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Jacob Lurie David Lukas Benjamin Brantner

The Lubin-Tate Theory of Spectral Lie Algebras

Abstract

We use equivariant discrete Morse theory to establish a general technique in poset topology and
demonstrate its applicability by computing various equivariant properties of the partition complex and
related posets in a uniform manner. Our technique gives new and purely combinatorial proofs of results on
algebraic and topological André-Quillen homology. We then carry out a general study of the relation between
monadic Koszul duality and unstable power operations. Finally, we combine our techniques to compute the

operations which act on the homotopy groups K (n)-local Lie algebras over Lubin-Tate space.
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Exposition

Homotopy groups measure how spheres can map into a given space X. They constitute a powerful invariant
7 (X) which detects equivalences between CW complexes. However, this invariant is not complete — for

example, the spaces S? and S3 x CP> have the same homotopy groups but are not homotopy equivalent.

One strategy to address this issue is to reveal more structure on 7, (X ). Whitehead observed in 1941 that any
two maps f : S* = X, g:S°% = X from spheres into a space X give rise to a third map [f, g] : S°T°~1 — X.
This Whitehead product gives m>2(X) the structure of a graded Lie algebra. On m(X), it recovers the usual
commutator. Even though the Lie algebra m>2(X) can distinguish between the spaces S 2 and S% x CP*, it

is still far from a complete invariant.

Any space X has a so-called “arithmetic decomposition” into an infinite number of pieces: There is one
component Xg for the rational numbers and, for each prime p, a component Xz/v\ corresponding to the finite
field Fp. In 1969 [Qui69], Quillen used the Whitehead product to model the rational homotopy type Xg of
any (simply connected) space X by a differential graded Lie algebra over Q. It is natural to ask whether or

not similar “Lie invariants” exist for the remaining components Xzf — to date, this question remains open.

Reminiscent of a prism separating a natural ray of light into its con- XQ Xé\ X§ Xé\

stituent pure colours, chromatic homotopy theory decomposes each D1 X5 | D1 X5 | X5
Do Xy | Do X3 | Do XE |
D3 Xy | D3 X5 | P3XE |

space XZ/,\ even further. For every natural number h, one can define

a space @hXZf called the “vp-periodic component” of Xz/?\' Here @, is

the Bousfield-Kuhn functor. Figure 1: The various periodic
components of a space.

In 2012, Behrens and Rezk [BR15] generalised Quillen’s construction and attached meaningful Lie invariants
to the various components ®; Xy, of any space X. Their construction has been studied further in work by

Heuts and Arone-Ching — we refer to [BR17] for a comprehensive survey.

The new invariants for ®,Xp, are Lie algebras in K (h)-local

spectra and therefore defined using the partition complex |I1,|.

The k-simplices of this simplicial complex correspond to chains

264 324 [xo < -+ < z] of finer and finer (proper nontrivial) partitions of

Figure 2: The partition complex Tlj. the set {1,...,n} — the symmetric group ¥, acts naturally.

Our work was spurred by the following complaint: unlike Quillen’s rational Lie models, K (h)-local Lie
algebras are computationally intractable since their homotopy groups are modules over the mysterious ring

of K(h)-local homotopy groups of spheres.



We address this objection by using Lubin-Tate theory (often called Morava E-theory), a homotopically
enhanced version of Lubin-Tate space from number theory. This is a coherently commutative ring spectrum F
with a maximal ideal m and an action by the (big) Morava stabiliser group G, which is a Galois twist of Of

for D the division algebra of Hasse invariant % over Q.

Writing Modgpgm) for the category of K (h)-local E-modules with G-action (see Definition , work by
Hopkins—Ravenel implies the existence of a descent equivalence Spg (p) = Modgpé(m) to the aforementioned
category of K(h)-local spectra (cf. [Matl7]). We therefore propose Lie algebras in Modgpé(m) as modular

analogues of Quillen’s d.g. Lie algebras over the rational numbers Q.

In this work, we compute the operations which act on the homotopy groups of Lie algebras in Modgp .
There is a Lie bracket, an action of a new ring H"¢ of “Hecke operations”, and a nonadditive operation 6,

and these all interact in interesting ways.

In order to prove this theorem, we shall take a scenic route, unravel unexpected connections to other branches
of combinatorics and geometry, and discover several substantially different results of independent interest

along the way.
In Chapter 1, we give precise statements of our main results.

In Chapter 2, we introduce new combinatorial methods to study the equivariant topology of the parti-
tion complex and related spaces. More precisely, we use the equivariant discrete Morse theory of Forman
[For98] and Freij [Ere09] to define an algorithm whose input is a finite lattice P with group action and
a list (Fy,...,F,) of functions and whose output is an algorithm collapsing a usually large subcomplex
of [P — {0,1}| in an equivariant fashion, hence producing an equivalence to an indexed wedge of simpler
spaces. This algorithm is of independent interest. The simplest nontrivial instance recovers a strengthened
version of results by Bjorner-Walker [BWR83], Kozlov [Ko0z98|, and Welker [Wel90]. Using this machinery,
we compute the simple homotopy type of the fixed point spaces |II,,|¥ for general H C ¥, in terms of
subgroup complexes, give a purely combinatorial proof of a strengthened version of Arone’s formula [Arol5]
for Young restrictions of |II,,|, and offer a formula for the parabolic restrictions of Bruhat-Tits buildings. We
introduce a general technique for the study of strict orbit spaces and apply it to deduce vanishing results for
strict Young-quotients of |II,,|. We fill these computations with more conceptual meaning by establishing a
surprising connection between strict Young quotients of |II,,|, commutative monoid spaces, and the algebraic
André-Quillen homology of ordinary commutative rings. Using this, we recover a splitting of Goerss [Goe90)]

concerning the algebraic André-Quillen homology through entirely different combinatorial means. We then

1The interaction between our operations and the G-action on the homotopy of Lie algebras in Modgpcéf(m>

is determined formally.



link our computations to topological André-Quillen homology — this will later allow us to study operations

with many inputs acting on the homotopy of spectral Lie algebras (see Definition [4.1.11)).

In Chapter 3, we introduce a general technique to intertwine unstable operations and monadic Koszul duality
under certain Koszulness assumptions. More precisely, we study the relation between unary operations on
algebras over a monad 7" and unary operations on coalgebras over the Koszul dual comonad KD(T'). Along
the way, we generalise and simplify the (completed) algebraic approximation functors of Barthel-Frankland
[BF15] and Rezk [Rez09]. This chapter is complemented by Appendix D on p in which we discuss the
relation between Lurie’s Koszul duality for monoidal co-categories and more classical instances of Koszul
duality, namely the Yoneda product on Ext-groups and Ching’s comultiplication on the Bar construction via

tree grafting.

In Chapter 4, we use our technique from Chapter 3 to construct an additive action of the ring H" of “Hecke-
like” operations (see Deﬁnition on the homotopy groups of every K (h)-local Lie algebra over Lubin-Tate
space. We then define a further operation 6 and prove that it satisfies a congruence ¥(z) = [z,z] + 2 - 6(z)
for some “Adams-like” operation ¥ € HM¢. We then compute the various the relations between these
operations. Using the EHP sequence and our work in Chapter 2, we prove that, up to completion, we have

produced a comprehensive list of operations and relations.
Our work has informed two subsequent collaborative projects (which are not included in this document):

In joint work with Arone, we set up an EHP sequence for strictly commutative monoid spaces and use it to
decompose the strict Young quotients of the partition complex into atomic building blocks X|IT,,[* Ay, (S7)nn

for 7 odd. Notably, defining the Hopf map in this sequence seems to require the use of point set models.

Together with Heuts (cf. [BHILT]), we study Goodwillie towers on wedges (generalising [AK98]) and cofibres
and use this to produce counterexamples which show that v,,-periodic Goodwillie towers are neither finite nor
convergent on wedges and Moore spaces (this was unexpected as they are finite and convergent for spheres,

as proven in [AM99]).



Chapter 1

Statement of Results

The body of our thesis is divided into three chapters: We first use combinatorics to study the partition
complex, then establish a general framework for the comparison of topological and algebraic Koszul duality,
and eventually compute the operations on the E-theory of spectral Lie algebras (see Definition . We
outline the results of Chapters 2, 3, and 4 in the three self-contained sections of this introductory chapter and
invite the reader to jump to whichever interests her or him the most. In the four parts of our Appendix, we
first review completion, tensored oco-categories, and graded algebraic theories, and then discuss the relation

between oo-categorical Koszul duality and more classical instances.

1.1 Discrete Morse Theory and the Partition Complex

The equivariant discrete Morse theory of Forman [For98] and Freij
[Fre09] gives a systematic way of collapsing complicated simplicial

complexes to points by iterating elementary collapses. Figure 3: An elementary collapse.

We restrict attention to specific complexes: given a finite poset P with an order-preserving action of a finite
group GG, we can attach a G-simplicial complex, called the order complex, whose vertex set V is given by the

elements of P and whose face set F' consists of chains [yg < -+ < y,] with y; € P.

FEzample 1.1.1. The symmetric group X, acts in an evident way on
the poset of proper nonempty subsets of {1,...,n}. The order com-

plex of this poset is the doubly desuspended representation sphere

Figure 4: The representation 577 =2 corresponding to the standard representation o, of %,,.

sphere S74—2



A finite G-poset P is called a G-lattice if any two elements have a meet and a join.

Given such a lattice, we define an algorithm that simplifies the order complex of the poset P := P — {(A)7 i}

obtained by removing top and bottom. In order to state our theorem, we introduce the following notion:

Definition 1.1.2. Let P be a finite G-lattice with face set Fp containing nondegenerate chains [yp < - -+ < yn].

A function F': Fp — P is called an orthogonality function if

1. F is G-equivariant and increasing (i.e. y < F(o) for all chains o € Fp containing a vertex y).

2. For any 0 = [yg < -+ < ymm] € Fp and z > y,,, the following subposet is discrete:

{ym <y <z|yAF(0)=ym, yV(Flo)Az)=2}

Lists F = (Fy,..., F,) of orthogonality functions are examples of orthogonality fans (see Definition for
this more general notion), and there is a notion for when a chain ¢ = [yy < -+ < y,] is orthogonal to F,

written o L F. We use discrete Morse theory to prove:

Theorem [2.2.10| (Complementary Collapse). Let F = (Fy,..., F,) be an orthogonality fan on a finite

G—lattice P with Fl([ﬁ]) #* 0,1. Then there is a G-equivariant simple homotopy equivalence

Pl N Py  AMPhoan A AP |° AP, I

[yo<-<yr]|LF

Here ﬁ(mb) denotes the subposet of elements z with a < z < b and X© stands for the unreduced sus-
pension of a space X. An equivariant simple homotopy equivalence is an equivalence which can be ob-
tained by iterated elementary expansions and collapses (see Definition . This is a special case of
an equivariant homotopy equivalence. Applying our theorem to the single function F' with F (O) = ¢ for
some fixed point = and F(y) = 1 for y > 0, we recover a common generalisation of results by Bjorner-

Walker [BWS3], Kozlov [K0z98], and Welker [Wel90].

Complementary collapse is a powerful tool, and we will now illustrate some of its applications. As before,

we write II,, for the partition complex on n elements. Given a subgroup G C X, it is natural to ask:

Question. What is the Wy, (G) := Nx,, (G)/G-equivariant simple homotopy type of |I1,|% 2

If G acts transitively on {1,...,n}, then a result of Klass identifies |IT,,|¢ with the opposite of the poset of
subgroups {H C K C G} for H the stabiliser of {1}. For general subgroups, the question is more difficult.
We introduce some notation. If X is a pointed H-space for H C G a subgroup, then we can define the

induced G-space as Ind%(X) = G Ay X. A subgroup G C %, is said to be isotypical if all its orbits are



isomorphic G-sets. Complementary collapse can then be used to reduce the general case of the above question
to the well-understood transitive setting:

Theorem If G C X, acts isotypically on {1,...,n}, we may assume after relabeling that G is a
transitive subgroup of ¥4 2, E;% C X, ford|n and A the diagonal map.

Then there is a Wy, (G) = Ny, (G)/G -equivariant simple homotopy equivalence

Ws,, (G)

e ~
1L, | - Indwzd(c)xz%

(Tg|%)° A [ITs ]

Lemma If G acts non-isotypically, then |I1,|% is Wx, (G)-equivariantly collapsible.

Our statements about fixed points can be combined with Proposition 6.2 in [ADLI6] to express the fixed
point spaces of |II,,| under p-subgroups in terms of Bruhat-Tits buildings. We recall:
Lemma (Arone-Dwyer-Lesh). If G C X, is a p-group, then |I1,|¢ is W, (G)-equivariantly contractible

unless G is elementary abelian and acts freely.

Corollary [2.5.19L Let F’; C X, be an elementary abelian p-group acting freely with ¢ orbits. Let Aﬂ:}F’; =

ngk (]F’;) be the affine group and write Aff]k‘gzze = Ny, (IF’;) There is a simple equivalence of Affp;zzg—spaces

Aff i
PRz,

k
L[> = Indyg V)5, ( BT(F})[° A |H;3|)

Here BT(F’;) denotes the poset of proper nonempty subspaces of JF’; .

We invite the reader to observe Remark clarifying the relation of Lemma [2.4.3] Theorem [2.4.2] and
Corollary [2.5.19| to the work of Arone and Hausmann.

We can combine Corollary with HKR character theory [HKRO0] to compute the rationalised Morava
E-theory of homotopy quotients of |IT,,| by Young subgroups and hence understand the rationalised E-theory
of free spectral Lie algebras on finitely many generators in degree zero (as modules). But one can do better.
Complementary collapse gives a new, algorithmic, and purely combinatorial proof of a “simple homotopy”
version of an equivalence of Arone [Arol5]:

Theorem Letn =ni+---+ny and g = ged(nq,...,ng). Then there is a Ly, X - - X Xy, -equivariant
simple homotopy equivalence

X%

I, — Tndy e (57190 Doa A JTT,)°)

d ‘ g n
ni
B(Fss

=

)

&

Here B(my,...,my) denotes the set of Lyndon words (see M) in k letters involving the it" generator m;

times and S°* denotes the standard representation sphere of ¥4.



We can also give an asymmetric decomposition for Young restrictions of |II,|. We fix a Young subgroup
Y4 XX¥p, XX Xp, CX,. Complementary collapse implies:

Theorem [2.3.15| (Breaking Symmetry).
There is a stimple homotopy equivalence of X4 X ¥ g, X - -+ X X, -spaces

I, — \/ nglAl A oA SIAS A T )0
A=A 1] 11 A, Ai#0

fi:A; B
8.1 im(fi41)Cim(f;)
Partition complexes can be thought of as Bruhat-Tits buildings over “the field with one element”. In this
heuristic picture, Young subgroups correspond to parabolic subgroups. Complementary collapse also has a
nice consequence for Bruhat-Tits buildings. Let V be a finite-dimensional vector space over a finite field k.
Fix aflag A = [4g < --- < A,] with associated parabolic Pa. Choose a complementary flag B with parabolic

Pg and intersecting Levi Lagp = Pa N Pg. Complementary collapse implies:

Lemma|2.3.17, There is a Pa -equivariant simple equivalence | BT (V)| & Indf“:B (ZT /\:iol | BT(gri(B))P) .

Here gr'(B) denotes the i*" graded piece of the flag B.

Work of Arone raised the following question (cf. [Arol5]): What is the homology of |IL,,|/3,, X -+ x X, ?

We first study orbit spaces in general and introduce a new colimit decomposition for G-spaces and their
approximations for G any finite group. Fix a subposet C C cclg of the poset of conjugacy classes of G and
write D for the opposite of the category of nondegenerate simplices of C. Given a chain (Hy C --- C H,,) of

subgroups, we set Ng(H) := N;Ng(H;) and Wg(H) := Ng(H)/Hp.

Lemma|2.5.14, The map colim \/ EWg(Ho, ..., Hp)  AXTm | = X is a C-approzimation
Ko CKmleD\ ) Yo

Hm €Ky
HoC-CHp,

(in the sense of [ADO0I)]).

Ezample 1.1.3. For any X3-space X and C = ccly,, we write X3 = X2 3 and obtain a homotopy colimit

Inds? ((EX2)4 A X79) (EX3) A X
\ | \
Indg? X2 X%
Inds ((EEQ)+ A XE2) (EX3)s A X
Inds? X2 X




One can use this to deduce the following helpful result for maps between strict orbits:

Lemma [2.5.16] Assume that f : X — Y is a map of G-spaces such that for all chains of p-subgroups

HyC---C H, CG, the following map induces an isomorphism on H.(—,Z):
(EWa(Ho, ..., Hp)y AX"™)) Ne(Hon. i) — (EWa(Ho, ..o, Hi) 4 AY ™)) NG (Hono )

Then f1q : X/a — Y)q induces an isomorphism on H.(—,Z)).

We go back to the homology of |IL,|/%,, X --- x 3,,. By the decomposition result for Young-restrictions,

it is enough to compute the homology of spaces S|IL,|* Ay (S7)"".

Our Lemma [2.5.16| for strict orbits can be combined with computations of Arone [Aro06] (cf. [ADLI6]) for
homotopy orbits to see that for p a prime, j even and n # p%,2p® for all a, or j odd and n # p* for all a,

the homology group H., (|IL,|° Ay (S7)"",F,) vanishes.

A new conceptual insight is required to cover the remaining cases. We consider the pointed co-category
CMon""Y of strictly commutative monoid spaces augmented over S°, the monoid with two elements 0 and 1.
Any space X gives rise to an augmented commutative monoid space S°V X by declaring that a-b = 0 unless
a=1or b= 1. This is the trivial square zero extension of S° by X. There is a natural notion of André-
Quillen homology, denoted by AQ, for these commutative monoid spaces. The André-Quillen homology of

trivial square zero extensions is intimately related to strict orbits of the partition complex:
Lemma [2.6.12, If X is a well-pointed space, then AQ(S°V X) =2 \/, o, S[IL,[° Ay X"

Given any ring R, we can apply the reduced R-valued chains functor C'.(—, R) to a commutative monoid
space X and obtain a simplicial commutative R-algebra. Heuristically speaking, we base-change from
to R. This operation sends the trivial square-zero extension S° V X to the trivial square zero extension
Re C’.(X , R). Moreover, it intertwines AQ for strictly commutative monoid spaces with the usual AQ for

simplicial commutative rings:

Lemma|2.6.10} For any augmented monoid space X , we have an equivalence C’.(AQ(X), R) = AQR(C(X, R)).

This shows that the R-valued homology of the space \/n21 UL Ay, X An computes the algebraic André-
Quillen homology of trivial square-zero extensions.

Our computation of Young restrictions of |II,,| via complementary collapse therefore gives a new proof of
the Hilton-Milnor splitting (cf. Corollary for the algebraic André-Quillen homology (due to Go-
erss [Goe90] over Fz). We find it remarkable that our purely combinatorial technique has this nontrivial

consequence in derived algebraic geometry.



1.2 Background on Operations

We will give a brief survey of the study of operations on highly structured objects and introduce necessary
context and notation along the way. We encourage the impatient reader who is interested in our work
concerning operations on Lie algebras to jump directly to the Section and then proceed to Section
If the reader instead prefers to learn about our results relating algebraic and topological Koszul duality, we

recommend jumping to the Section and then proceed to Section 1.3

1.2.1 Operations and Geometry

We begin with an elementary problem:

Question. Are there 2 linearly independent vector fields on S°?

If this happens, then the map RP%/RP? 255 projecting off to the top cell must admit a section s. In
order to find obstructions to this being possible, we can apply (reduced) singular cohomology H*(—,Fs). If
we think of this functor as landing in rings, then we cannot spot an obstruction. However, the cohomology
of any space has more structure: it forms an unstable algebra over the Steenrod algebra. The top class
x5 € H3(RP®/RP2,Fy) can be expressed by applying the operation Sq? to the class 3 € H3(RP®/RP2,Fy).
This implies p.(z5) = S¢*p«(x3) = 0 and hence a section cannot exist. This technique can be pushed further
to prove that if 2™ is the maximal power of 2 diving n + 1, then there do not exist 2™ vector fields on S™.

This bound is not optimal.

In order to obtain the best possible bound (which is closely related to the Radon-Hurwitz number), a more
sophisticated approach is necessary. In [Ada62], Adams made use of topological K-theory, a generalised
cohomology theory which measures vector bundles on a space. Just like Fo-cohomology, the K-theory of any

space is not just a ring, but comes equipped with additional structure known as Adams operations.

Topological K-theory, once completed at a prime p, has a higher height analogue: Lubin-Tate theory.
Operations on the F-cohomology of spaces have been studied by Ando, Rezk, and others, and will be crucial
to our work. They also appear in Ando—Hopkins—Rezk’s [AHR10] refinement of the Witten genus to a map

of highly structured ring spectra in M String — tmf.



1.2.2 Operations on (co)Algebras over (co)Monads

All of the above examples of operations fit into a general framework. Given a space X and an E,-ring
spectrum R (e.g. HF5, K, or E) which is completeﬂ with respect to some ideal I C mo(R) in the sense of
Deﬁnitionin Appendix A, the mapping spectrum RX naturally lies in the category Algcomm(Modgp l(l))
of commutative algebra objects in I-complete R-module spectra, i.e. I-complete Eo.-rings under R. We are
therefore lead to study the operations which act naturally on the homotopy groups of all objects A €
Algomm (ModSPH)y.

pl(I)

Defining a (nonunital) commutative algebra object in Modg is equivalent to specifying an algebra over

the monad T'(X) = ,,~, X;?Z”fn corresponding to the Eo-operad (see Definition [4.1.10)).

There are other monads which are of interest in topology: the symmetric power monad on connective
module spectra over a field & building the free simplicial commutative k-algebra (or its extension to the non-
connective setting), the monad corresponding to the E,-operad, and, most importantly for us, the monad

corresponding to the spectral Lie operad (see Definition [4.1.9)). In full generality, we can ask:

)

Question. Given a monad T on the category Modgpl , what are the operations which act naturally on the

homotopy groups of all objects A € AlgT(Modgpl(D)?

(A dual question can be formulated about the cohomotopy of coalgebras over comonads.)

Any class a € 7;(Freealg,. (S8R + .-+ + X R)) gives rise to a k-ary operation on the homotopy groups of

T-algebras which takes k classes in degrees 11, ...,4; and produces a single class in degree j as output.

Organising all the operations defined in this way in a coherent and tractable manner is a difficult task, and we
will now give an incomplete list of the cases for which it has been carried out. The usual strategy is to give the
homotopy groups three simultaneous pieces of structure: an algebra structure over some classical algebraic
monad (e.g. the structure of an ordinary commutative ring or an ordinary Lie algebra), an additive action of
some ring of unary operations, and a (usually very small) set of non-additive extra operations. These three

structures then satisfy nontrivial relations which can be worked out by computing universal examples.

Ezample 1.2.1. The homotopy groups of E..-rings in the oo-category Mod g, of F)-module spectra naturally
form a (graded) commutative Fp-algebra together with an unstable action of the Dyer-Lashof algebra, subject
to certain axioms (cf. [BMMSS86], Section III.1). The action on W*HF;( for X a space recover the usual

Steenrod operations.

Example 1.2.2. The homotopy groups of E,-rings in the oco-category Modgy, support the structure of a

1Working in a completed setting is necessary in the case of Morava E-theory. Here completion with respect to the maximal
ideal I C mo(Ep) = W(Fp)[[u1,-..,un—1]] is also known as K (h)-localisation.
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restricted Poisson n-algebra which is acted on by the Dyer-Lashof algebra, again subject to certain rather
involved relations. This has been worked out by Steinberger in [Ste8@], relying heavily on Fred Cohen’s

computation in the case of E,-spaces (see [CLMT0]).

Example 1.2.3. The homotopy groups of shifted spectral Lie algebras in connective modules in Mod g, have
the structure of a shifted Lie algebra with an allowable action of the Dyer-Lashof-like algebra R introduced
by Behrens [Behl2]. This was worked out by Antolin-Camarena in [AC15]. The relation [Qz,y] = 0 was
first discovered by the author of this thesis and follows from a general transfer argument. [AC15] contains
a different proof that does not use the transfer. The Jacobi identity was proven in joint work with Antolin-
Camarena. A partial generalisation of the work of Behrens and Antolin-Camarena to odd primes has been
obtained by Kjaer [Kjal6], who computes the F,-homology of connective free spectral Lie algebras as Fp-
vector spaces (the composition structure of Dyer-Lashof-like operations remains open). In Section we
will indicate how some of the computational problems which are left open in [Kjal6] and [ACI5] can be

solved.

1.2.3 On Rezk’s work

We briefly review the operations on the homotopy of K (n)-local Eo-rings under Morava E-theory. At height 1,
these operations were initially studied by Adams in order to solve the vector fields problem, and computed
in a p—complete setting by Bousfield [Bou96] and McClure [BMMSS6]:

Ezample 1.2.4. Let K be p-adic K-theory. The homotopy groups of every K (1)-local Eo-ring under K give
rise to a Z/2Z-graded 0-ring, i.e. a strictly commutative Z/2Z-graded ring R together with a map of sets

0 : Ry — Ry and group homomorphisms Wq : Ry — Ry, ¥; : R; — Ry, satisfying the following assertions:

e (Ro,00) defines a 6-ring and Uy(z) = P + pb(z) for all = € Ry.
o Uy(zy) = Uy(x)T;y(y) for all x € Ry, y € Ry.
o O(xy) = Uy (2)U4(y) for all z,y € Ry.

This has been generalised by Rezk in [Rez09] to the setting of K (h)-local E.-rings under the Morava
E-theory of some general height h. Using additive operations on degree 0, Rezk defines a weight-graded
associative ring I' = @ k>1 I'[p*] which contains Ej as a non-central commutative subring and shows that the
homotopy groups of the E-rings in question have the structure of Z/2Z-graded I'-algebras (with respect to
a twisted tensor structure). There is also an additional non-additive operation 6 and an additive Adams-like
operation ¥ acting on degree 0 such that ¥(z) = zP + pf(x) and such that all identities which would be

forced if p were invertible hold true.
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The ring T" is a subject of active research - several important questions remain open, but there are several
known structural results which we would like to recall. By definition, the Ey-linear dual I'[p¥]¥ of the (p*)*"
graded piece of I is given by the quotient of the cohomology of the symmetric groups BY,x by the transfer
ideal. Seminal work by Strickland [Str98] shows that these rings are free as Ep-modules, Gorenstein local,

and that the associated formal scheme Spf(I'[p¥]") gives the moduli of subgroup schemes of degree p”* inside

the universal formal group G over Lubin-Tate space.

Warning. The commutative cup product structure on the cohomology group T'[p*]Y is (of course) not equal

to the noncommutative product structure on I' encoding the composition of operations.

The ring T' is free as an Fy-module. Its structure is far from being understood in terms of generators and
relations at general heights, but work by Rezk [Rez08] and Zhu [Zhul4] give a complete description at
height 2 and p=2 or p = 3.

One of the major breakthroughs in the study of I', crucial to our later computations, was Rezk’s topological
proof that the graded ring T' is Koszul (see [Rezl2bl, inspired by [AM99]). In [Rezl2al, Rezk gives an
identification of the Bar complex of I' with the so-called modular isogeny complex. This complex captures

flags of subgroups of the universal formal group G over Lubin-Tate space.
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1.3 Intertwining Algebraic and Topological Koszul Duality

Our method to relate algebraic and topological Koszul duality is both abstract and technical. We will
therefore limit ourselves to a brief overview here and invite the interested reader to jump straight to Chapter

for a detailed treatment.

Let R be an Es-ring for which m.(R) is Noetherian and fix an ideal I C Ry. We obtain an oo-category
Modgpl(l) of I-complete left R-module spectra (see Definition in Appendix A).

If T € Alg™? (End(Modgp l(I))) is an augmented monad, Lurie’s Koszul duality [Lurllb], a far-reaching

generalisation of classical Moore duality, produces a Koszul dual comonad KD(T') = | Bare(1, T, 1)|.

It is then natural to ask:

Question. What is the relation between unary homotopy operations on T-algebras and unary cohomotopy

operations on KD(T')-coalgebras?

We introduce a class of convenient monads (see Definition for which operations on T-algebras are
controlled by an augmented monad T on the derived category D;O(Modgf l(I)). We think of T as an object
living in the realm of algebra. In the case where T is the commutative monad axiomatising K (h)-local
Eso-rings under E-theory, our construction of the monad T gives a substantially simplified treatment of the
completed approximation functors of Barthel-Frankland [BE15] (see page . The augmented monad T also
has a Koszul dual comonad KD(T), and the study of operations on KD(T)—coalgebras in terms of operations

on 'ﬂ‘—algebras is located in the context of nonadditive derived functors in classical algebra as studied by

Dold-Puppe [DP61], and many others.

In Definition we single out the objects M € Modgpl(l) for which maps (of KD(T)-coalgebras) out of
the free KD(T)-coalgebra on 7, (M) in algebra lift naturally to corresponding maps (of KD(T')-coalgebras)
out of the free KD(T')-coalgebra on M in topology. For this lifting, we use of the P,-construction from

D and Modgflm, which can be thought of as

Section 4.2 in [Lurllal to construct a hybrid between Mod%p !
a modern version of the Es-model structure. In Theorem [3.5.1] we see that the “Yoneda-composition” of
the operations in algebra is compatible with composition of the lifted operations in topology.

We implement our technique for 7" the commutative monad on Modgp 0 iy Chapter 4, but consider it likely

that our method yields interesting results for other possible combinations of monad 7T and ring spectrum
R (e.g. the ones discussed in Section |1.2)) We remark that we also rely on Appendix D on p which
clarifies the relationship between Lurie’s Koszul duality in monoidal co-categories, the Yoneda product on

Ext-groups, and Ching’s tree grafting.
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. . . Cpl(I
1.4 Operations on Lie Algebras in Mod " )
We fix a height h, a prime p, and write E for the corresponding Lubin-Tate spectrum with unique maximal

ideal I C mo(E) =2 W (F,)[[u1,...,us_1]]. We can ask:
Question. What are the operations which act naturally on the homotopy groups of a K(h)-local Lie algebra
in E-module spectra?

Lie algebras in the oo-category Mod%p W of K (h)-local E-module spectra are defined as algebras over the

D

monad L(X) = DX, |°) ® X®" acting on Mod &P/ The monad structure is defined as in
n>1 h¥n E

[Chi05] (see Definition [4.1.11)).

Just like in the case of E..-rings in Mod%pl(”

covered by Rezk, an explicit generators-and-relations descrip-
tion of the operations is out of reach. We will therefore settle for the next best result, namely an algorithmic

description of the operations on Lie algebras in terms of operations on E.,-rings.

For each i, Rezk introduces a weight-graded ring A’ = D., A'[w] of operations which act additively on
the (—i)*" degree of the cotangent space m.(A)/(m.(A))? of any nonunital K (h)-local E,-ring A under E.
These rings are all (non-canonically) isomorphic to the ring I' from above. Suspension yields a sequence
of homomorphisms --- — A2 = A = A% 5 A=! — ... and there are canonical twisting morphisms

E ®EU A7 ®E0 E_; — ATk,

One of the main facts which make the study of operations on the E-theory of K (h)-local Eo-rings pleasant
is that, up to scaling by a unit in F,, additive operations preserve degree. This makes it possible to either
restrict attention to the degree 0 part altogether or use a Z/2Z-graded framework like Rezk. The situation
for Lie algebras is less convenient: up to scaling, additive operations of weight p* shift degree down by k.

We therefore phrase our results in terms of graded E.-modules and abstain from a Z/2Z-graded approach.

1.4.1 Additive Unary Operations

We introduce the notion of a power ring P in Definition 3.1.7} For each 4,5 € Z and v € N, there is an
abelian group Pij [v] which will record additive operations from degree i to degree j of weight v. There are
composition maps P/ [v] ® Pf[w] — P}Flow] which satisfy natural associativity conditions. A module over a
power ring is a graded abelian group M; with associative action maps Pij [v] ® M; — M.

We introduce the power ring which acts on the homotopy of Lie algebras in Modgp 1,

14



Definition The power ring HY¢ of Hecke operations on Lie algebras is given by

L EXtaAi (EOv E,pr 'Jra) Zf w = pa
(HY)] [w] = ’

0 if w is not a power of p

The multiplication map (H"*)[p®] ® (HLie)é‘? [p°] — (HY©)E[patt] is the composite:

(Exta: (Bo, E-itjta)) ® (Exty, (Eo, E—jrts)) = (Exta: (Bo, E-ijta)) @ (Extisia (Bo, B—jirts))

— (Ext&:(Eo, E-itjta) © (Extai(E itjra, E-itkrats)) = (Extii’(Eo, E_itryats))
The first map uses the suspension AJT® — AJ the second map uses the morphism Exti.(Fo, E,) —

Extie—(Es, Erys) coming from the twisting morphism, and the final map uses the Yoneda product.

Remark 1.4.1. We chose to call these operations “Hecke operations” since the ring A is related to the Hecke

algebra for GL, (Z,) (see section 14 of [Rez06]).

In Chapter 3, we construct an additive action of the power ring H“ on the homotopy of every K (h)-local
Lie algebra under E. For this, we make use of Rezk’s Koszul property of I' ([Rez12b], cf. [BR15]) to produce
maps (HY)! [w] — 7;(D(X|IL,|°) @y, (X'E)®™) for i odd and extend our construction to i even by using
the EHP sequence to conclude Theorem |4.2.19] To check that the composition of operations agrees with the
multiplication in H®, we implement the technology developed in Chapter 3 to “compose operations across

spectral sequences” and thereby establish Theorem [£:3.2]

Generalising an argument of Rezk from elliptic curves to general heights in an evident way, one can compute
the dimensions of the free Eg-modules which constitute the power ring %" in terms of the Hasse-Weil Zeta

function counting points on the projective space P*~1:

;rk(HLie)j_a[pa] ST — C(IP’];LP_Il,—T) =(A4+T) - (14+pT) - (1+p"'T)

As mentioned above, a generators-and-relations description of HM¢ at general heights is currently out of
reach. However, work by Priddy (see Theorem 2.5 of [Pri70]) gives a mechanical way to determine the

structure of H™¢ once a generators-and-relations description of the ring A has been found.
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1.4.2 Nonadditive Unary Operations

After picking an orientation for E, we construct a nonadditive operation 6o, starting in degree 2n and
landing in degree 4n — 1 for every integer n (see Section . Along the way, we also specify an “Adams-
like” additive operation Wy, € (H°)3""1[2] such that Uy, (2) = [z, 2] + 2 - O, (2). Relying on results by
Strickland [Str98] and Behrens-Rezk [BR15], we prove in Theorem that free Lie algebras in Modgp ')
have completed-free homotopy and that all components of H™¢ are free Ep-modules. We deduce several

divisibility properties of H™¢ which will be necessary in the formulation of our main result:

Proposition [4.3.18. If m,n € Z and A € FEy,, & (HLiC)SE‘n_m) [1] is any scalar, there is a unique element
55‘(n_m) € (HUe)aint [9] satisfying Wa, - X — A2 - Uotnm) =2 55‘(n_m).

2(n—m)

Proposition [4.3.19} If m,n € Z and o € (HY®)2"[p*] is any operation with k > 0, there is a unique

element €2, € (HY)An=1[2p%] satisfying Vo, - = 2 - €%,

1.4.3 Hecke Lie Algebras

After having defined all unary operations, we turn to operations with more than one input. We show that
the homotopy groups of any Lie algebra in Mod%p ' form a shifted Lie algebra in F, in the sense of
Definition L4.1] . In Section we then establish various relations between Lie bracket, #-operations, and

the Hecke operations. We axiomatise the resulting structure (for p an odd prime, it simplifies substantially):

Definition A Hecke Lie Algebra consists of a H™¢-module M together with the structure of a shifted
Lie algebra on the underlying E.-module M, and maps of sets O, : Mo, — My,_1 such that:

1. [z,a(y)] = 0 for all a € (HY®)! [w] with w > 1 and all z € My, , y € M.

2. Won(x) = [z, 2] + 2 O2, () for any x € Ma,.
Additionally, we impose several additional identities which would all be forced in the torsion-free case:

3. [x,020(y)] = [[x,y],y] for all x € My, y € Ma,.

4. Oap(z +y) = 02, () + 02, (y) — [z, 9] for all z,y € Ma,.

5. O (N-1) =A% Oo(r—m) () + 52)‘(n_m)(m) for all X € Bz, x € May(n—p)-

6. Ogn(a(x)) = €2 () for all € (HY®)2" [w] with w > 1, x € M,,.
There is an evident notion of “morphism of Hecke Lie algebras”. We write Lie™ for the resulting category
of Hecke Lie algebras, and let Freey;on : Modg, — Lie™ denote the left adjoint to the forgetful functor.

Remark 1.4.2. For p an odd prime, the operation ¥ vanishes, 0o, (x) = f%[x, x|, the classes 7% and §* vanish,

and the relations (3) — (6) hold trivially. We can therefore ignore 6 and V.
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1.4.4 The Main Computation

We can now proceed to state our main theorem on Lie algebras in Modgp l(I). Writing Frees ;e for the
monad which builds the free (shifted) Lie algebra on a module in Mod%p l(l), we have:

Theorem [4.4.4l

1. The homotopy groups of any Lie algebra in K (h)-local E-module spectra naturally carry the structure

of a Hecke Lie algebra.

2. Given a flat E-module spectrum M, the canonical map Freep;n (m.(M)) — m, (Frees vie(Lx ) (M)))

induces an isomorphism after completion.

Part 2) of this theorem says that, up to completion, we have constructed all operations and all relations

between them. We prove it in two steps. Relying on our discrete Morse theoretic computations, we establish:

Corollary Given spectra X1, ..., Xy, every Lie word in k letters gives a map of spectral Lie algebras
Frees ie(S* 1" ® X?lwll ® .. .X?‘w"“) LN Frees Lie(X1 @ ... ® Xi). Summing up all fi, for w € By, yields
an equivalence EBweBk FreegLie(Sl_‘“’| ® Xfo‘wll ®R...0 X?Iw‘k) — Freesio(X1 @ ... & Xy).

Here By, denotes the set of Lyndon words in k different letters (see Section and |w|; the number of

occurences of the letter i in the word w.

This reduces us to the case of free Lie algebras on one generator. Using the EHP-sequence, we further reduce
to the case of one generator in odd degree. This case follows from Rezk’s Koszulness of I'. We also indicate

how the main results by [AC15] and [Kjal6] can be extended to the nonconnective setting (cf. Section [4.1.3]).

Remark 1.4.3. At height 1, the rings A’ are polynomial on one generator of i
weight p. This implies that their Koszul dual is exterior on one generator \; '%\ < \ .‘\\ 2
1
of weight p. The first picture on the right illustrates the E-theory of a free 3210 1 2 3
K (h)-local Lie algebra on a generator in odd degree at height h = 1. 8
() [ )
The second gives the corresponding picture when our generator lives in \ . N 4
- T N <, 2
even degree and we work at the prime p = 2. Y ¥ ¥ 1

.—2-101234

We observe from the rank formula above that the module (™€) [p®] van- Figure 5: The free
Hecke Lie algebra at
ishes whenever a exceeds the height h of E. From this, we deduce that if height 1 on a sin-

gle generator in odd
and even degree re-
spectively.

is an additive operation of weight n, then 6 o k = 0.

17



Chapter 2

Discrete Morse Theory and the Partition Complex

In this chapter, we will use combinatorial methods to study the equivariant topology of the partition poset
and uncover links to monoid spaces and to the algebraic André-Quillen homology of ordinary commutative

rings.

2.1 Preliminaries

We will first recall various basic constructions and results.

2.1.1 Combinatorial Models for Spaces

In order to ensure the compatibility of our work with both the combinatorial and the homotopy-theoretical

literature, we will recall the basic links between different combinatorial models for spaces.

In homotopy theory, we often model spaces as follows:

Definition 2.1.1. Let A be the category of nonempty finite linearly ordered sets. A simplicial set is a

functor A°? — Set. We write sSet for the resulting category.
Ezample 2.1.2. The Yoneda embedding i : A < sSet sends the ordered set [n] to the simplicial n-simplex.
In combinatorial topology, the following notion is commonly used:

Definition 2.1.3. A simplicial complex is given by a pair (V, F') consisting of a set V of vertices and a set
F C P(V) of finite subsets of V, called faces, such that F is subset-closed and contains all singletons. A
morphism of simplicial complexes (V, F) — (V' F') is a map of sets V. — V' which sends subsets in F' to

subsets in F'. We write sCpl for the resulting category.
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Example 2.1.4. Let Finy be the category of nonempty finite sets. We can define a functor Fin, — sCpl by
sending a set B to the simplicial complex (B, P(B)) which models a simplex with B vertices. Here P(B)

denotes the power set of B.
Yet another common model is given by CW complexes.
In order to link simplicial sets to simplicial complexes, we use the following gadget (cf. [RT03]):

Definition 2.1.5. The category SymsSet of symmetric simplicial sets is given by the category of functors

Fin}’ — Set.
There is a natural diagram

S

sSet % SymsSet % CW — Top

The vertical arrows are given by Yoneda embeddings, the functor U forgets the order, the functor L is the
colimit-preserving extension making the diagram commute, the functor F' sends a finite set B to the simplex

on B vertices, and the functor | — | is given by extending F' in the natural way.

