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Abstract

In this thesis, we construct a family of exact functors from the category of Whit-
taker modules of the simple complex Lie algebra of type A, to the category of
tinite-dimensional modules of the graded affine Hecke algebra of type A,. Using
results of Backelin [3] and of Arakawa-Suzuki [1], we prove that these functors
map standard modules to standard modules (or zero) and simple modules to sim-
ple modules (or zero). Moreover, we show that each simple module of the graded
affine Hecke algebra appears as the image of a simple Whittaker module. Since the
Whittaker category contains the BGG category O as a full subcategory, our results
generalize results of Arakawa-Suzuki [1], which in turn generalize Schur-Weyl du-
ality between finite-dimensional representations of SL,,(C) and representations of

the symmetric group S,,.
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Preface

The full historical (and mathematical) context of this thesis does not easily conform
to a linear narrative structure. It is unlikely that any document of finite length will
capture the multitude of individuals and events which gave representation theory
its modern form. However, the utility of the narrative form for the purposes of
communication is inescapable. We, therefore, find ourselves with the unfortunate
task of imposing a simple structure onto the complex and often incomprehensible

history of mathematics[[] To the casualties of our oversimplification, we apologizef]

The roots of this thesis, and representation theory more generally, can be traced
back to Joseph Fourier, a paper rejected for publication, and the advent of harmonic
analysis. While studying the diffusion of heat and the methodology of separation
of variables, Joseph Fourier invented a technique for representing a function f(z)
on the interval (—m, ) by a series of continuous multiplicative characters of the

circle group (group homomorphisms S' — C*):

f(x) ~ i cne™ oy = % /_: f(x)e ™ dx.

n=—0oo

In a single paper, submitted in 1807, Fourier derived the heat equation and studied
the representability of functions by trigonometric serie [28]. The representabil-
ity of functions by multiplicative characters of groups became a central theme in

harmonic analysis, leading to the decomposition of complex-valued functions on

IThe historical content of this section is drawn heavily from [26-31].

>We specifically refer readers to [28,29] for a much more thorough historical account of repre-
sentation theory.

3The paper was blocked from publication due to objections concerning the incompatibility of
Fourier series with the prevailing intuition of the time. Fourier submitted an expanded and revised
version of the paper again in 1811, which was also rejected. Fourier’s analytic theory of heat was
eventually published as a book in 1822 [18].

ix
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tinite abelian groups:

f(z) = é 3 (Z f<y>m> w(y)

yeG

where w ranges over all multiplicative characters of G (group homomorphisms G' —
C*).

These fundamental results of harmonic analysis paved the way for a theory of
multiplicative characters of finite non-abelian groups. The theory of characters and
representations of finite groups was developed in the early 1900s, building on con-
tributions from Frobenius, Burnside, Schur, and Noether [29]. Frobenius initiated
the field in 1896 by developing a theory of characters for non-abelian finite groups.
Brunside [12] and I. Schur [42] then shifted the focus of study to homomorphisms
from a finite group into the group of invertible matrices. Noether then gave the
modern definition of a representation of a group: A representation of a finite group
G is a homomorphism 7 from G to the group of invertible linear transformations
GL(V) of a finite-dimensional vector space V' [2, page 528]. The corresponding
character of G is defined to be the trace of the matrix corresponding to each group

element:
Xx(9) = tr(7(g)).

The celebrated representation theory of compact connected Lie groups was pio-
neered by Cartan and Weyl. In 1913, Cartan introduced highest weight representa-
tions of complex semisimple Lie algebras [13]. Suppose g is a (finite-dimensional)
complex semisimple Lie algebra. Suppose h is a Cartan subalgebra of g (i.e. a nilpo-
tent self-normalizing subalgebra). Let A = A(g, b) be the corresponding set of roots
and W = W (g, b) the corresponding Weyl group. Let II C A" C A be a choice of
simple roots and positive roots, respectively. Cartan showed that there is a one-
to-one correspondence between dominant (with respect to II) integral linear func-
tionals A € h* and irreducible finite-dimensional representations of g. Weyl then
developed an analytic theory for representations of compact connected Lie groups
from 1924 to 1926, resulting in the Weyl character formula in 1925 and the Peter-
Weyl theorem in 1926 [40,48-51]. Let G' be a compact connected Lie group with
complexified Lie algebra g. For ease of exposition, we will additionally assume

that G is simply connected. Let 7" be a maximal torus of G' with complexified Lie
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algebra h. Let V, be an irreducible representation of g, corresponding to the domi-
nant integral weight A € h* by Cartan’s classification of irreducible representations
of g above. Let p = Y, 1 € h* denote the half sum of positive roots. The Weyl

character formula
B e (— 1) e

HaeA+ (ea/2 o eia/Z)
gives a continuous character of G corresponding to the representation V) in terms
of characters]

x(Va) =

e"(H)=v(h) for H =exp(h), h €}

of the the maximal torus 7. The Maximal Torus Theorem of Weyl states that each el-
ement of G is conjugate to an element in 7". This allows the character x (V) of T'to be
extended to a continuous character of G, resulting in a classification of continuous
characters of irreducible representations of compact connected (simply connected)
Lie groups.

The Peter-Weyl theorem completed the generalization of Fourier series to the

setting of compact connected Lie groups by decomposing L?*(G)

12(G) = @PV: @ Vs,

WE@

where G is the set of all finite-dimensional irreducible unitary representations of G.
Additionally, the Peter-Weyl theorem shows that the linear span of all irreducible
characters of G is dense in the space of square-integrable functions which are con-
stant along G-conjugacy classes and the linear span of all matrix coefficients for all
finite-dimensional irreducible unitary representations of G is dense in L*(G).

In 1951, Harish-Chandra gave an algebraic classification of finite-dimensional
representations of compact Lie group [21]. Let b be a Borel subalgebra of g (i.e., a
maximal solvable subalgebra) containing h. Working with the universal enveloping
algebra U(g) of the complex semisimple Lie algebra g, we can define the Verma

module M (X) by algebraic induction from the Borel subalgebra

M(\) = U(g) @ue) Ca,

*More work is required to show for which v € h*, e extends uniquely to a well defined contin-
uous function on 7'. See [43, Chapter 7].
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where the nilradical of b acts trivially on C, and § acts by A. Each Verma mod-
ule has a unique irreducible quotient, denoted L(\), which is finite-dimensional
precisely when )\ is a dominant integral weight. The family of such modules was
further studied by Verma in 1966 [46]. In 1971, Bernstein-Gelfand-Gelfand investi-
gated these modules further, introducing a category of U(g)-modules whose sim-
ple objects are given by the irreducible quotients L(\), for general A € h* [5]. The
Bernstein-Gelfand-Gelfand category O is defined to be the category of finitely gen-
erated U(g)-modules which are locally U (b)-finite and U ()-semisimple. A formula
for the characters of irreducible modules in category O then becomes a natural ex-
tension of the Weyl character formula and was conjecturally described by Kazhdan
and Lusztig in 1979.

The significance of the Kazhdan-Lusztig conjectures in representation theory
is hard to overstate. Since the publication of the seminal paper Representations of
Coxeter groups and Hecke algebras [24], multiple generations of mathematicians have
been captivated by the sublime relationships uncovered between the combinato-
rial theory of Hecke algebras, the representation theory of complex semisimple Lie
algebras, and the geometry of flag varieties. The eventual proof of the Kazhdan-
Lusztig conjectures draws from techniques developed long before the conjectures
were made, and ties together several seemingly unrelated branches of mathematics

spanning decades of work by many profoundly insightful mathematicians.

In [24], Kazhdan and Lusztig begin by studying the properties of a deformation
of the group algebra of a Coxeter group W, known as the Iwahori-Hecke algebra
, associated with W. The Iwahori-Hecke algebra appears in several contexts in
representation theory. One such realizations is as the convolution algebra of B-bi-
invariant functions on GG, where G is a split reductive linear algebraic group defined
over the finite field IF,, and B is a Borel subgroup of G. Kazhdan and Lusztig gave an
algorithm for computing the change of basis matrix corresponding to two natural
bases of 7, and conjectured that the algorithm would yield character formulas
for the irreducible representations in category O. These formulas provide the first

appearance of the famous Kazhdan-Lusztig polynomials.
The proof of the Kazhdan-Lusztig conjectures, due independently to Brylinski-
Kashiwara [11]] and Beilinson-Bernstein [6], took only two years but required an

amazingly vast range of mathematical techniques which had been under develop-
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ment for the past century. We will follow the independent progression of three key
pieces, which came together in a wholly remarkable way.

The first key piece originated with a question concerning systems of differential
equations, posed by Riemann in 1857 [26]. If we are given a system of m first order
differential equations on U, a connected open subset of CP', with regular singular-
ities ug, - -+ ,u; € U, and a basis of the space of solutions, then we can construct a

representation of the fundamental group of the punctured domain
o :m (U —{ug, - ,w}) = GL(m,C)

called the monodromy of the system (here m is the size of the system of differential
equations). Riemann asked for the natural converse of this construction. Given a

connected open subset U C CP!, a set of points {uo, - - - ,w; }, and a representation
o :m (U —A{ug, -+ ,u}) = GL(m,C)

how many systems of first order differential equations with regular singularities
have monodromy ¢? Riemann showed that there is a unique system when [ =
m = 2, but the problem remained open in more general situations. In 1900, Hilbert
included Riemann’s question in his famous list of the twenty-three most impor-
tant mathematical problems for the twentieth century. Hilbert asked whether we
could find a system of differential equations with a prescribed set of (regular) sin-
gular points and fixed monodromy. This became known as Hilbert’s twenty-first
problem or the Riemann-Hilbert problem. The modern approach to this prob-
lem, known as the Riemann-Hilbert correspondence, was championed by Pierre
Deligne and replaces notions of monodromy with locally constant sheaves, and
systems of differential equations with holonomic D-modules [26]. From the per-
spective of sheaf theory, the Riemann-Hilbert correspondence is an equivalence of
categories between complexes of holonomic D-modules with regular singularities
on a smooth complex algebraic variety and a category of complexes of sheaves on
said variety. This geometric theory became a crucial tool for the eventual proof of
the Kazhdan-Lusztig conjectures.

