume that F A A is a functor
us to be identified later with 22531 52553

equipped with a natural transformation X FIX

ins injection ZED 7255dB
such that

Condition For any Xe Aceany Y Q FlPil 2 10 FLQ
and any fi Y 5L with kernel KEA the map

RHom FIX K RHom X k
is an isomorphism

Let AFCAbe the full subcategory of all Yet
5 t for all X E A the map

Hom FIX Y Horn X Y
is an isomorphism us to be identifiedwithSolid

then AFCA is an abelian subcategory stable under

all limits colimits and extensions and the objects
FIX Xc A are compact proj generators The inclusion
AFCA admits a left adjoint L A AF that is the
unique colimit preserving extension of FAce str



Main idea behind proof

Defining condition on A Fms stable underkernels
and all limits

C Y

j
Fcc

For cokernels Jee f Y S2 in Ap WTS cokerfeAF

Choose Otp 2 by compact projectives
By Jet of A this extends to to FU 2

gFLQ ssZ CfFCP
a b v
Y 2

We can thus assume that 4,2 are sums of objects
in the image of F

O K S Y 52 Q O

RHom FK K RHom X K
RHom Fix Y RHom X Y RHom FM Q RHomLXQ
RHom FIX 2 RHom X 2



We showed that every cokernel of a map
between direct sums of objects in the image of Flies
in AF

Conversely let YcAF

QQ Ot P o Y cAr
Flo y

T
j J v

K 7Ot FlPi
f
Af Af

Y can be written as Coker QFLQ Ot FlPd

Ap is stable under direct sums and centerextensions

The theorem follows formally after getting this
description of AF

gg
implies previousconditionby
taking a resolutionof K by

compproj
Note We can replace the condition of the lemma
with the following
For all Xet and any complex

Ci sci s C co 0

where all Ci are direct sums of objects in the imageof F
RHom FK C RHom X C

is iso 1 35



6 Proof of Main Theorem

We apply the Jemima above to A CondCAD

A the subcategory ofTees for S extremelly disconnected
F d e A taking 21531 ZEST

Why is Fa functor ZES Hom CLS21,2
Hom Hom121553,77 Te

funitoriol in IES

Our goal is to show

RHomlzes C RHom 263 C
Cj OfZIT T extremally disconnected

In fact more is true

RHom1263ha c 1st RHom 215 53 C
C to Z S S profinite

The key ingredient of the proof is to use the exactSeg

O MIS 2 MIS IR MCS 1221 so
15

zees Hom 45,2 Z Hom 15,211,112

Mls 112 II IR MLS 112121 E II 112121
then show that
RHom Mls 11212 C s RHom 26 53 c E I

for all profinite sets S S 1 45



Remark Warning on IR

As a condensed abelian group IR is pseudocoherent
Recall this is characterized by the following equiv
conditions 1for pe M

I Ext LM commuteswith filtered

co limits for all i

2 M admits a proj resolution by
compact projective condensed abelian groups

pseudocoherence of IR follows from 0 2 3112412120.7

We have seen that

ZEST Hom Cls 21,2 Hom Hom 263,21,2

Thus 12 implies that for all pseudocoherent
cont ab groups M

M Hom I HomLM 27,2

IR O
ms motivating input for liquid theory
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7 Completed tensor product

Theorem There is a unique way to endow Solid with
a symmetric monoidal tensor product such

that the solidification functor
Mi Mat CordIAH Solid

is symmetric monoidal

Proof
symmetric monoidal uniqueness since

our only possible choice is M Q N MON

This choice works NTS MON M aNB

M NIB MB N IM N

Assume M 2163 N ZET call functors here

preserve colinits
WTS ZET xs s 243 02513 is iso

w
Solid

But we know Hom ZED A IT Hom 263 A LH
SH SH

Hom 243 02513A Hom 21613A



8 Examples
To do any computations note that commutes

with filtered c limits in both variables
solidification is colinit preserving and symmetric monoidel

After resolving with compact projectiles we need to

control LIZ 0.152
Prop IIaotIz ELI 2
Proof LIZELIZ Hom of 2,2 HomLota 2 E

E Hom ELS 21,2 Hom_ LT 21,2

2Es ZET 215 13 E II 21

Examples
zf.jopiT

IpQB112 0 O ZEEB
T e
24733 324 SO

ZEND0002ft133 ZEEVTD

2g 0 255133 244133

Ip 0 24 24
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