Every simplicial complex X gives a symmetric simplicial set B + Mapc,,((B,P(B)), X), and this assign-
ment is in fact fully faithful.

Writing Po for the category of posets, there is a nerve functor No : Po — sSet (defined by considering
posets as categories) and an order complex functor N : Po — sCpl (defined by sending a poset P to the
simplicial complex whose vertices are the elements of P and whose face set contains all subsets which are

chains in P). These constructions are in fact compatible in the sense that the following diagram commutes:

Po N% sCpl

| | .

sSet — SymsSet —> CW — Top

We will abuse notation and denote all arrows landing in CW or in Top by | — |.

For the rest of this section, we fix a finite group G. We invite the reader to recall the notion of a
G-CW complex from [Liic89] — note that this is not the same as a G-object in CW complexes. We write
Po®, sCpl®, sSet”, and SymsSet for the categories of objects with G-action in the undecorated versions

of these respective categories.
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One can then obtain an equivariant version of the above diagram:

Po® N% stlG

") |

sSet? — SymsSetG @ CW¢ > TopG

Similar diagrams exist for pointed variants of the above categories.

2.1.2 Simple Equivariant Homotopy Theory

We briefly review the basic notions of simple homotopy theory in an equivariant setting. We begin by looking

at simplicial complexes and recall a notion from [Koz15]:

Definition 2.1.6. An inclusion (V, F) C (V', F’) of G-complexes is called an elementary G-collapse if there

is a ¢ € F’ such that

1. There is exactly one face in F’ which properly contains o.
2. For every g € G with go # o, there does not exist a simplex which simultaneously contains go and o.

3. F is obtained from F’ by deleting all faces which contain go for some g € G.

There is a corresponding notion for G-CW complexes — our main reference is [Liic89]. Write D* for the

k-dimensional disc.

Definition 2.1.7. An elementary expansion consists of a pushout of G-CW complexes

G/HxD" ' s x

)

G/Hx D" —>Y

such that the map D"~! — D" is given by including the lower hemisphere of the bounding sphere via
D=1 s S < D™ and such that f(G/H x9D""1) C X,,_5 and f(G/H x D"~1) C X,,_1. Here X}, denotes
the k-skeleton of X.

Given such an elementary expansion ¢ : X — Y, we call any strong G-equivariant deformation retract

Y — X an elementary collapse.

An elementary collapse between G-simplicial complexes induces an elementary collapse between their geo-

metric realisations.
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Definition 2.1.8. A G-simplicial complex (or G-CW complex) is said to be collapsible if it can be mapped

to the point by a finite number of elementary collapses.

Definition 2.1.9. A G-map f: X — Y between G-CW complexes is a simple homotopy equivalence if it is
G-homotopic to a finite composition of expansions and collapses.

We can ask:

Question. Given an equivalence G : X — Y of G-CW complezes, when is it simple?

The Whitehead group is an abelian group WhY(Y) attached to any G-CW complex Y. The Whitehead

torsion assigns an element 7¢(f) € WhS(Y) to every map f : X — Y such that an equivalence f is simple if

and only if 7¢(f) = 0. We refer to [Liic89] for a detailed treatment. One can use this formalism to establish:

Proposition 2.1.10. Let A be a contractible sub-G-CW complezx of a G-CW complex X. Then X/A carries

a natural G-CW structure and the quotient map X — X/A is a simple homotopy equivalence.
Proof. This follows from additivity of the Whitehead torsion (Theorem 4.8 in [Liic89]). O

We now recall some further basic notions. We refer the reader to Sections 2.1.1. and 2.2.1 of [AroI5| for a
more comprehensive overview. As before, we write X° for the unreduced suspension of X and let X xY be
the join of two spaces. The unreduced suspension of a G-CW complex and the join of two G-CW complexes

inherit natural G-CW structures. The following Lemma is an easy strengthening of Lemma 2.5 in [Arol5]:

Lemma 2.1.11. Given a well-pointed space X and a space Y, there is an equivalence X *Y = X ANY°. If

both X andY are CW complezes, then this equivalence is simple.

There are compatible notions of the join for simplicial complexes and posets.

The star and the link of a chain 0 = [zg < -+ < x] in a poset P are given by

St(g) = P((),rg) * {130} * 7)(930,I1) * {'rl} Kook {JL‘k} * P(xk,i)

Lk(U) = P(O,Io) * P(xo,ml) ook P(lki)

In Section 2.2.1 of [Arol5], Arone establishes several basic properties of stars and links in the partition
complex IIg on a set S. He calls a chain of partitions o = [z¢ < -+ < x] binary if each class of x; is the
union of at most two classes of x;_1 for 0 < i < k. For such chains, it is not hard to analyse the geometric
realisation of the intervals and observe that | Lk(o)| = S%0-2 % - -« % S92 x |II,|. Here d; is the number of

classes in z; which do not belong to x;_; and ¢ is the number of equivalence classes of x.
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2.1.3 Indexed Wedges

We recall the theory of indexed wedges from Section 2.2.3. of [HHRI6]. Given a G-set J, we write B;G for
the category with ob(B,;G) = J and Morg,c(j,j') ={h € G | h-j = j'} with the evident composition law.
Given a functor of ordinary categories X : B;G — Top, with j — X, the wedge product \/

jeJXJ' picks up

a G-action defined as g - (z € X;) := X () € Xg;.

. 9 .
(G—>93)
We can rewrite indexed wedge products as inductions once we chose representatives:

Proposition 2.1.12. Given X : B;G — Top,, there is an equivalence of G-spaces

\/ Indg;tab(j) X; = \/ X;
lileJ/G jeJ

Proposition 2.1.13. If X = Y is a transformation of functors B;G — Top, such that all j € J, the

restriction X; — Y is an equivalence of Stab(j)-spaces, then the induced map VjeJ X; — VjeJ Y; is an

equivalence of G-spaces.

Proof. Fix a subgroup H C G. Then H C Stab(j) for all j € J¥ and hence:

(V) = Vo= vore(yy)

jeJ jeJH jeJH jeJ

2.1.4 Removing Simplices

We start by observing the following basic fact:

Proposition 2.1.14. Assume we are given a square
A B
C D

of simplicial G-sets such that for each simplicial degree d, the map of sets (B — A)q — (D — C)g4 is bijective.

=

e

Taking horizontal quotients induces an isomorphism of simplicial G-sets.

If 0 = [xg < --- < 2, is a chain in some poset P, we let No(St(c))°# be the simplicial subset of N,(St(c))

spanned by all simplices that do not contain the r-simplex o. After geometric realisation, we can swap the
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order of the join-factors and obtain a Stab(xg) N --- N Stab(z,)-equivariant diagram

|Ne(Lk(0))| x OA" —> | N4 (Lk(0))| * A"

y

| Ne(St(0))7#| ——— |Na(St(0))]

IR

Lemma 2.1.15. Let P be a G-poset with G-stable point xo. Let S be a G-stable family of chains which do
not contain [x]. Assume moreover that no two chains 0,0’ € S have a common refinement. Write N(P)~%
for the simplicial subset containing precisely those simplices which do not contain any simplex in S.

The following diagram induces isomorphisms on horizontal quotients:

\/ Ne(St(0)7F == \/ No(St(0))+

oceS g€eS

No(P)™® ———> N,(P)

The point + is sent to xo and the other maps are induced by the evident inclusions.

Proof. By the “refinement condition”, a d-simplex in Ny(P) — Ny(P)~° must contain exactly one ¢ € S and
therefore has a unique preimage lying in Ng(St(c)) — Ng(St(c)°#) under the vertical map. The statement

follows from the preceding proposition. O

Corollary 2.1.16. Under the above conditions, there is a homeomorphism of G-spaces

[Ne(P)|/INo(P) 5| = V S"x Lk(o) = V ENP oo A NP, 1l

o=[yo<--<yr]ES o=[yo<--<yr]€S

2.2 Complementary Collapse

We will now present an algorithm which collapses large subcomplexes of order complexes attached to lattices
and thereby produces equivariant equivalences to wedge sums of simpler complexes. We call this algorithm

“complementary collapse”. We fix a finite group G throughout this section.

2.2.1 A Reminder on Discrete Morse Theory

We briefly review the basics of discrete Morse theory for the reader’s convenience.
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Definition 2.2.1. A G-equivariant matching on a simplicial G-complex (V, F') with fixed point = consists

of a partition o of the face set F' satisfying the following conditions:

e The partition is G-invariant, i.e. o ~ 7 implies go ~ g7 for all g € G.

e Every equivalence class is either equal to {z} or has the form {o~,07} with 0= < o a face of

codimension 1.

Such a matching is called acyclic if there does not exist a chain o] < o) >0, <of >--- >0, <ol >0

with n > 1 and all o; distinct.

The following statement is due to Forman [For98] in the nonequivariant and to Freij [Fre09] in the equivariant case:

Theorem 2.2.2. If ~ is a G-equivariant acyclic matching on a simplicial G-complex X = (V| F) with fized

point T, then there is a G-equivariant collapse |X| ~g {7}.

2.2.2 Complementary Collapse against Points

A finite G-lattice P is a G-poset whose underlying poset is a finite lattice, which means that every two

elements have a meet and a join. Such a lattice also possesses a least element 0 and a greatest element 1.

Fix a finite G-lattice P and write P = P — {0,1}.

Definition 2.2.3. The complement of a G-stable z € P is given by 2 = {y € P |z Ay =0,z Vy = 1}.

Before stating “Complementary Collapse” in full generality, we will present a special case for the reader’s

convenience.

Theorem 2.2.4 (Complementary collapse against Points). Let P be a finite G-lattice containing a G-stable

vertex x € P. Then N(ﬁ)f"’”L is G-equivariantly collapsible.

Remark 2.2.5. The contractibility of the space in the following theorem is originally due to Bjorner-Walker
in the nonequivariant and Welker in the equivariant case. The collapsibility in the nonequivariant case also

follows from work by Kozlov [K0z98] on nonevasiveness.
Using Corollary [2.1.16 Proposition [2.1.12] and the equivalence (X % Y)® ~ X° A Y we deduce:

Theorem 2.2.6 (Applied Complementary collapse against Points). Let P be a finite G-lattice and write
P =(P—{0,1}). Let x € P be a G-stable element for which x* is discrete.
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Then there are equivalences of G-spaces

|P| — \/ Peyl® A[Psyl® — \/ IndSGtab(z) P<z|® AP,
yext [z]ext /G

2.2.3 Orthogonality Fans

We will now prove a generalisation of “Complementary collapse against Points” in which the “reference
simplex” zx is allowed to vary across the poset. Once more, let P be a finite G-lattice. Write Fp for the set

of nondegenerate simplices.

Notation 2.2.7. Given a chain ¢ and an element z, we write 0 < z to indicate that all elements = in o
satisfy x < z. We write [0, 2] for the chain obtained by adding z to 0. We let 0<% and ¢~% denote the

subchain of ¢ spanned by all elements = in ¢ which satisfy x < z and = > z respectively.

If F: Fp — P is any function and y € P, we can define functions

Fsv . ‘F[f),y] = 10,y], Fzv . ]:[yi] = [y, i]

FSY(g) := F(o) Ay, F2Y(g):=F(0<o])Vy
Here [0 < o] denotes the chain obtained from o by adding 0 as an initial vertex.

Definition 2.2.8. A list of functions F = (F1, ..., F,.) from Fp to P is called an orthogonality fan if r = 0 or

1. F; is G-equivariant and increasing for all i (i.e. y < F;(0) for all 0 € Fp, y € 0.)
2. The subposet F([0])* is discrete.

3. If Fi([0]) # 1, then we have for any y € Fy([0])*:
The list (F5Y, ..., FSY) is an orthogonality fan on the Stab,-lattice [0, y].

The list (FZY, F5Y, ..., F2Y) is an orthogonality fan on the Stab,-lattice [y, 1].

Definition 2.2.9. A (possibly empty) chain o in P is invisible with respect to an orthogonality fan

F = (Fy,..., F,.) if cither 7 = 0, or F1([0]) = 1, or there is a vertex y € [0, 1] with

1.y L F1([0])
2. 0”7Y is (Flzy, F22y7 ..., FZ¥)~invisible
3. o<V is (F5Y,..., FS¥)-invisible
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An F-invisible chain o is said to be F-orthogonal if it is minimally invisible, i.e. if none of its proper subchains

are F-invisible. We write o 1L F.

We can now state the main theorem of this section:

Theorem 2.2.10 (Complementary collapse against Fans). Let F be an orthogonality fan on a finite G-lattice
P with Fy([0]) # 0,1. Let N(ﬁ)_FL be the simplicial complex obtained from N(P) by deleting all F-invisible

chains. Then N(f)_FL collapses G-equivariantly to the point Fy([0]).

Theorem 2.2.11. Under the above conditions, there is a simple homotopy equivalence

|ﬁ| = \/ ET|f((),yo)|o A |f(yo7yl)|(> ARERRA |f(yr_1,yr) ° A |f(y7,,i)|0
[yo< <y, LF

obtained by collapsing the subcomplex N(f)fFi.

Complementary collapse for fans can be used to prove the weaker and more concrete statements from above:

Proof of Theorems [2.2.6. Let z be a G-stable object in a finite G-lattice P. Consider the function

x  ifo =0
F(o) =

1 else

If ot is discrete, we can apply Complementary collapse for fans to the fan (F) consisting of one function.
A chain is F-invisible if it contains an object y L x.

A chain is F-orthogonal if it is of the form o = [y] for y L x.

One can check that the general proof presented in Section in fact demonstrates Theorem without

the assumption that = is discrete. O

Remark 2.2.12. One could use Theorem [2.2.6] and induction to prove the mere existence of an equivariant
simple homotopy equivalence between left and right hand side of the last Theorem However, the
equivalence produced in this way would not be easily accessible due to their inductive definition. The
equivalence asserted in this theorem on the other hand is obtained by collapsing a large subcomplex all at

once — the involved maps are therefore entirely transparent.

The recursive axiom (3) in the definition of orthogonality fans might appear difficult to check. For this

reason, we introduce the following notion:
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Definition 2.2.13. Let G be a finite group and P a finite G-lattice with face set Fp.

A function F': Fp — P is called an orthogonality function if

1. F is G-equivariant and increasing (i.e. y < F(o0) for all 0 € Fp and all y € 0.)

2. For any 0 = [yg < -+ < ym] € Fp and z > y,,, the following subposet is discrete:
{ym <y<z|yAF(©@)=ym, (yVF(0))Nz=2}

Orthogonality functions will provide us with many examples of orthogonality fans:

Lemma 2.2.14. Let F = (Fy,...,F.) : Fp — P be a list of orthogonality functions. Then F is an

orthogonality fan.

Proof. The first axiom of orthogonality fans is evidently satisfied. The second follows by using that F} is
an orthogonality function. To verify the third, we fix some nonzero y L Fy([0]). Observe that FiZy and
F;y are again orthogonality functions for all . By induction, this implies that (FZY, F5Y,..., F2Y¥) and

(F;y, ..., FSY) are both orthogonality fans on the relevant lattices. The claim follows. O

2.2.4 Proof of Complementary Collapse against Fans

We will now prove Theorems|2.2.10/and [2.2.11} Let F = (F1,..., F}) be an orthogonality fan on a G-lattice P.

Definition 2.2.15. The orthogonality tree Tg(c) of a chain o = [yg < - -+ < yz] in P is an empty or planar
rooted tree whose nodes w are labelled by pairs (Z € I) consisting of an interval Iy, = [ya,y,] in P and a

Stab,,, NStab, — stable point Z € I, defined in the following recursive way:

1. If » = 0, then the tree is empty.

2. Otherwise, we create a root v of the tree Tg (o) and label it by (F;([0]) € [0, 1]).

e If there does not exist a vertex of [0 < 1] lying in Fy([0])* or F(0) = 1, we stop.

e Otherwise assume y is the necessarily unique vertex of [0 < 1] which lies in Fy ([0])*.
By recursion, the orthogonality fan (Fzgy, ..., F=Y) on the Stab(y)-lattice [0,y] gives rise to an
orthogonality tree L for the chain o<¥.
Similarly, the orthogonality fan (Flzy, F;y, ..., FZ¥) on [y, 1] gives rise to an orthogonality tree

R for the chain o,.
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We create the labelled rooted planar tree T (o) by declaring the root of L to be the left child

and the root of R to be the right child of v

We call a vertex of the orthogonality tree a leaf if it has no children.

Fix an orthogonality fan F on a G-lattice P.

Definition 2.2.16. Let o be a chain and w a leaf of Tg(c) with label (Z € [ya, yu])-

The simplex o is said to be F-invisible at w if Z € {ya, yw }-

Proposition 2.2.17. A chain o is invisible for an orthogonality fan F (in the sense of Deﬁm’tion if

o is F-invisible at every leaf w of its orthogonality tree Tg(c) (in the sense of Definition .

Proof. If 7 = 0 or we have F;([0]) = 1, then the equivalence is obvious, and we may therefore assume
without restriction that Fy([0]) # 1.

Suppose o is F-invisible. Then there is a vertex y in [0, 1] with y L Fy([0]) such that o>V is (FZY,... F2Y)-
invisible and such that o<¥ is (F;y, ... F=Y)-invisible. By induction, the two orthogonality trees L and R
used in the definition of Tg (o) therefore only have invisible leaves.

Assume conversely that every leaf of the orthogonality tree is invisible. We can deduce that [o, i] contains
some y L F1([0]). The left and right subtree L and R of Tx (o) contain only invisible vertices. By induction,
this implies that o<¥ and o>¥ are (F5,... F=¥)-invisible and (FZY, ... F2¥)-invisible respectively. Hence

o is F-invisible. O

The next two statements follow by similarly straightforward inductions:
Proposition 2.2.18. If o < 7 is a subsimplex, then Tg(c) < Tr(7) is a (labelled) subtree.

Proposition 2.2.19. Fiz a simplex o with orthogonality tree Ty (o) and assume w € Tg(0) is a leaf with

label (Z € [Ya, Yu])-

o Adding a vertex © € (Yo, Yw) With x AN Z # yo or &N Z # 1y, to o gives rise to a simplex o > o with

equal orthogonality tree.

e Removing a vertex © € (Yo, Yw) from o gives rise to a simplex o~ < o with equal orthogonality tree.
We can now prove complementary collapse for fans:

Proof of Theorem[2.2.10, We will define a G-equivariant perfect matching.

Fix a nondegenerate (-simplex 0 = [yp < --- < y¢] in N(Q)’FL other than the zero-simplex Fy([0]). Let
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w = w, be the leftmost leaf of the orthogonality tree Tg (o) such that o is not F-invisible at w. Write
(Z € [Ya,yu]) for the label of w. Since o is not F-invisible at w, we have strict inequalities yo, < Z < y,,.
Let i > a be the largest index with y; A Z = y,. Note that ¢ < w and observe that y; V Z < y,, as otherwise
w would not be a leaf. Let j > ¢ be maximal with y; <y; V Z. We have j < w.

We call (4,5, T) = (i(0), j(0), Tr(o)) the structure triple of o.

The element y;11 A (y; V Z) is larger than y, since it contains y;41 A Z and smaller than y,, as it is contained

iny; VZ<y,.
Ify; < (yiVZ)Ayjt1, wematchoand o := [+ < yo < - <y < (iVZ)AYj1+1) < Yjp1 < -+ < Yo < ...].
fyi=WiVZ)ANyjt1, wepairup o with o™ :=[ - <yo < - <yjo1 <yjp1 < - <Y <...].

In the first case, we consider the orthogonality tree of ot. Since yo < ((y; V Z) Ayj+1) A Z, we know by
Lemmathat o and o have the same orthogonality tree. Hence w is also the first non-invisible node of
the orthogonality tree for o+ and it is also labelled by (Z € [ya, y.]). We can now observe that i(c) = i(c™),
j(eT) =j(o) + 1, and hence (¢7)™ = 0.

In the second case, we first observe that j > i as otherwise we would have y; = (y; V Z) Ay;4+1 which is absurd
as Yo = Yi NZ and yo, < ((y; V Z) Ayir1) A Z. We hence remove a vertex in the open interval (yq,y.,) and
again conclude by Lemma that o and o~ the first » nodes of the orthogonality trees of o and o~ are
equal . We therefore have i(c) = i(6~) and j(o) = j(67) — 1, T(c) = T(c7). We conclude that (™) = 0.

We have therefore defined a complete matching with fixed point F(0), and it is evidently G-equivariant.

To see that the matching is acyclic, assume for the sake of contradiction that we are given a cycle of distinct

non-degenerate simplices

o1 <of > ora=dy(0])< 0F > o3=di,(05)< ... 05> o1 =diy(0f)

Let (is,js, Ts) be the structure triple of o5. We have observed above that the triple attached to o is
(is,js +1,Ts). By Proposition [2.2.18] we have Tsy; < T,. Since the above is a cycle, the orthogonality tree

T, must be constant equal to T, say. Let w be the first nonorthogonal node of T with label (Z € [ya, Yu])-

We now want to examine how ¢ and j change as s increases. Fix s. By definition, the number i, is the

largest number with o < 4541(< w) such that the %', | vertex of o541 = dy (o) intersects Z in yq,.

S

Since 0441 # 05, we know that ts # js + 1.
If ts <is then igyq = i(di, (0F)) =is — 1.
Ifts > is and ts # js + 2, then o441 is an upper simplex in the matching, a contradiction.

If ts = js + 2, then (1541, jsi1) = (is,7s + 1).
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The function (ig, js, Ts) hence cannot visit the same point twice and so the above cycle cannot exist. O

In order to deduce Theorem [2.2.11] from Theorem [2.2.10] we need the following Lemma:

Lemma 2.2.20. Every F-invisible chain o contains a unique orthogonal chain.

Proof. Let o be an F-invisible chain containing two orthogonal subchains 7, 7.
If F1([0]) =1 or r = 0, then every chain is invisible and so both 7; are equal to the empty chain.

Otherwise pick a vertex y in [o,1] with y L Fy([0]). Clearly 71 and 75 must also contain y as otherwise

they would not be invisible. We obtain chains 7, in ¢>¥ which must be (FZY, ..., F2¥)-orthogonal. By
induction, this implies 7;¥ = 75 Y. Similarly, we conclude that 7,°¥ = 75-Y. The claim follows. O
Proof of Theorem|[2.2.11, Combine Theorem [2.2.10] Proposition [2.2.20, and Corollary [2.1.16 O

2.3 Young Restrictions

In this section, we will use the full strength of complementary collapse against orthogonality fans to study

the Young restrictions of the partition complex and the parabolic restrictions of Bruhat-Tits buildings.

2.3.1 Lyndon words

Definition 2.3.1. A word w in the alphabet ¢y, ..., ¢ is said to be a (weak) Lyndon word if it is (weakly)
smaller than any of its cyclic rotations in the lexicographic order with ¢; < --+ < ¢x. Write B(ny,...,ng)

(or B¥(ny,...,ng)) for the set of (weak) Lyndon words which involve the letter ¢; precisely n; times.

A Lyndon word w of length ¢ > 1 can be written uniquely as w = u-v with « < v both Lyndon words and v
as long as possible - this is called the standard factorisation. Given any two Lyndon words v < v, the word
w = wv is again a Lyndon word. The factorisation w = u - v is standard if and only if either u is a letter or

it has standard factorisation v = zy with y > v. We refer to [Mel92] for a detailed exposition.

There is a unique injection ¢ from the set of Lyndon words in ¢q, . .., ¢; to the free Lie algebra Lie[cy, . . ., ck]
over 7Z on generators cy,...,c satisfying ¢(w) = [¢(u), #(v)] for each standard factorisation w = u - v.
Elements in its image shall be called basic monomials. They form a basis. For notational convenience, we

will sometimes abuse notation and confuse Lyndon words with their image under ¢.

Any weak Lyndon word w can be written uniquely as w = u? with u a Lyndon word and d chosen as large as

possible. We call d the period of w. This gives a natural identification B* (n1,...,nx) = [1y,, B(F.- .-, §)-
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Now let S be a finite set and assume g : S — {1,...,k} is a map whose fibre C; over i has size n;.

Definition 2.3.2. An (S, g)-labeling of a weak Lyndon word w = u? € BY(ny,...,n;) consists of a
bijection f, between Cs = g~1(s) and the set of occurrences of the letter ¢, in w for each s. We consider two
labelings to be equivalent if one can be obtained from the other by permuting the various copies of u. We
can represent the labeling by a single function f from S to the letters of w.

Write B, (n1,...,ng) for the Xy x - -+ x E¢, -set of labelled weak Lyndon words in B*(n1, ..., ng).

Labelled Lyndon words give multilinear Lie monomials (cf. Definition 3.4 in [Arol5]):

Definition 2.3.3. Let w be a strict Lyndon word of multi-degree (nq,...,n;) together with an (S, g)-label
given by f = {fi}. The (S, g)-resolution of w, denoted w9 € Lie[S], is the Lie monomial obtained from w
by replacing all occurrences of the letter ¢; with their preimages under f; in S for all 7.

d

If w = u® is a weak Lyndon word of period d with an (S, g)-label {f;}, we carry out exactly the same

procedure d times to obtain d different words in Lie[S] such that each letter in S is used exactly once.

There is a standard choice for (S, g): take S = {1,...,n} for n = > n, and use the unique order-preserving
function ¢ : {1,...,n} — {1,...,k} whose fibres have the required size, i.e. such that |[¢g71(i)| = n;. A

resolution for this standard choice will be called the standard resolution and written as w.

2.3.2 Young Restrictions of the Partition Complex

Let Hj{ be the lattice of partitions of the finite set S, ordered under refinement, so that I1g = Hig Fix a map
g from S to {1,...,k} and write C; = g7 1(i). Let ¥, = £¢, x - -+ x X, be the associated Young subgroup.
Words on chains. Given a chain of partitions ¢ = [yg < -+ < ym] € }-Hi’ we can attach a word

wg = wk (o) € F{ci,...,ck) in the free group on k generators to every equivalence class K of y,, as follows:

e If m = 0, we attach the word |/ CL}mCH to K.

e If m > 0, we first use the chain [y < -+ < ym—1] to attach a word to every equivalence class in
Ym—1. We then let wg be the product of all words attached to ¥,,_1-classes which are contained in K,

multiplied in ascending lexicographical order (where ¢; < -+ < ¢).

Ezample 2.3.4. For S ={1,...,6}, k=3, and C1 = {1,2}, C2 = {3,4,5}, C3 = {6}, we send the chain
[{1]23]4]5|6} < {1]23|45|6} < {123]456}] to the words c3ca, c3cs.
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An orthogonality fan F(S,g) on the ¥ -lattice 1T}

Given a chain o = [yp < - -+ < Ym], we use the above algorithm to attach a word in the free group F{cy, ..., ck)
to every class in y,, and record them in ascending lexicographical order as w, < wp, < --- < wyp,. Write A

for the set of y,,-classes whose associated word is w,. Define By, ..., By in a similar manner.

We define Fi(0) = F1(S,g)(0) to be the partition obtained from y,, by merging all equivalence classes in
BiU---UBg (i.e. all classes K whose label wg is not minimal). We define Fy(o) = F5(S, g)(0) to be the

partition obtained from ¥, by merging all equivalence classes K of o whose label wg is minimal.

A A A
0000000 (e]ee)0)0)e)0]
000 O 00 ddd © ©-o
B, B, B; B, B, Bs B, B, B;g

Figure 6: The bullets in the leftmost picture represent the equivalence classes of y,,. The middle picture
represents the partition Fj(c) and the rightmost picture represents Fs (o).

Theorem 2.3.5. The pair F = F(S,g) = (Fi(S, 9), F2(S, g)) is an orthogonality fan on the %,-lattice I1% f.

Proof of Theorem[2.3.5 By Lemma [2.2.14] it suffices to check that Fy and F» are orthogonality functions in
the sense of Definition 2.2.13] The functions Fy, F are clearly increasing and equivariant.

To check axiom (3) of an orthogonality function, let o = [yo < -+ < yy,] be a chain of partitions in IT§; and
let z > y,,. As before, we attach words w, < wp, < --- < wp, to the classes of y,,, and write A for the family
of y,,-classes whose associated word is the minimal w, and B; for the collection of classes whose associated
word is the nonminimal wyp,. Let A’ C A be the collection of y,,-classes which are merged with a class in

B = UB; in 2. Similarly, write B’ C UB; for the family of classes which are merged with a class in A in z.

For the function F}, we observe a natural injection
{A ENy ;% | VaeA': a~, fla)} <~ {ym<y<z | yAFi(0)=Ym, (yVFi(o))Az=2z}

obtained by sending a function f to the finest partition y; containing y,, which merges a and f(a) for all a.

A A
DIOIOICIOIOIO)

OO0 O

B, B, B, B, B, B,

Figure 7: Fy (o) (left) and the partition y; corresponding to a function f : A — B in the case z = 1 (right).
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The subposet is therefore discrete and F; an orthogonality function. For Fy, we observe the injection

(BLA | YoeB: b, gb)y = {ym<y<z | yAF20)=ym, (yVFa(o))Az=2z}

and conclude that the right hand side is discrete as well. O
A A A
44 77
Odo © ©d
B, B, B, B, B, B, B, B, B,

Figure 8: Here z = yy from the previous figure. We have illustrated F5(o) on the left, F5(c) A z in the
middle, and the partition y, corresponding to some function g : B’ — A on the right.

We conclude from complementary collapse:

Theorem 2.3.6. There is a Y p-equivariant equivalence

| = \ STHENIS) 0,500 ) A -+ A BITLs) g,y ) [0 A (M), 11
[yo<--<yr|L(F1,F2)

Orthogonal Chains from Labelled Lyndon Words

We will now bring this last result into a more convenient form. For this, we want to find a tractable
description of the set of (Fy, Fy)-orthogonal chains which indexes the wedge sum in Theorem m We

freely use the terminology related to Lyndon words introduced in Section [2.3.1

We will now describe an algorithm which attaches a chain of partitions to a weak labelled Lyndon word. We

begin with an informal description.

Assume we are given a weak Lyndon word w = 21223 . .. T, in letters which are ordered as ... < ¢x_1 < cg.
If n=1,2 or all letters are equal, we stop and assign the empty chain of partitions.

Otherwise, we pick the smallest index « such that the letter ¢, occurs in w.

We define an increasing chain of partitions yo < y1 < ... < y; of the set {1,...n} by merging {a —4,...,a} in
the partition y, whenever x,_; = ... = Z4_1 = Cq, Tq 7 Ca, and i < t+ 1. We proceed until we have defined
a partition y; for which all classes have the form {a —i,...,a} with z4_; = ... = 241 = Ca, Tq # Ca, i > 0.
We then form a new weak Lyndon word by replacing each occurrence of cflcj with j # «a by a new letter
called c,ij. We order these letters lexicographically as ... < cqzp < ... < Coh—1) < Cak < ... < cp—1 < ¢k

and thus obtain a shorter weak Lyndon word whose letters correspond to the classes of ;. We proceed
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in this manner and eventually obtain a chain of partitions yo < y1 < ... < ¥, which is orthogonal to

F = (F1(S,g), F2(S, g)). One can think of this process as “bracketing” the letters of w.

Example 2.3.7. When starting with the Lyndon word zzyzzzyz, our algorithm gives

More formally, let S — {1,...,k} be a surjection with fibres C; of size n;. We will now show:

Lemma 2.3.8. There is a natural X¢, X --- X L¢, -equivariant bijection BE"S g)(nl, cey M) =S Pl (S,9)-

We proceed in two steps. At first, we observe that we can form new labelled weak Lyndon words by

rebracketing:

Lemma 2.3.9. Let k > 1 and n; = |C;] > 0 for all i. There is a B¢, X -+ X T, -equivariant bijection

. w = w
F.B(S7g)(n1,...,nk)-—> H B(Syl’gy)(...,TL122,...,nlzk,nlg,...,nlk,ng,...,’ﬂ,k)

yLF ([0])
[z0< - <zm]LF2] (g 4

where Sy is the set of classes of y, and gy : Sy — {...,122,...,12k,12,...,1k,2,... ,k} is the “evident type

function”, and nya; = g, (147)].

Proof. Assume that we are given a weak Lyndon word w = u? € B(Ug 9 (n1,...,ng) labelled by a function f.
We form a new weak Lyndon word F(w) € B¥(...,ny2a,...,n12k,N12, ..., N1, N2, ..., Nk ) by replacing sub-

words of the form cfc; with ¢ # 1 by a single new letter cia; in a way that accounts for all copies of c;.
Write nja; for the number of times ¢qa; occurred. We obtain a partition y of {1,...,n} which merges all sets
{dy,...,d, € C1,e € C;},i # 1, for which f(dy) ... f(d,)f(e) is a subword of w. We observe that y L F;([0]).
We define z; to be the partition which merges all sets {d1,...,d, € Ci1,e € C; | a <t+ 1}, i # 1, for which

f(dy) ... f(dy)f(e) is a subword of w. We observe [z < -+ < 2] € FQJ_‘(ﬁ,y) for some m chosen maximally.
The word F(w) is naturally labelled by (Sy,g,) for g, : S, — {...,122,...,1%k,12,...,1k,2,...,k} the
“evident type function”. We observe that all these choices are well-defined, i.e. do not depend on which

function f we chose to represent our initial (S, g)-labeling. We have thus produced the asserted bijection. [

Lemma 2.3.10. Let k > 1 and n; = |C;| > 0 for alli. There is a X, X -+ X Tey, -equivariant bijection of

orthogonal chains

e | R
[z0<..-<zm]J-F2‘(0,y)
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Here S, is the set of equivalence classes of y and gy : Sy — {..., 122...,1%k,12...,1K,2,.. ., k} is the

“evident type function”.
Proof. This follows straightforwardly from the definition of orthogonality with respect to F'. O
Proof of Lemma[2.3.8 We combine Lemma [2.3.10| with Lemma and induct on the number > n;. O

These results give an algorithm for producing chains of partitions in F+ from labelled weak Lyndon words.

We can now reexamine Theorem [2.3.6f Take S = {1,...n} and let g : S — {1,...k} be the unique
order-preserving function g whose fibre over i has size n;. The analysis of intervals in binary chains ex-

plained in Section allows us to read off a new and purely combinatorial proof of Arone’s formula from

Theorem 2.3.6}

Theorem 2.3.11. Let n = ny + --- + ng. Then there is a Xy, X -+ X Xy, -equivariant simple homotopy

equivalence

I, — \/ ( \/ Indg:l XX By <21(Sd)/\gl A |Hd|o>>
B( )

d | ged(ny,..ni) S

Proof. By Lemma we can rewrite the indexing set of the wedge sum appearing in Theorem [2.3.6] as
BE"S,Q) (n1,...,ny). Given a weak Lyndon word w = u?, the group %,,, x...x Yy, acts transitively on the set
of all (S, g)-labels of w. Each orbit has a canonical representative where the n; occurrences of the letter ¢;
in w are labelled in “increasing order”. We deduce that the quotient of Bz‘g g)(nl, ...,ng) by the action of

the group X, x ... x Xy, can be identified with B*(n1,...,ng) = [1y,, B("¢,---, "F)-

Assume that w = u? is a weak Lyndon word whose letters are labelled “in increasing order” as above. The
various different copies of the word u partition the set S = {1,...,n} into disjoint subsets St,..., Sy via the
labeling. The stabiliser of w in B&g)(nl, ...,ny) is equivalent to X .

Restriction gives an (9;, g|s,)-labeling of the word u for each i. Using our above procedure from Lemmal[2.3.8]
we obtain an associated chain of partitions [y§ < ... < y’_;] of the set S;. The chain [yo < y1 < ... < ;]
associated to the labelled weak Lyndon word w = u® is then given by [ [T, vi < [L;vi < ... <ILvi_1 <y,
where y,- denotes the partition of S into the various sets S;. Here we used evident notation for the disjoint

union of partitions on the disjoint union of different sets.

We analyse the ¥ 4-space 2_1(2|(HS)(0W0)|° A AEI(s) (y, 0| A 1(Is) . 1)|°) corresponding to the
labelled weak Lyndon word w = u¢ in Theoremm The space [(ILs) ,, 1)[° is evidently equivalent to |II4|°.

In order to describe the space |(ILs)(y,_,.y,)|°, we note that each class in y} is either a class in 3% ; or
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obtained by merging precisely two classes in y;_l (the chain is binary). For j = 1,...,r, we write ¢; for
the number of classes in y; that are obtained by merging two classes in yj_l (which is independent of 4
by symmetry). We use the convention that y’, is the discrete and y’ the indiscrete partition of S;. We
deduce an equivariant equivalence ¥|(Ils)y, , 4, = (5%)". Since 3>, t; =

— 1, the smash product
71)/\d. ]

a3

n
d
E*I(E\(HS)(O’W)P A+ AS[(ILg) (g, y|°) is therefore indeed equivalent to $71(S

Remark 2.3.12. Given an (S, g)-labelled weak Lyndon word w = u¢ as in the proof above inducing a partition

S=51]]...1] 54, we can in fact factor the collapse map as

d d
SMs[* — (/\ B, |°) ASIIg)° — S A ST
i=1 i=1
where the first map is given by tree ungrafting in the sense of Ching (see p in Appendix D) and the second

map uses the chains 0% = [yj < ... < yi_;] to define collapse maps X|IIs,[* — S@~! to the (suspended)

links of the various chains o;.

Free Lie Algebras on Many Generators

We will now use our methods to describe free Lie algebras on direct sums of spectra Xi,..., Xy in terms of

free Lie algebras on a single spectrum.

We start by producing maps corresponding to Lyndon words. For this, assume that we are given a strict
Lyndon word w € B(|w|1, ..., |w|k) of length |w|. Let S = {1,...,|w|} be endowed with the unique order-
preserving function g to {1,...,k} whose fibre over i has size |w|;. We can assemble the collapse maps in
Theoremcorresponding to the various (.5, g)-labels of w to obtain a single ¥, X. .. x X, -equivariant
collapse map

G+ STy [ = Indy "1l (ghel=1)

In a second step, we apply the functor Indg:”: %o X T (D(—) ® (ng)lw|1 ®.. .®X§w|’“)) to ¢, and obtain
wiy X X S,

an arrow

)| Ejw|y X

Ew — w w
IndE\th...xE\w\k (Indl el Sl |w‘®(X1®| ‘1®®X];®| |k)>

Ew 1
—)Indz:w:lxmlewlk (D(Eﬂ|w|l°)®(X{®'w' ®...®X’;®w|k)>

By the projection formula, this map is equivalent to a map

Ind; "™ ((Sl—wl)®(X?'wl ®...®X§'w|k)> B (D(2|Hw||°)®1nd§:1X.HX2M(X{®‘““ ®...®X§“"k)>
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Using the “binomial formula”, we observe that the last (naive) X,-spectrum includes equivariantly into
DXy [*) @ (X1 @ ... & X;,)®wl - Applying (=)nx,,, to the composite yields a map f,, given by

(st1h e (X @ .o X — D(SII, ) ® xPh g e X

Z|w|1 X'“XZIWIk

— D(E|H|w‘|o) hi(? Xi®...o Xk)®|w| — Freenie(X1 @ ... & Xk)
[w]

Remark 2.3.13. For X; = S7 a sphere for all 4, a lengthy but straightforward induction can be used to verify

that the class f,, indeed classifies the k-ary operation corresponding to the Lie word w.

Corollary 2.3.14. Inducing up the maps f,, and summing over all Lyndon words yields an equivalence

@ FreegLie(Sk'w‘ ® X?Iw‘l XR...Q X?lw‘k) — Freeg Lie(Xl D...D Xk)

weE By,
Proof. The spectrum Frees (X1 @ ... ® X},) is naturally ZF-graded. Since the map fi sends the spectrum
Si-lvl @ X1®‘w‘1 ® ...X,?‘w"“ into the summand of degree (|wli,...,|w|;), the d" piece of the summand
corresponding to a word w on the left is sent to the summand of degree (d|wl|i,...,d|w|;) on the right. It
therefore suffices to check that for all degrees (ni,...,ny) with n =), n;, the map

n ny ne
P D(S|Mal%) @ (ST X) T @ . 0X, )% — DS, ® XM, . ©X2m

Ya hY,, X...XX,
diny,...,nk B k

WEB("F ..., )

gives an equivalence of spectra. This in turn follows by combining Remark [2.3.12| with Theorem 2.:3:11] [

2.3.3 Breaking Symmetry

Complementary collapse can also be used to give an asymmetric version of Arone’s splitting. For this, fix
a partition S = AU B; U--- U By, corresponding to a map g : S — {1,...,k+1}. Let 2 = F;([0]) be the
partition which identifies all points in B = U; B;. Let

z if o= 0]
Fl(o) =

1 else

Let F} = F5(S, g) be as in the previous section for the orbits ordered as A < By < -+ < By.