Meanwhile, in the 1970s, Mark Goresky and Robert MacPherson were studying
homology of singular spaces. They developed a new homology theory based on co-

cycles which intersected strata of the singular space according to a given rule which
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they called a perversity [19,20]. They proved that for topological pseudomanifolds,
this new treatment of homology exhibits the holy grail of homology theories, the
existence of Poincare duality. They called this new theory intersection homology.
The next monumental step forward for intersection homology occurred at a Hal-
loween party near Paris in 1976 when Pierre Deligne conjectured the existence of a
complex of sheaves whose cohomology groups are equal to the intersection homol-
ogy groups of Gorskey and MacPherson [27]. This serendipitous encounter opened
the door for the modern machinery of derived categories and sheaf theory to be
used in the study of singular spaces. For the next decade, Gorskey, MacPherson,
and others worked on providing increasingly elegant treatments of intersection ho-
mology. Their work culminated in the realization of Deligne’s complexes of sheaves
as the irreducible objects in the category which was found to be equivalent to cer-
tain complexes of holonomic D-modules by the Riemann-Hilbert correspondence.
Thus, this new category which related the homology of singular spaces and the
monodromies of systems of differential equations became known as the category

of perverse sheaves.

The final piece in the puzzle is the localization theory of Beilinson-Bernstein,
published in the 1981 paper Localisation de g-modules [6]. This fundamental paper
ignited the field of geometric representation theory by building a bridge between
modules of a Lie algebra and holonomic D-modules on the corresponding flag va-
riety. These developments advanced the proof of the Kazhdan-Lusztig conjectures
by allowing the representation theoretic problem of computing irreducible charac-
ters to be phrased in terms of D-modules. The Riemann-Hilbert correspondence
then translates the character formulas to the language of perverse sheaves. Lastly,
the Kazhdan-Lusztig conjectures can be solved by using Kazhdan and Lusztig’s re-
alization of the coefficients of Kazhdan-Lusztig polynomials as the dimensions of

intersection homology groups on Schubert varieties.

In subsequent years, mathematicians in a variety of fields worked to emulate
and generalize applications of intersection homology and perverse sheaves in rep-
resentation theory. Two subsequent branches of development play a key role in this

thesis.

The first branch is concerned with the generalization of the Kazhdan-Lusztig

conjectures to a category of Whittaker modules. This category (studied in [3,32,
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36,38,39]]) contains category O as a full subcategory and exhibits subtle obstacles
when approached from the perspective of perverse sheaves. Namely, holonomic
D-modules obtained from localization can now have irregular singularities, pre-
venting us from using the classical Riemann-Hilbert correspondence. This hurdle
has been overcome through varying means. In [39] and [3], functors from category
O to blocks in the Whittaker category are constructed as a means of translating
Kazhdan-Lusztig theory for category O to the Whittaker category. This allows us to
calculate the multiplicities of irreducible Whittaker modules in the composition se-
ries of standard Whittaker modules by reducing the calculation to the well-known
case of highest weight modules. Recently, Romanov has developed a new proof of
the Kazhdan-Lusztig conjectures for the Whittaker category by developing an al-
gorithm for the computation of Whittaker Kazhdan-Lusztig polynomials directly
in the category of holonomic D-modules, rather than in the category of perverse
sheaves [41].

The second branch of research that concerns us was developed by Bernstein-
Zelevinsky, Zelevinsky, Kazhdan-Lusztig, and Lusztig [4, 25 34,35,54]. Inspired
by the work of Kazhdan and Lusztig, Zelevinsky developed a p-adic anolog of
the Kazhdan-Lusztig conjectures for certain representations of GL(n,Q,). Kazh-
dan and Lusztig then refined Zelevinsky’s conjecture to include split reductive p-
adic Lie groups. However, instead of studying representations of p-adic groups
directly, Kazhdan-Lusztig and Lusztig reduced the problem to the study of rep-
resentations of the affine Hecke algebra by the Borel-Casselman correspondence,
and later to the setting of finite-dimensional modules of the graded affine Hecke
algebra by Lusztig [34]. In this setting, the graded affine Hecke algebra plays a role
loosely analogous to that of the Lie algebra in the complex setting. For this reason
(seeing as this thesis ultimately aims to draw connections to the Kazhdan-Lusztig
theory of the Whittaker category for sl,), we will formulate the p-adic Kazhdan-
Lusztig conjectures in the setting of graded affine Hecke algebras (as was done
in [1]). This formulation of the p-adic Kazhdan-Lusztig conjectures was proved
in [35] by constructing an action of the graded affine Hecke algebra on certain ge-
ometric objects. Using Lusztig’s geometric realization of standard and irreducible
modules, the composition multiplicities of standard modules can then be directly

related to the dimensions of intersection homology groups on certain affine alge-
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braic varieties.

These two versions of the Kazhdan-Lusztig conjectures are related by a remark-
able geometric observation due (independently) to Lusztig and Zelevinsky. In [54],
Zelevinsky shows that for certain cases in type A,, the p-adic Kazhdan-Lusztig
polynomials (defined by intersection homology groups of affine algebraic varieties)
match the original Kazhdan-Lusztig polynomials (defined by intersection homol-
ogy groups of projective algebraic varieties). This observation leads one to ask
whether there is a functorial relationship between category O and the category of
graded affine Hecke algebra modules. Such a relationship was developed in [1]
for the above setting, and in [16] for the setting of Harish-Chandra modules of
GL(n,R). Motivated by the results of Backelin [3] and Romanov [41], this thesis
constructs a categorical relationship between Whittaker modules and graded affine
Hecke algebra modules. In this way, the results of this thesis generalize the theory

developed in [1].



Chapter 1

Introduction

Motivated by the study of Whittaker models of representations, Kostant defined
a family of modules over the universal enveloping algebra, U(g), of a complex
semisimple Lie algebra, g, and classified the irreducible modules contained in the
family [32]. In [38], Mili¢i¢ and Soergel give an axiomatic construction of a cat-
egory of Whittaker modules, denoted by N, which contains Kostant’s family of
U(g)-modules as well as the classical Bernstein-Gelfand-Gelfand category O. Sup-
pose b is a Borel subalgebra of g with Cartan decomposition b = h @ n, and let
Z(g) denote the center of U(g). The category of Whittaker modules, denoted VN, is
defined to be all U(g)-modules which are finitely generated over U(g), locally finite
over U(n), and locally finite over Z(g).

The graded affine Hecke algebra naturally arises from the study of representa-
tions of reductive algebraic groups over p-adic fields. Inspired by the work of Kazh-
dan and Lusztig, Zelevinsky developed a p-adic anolog of the Kazhdan-Lusztig
conjectures for smooth representations of GL(n, Q,) containing Iwahori fixed vec-
tors [53]]. However, a p-adic analogue of the Kazhdan-Lusztig conjectures remained
open for groups outside of type A. The full p-adic analogue of the Kazhdan-Lusztig
conjectures was pioneered by Lusztig, and relied on contributions from Borel and
Casselman. Borel and Casselman related smooth representations of reductive alge-
braic groups over p-adic fields containing Iwahori fixed vectors to representations
of the affine Hecke algebra, completing what we refer to as the Borel-Casselman
correspondence. Finally Lusztig constructed a reduction from the study of repre-
sentations of the affine Hecke algebra to finite-dimensional modules of the graded
affine Hecke algebra [34]. We will now define the graded affine Hecke algebra. Let
W be the Weyl group of a semisimple complex Lie algebra g, IT C A" be the set of

1



2 Chapter 1. Introduction

simple and positive roots, respectively, corresponding to the choice of Borel sub-
algebra b C g. Let S(h) be the symmetric algebra of . The graded affine Hecke
algebra H is the associative algebra generated by C[I¥] and S(h) subject to the rela-
tions

So - h —54(h) - sq = (v, h) forallaw € IlTand h € b.

In this setting, the graded affine Hecke algebra plays a role loosely analogous to
that of the Lie algebra in the complex setting. To complete the p-adic analog of
the Kazhdan-Lusztig conjectures, Lusztig constructed algebra isomorphisms be-
tween graded affine Hecke algebras and higher endomorphism algebras of certain
perverse sheaves [35]. The multiplicity of irreducible representations in the com-
position series of standard representations is then directly related to the geometry
of orbits of a Levi subgroup L, on g;(0) = {x € g : ad(0)z = z}, for o € b.
These discoveries illustrate the subtle relationships between the combinatorial rep-
resentation theory of S, the geometry of L, orbits on g (), and the representation
theory of GL,,(Q,).

Schur-Weyl duality relates finite-dimensional representations of G = GL(V) to
finite-dimensional representations of the symmetric group S,,. These connections
can be interpreted as a functor, F(X) = Homg(1, X ® V"), from the category of
finite-dimensional representations of G to the category of finite-dimensional repre-
sentations of S,,. The Schur-Weyl duality of G and S,, implies that this functor maps
irreducible G-representations to irreducible S, -representations (or zero). Arakawa
and Suzuki generalized the classical Schur-Weyl duality by constructing an action
of H on the tensor product representation X ® V®", and then by defining a functor
for each Verma module M (\) of highest weight A € b*

F\(X) = Homp g (M(N), X ® Vo)

which map irreducible objects in category O to irreducible H-modules [1] (under
certain assumptions on \). The combinatorial and geometric classification of irre-
ducible Whittaker modules and irreducible graded affine Hecke algebra modules
provide a foundation for generalizing the functorial relationships described in [1]].
This thesis uses techniques developed by Kostant [32], Backelin [3], and Milic¢i¢-
Soergel [38,39], to construct a family of Arakawa-Suzuki type fuctors F;, » for the

category of Whittaker modules, completing the following diagram.
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finite-dimensional

category O i
G-representations gory ——— Whittaker modules

: .
7,

finite-dimensional finite-dimensional

C[S,]-modules H-modules

Moreover, each irreducible graded affine Hecke algebra module is obtained in this
way. We can thus view our result as an algebraic realization of the geometric obser-
vation of Lusztig and Zelevinsky and the corresponding implications on the Kazh-

dan Lusztig theories for each category.