An easy special case of our argument in the last section shows that Fj is an orthogonality function. We have

already checked this for Fy = F3(S, g). We deduce from complementary collapse:
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Theorem 2.3.15 (Breaking Symmetry). There is a simple ¥4 x X, X -+ X Xp, -equivariant homotopy
equivalence

.| — \ BosHA AL A S A T

A=A 11 11 Ay, A0
flAl‘—>B
s.t. im(fiq1)Cim(fs)

Proof. This is essentially a special case of the above — we will paraphrase it here for the reader’s convenience.

Choosing a chain [z1 < --- < zp < y] orthogonal to F’ amounts to the following data:

1. First, we have to chose a function f : A —+ B corresponding to a partition y =y 1 x.

2. In a second step, we choose a set A; containing one f-preimage for each point in f(A4) C B. We obtain

a partition z; = z4, by identifying each point in A; with its image under f.

3. In a third step, we chose a set Ay C A — Ay containing one f-preimage for each point in f(A — Ay).

We obtain a partition 2o taking z; and merging all points in Ay with their image under f.

Proceeding in this way, we obtain a chain [z7 < -+ < 2z < y] L F’, and it is easy to see that every chain

occurs precisely once. O

Remark 2.3.16. Symmetry breaking can also be used to give a neat inductive proof of the Hilton-Milnor
splitting in Theorem [2.3.11} The technical disadvantage of this approach is that it is hard to describe the

involved collapse maps.

2.3.4 Parabolic Restrictions of Bruhat-Tits Buildings

Let V be a finite-dimensional vector space over a finite field k. Fix a flag A = [4p < - -+ < A,] with associated
parabolic subgroup Pa. We define an orthogonality fan (F') of length 1 by F([By < --- < B;]) = A,—; V B;.
A flag [Cy < --- < C,] is then F-orthogonal if

ConNA. =0, CoVA. =V

Cl/\(co\/Ar_l) :CQ, Cl\/(C()\/AT_l) =V

These conditions are clearly equivalent to Cy L A,., C1 L A._y, ... ,C,. L Ay. Choosing a flag B com-
plementary to A with parabolic Pg and intersecting Levi Lag = Pa N P, we deduce from complementary

collapse:
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Lemma 2.3.17. There is a Pa-equivariant simple homotopy equivalence
r+1

|BT(V)| = Ind%_ (5" /\ | BT(er'(B))[°)
=0

2.4 Fixed Points

Given a subgroup G C %,,, the subspace |I1,,| of G-fized points carries a natural action of the Weyl group

Wy (G) = Nx_ (G)/G. In this section, we will provide an answer to the following question:

n

Question. What is the Wy, (G)-equivariant simple homotopy type of |IL,,|¢ ?

In order to present our analysis, we single out a special class of subgroups:

Definition 2.4.1. A subgroup G C X, is said to be isotypical if all G-orbits are equivariantly isomorphic.

Our theorem reduces the general case of the question raised above to the transitive situation (note Remark [2.4.10)):

Theorem 2.4.2. If G C X, acts isotypically on {1,...,n}, we may assume after relabeling that G is a
transitive subgroup of Xq4 N Z;% C X, ford | n and A the diagonal map.

Then there is a Wy (G) = Ny (G)/G -equivariant simple homotopy equivalence

o

G = Ws, (G) G
|TT,, | = Indwid@xz% (|1L4|%)° A [Ty

Lemma 2.4.3. If G acts non-isotypically, then |11,|% is Wx (G)-equivariantly collapsible.

Remark 2.4.4. We could also view |I1,,| as a Ny, (G)-space or a Cs,,(G)%-space. In this case, the above

result implies equivalences

Cs,(G)d
O5,(G)xBn

0,¢ = Indy>" (& s, (TalS)° A Iy °

G ~Y
Nz, (G)x g °, ITL,,|¢ = Ind

(ITg|%)° A [T

Proof of Theorem[2.].9 and Lemma[2-].5 Without restriction, we assume that G is nontrivial.
Write = € II, for the partition of {1,...,n} into G-orbits. Since the action is not transitive and G is

nontrivial, we know that z # 0, 1.

Claim. The group G is isotypical if and only if x* # 0.

Proof of Claim. Let y € x* be a partition with corresponding equivalence relation ~, on {1,...,n}. Given

two elements a, b with a ~,, b, we observe that for each ¢ € Orbg(a), there is a d € Orbg (b) with ¢ ~, d, and
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that this d must be unique as # Ay = 0. We obtain an G-equivariant function Orbg(a) — Orbg(b) which
by symmetry is bijective. Since y V & = 1, this implies that all orbits are isomorphic G-sets.

For the converse, assume that the action is isotypical with orbits Oq,...,O. We pick G-equivariant isomor-
phisms f; : O; = O;41 and observe that the finest partition y of {1,...,n} with (a € O;) =~ (fi(a) € Oi41)

for all a and all 7 satisfies y L x. O

Claim. The action of Wy, (G) on a1 is transitive.

Proof of Claim. Given y,z € z+, we define ¢ € ¥,, by setting o(i) = j if and only if i, lie in the same
G-orbit and there is an ¢ € G with ¢ ~, ¢g(1) and j ~, g(1). A simple argument shows that this gives a

permutation o in Ny, (G) with o(i) ~, o(j) if and only if i ~, j, ie. 0-2=1y. O

We can now deduce Theorem and Lemma The Lemma follows immediately from Theorem [2.2.6
since + = (. In order to prove Theorem we take z € T to be the G-invariant partition with
i >, (i + kd) for all numbers i, k. The transitivity of the Wy, (G)-action on + and Theorem together

- Ws,, (G
n‘G = Indg,, ) (|Hn,<Z|G)<> A (‘Hn’>Z‘G)O~

imply the existence of a Wy (G)-equivariant equivalence |II Stab()

The result then follows by observing that Stab(z) = Wx,(G) x Y=, ng_, = =, and ng., =1s. O

n,<z n,>z

We are therefore reduced to the study of fixed points under transitive subgroups G of ¥,,. This case is the

subject of the following lemma of Klass:

Lemma 2.4.7. If G C %, is a transitive subgroup and H the stabiliser of 1, then the poset of G-invariant

partitions of {1,...,n} is isomorphic to the opposite of the poset of subgroups H C K C G.

We recall a crucial result from [ADLI6):

Lemma 2.4.8 (Arone-Dwyer-Lesh). If G C %, is a p-group, then |I1,| is Wx (G)-equivariantly con-

tractible unless G is elementary abelian and acts freely.

As already mentioned in the introduction, we can combine our results about fixed points with this Lemma
to compute the fixed point spaces of the partition complex |II,| under general p-subgroups in terms of

Bruhat-Tits buildings:

Corollary 2.4.9. Let F’; C 3, be an elementary abelian p-group acting freely with ¢ orbits. Let Affw; =

ngk (IF’;) be the affine group and write Affﬂzgzzk = Ny, (IF’;) There is a simple equivalence of AffFf)zEﬂ-spaces

FRiz,

. AfF
I = nd %, (IBTEDP AT )
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This can be used to compute the rationalised Morava E-theory of |Hn\zznl XX S, using HKR character

theory without appealing to the above general computation of the Young restrictions.

Remark 2.4.10. Our proof of Theorem [2.4.2] and Corollary 2.5.19] were originally discovered in the spring of
2014 and presented at a presentation in Bonn in May 2015. Arone independently discovered a substantially
different and more complicated proof of the “non-simple” version of this statement which was made public
in August of 2015 in [Arolb]. The “contractible version” of Lemma was also observed independently

by M. Hausmann.

2.5 A Colimit Decomposition for G-Spaces

Using the idea of “dual fracture cubes”, we give a computationally useful colimit formula for G-spaces and
deduce a criterion for when a map f : X — Y of G-spaces induces an isomorphism on H.((=)/qa, Zy))-
Decompositions on classifying spaces and G-spaces have been studied by several people before us (see for
example [Dwy97] and [JSo01]). Fracture cubes in the form of homotopy limits have also been studied by

many authors (recent examples include [ACB14] and [Glal5]).

2.5.1 G-spaces and their Approximations

Let G be a finite group. We write S¢ for the oo-category of pointed G-spaces and let Og . be the full
subcategory spanned by all orbits (G/H ). These form a family of compact projective generators for S¢.

The poset of conjugacy classes of G will be denoted by cclg. We write [H] < [K] if H is subconjugate to K.

Definition 2.5.1. The iterated normaliser of a chain of subgroups H = (Hy C --- C H,,) is given by

Ng(H) := N;Ng(H;). The iterated Weyl group is defined as Wg(H) := Ng(H)/Hy.
Notation 2.5.2. We write YH = g~ 'Hg for g € G and H C G a subgroup.

Definition 2.5.3. We define the strict orbit functor (=) q : S¢ — S, by left Kan extending the constant

functor with value S from Og . to S¢ along the natural inclusion j : Og . — SE.

Let C C cclg be a collection of conjugacy classes. Write O¢ . — Og,« for the full subcategory of all orbits
of the form (G/H)4 for [H] € C. We now recall the classical theory of C-approximations (cf. [AD0I]) in our

setting:

Definition 2.5.4. The co-category S¢(C) of pointed spaces with isotropy in C is the smallest full subcategory

of S*G which is closed under small colimits and contains Oc ..
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The inclusion ¢ : S&(C) — S¢ admits a right adjoint Rc since it preserves small colimits.

Definition 2.5.5. The counit (—)¢ = to R¢ — idgc is called the C-approzimation functor. An arrow

Y — X is called a C-approximation to X if it is equivalent to X¢ — X in (S*G)/X.

G G
Proposition 2.5.6. The functor R¢ is given by Lang*c(c)(id lsa(c)) = Lang*c.*(OQ* — SE(C)). In partic-

ular, the unit of the above adjunction is given by the identity functor.

G
Proof. The first identification is standard. The second follows from id |sc ) = Lang*c (f) <Oc,* — 8¢ (C))

O

The following two propositions are straightforward:
Proposition 2.5.7. Since G is finite, the functors Re and (—)c commute with small colimits.
Proposition 2.5.8. IfC C C’, then S&(C) c S&(C").

Proposition 2.5.9. If X € SE(C) is a pointed space with isotropy in C and the conjugacy class [H] is not

contained in any element of C, then Xy = * and XH 2y,

Proof. Since the functors (—)g] and (—)¥ commute with small colimits, it is enough to prove the claim for

X = (G/K)+ where K € C. Here, it follows from the observation that for any H' € [H], we have

Mapse ((G/H')4,(G/K)+) = (G/K)"). = {g€ G | g " H'g C K}y =+

The following is very close to Proposition 2.3. in [ADOI]:

Proposition 2.5.10. An arrow Y — X is a C-approzimation if and only if YH — XH is an equivalence
for all [H] € C and Y lies in S(C).
Proof. The “only if”-direction is clear. For the “if’-direction, we apply (—)¢ — id to Y — X and obtain

Ye — X¢

|

Y — X

The top arrow is an equivalence by the first condition and Proposition the left arrow is an equivalence

by the second assumption. O
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If C = [K] a single conjugacy class, the following Lemma gives an explicit characterisation of X¢:

Lemma 2.5.11 (Arone-Dwyer-Lesh). The following map is a C-approzimation to X :

\ (EWg) A XH =Ind§, (EWk) A XF) = X
He[K]

2.5.2 A Normaliser Decomposition for Spaces

We give a new colimit formula for the approximation of G-spaces and thereby generalise Lemma [2.5.17] to
general C. Our formula is nontrivial even for C = cclg the collection of all conjugacy classes. We begin with

two easy cases:

Ezample 2.5.12. For a ¥s-space X and C = ccly,, we obtain a homotopy pushout

(EXg)y A X2 > X2

b

(ES)4 AX —> X

Ezample 2.5.13. For a ¥3-space X and C = ccly,, we write X9 = X153 and obtain a homotopy colimit

Inds? ((EX2)4 A X79) (EX3)y A X5
\ | \
Ind5? X X
Tnd3: ((EEQ)+ A XEQ) (EX3)s A X

~ S

Ind;? X*2

In general, fix a subposet C C cclg and write D for the opposite of the category of nondegenerate simplices
of C. Objects of D are chains [H] = ([Hop] < --- < [Hy,]) of strict inclusions of conjugacy classes in C. There

is a unique morphism [H] — [K] if [K] can be obtained from [H] by removing some of the conjugacy classes.

Given a pointed G-space X, we define a functor Sx : D — S& by the formula

H] = ([Ho] -~ C [Hm]) — ((--- (X)) - o)

Lemma 2.5.14. The natural map [cl%li% Bx([H]) = X is a C-approzimation to X.
€
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Lemma 2.5.15. The value of Bx on a chain [K] = ([Ko} C---C [K,,J) is given by

ox) =\ (EWelth ) X
Ho€e[Ko) +
Hp €K ]
HoC---CHn,
= \/ AR (90 f0g,91 Ky v Fo) <EWG(‘Q°KO7 glKlwme)Jr/\XK"")

9m—-1ENG(Km)\G/Ng(Km—1)
gm—2ENg(9m=1 Ky 1,Km)\G/Ng(Km—2)

G0ENG (L K1,....,9m 1K 1, Km)\G/Nea (Ko)
(QOKO)C(QlKl)C'“CK'm,
Lemma 2.5.16. Let f: X — Y be a map of G-spaces such that for all chains of p-subgroups Hy C ... C

H, C G, the following map induces an isomorphism on H.(—,Z)):
(EWG(Ho, -, Hun)+ AN X)) ittty — (EWa(Ho, - H) e NYH™) v, ,0)

Then fiq: X/q — Y,q induces an isomorphism on H,(—,Zy)).

Proof of Lemma|2.5.14 Since the domain of Fl%lir% Bx([H]) — X lies in SE(C) (combine Proposition [2.5.7]
€

with Proposition [2.5.8)), it is enough to check that the map induces an isomorphism on K-fixed points for

any [K]| € C (by Proposition . Given such K, write D’ for the full subcategory of D spanned by
all ([Ho] < -+ < [Hp)]) with [K] < [Hp]. We observe that D’ has no outgoing morphisms to objects in
D\D’. Write D” for the full subcategory spanned by all chains ([K] < [H1] < -+ < [H,,]) starting with [K].
Observe that there is a functor 7 : D' — D’ given by ([Ho] < -+ < [Hp]) = ([K] < [Ho] < -+ < [Hn)).

We now prove that all arrows in the following diagram are equivalences:
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Bx|pr ([K]) ——> X*

:T (5) ~
[cH?gg,wxbl«([H]))K — XK
=/ (4) ~

solim (Ao or([H])K — XX
~|, (3) ~

colim Bxlo (H)F —— X
~|, (2) =~

colim Bx(H)K —— X
[H]eD

K

K

~V (1) =~

K
(i prm))” — "

The left vertical arrows in square (1) are equivalences since K is finite.

The left vertical arrow in (2) is an equivalence: for any [H] = ([Ho] << [Hm]> € D\D', the G-space
B([H]) has isotropy in [Hy]. Since [K] £ [Ho], we use Propositionmto conclude SBx ([H])¥ is contractible.
The canonical morphism Lang/ BE|pr — BE is therefore an equivalence.

The left vertical arrow in square (3) is an equivalence since [K]-approximation preserves (—)X-fixed points.
The left vertical arrow in square (4) is an equivalence since the functor 7 is cofinal (indeed, D’ x ., (D")4/
has an initial object (d,idy) for all d € D).

Finally, the left vertical arrow in square (5) is an equivalence since [K] is a terminal object in the category D”.

O
We can now prove our general formula:

Proof of Lemma |2.5.15. : We proceed by induction on the length m of the chain.
The base case m = 0 is just Proposition [2.5.11

Assume now that m > 0 and the statement holds true for m — 1. Then:

Ho
(), )= V. mmemen( (et anx)
[Km] [Ko] Hy€e[Ko) Hi€[K1]

H, €K,
HyC--CHnm
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o \/ (EWG(H0)+/\ \/ (EWG(Hl,...,Hm)fo/\(XHm)Ho>
Hle[Kl]
Hp €[Kom]

HyC--CHp,
HOCNG(H17~--7Hm)

If Hy ¢ Hy, then EWg(Hy,. .. ,Hm)f0 is contractible and the summand can be ignored. Hence:

((...(x)w)...)w

I

( \/ EWe(Ho) AN EWg(Hy, ..., Hy)y AXHm>

Ho€[Ko]
H€[K,4]

Hpp €K
HoCHC---CHpm,

Given a subgroup K C Ng(Hy,...,H,,), the space
(EWg(Ho))S N (EWG(Hy, ... Hp))
is contractible unless K C Hy, in which case it is S°. We have an equivalence of Ng(Hy, ..., H,,)-spaces
EWg(Ho) NEWg(Hy,...Hy) & EWg(Hy, ..., Hny)

and the first asserted formula for the functor § follows.
For the second expression, we first recall that we can rewrite a wedge \/ jed A; indexed by a G-set J as

G
Vijer/c ndstan ) 4j-
For us, the G-action on J := {Hg € Ko, . Hn € [Kw] | HoC---C Hm} has orbits

J/G = {HQ S [Ko],...,Hm,1 S [Kmfl] ‘ Hyc---CHj,_1C Km}/Nc;(Km)

gm,—QGNG(gm71Km—17K7n)\G/NG(Km—2)

G0ENG(O1K1,...9m=1K 1 K. )\G/Na(Ko)

{ gm—-1ENG (Km)\G/Ng(Km-1) }
(90Kop)C(1K1)C--CKm

The stabiliser of a given chain (Hy C --+ C H,,) € J is evidently given by Ng(Hy,. .., Hnm). O

Proof of Theorem[2.5.16, Let C =S, C cclg be the family of conjugacy classes of p-subgroups. Write D for

46



the category of nondegenerate simplices of this poset . Consider:

Ho(X)6: L)) H.(Y)a, Zy)
- (1) -

HE (X, Zyy) HE (Y, L))
~ (2) ~

H*G(Xspyz(p)) HE (Ys L)
- (3) -

H.((Xs,)/6: Zp)) H.((X5,)/6: Zp))

~ (4) -~

[H]eD

H*((colimﬁx([H])>/G , Z(p)) %H*(<[cl%limﬁy([H])>/G ; Z<p>>

H*(colim (BX([H])/G> , Z(,,)> — H*([cglm(ﬁdeD/G) ; Z<p>>

[H]eD

T ( colim (ZOOBX([H]) /e ® HZ(p)>) — 7, ( [colim (EOOIBY([H])/G ® Hz(p)»

[H]eD
The vertical arrows in square
e (1) and (3) are equivalences by elementary properties of Bredon homology.

e (2) are equivalences because the constant Mackey functor Zy) has the p-transfer property and is hence

projective relative to p-subgroups by Lemma 3.8 of [ADLI6].

e (4) are equivalences by Lemma [2.5.14]

e (5) are equivalences because for G finite, strict orbits and homotopy colimits commute.

e (6) are equivalences because the smash product commutes with (homotopy) colimits.

The assumptions imply that ¥°°Bx ([H]),¢ ® HZp) — Y*°py([H]),¢ ® HZy) is an equivalence for all
[H] € 0b(D) and the claim follows. O

Lemma [2.5.16] can be used to deduce certain statements on strict orbits from their corresponding statements

on homotopy orbits. As an example, we start with the following result of Arone [Aro06]:
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Theorem 2.5.17. Let p be an odd prime. If j is odd and n # p® or j is even and n # p®,2p® for all a, we
have H,.(|T1,|° A,y (S7),F,) =0

We can use our machinery to prove the analogous statement for strict coinvariants:

Theorem 2.5.18. Let p be an odd prime. If j is odd and n # p* or j is even and n # p®,2p® for all a, we
have H,(]I,|° Ay (S7)",F,) = 0.

Proof. We apply Lemma [2.5.16( to the map [IT,|* Ay, (S7)"™ — x. It suffices to check that

H, (szn (Hoy - oy Hp )y A (T [° z:/> (Sj)An)fﬂn(Ho,...,Hm)’Z(p)) =0

for all chains of p-subgroups H = (Hy C --- C Hy,). If H,, is not of the form Ak(IFf)), then this is clear by
the contractibility result of Arone-Dwyer-Lesh. If H = Ay (K) for some flag K = (Ko C --- C K,;, = Ff,)

with associated parabolic Pk, we use Theorem to write:

H. BV, (Hoveoo o Hode AL A SRS G,y )

~ [, ((E(Ff’;)PK>+ ADS| BT(]Ff,)) ,Fp) ® H, <<|Hkl<> A (Sj>A’“>hEkan>

This tensor product vanishes by applying Theorem to the right factor. O]

’4
FPNPK

Remark 2.5.19. We can combine Lemma [2.5.14] with our Corollary and Lemma Arone-Dwyer-Lesh) to

obtain an interesting colimit decomposition of the approximation of |IL,| relative to p-subgroups.
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2.6 Strict Quotients and Commutative Monoid Spaces

Work of Arone [Arol5] raised the following question:

Question. What is the F,-homology of the strict quotient of |IL,,| by a Young subgroup X, X---x3,, C %, ?

In this section, we will uncover the conceptual significance of quotient spaces of this form, establish a

surprising link to algebraic André-Quillen homology, and thereby give an answer to the above question for

p=2.

2.6.1 Commutative Monoid Spaces and Simplicial Commutative Monoids

We start with the following definition:

Definition 2.6.1. A commutative monoid space is a (compactly generated Hausdorff) space R together
with two distinguished points 0,1 € R and an associative and commutative multiplication R x R — R
such that 1 acts as a unit and -0 = 0-xz = 0 for all z € X. Equivalently, the pointed space (R,0) is a
(unital) commutative algebra object in the symmetric monoidal category (Top,, A, S®) of pointed (compactly

generated Hausdorff) spaces, i.e. an algebra for the monad T'(X) =V, 5, X§".

We write CMon for the category of commutative monoid spaces. This category and variants thereof have

been studied by many before us (see for example [Kuh04]).

Theorem 2.6.2 (Schwinzl - Vogt [SV91]). The category CMon of commutative monoid spaces with 0 admits
the structure of a cofibrantly generated model category where a map f is a fibration or weak equivalences if

and only if the underlying map of pointed spaces has this property.

We say a commutative monoid space R is well-pointed if its underlying pointed space (R,0) has the corre-

sponding property. We now introduce some variants.

The category of augmented commutative monoid spaces is the overcategory CMon""? := CMon, g0, where
S0 denotes the commutative monoid space with two elements 0 and 1. It inherits a model category structure

such that the forgetful functor preserves fibrations, cofibrations, and weak equivalences.

The category CMon"" consists of algebras for the monad T7°(X) =\/, ., X§". Once more, it is endowed

with a model category structure whose fibrations and weak equivalences are defined on the level of spaces.

The augmentation ideal functor I_y : CMon""? — CMon™" takes an augmented monoid space A — S°

and assigns the preimage of the base point 0 € S°.
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Every nonunital commutative monoid space X gives rise to a unital augmented monoid space S° vV X by
adding a disjoint unit 1.

Warning. The functors

I
CMon*" sgov(j CMon"™"

do not assemble to an equivalence.

We can also start with the symmetric monoidal model category (sSet., A, S°) of pointed simplicial sets and
follow Quillen to define a model structure on its category SCM of commutative algebra objects. Weak
equivalences and fibrations are again defined using the forgetful functor to sSet,. Objects are just Quillen’s
sitmplicial commutative monoids (with 0 and 1). Again, there is an augmented version SCM**Y and a

nonunital variant SCM"™".

2.6.2 Extension of Scalars

Given a ring R and a commutative monoid space X, we will produce a simplicial commutative R-algebra

R ® X. Heuristically speaking, we “extend scalars” from F; to R.

Fr ~
Fix an ordinary ring R. Consider the Quillen adjunction sSet. > sModg. Here Fr(x — X) =
U
coker(Freenody, (¥) — Freenod, (X)) is the reduced levelwise free R-module construction, and U forgets.
This adjunction is monoidal. We therefore obtain a Quillen adjunction SCM < SCRpg, which can be

promoted to a Quillen adjunction SCM**? = SCR%"Y.

Definition 2.6.3. The functor R ® (—) : CMon""*Y — SCM**Y — SCR%" given by composing singular

chains Sing, and Fp is called extension of scalars to R.

Proposition 2.6.4. The functor R® (—) preserves weak equivalences and homotopy colimits.

Proof. If M — N is a weak equivalence of monoid spaces, then it is a weak equivalence of underlying spaces.
The morphisms

Singe(M) — Singe(N), (Fr o Sings)(M) — (Fg o Sings)(N)

are weak equivalences of simplicial sets and hence also weak equivalences of simplicial commutative monoids

and simplicial R-algebras respectively.

To see the second claim, we observe that the functor Sing, : CMon — SCM is the right half of a Quillen
equivalence, which implies that its right derived functor RSing, preserves homotopy colimits. However, since

every space is fibrant, we know that every monoid space is fibrant and hence Sing, computes its own right
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derived functor. It must therefore preserve homotopy colimits.
The functor Fg is left Quillen, and so its left-derived functor LFg preserves homotopy colimits. If Q — id is a
cofibrant replacement, we use that Fr preserves weak equivalences to see that LFr(X) = Fr(QX) = Fr(X)

is a weak equivalence. Hence, given a diagram D : I — CMon, we compute:
FR(hoc?lim D) & LFR(hoc?lim D) hoc?lim (LFg)o D) = hOC(I)lim (Fr(D))

In the last step, we used that the pointwise equivalence of diagrams Fr o Q o D — Fg o D induces an

equivalence on homotopy colimits. O

2.6.3 André-Quillen Homology for Commutative Monoid Spaces

We follow Quillen’s general approach in the context of our commutative monoid spaces. We begin with the

following definition:

Definition 2.6.5. The indecomposables functor V : CMon™"* — Top, assigns to a nonunital commutative
monoid space A the quotient space V(A) = A/A- A. Here A- A C A is the space of all elements which can

be decomposed into a product of two elements in A.

We can also form square-zero extensions:

Definition 2.6.6. Given a space X, we write X for the nonunital commutative monoid space obtained by

declaring that x - y = 0 for all points z,y in X.

Algebraic and topological square-zero extensions interact well as R ® (S° v X) is just the trivial square zero

extension R @ Cy(X, R) of R by the simplicial module Cy(X, R) of reduced R—valued singular chains on X.

v
The above functors in fact determine a Quillen adjunction CMon™"* Z — > Top,.
Definition 2.6.7. The André-Quillen chains AQ(A) of a nonunital commutative monoid space A € CMon™"

are given by the value of the left derived functor L(V)(A) € Ho(Top,). The André-Quillen chains of an
augmented commutative monoid space are given by AQ(LI4), where I4 denotes the augmentation ideal (i.e.

the fibre over 0). The André-Quillen homology of an augmented monoid space is given by the homotopy

groups HY(A) := m.(AQ(4)).

We can give a formula for the André-Quillen chains of a commutative monoid space:

Proposition 2.6.8. If A €¢ CMon™ is a nonunital commutative monoid space, then the André-Quillen

chains of A are given by AQ(A) = hocolim ., (Bare(1, T>?, A)).
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Proof. The augmented simplicial T>%-algebra Bare(T>?, T>?, A) — A has a contracting homotopy. Hence

hocolim ., (Bare (T>?, T>9 A)) = A. The left derived functor L'V preserves homotopy colimits. Hence:

AQ(A) = LV(A) = hog(gzljim LV (Bar, (T, T>0, 4)) = hog(gzl)im (Bar, (1, T°, A))
O
André-Quillen chains for commutative monoid spaces behaves well under “base-change” to ordinary rings.
Fix an ordinary ring R and write V : SCR%"Y — sModpg for the “indecomposables functor” defined on

nonunital simplicial commutative R-algebras. Recall:

Definition 2.6.9. The André-Quillen chains of a nonunital simplicial commutative R-algebra S are defined

as AQT(S) := LV(S) € Ho(sModp).

Write Symz°(X) = D..~0 Xg’f’n for the nonunital commutative algebra monad on sModg. We can give
an explicit formula for the André-Quillen chains as AQ™(S) = hocolimu., Bare(1,Sym7z’, S). Reduced
R-valued chains C~'.(—7 R) interact well with symmetric powers in the sense that there is an identification

C.(T>°(X), R) = Sym3;"(Ce(X, R)). André-Quillen chains therefore intertwine with extension of scalars:

Lemma 2.6.10. There is a commutative square

Ho(CMon™") A9 Ho(Top,)

R®(—)\L J/C.(—,R)

nuy _AQY
Ho(CAlgh') —= Ho(sModpg)

Proof. Given a nonunital commutative monoid space A, we compute
Cuo(AQ(A),R) = (Co(—, R) 0 LV)(A) ~ hog(o)rljim((:*.(Bar.(l, T>° A),R))

~ hog(glim(Bar.(l, Symﬁo, C‘.(A, R)) = AQR(R® A)
O

nu

Definition 2.6.11. The strict nonunital commutative operad Ogs

on the model category Top, of pointed

spaces has (02" ), = S for all n > 0, (O2¥

e o =0, and all structure maps are the identity.

By an elementary combinatorial argument, one can compute the (strict) operadic bar construction to obtain

a Koszul dual cooperad Ocorie = Bar(Ogy, ,.,) with

OcoLic(n) = | Bare (O mm) (n)| = S, [*

Comm
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for all n. The cooperad structure was defined by Ching [Chi05] using tree crafting and by Salvatore [Sal9§].

Any symmetric sequence {P, € Top>"} defines an endofunctor Sp(X) =\, 5, Pu As,, X"\ Here we take

strict orbits. We define a functor CeoLie by CeoLie(X) = S0 (X) = V151 Z[n|® Ag XM

We now get back to our initial problem of computing strict orbits of the partition complex under the action

of Young subgroups. The quotient space X/|I1,,|°/ Sy Xe X T, naturally appears as the piece of multi-degree

(n1,...,ng) in CcoLiC((SO)Vk) = \/n L, [° s, ((SO)Vk)An = \/nl, E|H”1+ Al /Em Xy,
Hence we need to study the value of the functor Ceopic on wedges of spheres. Using Theorem [2.3.11] we can
split up Ceopie evaluated on wedges of spaces X1, ..., X) and obtain an equivalence of pointed spaces (this

strategy is a variant of the computation of Goerss [Goe90]):

\/ Ceoric(SUTHOTIA XM A A XM & Ceprie(X1 V-V Xj)

Lyl
weB({y,...,0k)

Here the degree d piece in a summand of signature (¢1,...,#;) on the left has multi-degree (d¢1,...,d¢;) on

the right. Taking X; = S again, this equivalence gives Ceorio((S°)V*) =2V 4, .4y Ceonio(SATT01).
wEB(£y,...,01)
Restricting to some multi-degree (n1,...,n;) with >~ , n; = n, we recover a suspened version of Proposition

10.1 in [Arol5]. The functor Ceorie is closely related to square zero extensions by the following crucial

observation:

Lemma 2.6.12. If X is a well-pointed space, then AQ(S°V X) = Ceopio(X).

Proof. We have T>0 = Sope and hence

0\, v : Y n
AQ(S° v X) = bhogolim Bar(1, Sop,,, X) = hogolim Spar, 0gs,,,) (X) =/ Sllaf* A X" = Coorie(X)

n>1

O
We can now establish a surprising link between the reduced homology of strict quotients of the partition

complex and a familiar invariant in derived algebraic geometry:

Theorem 2.6.13. If X is a space and R is a Ting, then

H, (ccoLie(X»R) = H, ( V S p X R) = AQY (Reaé.(X, R))

d>1

Here R ® C’.(X, R) denotes the trivial square zero extension of R by C.(X, R).
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Proof. Combine Lemma [2.6.12| with Lemma [2.6.10 O

Fix a ring R and write R @ [eq,,...,€q,] for the trivial square zero extension of R by the free R-module
with generators in degree dy,...,d, > 0. We can “tensor up” the above splitting of Ceoric(S% V - .-V S)
(proved using Theorem [2.3.11)) “from F; to R” and deduce the following result from Theorem [2.6.13

Corollary 2.6.14. There is a splitting

AQMR@ [ea,-. e, )= P AQK(R® le(tsanynt.+(1+du)tn—1])

Over Fy, this has been proven by Goerss [Goe90] with algebraic means. We find it remarkable that our

purely combinatorial techniques have such a nontrivial consequence in derived algebraic geometry.
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Chapter 3

Intertwining Topological and Algebraic Koszul Duality

In this chapter, we fix an Eo-ring R for which 7, (R) is Noetherian and an ideal I C Ry. We write Modgplm

for the oo-category of I-complete R-module spectra as introduced in Appendix A. Given an augmented
monad T € Alg“"g(End(Modgpl(l))) with Koszul dual comonad KD(T) = |Bare(1,7,1)| (as defined in
[Lurlibl), we can ask:

Question.
1. Can we produce cohomotopy operations on KD(T')-coalgebras from homotopy operations on T-algebras?

2. Can we compute the composition of cohomotopy operations on KD(T')-coalgebras from the composition

of homotopy operations on T-algebras?

By Corollary [5.1.21)in Appendix A, the homotopy category hMod%’ ;(I) of completed-free R-module spectra
is equivalent to the “algebraic” category Modgf fj(f) of completed-free graded modules over the graded ring R,.
This fact implies that if T preserves completed-free module spectra, then operations on the homotopy of

T-algebras are controlled by an augmented monad T on the algebraic category Modgf f}l).

A natural first guess for an answer to the question raised above is that operations on KD(T')-algebras are

controlled by the Koszul dual KD(T) = | Bar,(T)| of this algebraic comonad.
In this chapter, we give a precise formulation of this statement and introduce conditions under which it is true.

In the fourth chapter of this thesis, we will then apply our machinery to the monad 7' = @, X E?EZ and

use this to study K (h)-local Lie algebras in module spectra over Morava E-theory.

55



3.1 Operations on the (co)Homotopy of (co)Algebras

The oo-category End(Modgp l(I)) is naturally endowed with a monoidal structure given by composition, and

Modgplm is left-tensored over End(Modgpl(I)) (see Section in Appendix B).

Given a monad 7" on Modgplu)7 i.e. an algebra object in End(Mod%pl(D)7 we can consider left T-modules in

Mod%p ' 1n order to conform with classical nomenclature, we shall call such modules T-algebras and write
AlgT(Modgp Z(I)) for the resulting co-category. Note that this diverges from the notation used in [Lurl4].
There is a forgetful-free adjunctio T: Mod%plu) = AlgT(Modgpl(l)) :U.

In this section, we will set up the language which we will later use to study the operations on the homotopy

groups of T-algebras. The monad T induces a monad AT on the homotopy category hModgp 1D,

Write hAlgéf for the homotopy category of the full subcategory of Alg, spanned by all T-algebras of the
form T(X4R@ - - @ L R).

Remark 3.1.1. A simple argument shows that hAlg{Ff is equivalent to Algﬂﬂ, where Algﬁé denotes the full
subcategory of Alg,, spanned by all hT-algebras of the form T(XR @ --- @ X R).

The category Pr = (h Alggf )°P then forms a Z-graded algebraic theory in the sense of Definition in
Appendix C. Define the required functor F' : Z* — Pr by sending a word (¢1,...,tg) to T(X"* R®- - &YX R).
A morphism sy ...8, — t1 ...t lying over the function f: {1,...,k} — {1,...n} with sy = t; for all 7 is

sent to the arrow T(X"R@ --- @ L R) —» T(X R @ - - - @ X" R) fitting into the commutative square

SR .- YR — > SR .- - X" R

i i

T(E"R@---®L"R) = T(SR®--- ® L R)

Here the top arrow is a map of spectra obtained by using codiagonals according to the structure of f and

the lower arrow is a map of hT-algebras.

Given any T-algebra M, the graded set m;(M) = mo(Map,; ,cmn ('R, M)) forms an algebra over Pp (in
R
the sense of Definition [5.3.4]). We shall write

P! . (T):=mMapy, (T(¥R),T(S"R®---®S"R)) = Mapp(T(S"R®--- & " R), T(X'R))

D1yl

for the group of operations with k inputs in degrees iy, .. .7, and one output in degree j.

I These notions are defined carefully in section 4.7 of [Lurld4].
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Applying T to the codiagonal gives rise to a morphism T(X'R@ ... ® X!R) — T(X!R) which induces a map

PJ (T) — Pij (T') corresponding to plugging in the same variable into all slots of a given operation.

Byt

Proposition 3.1.2. Every map of monads Ty < Ty naturally induces a morphism of associated Z-graded

algebraic theories Py : Pr, — Pr,.

Proof. We shall construct a morphism h Algg — hAlgg and then apply (—)° in the end.
On the level of objects, we send T7 (M) to Py (T1(M)) := To(M).

Given a morphism f : Ty (A) — T1(B), we first produce the arrow A — T7(A) EN T1(B) 22 Ty(B) and then

induce up to obtain a map of Ty-algebras P, (f) : T2(A) — T(B).

Given ¢ = 1,2 and two morphisms represented by A S T;(B) and B % T;(C), the axioms of a monad
imply that the composite g o f is represented by the arrow A EES T;(B) i@ Ty(Ty(C)) £ T;(C).

The functoriality of P, is now proven by observing the following commutative diagram:

AL 7B 2D 7 (1y(0)) 45 Ty(0)

(
\ (XTI(C)\L
(

To(B) 22 1(1y(C)

T2(Pa(g) (9)) J/
) 2 T (C)

Some operations preserve additive structure:

Lemma 3.1.3. An operation o € Pij(T) = WjT(ZiR) acts additively on the homotopy of T-algebras if and

only if it lies in the equaliser of the two following maps:

) ITA) o 2 TSR @ YR)
\ TW]T(I1)®WJT(L2)
T(ZlR)
T(X*R)e ;T

Here A(_y denotes diagonal maps and v(_y stand for the inclusions of summands.

Proof. Let a € Pij (T') be in the required equaliser and fix x,y € m;(M) for M a T-algebra. Then we consider
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the following diagram:

SE®YE ——> T(S'R) & T(S'R)

SIR T(ZtR) Y
/ / J/T(Ll)@T(Lz)

YE ——>T(% ———j>TZR@Zm M
T o ?
YR— S NROYR

Asig

where all squares and triangles except for the middle triangle commute and the various maps are defined
in an evident manner. We notice that the top composite is given by a(z) + a(y) whereas the horizontal
composite gives a(z + y). If the middle triangle commutes, then these composites must agree. The converse

direction follows by taking the universal case M = T(%'R @ X'R). O

A similar family of definitions can be introduced for operations on the cohomotopy groups of coalgebras over a

comonad C. The i" cohomotopy group of an R-module M is defined by 7*(M) := mo Map,,_,cu (M, E'R).
R

We have a forgetful-free adjunction U : coAlgC(Model I)) = Mo del(I) :C.

Definition 3.1.4. The Z-graded algebraic theory P¢ attached to a comonad C' € coAlg(End(Mode l(l)))
is defined as the opposite of the full subcategory of coAlg(hC) spanned by all coalgebras of the form
(hC)EUR® ... ® X*R).

The cohomotopy groups of a C-coalgebra A in Modgpl(l)assemble into a Po-module M(A); = 7 (A). Write

P! . (C):=moMapga,, (C(E"R® - & L R),C(L/R)) = Mapp, (C('R),C(S"R® --- & "' R))

01,

Dual to our reasoning above, every map C; — C5 of comonads induces a morphism of associated graded

algebraic theories Pc, — P¢,. Dually to[3.1.3] one proves the following criterion for additivity of operations:

Lemma 3.1.5. An operation o € Pij(C) = 7/ (C(X'R)) acts additively on the homotopy of C-coalgebras if

and only if it lies in the equaliser of the two following maps:

s C(coA)

I C(X'R) C(S'R® Y'R)

\ T ]C(Pl @ﬂ—]C(pz)
7w coA

L C(ZIR) @ m C(TR)

We will now introduce a certain new structure which will later help us to formulate additive operations in

the case where C' is defined by an operad:

58



Definition 3.1.6. The weighted power category W has objects ob(W) = {i € Z} and morphisms Homyy (¢, j) =
{w € N}. Composition is defined in an evident way from multiplication of natural numbers: if i % j and
j 2k, thenwov=:1v-w:i— k.