1.1 Main results

Let g be a reductive complex Lie algebra and h C b be a Cartan subalgebra and Borel
subalgebra of g, respectively. Let n = [b, b] be the nilradical of b, and IT C A" be the
set of simple and positive roots corresponding to b, respectively. For a root a € b*,
let g, = {z € g : ad(h)z = a(h)z forall h € b}, and let p = 1 > 1+ a denote the
half sum of positive roots. Let U(g) be the universal enveloping algebra of g, and
Z(g) the center of U(g). Let N; denote the category of Whittaker modules defined
above. For g = s[,(C), we define a family of exact functors from the category N to
the category of finite-dimensional modules for the graded affine Hecke algebra of
the Coxeter system associated with (g, b). We prove (under natural assumptions)
that standard objects are mapped to standard objects (or zero) and irreducible ob-
jects are mapped to irreducible objects (or zero). The category N, contains the BGG
category O as a full subcategory, and when we restrict to O we recover Arakawa-
Suzuki functors [1]. When we restrict to finite-dimensional sl,,(C)-modules, we re-
cover the classical Schur-Weyl duality between finite-dimensional representations
of SL, (C) and finite-dimensional representations of the symmetric group S,,.

We will now briefly review the notation needed to define the functor. Let n €
chn := (n/[n,n])* be a character of n, II,, = {o € I : 5|4, # 0}, and W, be the Weyl
group generated by the reflections s, for a € II,,. Let p,, C g be the corresponding
parabolic subalgebra containing b with adh-stable Levi decomposition p,, = [,, ©n’.
Let 3 be the center of the [,, and s := [[,,, [,)]. Set b, = bN [, and let n,, be its nilradical.
Let Z(1,,) be the center of U(l,), and &, : h* — MaxZ([,)) be induced by the relative
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Harish-Chandra homomorphism for U(l,)). Let V' = C" be the standard represen-
tation of g. For a locally Z(g)-finite U(g)-module X, let X"/ denote the subspace
consisting of vectors with generalized Z(g)-infinitesimal character corresponding

to A € b* via the Harish-Chandra homomorphism. Let
Ny(m)={M € Ny: YVm € M and u € n, 3 k € Z> so that (u — n(u))*m = 0}.
For a U(g)-module X € N,(n), let
X, ={zeX:Vze; (2—A2)fz=0}

denote the generalized 3-weight space corresponding to A € h* restricted to 3 C b.

Given a U(g)-module X, define
H)(n,, X) :={z € X :ux —n(u)z =0 Vuen,}.

A vector v € H)(n,, X) is called a Whittaker vector. For a U(g)-module X € N we

define the following functor
Frna(X) = HY (ny, (X @ V)T

tor¢ € N,n € chn,and A € h*. Following [1], in Sectionwe define an action of the
graded affine Hecke algebra H corresponding to the root datum for SL, on the U(g)-
module X ® V®*. The action of H commutes with the action of U(g), and induces
an H-module structure on H, (nn, (X @ Ve &A]
a functor from N to the category of H-modulés. This family of functors posses a

). We can therefore view £y,  as

number of nice properties that we will explore in this paper and elsewhere. Our
main result is the following (Theorem [5.2.4).

Theorem 1.1.1. For X € b* dominant, Fy,, , is an exact functor from Ny(n) to the category
of finite-dimensional modules of the graded affine Hecke algebra corresponding to g. More-
over, if X is a dominant integral weight such that W, = {w € W : w(A+p) = A+ p}, and
X € Ny(n) is irreducible with infinitesimal character corresponding to A, then F,, , \(X)

is irreducible or zero.

Chapter 6 describes ongoing research in collaboration with Anna Romanov.
There we give an algebraic classification of contravariant forms on standard Whit-
taker modules. We show that (in general) Whittaker modules admit multiple lin-
early independent contravariant forms (Corollary [6.0.14).
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Theorem 1.1.2. Let n € chn, A € b*, and I" be the space of contravariant forms on the
standard Whittaker module stdy (X, n). Then

dimI’ = |W,)|.
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Chapter 2

Whittaker modules

In this chapter we will introduce the theory of Whittaker modules, as well as prove
several results which will be needed in Chapter |5, We will begin by following the
Milic¢ié-Soergel [38] construction of the category of Whittaker modules. For w € W
and A\ € h* define the dot action of W on h* by

1
wel=w(A+p)—p where P=3 Z a.
aEAT
The Poincaré-Birkhoff-Witt basis theorem for U(g) relative to the triangular decom-
position g = 1 & h & n gives us the vector space decomposition U(g) = U(h) &
(nU(g) + U(g)n). The Harish-Chandra homomorphism

¢ Z(g) — U(b)

is the projection map from Z(g) to U(h) by the above decomposition. This induces
a map
€:h" — MaxZ(g),

where A € h* maps to ker (X o ¢*). It is well known that {(\) = £(p) if and only if
We\ = Wepu. Asin the introduction, supposen € chn := (n/[n, n])" is a character of
n with corresponding set of simple roots 1I,, = {a € II : n|,, # 0} and Weyl group
W, generated by the reflections s, for a € II,. Let p, C g be the corresponding
parabolic subalgebra containing b with adh-stable Levi decomposition p,, = [,, ®n’.
Let n" be the orthocomplement (with respect to the Killing form) of p,, in g, so that
we have the decomposition g = n”7 @ p,. We will use 3 to denote the center of [,,.
Set b, = b N[, and let n, be its nilradical. Let & : Z(l,) — S(b) be the Harish-
Chandra homomorphism of [,,. That is, the projection Z([,) to U(h) induced by the

7
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decomposition U(l,) = U(h) & (n,U(l,,) + U(l,)n,) given by the Poincaré-Birkhoff-
Witt basis theorem for U(l,). Let &, : h* — MaxZ(l,) be the map induced from &,
We say that an A-module is locally finite if the A-span of any element of the module
is finite-dimensional.

We can now define the category of Whittaker modules, denoted by N, to be the
full subcategory of all U(g)-modules which are finitely generated over U(g), locally
finite over U (n), and locally finite over Z(g).

We have two decompositions for A. The action of Z(g) decomposes N into a

direct sum

N= D N,

xeMaxZ(g)
where NV (x) denotes modules in NV that are annihilated by a power of x. In other
words, each object in A decomposes into a direct sum of modules with generalized
infinitesimal character (see Proposition [2.0.3). Similarly, the action of n gives us a

decomposition

N =P N,

nechn

where N'(n) ={M e N': Vm € M and u € n, 3 k € Z>( so that (u — n(u))*m = 0}.

Combining these decompositions, we have
N =P Nx.n),
XM

where N (x,n) = N(x) N N(n). For each choice y € MaxZ(g) and n € chn, we see
that the category NV (x, n) contains the module U(g)/xU(g) ®u ) C,. Therefore each
category N (,7n) is non-empty. Moreover, each simple object L in N is contained

in NV (x, n) for some choice of y and n depending on L.

Proposition 2.0.3. [38, Section 1] The categories N (x,n) are closed under subquo-

tients and extensions in the category of U(g)-modules.

The following propositions will be useful when proving that the functors de-

fined in the introduction are exact.

Proposition 2.0.4. [38, Section 1] Every object X € N admits a decomposition

X = xt
A
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where X" € N(£())) and A ranges over coset representatives of W\ b*. Moreover,
the functor from N to NV(£()\)) which maps X to X is exact.

Theorem 2.0.5. [36]], [39] Theorem 2.5] Every object X € N has finite length.

Sketch of Proof. While McDowell proved this theorem algebraically in [36], this fact
follows easily from the geometric perspective of [39]. Mili¢i¢ and Soergel show
that the Beilinson and Bernstein localization of an object X € N with infinitesimal
character £(\) is a holonomic Dy-module. Since we are assuming that each object
in V is finitely generated and locally Z(g)-finite, it follows that each object in A" has
finite length. O

Remark. We will use the notation N, when we want to emphasize the semisimple
complex Lie algebra g for which we are considering the category of Whittaker mod-

ules.

2.1 Classification of irreducible Whittaker modules

In this section we will review the classification of standard and irreducible Whit-
taker modules [36]. This algebraic classification generalizes the theory of Verma
modules, and uses induction to define standard objects which have unique irre-
ducible quotients. We will begin by defining the modules studied in [32] for the
Lie algebra [,,. For any ideal / C Z(l,)) define the U([,)-module

Y(IL,n) = U(l)/1U(ly) @un,) Cy-

Building on work of Kostant, McDowell showed that Y (7, ) is irreducible for each
I e MaxZ(1,)) [32,36]. Whenn = 0, [,, = hand Y (7, ) is a one dimensional h-module
with weight A € h* corresponding to the maximalideal I € MaxS(h). Following the
classical theory of Verma modules, we define a U(g)-module stdr(), i) by algebraic
induction from [, to g. Recall that §,(\) € MaxZ(l,) is induced from the relative
Harish-Chandra homomorphism on U([,). Define the standard Whittaker module
corresponding to the pair (A, n) by

stdy (A, 1) == U(g) @u, Y (E(A), 1),

where we extend the [, action on Y to an action of p,, by letting n” act trivially.
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Proposition 2.1.1. [38} Proposition 2.1]
(@) stdp (A, n) = stda(p,n) if and only if W, e A = W, e 4,
(b) stda(A,n) has a unique simple quotient, denoted irry (), 1), and

(0) Annggstda (X, ) = E(N)U(g).

Proposition 2.1.2. [38, Corollary 2.5] For all A € h* the module

U(8)/€(NU(8) @um Cy € N(E(A),7)

admits a filtration with subquotients isomorphic to std(w e A, ), where w ranges

over any choice of coset representatives of W, \IV.

We can conclude from Proposition and Proposition that std (A, n)
is an object in N (&(A),n). If n = 0, then stdy (A, 0) is the usual Verma module
with highest weight )\, and N (()),n = 0) contains the BGG category O, with

generalized infinitesimal character £()).

Theorem 2.1.3. [36, Proposition 2.4] As U(l,,)-modules,
stda (A, n) = U @) ®c¢ Y(&,(N),n).

Moreover, the center of I, (denoted 3) acts semisimply on stdr(X\,n), and the 3-weight spaces

U(n"),, are finite-dimensional U (1,))-modules.

To avoid the unfortunate notational confusion between 3;-weight spaces and b-
weight spaces, we will reluctantly use double subscrits and denote the generalized
3-weight space of a module X by X, for A € 3*. The generalized h-weight space
corresponding to v € h* will be denoted by the usual notation X, (where v has
no subscript). The following theorem appears as Theorem 4.6 in [32]], and will be

crucial to our understanding of the structure of Whittaker modules.

Theorem 2.1.4. [32, Theorem 4.6] Let F be a finite-dimensional U (g)-module. Assume n
is nondegenerate (i.e. [,, = g), and let Y be an irreducible Whittaker module in N'(§(X), n).
Let T = F ®Y be the tensor product U(g)-module. Then T is an object in N(n) and

composition series length equal to dimF. In particular,

dimH,)(n,T) = dimF.
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Suppose dim F' = k. Then there is a composition series 0 = 1oy, C Ty C --- C T}, =T
suchthat T; /T, = Y (§(A+vi),n), where v; are the weights of F' (counting multiplicities)

ordered corresponding to a b-invariant flag of F.

Observe that the above filtration is induced by a b-invariant flag of F, rather

than a b-invariant flag, as would be the case for category O.

Corollary 2.1.5. [38, Lemma 5.12] Let F' be a finite-dimensional U(g)-module. Let n
be any character of n. Let 7' = F®std (A, ) for some A € h*. Then T has a filtration
with subquotients std (A + v, 1) for weights v of F' (counting multiplicity).

Proof. We begin with the definition of standard Whittaker modules
T=Fstdy(An) = F® U(g) @, Yi,(&0):n).

The Mackey isomorphism gives us the isomorphism of U(g)-modules

T = U(g) Oy, (F X Kn(§n<)‘)7 77))

Now we can apply Theorem to I’ ® Vi, (&()),n). Since parabolic induction
is an exact functor, it descends to the level of Grothendieck groups. Therefore the
composition factors of 7" are of the form U(g) ®,, Y1, (§,(A +v),n) = stdy (A + v, 1)
for weights v of F' (counting multiplicity). O

The following theorem concludes the classification of simple objects in V.

Theorem 2.1.6. [36]], [38, Theorem 2.6] Each simple U(g)-module contained in N is
isomorphic to irrar(\, n) for some choice of n € chnand \ € b*.

Proof. Each simple object L in N has an infinitesimal character and is contained in

N(&(N),n) for some X € h* and 7 € chn. Therefore L is a subquotient of

U(g)/E(NU(g) @um) Cy.

Proposition implies that L is a subquotient of std/(w e A, n) for some w €
W. Any simple subquotient of std(w e A, 1) must have a 3-weight 1 € 3* so that
L,, #0and n"L, = 0. There exists I € Max Z(l,)) so that Hom,, (Y (1,7), L,,) # 0.
Therefore Hom,(std (v, 7), L) # 0 for v € h* such that ,(v) = I. This proves that

L = irry(v,n) since L is simple. O
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Remark. It follows from Proposition and Theorem that the irreducible
objects of N (£()),n) are parametrized by double cosets W, \W/W,, where W, =
{weW :wel=\}

2.2 Whittaker vectors and 3-weight vectors of Whittaker modules

For a U(g)-module X, let
X" ={z € Xur —n(u)r =0 forall u € n}
be the subspace of n-invariant vectors for the n-twisted action of n on X. Let
Hy (n, X)

denote n-twisted n-Lie algebra cohomology of X, i.e. the right derived functor of
the n-invariants functor X — X" (for the n-twisted action of n on X). An n-Whittaker
vector (or Whittaker vector if the context is clear) of X € N is a vector v € X so that
nv = n(n)v for all n € n. Equivalently, an n-Whittaker vector of X € N is a vector

contained in H,)(n, X).

Lemma 2.2.1. [39, Lemma 5.8] For g semisimple and n nondegenerate ([, = g), the

functor H))(n, -) from the category N () to the category of Z(g)-modules is exact.

Sketch. First we prove that H}(n,V) = 0 wheni > 1 and V is an irreducible Whit-
taker module. Let N be a connected algebraic group with Lie algebra n, equipped
with a morphism of N into the group of inner automorphisms of g such that its
differential induces an injection of n into g. In [39], Mili¢i¢ and Soergel show that
an irreducible Whittaker module viewed as a U(n)-module with n-twisted action
of n, for nondegenerate 7, is isomorphic to the differential of the natural action of N
on the algebra of regular functions R(C(wy)) on the open cell C(wy) of the flag vari-
ety of g. Under this isomorphism, the Whittaker vector generating the irreducible
Whittaker module is mapped to the spherical vector 1 € R(C(wy)). Notice that
C(wy) is a single N orbit on the flag variety of g. Since, N and C(wy) are connected,
N acts transitively on C'(w), and dim/N = dimC(wy), we can conclude that N and
C(wy) are isomorphic as varieties. We can therefore consider the corresponding
action of n on the algebra of regular functions on N. We will proceed by induction

on the dimension of n, following the proof of Lemma 1.9 in [37]. If dimn = 1, then
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n is abelian. Since N is an affine space, it follows that R(N) is a polynomial alge-
bra, and H'(n, R(N)) is the cohomology of the Koszul complex with coefficients in
R(N). By the Poincaré lemma, we have that H*(n, R(N)) = 0 for > 1. If dimn > 1,
we consider the commutator subgroup N’ = (N, N), with Lie algebra n’ C n. By
the induction hypothesis, the Hochschild-Serre spectral sequence of Lie algebra co-

homology collapses, giving us the equality
HP(n/u', R(N/N')) = H"(n, R(N)).

for p > 0. Since n/n’ is abelian, we can conclude (by the first part of the proof)
that H?(n/n', R(N/N")) is zero for p > 0. Therefore H}(n,V) = 0 for all i > 1
and irreducible Whittaker modules V. To complete the proof we will now consider
an arbitrary Whittaker module V. Since V' has finite length, we will proceed by
induction on the length of V. Suppose V" has length n, and consider the short exact
sequence

0—-S—->V-—>1-—0,

where S is a submodule with length n — 1 and I is an irreducible quotient. By the
strong induction assumption, H;(n,S) = 0 for i > 1. The long exact sequence of
Lie algebra cohomology shows that H'(n,V) = H'(n,I) for i > 1. By induction on
the length of V we see that H'(n,V) = 0 fori > 1. O

Recall the Cartan decomposition [, = 1, @ bh @ n,, for the Levi subalgebra [,,, and
the decomposition of g given by considering the subalgebra p, and its orthocom-

plement n” (with respect to the Killing form):
g=n0"0p,=0"D[, Dn".
Lets := [[,, [,,] be the semisimple part of the Levi subalgebra [,,. For v € 3, let

X, ={reX:Vzej; (z—(2)z=0}

Proposition 2.2.2. Objects in N are locally U (3)-finite. Moreover, for any v € 3*, the

functor

No(n) = No(ns)
X = X,
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is exact. Here we use the notation 7, to denote the restriction of 7 (viewed as a

functiononn) ton, =nnNs.

Proof. We will begin by showing that the functor described above is well defined.
Our first step is to show that objects in N(n) are locally U(3)-finite. Since every
object X € N (n) has finite length, we will argue by induction on the length of X.
Consider a Jordan-Holder filtration of X:

o=VycWic---CcV,=X

where V;/V;_; is irreducible. Assume X is irreducible. Then there exists A so
that the unique irreducible quotient of stds(), ) is isomorphic to X. Since 3 acts
semisimply on stds(A, ), it will act semisimply on the quotient irry (A, ), which
is isomorphic to X. It follows that U(3) acts locally finitely on X. Now we will
proceed with the inductive step. Assume that V,,_; is locally U (3)-finite. Then

0—->V,.1 >V, — Vn/Vn_1 —0

is an exact sequence of U (3)-modules. We aim to show that dimU (3)v < oo for any

v € V,,. The above exact sequence restricts to
0—-K—->UGv—>1—-0

where K =Ker: U(3)v — V,,/V,—1 and I =Im: U(3)v — V,,/V,,_;. Since U(3)v is
clearly finitely generated as a U(3)-module, and the category of finitely generated
U(3)-modules is closed under extensions, we can conclude that K and I are finitely
generated. Since K and I are both finitely U(3)-generated U(3) submodules of lo-
cally finite U(3)-modules, they are finite-dimensional. Therefore dimU (3)v < oc.
Therefore any object X € N (n) is locally U(3)-finite.

Since ; is a nilpotent Lie algebra that acts locally finitely on modules in N (n),
given an exact sequence of Whittaker modules 0 - A - B — C — 0, we get an

exact sequence of U(3)-modules by taking generalized weight spaces
0—=+A, =B, —~C,—0

Here the morphisms are obtained by restricting the maps in the above exact se-

quence to the subspaces of generalized weight vectors.
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We now turn our attention to showing that these generalized weight spaces are
in fact Whittaker modules for the semisimple part of the Levi subalgebra. Again,
for X € N (n), consider a Jordan-Holder filtration of X:

O=VycWViCc---CVy=X

where V;/V;_, is irreducible. We will show X, € N;(ns) by induction on the length
of X. Assume N = 1. Then X is irreducible. We aim to show X, € N;(1,).
There exists A so that the unique irreducible quotient of stds(),7) is isomorphic
to X. Theorem 2.1.3/implies that stdyr(\, 7),, = F ® Y;(&()), 7:) as U(s)-modules,
where F'is a finite-dimensional U (s)-module. Since F is finite-dimensional, we can
apply Theorem 4.6 of [32] and conclude that std (A, 1), has finite length as a U (s)-
module, and has compositions factors contained in N(7;). Since N;(n;) is closed
under extensions and stdar(A, 7),, has finite length, we can further conclude that
stdar(A, 1), is an object in N;(7;). Since 3 acts semisimply on stdr (), ), we get the

following exact sequence of U (s)-modules:
stdy (A, ), — X5, = 0.