Definition 3.1.7. A power ring P is a lax functor P : W — B Mody to the symmetric monoidal category
with a single object, with morphisms indexed by Mody, and with product defined using the tensor product.

A morphism of power algebra objects f : P — @ consists of an oplax natural transformation o : P = @ for

which «; = Z € Endp Mod, (*) = Mody, for all i. We write Pow‘Z/V for the resulting 1-category.

More concretely, a power ring is a collection of abelian groups Pij [w] for each (i,j,w) € Z* x N together
with composition maps P/ [v] ® Pfw] — P}low] satisfying evident associativity conditions. A module over a
power ring is a graded abelian group M, together with multiplication maps Pij [w] ® M; — M, which satisfy

the natural associativity conditions.

3.2 Bridged Koszul Duality

In this section, we introduce a technical tool which we will later use to relate monadic Koszul duality in

algebra and topology.

Bridged Endofunctors. We begin by recalling the following definition of Lurie:

Definition 3.2.1. An oo-category C is called a socle if it is locally small, admits small coproducts, every
object is a cogroup, and there is an essentially small full subcategory Cy such that any object is a retract of

a coproduct of objects in Cy.

Definition 3.2.2. Given such a socle C, we write P,(C) C P(C) = Fun(C°,S) for the oco-category of
contravariant functors to spaces which preserve small products.

By Proposition 4.2.1.(6) in [Lurllal, this construction freely adds geometric realisations to C:

Proposition 3.2.3. Given any co-category D with geometric realisations, precomposition with the Yoneda
embedding determines an equivalence Fun, (P, (C), D) — Fun(C, D).

Here Fun, (—, —) denotes the full subcategory spanned by all functors which preserve geometric realisations.

Notation 3.2.4. In the above situation, we denote the realisation-preserving functor corresponding to

F:C— Dby LF : P,(C) — D and think of it as the left derived functor of F'.

Coming back to the situation of interest to us, we observe that the co-categories Modgpfl(l) and h Modgp;(l) =

Modgi7 f}l) introduced in Appendix A are evidently socles. Proposition gives rise to a canonical diagram

59



of co-categories

Model(I) SN Model(I)

o |

Mod§?"" < P, (ModP ") —> P, (Mod§™ ()
such that both Lt and Lh preserve geometric realisations.

Let S be the category (e < e — o) and consider the diagram

Mod"'™" <= P, (Mod1") —> P, (Mod§™(")

as an element in the oo-category Fun(N(S), @m).

Definition 3.2.5. The coCartesian fibration B £» N(S) obtained from this functor by unstraightening is

called the resolution bridge.

The three categories appearing as fibres of p admit small colimits. The functors Lt and Lh preserve geometric
realisations and ¢ and h preserve small coproducts. By Proposition 4.2.12 and Proposition 4.2.11.(3) in
[LuriTal, we conclude that both Lt and Lh preserve all small colimits. Corollary 4.3.1.11 in [Lur09] implies

that the category B admits all small p-colimits.

Definition 3.2.6. We write Endg(B) for the full monoidal subcategory of Endg(B) spanned by all functors

which preserve coCartesian edges.

We will make use of the following result of Shah [ShalT]:

Lemma 3.2.7. Let p: C — S be a coCartesian fibration of co-categories. Suppose we are given a diagram
¢ K — Fung(C, D), and suppose that for every x € C, the evaluation functor ev, ¢ : K — Dy has a
colimit, and for every f : & — y, the canonical map colimy (evy @) — fi colimy (evy @) is an equivalence.

Then colimy ¢ : C' — D exists and is computed on objects x € C' by colim g (ev, ).

Corollary 3.2.8. The co-category Endg(B) admits geometric realisations. Given some ¢ € B, the evaluation

functor ev. preserves them.

Definition 3.2.9. The monoidal oo-category Endg” (B) of bridged endofunctors of Model( ) is given by

the full subcategory of End¢(B) spanned by all functors which preserve p-geometric realisations.

The functor category Endg?(B) is closed under geometric realisations.
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Proposition 3.2.10. Restriction gives rise to a diagram of strictly monoidal realisation preserving functors

Endg’ (B)
b2
End? (Mod ') End” (P,(Mod ")) End? (P,(Mod;™"))

Proof. Since the induced functors Lt and Lh between the fibres of p preserve geometric realisations, Propo-
sition 4.3.1.10 in [Lur09] implies that restricting an endofunctor which preserves p-geometric realisations to
one of the three fibres of p : B — S yields a functor which preserves realisations. The restriction functors

are evidently strictly monoidal. O

Remark 3.2.11. Informally, a bridged endofunctor is therefore given by a diagram

Mo < E P, (odf1) —H (o)

A 5 le

Mod"' ™" <= P, (Mod1") —> P, (Mod§™(")

where A,B, and C preserve geometric realisations.

We see that every algebra object T € Alg(End§” (B)) gives rise to three monads
p1(T) € Alg(End” (Modz”'™")), pa(T) € Alg(End” (P, (Mod”f"))), ps(T) € Alg(End” (P, (Mod”'(")))
We will now construct functors

Cpl(I Cpl(I Cpl(I
Alg,, (1) (MOdRP( )> <— Alg,, (1) (P > (Modg"}! ))> —> Alg,, (1) (P > (Mod ' ))>

For this, we introduce a technical gadget:

Definition 3.2.12. The oo-category £ of bridged I-complete R-module spectra consists of the oo-category

of coCartesian sections of B — S.

We have a natural diagram

&

L o

Modz”™ P,(Mod")  Py(Mod?'(")
Remark 5.4.7.16. in [Lur09] implies the following fact:

Proposition 3.2.13. Evaluating a section on the middle object of S defines an equivalence € = P, (Modgf;(l)).
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Remark 3.2.14. Thinking of an object in PU(Modgf’ ;(1)) as a formal geometric realisation of a simplicial

diagram X, : N(A?) — Modgf’;m, we can think of bridged module as a triple (| X[, Xo, 7 (Xe)).

In order to construct the aforementioned functors, we observe the following diagram in the ordinary category

—— ord
CatMod  of strictly tensored oco-categories introduced in Section in Appendix B:

(End%? (B), Mod P (End$° (B), P,,(Modgf’]f(”)) (End$” (B), Pa(Modgff;I)))

|

(End? (P, (Mod1")), P, (Mod"1 "))

(End” (Mod ™), Mod ') (End (P, (Mody!"[")), Py (Mody"[")

—— ord —
Applying the construction © : N (CatModOT ) — CatMod defined in Section in Appendix B, we obtain
a diagram of tensored oco-categories in the sense of Definition (in the interest of readability, we will

drop the arrows and just use commata instead):

o (€9, Endy” (B)®) -

(Mod$P' ™D End%” (B)®) (Pr(Mod ") End§ (B)®) (Pr(Mod”")® End§ (B)®)
restrictive restrictivel/ restrictive
Cpl(I o Cpl(I
(Pr(Mod$"")®, End” (P, (Modg"{"))®)

(ModSP'D® End® (ModPD)®) (P (Mod”"$")®, End? (P, (Mod " "))®)

The lower three vertical arrows exhibit the upper tensored co-categories as obtained by restriction from the

lower ones by Lemma [5.2.15|in Appendix B.

Proposition 3.2.15. The top middle functor £® — (Pg(Modgpfl(I)))@B in the above diagram is an equivalence

of Endg’ (B)-tensored oo-categories.

Proof. By Corollay 4.2.3.2 in [Lurl4], it suffices to check that the induced map of underlying oo-categories

is an equivalence, which holds true by Proposition [3.2.13] above O
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Lemma 3.2.16. Given an algebra object T € Alg(End§’ (B)), we obtain a diagram

Alg, (Modgp“”) Alg, (PU(Modgf’JiU))) Alg, (P,,(Modgff;”)>
v = =2

Cpl(I Cpl(I Cpl(I
Mod P! >> Alg,, () (P(,(Mode’f ))) Alg,, 7, (PU(Mode’} >))

TN R

Algm (T)

By construction, this diagram lies over diagram on p.

The lower three vertical arrows are

Proof. The top middle arrow is an equivalence by Proposition [3.2.15
O

equivalences by Lemma [5.2.16]in Appendix B.

We have therefore defined functors

Cpl(I Cpl(I Cpl(I
Alg,, (1) (MOdRp( )> <— Alg,, 1) <P 5 (Mod ;' ))> —> Alg,, (1) <P > (Modi”' )))

We can set up similar functors for comonads. Indeed, we apply (—)°P : CatMod — CatMod to the second

diagram of the last paragraph to obtain a diagram of tensored co-categories (again, we indicate arrows by

commata):
(E°P®,Endg’ (B)P®)
(Mod$PH)oP® ' End%e (B)or®) (Pr(Mod 5% ")or® Endg” (B)"®) (Pr(Mod”'{)or® Endg (B)r®)
restrictive restrictive restrictivel

(Mod " P® End” (Modg'")or®) (Pr(Mod5”"$")or® End? (P, (Mod§™("))7®)

(P, (Modgf}fl‘(l))(ﬂ)@, End’ (P, (MOdng;(D))OP@)

The lower three vertical arrows are again restrictive by Proposition in Appendix B.

Proposition 3.2.17. The top middle functor (£°P)® — (Pg(Modgf’;(I))"p)@a in the above diagram is an

equivalence of (Endgg’f(B))"p—tensored oo-categories.
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Proof. Identical to proof of Proposition [3.2.15 O

Lemma 3.2.18. Given C € coAlg(Endg? (B)) = (Alg(Endg” (B)°F))°P, we obtain a natural diagram

coAlg~(€)
coAlge <M0dgpl(1)> coAlge < (Modg’}l )) coAlg ( (MOdel(l))>
>\ =\ =\

coAlg, () (Modgpl(1)> coAlg,, ) (PU(MOd%?;(I)O coAlg, ) <P,,(M0d§ff}1)))
This diagram lies over diagram from p.

We have therefore defined the following useful functors:
coAlg, (o <Mod§pl(1)) <— coAlg,, ) ( (Modcpl(I))> —> coAlg,, () ( (Model(I))>

Completed-Free (co)Monads. We shall now focus on a particularly convenient class of endofunctors:

Definition 3.2.19. An endofunctor T' € End(Modgpl(D) is said to be completed-free if it preserves the full
subcategory Mod%p ;(1) of completed-free I-complete R-module spectra in the sense of Definition [5.1.13

We write End’ (Mode 1z ) for the full monoidal subcategory spanned by all such functors.

Definition 3.2.20. The oco-category Endg’”’f (B) of completed-free bridged endofunctors is given by the full

Cpl( )) Cpl(f)

subcategory of End§” (B) spanned by all functors whose restriction to P, (Mod preserves Mod

Every realisation-preserving completed-free T € End”f (Modgp Z(I)) determines a T € End”“7 (B) given by

Modg"") <= Py (Mod(}")) —— Py(Modg ")

T\L T\L‘:LT\ 4CPL(D) A\L‘:LhﬂM del(I)
yf

Mod$P'D < p, (Modg”;(’)) S p (Modc”“’))

This observation implies that the restriction functor Endg’a’f (B) — End/ (Modgp I(I)) is an equivalence of

monoidal co-categories. We write (—)ap for the inverse functor.

Definition 3.2.21. The analytic approzimation T to a completed-free monad T' € Alg(End” f(Model(I)))

is given by T = LAT |MO 4Crun, 1.e. by the image of T' under the composition of the strictly monoidal functors:
R.f
End”f (Mod"") =5 Endg™/ (B) — End(P,(Mod™("))

64



The oo-category P,(Modg, ) is in fact prestable, and we therefore have an embedding into the stabilisation
Sp(P,(Modg, r)). The heart of the natural ¢-structure turns out to be PJ(Modgfffj))o i~ Modgfl(l) (see

Proposition , but we will not need this for our considerations.

Operations on algebras over completed-free monads can be understood well in terms of graded R.-modules

since there is an evident equivalence of Z-graded algebraic theories Py = P, 4.

. .. o cpl(I
Dually, we can define the analytic approximation C to a completed-free comonad C' € coAlg(End f (Mod 5" ( ))),

and the Z-graded algebraic theory associated with C' agrees with the algebraic theory for C.

Bridged Koszul Duality. Given an oo-category C containing geometric realisations, we can apply Theorem
4.3.1 of [Lurlibl] to the monoidal co-category End*“?(C);q,_/iq and obtain the Koszul duality functorﬂ
Alg®9(End(C)) LN coAlg®?(End(C)) from monads to comonads. The underlying functor of the Koszul

dual of T is given by | Bare(T)|. By Example 4.4.19 in [Lurllb], the restrictions define commutative squares

Alg®"? (Endg” (B)) ———> coAlg"" (End” ()

.l o

Alg™9 (End® (Mod "' ™)) =2 coAlg™ 9 (End” (Mod 5P ™"))

Alg™9(End’ (B)) —— = coAlg™ (End$ (B))

.l I

Alg®“9(End” (P, (Mod 1)) =2 coAlg™ (End? (P, (ModG "))

Alg™9(End%’ (B)) —— > coAlg™(End’ (B))

ol "

Alg®“9(End” (P, (Mod"'("))) =2 coAlg™ (End” (P, (Mod§?"(")))

We fix an augmented realisation-preserving completed-free monad T’ € Alg®*! (End”/ (Modgp Z(I))) with asso-
ciated bridged monad Ty € Alg®*d (Endc’a’f(Modgpl(I))) and write T = LT|MOdel(I) and T = LhT\Modcpzu).
R,f Ry, f

We introduce notation for the comonads obtained by restricting the Koszul dual of Tis:
C := p1(KD(Tws)) = KD(T) € coAlg™ (End(Mod "))

€ := p2(KD(Ty)) = KD(T) € coAlg™?(End(P,(Mod{"1'")))

C := p3(KD(Tx)) = KD(T) € coAlg™?(End(P,(Mod"'"))))

2We will differ in notation and write KD instead of @ .
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Observe that our definitions are set up to make the following diagram commute:

ModP' M £8P, (Mod$P' M) 22 P, (Mod P
o) ) ¢
MOdel(I) (M del(I)) (M del(I))

Lemma [3.2.18] from the last section gives natural functors

coAlge(Mod" ") <— coAlge(Py(Modg; ")) —> colge(Py (Mod7” (")

Our principal aim is to study unary operations on the cohomotopy groups of C-coalgebras, i.e. to understand

Cpl(l )

the full subcategory of coAlg,(Mody, spanned by free coalgebras C'(XR) on some suspension of the

unit R. For this, it is convenient to have a large family of preimages of 3*R under the geometric realisation

functor PU(Modgf;(l)) — Modp at our disposal.

Notation 3.2.22. Given a socle C, the a'” suspension of an object X computed in the pointed oco-category

P,(C) is denoted by S A X and called the a'” simplicial suspension of X.

Warning. If X is an object of the full subcategory Modgﬁ([) — Pg(Modg?;(I)), then the at™ simplicial
suspension S* N X is different from %*X, which denotes the co-categorical suspension of X computed in

Cpl(I)
ModRp .

However, the natural functors Mod$,” ' p, (Mod$? ;(1)) — PU(Modgf lﬁf)) preserve small colimits and we

therefore see that simplicial suspension in the middle goes to ordinary suspension on the left and simplicial

Cpl(I

suspension on the right. Given a completed-free R-module spectrum X € Mod, and some nonnegative

integer a, we can define a bridged module which we can informally write as (Z“X , SN X, 5% A (X)).

We introduce the following notation for certain groups of operations:

Definition 3.2.23. Given integers i, j and nonnegative integers a, b, we write
QJ Qj( ) =T MapcoAlg(C)(C(EiR)7 C(E]R))

Sb - Sb . .
Q5.0 = Q5.0(T) = w0 Map,oa14e) (€(S* A T'R), €(S” A X R))

Qsa(]) Qsa ( ) = To MapcoAlg(@) (@(Sa A ZzR*)’ @(Sb A ZJR*»
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Using functoriality of the construction in Lemma|3.2.18] we obtain a diagram for all 7, j,k € Z and a,b € Z>¢:

j+a k+a+b k+a-+b
Q] X Qj+§ —> Q; ¢

[ !

5°(5) S0 (k) 590 (k)
Qo) *Qgasy = Qgogy)

b J

5°() o @3 " (k) ST (k)
Qsoty XQgeaggy = Qo)

The bottom row is determined algebraically in terms of the functor T and therefore should be thought of as

the computable part of this diagram.

Our rough strategy in the next sections is to first lift elements along the lower vertical maps and then
compose them. Unfortunately, none of the bottom arrows is an isomorphism in examples of interest and we

therefore have many possible lifts. In the next sections, we shall address this difficulty.
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3.3 Weighted Structures

Fix a completed-free realisation-preserving augmented monad 7' € Alg®9(End®/ (Mod%p Z(I))) and write

C =KD(T) = | Bare(T)] for its Koszul dual comonad.

Definition 3.3.1. A weighted structure on T consists of a collection {Blw] — Bare(T) }wez., of simplicial

completed-free realisation-preserving endofunctors over Bare(7") such that
1. The induced map @, B = Bar,(T) is an equivalence.
2. For all r,s, and ¢ in Z>1 with ¢ # r - s, the maps

Clt] - C — CoC — C[r]oCls], Tlr]oT[s] > ToT —T — Tt

are null for Clw] = |B£w}| and Tw] = ng].

Given a weighted structure on T, we obtain a decomposition of KD(Ty) = |Bare(Tm)| = |Bare(T)s|.

Applying p1, p2, and ps, this gives rise to corresponding decompositions

C=KD(T) =P Cw], ¢=KDEX)=Pew], C=KDT) =PCu|

The weighted structure on T hence allows us to define weighted operations:

Definition 3.3.2. Given integers i, j, nonnegative integers a, b, and w, we define
Qilw] := mo Mapy, yonuen (Clw)(£'R), 5 R)
S0(j a 7 j
QSa(éi [w] := o MapPU(MOd?;m)(Qf[w](S AY'R), (S ASIR))

S (5 ~ a i j
o9 [w] := mo Map , (toagricn) (Clw)(8* A SRy, SY ASIR,)

The direct sum decompositions of C, €, and ® give natural product decompositions

Ql =[] @, 95l =[[awdkl, @54 =[] 0.kw

w>1 w>1 w>1

Zero elements give inclusions from the individual factors into these products.

The maps QZIZ — QS (] ) — an((]l ) are induced by products of evident maps on the factors.
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The Canonical Lifting. We fix an augmented completed-free monad 7' € Alg®*“Y(End”/ (Modgp l(l)))

endowed with a weighted structure Baro(T') = ,, B! on p we have constructed functors
coAlgq (Modgpl(1)> <— coAlge ( (Modgp;m)> —> coAlgs ( (Modopl( ))

In order to study lifting properties of maps under the right functor, we introduce a technical definition.

Given a completed-free R,-module M and a weight w, we can consider the chain complex of completed-free

R.-modules hB!"! (M) corresponding to the simplicial object hBL" (M) € s Mode i,

Definition 3.3.3. The completed-free R.-module M is said to be p-Koszul for T if the cohomology of the
complex Hs(hBLw} (M)) vanishes whenever s # log,(w) and is completed-free if s = log,(w).

Remark 3.3.4. Observe that if M is p-Koszul, then HS(hB>[kw] (M)) = 0 for all s whenever w is not a power of p.
Lemma 3.3.5. Assume K € Modgﬁfm is such that m.(K) is p-Koszul. Let j € Z. Then:

1. m Mappg(1\/1001%9;(1))(€[w](K)7 S*AYIR) — m Mappg(Modgfz’(fz))(((Aj[w](mK)7 S AYIR,) is an isomor-

phism if a = log,(w). If a # log,(w), the right hand side vanishes.
2. mo Map,, (Modcpza))(Qf[w](K)7 S AYIR) — mo Map,,_ cnn (Clw](K), %7 H*R) is an isomorphism when-
g R,f R
ever a <log,(w). Ifa>log,(w), the left hand side vanishes.

a

3. Ifw is not a power of p, then all of the above groups vanish. If w = p®, all three groups are isomorphic

to MapModgffy) (Ha(hBLw] (W*K)), EJR*)

We spell out Lemma in the specific case of interest to us (using Definition [3.3.2)):

Corollary 3.3.6. If X'R, is p-Koszul for T at weight w, then:

1. ng(f)) [w] — Qsoiy [w] is an isomorphism if a = log,(w). If a # log,(w), the right hand side vanishes
2. ng((f)) [w] = QIT[w] is an isomorphism if a < log,(w). If a > log,(w), the left hand side vanishes.

3. If w is not a power of p, then ng(u)[ 1, QS 7)[ I, QeI [w] vanish. If w = p®, then all three groups

(2

are isomorphic.

We first deduce a useful statement:

Corollary 3.3.7. If YR, is p-Koszul for T, then there are natural factorisations

S(j S (k Sb(k
nggg; [v] x QSJ(];M s Qsogig [vw]
S (k) S (k)
D30t ¥ Vui) ——> Lnis
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Proof of[3.3.7]. Given some weight ¢ # v - w, we consider the diagram

Q5 9] x 5. w] ——= Q] x QL[]

(i 5%(7)
b
ngg)) Q7"
SP(k
Qo 11 QI

The long arrow on the right is null by condition (2) of the definition of weighted structures. The lowest
horizontal map is an injection by Corollary (2). O

Proof of[3.3.5 The map in part (1) can be obtained by applying my to the totalisation of the following map

X* — Y* of (pointed) cosimplicial spaces:

Mappg (Blw] ([()7 Se A E]R) — MapPU(Modgpz(fI))(hBiw] (K), Se A EjR*)

Cpl(I
(Mod 57 1)

Let B denote the a-fold (connected) delooping of topological monoids (this is of course not related to Biw])

and write N*G*® for the normalised cochain complex of a cosimplicial abelian group G*.

The FEq-page of the Bousfield-Kan spectral sequence for X*® has for ¢t > s > 0:

Bt = Nsm(MapPa(Modgp;m)(Biw] (K),S* AXJR)) = Nomy(B® MapMong;u) (Bi’”] (K), % R))

N*m_q(Map,,_cnen (BY(K), SR)) ift > a
R, f

0 else

N*mo(Mapy, o (BY (K), 2T R))  ift > a
R, f

0 else

N*Map,,_,con (hBE (1K), ST R,))  ift > a
Ry, f

~

0 else

Hence for t > s > 0, we have

7w Map,,_ e (BB (1K), ST R,))  ift > a
Byt~ OCRu s

0 else
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Since the homology of the complex hBLw] (m.K) is projective in the abelian category Modgf l(I), the universal

coefficient spectral sequence implies that

Map, . cncn (Hy(hBY (1, K)), ST R,)  if s = log, (w),t > a
E‘ngt o~ OdR, . f

0 else

The spectral sequence evidently degenerates at Fs.

The Bousfield-Kan spectral sequence for Y® has for ¢t > s > 0:

By = N*m(Map,, hB" (7, K),S* NS R,)) = Nom, (B Map, ,qoncr (hB (7, K), Y R,))

Cpl(I)
(Mode,f )(

N*m_o(Map,,_con (hBY (m.K),SIR,)  ift>a
Ry, f

0 else

N* Mapy, enn (B (m. 1), D7R.) it =a

0 else

The last step follows since the mapping spaces in the category Modgf fy) are discrete.

o MapMOdcpz<1>(HS(hB£w] (m.K)),%R,) if s =log,(w),t=a
As before, we conclude E3" = Ruf .

0 else
This spectral sequence therefore also degenerates for obvious reasons.

We can depict the map of spectral sequences induced by X® — Y*® as follows:

H H ) § A )
s=logp(w) S s=logp(w) S

Figure 9: The map of spectral sequences for X*® and Y® on the respective Fs-pages.

The natural map ET; — E;’g is therefore the identity if ¢ = a and s = logp(w) and projection to zero

otherwise. Both spectral sequences vanish outside the vertical line s = logp(w) and converge.
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If w is not a power of p, this means that both groups are zero.

If w = p®, then there are no extension problems and we obtain a commutative square:

o Mapy, o qenn, (€[w](K), 5% A S/ R) — moMap,,_ (Modgf{;,))(é[w](w*f()7 5S¢ AYIR,)

g$ g¢

0 [100
Es,s Es,s

If a # s, the right hand side is zero. If a = s, then the lower map is an isomorphism.

Let us now proceed to statement (2). We can obtain the map in question by applying 7y to the totali-

sation of the following map X*® — Z* of (pointed) cosimplicial spaces:

Map,, (BN(K), 5 ASIR) — Map,,_ 4ot (B")(K), 27t R)

cpi(l
Mode’f( )

The Bousfield-Kan spectral sequence for Z® has for ¢t > s > 0:
E} = N*m(Mapy, gouen (B (K), 274 R)) = N*mo(Mapy, e (B (K), £~ R))
= N°mo(Map,_,coin (hBY) (1. K), TR, )
Ry

- | Mapy oo (Ho(hBY (7, K)), S99 R,) if s = log, (w)
Once again, we conclude FE3" = o f .

0 else

This spectral sequence degenerates along a line and we obtain a square

o Map'pa (Modgffl(“) (@[U}} (K)7 Sa A E] R) —> g Ma’pModg?;(U (C[w] (K)V Z]+GR)

gJ/ g\b

e} :OO

if s = log,(w). We can read off the second claim. O

3.4 Shearing and Suspending

In the situation of interest to us, the module X! R, will be p-Koszul whenever 3 is odd. This means that we can
lift along the map Q:Zzgj')) "] = Qgg((f)) [p%] and thereby produce certain operations in Q/*[p®] “from algebra”.

Our aim is to understand the composition of these lifted operations in topology in terms of algebra. At

72



first, this seems problematic as we cannot directly postcompose in algebra since our representing classes
all lie in groups Qso(f)[pa]

Shearing Operations. Fix ¢,j,k € Z and a,b € Z>y. We shall first produce a commutative diagram

S (k+a S (k+a
Q') <— (T ') = Qo)

| b b

Satb (g Satb (g
Qe «<— %, ;" — Qe ]

This will allow us to represent operations in topology by classes in algebra by which we can postcompose.

We shall call our technique shearing and denote all corresponding maps by Sh.

Fix X € Modgjm. Let S¢ = A®/OA® be the standard simplicial a-sphere, pointed by x, — S&. We
obtain a simplicial object S¢ A X whose n-simplices are given by (S¢ A X),, = cofib <@*n X = P X).

Cpl(I) .

The colimit of this simplicial diagram in Mody is given by X*X, and we therefore obtain an augmented

Cpl(I)

simplicial object AS” — Mod which we shall denote by (S¢ A X — X2X).

Let B, : A% — End/ ’U(Modgp l(I)) be a simplicial object in completed-free functors which preserve realisa-
tions. Applying B, to the above augmented simplicial object gives rise to a functor A% x A% — Mode ')
which we write as (Be(S¢ A X) — Be(X*X)). This in turn can be thought of as an augmented simplicial

object Fy : A% — C in the stable oo-category C := Fun(A?, Mod%plm).

We observe that the diagram G4 : A7 — C given by (S¢AYT*B,(X°X) — B4(X*X)) is a left Kan extension
of its restriction to Aipa. By Lemma 1.2.4.19 in [Lurl4], this implies that G, is also the right Kan extension

of its restriction to AP Since the restriction of Go to AT _, | agrees with (F, )|Aop _, (all non-

+,<a—1"
. . . . . . . . AP
degenerate simplices of S lie above dimension a), we deduce the identification Ran , 3, (F,)| ar_, = = G,.
+,<a—1 a—
Restricting the tautological map F, — Ranﬁ%l 1( )|Ao+p< >~ G, back to A°, we obtain a map of

bisimplicial objects Be(S¢ A X) — S¢ A X79Be(3X°X). Its value on objects is obtained by projecting onto

summands and using the canonical map Be — X~ *B¢X°.

The colimit of this diagram in P, (Model( )) gives rise to an arrow |Be|(S*AX) — S*A(LE%)|B,|(X*X). If

Sa+b

B. = B! for a weighted structure on a monad T, we obtain maps Sh® : nggfigg[ | — QSQ(J )[ | given by:

MapPa(Modgf;(I)) (Q[w}(EJﬂzR), Sb A Ek+aR) — MapPa(Modgif(I))(Sa A (LE*G)Q[w](Ej+aR), Sa+b A EkR)
= Mapp, 1o qenn) (€lw] (S A Y R), 54 A BFR)
o o
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Applying the functors L : (MOdel(I)) — Modgpl(l), Lh : PU(MOdg;’D;(I)) (Model( )) gives corre-

sponding maps of mapping spaces which fit into the following diagram:

a St (k+a St (k+a
QL) <— QoL "] —> Qog i) ']
‘ Sh“\L Sh“\b

a Sa+b Sa+b k
Q) <— 95 '] = Qg )

For each ¢, 7,k € Z and a,b € N, we therefore obtain a diagram

Q{Jra[pa] % ?ierb b] Qeraer N Qf+a+b[pa+b]
5(4)1, a STP () by \ = ST (k) St (k) a+b
Qoo Pl % Qgagyy 1] Qoo == Qo) P""]
N
Qg0(-a) [P] =
S a St (kg sa+b k ST (k); o
Qso(j)[p ] % Qsa ( )[Pb] Q ( ) QSO(’L )[p +b]
sh? S°(k
Qo) ey

This diagram allows us to understand composition in topology in terms of (nonadditive) derived functors in

algebra whenever X' R, ¥/+% R are both p-Koszul. We will elaborate on this below.

Suspending Operations. We can also suspend operations. Given a map S — T of completed-free

realisation-preserving monads, we obtain:

QLT < 25.9)(T) = Q3.4)(T)

QINs) < 2899 — L))

Let T be a completed-free monad. The endofunctor 7= = LTS % inherits the structure of a completed-free

. . . s .
monad, and there is an evident morphism of monads 7> — T. We observe equivalences

S s S s
QITUT™) < QLT — QT

g ) |

s Sb | —S Sb | —S
QU (1) < 2371 = QY=
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Combining this with the previous diagram (for S = T*), we obtain the diagram

St(j S(j
QUMD «<— ag.¥)(1) — Qo.M
Susps\L Susps\b Susps\b

s S s s
QITITAUT) < Q2.97(T) — QLU T()

A corresponding diagram is induced on the weighted pieces.

3.5 Composing Operations in Algebra and Topology

We can now combine our results and constructions from the preceding sections, define certain operations in
topology from operations in algebra (via the canonical lifts described in Section ), and prove that their

compositions are compatible:

Theorem 3.5.1. Let T € Alg”"9(End” f(Model(I))) be an augmented completed-free realisation-preserving
monad endowed with a weighted structure Bare(T) = ,, Biw]. Fiz integers i, 5,k and nonnegative integers

a,b, and s. Assume that X'R,. and YT R, are p-Koszul. Then the following diagram commautes:

QY % Q) Qe > Qi
Sa a Sa+b k Sa+b k Sa+b k a
D”So((f) [p°] x QS“(j)( )[pb] QSO(i)( !> QSU(i)( )[P +b]

Sh® o Susp® S (k+a+s); a
= SO (j+a+s) [p ] =

Q9P xS M Qo™ —> Qo P p+]
Sh® o Susp® S(kIZi;)[p“]
We have therefore produced a commutative diagram
Q5 "] x Qi rals) "] “E2S QU x Q5 Vi’ — Qo ")
|
Q" ]ng1§1§+8[ IR QI x QNFa Y] —> Qe
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Chapter 4

Operations on the E-theory of Spectral Lie Algebras

In this chapter, we compute the operations which act naturally on the homotopy groups of Lie algebras in

K (h)-local E-module spectra.

After introducing background and preliminary results in Section we will construct three kinds of opera-
tions in Section additive unary operations labelled by elements in the power ring H°, the nonadditive
unary operation 6, and the binary Lie bracket [—, —]. We then proceed to establish the various relations
between these operations in Section In Section we axiomatise the resulting structure and define the
notion of a Hecke Lie algebra. We then establish that, up to completion, we have indeed found all operations

and all relations between them.

4.1 Preliminary Considerations

In this section, we will set the stage for our later computations. After briefly reviewing the basics of Morava
E-theory in Section we discuss symmetric sequences in Section and use them to give a formal
definition of spectral Lie algebras. We then collect several basic facts about Goodwillie’s calculus of functors

in Section and discuss applications to the theory of spectral Lie algebras.

4.1.1 Lubin-Tate Theory

We fix a prime p, a natural number h, and a (1-dimensional, commutative) formal group Gy of height h
over the field F,. By the theorem of Goerss—Hopkins-Miller, there is an essentially unique even periodic
Eoo-ring spectrum E for which Ey = m(F) is complete local Noetherian with residue field Fp and for which
the formal group G = Spf mo(ECY™) is a universal deformation of Gy. This spectrum F is usually called

Morava E-theory. In order to make the nature of this object more readily accessible to a wider audience, we
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also use the name Lubin-Tate theory for E.

We also fix a coordinate for G, i.e. a formal group law f € mo(E)[[z, y]] whose associated formal group is G.
Such a complex orientation in particular determines a Thom isomorphism and an equivalence of naive a-
spectra E ® (S? ® S§?) = E® S*, where ¥, acts trivially on the right hand side and by swapping on the left
hand side (cf. [MNNTH]).

We recall that there is a (noncanonical) isomorphism E, = m,(E) 2 W(F,)[[u1,...,up—1]][F!] with 8 in

degree 2 and write I C Ej for the unique maximal ideal. Work by Hovey-Strickland [HS99] implies that
Cpl(I) . . . .

the oo-category Mod of I-complete E-module spectra (in the sense of Definition in Appendix A)

is naturally equivalent to the oco-category of K (h)-local E-module spectra and that the completion functor

(—)7 is given by K (h)-localisation.

The oo-category Mod%p "D comes endowed with a symmetric monoidal structure ® obtained by postcom-

posing the usual (relative) smash product of E-module spectra (over E) with K (h)-localisation. We shall

write @ for the coproduct in Modgp l(I), which can be computed by first taking the coproduct in F-module

spectra and then K (h)-localising.

The oo-category Modgp 1 s naturally tensored over spaces and spectra, and we shall denote the product

of a space or spectrum X with an object M &€ Modgp i) simply by X ® M.

There is a natural “forgetful-free”-adjunction Spg(ny = Mod%p "D Write G for the Morava stabiliser group.

Definition 4.1.1. The oo-category Modg%{m of G-equivariant K (h)-local module spectra over Lubin-Tate

(€]

space is the co-category of coalgebras for the comonad on Modgp ') attached to the above adjunction.

One can combine Lurie’s co-categorical Barr-Beck theorem (see [Lurld]) with the smash product theorem of
Hopkins-Ravenel (see [Rav92]) to prove that the canonical map Spg () — Modgf’é(l) is an equivalence (see

[Mat17).

Cpl(I)

We will also consider the abelian category Modg of L-complete modules in the category Modg, as

formalised in Definition in Appendix A. As before, we write Modgi7 f;l) for the full subcategory spanned
by all completed-free (also sometimes called pro-free) modules in the sense of Definition|[5.1.14|in Appendix A.

Using the fact that F. is a regular local ring, Hovey and Strickland prove in Theorem A.9 of [HS99] that an

E,-module M is completed-free if and only if it is projective in the abelian category Modgf 1D,

pl(I)

The category Modg has enough projectives and we may therefore consider its nonnegative derived

category Dgo(Modgi’ l(I)) (see section 1.3.2 in [Lurl4] for a careful higher-categorical treatment). This

classical object gives a concrete model for the co-category Pg(Modgf l(I)) from Definition
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Proposition 4.1.2. The derived functor ¢ of the canonical inclusion ¢ : Modgffj(cl) — D;O(Modgflu)) mto

the heart gives rise to an equivalence of co-categories Li : P, (Modgff}l)) — D;O(Modgflm).

Proof. By Proposition 4.2.15 in [Lurllal, it suffices to check that ¢ is fully faithful and preserves small
coproducts (which is evident), that every element in its image is projective (which is true by Proposition
7.2.2.6. in [Lurl4]), and that we can detect equivalences D — D’ in the derived category by considering

mapping spaces out of elements in the image of ¢ (which holds because equivalences are detected in homology).

O

4.1.2 oo-Operads as Symmetric Sequences

We define a monoidal co-category of symmetric sequences and construct specific algebra objects of interest
inside it, namely the E..-operad and the spectral Lie operad. The definition of the composition product on
symmetric sequences is an oco-categorical version of a 1-categorical construction due to Trimble [Tri]. We

thank our advisor for a particularly helpful discussion related to the material of this section.

Let Pr’ denote the co-category of presentable co-categories and functors between them which preserve small
colimits. This category can be endowed with the structure of a symmetric monoidal co-category: Given two
oo-categories C, D in Pr¥, the co-category C ® D is the universal presentable co-category which receives a
functor C x D — C ® D preserving small colimits in each variable. We refer to Section 4.8 in [Lurl4] for a

careful treatment.

Assume now that we are given a commutative algebra object A € CAlg(Pr’), i.e. a specific presentable
symmetric monoidal co-category for which the symmetric monoidal product preserves small colimits in each
variable. The forgetful functor CAlg(PrL)A/ — CAlg(Pr’) admits a left adjoint .A® (—) by Theorem 4.5.3.1.

and Remark 4.8.1.23 in [Lurl4].

Write Fin™ for the category of finite sets and bijections. Disjoint union endows this category with a symmetric
monoidal structure, and the corresponding symmetric monoidal co-category N(Fin~) is in fact the free
symmetric monoidal co-category on a point. The presheaf category P(N(Fin™)) = Fun(N(Fin~)°?,S)
inherits a canonical symmetric monoidal structure via Day convolution by 4.8.1.12 in [Lurl4]. Since the Day
convolution product commutes with small colimits separately in each variable, we can think of P(N(Fin~))

as an object in CAlgp,. Given any other C € CAlg(PrL), Remark 4.8.1.9. in [Lurl4] implies that restrictions

define an equivalence

1R
IR

FunCAlg(PrL)(P(N(Fin ))7 C) i) FunCAlg(Catoo)(N(Fin )1 C) i) c



Definition 4.1.3. Given A € CAIg(PrL) a presentable symmetric monoidal oco-category for which the
symmetric monoidal product distributes over small colimits, the co-category SSeq(.A) of A-valued symmetric

sequences is defined as SSeq(.A) := Fun(N(Fin~), A).
Using Proposition 4.8.1.16 of [Lurld], there are canonical equivalences

o~

Fun(N (Fin™), A) = Fun®(P(N (Fin™)°?), A) = Fun™(P(N(Fin™)), A%)° = P(N(Fin~)) ® A

Given any D € CAlg(PrL) 4/, the following restrictions therefore define equivalences:

IR

FunCAlg(PrL)A/(Sseq(A)7D) = FunCAlg(PrL)(P(N(Fin )), D) - FUHCAlg(CacM)(N(FinE%D) =D

Taking D = SSeq(.A), the reverse of the evident composition product on the left endows SSeq(.A) with the

structure of a monoidal co-category. We call this product o the composition product of symmetric sequences.

Definition 4.1.4. The oo-category Op(.A) of oco-operads in A is given by Alg(SSeq(A)).

We can identify A with the full subcategory of SSeq(.A) spanned by all functors N(Fin™~) — A for which all
values on nonempty sets are initial in A. In Fungaigp,z),  (SSeq(A), SSeq(A)), this corresponds to functors
whose essential image is contained in 4. The subcategory of all such functors is evidently closed under
precomposition, and this implies that the natural (left) SSeq(.A)-tensored structure on SSeq(.A) restricts
and makes A into a (left) SSeq(.A)-tensored co-category. We obtain a functor of monoidal oo-categories
m : SSeq(A) — End(A). On algebra objects, this gives rise to a functor m : Op(A) — Alg(End(.A)) assigning

a monad to every operad. We abuse notation here by denoting these two functors by the same symbol.

for the full subcategory of Fin™ spanned by all sets of

o
n

Given a nonnegative integer n, we write Fin
cardinality exactly n. Assuming that A is pointed, there is a functor which is both left and right adjoint to
the restriction functor SSeq(A) — Fun(N(Fin; ), A). We write p,, for the resulting endofunctor of SSeq(.A)
and obtain natural transformations p, — id and id — p,. Informally speaking, p, takes a symmetric

sequence and changes all components other than the n** one into the zero object.

If L: A= B: R is an adjunction between objects in CAlg(PrL ), one can consider the naturally induced
adjunction L : SSeq(A) &= SSeq(B) : R. We observe that the functor L is monoidal for the composition

product, which implies that its right adjoint R is lax monoidal.
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Concrete Symmetric Sequences

We shall now construct specific elements of interest in SSeq(Sp). For this, we start with the cofibrantly
generated model category Sp of S-modules in the sense of [EKMMO97], Chapter VII.