Since N;(ns) is closed under quotients, we can conclude that X, € N(7;). Now we

will proceed with the inductive step. Assume that (V,,—1),, € N;(7;). Then

0— (Vn—l)'y

3

— (Va)y, = (Va/Vaz1)y, — 0

is an exact sequence of U (s)-modules. Since N;(7;) is closed under extensions, and
Vi./ V-1 is irreducible, we can conclude that (V},),, € N;(7s). In summary, we have

the following exact sequence of U(3)-modules
0—=+A, =B, —~C,—0

where the morphisms are restrictions of U(g)-module morphisms, and the objects
are naturally U (s)-modules contained in N (7). Therefore this is an exact sequence
in Ns(ns). O

2.3 The category of highest weight modules

If we specialize to the case when 1 = 0, we recover the category of highest weight

modules. The standard objects std (A, = 0) in this category are the usual Verma
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modules, with corresponding unique irreducible quotients. Instead of retaining
the cumbersome notation std (A, 0), we will use the standard notation M (\) =
U(g) ®u(v) Cy to denote a Verma module with highest weight A € h*, and L(\) to
denote the unique irreducible quotient of M (\). We will also use the abbreviated
notation O’ to denote the highest weight category (O’ := N (n = 0)). Notice that
the BGG category O is a full subcategory of O'. In this section we will review the
Kazhdan-Lusztig theory for highest weight modules.

Suppose II C AT is a set of simple and positive roots (respectively) of a root
system A C h*. Let Sy C W be the set of reflections in h* through hyperplanes
orthogonal to simple roots II. We will use the notation [X| for a U(g)-module X in
O’ to denote the representative of X in the integral Grothendieck group of O'.

We define the Iwahori-Hecke algebra .7# of a Coxeter system (I, .S) to be the
algebra over the ring of Laurent polynomials with integral coefficients and indeter-

minate ¢'/2, with basis T,, for 2#, indexed by w € W, subject to the relations:
TwTy = Ty if [(wy) = l(w) + I(y)
(Ts+1)(Ts—q) =0 ifsesS

As Z[g~'/?,¢"/?]-modules, we have # = @,y Zlg'/? ¢"/*|T,. We can further
define an involution x — z of J¢ by

Z prw = Z ijTujL

weW weW

where p, € Z[q7"/?,¢"?], ¢/2 = ¢~'/2,and T, is the inverse of T}, in 7.

Theorem 2.3.1. [24, Theorem 1.1] For any w € W, there is a unique element C,, €
such that

C_w = Cw
c, = Z(_1)l(w)—l(y)q(l(w)—l(y))/Qp%wTy
y<w

where y < w is the Bruhat order on W, P, ,, is a polynomial in q of degree less than or equal
to 2(l(w) —l(y) — 1) fory < wand P,,, = 1.

We can give an alternative geometric description of the Kazhdan-Lusztig poly-
nomials P, ,, using the intersection cohomology complex on the flag variety B (see

[26] for an introduction to intersection cohomology complexes).
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Theorem 2.3.2. [24] For y,w € W, such that C(y) C C(w), let IC,(C(w)) denote the

stalk at a point x € C(y) C C(w) of the intersection cohomology complex supported on the
closure of the Bruhat cell C'(w) C B. Then

Py= Z ¢' dim H¥(IC,(C(w)))

for a chosen point x € C(y). The polynomial P,,, is independent of the choice of point

x € C(y), since various choices will yield stalks with equal dimension.

The following is the famous Kazhdan-Lusztig conjecture for category O, proved

independently by Beilinson-Bernstein in [6] and Brylinski-Kashiwara in [11].

Theorem 2.3.3. [l6] [11] Suppose X € b* is reqular, integral, and dominant. Let
M(w hd )‘) = U(g) Qv (b) Cuwer

be the Verma module of highest weight w e \. Let wy be the longest element in W. In the
Grothendieck group of O, we have the following equalities

(MweN)] = Y Puy(L)[L(yeN)

w<y

[LweN)] = Y (=100 0P (DM (y e V)]

w<y

where l(w) is the length of w € W and P,, , are the Kazhdan-Lusztig polynomials associated
with the Coxeter system (W, Sy).

Corollary 2.3.4. Suppose 1 € bh* is integral and dominant. In the Grothendieck
group of O, we have the following equality

[M(we )] =73 Puy()[L(yep)

where I = {y > w : y is the longest element in the coset yIW, }.

Proof. We will begin by restating Theorem for A = 0:
[M(w e 0)] =Y Puy(1)[L(y # 0)].
Yy>w

Now we will apply the translation functor 7' which maps X € O, to (X ® F,),

where F), is the finite-dimensional U(g)-module with highest weight . It is well
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known ( [22, Chapter 7]) that Tj'(M (w ¢ 0)) = M(w e ) for all w € W. Notice that
if w and y are in the same coset yW,, = wW,,, then TJ' (M (w ¢ 0)) = T} (M (y ® 0)).
If there exists y € wW,, such thati(y) > I(w), then there exists a simple reflection
So € W, so that L(w e 0) is a subquotient of M (w e 0)/M(ws, e 0). However, T{
maps both M (w e 0) and M (ws, ¢ 0) to M (w e u). Therefore Tj'(L(w e 0)) = 0.
Since T} is an exact functor which maps M (w e 0) to M (w e p), exactly one of
the composition factors of M (w e 0) must be mapped to L(w e 11). Suppose L(y e 0)
is mapped to L(w e p) for some y ¢ wWV,,. Since M (y e 0) is mapped to M(y e u),
and L(y  0) is a composition factor of M (y e 0), we can conclude that L(w e i) isa
composition factor of M (y e 1), which is a contradiction. Therefore we can assume
that L(wz e 0) is mapped to L(w e ;1) for some x € W,. But we have already shown
that 73 (L(wz e u)) = 0 if wx is not the longest element in wWW,. Therefore the only
option left is that 74'(L(w 0)) = L(w e i) for w the longest element in wW,,. Finally,

we have the equality

(T3 (M(we0)] = > Puy(1)[T}(L(y e 0))]
(M(wep)] = Y Puy(D[L(yep)
where I = {y > w : y is the longest element in y W, }. ]

2.4 Backelin functors

The following functor developed by Backelin in [3] will be crucial to our proof that
standard objects in the Whittaker category are mapped (by the functor described
in the introduction) to standard objects (or zero) in the category of graded affine
Hecke algebra modules.

The following construction is inspired by ideas in [32], and is developed in [3].
For v € b*, let X, denote the generalized y-weight space of X. Let P(V') denote the

set of nonzero generalized weights of a U(g)-module V.

Definition. Let X be a U(g)-module contained in O'. The completion module of X,
denoted X, is the direct product

x= ] x,

YEP(X)
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An element of X is a formal infinite sum

v = Z U7€7

YEP(X)

where v, € X,. We can extend the U(g)-module structure of X to the completion
by defining

UV = Uy Vy—y
vEP(X)

where u, € U(g), (the v-weight space of U(g) viewed as a h module with that ad
action of ), and u,v,_, = 0if v —v ¢ P(X).

Remark. 1f we consider duality in O’, we can give an alternate description of X. Let
Y’ = Hom¢(Y,C) be the linear dual of a vector space, and X* = @, X} where
X, is a generalized weight space of X. The U(g)-module structure on X defines a
U(g)-module structure on X’ and X*. We have that X = (X*)" as U(g)-modules [3].

Lemma 2.4.1. Let F be a finite-dimensional U(g)-module, and X an object in O'.
Then F @¢c X = F ¢ X.

Proof. Any element of F'® X is a formal infinite sum ) ¢, where ¢, is a weight
vector of F' ® X with weight 7. Each weight vector ¢, can be written as a sum of

simple tensors of weight vectors of ' and X:

Therefore, we can write elements of /' ® X as ) _ ; fo ® x5, where J = P(F) x P(X),
fo € Fis a weight vector of I, and z3 € X is a weight vector of X. Let {v; : i € I}
be a basis of F'. We can write each element f, as f, = ) ; a;(a)v;, where a;(«) € C.

Therefore,
Z fa®xs = Z Z a;(Q)v; ® xg = Z Z a;(Q)v; ® xg = ZU" ® (Zai(a)m).
J J o I J I J

We can rewrite the sum ) _ ; a;(a)xg as an formal infinite sum of generalized weight
vectors of X (for each i), since each x4 is already a generalized weight vector, and

since there are only finitely many («, ) € J for a fixed 5. This shows that

Zvi@) (Zai(a)xg) EF®X
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since I is a finite set. Therefore F @ X C F ® X. The reverse inclusion is straight-

forward. O
Definition. We will define the subspace of n-finite vectors

X,={r € X :U,(n)"z =0 forsomek € Zso}
where U, (n) is the kernel of  : U(n) — C.

Definition. Let I, be the functor from the highest weight category O’ to the cate-
gory of Whittaker modules N (n) defined as follows:

r,:0 — N(n
X = (X),

Theorem 2.4.2. [3, Proposition 6.9] T, is an exact functor with the following properties
(a) T,(M(N)) = stdy(\, ) forall X € b*,

(b) T,,(L(N)) = irrar(N,m) if X is n,-antidominant, and

(c) T,(L(N) = 0if X is not n,-antidominant.

The following lemma will be crucial to the proof of Theorem [2.4.2]

Lemma 2.4.3. [3, Lemma 6.5] For each Verma module M (), we have the following
equality of U(g)-modules:

Ty(M(X) = Ulg) - H)(n,T,(M(N))).
In other words, T',,(M())) is generated (as a U(g)-module) by Whittaker vectors.

Proof. The proof follows directly from Theorem 3.8, Lemma 3.9, and Theorem 4.4
of [32]. O

Proposition 2.4.4. Let I be a finite-dimensional U(g)-module and X € h*. Then

I'y(M(A\)®@ F)=T,(M(\)) ® F.
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Proof. By Lemma [2.4.1, we have that M(\) ® F = M(A\) @ F. If v € mn’ then
U,(W)*(v® f) = 0forany f € F and some k >> 0. Therefore, we have the inclusion
mn ®F C WU. From Corollary 2.1.5 and Theorem 2.4.2, we know that
M(A), ® F has a standard filtration with quotients stdy (A + 7, 7) for each 7 € P(F)
(including multiplicity). Similarly, we have that M (\) ® F' has a standard filtration

with quotients M (X + 7) for 7 € P(F). Since T, is exact, and maps M (\ + 7) to
stdy (A + 7,7), we can conclude that M()), ® I and M(\) ® F, have isomorphic

standard filtrations. O

2.5 Composition series of Whittaker modules

We can now use Theorem to calculate the multiplicity of irreducible Whittaker
modules in the composition series of standard Whittaker modules. Although Back-
elin’s results apply to nonintegral weights, we will focus on the setting of integral

weights.

Theorem 2.5.1. [38]], [3, Theorem 6.2] Assume \ € h* is dominant and integral. In the
integral Grothendieck group of N'(£(X\), n), we have
[stdn-(w e A\, n)] ZPwy Mirrar(y @ A, n)]
yel
where the sum is taken over I = {y > w : y is the longest element of W,yWy} and P, ,
are the Kazhdan-Lusztig polynomials of the Coxeter system (W, Syy).

Proof. We can apply Corollary to get an equality in the Grothendieck group
of 0":
[M(w e \)] ZPwy L(y e\,
yeJ

where J = {y > w : y is the longest element in yIV, }.
Lemma 2.5.2. Suppose A € h* is integral and dominant, let y, be the longest element
in the coset yWWy, and ,y, be the longest element in the double coset W, yW,. Then
yn = »u» if and only if y e A is n,-antidominant.
By Lemma and Theorem we get the following equalities in the inte-
gral Grothendieck group of N (£(\), n):
[stdp(w e A\, )] ZPwy lirra(y @ A, n)],

yel
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where I = {y > w:y =y\ = ,y0} = {y > w : y is the longest element in W,y W) }.
O

Corollary 2.5.3. We can give an alternative description of the multiplicity formulas

in terms of the geometry of the flag variety as follows.
st (w e A, n) s irry(y e A, )] =Y dimH (IC,(C(,yx)))

for x € C(w).



Chapter 3

Graded affine Hecke algebra modules

Hecke algebras appear naturally in the representation theory of algebraic groups
over p-adic fields. Notably, affine Hecke algebras were used in the proof of the
Deligne-Langlands conjecture for irreducible representations of p-adic groups in
[25]. As motivation for the study of graded affine Hecke algebra, we will briefly re-
view (following [47]) the local Langlands conjecture for split reductive groups over
a non-archimedean local field F' of characteristic 0, as well as the corresponding
Deligne-Langlands conjecture.

Suppose (X, R,Y, R") is the root datum of a split connected reductive group
G(F) over F. Let VG denote the complex reductive dual group, I' = Gal(F/F)
the absolute Galois group, k& = resF the residue field of F with |k| = ¢p, and

Fr € Gal(k/k) the Frobenius endomorphism. Consider the short exact sequence
1 —Ip =T — Gal(k/k) — 1

where I is the inertia subgroup of I'. Define the Weil group W to be the inverse

image of the group generated by the Frobenius endomorphism, so that
R PR A N/

Define the Weil-Deligne group by W}, = C x Wy where wzw " = ¢’z for w € Wy
and z € C. A Langlands parameter is a continuous homomorphism ¢ : W; — VG
such that ¢(w) is semisimple for w € Wy and ¢(z) is unipotent for z € C. Two Lang-
lands parameters are equivalent if they are conjugate by the natural action of VG.
We say that ¢ is unramified if ¢|;, is trivial. Notice that the unramified Langlands
parameters are determined by pairs (s, N) with s = ¢(Fr) € VG semisimple and
N € Vg nilpotent such that Ad(s)(N) = ¢rN. Alternatively, if YG(s) denotes the

23
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centralizer of s in VG, the equivalence classes of unramified Langlands parameters
are determined by YG(s) orbits on Vg,,.(s) = {z € Vg : Ad(s)(z) = qrzx}.

In this setting the local Langlands conjecture asserts that for each equivalence
class of Langlands parameters, denoted ¢, there is an associated finite subset of ir-
reducible admissible representations of G(F'), called the L-packet of ¢. Moreover,
these L-packets partition the set of equivalence classes of irreducible admissible
representations of G(F'). The Deligne-Langlands conjecture, reformulated in this
setting by Lusztig, further refines this association by identifying the irreducible
unramified representations in each L-packet Il;. Let Zv(¢) be the centralizer of
a Langlands parameter ¢ in YG. Let Avg(¢) be the component group of Zvg(¢).
Then the Deligne-Langlands conjecture shows that the unramified representations
contained in II, are parametrized by irreducible representations of Avs(¢) which
appear in the equivariant K-theory of B, the variety of Borel subgroups of VG con-
taining s and e”.

Borel and Casselman developed a categorical equivalence between unramified
admissible representations of G(Q,) and finite-dimensional modules of the convo-
lution algebra of compactly supported smooth functions on G(Q,) which are /-bi-
invariant for a fixed Iwahori subgroup I of G(Q,). In [25], Kazhdan and Lusztig
used the Borel-Casselman equivalence to prove the Deligne-Langlands conjecture
in the setting of affine Hecke algebras.

A further reduction we will use is due to Lusztig [34]. By introducing a filtration
on the affine Hecke algebra, Lusztig constructs a corresponding graded algebra,
whose representation theory is closely related that of the affine Hecke algebra. The
representation theory of the graded affine Hecke aglebra is in many ways easier to
study and can be thought of as analogous to the Lie algebra of a Lie group. Specifi-
cally, the graded affine Hecke algebra can be studied using methods of equivariant
homology. With these tools available, Lusztig was able to construct standard and
irreducible modules for the graded affine Hecke algebra, as well as compute the

composition series of standard modules in terms of intersection homology [35].

In this section, we will review an algebraic construction of standard and irre-
ducible graded affine Hecke algebra modules due to Evens [17], as well as the cor-
responding composition series in terms of the geometric parametrization of stan-

dard modules due to Lusztig. Finally, we will discuss a useful parametrization of



3.1. Graded affine Hecke algebras 25

standard and irreducible modules in terms of combinatorial data due to Zelevinsky

in the case where G is of type A, [54].

3.1 Graded affine Hecke algebras

We will now define the graded affine Hecke algbera introduced by Lusztig [34]. Let
(X, R,Y, RY,II) be a based root datum, with V* =C®; X and V =C®, Y. Let W

be the reflection group generated by simple reflections s, for o € II.

Definition. The graded (degenerate) affine Hecke algebra H of the based root da-
tum (X, R, Y, R, II) is the unital associative algebra over C generated by {t,, : w €
W} and {t, : h € V} (with unit ¢, e the identity element of V), subject to the

relations:
(@) The map w + t,, from C[W] to H is an algebra injection,
(b) the map h + t), from S(V') to H is an algebra injection, and
(c) the generators satisfy the following commutation relation
tsalh — tsa(mylsa = (@, h) foralla € Tand h € V.

For notational convenience we will write w instead of t,, and h instead of ¢;,.

Rewriting the commutation relations in condition (c), we get
Soh — $4(h)se = a(h) foralla € [Tand h € V.
Remark. As vector spaces, H = C[W] ® S(V).
Let
a={zeV" :i2(a")=0 Vaell}anda={z €V :a(x)=0 Vaell}.

We will define the based root datum (X, R, Yss, R, II) by considering the subsets

of X and Y which are perpendicular to a* and a respectively. Let
Xes={reX:z(a)=0 VacalandY,,={yeY:d(y)=0 Vd €a’}.
Then S(a) is in the center of H and we have the decomposition

H = H,, ® S(a)
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where Hj; is the graded affine Hecke algebra associated to the root datum
(Xss, R, Yys, RV, IT).

Lemma 3.1.1. [34, Lemma 4.5] The center Z(H) of H is

Moreover, central characters of H (and maximal ideals of S(V)") are parametrized
by W orbits of A\ € V* (with the usual action wA of W on V*). Let x, denote the

maximal ideal in S(V)" corresponding to A € V*.

Let H denote the category of finite-dimensional H-modules and H, denote the
subcategory of finite-dimensional H-modules with central character corresponding

to the maximal ideal y,.

3.2 C(lassification of irreducible modules

In this section, we will review three types of classifications of (finite-dimensional)
simple H-modules. First, we review the geometric construction of standard H-
modules, following [35]. These H-modules have unique irreducible quotients and
parametrize isomorphism classes of simple H-modules. We will then review the
algebraic approach of [17], parametrizing simple modules by pairs (H,, U), where
Hi, is a parabolic subalgebra of H and U is a tempered representation of H,. Finally,
we will consider the combinatorial parametrization developed in [4] for the case

when H corresponds to root datum of type A,,.

3.2.1 Geometric classification

Let G be the connected complex reductive group with root datum (X, R, Y, RY,II),
with Lie algebra g, and flag variety B. Foro € V,let L, = {g € G : Ad(g)(c) = o}
and g;(0) = {# € g : ad(z)(0) = o}. Let N := {x € g : ad(x) is nilpotent} denote

the nilpotent cone in g. Consider the Springer resolution of the nilpotent cone

N:={(z,0) eNxB:zecb} & N
(x,b) +—

T
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Let N° denote the subvariety of A fixed by ad(c), N7 = {(2,b) € NxB : z,0 € b},
and p” denote the restriction of ;i to N7, LetC - denote the constant perverse sheaf
on N7, Let Pii(0) denote the set of pairs (O, £) such that O is an L, orbit in g; (o)
and £ is an L,-equivariant local system on O such that IC(O, ) appears in the
decomposition of 11{Cg7,. In [35] (cf. [14]), Lusztig constructs an action of H on the
vector space H*(i,,(u7(Cx.)))X, where i, : {z} — gwithz € gi(0), and x is a
representation of the component group of Z; (o, z), the simultaneous centralizer of
o and z in G, corresponding to the local system £. Since ;17 is a proper map, we can
identify the above vector space with the homology of the fiber of ;7 at z. Let A7
denote the fiber of 7 at = € g;(0) C N?. As (non-graded) vector spaces, we have

Ho(N7)¥ 22 H* (i} (17 (Ci )X

The H-module H,(N?)x only depends on the L, orbit of z and the local system £.
Therefore, we will denote this module by stdy(O, £), and refer to it as a standard

H-module corresponding to the geometric parameters (O, ) € P (o).

Theorem 3.2.1. [33|] Each simple H-module is isomorphic to the quotient of a standard
H-module.