We set SSeq(Sp) := Fun(Fin~, Sp). Ordinary Day convolution can be used to endow this functor category
with the structure of a symmetric monoidal model category. Here weak equivalences and fibrations are
defined pointwise. We write SSeq(Sp)¢ for the category of cofibrant symmetric sequences in this model
structure. We say that a symmetric sequence is reduced if M(0) = 0 and M (1) = S° is the (non-cofibrant)
sphere spectrum. A symmetric sequence M is said to be E-coﬁbmmﬂ if M(n) is projectively cofibrant in the
functor category Fun(Fin;,, Sp) for every n # 1 and the spectrum M (1) is either cofibrant or equal to S°. Let
SSeq(Sp)° denote the category of Y-cofibrant symmetric sequences. As before, Finf denotes the category

of sets of cardinality n.

We can define the strict composition product of two elements M, N € SSeq(Sp) by the rule

(MON)J:]O_OI< 11 M,«®NJ1®...®NJT>

r=0 >J=J;[[... 1] J~ Er
We refer to Rezk’s thesis [Rez96] for a nice treatment.

Warning. The projective model structures on symmetric sequences is not left closed for the composition

product and hence SSeq(Sp) does not satisfy the axioms of a monoidal model category for this product.

The underlying co-category of SSeq(Sp) is given by the functor category SSeq(Sp) = Fun(N(Fin™~), Sp).

Definition 4.1.5. A strict operad in spectra is an algebra object in SSeq(Sp). Write Op(Sp) for the result-

ing category. Let Opred(Sp) be the subcategory of operads whose underlying symmetric sequence is reduced.

The following is essentially contained in Lemma 9.20 in [ACTI] :

Lemma 4.1.6. If M is a X-cofibrant symmetric sequence, then the two functors Fp; = (=) o M and

Sy := M o (=) both preserve cofibrant symmetric sequences and weak equivalences between them.

Proof. Fix a finite set J and an integer » > 0. The proof of Lemma 9.20 in [ACTI] implies that the two

functors which attach to a symmetric sequence N the ¥ ; x ¥,-spectra

H M,®Nj; ®...®9 Nj_, H N, ®@Mj ®...0 My,
J=J 11...11J» J=J 11...11J»

1We deviate very slightly from the terminology used in [ACTII].
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both send (weak equivalences between) cofibrant symmetric sequences to (weak equivalences between) pro-
jectively cofibrant ¥ ; x X,.-spectra. The result follows from the definition of the composition product by

observing that taking coinvariants for a group action is a left Quillen functor. O

We can identify Sp with the full subcategory of SSeq(Sp) spanned by all symmetric sequences which vanish
on all nonempty finite sets. The functor S_) from Lemma restricts and thus gives rise to a monoidal
functor S(_y : SSeq(Sp) — End(Sp) which sends M to Sy(X) = [],,5,(M(n) ® X®")x, .

Corollary 4.1.7. If M is a X-cofibrant symmetric sequence, then the functor Sp; : Sp — Sp preserves

cofibrant S-modules and weak equivalences between them.

Lemma 4.1.8. If C is a X-cofibrant symmelric sequence, then then functor (—)oC : SSeq(Sp) — SSeq(Sp)

preserves Day convolution and small homotopy colimits.
Proof. The first claim appears as Lemma 2.2.5 in Rezk’s thesis [Rez96]. The second part is a standard. O

By the universal property of the “underlying oo-category”-construction (see section 1.3.4. in [Lurld]), we

obtain functor of monoidal co-categories:

c Cr—(—)oC rev
P : N(8Seq®(Sp)) “— "% Fungjgerc).,, (SSea(Sp), SSeq(Sp))™ = SSeq(Sp)

where the superscript (—)"¢ denotes the reverse monoidal structure F o™ G := G o F.

By Theorem 9.8 in [ACII] (an elaboration on work by Basterra-Mandell [BM0F]), the category Op™®(Sp)
of reduced operads in Sp carries a cofibrantly-generated simplicial model category structure with weak
equivalences and fibrations defined termwise. By Proposition 9.14 in [ACII], the underlying symmetric
sequence of any cofibrant reduced operad is Y-cofibrant (as defined in the preceding section). Together with

the above construction, we obtain a functor
®: N(Op™(Sp)) — N(Alg(SSeq®(Sp))) — Alg(SSeq(Sp))

We abuse notation and assign two meanings to the letter ® — which one applies is clear from the context.

A slightly more general version of Theorem 9.8. in [ACTI] shows that the category of left modules over a
cofibrant reduced operad carries a cofibrantly generated simplicial model structure with termwise defined

weak equivalences and fibrations. Cofibrant replacement in modules then gives rise to a functor

N(Modo (SSeq(Sp))) — Mods (o) (SSeq(Sp))
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4.1.3 Goodwillie Derivatives

Write sSet, for the model category of pointed simplicial sets and [sSet., sSet.] for the category of pointed
simplicial homotopy functors sSet, — sSet.. Attaching Goodwillie derivatives to symmetric sequences gives

rise to a functor 0, : [sSet,,sSet.] — SSeq(Sp) (see [ACTII]).

Applying this to the identity functor F' = id, we obtain a symmetric sequence 9, (id) of spectra. Its values
have been computed in work by Johnson [Joh95] and Arone-Mahowald [AM99]: There is an equivalence
of X,-spectra 9, (id) = D(X|IL,[°) between the n'" Goodwillie derivative of the identity functor and the
Spanier-Whitehead dual of the (suspended) partition complex. Ching’s work [Chi05] on tree grafting endows

the symmetric sequence D(X|11,|®) with the structure of a strict reduced operad in spectra (cf. also [Sal98]).
Definition 4.1.9. The (shifted) spectral Lie operad Ox 1,e is given by ®(D(XZ|1L.|°)) € Alg(SSeq(Sp)).

nu
Comm

We can also define a strict reduced operad O € Op™“(Sp) whose value is the sphere spectrum S° for

every nonempty set, the zero spectrum on the empty set, and all of whose structure maps are the identity.

Definition 4.1.10. The nonunital Eo.-operad OgY_  is given by ®(O%Y ) € Alg(SSeq(Sp)).

Comm Comm

nu

Algebras over the monad associated with Og¢

are just nonunital commutative algebra objects in the

symmetric monoidal co-category of spectra.

Assume that we are given A € CAlg(Pr”)s,,. We write 0224 O, € Op(A) for the operads obtained

Comm>?

by applying the monoidal functor (A® —) : SSeq(Sp) — SSeq(A) coming from the unique colimit-preserving
symmetric monoidal functor Sp — A sending the sphere spectrum to the unit (see Corollary 4.8.2.19 in

[Curld]). We let T4 = m(ORLA ) and L4 = m(Os,.) denote the corresponding monads on .A.

Comm

Definition 4.1.11. A (shifted) Lie algebra or a (nonunital) Es-ring in A is an algebra for the monad
L 4 or T4 respectively. We write Algy,1:.(A) or Algemnu (A) for the resulting oo-categories. A homotopy
(shifted) Lie algebra or a nonunital Huo-ring in hA is an algebra for hL 4 = @, D(X[,|°) ®,5, (=)™ or
hTa =@, (—)5s . Write Algsp;,(hA) or Algc,pmnu (hA) for the resulting categories.

We restrict attention to the case A = Mod%plm the oo-category of K (h)-local E-module spectra. Theorem

4.3.1. in [Lurl1b] gives a Koszul duality functor KD : Alga“g(SSeq(Modgpl(I))) — coAlga“g(SSeq(Mod%pl(I))).

cpl(l
nu Mody,

)
Comm to obtain the Koszul dual coalgebra in

We can apply this functor to the nonunital E.-operad O

Cpl(I)

Comn TE ) € coAlg™(SSeq(Mod 5P ™).

symmetric sequences KD(O¢g 0

The following lemma holds in greater generality, but we will only present what we need in our computation:
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Lemma 4.1.12. Let X be a dualisable spectrum. There is a natural homotopy commutative diagram

ModSPHD  ModGPHY) Mod &SP

)
Os Lic ° Ox 40 oD(E®X) OsLid oD(E®X)

o A

nu Modgpl“) nw Modgplu)

o Modi?'hy (E®X)) s D(KD(OCOmm Yo (E®X)>

Cpl(I)

D(KD(O”" Mods™ ) o KD(O

Comm

Here D(X) = Map,  onm) (X,E) and (E®—) : Sp — Modgpl(l) is the unique functor preserving small
- E

colimits and sending S to E.

Proof. Corollary in Appendix D can be used to produce a homotopy commutative square:

Sp Sp Sp
Os'Lie © Osi e © DX Os'Lie © DX

l |

D(KD(OX 5P) o KD(OX: 5P) 0 X ) —— D(KD(OX" 5P) o X)

Comm Comm Comm
The vertical maps are given by norm maps and the canonical maps from coproducts to products. We apply

the functor (E®—) and obtain:

Mod P nod G (D) ModZ7!(h

Os e ° Og Lo o (E®DX) Os Lie o (E@DX)
Sp Sp Sp
E®(05, © O%l 4 0 DX) E®(Oxl o DX)
paD( KD(O2) o KDOZ ) 0 X ) pa(( KD(OE 0 X))
\ v
nu ModSPHD) nu ModSPHD nu ModSPHD)
D KD(OComm e ) © KD(OComm e ) © (E®X) ——>D KD(OCOmm z ) © (E®X)
Here we use that there is an equivalence E® KD(ngniﬁ) = KD(E®(’)82£H€) O

Mod P!
We write v : Oy, oD(E®X) - D(KD(O

Cpl(I)
nu Mod”
Comm

) o (E®X)) for the above transformation. We

recall the functors p; defined on p and observe that the transformation v has components given by

nu Modgpl(l)
Comm

Cpl(I)
ModEp

Vi 1 pjOsysd oD(E®X) = D(p; KD(O )o (E®X)) (which are equivalences since K (h)-local

Tate spectra vanish) in the sense that the following two squares commute up to homotopy:

Mod ZPH) nu ModSPHD)

OE Lie o D(E®X) —> D(KD(OComm

b1 b1

Modgpl(l) nu Modgpl(l)

pj OZ Lie ° D(E®X) — D(p] KD(OCOmm

)o (E®X))

)o (E®X))

83



Arone-Ching [ACTI] upgrade the above assignment to a functor [sSet.,sSet.] — Mody, iq)(SSeq(Sp))
landing in left modules over the symmetric sequence 9, (id) (they in fact produce bimodules, but we will not

need this additional structure).

We compose with our previous assignments to obtain a functor N([sSet.,sSet.]) — Alg; (End(Mod%pl(I))).

(I

Given X € Modgpl(l), we furthermore have an evaluation functor evy : End(Modgplm) — Modgpl ). This

is a functor of End(Modgp Z(I))—tensored oo-categories, and we deduce the existence of a natural map
N([sSet.,sSet.]) — Mod, s, qay) (End(Mod 5 ")) 55 Algy 1 (Mod 52 )

Write the Lie algebra corresponding to a module spectrum X and a functor F' as Lp(X). We observe
that Lig(X) = L(X). Note that the underlying homotopy Lie algebra of Lr(X) is simply given by
Lp(X) =@, 0n(F) ®,5 X®" where 9,,(F) denotes the usual Goodwillie derivatives.

Ezample 4.1.13 (Precomposing with Suspension). Given a functor F in [sSet.,sSet,|, we can precompose
with the suspension functor ¥’ to obtain a new functor FX'. By Example 19.4 in [ACTI] (cf. Section
2.2 of [Beh12]), the Goodwillie derivatives of F'¥? are given by 0,(FX!) = 0,(F) ® (S*)* where the left

0. (id)-module structure is obtained from the obvious structure maps
1, (id) @ (O, (F) @ (S)™) @ .. ® (D, (F) @ (S)™) = (94 (id) @ 0, (F) @... @0, (F)) @ (S @...@ (S)"™)

— an1+...+nk(F) ® (Si)n1+m+nk
We have an equivalence of Lie algebras Lpos:i(X) = Lp(X¢X).
Ezample 4.1.14 (Precomposing with a Power). We can also precompose a functor F with the “n!" power
functor” P"(—) = (—)""*. Writing n, for the symmetric sequence (*,...,*, 3,1, *,%,...), an evident gener-

alisation of the argument of Behrens for n = 2 in Lemma 2.2.5 of [Beh12] establishes an equivalence of left

9, (id)-modules 9, (FP") = 0,(F)on,. There is a natural equivalence of Lie algebras Lropn (X) & Lp(X®").

Ezample 4.1.15 (Postcomposing with ). We can also postcompose a functor F' with the loops functor 2 to

define a new functor QF. The Goodwillie derivatives are given by function spectra 9, (QF) = Map(S!, 9, (F)).
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Again by Example 19.4 [ACTI], the 9, (id)-module structure is given by
O (id) ® Map(S*, 9, (F)) ® ... @ Map(S*, 0y, (F)) — Map(S*, 0y (id) @ 0, (F) ® ... ® Oy, (F))

— hdap(slaan1+m~+nk(PU)
where the first map uses the diagonal of S*.

We observe that there is a natural equivalence e of underlying spectra Lop(X) = S~ Lp(X).

Differentiating the EHP Sequence

In this section, we shall recall the interaction of the EHP sequence with Goodwillie calculus as worked out

by Arone-Mahowald [AM99] and Behrens [BehI0].

The EHP sequence of functors id — QY — Q23Sq gives rise to a sequence of left 0, (id)-modules

0 (id) = 0,(QX) — 0.(2XSq)

Given X € Modgpl(l), we obtain a sequence of spectral Lie algebras Liq(X) — Lo(E2X) = Lo(ZX @ X).

For X = 32"~ 1FE an odd suspension, we therefore have the following diagram of module spectra

Lig(2*"7'E) —> Lo(Z?"E) —— Lo(X*"'E)

N

L(X*1E) »IL(E™E)  2TlL(EtnTlR)

The top sequence is a sequence of Lie algebras. This sequence is in fact a fibre sequence of underlying spectra

by Section 4 of [AM99], and it splits into a direct sum of fibre sequences

h3,, h3, h
= =) )

D(3IL,, | »2n-lpyew YID(S|,, |° »2np)®w YD [©
(EI|?) @ ( ) (Clf?) @ (5E) (S[y[)

Ou(id) @ (B IE)®Y ——> 9,(Q) ® (BB ———> 02(Q) © (S"IE)®E
Yw

where we again use the convention that the right hand spectrum vanishes for w odd.

85



Free Lie algebras on nonconnective spectra

Let R be any complex oriented ring spectrum and V a complez representation of a finite group G. The
orientation of E provides an equivalence of naive G-spectra E ® SV = E @ SIVI. Applying this to the

standard action of ¥, on C”, we obtain an equivalence of naive ¥,-spectra E ® (S2)®" = E ® (527).

Given any spectrum X, we can apply this to deduce an equivalences of ¥,,-spectra
R@D(Z|,]°) ® X®" =2 Re X 2"D(I,[°) ® (22X)®" =2 R@ Y~ "D(TIL,|°) @ (T1X)®" =
We deduce that for any integer k, there is an equivalence

(R DI, [°) ® X")ps, = (R® X7 "D(S[ILL,[%) @ (X2 X)*")us,

Applying this to the case R = F),, this makes it possible to compute the F,-homology of any free spectral
Lie algebra and hence solve a case which was left unsolved in [ACI5| and [Kjal6] (cf. Conjecture 2.14 in

[Kjal6]). In particular, we obtain a fibre sequence

(ROD(IM,*) @ (S ) )ps, = (BT R@D(IM,|°) @ (§*"))as, — (SR @ D(T[Iy

) ® (54%1)@%)@%
for all values of n.

Differentiating the Hilton-Milnor Theorem

Let w be a word in the free spectral Lie algebra on generators xp,...,x) involving the i*" generator
n; times. Given pointed spaces X7,..., Xk, we write w(Xy,..., X)) for the space obtained by letting
the bracket act as smash product. The iterated Samelson product gives rise to a natural transformation
G : QBw(Xq, ..., X) = QX(X7 V...V Xy). Given integers i1, ..., ik, we write N, = > n;i,. We obtain a

transformation of functors from spaces to spaces by considering
QRHNe pNe () = QRw(Z0—, ..., 2% =) 0 A(=) = QX(Z4 — V...V E%*—) o A(=)
Taking Goodwillie derivatives gives a map of left d,(id)-modules

Map (8%, 8, (id) ® (ST7)*) o (Ny)s = . (QEY) 0 (Nyy)s — Map(S?, 9. (id) @ (ST v ... v §it1)*)
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Here we again used Example 19.4 in [ACTI].
We obtain a map of shifted Lie algebras Fq(S'TNw) — Fo (St v ... v S%*+1) The Hilton-Milnor theorem

can be used to prove that the map of spectra €D Fo(S1TNe) — Fo(Sutt v ... Vv S%T1) defines an

weE By
equivalence, hence recovering a special case of Corollary This observation on the Goodwillie layers is
originally due to [AK98|, and we have refined it to a statement about Goodwillie towers in [BHI7]. We will

not make explicit use of this map since it is not a priori clear how the Samelson products interact with the

Lie product on Fqo(X) (cf. Question 8.11 in [BRIT]).
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4.2 Operations

In this section, we will construct operations acting on the homotopy groups Lie algebras in Algs 1. (Mod%p i) ),

i.e. give names to specific elements in homotopy groups Wj(L(Z“ @ ...® X)) for integers j,i1,...,ix. We

will then compute the various relations between these operations in the following section.

4.2.1 Hecke Operations

We will first construct various additive and unary operations starting from Rezk’s operations acting on K (h)-
local Eoo-rings under E. Since Rezk’s operations are closely connected to the Hecke algebra for GL,(Z,)
(see Section 14 in [Rez06]), we have decided to call the operations constructed in this section the Hecke

operations on Lie algebras in Mod%p i,

The construction of Hecke operations “starting in odd degrees” relies crucially on Rezk’s Koszulness result
in [Rez12b| and its reformulation in Lemma 5.6. in [BR15]. We then make use of the EHP sequence to
construct Hecke operations “starting in even degrees”. A more challenging component of this work is to
compute how these operations compose. We will address this question in the following Section this
is where our work from Chapter 3 on the relationship between algebraic and topological Koszul duality is

truly needed.

The Monad T
Let T' =T, ,crun be the augmented monad on Modgp 1) building the free nonunital E.-ring (see Definition
E
nu Modgpl(”

4.1.11)). It can be constructed as monad corresponding to the co-operad O, constructed in Section

4.1.10} Alternatively, we could build T" as the monad for the forgetful-free adjunction between modules in

Modgp "D and nonunital commutative algebra objects in Modgp 1@,

Remark 4.2.1. The monad T and its later variants T and L correspond to nonunital E-rings. Our notation

differs slightly from Rezk’s notation — he decorates the nonunital functors with a tilde.

The underlying functor of T is given by T'(X) = ,,-o X ,?g”m where, as always in this section, sum and
homotopy coinvariants are computed in the K (h)-local setting. We can therefore write 7[m] = X3 and

m

obtain a direct sum decomposition T' = €, _, T'[m].

m>0
Proposition 4.2.2. The functor T is completed-free in the sense of Definition|3.2.19

Proof. Since (completed) coproducts of completed-free modules are evidently completed-free, it suffices to
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show that T[m](M) = M5 is completed-free for any completed-free E-module spectrum M = @, ¢ X E.
We expand “binomially” and write (. ¢ X' E)®m = DBiimtoes IS ma m}(®s€S(EiSE)§£‘;). Using
that m vanishes for all but finitely many values of s, we see that T[m](M) is the (completed) coproduct of
module spectra of the form T[m1](SE)® ... ®T[m](3’* E). Proposition 3.17 in [Rez09] and Proposition
in Appendix A imply that all T[m;](X7: E) are finite and free E-module spectra. O

Remark 4.2.3. A similar strategy is used in the proof of Corollary 3.10 in [BF15].

The Analytic Approximation T

The functor T gives rise to an analytic approximation monad T on P, (Modgf l;l)) by Definition [3.2.21
Write P(,(Modgf fj(f))@ for the full subcategory of PH(Modgf f](f)) consisting of all functors which land in
discrete spaces, i.e. sets. There is an evident functor ¢ : Modgfl(” — Pa(Modgfl](cI))Q sending M to

Map, dcpzu)(— M). We obtain a functor g : P, (Model(I))QQ — P, (Model(I)) — Modgfl(” in the other

Cpl Cpl([)

direction by postcomposing with the derived functor of the natural inclusion Mody, ) < Mo dg

Proposition 4.2.4. The functors (mg,t) form an equivalence of categories.

Proof. Given an object X € Pg(Modgff}”)@, we use Proposition 4.2.11. in [Lurlla] to pick a simplicial
object X, of completed-free modules whose realisation is X. Then mo(X) is given by the colimit of this

L(1)

d
diagram in the discrete category Modgf , i.e. there is a reflexive coequaliser (X, <:0> Xg —» m(X)) -

Cpl(])

Given any test module S € Mod , we use that completed-free modules are projective to compute that

t(mo(M))(S) = Map,,_ cnn (S, m0(X)) is given by the reflexive coequaliser
Ex

do
MapModgpun (S, X1) == MapModgpzm (S, Xo) —» 1(mo(X))(S)
* dl *

This coequaliser is equivalent to 7o (| Map,,; e (S, Xe)|). If X lies in the heart, this establishes that the
Ex
canonical map X — (tmpX is an equivalence.

Assume conversely that we are given a module M € Mode 1

. We pick a simplicial completed-free module
M, over M such that the associated chain complex gives a projective resolution of M. We obtain an
associated augmented simplicial diagram ¢(M,) — ¢«(M) in P, (Mod%f ?J(CI)). This is in fact a colimit diagram

in P, (Modgff](f)) since for any test module S € Model D

, evaluation gives a homotopy colimit in spaces.
We can therefore compute 7o (¢M) as colimit of the simplicial module M, and conclude that the canonical

arrow woeM — M is an equivalence as well. O]
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Proposition 4.2.5. The natural arrow moT(X) — moT(1mo X)) is an isomorphism for any X € P, (Model( )).

Cpl(I)

Proof. We pick a simplicial diagram X, in Mod 7 whose geometric realisation is X. We pick another

Cp l(I) with an injection X, — Y, which is an isomorphism at level 0 and 1 and such that

diagram Y, in Mod,
the simplicial set Y, has vanishing homotopy groups above dimension O.

The map in the above statement is then given by mo(|T(X4)|) = mo(|T(Y4)]) and therefore an equivalence. [

We therefore obtain an analytic approximation monad on Modgf D by considering 7 o T o .. This monad

has been constructed by Barthel-Frankland [BF15] using completely different methods.

Rezk’s Rings A~

Rezk uses the monad T (or rather its uncompleted version) to study the operations on the homotopy of
(nonunital) Eo-rings A under E. In order to recall some of Rezk’s results concerning operations on the
tangent space . (A)/m.(A)?, we follow [RezI2b] in a slightly more completed setting and introduce the
following definition:

Definition 4.2.6. The linearisation of an arbitrary functor F' : Modgfl}” — Modgfl(l) is defined as the

cokernel Lp(X) := cok(F(X & X) F(p1+p2)—F(p1)—F(p2)

F(X)). Here p; denote the evident projections.

The functor L is additive and in fact the initial such functor receiving a map from F.

We now apply this construction to the analytic approximation monad T (considered as a functor of ordinary
categories Model(I) — Mo del(I)) to obtain the linearisation T — Lo

Writing T[n] = h(T[n]| Mo dcpzu)) for Tn|(M) =M %?n, we obtain another completed-free functor and a direct
Cpl(I) of

sum decomposition ), ~ T[n] = T (where the (completed) sum is computed in the category Mod,

L-complete E,-modules).

Applying linearisation, we obtain a corresponding decomposition €, ~, E'ﬂ‘[n] = L4, and the map T— Ly is

induced by taking the (completed) sum of the maps T[n] — Ly

Proposition 4.2.7. The functors Eﬁ‘[n] and Ls preserve completed-free I, -modules.

Proof. Since completed sums of completed-free functors are completed-free, it suffices to check this for each
ﬁ'ﬂ‘[n]' Since this functor is additive, it suffices to check that ﬁfr[n] (XE,) is completed-free for each i. This

(and more) is established in Proposition 5.7 in [Rez12b]. O

By Corollary 5.5 in [Rez12b|, this implies that the functor £; has the structure of a monad such that the

Cpl( )

natural map of endofunctors of Mod given by T — L5 preserves this structure. We can in fact extend L4
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Cpl

to a realisation-preserving monad of P,(Mod }I)) with a transformation of extended endofunctors T — L.

* g

These functors come with an extra piece of additional structure: the topological suspension can be used to

define natural transformations Susp : ¥L4(M) — L4(XM) and Susp : XLs[m](M) — Lg[m](XM).

Definition 4.2.8. The i*" ring of additive cotangent operations for (nonunital) K (h)-local Ey.-rings under E
is given by the ring A™% = MapAlgL (Modcpuz))(ET(EiE*),CT(EiE*)) = [L+(ZEL));.

T Ex,f
Here multiplication is defined by composition and addition is defined by using codiagonal maps.

We turn A~ into a weight-graded ring by setting A~ [w] = [Ls[w](X'E,)];.

Remark 4.2.9. The slightly confusing degree convention for the superscript of A? is in agreement with Rezk’s

work. Our weight-grading differs slightly from Rezk’s “logarithmic” choice.

Every scalar A € E; gives rise to a map of Ls-algebras L4(SHE,) 2, L:(XE,). We can use this to define
a morphism E; ® A~ ® E_; — A~"J. This in particular gives each of the above rings the structre of an
(Eo, Ep)-bimodule. The resulting morphisms E; ® Eo AT ® g, E-j — A7 are in fact isomorphisms for all

7 even since F is even periodic.

The following is a completed version of Lemma 3.2 in [BR15]:

Proposition 4.2.10. If M is a completed-free E.-module, then there is a weight-grading preserving equiv-
alence [Lg(M)]; = A7 ®@p M.

In particular, we can write [L4(X'EL)]; = Ej—; @p, [L4(X'EL)]i = Bj_i @p, AT = AT @p Ej_;.

It is shown in 3.10 of [Rez12b] that A~% indeed acts on the degree i component of the cotangent space of any
T—algebra. By Remark 7.5 in [Rez09], the suspensions maps Susp give rise to a diagram of weight-graded
rings

DA S AT S A S AT AT S

where the maps alternate between monomorphisms and isomorphisms and all become isomorphisms after ten-
soring with Q. We can in fact use the rings A’ to compute some non-additive derived functors of T. The trans-
formation T — Ly gives rise to a morphism of simplicial functors Bar, (id, T, id) — Bar,(id, £4,id). Evaluat-
ing on a module M € Modgff](cl) gives a morphism of simplicial modules Bar, (id, T, M) — Bar,(id, L, M).
Here an overline denotes the module M endowed with the trivial T- or Ls-algebra structure, defined using

the augmentation.

If M = ¥'E, for i an odd integer, then Y¢E, is a ']T—algebra whose underlying strictly commutative nonunital

E.-algebra is free. Lemma 3.8 in [BRI5| therefore shows:
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Proposition 4.2.11. For ¢ odd, the canonical arrow Bar.(id7'ﬂ‘7ZiE*) — Bar,(id, L4, XUE,) gives a weak
equivalence in the nonnegative derived category Pg(ModgffJ(,I)) = D:O(Modgfl(”) (see Proposition .

Using Behrens-Rezk’s Proposition 4.2.10f we observe:

Proposition 4.2.12. For i odd, there is a weak equivalence of simplicial E,-modules

Bar,(id, £+, Y E,) = $'F, ® [Bare(id, L3, 2F,)]; = Y'E, ® Bar,(id, A%, Ey)
Ey Eo

Constructing Hecke Operations

We will now use the various rings A’ to define abelian groups as follows:

Definition 4.2.13. The group ('HLie)g[w] of Hecke operations on Lie algebras from degree i to degree j of

weight w is defined as

o Exti: (Eo, E—itjta) if w=p"
(HY) [w] = ’

0 if w is not a power of p

Here E and F,i+j+a denote the modules Ey and E_; 4, endowed with the trivial At-action.

In the remainder of this section, we will attach a unique additive unary operation to any element in the
above groups. In Section we will then use the techniques from Chapter 3 to endow the collection

('HLie)g with additional multiplicative structure which encodes how the corresponding operations compose.

In order to access the techniques and notation used in Chapter 3, we shall now define a weighted structure
on T on the sense of Definition We use the notation of [BRI5| and define a model for the doubly

suspended partition complex X|II,,|® as the realisation of the simplicial set
(P)s = {xo<---<uaxs| x; apartition of n, xg discrete, x, indiscrete} H{*}

with face and degeneracy map defined in an evident manner.

By a straightforward combinatorial argument explained in [Chi05] and [BRI15], we can use this simplicial set
to express the simplicial symmetric sequences in S-modules (O%Y_ )e® = (P.)s. Applying the functors m,

Comm

® and (—)° from Section , we obtain an equivalence of simplicial endofunctors of Modgp 1,

T = (B © 2(0%)*) = D(P)e & ()
w>1 w
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The bar construction Bare(7T') is thus endowed with a natural direct sum decomposition with components

nu ModSPHD

BI(X) = m(puw(Ofamm &)%) = (Pu)s & (—)®v
Let C = KD(T) = m(KD(O"" Mod&" ")y Clw for Clw] = |BM (X)| = KD(OM Modz™ )y o
e (T) = m(KD(OR: 24" )) = @, Clu] for Clu] = |BL(X)] = m(p,, KD(Op, ~

S|, |° Qps,, X®v, The comonadic structure map C — C o C is obtained by applying m to a map of sym-

metric sequences.

Proposition 4.2.14. This decomposition Blw] — Bar(T) defines a weighted structure in the sense of Defi-
nition [3.31l

Proof. The functors ng] clearly preserve geometric realisations.

To check that Bé[,w] is completed-free, it suffices by Proposition in Appendix A to check that F*ng]
sends completed-free E-modules to completed-free F,-modules. By construction, W*BLU’] (M) is a summand
of the module 7, 7%(M) which we know to be completed-free by Proposition Since completed-free
E.-modules are the projective objects in the abelian category of L-complete E,-modules, they are closed

under retracts. This establishes that ng] is completed-free.

Condition 2) of Definition holds true since the structure maps 7' o7 — T and C' — C o C are induced

by corresponding maps of symmetric sequences. O

The following results are crucial since they in particular establishes that the universal cases are torsion-free:

Theorem 4.2.15. The functors Clw] and C' = P, Cw] are completed-free (see Definition .

Proof. Tt suffices to check the first statement. Fix a completed-free E-module spectrum M = @ g Y F
(where the sum is completed). We can write Clw](M) = F @ (3[I,|° ® (B,cg5™)®)nx, (where we
implicitly work K (h)-locally and abuse notation inside the bracket by writing ® and @ for the smash and
wedge product of spectra). Expanding binomially and using Proposition in Appendix A, it suffices to
check that every module of the form E (2|1, [*® (S71)®“1 @---@(87%)¥* )5, x...x5,, ) is completed-free.
By the splitting of Young restrictions of the partition complex established in Theorem it is therefore

enough to check that the E.-modules E(3|II,|° ®5 (57)®") are completed-free.

If j is odd, then Lemma 5.6 of [BRI5] implies that this module is null unless n = p*. If n = p*, then it is
completed-free in odd degrees if k is odd and it is completed-free in even degrees if k is even by the same

Lemma 5.6 and Theorem 2.13 in [BR15].
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For j even, we may assume by periodicity that j = 0. Theorem 3.2 in [Ar0o06] gives a cofibre sequence

[Ty

° @ (SH®F 5 YLy — |IL,|° ® (ShH)e"
()% = Sl — LI © (5Y

n

w3

where we use the convention that the left term is contractible if n is odd.
If p is an odd prime, then one of the outer terms has vanishing completed F-homology and the claim follows.
If p = 2 and n = 2, then both of the outer modules must have completed E-homology concentrated in the

same parity by Lemma 5.6 and Theorem 2.13 in [BR15]. We therefore obtain a short exact sequence

0 BN © (8)°F) = BXEIMfis,) » BAILI @ (8197 =0
% n

Cpl(I)

The middle module is therefore an extension of projective objects of Mod, and hence projective itself. [

Essentially the same argument as in the proof of Theorem [4.2.15| (this time making use of the Goodwillie

derivatives of the actual EHP-sequence as explained in [AM99] and [Beh12]) implies:

Theorem 4.2.16. The functors L[w] = (D(XII,) ®,5 (=)®") and L = @,, L[w] preserve Modgilc(l).

We now come to the problem of lifting operations. Rezk’s Koszulness proof implies:

Theorem 4.2.17. The module X'E, is p-Koszul for T in the sense of Definition[3.3.3 whenever i is odd.
Proof. This result is contained in Theorem 2.13 and the proof of Lemma 5.6 in [BR15]. O

We encourage the reader to recall the meaning of the symbols Q, Q, and @ from Section We introduce

_ _ abys
a linearised version Q of Q by defining QZa((g as
MapP(,(Monglgf))(KD(ﬁ'ﬁ)(Sa(EiE))v Sb(E]E)) = Mappﬁ(MOdgpl;I))ﬂ Bar,(id, 'C'fp Sa(EzE))L Sb(Z‘]E))

The decomposition of L4 into weighted pieces induces a decomposition on the bar construction which we use

__gb(s __gb(s - . .
to define a product decomposition of an((g into pieces an((g [w]. Write P/ [w] = Map,, con (X7 E, Lw|(2'E)).
E

Definition 4.2.18. The duality transformation D : Qf [w] — P__ij [w] is defined as the following composite:
, 4 o , , vlo
Qj[w] = Map,; e (Cw](X'E), X E) — Map,, o (Z77E,DCw|(X'E)) —— P~} [u]
E B

Here we first use K (h)-local Spanier-Whitehead duality and then the transformation v, from Section m

(which is an equivalence since K (h)-local Tate spectra vanish).

94



For ¢ odd, j any integer, and a > 0, Lemma then implies the existence of natural maps:

QS (j—a)

ooty ] = Q% w] = QIlw] = P ]

QS (- a)[ ] =

If w # p*, then the second map is defined to be zero. If w = p?, then we define it to be the inverse of the
isomorphism supplied by Lemma [3:3.6] The same Lemma and Proposition £:2.11]in fact imply that all maps

are isomorphisms in this case. Moreover, we can use Lemma [£.2.12] to deduce a natural identification
(H") 7 [p*] = Exti (B0, Ei—ja) = MapD;O(Modggun) (Bar.(Eo, A~ Eo)[p“, Sa(Ei—j+a))

~ NP a a j—a =5 (I—a) 4
— MapD> (Mo chl(I)) (Ban(l’ﬁ’fwzzE*)[p ]75 (ZJ E*)) :QSO((g) )[p ]

Since the suspension morphism A‘*! — A’ is an isomorphism of rings whenever i is odd (see [Rez09]), we

deduce that the canonical suspension morphism (H“¢)7[p?] = (7—[Lie)g_tl1 [p?] is an isomorphism for i odd.

This allows us to fill in the dotted arrows in the following infinitely long commutative diagram (for i odd):

it a 1 —(-2)r. a
. —— P PV P D"
. —— Q"] Q=1 "] "]
S a —a—1 —a—2
—> DSO((Z) )[p | —— DSO(Z 1) )[p ] ———— Dsﬂ(i 2) )[p ]
o N o
S%(j—a) a=1) a7 5%(j—a—
S QSO(f) @SO(f I e Qsﬂ(f—z)
—S%(j—a) o —=S*(j—a—=1); 4 —=S*(j—a—2); 4
QSO(j) P! ———— QSO(ZJ y P QSO(Z—Z) [p] —> .
ALiey=i[pa = qqLiey=(=Dr a qqLiey=(I=2)r a
> )5 ————> )(1 1)[ p°] ( )(1 2)[ Pl — ...

Theorem 4.2.19. There are natural maps (HY°)! [w] — P?[w] for all values of i,j € Z and w € N which

are compatible with suspensions and isomorphisms whenever i is odd.

This concludes our construction of Hecke operations. Their compositions will be the subject of a later section.
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Additivity

We will now establish the additivity of the Hecke operations which we have just constructed. For this and

later multiplicative considerations, the following Lemma is crucial:

Proposition 4.2.20. The map ¢ : (HLie)g — Pij is an equivalence for i odd and an injection for i even.

Moreover, (HY®) < P! is a pure subgroup, which means (since P! is torsion-free) that if o« € P! andn € N

are such that n - « lies in the image of ¢, then « lies in the image of ¢.

Proof. By constriction of the map (’HLie){ — Pij in the preceding section, it suffices to check that whenever
1 =2n — 1 is odd, the suspension map Pg,;ll[w] — szn [w] is injective and the image is a pure subgroup.

The diagonal map S' — S* of ¥,,-spaces gives rise to a map YE — (XE)®% of ¥,,-objects in Mod%pl(”.
We smash this map with D(X|I1,|°) ® (X?"~1E)®% to obtain the following map of K (h)-local E-module

spectra with ¥,,-action:
D(Z|T,[°) @ (B 'E)®Y @ S E — D(I|,|°) ® (Z*"1E)®" @ (ZE)®v

Using the chosen complex orientation on E-theory, we obtain an equivalence of ¥,,-spectra (X2 E)®% =~ Y2W E,

We obtain a square of ¥,,-objects

D(Z[IL,|°) ® (R 1E)®Y @ S E —— D(IIL,[|°) ® (X 1E)®* @ (ZE)®Y

=) I~

D(X|,[|°) ® (ZE)®* @ 2=V E o S E — D(S|I1,[°) ®@ (ZE)®Y @ 2Cn-2vE g (RE)®Y
We apply the functor 7;(—)ss, to this diagram and observe a square

Jj—1 S J
Panl P2n

| |

Plj—(Qn—Q)w—l [w} - Péj—(Zn—Z)w [w]

It therefore suffices to check that PF~'[w] — PF[w] is injective with pure image.

Applying 71 to the weight w component of the EHP sequence explained in Section gives rise to a

w

short exact sequence sequence 0 — PF~1[w] — P¥lw] — P¥ (2] — 0. We see that the left map is injective.

The image is pure since Py [%] is torsion-free (and in fact free) as an Eg-module by Theorem |4.2.16
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We will now establish that all Hecke operations in Qf [w] which we have produced from HY¢ in fact act
additively on the cohomotopy of C-coalgebras. Here, as before, we define the 5" cohomotopy group of some
module spectrum M € Modgplm by 7/ (M) = mg MapModgpzu) (M,YE).

We first use that the comonad C' = @, X[, |® @5, (—)®" comes from a symmetric sequence to establish

two useful properties of the suspension:

Lemma 4.2.21. The suspension Susp(a) € Qf:ll [w] of any operation o € Qf [w] is additive.

Proof. By decomposing Lemma into the weighted pieces of C', we observe that it suffices to check that
for each functor Clw](X) = X[, [° @5 X®®, the two ways of passing from left to right in the following

diagram of K (h)-local E-module spectra agree:

Clw](Z'E) @ Clw
SCw|(ZT'E@ YT E) —— Clw](S'E @ X'E) w](X'E)

By the binomial formula, we have C[w](X'E @ 'E) 2 @, _,(X|,|° @ (Z'E)®* @ (ZE)®Y %) s, x5 »

For k # 0,w, the map f : SC[w](X1E @ X1E) — X0, |° Ohs xSk (DE)®k @ (X E)®v=F) factors

through:
(S'@[L, [ @(S )@ (S E) " ) hs xz, = (S'@ST@E[IL, °@(S T E) ¥ (S E)® Y ) i, k2

Since the diagonal S — S!' ® S! is null, we conclude that the original map fj is in fact null for k& # 0. This

implies the claim. O
We remark that a similar strategy is used in the proof of Proposition 3.3 in [Rez12b].
We now use the absence of torsion in universal examples to prove:

Lemma 4.2.22. Ifa € Qf [w] is an operation and there exists some positive integer N for which N - « is
additive, then o must also be additive.
Proof. We again consider the “weight w”-component of the triangle from Lemma [3.1.5

7 Clw](coA)

7 Clw] T s pICw](2PR @ XFR)

\ THC u)] pl)@WJC[’LU](pQ)
™ COAc[m](le)

T(X'R EBWJC
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We denote the two possible composites in the triangle by f and g, respectively. Our assumption implies that

N-(f(a)—g(a)) = f(Na)—g(Na) = 0 by Lemma By Theorem [4.2.15| the group 7/ C[w](S'R®X'R)
is torsion-free. This implies f(a) = g(«) and hence « is additive by Lemma O

Lemma 4.2.23. Every a in the image of the maps (H") [w] — Q~/[w] constructed in the last section is

an additive operation.

Proof. Let o be attached to A € (H"°)?[w]. Since the suspension map A~(~1 — A~% hecomes an iso-
morphism after tensoring with Q, we can chose a positive integer IV such that N\ lies in the image of
the suspension map (H“°)7~'[w] — (H“°)/[w]. Since our family of maps (H"¢)/[w] — Q7 [w] respects

suspension by construction, this implies that N« lies in the image of the suspension map as well and hence

is additive by Lemma This in turn implies by Lemma that « is itself additive. O

Corollary 4.2.24. Every o in the image of the maps (H¢)![w] — PJ[w] constructed in the last section is

an additive operation.

Proof. This follows from the previous Lemma by applying Spanier-Whitehead duality to the weight w com-

ponent of the diagram appearing in the criterion in Lemma [3.1.5] and then appealing to Lemma O

4.2.2 The 6-Operations

In this section, we will construct operations Wa,,, 6., 52, € Py~ (2] = Efn71(2’1(52”)§§2) for every n € Z.

res

We begin with a decomposition of the identity map on the sphere spectrum: S° = Be, -~ BYy , — S°.
Here the first map is given by restriction and the second map is given by collapsing B35 to a point. We apply
Ly nD(—) and use K (h)-local vanishing of Tate spectra and duality between restrictions and transfers to

obtain a diagram of K (h)-local spectra

S0 <— (89" <— 8°

0

SO&BZQ.{.JSO

This defines a canonical element 6 € w§(BXa4) (cf. [Stal6] for a different perspective). Write s € n§(BXay)

for the class given by the restriction S® — BYy . The double coset formula yields tr(s) = 2.

Finally, we set ¥ := s + 20 and observe immediately that ¢tr(¥) =2+ 2-(—1) = 0.
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We apply the (implicitly K (h)-localised) functor ¥~!(E ® —) to obtain three classes
o, 00,50 € Py H[2] = EX (7B, )
For each integer n, we define the operations
W, Oon, S25 € Py~ 1[2] = Ezfn—l(z_l(szn)%i)
as the various classes corresponding to ¥, 6y, sp under the isomorphisms
> ENETHSHER) S EN(ETIBEy) = EN(ETHSTHER) > ..

coming from the equivalence of naive ¥s-spectra £ ® (5?)®2 = F ® S* provided by the Thom isomorphism

induced by our chosen orientation on E. Here Y5 acts by swapping on the left and trivially on the right.

It is clear that Wq,, = s, + 205, for all n. Moreover, we observe that ss, is given by the image of the

fundamental class under the desuspended restriction.
Proposition 4.2.25. The image of Wy, under the transfer Ef, (S71(S*)32) — Ef, 1 (S71(52)®?2)

vanishes.

Proof. We smash the equivalence E ® (S?")%®? =2 F ® S%" coming from the Thom isomorphism with the

transfer map S° — Yo, and then desuspend to obtain the following square of naive Yp-spectra:

YIE® (S™M)®? > 2T E® (S22 en, 4

} |

YIIE® (S —= YTIER (ST e %, o
Taking homotopy coinvariants and applying homotopy groups implies the claim as ¢tr(¥) = 0. O

Proposition 4.2.26. The element Wy, lies in the image under the injection (H“¢)3n 1 [2] < Pyr~1[2].

Proof. For every even integer 2n, there is a cofibre sequence of spectra (coming from the EHP sequence)

(Szn—1)%2:2 - 2—1(5211)%;2 Eiltf gin—1

2 'RPge ,  S¥'RPsY

All three spectra have completed E-homology E.(—) concentrated in odd degree (this is established in
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Remark 3.20 and Corollary 3.21 in [Rez09].) Applying E*(—) therefore gives a short exact sequence. Since
tr(Wy,) = 0, we see that Wy, lies in the image of the suspension map Pyl 2[2] — Py" ![2]. The claim

follows from the construction of the map H"¢ — P in Theorem [4.2.19 O

4.2.3 The Lie Bracket

We define [—, —]; ; € Pfjj_l = i1 1B, D(EE|°) ®5, (E'E ® X7 E)®%) by the canonical map
YR ST ER (DERYE) — DEIL°) @ (XEeYE)®? — L(S'EQYE)
h¥o

This means that if M is a shifted Lie algebra in Mod%plu) and z € m; (M), y € m;(M) are two given classes

represented by maps 2 E % M and 39 E % M, then the class [z,y] = [2,yli; € mi+j—1(M) is represented by

y]: S E S L Ee s E) 2T pn) — M

The final map is given by the structure map of M.

We will from now on drop the subscripts from the Lie bracket.

100



4.3 Relations

In the preceding Section we have constructed three families of operations: the additive unary Hecke
operations, the non-additive unary #-operations, and the binary Lie bracket. We can now enquire what
happens when we plug these operations into one another, i.e. compose them. The principal aim of this

section is to compute the various relations between the compositions of the above operations.

4.3.1 The Action of e

We first examine how Hecke operations compose. Given an Ey-module M, we again write M for the “trivial”
AJ-module with underlying abelian group M and structure map A7 @ M — AI[1]]@ M = Eg@ M — M
defined using the augmentation. We upgrade Definition multiplicatively, hence producing a power

ring in the sense of Definition

Definition 4.3.1. The power ring HY® of Hecke operations on Lie algebras is given by

. EXtaAi (E(), E—H— '+a) if w= pa
(HYo)] [w] = ’

0 if w is not a power of p

The multiplication map (H**¢)![p*] @ (HLie)é?[pb] — (HY)k[pe+t] is given by the composite:
(Exta: (Bo, E—itjta)) ® (Exty; (Eo, E—jrts)) = (Exta: (Bo, E-ijta)) @ (Extiasia (Bo, B jirts))

— (Bxtd: (Eo, E—itjta)) @ (Exta:(B_isjras E—itirats) = (ExtRl®(Bo, B_ishra+s))

The first map uses the suspension AJ*? — AJ the second map uses the morphism Exth.(Eo, E,) —

Extie—.(Es, B,y s) coming from the twisting morphism, and the final map uses the Yoneda product.

The following main result of this section establishes that compositions in algebra and topology are compatible.

We therefore obtain an action of the power ring #“° on the homotopy of any Lie algebra in Modgp 1o,

Theorem 4.3.2. For alli,j, k € Z and all v,w € N, the following diagram commutes:

(M) ] x (HH)f[w] — (HM)fJow]

J

Ply] x Pf[w] ———> PFvw]

7

101



We prove this result in several smaller steps which we shall assemble to a proof in the end of this section.

Lemma 4.3.3. For alli,j,k € Z and all a,b € N, the following diagram commutes:

(HE)I T < (HE)5") (HY)F ]

| | o

—S%(—j —S%(—k—b) id x Sh® S( a) s"+b( k—a—b) —8e*t (—k—a—b)
Qso [ ]X@so [P"] —= Qgo(_ f "] % Qgomjay  P"] = Qgo(—i [p**]

Proof. We consider the following diagram:

Ext3:(Eo, E_itjta) X EthAJ' (Eo, E_jints) —> ...

|
— 5 (—k—b)

[p?] x Qgo(—5) [Pb}

S( J a) idxSh®

L —> EXtZi (Eo,E,iJerra) X EthAj+a, (EO,E7j+k+b) — EXtaAtb(Eo,E,i+k+a+b)

l l

S (—j—a); 41 . =S°TP(—k—a—b) —S b (—k—a—b)
e @SO( i) [p ] X QS‘L( —j—a) [p ] — QSO( %) [p +b]

Here the top left map on the right factor is obtained from the suspension morphisms AJ+e — A7, the top
right map on the right factor first uses the twisting isomorphism Ext\.(Eo, E,) — Extie—(Es, Eyys) for

any £, r, s, and then the usual Yoneda product in Ext groups.
The left square commutes by the definition of the suspension maps.

For the right square, we unravel how the lower composition map works. We note that we are in the situation
of Section in Appendix D since the additive monad Ls; acts additively on the derived category of
complexes of completed-free E,-modules. Its Koszul dual comonad KD(L;) = | Bare(1, L, triv)| therefore

has structure map given explicitly by

| Bare(1, L, triv)| <= | Bare(1, Ls, | Bare(L4, L, triv)|)| — | Bare(1, L4, | Bare(1, Ly, triv)|)|

sa+h( k a—b)

Elements (o,7) € QSO( R Qga MapD;O(MOdng))ﬂBar.(l,[,fr,Z—iE*)LSG(E—j—aE*)) X

Map,,- (Modcpm))(\ Bare(1, L5, SG(Z—J—“E*))L Satb(x=F=a=bE.)) can be represented by pairs of maps
>0 By

S E%(Z‘—iE*) N N O t- E%(Z‘j_“E*) Ly ykasbp
i hKD(Lg) (o) o ] - .
The map (hKD(L:))(hKD(£:))(E7E,) ———=% (hKD(£:))(S*(Z97E,)) 5 Setb(n—h-a-bp.) i
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obtained by applying the “total complex” construction to the map of double complexes

Bar.(1, L5, Bar,(1, L4, 27 E,)) — S@Y(S7F 7P E,)

obtained by combining s and ¢ in the evident manner. Here Sy *(E k=a=bp ) denotes the double complex

where X ~F=2=0E_ is placed in bidegree (a, b).

The composition 7 o o of the two operations is thus given by the composite

| Bar, (1, L4 ,Y—iE,| < |Bar.(1, Ls,|Bar,(Ls, L4, E7UE,)|)]

— | Bar,(1, L4, | Bar, (1, L3, 570E,)|)| — ST (k2P E,)

Our explicit description of how to lift cycles across the first quasi-isomorphism in Lemmal[5.4.1)in Appendix D

St (—k—a—b
lets us conclude that this composition is given by the class in QSO( 5) b represented by the map

T(S

a+by—i b j—a ty y—k—a=b
Lo(RTE) S YRR B S E,

We therefore recover the expected product structure (cf. [Fox88|) and conclude that the right square above

commutes (since this is precisely how the usual Yoneda product on the corresponding Ext-groups is defined).

O

The following result establishes the desired link between algebra and topology:

Theorem 4.3.4. The following diagram commutes for all i, € Z and a,b € Z>y:

—S%(—j—a) —Sb(—k—b) 1d xSh® —S° —St _k—b—b —STP (—k—a=b)
Qgo(— Z) [p"1xQgo(_yy  [P"] —— QSO( 0 [ 1XQsa(—j—ay Pl = Qsogy [p* ]
Q] x  QFp' QY]

Proof. We denote all maps from the components of Q to the components of Q by ®

If —i is odd, then the claim follows from Theorem since X 'E, is p—Koszul.

If —i is even, we fix nonzero classes « € Qso( ])[p“} and € QSO f [p*]. We can write Ma = Susp(\) and

NS = Susp(u) as nonzero integral multiples of suspensions. By additivity of «, 8 (since Ly s additive) and

®(a), ®(B) (established in Lemma [4.2.23]), we then have:

NM(®(aop) — P(a) o ®(B)) = 2(Mao NS) — d(Ma) o P(NP)
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Since suspension of operations respects composition and ®, we observe

(B(Susp(A) o Susp(n)) — B(Susp(A)) o B(Susp(n))) = Susp(S(A o 1) — B(X) 0 B(11)) = 0

The last vanishing follows from the odd case. By Theorem [4.2.15| the group Q:f[p‘”b} is torsion-free. The

result follows. 0

In a final step, we go from operations on the E-theory of (restricted and nilpotent) Lie coalgebras in K (h)-

local E-modules, i.e. coalgebras over the comonad C from above, to the desired Lie algebras in Modgp 1D,

Lemma 4.3.5. For all degrees 1,7,k € Z and all weights v,w € Z>q, the following square commutes:

Q71 [v] x Q=Fw] — Q=F[vw]

-] )|

P/[v] x Pflw] — Pfow]
Here D denotes the duality transformation from Definition [{.2.18

Proof. Assume we are given (a, 8) € Q7[v] x Q:?[w] represented by maps a : C[v](L7'E) — X7/ F and

b: Clw|(X77E) = ©~FE. The composite 3 o « is then computed as

Clw](a)

Clow)(E7'E) = (C o C) (ST E) 2222% (Clw] o C[u])(Z°E) Clw|(S7E) % v *E

We now use the natural transformations v and its components v; from Section to write down the

following diagram:

DCvw)(X7E) <— D(C[w] o C[v]))(X7'E) «<—— DC[w](X7E) <— XFE

l/vw/r Vwouv/r VMT

Livw)(S'E) <— (Llw] o L)) (%' E)) <2 pjw)(sviE) <2 st p

The two right squares commute by definition of the duality transformation D.

For the left square, we abuse notation and identify ¥ ~*F with the symmetric sequence with X ~*E placed in

degree 0. By Lemma [4.1.12{ and the properties of the transformations v;, (for top and bottom square), the
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following diagram of symmetric sequences commutes up to homotopy:

ModelU) Mochl(I) —q nu Mochl(I) nw Mochl(I) —i
pUOZLle op’wOZ L1e OD(E E) S D(pv KD(000m1n ) O Pw KD(OComm ) o (Z E)>
b v
0d P 0dCriD) ) nu ModCPiD nu ModSPHD) .
oYE o oYE o E) p( KDk o0 o (7))
J Lemma [LT12 v
Mochl(I) —q nu Mochl(I) —4
o™ op(zE) p( kDO o (7B )
b v
Mod&PHD i nu Mochl(I) —i
PowOy Lie” oD(ET'E) D (pvw KD(Ocomm ©  )o(Z E))
The commutativity of the left square now follows by taking the “zeroth component” of this diagram. O

Proof of Theorem[4.3.2 We combine Lemma Theorem and Lemma to obtain the following

commutative diagram:

()] < (M) () )

EXtaAL (EO7 E,i+j+a) X EthAj (EO, E,j+k+b) — EXtaAtb(E07 E,i+k+a+b)

} |

Ton(h " x Ton( Ly "l ———> T ]
| ‘|
Q~I[p"] x Q¥ [p" QF[p*t]
o) |
P/ x P PEp")

We have thus defined the structure of an H*-module on the homotopy of any Lie algebra in Modgp 1

4.3.2 Lie Algebra Relations

Now let L be a shifted Lie algebra in Mode 1,

Proposition 4.3.6. The bracket [—, —] satisfies the shifted Jacobi identity:

For z € m(L),y € m;(L), and z € (L), we have (—1)*[z, [y, 2]] + (= 1)y, [z, 2]] + (=1)*[z, [z,]] = 0.
Proof. This has been established in joint work with Antolin-Camarena and can be found in his thesis. O
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Proposition 4.3.7. Ifz € (L), y € m;(L) , then [z,y] = (—1)¥ [y, z].
Proof. This follows since the second term of the shifted Lie operad is S~! with the trivial ¥s-action. O

Proposition 4.3.8. If x € m;(L) is an element of odd degree i, then [z,x] = 0.

Proof. By antisymmetry, we have [z,z] = (—1)[z, 2] which implies 2 - [z,2] = 0. The claim follows since
[z, 2] € Pfi_l as a unary operation and the group Pfi_l is torsion-free by Theorem 4.2.16 O]

Proposition 4.3.9. If z € m;(L) is any element, then [z, [z, z]] = 0.

Proof. Assume z has degree i. The Jacobi identity (—1)%" [z, [z, 2] + (=1)% [z, [z, 2] + (=1)7 [z, [z, 2]] = 0
implies that 3 - [z, [z, x]] = 0. The claim follows since the unary operation [z, [z, z]] is an element of P*~2,

which is a torsion-free group by Theorem 4.2.16 O

Remark 4.3.10. Over F3, the vanishing of [z, [x, z]] has been observed independently by Kjaer [Kjal6] relying

on different methods.

4.3.3 Mixed Relations

We will now compute the mixed relations between the Hecke operations, the #-operation, and Lie bracket.

We start by recalling some general background. If we are given operations

a=(o,...,0p) € PFvok Hﬂ'kb (SNE®...0 Y E))

]1’ 1]5

B=B....8) e P = [[ m.LE"Eo... 05" B))

then the composite a(f81(—),...,Bs(—)) corresponds to the map of E-modules

LF1©-6Py LL(Z“E ®...09"E) > L(E"E®...0 " E)

Moreover, if v € PJ t ’i: and § € P”“’ ZJT“ are represented by

,,,,,,,,,,

(X'E®...0%E) - L(E"E®...® *E) (MM E®...0YE) - L(E“"E®...® "E)
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then we can form a new element (v, ) € Pl.jl“"’.j“

Ty corresponding to

(C"E®...0%E) - L(X"E®...0Y“E)o L(E“"E®...dX"E) - L(E"E®...0 X"E)

We now fix a (shifted) Lie algebra M € Algs ;. (ModSP').
Proposition 4.3.11. We have sa,(x) = [z, 2] for any x € 7o, (M).

Proof. We have to check that the image of the operation [—, —] in the group 74,1 (L(Z?*"E®X?"E)) = P;f;};ﬁ

under the map induced by applying L to the codiagonal gives so,,.

The claim follows by observing the commutative diagram

gl 5> ylPe (EE®YE) > ST'E @ EEeXE)®? > L(X*"E e YE)
h¥s

J J }

yilp — S W'E @ (8E)®? ———> L(X?E)
h¥g

where the upper path gives [z, z] and the lower path gives sa, (). O
By construction of the operations ¥s,,, so,, and 6o, this proposition immediately implies:

Corollary 4.3.12. Given any © € ma, (M), there is an equality Vo, (z) = [z, 2] + 2 - 02, ().

We now study the interaction between Lie bracket and Hecke operations:

Proposition 4.3.13. If A\ € Ey,y,, € m(M), and y € m;(M), then [x,X-y] = X [z,y].

Proof. We denote the unit and multiplication of the monad L by n and p. The scalar A gives elements

(SIH2mE 5 YIE B, [(SIE)) € P, (RHTImolp oy witi—lp e, psitimipy) e prtm

We consider the following commutative diagram

Rl S 5TlEe (YE@YTPME) > YT E@ (BTE @ YT E)®? > L(STE @ YTE)

| | |

YR — S ST'ER(YEQYE) — > Y 'EQ (R EGYE)®? — > L(S'E9YE)

77277+j—1E\L J/ an(ZiE@EjE)l/ (st E@xi B)

LETE) > LE'E® (S E®YE)) — LIET'E® (X' EeYE)®?) —> LL(X'E@ YE)

Psipesie

L(X'E @ Y E)
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The operation [—, A - —]; j1om is given by the lower path whereas the operation A - [—, —]; ; can be defined

by following the upper path. O

Corollary 4.3.14. If A € Es,, is a scalar, then we have the identity sg, - A = A - 82(n—m) N P;&‘_lm) [2].

Proof. This follows immediately by combining Proposition 4.3.11] Proposition and Proposition |4.3.7]
O

Proposition 4.3.15. Ifa € (’HLie)?[w] withw > 1, x € my(M), and y € w;(M), then [z, a(y)] = 0.

Proof. 1f we represent @ € Pfw] by *E — L{w](X/E) = D(X[I1,|°) @5, (X7E)®™, then the operation

[, a(=)]ik € mizr—1(L(X'E @ Y7 E)) is represented by the composite

Si+k—1
D(ZIL|°) ® (B'E ® ¥ E)
y
DIEILF) & ((BEL) @ (E5)) e OELF) @ (5™)

1 w

v

D(SM4ul?) ® (S'E® (S E)®Y)
h

21 XEw

v

L(Z'E @ Y E)
The restriction of D(X[TT144,|%) to X1 X3, is freely induced from the trivial subgroup acting on the sphere S~*.
This implies that D(E[I111[°) @5, 5, (DE @ (SIE)®W) = pitvlG-DE,
The operation (x,y) +—  [y,[y,[.--,[y,]...]]] (where we repeat y precisely w times) corresponds to a
nonzero element Q living in ;4 (j—1) <D(Z|H1+w|0) Ons, xx, (ZE)® (EjE)®“’) C Titw(j—1)(L(ZE &
YIE)).
Since @ is nonzero and both Q and [—, a(—)] are elements of 7, (D(X[[ly41]°) )5, 5, (B E® (X E)®W)) =
7. (B wU-D ) we can find scalars A\, u € E, with \- Q = pu- [—, a(—)] and u # 0.

We now use that a is additive to compute
2Y e[z a(y)] = 2Y - AQ(z,y) = A+ 2y, 2y, [ [2y,2] . ]l = A Q- (2, 2y) = - [w, a(y +y)] = 2- - [z, a(y))]

This implies that (2% —2)-pu-[—, a(—)] = 0. Since E, is an integral domain and (2% —2) - 1 # 0, this implies

that [—, a(—)] = 0. Observe that, as expected, this proof requires that w > 1. O
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The operation 6 interacts nontrivially with Lie bracket and sums:

Proposition 4.3.16. If x € m;(M),y € ma, (M), then [x,02,(y)] = [[z,y],y].

Proof. We compute 2 - [z, 02, (y)] = [2,2 - 02,(y)] = [z, V2n(v)]] — [z, [y, y]]. By the Jacobi identity, we have

[z, [y, 91l + [y, [z, 9] + [y, [y, 2] = 0.
Combining this with antisymmetry and Proposition [4.3.15] we obtain 2 [z, 02, (y)] = 2+ [[z,y], y]. The claim
now follows since ;445 _2(L(Z'E & X2"E) is torsion-free by Theorem [4.2.16 O

Proposition 4.3.17. If z,y € ma, (M), then Oa,(x + y) = 2, (x) + 02, (y) — [z, 9]
Proof. We compute
2020 (v+y) = Von(2+y)—[r+y, e+y] = (Won (@) = [z, ) +(V2n (y) =y, y]) =2[2, y] = 2:(02n (2)+020 (y) [, y])

The claim follows since 74,1 (L(X*"E @ %?"E)) is torsion-free by Theorem |4.2.16 O

Divisibility Witnesses

In order to descibe the interaction of # with the Hecke operations, we will first produce various Hecke

operations which witness the divisibility of certain operations:

Proposition 4.3.18. If A € Ej,, & (HLie)g?nfm)[l] is a scalar, there there exists a unique operation
5§‘(n7m) € (’HLie);LZ:_lm) (2] satisfying Won - X — A% - Uo(y_py = 2- 65\(n7m)'

Proof. We have Wy, -\ — 2. Uotn—m) = (S2n - A+2-02,-A) — (A2 So(n—m) +2- A2 02(n—m)). By Proposition
4.3.13| the operation so, - A — A2 - S2(n—m) Vvanishes.

We set 55‘(n_m) =0, - A— A2 O2(n—m) € P;g;lm) [2] and conclude that Wy, - A — A2 - Votn_m) =2 5§(n_m).
Since 2 - 5§(n_m) lies in (HLie)g?n_fm) [2], we conclude from Proposition [4.2.20| that 55‘(n_m) in fact lies in

(HMe)an—1 2] The class 63

2(n—m) S(n—m) is unique by torsion-freeness. O

Proposition 4.3.19. If a € (HY)2*[p*] is an operation with k > 0, then there is a unique operation

€2 € (HYe)dn=12p9] satisfying Vo, - o = 2 - €2,

m

Proof. We write Uo, - = 89, -+ 2 05, - .

Since (s2n, - @)(z) = [a(z), a(x)] = 0 by Proposition [4.3.15|, we conclude that ¥o, - o = 2 - g, - . We set

€2 := B, - a. Since 2 - O, - a lies in (HU)2n=1[2p?] we conclude once more from Proposition [4.2.20] that

e}
m
e}

€2 in fact lies in (H)2n=1[2p?]. The class €%, is again unique by torsion-freeness. O
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There is an interesting relation between the §- and the e-operations:

Proposition 4.3.20. Given \ € Ey(,_j) = (HY)37(1] and o € ()7, then N =22 e 55‘]» - a.

Proof. We have 2-€),® = Wy - Ao = (A - Wyj-a+2:-65;-a) = (A2 €5, +2-0p; - ) = 2- (N2 €0, + ;- ).

The claim follows from the fact that (H¢)#~1 is torsion-free. O

We can now express how 6 interacts with Hecke operations:

Proposition 4.3.21. If X\ € Eap, and @ € Tagu_pm) (M), then 02, (X - x) = A2 - O, (2) + §§‘(nim)(x).

Proof. This is true by definition of 67 in Proposition [4.3.18 O

2(n—m)

Proposition 4.3.22. If a € ()22 [w] with w > 1 and x € 7, (L), then 2, (a(x)) = €2 ().

Proof. This holds true by definition of €2, in Proposition O
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4.4 Generation

We will now prove our main result describing the operations on the E-homology of K (h)-local Lie algebras.

4.4.1 Hecke Lie Algebras

We start with the following notion:

Definition 4.4.1. A (shifted) Lie algebra over E, consists of a graded E,-module M, together with F,-

bilinear maps [—, =] : M, ®_ M., =1, M, satisfying

1. strict (shifted) antisymmetry:

[a,b] = (—=1)¥[b,a) for all a, b.
[a,a] =0 for all for all a of odd degree.

[a,[a,a]] =0 for all a.
2. the Jacobi identity: For all a, b, c € M,, we have:
(_1)deg(a) deg(c) . [a,[b,c]] + (_1)deg(b) deg(a) . [b,[c,a]] + (_1)deg(c) deg(b) . [e,[a,b]] = 0

Definition 4.4.2. A Hecke Lie Algebra consists of a H®-module M together with the structure of a shifted
Lie algebra on the underlying E,-module M, and maps of sets 03, : My, — My, _1 such that the following

properties hold true:
1. [z,a(y)] = 0 for all a € (HY)[w] with w > 1 and all z € My, , y € M;.
2. Wou(z) = [z, 2] + 2 02, () for all z € Moy,
Additionally, we impose several additional identities which would all be forced in the torsion-free case:
3. [z,02,(v)] = [[z, y],y] for all x € M,,,y € Ma,.
4. Ogp(x +y) = b2 (x) + 02, (y) — [z, y] for all z,y € Ma,.
5. O (A-x) = \2 “Oa(n—m)(T) + 52)‘(n1_m)(:£) for all A € Eop, © € Mogn—p).
6. 02, (a(z)) = €2 () for all @ € (HY®)2"[w] with w > 1, z € M,,.

This definition simplifies substantially for p an odd prime as U5, vanishes in this case (cf. Remark [1.4.2)).
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A morphism L — L’ of Hecke Lie algebras is a map f of underlying sets which simultaneously is a morphism

of Lie algebras, of H¢-modules, and intertwines the 6,-maps on L and L.

We write Lieg* for the resulting category of Hecke Lie algebras.

The notion of a Hecke Lie algebra can be axiomatised as a Z-graded algebraic theory. In Appendix C, we

have included an overview of the components of [ARV1I] on Z-graded theories which are relevant to us.

We start with the set ¥ of symbols
{0i, —i(=) 1€ ZyU{(=) +i () [ i € Z}
U A= -)ij | ,j €2} U{b, | n€Z}U{a € (HY)] | i,j €2}

Writing Z* for the collection of all finite words in Z, we define a signature function o : ¥ — Z* X Z by:

0([_7 _]i,j) = (2.777' +J- 1>7 0(9271) = (277”4” - 1)7 0(a € (HLie)g) = (’L,j)

Let Algy, be the category of ¥-algebras in the sense of Definition [5.3.5]in Appendix C' - informally speaking,

these are Z-graded sets which are acted upon by an operation corresponding to each element of X.

Let E be the set of equations which encodes the structure of a Hecke Lie algebra (i.e. the “abelian group
axioms” for +;,0;, —;, the shifted Lie algebra axioms for the Lie brackets [—, —]; ; with inputs in degree ¢

and j, the H°-module axioms for the various c, and axioms (1) — (6) in Definition |4.4.2).

Then the category Lie}i of Hecke Lie algebras is equivalent to the full subcategory Algy,(F) of Algy, consisting
of all ¥-algebras on which the operations satisfy the equations in E (see Definition in Appendix C).

A similar argument can be used to show that the category Modg, of graded F.-modules and grading-

preserving maps occurs as Algy, (E’) for suitably chosen ¥’ and E'.
We obtain natural forgetful functors Lieg* — Modp. — Set” to Z-graded sets.

By Proposition 9.3 in [ARV11], both functors preserves limits, sifted colimits and admit left adjoints.
Freemoa Free; ;

Set? ——%4 Mod, —H<"y Lie}.

We shall abuse notation and also write Freey;,» for the composite of these two functors.
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4.4.2 Free Hecke Lie Algebras

We will now construct explicit models for free Hecke Lie algebras on finitely many generators x1,...,xy in
degrees i1, ...,y

Write B, for the lexicographically ordered set of Lyndon words in letters x1, ..., z, in the sense of Definition
(with respect to the ordering x; < ... < ;). Define a degree function | — | : B, — Z inductively by
setting |z;| = 4; and |wyws| = |w1| + |wa| — 1 if wyws is a standard factorisation into Lyndon words. The

length ¢(w) of a Lyndon word w is defined as the number of letters which occur in w.

We start with the Z-graded abelian group F, := F.(z1,...,2,) with F? =@, cp Fr(w)? where

(HLie)g 1f |U}‘ is Odd
Fy(w)? = “
(HLie)fw| ® (,HLie)g\w\_l if |w‘ is even

Given w and g, we shall denote the element corresponding to o € (HLie)fwl by af®w. If |w| is even, the
element corresponding to o € (’}-{Lie)glel will be written as af'w. We declare that these elements lie in
degree g and call them standard words. We will often omit o = 1 or §° from the notation and write §' = 6.
Observe that if the basic word w lives in degree |w|, then the product 6w (which is defined whenever |w| is

even) lies in degree 2|w| — 1.

We will now define the structure of a Hecke Lie algebra on Fi..
We first construct the structure of an HM°-module on F,. by setting A - (af°w) = (X - )f°w.

In order to define the structure of a (shifted) Lie algebra on F;., we first define the length of a term af®w to
be the integer £(afw) := wt() - (2¢) - £(w) where the weight wt(a) of the operation a € (HY¢)![p?] is p*

and ¢(w) is the length of the Lyndon word w.

Every pair (3_; aif0%u;, > _; B;07iv;) gives an element
m(Zaiﬂeiui, Zﬁjﬁf"vj> = (Zé(x\zﬁeluz) + Zﬁ(,uj&fjvj) s max({ui}i @] {’Uj}j)) e N x Bk
i j i j

We order N x By, by setting (¢1,m1) < (fa,ma) iff (€1 <€) or ({1 = l3 and my < ma).
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We will now define the product

{Zaiee"uu Zﬂjgfjvj] =) W% wy,
; j o

for any two elements in F. by recursion on k.

Our product will have the following crucial property (¥):
Every Lyndon word wy, occuring in the above decomposition satisfies wy < max({u;}; U {v;};).

If all u;,v; are pairwise distinct, then this inequality is strict.

Assume we are given a pair (3_; ;0% u;, ) B;0%iv;) of Lyndon words.

1. If either of the components of our pair contains more than one summand, we define

[Zaiee”ui,Z@ijvj} = Z [aiaeiui,ﬁjﬁfjvj]
% J 2]
Each term on the right has shorter length and is therefore already defined by recursion. Moreover,

each term on the right satisfies property (%), which implies that our term on the left satisfies (J) as

well.

2. If both components only contain a single summand (af°u, 867v) and wt(a) > 1 or wt(3) > 1, we

define [af°u, S0/ v] = 0

3. If both components only contain a single summand (af°u, 367v) and wt(a) = wt(3) = 1,1i.e. o, 3 € E,,

we proceed as follows:

a) If u < v and w is a letter or it has standard factorisation v = v’ - v” with v > v:
e [au, fv] := afuv
o [au, BOv] := afuvv
o [afu, Bv] := (=1)I"lafuuv
e [abu, BOv] := (—1)PlaBuuvy

All the above words are indeed Lyndon words:
This is clear for uwv and uvv = (uv)(v). For wuv = (u'u”)(uv), we use that u < u” (since u is a
Lyndon word and hence smaller than its proper right factors) and and hence v” > uv. We see that

uuvv = (u, ((wv),v)) is a Lyndon word since u” > uwvv.

All four words are evidently strictly smaller than max(u,v) = v.
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b) If v < v and v has standard factorisation u = ' - " with v” < v and a = |[v/[,b = |u"|,¢ = |v|:

o [au, Bv] := (1) Heag, [u”,v]] + (—1)*0Fectetiagu [v, u']]

[, BOV] := aB[u’, [u”, 0v]] + (—=1)*CHDaBu”, [fv, u']]

[@0u, Bv] == (~1)1"la[u, [u, ]

[aBu, B0v] := (=) aB[u, [u, Ov]]

We check that this is indeed well defined.

For the first clause of the b), we notice that (u”,v) and (v,u’) have shorter length than (u,v)
and hence their Lie bracket has already been defined. Write [u”,v] = >, 0;0%r; and [v,u/] =
> €;0% s; and recall that r;, s; < max(u,v) = v by induction hypothesis since (u”,v) and (v,u’) are
pairwise distinct. This implies that the expressions [[u”,v],u'] = Y7, 6;[0%r;,v'] and [[v,v],v"] =
> €;0% [s;,u"] are already defined since max(r;,u') < max(u,v) and max(s;, u”) < max(u,v). We

note that the Lyndon words occuring in the final result all are at most as big as max(max(r;, u’), u”)

and max(max(s;,u"), u") respectively and hence strictly less than max(u,v) = v.

Similarly, our definition of [u, f(v)] makes sense since [fv, '] and [u”, Bv] have already been defined
(since they have shorter length) and can be written as sums containing Lyndon words strictly less
than v. As before, this implies that the Lie brackets [u”, [fv,']] and [« [u”, 6v]] are well-defined

and only involve Lyndon words strictly smaller than v.

A similar argument shows that the remaining two cases are well-defined and only involve Lyndon

words strictly smaller than v = max(u, v).
¢) If u=v=w, we set

af(w —20w) if |w| even

o [aw, fw] :=
0 if |w| odd
o [w,0(w)] =0
o [fw,w]:=0
o [fw,fw]:=0

4. If u > v, set [afu, B05v] = (—1)9[B6F v, ah®u] where afu € F? and BO/v € FI.
We have defined a product [—,—] : F. x F. — F,.. The map 6o, : Lo, — Lo, is given by

11. O, - (af°w) = €. 0%w if o € ((H)1)2n[w] for w > 1.

12. 0oy - (Aw) = A200(p—pyw + 55\(n_m)w if A € Egy, and |w| = 2(n —m).
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Using induction, we can verify that the operations specified above indeed make F;. into a Hecke Lie algebra.

Proposition 4.4.3. The Hecke Lie algebra F,. = F,.(x1,...,x,) is isomorphic to the free Hecke Lie algebra

Freep;on(21,...,2,) on the graded set {x1,...,z,} where |z;| =1i;.

Proof. Let L be a Hecke Lie algebra containing elements y; € L;; for j = 1,...,r. Using obvious notation,
we define a map F, — L by sending af®w to « - wa‘w(yl, ..., yr) and extending additively. We check by
recursion that this indeed gives a well-defined map of Hecke Lie algebras, and it is clear that there is at most

one such extension. Hence F;. satisfies the desired universal property. O

4.4.3 The Main Theorem

In this section, we will prove the main theorem of this thesis:

Theorem 4.4.4.

1. The homotopy groups of any Lie algebra in K (h)-local E-module spectra naturally carry the structure

of a Hecke Lie algebra.

2. Given a flat E-module spectrum M, the canonical map Freep;on (m(M)) — m. (Frees vie(L i (n)(M)))

induces an isomorphism after completion.

Here we call an E-module spectrum M flat if it can be written as a filtered colimit of finitely generated free

E-module spectra (i.e. finite coproducts of shifts of E)

(7pl(I)

Proof. Let L be a Lie algebra in Mody, The homotopy groups 7. (L) form a shifted Lie algebra in the

sense of Definition by Section and Section We have constructed a canonical action of the
power ring H"¢ on 7, (L) in Section and Section The construction of the operation 6 is carried
out in Chapter These operations satisfy the axioms of a Hecke Lie algebra by Section

In order to prove the second claim, we proceed step by step.

One generator in odd degree:

Let M = Y E with j an odd integer. By Proposition and Theorem [4.2.19) we have in degree g:
[Freegon (X7 E.)]g = (H9)? = @ HY)w] = @ P{[w] = P Lw)(XE), — [L(S'E)],
weN weN weN

Since we can check isomorphisms of E,-modules degreewise, this implies that the first of the following two
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maps is an isomorphism of (uncompleted) E,-modules:

Freep;on (X7 B.) = @ Liw](%E) — L(S'E)
weN

We apply completion to obtain the desired result for j odd.

One generator in even degree:

Now assume that M = X/ E with j > 2 an even integer. We invite the reader to recall our recollections on
Goodwillie calculus and the EHP sequence in Section . We can relate operations on the homotopy of
Lor(X) to operations on the homotopy of Lz(X) for F' € [sSet.,,sSet,] any pointed simplicial homotopy

functor via the following commutative square:

P! x mi(Lar(X)) —> mj(Lap(X))

Susp X E\L e\L

P x w1 (Lp(X)) = w1 (Lp(X))

Here Susp denotes the suspension of operations and e uses the equivalence of spectra Lor(X) = 71 Lp(X).

We define a commutative diagram:

0 —> m L B) L s nLo(32E) — L s nLo(E"1E) — s 0

gTid g/refl g?\e*

T L(XZ*"E) Y L(EE) S L(ETR)

T I I

0 —> Freepjou (Tan—1) A Freep ;o (22y) Ay Freepon (4n—1) —> 0

Here zj, denotes a variable in degree k. The lower vertical maps are all defined by sending some xj. to a funda-
mental class ¢, extending to a map of Hecke Lie algebras, and possibly shifting degrees in the end. We abuse

notation and denote all vertical maps from bottom to top by 7 and the two right upper vertical maps by e 1.

The map Ey, is obtained by applying the rule axs,—1 > Susp(a)x2,. The map Hy, is defined by the rules
axo, +— 0 and abzs, +— axgy,—1. The lower sequence is short exact by explicit inspection using our

concrete description of free Hecke Lie algebras in Proposition [£.4.3]

The left square commutes: it is clear that the fundamental classes match up. We deduce from the previous
commutative square that both ways of sending round axs, 1 agree since the top row consists of maps of Hecke

Lie algebras and hence E(T(az2,_1)) = E(a - to,_1) = a - T(x9,) = e~ 1(Susp(a) - t2,,) = 7(Er(ax2,_1)).
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In order to check that the right square commutes, we first use the EHP sequence at the end of Section
for weight w = 1 to observe that the (desuspended) fundamental class 7(z2,,) in the top middle indeed goes
to 0 along the top right map H. Since H is a map of Hecke Lie algebras, it follows from the naturality of the
operations that for o = Susp(3) a suspension, we have H(7(az2,)) = H(B e 1(12,)) = 8- H(1(x2,))) = 0.
Since some nonzero multiple of any additive Hecke operation is a suspension and the top right group is

torsion-free, this implies H(7(axa,)) = 0 for all a. The right square therefore commutes on these operations.

The (w = 2)-component of the EHP sequence is given by the Takayasu cofibre sequence

271(S2n71)%§24)272(5271)%;2*)57477,72

where the right map is a desuspended transfer (cf. [Beh12]). The operation 7(6x2,) goes to the fundamental

class 7(z4,—1) on the top right since 65, is defined as a lift of the unit under the desuspended transfer
SIDEILP) @ (522 - SIDEIL[) @ ($47)
hEQ hZQ

This shows that the right square commutes on the element 6x,. Given an operation o which can be written

as Susp(f3), the naturality of Hecke operations shows the right square commutes on all elements afza,,:
H(1(abx2,)) = H(B-7(022,)) = B- e Htan) = e o~ tan) = 7(ax4p) = T(Hp (ab29,))
For a general operation «, we pick a positive integer N with N - o« = Susp() a suspension and compute:
N - H(t(abxay)) = H(T((N - a)0xay,)) = T(HL((N - a)0xay,)) = N - 7(Hp(a022,))

The torsion-freeness of the top right group thus implies that the right square commutes on all afxo,.

We have therefore produced a map of short exact sequences in F,-modules. We now apply L°-completion.
The left and the right vertical map then become isomorphisms by the first step of this proof. The lower
sequence remains exact after (derived) completion since the functor L° is right exact and the higher derived
functors of ordinary completion vanish on free modules. The top sequence remains exact since it already

consists of L%-complete modules. This implies the theorem for j > 2.

For j a general even number, we pick an isomorphism of E-module spectra « : ¥?E — Y/FE and notice
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that the following diagram implies the result for general even j.

m.L(S?E) —> m,L(XE)

T T

FreeLie’H (IQ) — FreeLie’H (l'j)
Finitely many generators: Given generators x;,, ..., z;, in degreesy, ..., iy, there is a commutative square:

@ Freepjon (:vzt itlw‘t—|w|+1) ————> Freepon (74, ..., 7))

wE€ By

P 7 (Freespie(S2e WU E)) > 1 (FreepLie(S"E @ ... & L™ E))

wE By
where the generator in the summand corresponding to a Lie word w is sent to the class on the right which
corresponds to said Lie word. Here |w| denotes the length of a word and |w|; stands for the number of

occurrences of the i*" letter.