Theorem 3.2.2. [35|, Corollary 8.18] Let A € h* be dual to o € b by the trace form on g.
The set of isomorphism classes of simple H-modules with central character x is naturally

in 1 to 1 correspondence with P (o).

We will therefore use the notation irrg(O, £) to denote the irreducible module
corresponding to parameter (O, &) € Pg(0).
3.2.2 Algebraic classification

Consider a subset II, of II, and the corresponding roots (coroots) R, (resp. R,)
generated by o (resp. o) for a € Il,,. Then (X, Ry, Y, R/, Il,) is a root datum. Let Hi,
be the graded affine Hecke algebra associated to the root datum (X, R,,Y, R/, II,).

Let a be as in 3.1, and H, denote corresponding subalgebra in the decomposition

Theorem 3.2.3. [[17, Theorem 2.1]
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(a) LetV bean irreducible H-module. Then V' is a quotient of Hew, U, where U = UKC,
is such that U is a tempered Hy-module and C,, is a character of S(a) with v € a* and
Re(v,a) > 0 for all a € 11 — II,. We will refer to H ®u, U a standard module, and
denote it by stdy(H,, U).

(b) If U is as in (a), then H ®u, U has a unique irreducible quotient, which we will denote
by irry(H,, U).

(c) Ifirrg(H,, U) = irrg(Hy, U'), then I, = 11, and U = U'.

3.2.3 Combinatorial classification

Let g = sl,(C). For convenience, let h be the Cartan subalgebra consisting of di-
agonal matrices in g, and b be the Borel subalgebra consisting of upper triangular
matrices in g. It is occasionally useful to represent elements in f using the standard
basis ¢; of t, where t is the space of diagonal matrices in gl,(C), and ¢, is the matrix
with 1 in the ith diagonal entry, and 0 elsewhere. Let H be the graded affine Hecke

algebra of a root datum associated with (g, b).

Remark. When we want to emphasize that we are considering the graded affine
Hecke algebra corresponding to the root datum of sl;(C) for some &, we will use

the notation Hj.

Finite-dimensional irreducible H-modules are parametrized by combinatorial
objects which we will refer to as multisegments. Define a segment to be a finite
sequence of complex numbers {a,, }, such that any two consecutive terms differ by 1,
i.e. a,—a,—1 = 1foralln. A multisegment is a finite ordered collection of segments.
Define the support 7 of a multisegment 7 to be the multiset of all elements (so as
to keep track of multiplicity) of all segements of the multisegment 7. Since we are
considering sl,, we will only require multisegments with zero trace. More precisely,
let MS be the set of multisegments 7 such that | .z = 0. For A € b*, let \' € h be

the image of A when we identify h* with h using the trace form. For A € b*, set
MS(A) = {7 € MS|z = A}

where we view A as a multiset consisting of the diagonal entries of \' € h. If

7,0 € MS()), then define an equivalence relation by 7 ~ ¢ if 7 and ¢ have the
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same segments (with a possibly different ordering). Let M S.()\) denote the set
of equivalence classes of M S()\). We will proceed by building a standard object
in H from a class of multisegments 7 € MS,()\). Let 7 be represented by 7 =
Ha,a1+1, 0142, ;a1 +(lL—1D)}, -+ {ar, ar+1,a,42, -+ Ja+(L—1)}} € MS())
where Re(a; +3(l; — 1)) > Re(a; 1 + 3(l;+1 — 1)) for all <. Consider sl(l;) & - - ®sl(l,)
as a block diagonal subalgebra of g. Let R, R/, and II; be the set of roots, co-
roots, and simple roots for sl(l;) & - - - & sl(l,), respectively, chosen so that II; C II.
Then the graded affine Hecke algebra (denoted H,) associated with the root datum
(X, R, Y, R/,1I;) decomposes as

Hp - Hss ® S(Cl)

~Y

where H,, = H), ® - - - ® Hj, is isomorphic to the graded affine Hecke algebra of the
root datum associated with s((l,) @ - - - @ sl(l,) and S(a) is as in Section 3.1.

Lety; = Zij':l(ai + k — 1)e; € t* be viewed as an element in b;, the dual of the
Cartan subalgebra of diagonal matrices intersected with the s((/;) block of g. Define

the discrete series representation ¢; of Hj, to be
(5;:51®-~®(5r

where §; = C,, is the one dimensional representation of Hj, (the graded affine Hecke
algebra of the root datum associated with the algebra s((/;)) where b, acts by weight
v and W, acts by the sign representation. We will denote the standard H,-module
corresponding to 7 by

stdy(7) = H, ®n, (0 XC,)

where C, is the character of S(a) givenby v = > v; € h* restricted to a. Notice that
the module stdy(7) is generated as a C[IW]-module by the vector

I=e®1;®--®181,

where e € H is the identity element, 1, € J; is the identity in C,, and 1, is the
identity in C,. Additionally 1 is an h-weight vector with weight (; given by:

i—1 i—1 i
C%(e}/):ai—i—j—z:lk—l foerk<j§Zlk,
k=1 k=1 k=1
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Here it is notationally easiest to define (> as an element of t*, but we will only con-

sider the restriction of (; to b.

Proposition 3.2.4. The standard H,-module stdy(7) has a unique simple quotient

denoted irrg(7).

Proof. This follows directly from Theorem which states that stdy(7) has a

unique irreducible quotient if v = ) ~; satisfies
Re(y(a”)) >0 Vaell -1l

This is guaranteed by our choice of multisegment representative of 7 chose to satisfy

the condition

Re(ai + %(lz — 1)) Z Re(ai“ + %(lﬁ.l - 1))

for all s. O]

Theorem 3.2.5. [4] Suppose that A € b* corresponds to o € b by the trace form on g. There

is a one-to-one correspondence between multisgements MS,(\) and geometric parameters
Pi(o).

Now we will construct an Hy-module from a pair A, i € h* with A\—p € P(V®) =
{y € b*: (V¥), # 0}. There exists ({1, ,{,) € Z2;so that{ =, ¢; and

=1

=1

We will now define the following multisegment corresponding to the pair A, 1 € b¥,

with A\ dominant.

O = Hutp)(el), - (utp)(e)+ =1} {(ptp)en), - (tp) () +Ea—1}}

and set stdy (), 1) := stdg(dy ). The standard module stdg(), 1) is a cyclic module

with a cyclic weight vector 1, whose weight ¢, , is given by

i—1 1—1 7
Oule)) = (+p)e)+i=> =1 for Y L<j<> L.
r=1 r=1 r=1

Since ) is dominant, stdy(\, 1) has a unique simple quotient denoted irry (A, p).
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Lemma 3.2.6. [1, Lemma 3.3.2] Let P(V®*) be the set of non-trivial weights of V*.
If X and . are integral weights such that A — u € P(V®"), then

dim stdy (A, p) = dim (V)

A—p’
Remark. Notice that the multisegment d) .0 is an element of M S(\ + p), and the

H,-module stdy (A, w e A) has central character y .

3.3 The composition series of standard modules

We will now review the p-adic analogue of the Kazhdan-Lusztig conjectures. Us-
ing Lusztig’s geometric realization of H-modules [35](cf. Section 3.2.1), we can re-
late the multiplicity of simple H-modules in the composition series of standard H-

modules to stalks of intersection cohomology complexes.

Theorem 3.3.1. [35, Corollary 10.7] Suppose we have two geometric parameters
(0,8),(0,&") € Pilo)

such that O C O'. Let IC, (0, £") denote the stalk at y € O C O of the intersection co-
homology complex on O’ corresponding to the local system E'. Let H'(IC, (O, E"))¢ denote
the & isotypic component of H'(IC,(O',E")), where we view & as a representation of the
component group of Zg (o, x) (where o and x are as in Section[3.2.1). Then

[stdig (0, ) irry (O, )] =Y dim H'(IC, (O, "))e.

When H is a graded affine Hecke algebra corresponding to a root datum of type
A,,, then we can reformulate the multiplicity formula in terms of the combinatorial
parametrization of [4], thus proving a conjecture of Zelevinsky [54]. We will thus
proceed with the notation of Section 3.2.3. Suppose 7 € MS,(\) is a multisegment
consisting of segments of size I, through [,. Let o € § correspond to A € h* by the
trace form. Let 2, € g;(0) denote the nilpotent matrix in g with a nonzero entry in
the i row and (i + 1) column for each Ele lj <i< Zf:ll l;, and zero entries
elsewhere. Let X, be the L, orbit of x,. This gives us a bijection between MS, ()
and L, orbits on g; (o) (cf. [53], [16, Equation 4.2])

MS.(A) «— L,\gi(0)

T = X,
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For G = SL,, we have that the component group of Z(o, =) isnon trivial. However,
the only irreducible L,-equivariant local system which appears in the decomposi-
tion of u7Cy. is the trivial local system. So the multisegment 7 € MS,(\) corre-

sponds to geometric parameter (X,,Cx. ) € Pg (o).

Corollary 3.3.2. For 7,7 € MS,(A), we have that

[stdyg(7) : irrg(y)] = Y _ dim H'(IC,(X,, Cx,))

>0

fory € X.,.

3.4 Action of the graded affine Hecke algebra on X © V®*

Throughout this section, let X be a U(g)-module. Let B = {E£;} be an orthonormal

basis of g with respect to the trace form. For notational convenience, let

m(z) = 1 '@ 1% e U(g)®H,
Ta(y,2) = 1970y 1% @0 1% T e U(g)®"', and
7—7“78715(1'7 Y, Z) = 1®T_1 Rxr & 1®S_T_1 RY X 1®t—s—1 Rz 1®€—t+1 c U(g)®€+1‘

We will define an operator (2, ; € End(X ® V) by

Qi,j = Z TZ'J‘(E,E).