The top map is an equivalence by inspection using our explicit models for free Hecke Lie algebras in Propo-
sition [£4:3] The lower map is an equivalence after completion by Corollary The left map is an
equivalence after completion by our previous considerations in this proof. It therefore follows that the right

map induces an isomorphism after completion.

Flat E-modules: Now assume M is a flat E-module spectrum. Write M as a filtered (homotopy) colimit
colimycp My = M with all My finite and free E-module spectra. Here the colimit is computed in
uncompleted E-module spectra. For the length of this proof, we indicate localised colimits by colim.
We have a natural map m,(M) — 7.(Lgn)(M)) — m.(Freesvric(Lin)(M))), and this map fits into a

commutative diagram:

cgeli]%n Freep;ou (m4(My)) Freepen (. (M))

v

colim 7, (Frees Lie(My))

deD
| _

Ty (C((i)é%n Frees ric(Mg)) —> . (cgéilr)n Frees vic(Mg)) — m.(Frees Lie(Lx () (M)))

The right lower horizontal arrow is an equivalence since the functor Freey ;. preserves sifted colimits com-

puted in K (h)-local E-module spectra. Each component L ) (D(X(1L,|%) @5 M$™) is both finite and
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free as in Theorem and we can therefore write c(?lién Frees 1ic(Mg) as the K (h)-localisation of a flat
€
E-module spectrum. This implies that the bottom left map is an equivalence after L°-completion (cf.

Corollary 3.8 in [Rez09]).

The top horizontal arrow is an equivalence since the monad Freep;,» on the category of F.-modules is
defined in terms of the Z-graded algebraic theory of Hecke Lie algebras. The left top vertical arrow becomes
an isomorphism after completion by our work in the last step of this proof. The bottom left arrow is an
equivalence since E is compact in Modg. It follows that the right vertical map gives an isomorphism after

(derived) completion. O

Remark 4.4.5. The general strategy of this proof goes back at least to [Goe90].
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Chapter 5

Appendix

Our Appendix contains four parts. In part A, we review completion in algebra and topology (following
[GM95] and [Lurl6]) and develop the theory of completed-free modules. This is a key ingredient to the main
computation of this thesis and to our simplification and generalisation of algebraic approximation monads. In
Appendix B, we recall the basics for the theory of tensored oo-categories (following [Lura]). In Appendix C,

we review the theory of Z-graded algebraic theories as treated in [ARV1I].

The final Appendix D contains more original work. Here, we discuss the relation between Lurie’s Koszul
duality in monoidal co-categories (see [Lurllb]) and more classical instances of Koszul duality, namely the

Yoneda product on Ext-groups and Ching’s operadic Bar construction via tree grafting [Chi05] (cf. [Sal98]).

5.1 Appendix A: Completeness

We first review the theory of complete modules in Section [5.1.1] and module spectra in Section [5.1.2] and

then develop the theory of completed-free modules in Section [5.1.

5.1.1 Completion of Graded Modules

We fix a graded commutative ring R, with ideal I C Ry and write Mody for the category of graded
R.-modules and homogeneous maps (of arbitrary degree) between them. Given an ideal I C Ry, we consider

the endofunctor on Mod}, given by ordinary I-adic completion:

M., — Cpliy(M,) = l&nM*/I"
The functor Cpl; is additive. We follow Greenlees-May and use (graded) homological algebra to define its
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left derived functors LL. Ordinary completion is neither right nor left exact in general, and the canonical

map L} (M.) — Cpl;(M,) is therefore usually not an equivalence.
If R, is Noetherian, we can compute these derived functors more explicitly. For this, we recall terminology:

If I = (z) is principal, we define a (cohomologically graded) complex K*(x) of graded R,-modules with R,

in degree 0, R*[%] in degree 1, and the evident map between them as differential.

More generally, if we are given generators 1, ...,xx € I, we define
K*(x1,...,25) = K*(21)® - @ K*(xy)

By Corollary 1.2 in [GM95], the complex K*(z1,...,x)) only depends on I up to quasi-isomorphisms.

Writing PK7} for a projective replacement of the complex K7, we can now define the local homology of an

R.-module M, as H!(R., M,) := H,(Map(PK*(I), M..)).
Greenlees and May prove that for R, Noetherian, there is a canonical isomorphism HI(R,, M,) = LI (M,).

Using this identification, the canonical map of complexes PK*(I) — R, gives rise to a factorisation
M, — L{(M.,) — Cpl(M,)

Definition 5.1.1. An R,-module M, is said to be L-complete (with respect to I) if the first of these

arrows is an equivalence. Write Mod*R(fp HSOEN Mod, for the full subcategory spanned by all such modules.

The inclusion ¢ admits a left adjoint Lo. We write Modgi’lm - Mod*R(fpl(I) and Modyp C Modj_ for the

subcategories where maps are required to preserve degree.

5.1.2 Completion of Module Spectra

We will now recall the topological version of these constructions. We follow Lurie’s modern formulation
of the old theory by Greenlees and May [GM95]. Assume R is an Eo-ring containing a finitely generated
ideal I C mo(R). We write Modpg for the stable oco-category of left R-module spectra. It is endowed with a

monoidal structure given by the relative smash product which we shall simply write as ®.

Given two modules C, D € Modg, the construction M — Map(M ®C, D) is representable by a left R-module

spectrum Map (C, D) (see Example D.7.1.2. in [Lurl6]). Recall the following terminology (Chapter 6 in [Lurl6]):

Definition 5.1.2. A module spectrum M € Modg is said to be
e [-nilpotent if for any m € m.(M) and any A € I, we have \»m = 0 for n large.
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e [-local if Map(N, M) = x for any I-nilpotent module spectrum N.

e [-complete if Map(N, M) = x for any I-local module spectrum N.

We write Modgp ') and ModIL%OC(I) for the full subcategories of Modg spanned by I-complete and I-local

(left) R-module spectra.

By Proposition 2.3.3.11. in [Lurl6|, the pair (ModLROC(I), Modgp l(I)) forms a semiorthogonal decomposition

of the co-category Modpg. The inclusion of the full subcategory Modgplm — Modpg of I-complete R-module

spectra admits an (accessible) left adjoint (—)7 : Modg — Modf, namely (derived) completion.

Work by Hovey and Strickland [HS99] implies that these ingredients describe a situation of interest in the

chromatic context:

Lemma 5.1.3. For R = E Morava E-theory at height h and I C Ey the unique maximal ideal, a module
spectrum M € Modg is I-complete if and only if it is K(h)-local. Moreover, I-completion is given by

K (h)-localisation.

If our ideal I C mo(R) is finitely generated, then we can follow give an explicit definition of completion:

Definition 5.1.4. (Greenlees-May)

If I = (z) is principal, we define K (x) = fib(R — colim(R = R % ...)) € Modpg.

If T is generated by 1, ..., 2,, we define K(z1,...,2,) = K(21) ® --- ® K(x,) € Modp.

We can use these modules to give an explicit description of completion:

Proposition 5.1.5. If M € Modpg is a module spectrum, then the natural map
M = Map(R, M) — Map (K (21, ..., 2n), M)

exhibits the mapping spectrum Map (K (21, ...,%,), M) as the I-adic completion of the module spectrum M.

Proof. We define C' € Modpg to be the cofibre of the map K(z1,...,z,) — R. Assume N is an I-nilpotent

module. We have a cofibre sequence

Map (N, Map(C, M)) — Map(N, Map(R, M)) — Map (N, Map (K (z1,...,2,), M))
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The first term is equivalent to Map(N ® C, M). By 4.1.12. in DAG XII, there is a map of cofibre sequences

N K(x1,...,2,) > N®R > N®C

TR

['7(N) N Li(N)

where I'; and L; denote the right and left adjoint to the inclusion of I-nilpotent and I-local modules into

all modules respectively (Note that Ly is not related to the functor Lo from the previous section).

Since N is nilpotent, L;(N) = N ® C is null and hence Map (N, Map(C, M)) must vanish. Since this is true

for all nilpotent N, the module spectrum Map(C, M) is in fact I-local. The fibre sequence
Map(C, M) — Map(R, M) — Map(K (z1,...,2,), M)

then establishes the Proposition. O
Remark 5.1.6. This proof is very close to the techniques used in Section 4 of [Lurb].

Definition 5.1.7. An Es-ring R is said to be Noetherian if 7, (R) is Noetherian.

One can filter the spectra K (z1,...,x)) and use this to set up a spectral sequence (cf. [GM95]):

Theorem 5.1.8. Let R be a Noetherian Eq-ring with ideal I C mo(R). Given a left R-module spectrum

M € Modg, there is a spectral sequence of graded R.-modules

E2, = H! (Ru, (M), = mri (M) & Byt B

5.1.3 Completed Free Modules

We introduce the following terminology:

Definition 5.1.9. A module spectrum M over an Eo-ring R is said to be free if it is of the form M = @, ¢ YR
for some set S and some family of integers {is}ses.

We write Modpg, ¢ for the full subcategory of Modg spanned by all such modules.

Definition 5.1.10. A graded module M, over a graded ring R, is said to be free if it is of the form
M =@, g X" R, for some set S and some family of integers {is}ses.

We write Modp, ; for the full subcategory of Mod}, spanned by all such modules.
Here YR, denotes the i'" shift of R, satisfying (X°R.)s = Rs_;.

124



Remark 5.1.11. These free modules are also sometimes called quasi-free in the literature (cf. [Lurl4]).

Proposition 5.1.12. Let R be an Ey-ring. The functor w, sends free R-modules to free R.-modules.
Proof. This holds since R is compact in co-category Modg by Example D.7.3.2. in [Lurlf]. O

We will now introduce a completed variant of freeness:

Definition 5.1.13. A left module spectrum over an Eo-ring R with ideal I C 7g(R) is said to be completed-
free if it is the completion M7 of a free R-module spectrum M.

We write Modgf} ;(I) for the full subcategory spanned by all such modules.

Definition 5.1.14. A graded module over a graded commutative ring R, with ideal I C Ry is said to be
completed-free if it is the completion Lo(M,) = Cpl;(M,) of a free R,-module M,.

(I

We write Mod}ff ; ) ¢ Mod}}c*p "D for the full subcategory of all such modules.

Remark 5.1.15. Completed-free R.-modules are often called pro-free in the literature (cf. [HS99]).

Proposition 5.1.16. If M € Modg ¢ is a free module spectrum over a Noetherian Eg-ring R with ideal
I C mo(R), then there is an isomorphism m,(M}") = Lo(m.(M)) = Cply(m.(M)) = lglw*(M)/I”

In particular, the functor w, sends completed-free module spectra to completed-free modules.

Remark 5.1.17. This was observed for the case where R is Morava E-theory with its unique maximal ideal

by Hovey as Corollary 2.4 in [Hov04].

Proof of[5.1.10. Since R is Noetherian, the local homology group HI(R.,7.(M)) is given by the derived
functor Ly(m.(M)). Since m.(M) is free (in the graded sense), these functors vanish for s > 0 and we have

Lo(m.(M)) =2 Cply(m(M)). The Greenlees-May spectral sequence hence implies the desired result. O

For the rest of this section, we fix a Noetherian Es-ring R. We can detect whether or not a given module

spectrum is completed-free on the level of homotopy groups:

Proposition 5.1.18. If M € Modpg is a module spectrum with (M) completed-free, then M € Modg?}m

is a completed-free R-module spectrum.

Proof. Assume that we are given a isomorphism Cpl; (@D, ¢ X% Ry) = o (M ). We can lift the various

ses
grading-preserving maps ¥R, — (M) to maps ¥R — M. The resulting map (,.q X" R)} — M
induces an equivalence on homotopy groups and is therefore itself an equivalence. O

We introduce the following notation:
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Notation 5.1.19. Let Modp, ; C Mody, , and Modgff}l) C Mod}ff);(j) be the respective (non-full) sub-

categories containing only those homogeneous maps which preserve the grading.

The Nerve functor N : Cat — sSet has a right adjoint which we shall denote by h. It assigns to an
oo-category its homotopy category. Homotopy classes of maps out of completed-free module spectra are

determined by their effect on homotopy:

Lemma 5.1.20. If M € Modgp;(l) and N € Modgpl(”, then the following map is bijective:

T« : Map, ModGPI(D (M,N) — MapMOdgfzu)(w*M, T« IN)

Proof. Let M = (@iel Yk R)? be a completed-free module spectrum. We use Proposition|5.1.16|to see that

7 (M]') = Cply(m(M)) and thus obtain the following commutative diagram:

Mapy, yjoqcrin (M, N) ——= Mapy, qenn (W*(M),W*(N)>

l l

1\/IaphModR <®Ek1Ra N) — MapModR* (@EklR*aW*(N)>

el el

i i

[T Map), vioa,e (2’%3, N> — [[Mapyioa,, (Z’“R*m*(N))

i€l i€l

The vertical maps are evidently bijective. The lowest map is a bijection since both sides are readily identified

with the set [, mx, (V). O

The following result is crucial in our definition of approximation functors in Chapter [3}

Corollary 5.1.21. Taking homotopy groups induces an equivalence my : hModgTJ;(U = Modgff;l).

Proof. The functor lands in the subcategory on the right by Proposition [5.1.16f The same proposition

straightforwardly implies essential surjectivity. The functor is fully faithful by Lemma [5.1.20
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5.2 Appendix B: Monoidal co-categories

5.2.1 Algebras and Modules

We follow [Lura] and recall some of the basic notions in the theory of monoidal and tensored co-categories.

Only the final section on restrictions is (easy) original work.

Definition 5.2.1. A monoidal co-category is a coCartesian fibration C® — N(A)°P in s/SEt/N(A)op such

that C[(i] — C%l} X - X Cfnfl’n} determines an equivalence to (C[G%)X" for all n.

We mark every edge in N(A)°P and consider the combinatorial model category A = (sS/e\tJr) /N(A)er Of (nOt
necessarily small) marked simplicial sets over N(A)°, endowed with the coCartesian model structure defined
in Remark 3.1.3.9 in [Lur09]. The category A° of fibrant-cofibrant objects is given by coCartesian fibrations
over N(A)°P with coCartesian edges marked. We will write @zfj\l&l)w = N(A°) for the simplicial nerve
of A°.

—— Mon

Definition 5.2.2. The oo-category of monoidal co-categories Cat., is given by the full subcategory of

—coCart . .
Cat o n(ayer spanned by all monoidal co-categories.

Definition 5.2.3. Given a monoidal co-category C® %5 N(A)°P, the co-category Alg(C) of algebra objects
consists of the full subcategory of Funy(a)er (N (A)°,C®) spanned by all sections which send every convex

morphism to a p-coCartesian morphism.

Definition 5.2.4. A tensored co-category is a morphism M® — C® — N(A) in SS/e\t/N(A)op such that

e C?® is a monoidal co-category
e The structure map M® — N(A)°P is a coCartesian fibration.
e The map M® — C® is a categorical fibration which preserves coCartesian edges.

e For each n, the inclusion {n} C [n] induces an equivalence Mffl] — C[G?L] X M?n}.

The category Al!l inherits the structure of a simplicial model category with the injective model structure. By

o

Proposition 4.2.4.4. in [Lur09], there is an equivalence of co-categories N ((Al1)?) = Fun(A!, @'m/N(A)Op>.

The following proposition appears in Section 2.6. of [Lural:
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Proposition 5.2.5. The fibrant-cofibrant objects in A1 are precisely given by triangles

c—r sp

N(A)*
satisfying the following properties:

e C = N(A)°?, D — N(A)°P are coCartesian fibrations of simplicial sets with coCartesian edges marked.

e The map f is a categorical fibration of simplicial sets.

Definition 5.2.6. The oo-category of tensored oo-categories, denoted by Cm& is given by the full

subcategory of N ((A!)?) spanned by all tensored co-categories.

Definition 5.2.7. Let M® % C® % N(A) be a tensored oo-category.
The oco-category Mod(M) of modules is given by the full subcategory of Map y(aer (N (A)%P, M®) spanned

by all functors F' for which
e the composition ¢ o F' is an algebra object of C®
e if a: [m] — [n] is a convex map in A with a(m) = n, then F(«a) is a (p o ¢)-coCartesian edge.

Composition with g gives a natural map Mod(M) Y, Alg(C). Following Remark 2.1.8 in [Lura], we define:

Definition 5.2.8. Given an algebra object A € Alg(C), the oo-category of (left) A-modules Mod4(M) is

given by the fibre of U over A.

If M® — N® is a morphism of C®-tensored oo-categories, every A € Alg(C) gives rise to a functor
MOdA(M) — MOdA(N>.

5.2.2 On coAlgebras and coModules

M M
We have an involution (op) : Catooon — Catooon obtained by observing that the functor

——coCart (op)o(—) ——coCart

Calog n(ayer —2 Fun(N(A), Cato) ~ 22 Fun(N(A), Catoo) 7% Cal oy e

sends monoidal oco-categories to monoidal co-categories. Here St and Un denote straightening and un-

straightening respectively. Here op is the “opposite” involution of C/’a\too.

Definition 5.2.9. The oo-category of coalgebras in a monoidal oo-category C is coAlg(C) := Alg(C°P)°P.
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We can define an involution (op) : CatMod — CatMod by observing that the following functor sends tensored

oo-categories to tensored oo-categories.

——coCart Sto(—)

Fun(A', Cat o, n(ayer) —— Fun(A!, Fun(N(A)°7, Cat))

o(— — n ——coCart
{op)elm), Fun(A', Fun(N(A)°?, Cat,)) Un, Fun(A', Catog/n(ayor)

Definition 5.2.10. Let M® % C® 2 N(A)? be a tensored oo-category. The co-category coMod(M) of
comodules is given by coMod(M) = (Mod(M°P))°P.

There is a natural map coMod(M) N coAlg(C). Given a coalgebra object C € coAlg(C), the oco-category
of (left) C-comodules coModg (M) is given by the fibre of U over C.

5.2.3 Constructing tensored oco-categories

/\S —_—
Let S be a category. We invite the reader to recall the relative Nerve functor N;(S) : sSet — (sSet),g
defined in Definition 3.2.5.2. of [Lur09]. Let K C (sS/e\t )1 be the full subcategory spanned by all
transformations F — G of functors A°” — sSet for which F (1) — G(i) is a categorical fibration between

oo-categories for all i € A°P. Using Lemma 3.2.5.11 in [Lur09], the relative nerve gives a map K — (Al

We now introduce a strict variant of tensored oco-categories:

—— ord

Definition 5.2.11. The category CatMod of strictly (left) tensored oo-categories has objects (C, M),

where C is an oo-category endowed with the structure of a simplicial monoid and M is an oco-category

endowed with a (left) monoid action C x M — M by C. Morphisms are defined in the evident way.

Remark 5.2.12. The functor (—)°P : sSet — sSet is strictly monoidal with respect to the cartesian product
d

—— _ord —— or
and sends co-categories to co-categories. Thus, it induces an endofunctor (—)°? : CatMod  — CatMod .

— AP

(1]
——— ord
There is a natural functor of categories 7 : CatMod — K C (sSet ) sending (C, M) to

— ;

CXCIM — CXJM <—/\\f
 — —

cxe VF ¢ ==

—— ord
Composing with the relative nerve hence gives a functor of simplicial categories § : CatMod  — (A[I])".
Applying the simplicial nerve and observing that all objects “on the right” indeed satisfy the axioms for a

—— _ord —
tensored co-category, we have constructed a functor © : N(CatMod ) — CatMod.
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5.2.4 Restriction of Tensored oco-Categories

We will now review how to pull back tensored structures along monoidal functors.

Definition 5.2.13. A morphism of tensored oo-categories in (A!)? given by

ME > N®

Vo

®
C®F;D®

N

N(A)P

is called restrictive if the top square is a pullback in sSet IN(AoP)-

Since C®, D®  and N'® are fibrant objects of A and N® — D® is a fibration in A (by Proposition 2.6.4
in [Lural), this happens precisely if the top square is a homotopy pullback in A, i.e. a pullback in the

—cocart

oo-category Cal, y(ayer = IN(AC).
We also say that the morphism ezhibits M as restriction of N along the monoidal functor F : C — D.

Proposition 5.2.14. The functor (op) : CatMod — CatMod preserves restrictive morphisms.

——coCart

Proof. We think of a 1-morphism G € Fun(Al,Cgl\E)d) C Fun(A', Fun(A', Cat o n(ayer)) as an element
—coCart —coCart ——coCart

of A x Al — Cat/N(ayor- Then (op)(G) corresponds to Al x Al — Cat oo n(ayer Lop), Catog/n(ayer-

Since (op) is an equivalence, G is a pullback square if and only if (op)(G) is one. O

Lemma 5.2.15. Let F': C — D be a map of simplicial monoids which are co-categories. Assume that M
is an oco-category with a (left) action by the monoid D. We write M¢ for M with the C-action obtained by

~ — rd
restriction along F. Applying 0 to the morphism F = (C, M¢) — (C, M) in CatMod’ yields a morphism

ME —> M®

L.

®
c® o pe

N

N(A)*

which exhibits Mc as restriction of M along F.

op

~ /\A{)p /\A —_—
Proof. The morphism 7(F) € ((sSet )Ml = (sSet  )[*[1 is a pullback of functors A% — sSet as it

is evidently a pointwise pullback. As remarked in 3.2.5.5. of [Lur09], the relative nerve preserves limits, and
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~ —1
we therefore see that 6(F) € (Al = AU j5 a pullback square in A = (sSet ) /n(a)or- O

Now assume that
M@ S N@

o

C@ S D@

\/

is a morphism of tensored co-categories which exhibits M as obtained from N by restriction along F.

Lemma 5.2.16. Given an algebra C' € Alg(C), the functor Modc (M) = Modg(cy(N) is an equivalence.

Proof. By the universal property of pullbacks, we have a natural isomorphism

Funy a)er (N (A)P, M®) X {C} = Funya)er (N(A)F, N'®) X {F(C)}
Funy ayor (N (A)°P,C®) Funy ayor (N(A)°P,D®)

The claim follows by observing that this isomorphism identifies modules in the sense of Definition O

5.3 Appendix C: Z-Graded Algebraic Theories

We recall the theory of many-sorted algebraic theories from [ARVTI] in the special case where S = Z:

Definition 5.3.1. An algebraic theory is a small category T with finite products. A morphism T1 — T3 of
algebraic theories is a functor which preserves finite products. An algebra over an algebraic theory T is a

functor 7 — Set which preserves finite products. We write Alg; for the category of T-algebras.

Remark 5.3.2. Following [ARV1I], we do not require every object to be a Cartesian power of a fixed object.

Hence this notion is more general than the notion of a Lawvere theory.

Ezample 5.3.3. Write Z* for the collection of (possibly empty) words of finite length in Z. We turn Z*
into a category by declaring morphisms s1 ..., — t1 ...t to be functions f: {1,...,k} — {1,...,n} with
Sy = t; for all i. Then Z* is the free completion of Z under finite products. We can consider Z* as an

algebraic theory. Algebras over Z* are the same as functors Z — Set.

Definition 5.3.4. A Z-graded algebraic theory consists of a pair (P, F') of algebraic theory P with objects

the words over Z and F : Z* — T a morphism of theories which is the identity map on objects.

A morphism (Py, F1) — (Pa, F») of Z-graded theories is a map of theories M : Py — Py with M o F} = Fb.
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An algebra over a Z-graded algebraic theory (P, F') consists of a functor P — Set which preserves finite

products. We write Alg, for the category of P-algebras.

There is a forgetful functor Algp, — Set”. By Proposition 14.8 in [ARV11], this functor is faithful, conser-

vative, preserves and reflects limits, sifted colimits, monomorphisms, and regular epimorphisms.

We can define Z-graded algebraic theories by specifying operations and relations between them.

For this, assume X is a set together with a so-called “arity function” ¥ — Z* x Z.

Definition 5.3.5. A X-algebra is a Z-graded set X together with a map ox : X;, x ... x X; — X; for

each o € ¥ with arity (j1...l,,?). There is an evident notion of morphisms of 3-algebras, and the resulting

category shall be denoted by Algs,.

Given a Z-graded set X, we write F,(X) for the free ¥-algebra on the set X.

An equation in ¥ is given by an expression Vay ...Vz, : (t = t') where x; is a Z-graded variable of degree s;
and t,t' € Fs({z1,...,z,}). We say a X-algebra X satisfies a set of equations E if whenever (t =¢') € E is
an equation in the graded variables x1,...,x, and f : {z1,...,2,} — X is a grading-preserving map with

canonical extension f : Fx({z1,...,7,}) — X, then f(t) = f(t').

Definition 5.3.6. Write Algy,(F) for the full subcategory consisting of all 3-algebras satisfying the equations FE.

We can construct a Z-graded algebraic theory whose category of algebras is equivalent to Algsy.(E) as follows:

We start with the category Ps which is opposite to the category whose objects are all Fx({x1,...,2%}) for
graded variables x1, ..., 2} and whose morphisms are maps of Y-algebras. Every equation (¢t =t') in E gives
rise to two arrows t,t' : Fx({x1,...,21}) = Fx({y}). We follow Definition 10.4 in [ARVII| and define an

equivalence relation ~g on every Hom-set in the category Py by requiring:
1. t g ¢’ whenever (t =t') is an equation in E.
2. fu,v:x—yands,t:y— z have u ~g v and s ~g t, then sou ~p tow.
3. Ifus,v; :x — y; have u; ~gv; fori=1,...,n, then uy X ... X up ~g vy X ... X Uy.

We form a new category Px/FE by identifying equivalent morphisms in each hom-set (individually).

By Proposition 14.23 in [ARV1I], Ps/E defines a Z-graded algebraic theory whose category of algebras

Alg(Ps/E) is canonically equivalent to Algs (E).

The forgetful functor Algs,(E) — Set” is therefore again faithful, conservative, preserves and reflects limits,

sifted colimits, monomorphisms, and regular epimorphisms.
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5.4 Appendix D: Monadic Koszul Duality

Let D be an oo-category containing geometric realisations and assume 7' — 1 is an augmented realisation-
preserving monad. By Lemma 4.5.12. in [Lura), the restriction triv : D 2 Alg, (D) — Alg,(D) admits a left
adjoint @ and we therefore obtain a comonad C' = Q o triv € coAlg(End(D)). The comonad C' is Koszul
dual to T in the sense of [Lurl6]. We can now take homotopy categories to obtain an adjunction of ordinary

categories h@ : h Alg, (D) 2 hD : htriv and a corresponding comonad hC' = h@ o htriv € coAlg(End(hD)).

Now suppose that D is a cofibrantly generated simplicial or topological model category in which all objects
are fibrant. Write W for the class of weak equivalences in D. Let T : D — D be a simplicial or topological
endofunctor which is endowed with the structure of an augmented monad and which preserves cofibrant
objects and weak equivalences between them. Assume that the left derived functor LT = T o () preserves
geometric realisations (i.e. A°P-indexed homotopy colimits). Here @ denotes the cofibrant replacement

functor which attaches to an object A the cofibrant domain QA of a trivial fibration QA — A.

By Remark 4.5 in [SS00], we can apply Lemma 2.3 in [loc.cit] and deduce the existence of a model category
structure on T-algebras whose fibrations and weak equivalences are defined at the level of underlying objects.
We have a natural forget-free Quillen adjunction Freer : D = Algr(D) : Forgetp. Following [MGI16] and

[Hinl6] generalising Proposition 5.2.4.6. in [Lur09], we obtain an adjunction on underlying oo-categories
Freer : N(D)[W™!] <= N(Algy(D))[W™] : Forget

whose constituent functors are induced by L Freer = Freet o) and R Forget = Forget respectively. Here
we have inverted weak equivalences by taking fibrant replacement of marked simplicial sets (cf. Remark

1.3.4.2. in [Lurl4]), which is related to the Hammock localisation through Proposition 1.2.1 of [Hinl6)].

The associated monad T = Forget, o Freer on D := N(D)[W™1] is induced by T o @ and thus preserves
geometric realisations. This implies that Forget, also preserves geometric realisations. Since Forget, is also
conservative, the Barr-Beck-Lurie theorem (Theorem 4.7.4.5 in [Lurl4]) implies that the canonical functor
N(Algr (D)WY — Alg, (D) is an equivalence of co-categories.

Using the augmentation T — 1, we can define a functor Alg(D) < D : triv. This functor is right Quillen
and hence admits a left adjoint V : Algy.(D) — D. As before, we obtain a corresponding adjunction of
oo-categories V : N(Algp (D)W = N(D)[W™1] : triv whose constituent functors are induced by LV =
VoQ@ and Rtriv = triv respectively. After composing with the equivalence N (Algp(D))W~1] = Alg, (D),

we recover the adjunction discussed in the beginning of this section. Passing to homotopy categories gives
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rise to an adjunction hV : h Alg; (D) < hD : htriv and we can therefore identify the comonad hC' induced
by C' on the homotopy category hD with the comonad LV o Rtriv = V o Q) o triv with structure map
VoQotrivVoQoidotriv—VoQo (trivoVoQ)otriv.

The final map uses the natural arrow X < QX — (triv o V)(QX) in the homotopy category, where the
second map is the unit of the original adjunction between triv and V. We will now give concrete descriptions

of this comonad in two cases of interest to us.

5.4.1 Additive Monads

Let A be an abelian category with enough projectives. We write Ch>((A) for the simplicial model category of
nonnegatively graded chain complexes in A, where weak equivalences are quasi-isomorphisms and fibrations
are levelwise epimorphisms — all objects are fibrant. It is well-known that geometric realisations in the
underlying oo-category D5, (A) can be computed “via the total complex” (see Proposition 19.9. of [Dug08]).
Given a simplicial chain complex X, € Fun(A°,Ch>o(A)), we can first take the alternating face maps in
the simplicial direction to obtain a double complex (Y ; = (X;)i, dn : Yau = Yaoi., dy 1 Vi = Yiuq)

and then form a single complex | X,| = Y; ; with “total” differential D = d,, + (—1)7d),.

i+j=n
Now assume we are handed an augmented simplicial monad T acting additively on A and preserving cofi-

brant objects. The natural extension of T to Ch>o(A) preserves weak equivalences between cofibrant chain

complexes, and our above analysis shows that L'T also preserves geometric realisations.

We can therefore apply the discussion in the last section to obtain a model category Algy(Ch>o(A)) whose
underlying oco-category is canonically identified with Alg;(Ch>o(A)) for T' a monad on Chx¢(A) whose

underlying functor is induced by LT.

The functor Algy(Chso(A)) <~ Ch>o(A) : triv has a left adjoint V which computes indecomposables. The
right derived functor Rtriv is just given by triv. In order to compute the left derived functor of V, we first

use the universal properties of V and T to observe that the value of V on free algebras TY is Y.

Using extra degeneracies and the definition of the model structure on T-algebras, we conclude that the
map |Bare(T, T, X)| — X is a weak equivalence from a cofibrant object. By Corollary 2.12. in [GS07],
there is a homotopy-unique weak equivalence |Bare(T, T, X)| — QX over X. We can therefore compute

LV(X)=VQX < |Bar,(1, T, X)|. The unit id — trivoVo@Q can be understood by the following diagram:

~

X QX triv(V(QX))

S 1

| Baro (T, T, X)| —> triv(| Bar.(1, T, X)|)
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We can therefore describe the comultiplication on the comonad hC' = V o Q otriv via the following diagram:

(VoQ)otriv(A) «<—— (VoQ)oQotriv(A) — > (Vo Q) otrivo VoQotriv(A)

] ] ]

| Bar (1, T, triv(A))| < | Bars(1, T, |Bar, (T, T, triv(A))|)| — |Bar.(1, T, | Bar,(1, T, triv(A4))|)|

where the lower right horizontal map makes use of the augmentation.

We will now spell this map out in detail. For this, let m : T2 — T be the monadic multiplication, : 1 — T
the unit, and € : T — 1 the augmentation transformation. Given a T-algebra X in A (which can be
thought of as a complex in degree 0) with multiplication map a : TX — X, we can write the monadic Bar

construction | Bare(T, T, X)| as the following augmented simplicial chain complex:

2 3 2
mszmeTX%»T mx—T"a mrx —Tmx+Ta mx—Ta
—

> TX X T2X TX -“> X

Applying the functor V and using that the augmentation T — 1 is a map of monads gives an expression for

2
er2x—mrx+Tmx—T"a erx—mx+Ta

| Bare (1, T, X)| as T2X TX 2 X. For X endowed with triv-

ial multiplication, the augmented simplicial chain complex Bare (1, T, | Bare(T, T, X)|) - - > Bare(1, T, X)

therefore yields the following double complex (we include the augmentation on the right):

T2mTX7T3mX+T4eX T2mX7T3€x

=4
TP X TiX T3X ------%_ > T2X
erax —Mmyp3x+Tmoax €r3x —Mmyp2x +Tmrx er2xy—mrx+Tmx erx—mx+Tex
TmTX7T2mX+T3eX . TmX7T26X Tex
L TiX X T2X X . > TX
€Er3x —My2x €2y —MTX ETX —MX €ex —€x
< memeXJrTQEX mx—Tex €x
L TPX T2 X TX —- - X S X

Taking total complexes (and remembering to insert the correct signs) gives rise to the map of complexes

T»XeTXeT?X — > T’ XT?2X — > TX

b o wal; b, [
L — > T2X TX X

erx —mx+Tex €X —€X

The n'" differential d,, : T"X — T" ' X in the lower row is given by

dn = €rn—-1x — MTn-2% + Tan—SX + ...+ (—l)nilTnisz + (—1)”Tn71€X
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In the top row, the nt" differential D,, : T"*1@... T — T"@...@T" is given by the n x (n+1)-matrix

Mpn-1x — TMpn-—2x + ... + (=1)"T"ex €Tnx — Mpn-1x 0

0 —Tmryn-2x + ... + (—1)"T"ex eTnx — Mpa-1x + TMpn-2x

For example, D5 is given by the matrix

me—me+T2€X €r2x — MTX 0

0 —me+T2€X er2x —mrx + Tmx

In order to relate the comultiplication on | Bare(1, T, 1)| to the Yoneda product on Tor groups, we prove:

Lemma 5.4.1. Suppose we are given a morphism A < T"X for which

dnoa= (epn1x —Mpno2x + Tmprsx +...+(=1)" T ?mx + (=1)"T" ex)a =0 (%)

77T"Lx+T’I7Tn71X+~~+Tn77X

We can then consider the map: A = T"X TTtXe...eT X.

This map provides a lift of a in the above map of chain complexes and composing it with D,, gives zero.
Proof. The first claim is clear. For the second, observe that the k** component of this composite is given by

(=D (T mepn—srx ) (Tnpn-rx )+ (=) (T mpnioo x ) (TFppn-ix )at. . +(=1)" (T ex ) (T ppn-rx )a
+(ernx) (T*  pn—r—1 x )a—(Mpn—1 x (T pu—io1 x )a+. . A+ (=D N (T mpn—r—1 x ) (T*  pa—r-1 y )a.

Observe that (T"ex)(T*npn—kx) = (TFn,_p_1x)(T" tex). We use (%), we transform the above sum to:

= (—l)k(Tkan—k—lx)(Tk’l’]Tn—kx)a + e + (—1)"_1(T"_lmx)(TknTnka)a

—(T*npn—s—rx)(epn1x) + (TFppa—s-1x) (mpn—2x)+. .4+ (= 1) (T*npa-s-x) (T" ?mx)

+(€TnX)(Tk+1’l’]Tn—k—lx)a—(an—1X)(Tk+177Tn—k—1x)a+. . .+(—1)k_1(Tkan—k—lx)(Tk+17’]Tn—k—1x)a

By naturality of €, we have (T*npn—«-1x)(epn-1x) = (e1ax)(T¥ 1 pn-r-1x). The naturality of n gives
that for j > k, we have (T*npn—r—1x)(T?mpa—i—2x) = (T9 mpn—i2x)(T*npa—r x ) and the naturality of

m gives that for j < k, we have (T*npn—x—1x)(T9mpn—i—2x) = (TImpn—-1x) (T pnk-1x).

The above expression becomes:
— (DT g x ) (T iy Jact o (— 1) (T ) (T iy )a
—(enx ) (T 0 pn i1 )at (mepn—1 x ) (T ppa—i—1 x)at. . A (=) 1T mpn—r ) (T pn—r-1 x ))a+. ...

136



+(—1)k(Tk+1an—k—2X)(TkT]Tn—kx)a"‘ . + (—1)"(T"_lmX)(TknTnka)a—&—

—l—(eTnX)(Tk""lr]Tnfkle)a—(anle)(Tk"'lnTnfqu)a—&—. . .+(—1)k_1(Tkan—k—lx)(Tk+17’]Tn—k—lx)a

This simplifies to (—1)*(T*mpn—k—1x)(TEnpn—rx)a + (=1)* 1 (T*mpr—r—1 x ) (T a1 x)a = 0. O

5.4.2 Operadic Koszul Duality

We will now establish a link between Ching’s Koszul duality for operads via tree grafting as developed in

[Chi05] (cf. also [Sal98]) and Lurie’s oo-categorical monadic Koszul duality from [Lurllb].

Operadic from Monadic Koszul Duality

Let C be either the symmetric monoidal model category (Sp,®,S) of S-modules (see [EKMM97]) with
the smash product or the symmetric monoidal model category (Top,, A, S) of pointed compactly generated
Hausdorff spaces with the smash product. Write C for the underlying oo-category of C. As in Section [:1.2]
SSeq(C) := Fun(Fin~, C) carries the structure of a model category using the projective model structure on

functors. We write SSeq(C)¢ for the full subcategory spanned by all cofibrant objects.

The model category SSeq(C) carries a monoidal structure o called the composition product and a symmetric

monoidal structure ® given by Day convolution. Write 1 for the unit of the composition product.

Since Day convolution on SSeq(C) preserves cofibrant symmetric sequences and weak equivalences between
them, the underlying oo-category SSeq(C) = N(SSeq(C)¢)[W~!] inherits the structure of a symmetric
monoidal oo-category by Proposition 4.1.3.4. in [Lurl4]. More formally, we obtain a coCartesian fibration
SSeq(C)® — N(Fin,) satisfying the conditions of Definition 2.0.0.7 in [loc.cit], where Fin, denotes the

category of finite pointed sets and pointed maps between them.

One can organise the collection of all symmetric monoidal co-categories and all symmetric monoidal functors
between them into an oo-category CatS°™™® | see Remark 1.3.11 in [Lur07]. We define a subcategory
Catgo‘j;rni’® whose objects are the symmetric monoidal co-categories C® — N (Fin,) for which the underlying
oo-category C is presentable and the symmetric monoidal structure is compatible with small colimits in
the sense of Definition 2.2.17 in [Lur07]. Morphisms in Catgo(’;‘rrﬁ’@) are symmetric monoidal functors which

preserve small colimits. By Remark 4.8.1.9 in [LurI4], there is an equivalence Catgoc’;r“;’@ = CAlg(PrL ). The

Comm,®

symmetric monoidal oo-category SSeq(C) is now simply a specific object in Cat "5,

Let End“""®(SSeq(C))"*" be the full subcategory spanned by endofunctors which preserve homotopy colim-

its, Day convolutions, and (weak equivalences between) cofibrant objects, considered as a monoidal category
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by reversing functor composition. Write SSeq(C)¢ for the category of ¥-cofibrant objects, i.e. sequences M

for which M, is ¥,-cofibrant for n # 1 and with M either cofibrant or equal to S°. We define functors
® : SSeq(C)° < End“"?(SSeq(C))"* : evy,

by declaring that ev, evaluates on a cofibrant replacement 1. of the unit symmetric sequence and ® sends
a symmetric sequence A to the endofunctor ®(A) = (— o A). Since both functors send weak equivalences to

weak equivalences, we can pass to underlying oo-categories and obtain a diagram

P
N(SSeq(C)°) ——= N(End“"®(SSeq(C)))"*"
o !
SSeq(C) < EndcatComm.® (SSeq(C))mv

evy oo, Prl st

The two squares commute by definition. We have silently introduced ® and ev; on the bottom and identified
the underlying oo-categories of SSeq(C)°¢ and SSeq(C)°. The argument presented in Section shows
that evy is an equivalence. Since evy o® 2 id, we know that ® is an inverse. We define a monoidal structure
on SSeq(C) which makes evy; monoidal. The functor ® is monoidal by inspection. The right vertical functor

is evidently monoidal. This implies that the left vertical functor is monoidal as well.

We shall now consider composition with a given symmetric sequence from the left. Write End" (SSeq(C))
for the collection of endofunctors which preserve cofibrant objects and weak equivalences between them and
consider the “Schur functor” S : SSeq(C)® — End”(SSeq(C)) which attaches to a X-cofibrant symmetric

sequence A the endofunctor S4 = (Ao —). On the level of co-categories, we obtain a diagram

N(SSeq(C)®) —> > N(End“(SSeq(C)))

i i

SSeq(C) ——2 = End(SSeq(C))

The top horizontal map is monoidal by inspection, the right vertical map is evidently monoidal, and the left
vertical map is monoidal as argued above. The lower horizontal map is clearly monoidal. Since S preserves

realisations, Example 4.4.19. in [Lurllb|] gives a commutative square linking the Koszul duality functors:

Alg™9(SSeq(C)) ———> Alg®9(End(SSeq(C)))

| |

coAlg™™ (SSeq(C)) —>—> coAlg®9(End(SSeq(C)))

Here we slightly abused notation in the labeling of the horizontal maps. We can therefore compute the

left action of the Koszul dual KD(O) of an operad O in terms of the comonad KD(Sp) Koszul dual to the
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“Schur monad” Sp associated to O. The upshot of this is that we can now apply our reasoning from the

beginning of this Appendix D (see pJ133) to understand the comultiplication map on KD(O) explicitly.

For this, suppose O € Alg®?9(SSeq(C)¢) is an augmented cofibrant operad. Write O € Alg®*9(SSeq(C)) for
the oco-operad associated to O. By our reasoning above, the augmented monad So on SSeq(C) is induced
by the augmented monad So = (O o —). The monad Sp acts topologically on the cofibrantly generated
topological model category SSeq(C) and preserves cofibrant objects and weak equivalences between them

(by the analogue of Proposition [4.1.6]).

As explained on p the work by Schwede-Shipley can therefore be used to endow the category Algg  (SSeq(C))
with a model category structure whose weak equivalences and fibrations are defined pointwise, and the func-
tor SSeq(C) briv, Algg (SSeq(C)) induced by the augmentation admits a left adjoint V. The monad So
preserves geometric realisations and the comonad h KD(So) = hSkp (o) on the homotopy category h SSeq(C)
is given by V o Q o triv with structure map Vo Q o triv — V o Q o (trivo V o Q) o triv, where ) denotes

the cofibrant replacement functor (along trivial fibrations) in the model category Algg (SSeq(Sp)).

For every simplicial object M, in SSeq(C), we can take the levelwise geometric realisation and define
neA
M= [ MY e L)

Given a left Sp-algebra M, we can form the augmented simplicial Sp-algebra Bare(So,So, M) — M.
Since this diagram admits an extra degeneracy, the resulting map |Bare(So,So, M)| — M gives a weak
equivalence (see for example Corollary 4.5.2. in [Riel4]). The Sp-algebra | Bare(So, So, M)| is readily seen
to be cofibrant in the model structure defined by Schwede and Shipley [SS00]. By Corollary 2.12. in [GS07],
we therefore again have a homotopy-unique weak equivalence | Bare(So, So, M)| =5 QM. We can therefore
compute V o Q o triv(M) ~ | Bare(1,S0,1)| o M.

The cocomposition map for the comonad h KD(So) = hSkp(e) is therefore equivalent to the transformation

obtained by applying S(_) to the following sequence of ¥-cofibrant symmetric sequences

| Bare(1,0,1)| & | Bare(1, O, |Bare (0, 0,1)|)| — | Bare(1, O, | Bare(1,0,1)|)]

This in turn implies that the comultiplication map KD(O) — KD(O) o KD(O) is homotopic to the map
| Bare(1,0,1)| — |Bare(1,0,1)| o | Bare(1, O, 1)| constructed above. We will soon (see p{l42|) write down

this map as explicitly as possible and compare it to Ching’s construction.
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Useful Notions from Ching’s Work

We first recall several definitions from Ching’s thesis [Chi05].

Definition 5.4.2. Given a finite set A, an A-labelled (generalised) tree consists of a finite poset T' containing
a unique minimal element (the “root”) together with a surjection ¢ from A to the set of maximal elements

of T (the “leaves”) such that T satisfies the following additional conditions:

1. If u,v, and t are any elements of T" with u <t and v < ¢, then u < v or v < u.

2. If u,t are elements in T with u > ¢ and ¢ # r, then there exists a v with v > ¢ and u £ v.

Elements of T' which are neither roots nor leaves are called vertices. An edge in a tree is an inequality (u < v)
such that there does not exist a t with u < ¢t < v. An incoming edge for some vertex t is an edge of the form

(t <wv). Given t € T, we write i(t) for the set of incoming edges.

There is an evident notion of isomorphism of A-labelled trees. We define a poset Tree(A) whose objects are
isomorphism classes of A-labelled trees. We declare that 7" < T if T” can be obtained from T by a sequence

of the following two elementary operations:

e Edge collapses: Given an edge (u < v) with v a vertex (i.e. neither a root nor a leaf), we can form a

new A-labelled tree by removing v (hence “collapsing” the edge (u < v)).

e Bud collapses: Given a vertex b for which all u > b are leaves, we can remove all those u > b and take

the evident induced surjection from A to the set of maximal elements of the new tree.

Definition 5.4.3. A weighting on a tree T' € Tree(A) consists of an assignment of nonnegative numbers to
every edge of T such that the “distance” from the root to any leaf is 1. We write w(T') for the space of all

weightings (with topology induced by realising this as a subspace of [0, 1]{ed9¢s}),

Definition 5.4.4. Given a reduced operad O in Top, with a right module R and a left module L satisfying
Lo = Ry = 0, we define B(R,0,L) 4 = [T (T), A (R, P, L) 4(T) for

(R,0,L)A(T) :=R(i(r)A A\  OGw)HA A L

vertices v€T leaves €T

Here ¢ denotes the labelling. We recall Proposition 7.10 from [Chi05]:

Proposition 5.4.5. Let O be a reduced operad in Top, with right module R and left module L satisfying
Lo = Ro = 0. Then there is an isomorphism of symmetric sequences B(R,O,L) = | Baros(R, O, L)|.
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Extension to Multisimplicial Bar Constructions

Assume now that we are given reduced operads Oy,...,0, € Alg(SSeq(Top,)), a right O;-module R, a
left O,-module L, and (O;, O;41)-bimodules B; with (L) = (R)g = (B;)o = 0 for all 7.

We can then form a multisimplicial object Bare (R, O1,By1,...,B,_1,0,,L) : (A°?)*™ — Top, by general-

ising the usual Bar construction and define its geometric realisation as the coend
(i1,-sin ) EAXT ) ) ) )
|Bare(R,01,B1,...,B,_1,0,,L)|4 := / ((RoOi“oBlo. ..0By, 100, 0L) ANA A ./\AT).

We will now generalise Ching’s construction to this multisimplicial case:
Definition 5.4.6. Given a finite set A, an A-labelled n-stage tree T consists of a poset T' containing a unique
minimal element r (the “root”) together with a map of posets T 4 [n] = {0 < ... < n} and a surjection ¢
from the set A to the set of maximal elements of T' (the “leaves”) such that the following conditions hold true:

1. If u,v, and ¢ are any elements of 7" with v < ¢ and v < ¢, then u < v or v < u.

2. Ifu > tand t is not a leaf in the tree T< gy := d~ ([0 < ... < d(t)]), then there is a v with v > ¢ and u £ v.

3. To = d=*(0) = {r}, all leaves of T are mapped to n, and if (u < v) is an edge, then d(v) < d(u) + 1.

Here we used the notation T<, = d=*([0 < ... < k]) and T = d~1(k).

We define a poset Tree,, (A) whose objects are isomorphism classes of A-labelled n-stage trees and where we

declare that 77 < T if T” can be obtained from T by a sequence of the following elementary moves:

e Edge collapses: Given an edge e = (u < v) with v not a leaf in T 4(,), we form a new A-labelled tree

T/e by removing v. We rename the vertex w in 7" as wo v in T'/e.

e Bud collapses: Given a vertex b for which all outgoing edges (b < u1),...,(b < ux) have u; a leaf in
T<q(v), we can remove all u; > b and thereby obtain a new tree T),,. We obtain an evident surjection

from A to the set of maximal elements of the new tree. We denote the new vertex by {u;}.
Remark 5.4.7. We observe that for n = 1, we have Tree; (A) = Tree(A) and thus recover Definition

Definition 5.4.8. A weighting on an n—stage tree T € Tree(A) consists of an assignment of nonnegative

numbers to all edges of T" such that for any k, the “distance” from the root r to any leaf of T}, is exactly k.

Definition 5.4.9. Given reduced operads Oq,...,0, € Alg(SSeq(Top,)), a right O;-module R, a left
O,,-module L, and (O;, O;41)-bimodules B; with (L) = (R)g = (B;)o = 0 for all i. We define:

T ETree, (A)
B(R, 01, Bl, ey On7L)A = / w(T)+ A (R, Ol,Bl, ceey On,L)A(T)
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where (R,01,B1,...,0,,L)4 : Tree, (A)°? — Top, is the functor defined on objects as

RGi(r) A N\ Oi)A N Bi(i()A...A N OuGw)A A\ L)

vertices veETy leaves €T, vertices vET, leaves €Ty

Here i(v) denotes the edges coming into a vertex v and ¢ denotes the surjection from A to the leaves of T'. We

define the morphism (R, 01,Bq,...,0,,L)A(T) —» (R,01,B4,...,0,,L)4(T") corresponding to T" < T

o If " =T/e < T is obtained by collapsing an edge e = (I < v) (with v not a leaf in T 4(,)) and [ is a
leaf of T 4(;), then the morphism is defined using the map By (i(1)) A Og)+1(i(v)) = By (i(lov))

coming from the right O4()41-module structure on By(;). Here we use the convention that Bg = R.

e If 7" =T/e < T is obtained by collapsing an edge e = (u < v) (with v not a leaf in T'<4(,)) and u is
not a leaf of T4, (and thus d(u) = d(v) = d), then the morphism in question is defined using the

map Og4(i(u)) A Og(i(v)) = Og4(i(u o v)) coming from the operad structure on Oy.

o If 7" =T//b < T for b a vertex for which all edges (b < u1),..., (b < ux) have u; a leaf in T« 4, define
the required map using the morphism Og@)(i(b)) A Ba) (i(u1)) A ... A By (i(ur)) = Baw) (i({us}))-
If d(b) = n, we use the convention that B,, = L and i(u,) = ¢~ (u,).
We extend this assignment to composite morphisms to obtain a well-defined functor.
Points in B(R, 01,B1,...,B,_1,0,,L) 4 will be called “weighted decorated trees” and are given by weighted
n-stage trees T together with elements in O (i(v)) attached to all vertices v in T}, which are not leaves in T<y,
and elements in By (i(v)) attached to all vertices v in T}, which are leaves in T<j, (where we again use the
convention that By = R, B,, = L, and i(v) = +~!(v) for v a leaf of a tree T'). The coend then identifies
trees for which some edges have length zero with smaller trees and uses the module and operad structures

to modify decorations accordingly. Proposition 7.10 in [Chi05] has the following generalisation:

Proposition 5.4.10. Given reduced operads Oq,...,0,, € Alg(SSeq(Top,)), a right O1-module R, a left
O,,-module L, and (O;, Q;41)-bimodules B; with (L)o = (R)o = (Bi)o =0 for all i. Then

B(R, 01,B1, ey anh On7L) = | Bar.(R, 01, Bl, ey anb On, L)|
Explicit Comonadic Comultiplication

Let O be a reduced operad in Top, with its canonical augmentation O — 1. We now use the language of

n-stage trees (Definition [5.4.6) to give an explicit description of the following sequence (cf. p{139)):
| Bare(1,0,1)| & | Bare(1, O, |Bare (0, 0,1)|)| — | Bare(1, O, | Bare(1,0,1)|)]
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Using Proposition [5.4.10] for the top vertical arrows, we observe the following commutative diagram

B(17 Oa l)A a% B(la 07 07 Oa l)A % B(la Oa 17 07 l)A

| g |

| Bars(1,0,1)|4 <—— |Bar.(1,0,0,0,1)|4 ——> |Bar.(1,0,1,0,1)|4

| | |

| Bare(1,0,1)|4 <- | Bars(1,0,|Bar, (0, 0,1)[)| 4 — | Bar(1, 0, |Bare(1,0,1)])| 4

The map o sends a weighted decorated A-labelled 2-stage tree T to the basepoint whenever T<; has fewer than
|A| leaves or some v with d,, = 2 is decorated by the basepoint. If neither of these cases holds, then the map «
sends T to the weighted decorated tree T<1, considered as an element of B(1, 0, 1) 4 in the natural way. Here
we use that in the second case, every leaf in T<; must be decorated by an element of O(1) = S° = 1(1). The
map J on the right of the above diagram uses the augmentation O — 1. The right column is equivalent to
B(1,0,1)0B(1,0,1) = | Bar,(1,0,1)|o| Bar,(1,0,1)| = | Bar.(1,0,1)|o| Bars(1, 0, 1)|. We illustrate
these maps for A a set of size 2 by the following picture:

e YL@ —:m 1)8(v,1 )
Y T

o)
(1,Y) (1, 71m)

Figure 10: The monadic comultiplication on spaces of trees at weight 2.

The left map collapses the bottom semicircle to a point, the right map pinches. We will now produce a

homotopy inverse 8 to a. For our illustrated case, 8 will wrap the left circle once round the middle circle.

In general, assume that we are given element T' € B(1,0,1)4, i.e. an A-labelled weighted tree decorated
with elements in O(i(v)) attached to all internal vertices v. Write d, for the “distance” from the root r to v.

We produce an element in B(1,0,0,0,1) 4 by “scaling by 2 and slicing in the middle”. More precisely:

1. For any edge (v < w) in T with d, < % < dy, we add a new vertex v to the poset T satisfying

u < v < w and all implied relations. We assign the weight % — d, to the edge (u < v). The edge

(v < w) receives the weight d,, — % Observe that d, = % by construction.
2. Decorate the new vertices by the non-basepoint in O(1) = S°, thus obtaining a weighted decorated tree T".
3. We consider the function 7" — [0 < 1 < 2] which sends a point v to k minimal with d, < &

4. We multiply all weights by 2.
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We now want to produce a homotopy between the identity and « o 3. For every ¢t € (0, 1], we define a
self-map ; on B(1,0,1)4 by asserting that its effect on a weighted decorated A-labelled tree T is given by

executing the following steps:

1. If there are fewer than |A| (leaf) edges (u < w) with d,, < t < d,, or some leaf is decorated by the
basepoint, send T to the basepoint. Otherwise add a vertex v for each such edge satisfying u < v < w

(with all implied relations). Give (v < v) and (v < w) the weights t — d,, and d,, — t, respectively.

2. Remove all leaves w and rescale the weights on the remaining edges by a factor of %, hence obtaining

a weighted tree T” carrying a naturally induced A-labeling.

3. Decorate each new leaf v € T" by the non-basepoint of S® = O(1). The decorations of the remaining

vertices are the same as in 7.

We observe that YL =ao B and ~; = id. Since 7, varies continuously in ¢, we have defined a homotopy
id ~ a0 B and therefore conclude that our map £ is a homotopy inverse to . Since this map varies naturally

in A, we have produced maps of reduced symmetric sequences

B(1,0,1) %> B(1,0,0,0,1) -> B(1,0,1,0,1) = B(1,0,1) 0 B(1,0,1)

We can now apply the functor 3 to O to obtain an augmented operad in S-modules, which we shall denote

by the same name. Suppose O — O is a cofibrant replacement of this augmented operad in S-modules.

We then have a homotopy commutative diagram of symmetric sequences

| Bar,(1,0,1)| = |Bar,(1, 0, | Bar,(0,0,1)|) — |Bar,(1, 0, | Bar,(1,0, 1
| Bar,(1,0,1)| = |Bar,(1, 0, |Bar,(0,0,1)|) —> |Bar,(1, 0, | Bar,(1,0, 1

| |

B(1,0,1) —>  ~ B(1,0,0,0,1)

1%

| Bare(1,0,1)| o | Bar,(1,0,1)|
#
!

B
B(1,0,1,0,1) =~ B(1,0,1) 0 B(1,0,1)

1

)
)) = [Bare(1,0,1)| o | Bars(1, 0, 1)

Writing O € Alg®“9(SSeq(Sp)) for the augmented oo-operad induced by O, our argument on p shows

that if X is a symmetric sequence, then the map KD(O) o X — KD(O) o KD(O) o X is equivalent to

(60B)opid

B(1,0,1)0, X (B(1,0,1)0 B(1,0,1)) 0, X

Here o, denotes a version of o which uses homotopy orbits instead of strict orbits. We will review this and

other related constructions in our Section “Variants of the Composition Product” on p[T46]

144



Ching’s Comultiplication

Ching’s thesis endows the Spanier-Whitehead dual of the bar construction of any reduced operad O in
pointed spaces with a new operad structure. For X € Sp an S-module, we write D(X) = F(X,S) for the
mapping spectrum to the (non-cofibrant) sphere spectrum. The functor D gives a contravariant endofunctor
of Sp called Spanier-Whitehead duality and it sends colimits to limits.

There is a symmetric monoidal colimit-preserving functor 3 : Top, — Sp constructed in Section II.1.1 of
[EKMMO7] (not preserving cofibrant objects). We will usually suppress ¥ from our notation. We will now

recall Ching’s construction of the Koszul dual of a reduced operad O € Alg"!(SSeq(Top.,)):

Definition 5.4.11. The Koszul dual operad K(O) = D(B(1,0,1)) € Alg"*?(SSeq(Sp)) is a reduced operad
in spectra whose underlying symmetric sequence is given by K(O)4 = D(B(1,0,1),4). The structure map
K(0)o K(0O) — K(O) is defined as follows:

1. For each partition A = A []...]] A- of a set A into nonempty subsets A;, we define a map of spaces
B(1,0,1)4 — B(1,0,1),AB(1,0,1)4,A...AB(1,0,1) 4, by the following rule. Let T' € B(1,0,1) 4

be an A-labelled weighted decorated tree.

e Assume that there is a tree S € Tree({1,...,r}) whose {1,...,r}-labeling is bijective and trees
U; € Tree(A;) whose roots have only one incoming edge such that 7" is obtained from S, Uy, ..., U,
by identifying the root edge of U; with the leaf edge of S labelled by i for each i =1,...,7.

In this case, we define a weighting on S by first restricting the weighting from 7" and then adjusting
the weight of the leaf edges of S so that the distance from root to all leaves of S is exactly 1.
For each i, we define a weighting on U; by first restricting the weights from 7" and then rescaling
all weights by a common factor \; to make the root-leaf distance on U; equal to 1. Care must
be taken of degenerate cases, and we refer the interested reader to Definition 4.16 in [Chi05] for
details. We decorate the vertices of S and Uy, ..., U, by restricting the decorations from 7. The
leaves of S and the root of each U; are decorated by the non-basepoint of S°. The resulting tuple

of labelled weighted decorated trees (S,Uy,...,U,) is then the image of T.

e If T can not be built by trees in the way described above, we send T to the base point.

2. Applying D(X°°—) and summing over all decompositions of A, we obtain a 3,-equivariant map

P K0),8K(0)s @...9 K(0)s, — K(0)a
A=A [[... 11 A~

3. Passing to orbits and summing over all r gives the desired structure map.

145



Variants of the Composition Product

We follow [Chil2] and introduce variants of the composition product from p Given n > 2 and a finite

set J, write Fin[n] ;, for the category of sequences (.J BN I, Iz g 1) of finite sets with diagrams

nlg %11

L e

I

as morphisms. Here the vertical maps are bijections. Given symmetric sequences M?,..., M™ and a finite

set J, we define a functor (M*, ..., M™) : Fin[n] ;, — Sp by sending the chain (J BN I, EL NN — 1)

to MY (1) A Njey, MP(FTH @) A oA Noep,, MPH(f72441(3)). We define:

Tn—1

1 _ 1 ~ 1
(o oM7) = colim (M1 M (= ] (HM A/\MJI A A/\ M) .
T1y.e03Tn 1 Thn—1
Tn—1
Mtoy...onpM™)(J) = hocolim (M*',... M" ~ ( Ml/\ M2 AN N\ MY )
(M'op....onM")(J) = hocolim ( =TI (II /\ RAANMEL)
T1see3Tn—1 T1 Tn—1
Tp—1 Spy X X8
Ms...oM™(J)= lim (M',...,M" ~ ( Ml/\ M2 AN N MY )
( ) = fEFm[n]J/< ) n,..l._!n_l H /\ i /\ Tt
N N Tn—1 hErlx...xEnHl
Mo .. 8"M™)(J)= holim (M',... M")(f) =~ M} AN MG A AN\ MY
OSSN = delim (A .,H“<H /\ fnn \ M,
The sums and products corresponding to r1, ..., r,_1 range over all chains of ordered partitions of length n—1

of the set J into (possibly empty) sets, where the classes of the k' partition are labelled as Jits ooy Ty -

Relying on the norm in the context of S-modules (cf. [KleO1], [Rog05]), we obtain natural transformations
(MYo...oM™) «— (M'op ...op M™) — (M* &" ... 6" M™) «— (M' 6 ... 5 M™).
Proposition 5.4.12. If M',..., M" are X-cofibrant, then the following morphisms are weak equivalences:
(M'o...oM™) +— (M"' oy ...0n M™) (DM ... 6 DM™) — (DM'e" ... s"DM™)

Proof. A straightforward generalisation of the proof of Lemma 9.20 in [ACTI] shows that the ¥, x...x3, _ -
spectra appearing in the definition of (M!o...o M™)(J) are (projectively) cofibrant whenever some r; # 1.
Since taking coinvariants is a left Quillen functor, the first claim then follows by Theorem 24.3.1. of [MS06].

The second claim follows from the first by Spanier-Whitehead duality. O
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Given n, £, 7, Ching [Chil2] defines maps (M'o...o M™) — (M'o...oM*o (M *to...o M**")o...0o M™).

By suitably cofibrantly replacing diagrams in Ching’s construction, we also obtain a natural morphism
(Mo ...op M") — (Mo ...op M¥ o, (M“'1 oy ...0p M“'r) op Mo, . op M)
Dually, we also have natural arrows

(MY6 ... 6 M™) «— (M*6 ... 6 M 6 (M6 .. oM™y 6 Mo o M™)
(M*sh My — (Mt oML sh Mt st (Mt e L shtty shartrr ot sh
Lemma 5.4.13. We have a homotopy commutative diagram

(M'o...oM") ————= (M'o...oM*o (M o...o MT)o Mo . o M™)

(.2\41 Oh...Oth) —_— (Ml Oh...OhMZOh (M€+1 Oh...OhMZJ'_T) Oh.Z\fe-"_T-"_1 Oh...Oth)
(MY " e" M) <— (MY oML st S (M M Lttty sh gt ot s

(M'6 ... &"M™") «—— (M' s ..o M (M s ... s MY s M s L5 M™)

Proof. Squares @ and @ follow from the comparison between homotopy (co)limits and ordinary (co)limits.

We now focus on the middle square. In order to not get lost in overly cumbersome notation, we only prove
the case necessary for our specific purposes: assume that n = 3, that MQ1 and MQ2 are both zero and that

M3 is given by the spectrum X concentrated in degree 0. For £ = 0, the claim turns out to be obvious.

So let ¢ = 1 and fix positive integers ji, ..., Jj: and kq, ..., k. Write r = > k;j;. We observe that the asserted

claim is equivalent to the commutativity of the following square for all such sequences of numbers:

1 2 ®j1\®k 1 2 @51\ @k
(ML®(MLI®X IE@ ) hsy s, % xSy, —> (M hEkle?xEkt (Mj;hgl X®n)®k g )

! v
hEkl X"‘szt

, h¥; )
(le ® (Mj21 ®X®]1)®k1 ®.. .)hzjlzml X XBj By (Mrl ® (Mgil ®1 X®Jl)®k1 ®...)

Since the composition X — X, — X" — X is simply deG g, it suffices to check that the composite

/ A
. hEk X...szt Zj .
M} ® (M2 @ XOM)®hg ) > (M e (M2 @ XO)®hg
- hEk.l X"'szt £h2j1 - 2

(M,} ® (M} @ X¥)®h g )
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is equal to ( Z g). But this follows since naturality of the norm implies that the map in
gEEJlZEkl X...ijtlgkt
question is equivalent to

( Z h1®...®h@>o<< Z gl,l®”.® Z gl,k1)®.”®< Z gZ,1®”.® Z gl,k
)

eZklx...xEkt glvleEjl glﬂkl EZJI g“eEjt gz’ktEth

O
If N is a symmetric sequence with vanishing constant term, then composition products with N as a second
factor simplify since we only need to consider decompositions into nonempty finite sets when computing
the composition product. Given a finite set J, the group ¥, acts freely on the finite set S,.(J) of ordered

decompositions of J into nonempty finite subsets. This implies:

Lemma 5.4.14. If N € SSeq(Sp) has vanishing constant term, then the following diagram commutes:

I

r=0

( 11 MT®NJ1®...®NJT,>%H( 11 MT®NJ1®...®NJT>
[ [

JiI... 11 Jr]€Sr/2r r=0 *[JiI[...1] Jr]€S-/2r

24\ :\y

(Mo N)(J) (M & N)(J)
(M oy, N)(J) (M 8"N)(J)

Proof. This follows from Theorem 5.2.5 in [Rog05] which identifies the norm on freely induced G-spectra. [
Preliminary Observations on S-modules

Proposition 5.4.15. Let f : X — Y be a weak equivalence of spectra which are either cofibrant or suspension

spectra of well-pointed spaces. Then D(f) : D(Y) — D(X) is a weak equivalence of S-modules.

Proof. Let S. — S be a cofibrant replacement of the sphere spectrum. Since S-modules satisfy the “very
strong unit axiom” (see Example 6 in [Murl5]), we know that S. ® X — S. ® Y is a weak equivalence. The
spectra S, ® X and S. ® Y are cofibrant. This follows either by the axioms of a monoidal model category
or by combining Theorem VII.4.6. in [EKMMO97] with Proposition 10.3.18 of [MSQ6]. Since S is fibrant, this

implies that F(S. ® X,S) — F(S.®Y,S) is a weak equivalence.We then consider the following diagram:

F(X,S) ——> F(Y,S)

|

F(Se, F(X,5)) = F(Se, F(Y,5))

< .|

F(S. @ X,8) —> F(S.®Y,5)
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The top vertical arrows are weak equivalences by Lemma 4.2.7 of [Hov99]. This implies the claim. O

Proposition 5.4.16. Let Xq,...,X, be well-pointed spaces. Assume we are given a weak equivalence
Y; = X; with Y; a cofibrant S-module for all i (we denote the suspension spectrum of X; by the same name).

Then the natural map V1 ®...®0Y, - X1 ®...® X, is a weak equivalence.

Proof. For each i, let X, — X; be a trivial fibration with cofibrant domain. Since Sp satisfies the very
strong monoid axiom in the sense of [Murl5], the map (S, ® X1)®...®@ (S:. ® X,) > X1 ® ... X, is
a weak equivalence. For each 4, the spectrum S, ® X; is cofibrant by Theorem VIL.4.6. in [EKMMO97] and
Proposition 10.3.18 of [MS06]. By Corollary 2.12 in [GS07], there are homotopy-unique weak equivalences

5.0 X; = )NCZ < Y; over X; for all i. We therefore obtain a diagram

(Se®X1)®...0(S.®X,)

A T

X1®.0X, —>X,0...0X,

]

Vi®..0Y,

The vertical maps are weak quivalence as they are obtained by smashing weak equivalences between cofibrant

objects. The claim now follows by the “2-out-of-3”-property. O

We will now refine Proposition 8.5. in [ACII] to the situation relevant to us:

Proposition 5.4.17. Let O be a reduced operad in pointed spaces and assume O 5 0isa cofibrant

replacement of the corresponding reduced operad in spectra (denoted by the same symbol).

Then the map |Be(1,0,1)| = |B4(1,0,1)| is a weak equivalence of symmetric sequences.

Proof. For any n,k, the map By(1, 0, 1)(n) — Bg(1,0,1)(n) is the coproduct of maps of the form
6k1 ®...® CN);c — Ok, ®...® Oy, . These maps are equivalences by Lemma since every term of
a cofibrant operad is either a cofibrant spectrum or equal to S°. Theorem 24.3.1. of [MS06] then implies
that the morphism B, (1,0,1)(n) — B.(1,0,1)(n) is a levelwise weak equivalence of simplicial S-modules.
For any nonnegative integer ¢, the latching map colim,_,, (Bs(1,0,1)(n)) = B;(1,0,1)(n) can be written
as the inclusion of a spectrum X into a coproduct X [[Y. Such an inclusion satisfies the homotopy extension
property and we therefore deduce that Be(1, O, 1)(n) is a proper simplicial S-module in the sense of Definition
X.2.1 in [EKMMO97]. A similar argument establishes that B, (1, 6, 1) is a proper simplicial S-module. By

Theorem X.2.4 (ii) of [EKMMO97], this implies that the induced map on realisations is a weak equivalence. [
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Remark 5.4.18. We warn the reader that there is a clash of notation: For us, the terms “fibrations” and
“cofibrations” refer to the respective distinguished classes of maps in the model category of S-modules. In

[EKMMO97] and [MS06], these maps are called “g-fibrations” and “g-cofibrations”.

The Link

We can now articulate the compatibility between Ching’s comultiplication map defined on p[145 and the

comultiplication map on p[T142] coming from Lurie’s Koszul duality .

Proposition 5.4.19. Let O be a reduced operad in Alg®?(SSeq(Top,)). The following diagram of sym-

metric sequences in Sp commutes up to homotopy:

K(0) o K(O) K(O)

- |

D(B(1,0,1)) 6 D(B(1,0,1)) = D(B(1,0,1,0,1)) 2% p(B(1,0,0,0,1)) 2 D(B(1,0,1))

The upper horizontal map is Ching’s map from p[I]5 The maps 3 and § are defined in the section “Explicit

Comonadic Comultiplication” starting on p. [I43

Proof. Fix a finite set A and an ordered decomposition (A, ..., A,) € S, into nonempty subsets. Consider

B(1,0,1)4 2% B(1,0,1,0,1)4 22", B(1,0,1), A B(1,0,1)4, A... A B(1,0,1)4,
Here 0 o B sends an A-labelled weighted decorated tree T' to the weighted decorated 2-stage tree obtained by
first scaling the weights of T' by 2, then introducing an additional vertex with distance 1 from the root on
every edge which “crosses the middle line”, decorating the “new” vertices “on the middle line” by the non-
basepoint in S°, and finally decorating the “old” vertices v on the middle line by applying O(i(v)) — 1(i(v)).

The second map €4, ... 4,) identifies the quotient (][ B(1,0,1),AB(1,0,1)a, A . .AB(1,0,1)4,,,)s,

o€es,
sitting inside B(1,0,1,0,1) 2 B(1,0,1) o B(1,0,1) with the right hand side and projects the rest off to
zero. The composite map thus sends an A-labelled weighted decorated tree T to the basepoint unless the
“middle line” crosses precisely r edges, no vertices, and the partition of A obtained by identifying points if
they lie over the same “crossed edge” agrees with A = A; []...]] A-. If this happens, then the composite
map “cuts the tree in the middle”, multiplies the weights of the resulting (r + 1) trees by 2, and thereby
obtains a point in B(1,0,1), A B(1,0,1)4, A...AB(1,0,1)4,.

The ‘down-right” map in the above square can be constructed by applying D(X°°—) to €(a,,.. 4,y 000 f,

summing over all (Ay,...,A,) € S;, dividing out by ¥,, and finally summing over all r.
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We also have another natural map v : B(1,0,1)4 - B(1, 0, 1),AB(1,0,1)4,A...AB(1,0,1) 4, given by
Ching’s construction. The map - sends an A-labelled weighted decorated tree T" on the left to the basepoint
unless it is grafted along the partition A = Ay []...]] A-. If this is indeed the case, the map ~ first ungrafts
T into an {1,...,r}-labelled tree S and A;-labelled trees U; with induced decorations and then weights S by
rescaling the leaf weights and each U; by rescaling all weights by a constant factor A;. If we apply D(X>°—)
to this map, sum over all (Ay,...,A,) € S,, divide out by ¥,, and finally sum over all » > 0, we obtain

precisely the structure map K(O) o K(O) — K(O) given by Ching’s construction.

The Homotopy. It suffices to construct a homotopy H from €4, ... a,)0d003 to y for each (Ay,..., A;) € S,

which interacts well with the ¥,-action. Assume that T' € Tree(A) is an A-labelled tree which can be obtained
by grafting along the given partition A = Ay []...]] Ar. Given a weight w on T, we write a; for the vertex
of T corresponding to A; and define d; = d;(w) to be the distance from the root r of T to a; and s; = s;(w)

to be the length of the unique edge under a;. Let S C w(T') be the collection of weights w with d;(w) =1

and s;(w) = 0 for some i. For ¢ € [0, 1], we define a function r; = £¢(T) : (w(T) — S) — w(T) as follows:

e If (u < v) is an edge with v < a; for all i, we define x;(w)(u < v) = max (1 — ¢, 3) - w(u < v).Coming

C(di—s)(1—t)—max(t— L
o If (u < w) is an edge with a; < u, we set ky(w)(u < v) = (1 (ds —se) (1—f) —max(s 2’0)) cw(u < v).

1—d;+s;
(%W)-w(u<v) i<l
e For an edge (u < a;), we set r¢(w)(u < a;) = itsi
sitd; 1 . 1
T+(1*d¢)(t7m) ift> 4

We observe that r;(w) is indeed a valid weight on T and depends continuously on ¢.

At a first glance, the function k; seems to suffer from serious defects: It is undefined for weights in S. Even
when it is defined, it does not necessarily send trees for which some edge e has length zero to trees with the

same property (the case |A| = 2 illustrated above is instructive).

Nonetheless, we can use the map x; to continuously modify the map F':= €4, .. 4,) 0003 from above. We

.....

begin by considering the following composite map H,:

reNid

(w(T) = 8)4 A (1,0,1) 4 Z8% 45(T),. A (1,0,1)4 2 B(1,0,1), AB(1,0,1)4, A...AB(1,0,1) 4,

Write E(T) C w(T) for the subspace of w(T) consisting of all weights such that “the horizontal line” of

distance % from the root cuts through precisely r edges (and no vertices) whose upper points aq,...a,
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partition A as A; []...][ A». Let D(T) be the complement of E(T). Given a weight w in w(T'), we write

dw,D(T)) = min max wu<v—w'u<v>
( D) w'€D(T) ((u<v) an edge in T| ( ) ( )
We now consider the projection p : w(T) = w(T) := w(T)/D(T). If wy,ws, ... is any sequence in w(7T) such

that d(w;, D(T)) — 0, then p(wy), p(ws), ... converges to the collapsed point in the quotient topology.

We now observe that the map w(T)4 A (1,0,1)4 — B(1,0,1), A B(1,0,1)4, A... A B(1,0,1) 4, sends
D(T) A (1,0,1) 4 to the basepoint.

We therefore obtain a factorisation of H(T) as

(w(T)—5)+ A(1,0,1) 4

Kt /\id\L

w(T), AN (1,0,1)4 —> B(1,0,1), AB(1,0,1)4, A...AB(1,0,1) 4,

We can extend x; : (w(T) —S) — w(T) to w(T) by setting x+(p) equal to the collapsed point for all p € S.
This extended map is continuous as if w,, is any sequence of weights in w(7) — S converging to a point w in

S, then d(wy, D(T)) is eventually zero. We denote the extension of H(T) to w(T)y A (1,0,1)4 by Hy(T).

We can now define a map [[remyee(ay w(1)+A(1,0,1)4(T) = B(1,0,1),AB(1,0,1)4, A...AB(1,0,1)4,
by first collapsing the summands with 7" not grafted along the partition A = A; []...]] A to the basepoint

and then using H; on the summands corresponding to suitably grafted trees T

We claim that this map indeed descends to the coend B(1, 0, 1) 4. For this, suppose T is obtained by grafting
along the partition A; []...]] A and write ay, ..., a, for the points in T' corresponding to the various sets.
Assume T'/e < T is obtained from T by collapsing an edge e = (u < v) in T. Any weight w on T'/e gives

rise to a weight @ on T with @w(e) = 0. We need to show that the following square commutes:

w(T/e)+ A (17071)A<T) w(T)+ /\(17071)A(T)

i |

w(T/e)+ N(1,0,1)4(T/e) ——> B(1,0,1), AB(1,0,1)4, A...AB(1,0,1) 4,

e If a; <wuor v < a; for some i, then we observe that x:(T)(w) and x:(T/e)(w) agree on all edges since

the values of d; and s; do not change when we collapse e. Hence the square commutes.

e If our collapsed edge e ends at a point v = a;, then for each ¢ € [0, 1], either the weight . (T)(w) on e
is zero or the distance between the root r and a; in the weight ,(T')(@) is at most 3. This implies that

H,; maps (T, w) to the basepoint of the space on the bottom right of the above square. The tree T'/e is
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no longer obtained by grafting along the partition A; [...]] 4, and thus also maps to the basepoint.

A similar argument shows that H; interacts well with bud collapses and covers the remaining cases. We have

thus defined the desired homotopy from Ho = €(4,,.. 4,y000 3 to H; = . O

This argument is the non-formal input to the following result:

Corollary 5.4.20. Let O be a reduced operad in Top, and 0-50aq cofibrant replacement of the correspond-

ing reduced operad in Sp. Let K(O) — K(O) be a cofibrant replacement of Ching’s reduced operad K(O).

Write O, K(O) € Alg®9(SSeq(Sp)) for the operads induced by O and K (O), respectively.

Then there is a natural transformation vy : K(O) o DX — D(KD(O) o X) of endofunctors of Sp and the

following diagram commutes up to homotopy:

K(0)oK(0)oDX — > K(0)o DX

K(O)Oux\L

K(0) o D(KD(O) o X) vx

VKD(O)OX\L

D(KD(O) o KD(O) 0 X) — > D(KD(O) o X)

Proof. We write (—) for the cofibrant replacement functor on symmetric sequences. In this proof, the symbol
K(O) denotes the symmetric sequence D(B(1,0,1)). It can be endowed with Ching’s operad structure
K(0)o K(O) — K(O) from p[145 and with the morphism K(O) 6 K(O) — K(O) obtained by applying D
to the map B(1,0,1) < B(1,0,B(0,0,1)) — B(1,0,1) o B(1,0,1) from p For any cofibrant
S-module X (thought of as a symmetric sequence), there is a morphism

—_~—

P S

K(0)oD(X) < K(0) o, D(X) = K(0) 0, D(X) — K(0) " D(X) = K(0) 8" D(X) < K(O) o X)

The claim follows from the diagram on the following p The squares @, , and @ commute by

Lemma|5.4.13] The square @ commutes by Proposition |5.4.19|— this is the non-formal component of this

proof. Square @ commutes by Lemma|5.4.14] and all other square commute for obvious reasons.

We argue that the arrows labelled with ¢ ~ ¢ are indeed weak equivalences. We use that for any >-cofibrant
symmetric sequence A, the functor A o (—) preserves weak equivalences between cofibrant symmetric se-
quences and that the functors (=) op, (=), (=) 8"(—) send weak equivalences between pairs to weak equiv-
alences. The arrows labelled by @ are weak equivalences by Proposition The arrows @ are
weak equivalences by Proposition [5.4.15] and Proposition [5.4.17} and the corresponding claim for the arrows
decorated by @ follows by Lemma The arrows @ are equivalences because o is associative. O
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X0y XT,e0Y < X@EOY < X@,e0Y < X(@,20Y < XU"°0

~

S ©

X@e(01903) l X@,2(03203) < X,2(0M203) < X@,2(0X°03) <—— X7,2(03°03) <— XU (03}°0)

o O /@U ®f

(XQe03)°0Y —=—> XTeQNe0N @ X@,2(03 ,20) (@)
~ 0
(X@e0),20M $ (X@,201),20M $ N@%ofoo& X@,2(0¥,203) <— XUW,(0M"00) <—— XUW,2(0X"0) /=

Ol @ @U / /

(X@e0),20M —> (XU,20),0¥ ﬁ (X@,203),20M —> XUA,20M 20 @ X "o (03 “° 03)

No) /./ /

(X@eQ ) o 0 @ Q@%OM ) 1o 03 < (X@,203) o OM <— (XA 03) o OM <— XU >0 "0 0 X "o (03 "0 031)

g 2|

(X@e031) "o 0 @ (X@,20) *o 0 <= (XT,20X) "0 0N < (XU C OM M < M@ "o Q1) "o Q) <—— XU "° 0 "0 0N @ XUe (03 °0)

== =

o L O O keli ols /@/2

(X@e0>) °c 0 —=> (X@,203)°0 <=— (XU,203)°0) <— (XU 0 03)° 0 << (XU "> 03)° 0N @l x@ ©0X)°0M <=— XU° 0} °0

—~
e~ e~ —~—— =

\/\2

@
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