EeB

Consider the map © from H, to End(X ® V®*) defined by

@(Si) = _Qi,i—f—l for 1 <i< €,
-1
@(Ek) = n2 -+ Z Qj,k forlgkgé,
0<j<k

where ¢, is as in Section 3.2.3 and s, is the simple reflection defined by s;(¢;) = €;11.
Lemma 3.4.1. [1] As operators on X ® V*, we have the following equalities

[©(e:),0(¢;)] = 0, and
O(s:)O(€j) — O(si(€;))O(si) = ai(e]) forl<i<land1l<j </

J
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Proof. Let k(-,-) denote the Killing form on g. We will begin with the following

relations:

[, il = D 7 (BE)Y 7k(EE) =) 7k(E E)Y  7(E E)

FEeB FEeB FEeB FEeB
= Y mikBLEE, BN — ) T(By, BB ES)
By, E2€BxB E1,E2€ BxB
= Z Ti,j7k(E17 [ET>E2]7E;)
E1,E2€BxB
= Z Tz‘,j,k(ElaZH([ET7E2],EZ)Ef>E§)
E1,E2eBxB E;

= Z ZB([Eik,EQ]aEl)Ti,j,k(ElvEl*aE;)

E1,E2€eBXB E;
= Y KB}, Es], Ey)riju(Er, B3, E3)
E17E27E3EB3

= — Z ([EQ,E3] E7 )TZ]k(ElaEék:E*>

E17E27E3€B3

[, ] = Y 7ii(E,E)Y mik(E,E) = > mix(E E)> 7 (E E)

EeB EeB EeB EeB

= Z Tijk(E1 By, B, E5) — Z Tijk(Ex By, EY, E3)

FE1,F2eBXB FE1,E2eBXB
* * *
= § : Ti,j,k< E :R([ElaEQ]aEl)El7E17E2>
FE1,E2eBXB E;

— Z Z El,EQ El )ﬂgk(ElaEik?E*)

FEi1,E2eBxB E;

= > k(B B, B k(B By ES).

El,EQ,E3€B3

Therefore, we have that

[, Q] + [, Q] = 0 (3.2)

ij i
for ¢, j, k distinct. If ¢, j, k, [ are distinct, then clearly
[, Q] = 0.

This implies
[O(e:),0(¢;)] = 0
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and

@(Si)@(Gj) — @(651(3)>®(51> = _Qi(i-i-l) (n —! —+ Z Qk])

2 A
0<k<y

n—1
+< 5 + Z kai(j))Qi(i—i—l)

0<k<s;(4)
= = D Ul + Y Dw(hS
0<k<j 0<k<si(j)

= 0 ifj #1,i+ 1 by Equation 3.2.

Suppose j = i. Then

O(s:)0(€)) — Oles(7))O(si) = — Z Qigir1) Qi

0<k<i
+ Z Qk(i+1) i)
0<k<itl

= Qi — Y Qi + Qe Qi

0<k<i

2

= Qi(i+1)

= 1.

Now suppose j = ¢ + 1. Then

O(5:)0(¢j) — Oles,())O(si)) = — Z Qii+1) Qi(ig1) + Z Qi)
0<k<itl 0<k<i
= - - Z Qi(i+1) Qi) — Qi)
O<k<i
S

Therefore, we have

Si@(ej) — Q(Si(ej))si = O[z‘(E}/) for 1 <i< ¢and 1 < j < /.

]

Proposition 3.4.2. [1], [15] For any U(g)-module X, X ® V®*is an H,-module (with
the action of H, defined by ©). Moreover, the action of H, commutes with the action

of g.
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Proof. We will prove that the action of g on X ® V® commutes with the action of

Q, for all r, s. The action of g on X ® V®* is given by

¢
2TQRQU Q- ®up = (ZTT(Z)).JU®U1®---®W.

r=0

For notational convenience, let

We will calculate [7(z2), (2, ;] as elements of T'(g), the tensor algebra of g. Let (-, )

denote the Killing form on g.

T(2), s = [7(2) + (2 Zm (Ei, E7)]
= Y Ts(2E BY) + Tos(Biy 2E)) — Tos(Eiz, BY) — 7rs(Ei, B 2)
= Y 7z Bl E}) + 1u(Ei, [2, EY))

= > (D _kllz B, EDE; E) + 7 (Ei, Y k(2. Ef, B EY)
J

_ Z(ZJ (2, B, E* )>m(Ej,EZ‘>

+<Z k([ E7), Ej)>n,s(Ei,E}‘>

Bl B}) )y B0) 4 (3 ol B B) ) B3, )

1,J

(2
— ( 2 By, B ]))TT7S(E]',E;) + (ZZ:—/{(Z, [EiaE;‘k]))Tr,S(EjvE;)
0.

Since the action of g commutes with €, , for all r and s, the action of H, on X ® V®*

commutes with g. O
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Chapter 4

Equivariant maps between geometric
parameters

In this chapter, we will illuminate the relationship between the multiplicities of ir-
reducible modules in the composition series of standard objects in A" and # for
type A,. Theorem [4.0.3]shows that there is a natural correspondence between our
parametrizations of irreducible objects in each category. This correspondence al-
lows us to compare the multiplicity formulas given by the Kazhdan-Lusztig poly-
nomials in each category. Theorem which is the geometric core of our main
result, shows that the multiplicity formulas agree under the correspondence in The-
orem

LetV = C", G = SL(V), and g = Lie(G). Let ¢ be a semisimple element of g,
and g; be the i-eigenspace of ad (o). For convenience, we will assume ¢ is diagonal.
Let

(=g, u=Fas r=Iloun
i>0
There is a decomposition V =V, @ - - - @ V}, such that
[ = {zeglz(Vi) CVi}

u = {zegl(Vi) cEPV}

j<i
Finally, let L C G and P C G be such that Lie(L) = [and Lie(P) = p. Consider the
action of L on g, defined by

g.x = (¢")'zg,

where ¢' denotes the transpose of g € L.

Definition. An orbit of L on g, is called a graded nilpotent class [54].
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Theorem 4.0.3. [54] Let F'(V') be the variety of conjugates of p (which we will later identify
with the partial flag variety G/ P). Let N denote the transpose of N € g, and consider the
following map

g — F(V)
N — (1+NYep:=(1+N)p(1+ N
We have that
(a) ¢ is equivariant for the action of L, and
(b) o(LeN)=L(1+ N')episdensein P(1+ N*) ep.
Proof. We have that ¢ is equivariant because conjugation by L fixes p, and
(1+(g-N))op = (1+gN'g p(L+gN'g™ ) =g(1+N)g 'pg(1+N) g™
= g(1+N')ep

Fix N € g;. Letl' = (1+N%)el,p’' = (1+ N')ep, V! = (1+N)V;,,and W = (1+N")u C
End(V). We will reduce the proof of the theorem to the following lemma.

Lemma 4.0.4. The following map is a well defined isomorphism of vector spaces.
(Np oW — pnyp
(A,9) = A+ 0.

The following corollary of the above lemma implies part (b) of the theorem.

Corollary 4.0.5. (a) dim(p Np’) =dim(I N p’)+dim(u),
(b) dim Stabp(p’) =dim Stab (p’)+dim(u), and

(c) L(1+ N*)episdensein P(1+ N*) ep.
Therefore, we will proceed by proving the above lemma. First we will show that

the map is well defined. Since A € [N p’ we have

AV;)cVi and A(V)) c PV}
J<i
Notice that (1 + NY)V; C V; & V.. So

o(Vi) cEPVi c P

J<i J<i
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Therefore (A + ¢)(Vi) C ;; V; and A+ ¢ € p. Now we will show that A+ ¢ € p’.

This follows from

AV C @Vj’, and

J<i
o)) < oV +o(Vim) € P V).
j<i+l
Therefore the map is well defined. Now we will show that the map is an isomor-
phism. Since [N p’' N W = (), the map is injective. So to complete the proof we must

show that the map is surjective. Let A e pny and fix v; € V;. We want to write

A(v;) = A(vi) + o(vy)
for some A € [N p’ and some ¢ € W. We will proceed by reverse induction on .
Suppose i = k.

Alvg) = uf + -+ up,

with u} € V. Since uj, € V/ =V}, set

A(vg) = uy € Vi, and
dlog) == ui+-+uy_, € @VJ’
j<k
Now assume A and ¢ are defined for all v; € V; with j > 7. Fixv; € V. Let
vl = (14 N')v; € V/ and v;41 = —N'v; € V;1. Then

A(v) = A() + A(viga).
By induction A(v;y1) = A(vi11) + ¢(vi1). Since A € p’ there are w’; € VJ so that
AW = wi + -+ wl.

So

Avr) = (uh ) + (uy + )+ Alvi) € DV

J<i
Notice that w] + u} + A(v;11) € Vi. So

A(vi) = A(vi) + ¢(vi),
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where
A(vy) = w4+ u:+ A(vi1), and
O(v) = wi+-Fwiy Fup U
0

Since ¢ is L-equivariant, we can define an induced map on L orbits of g, as
follows (now identifying F'(V') with G/P):

o:L\ggs — P\G/P
Q — P-p(Q).

Now we will relate the above map to the classifications of irreducible objects in
Chapter 2 and Chapter 3. Recall the notation N (£(A), ), a subcategory of Whit-
taker modules (defined in Chapter 2), and Pf (o), the geometric parametrization
of irreducible modules for the graded affine Hecke algebra (defined in Chapter 3).
Suppose o € § is the dual of A + p by the trace form. The double cosets W, \W /W,
parametrize the set of irreducible Whittaker modules in NV({(\),7n) (cf. Theorem
2.1.6). Such double cosets are in one-to-one correspondence with P, orbits on G/ Py
(where P, is a Lie subgroup of G with Lie algebra p,). Therefore, we denote the set
of P, orbits on G/Py by P{/(n, ), and use this set to parametrize the irreducible
objects in N'(§()),n). Similarly, the geometric parameters Pg (o) can be identified
with the set of L orbits on g; (see the discussion following Theorem [3.3.1). If we
assume that W, = W, then P, = P,, and we get the induced map on geometric

parameters:

U PL(nA) — Ph(o)u {0}
{cI)—l(Q)ifQEimdﬁ)
Q

() otherwise

Applying Theorem we get the following equality of multiplicities.

Theorem 4.0.6. Assume X is integral, dominant, and W, = W,. Then for Q,O0 €
PL(n, N), we have

[stdn (Q), irrp (O)] = [stdu(V(Q)), irry(V(O))]

if ¥(Q), W(0) # 0.
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Proof. We will begin by applying Corollary[2.5.3]to the left hand side to get

[stdr(Q),irra(O)] = ZdimHi(ICx(C(nyA)))

where z € C(w) and C(w) is the open B orbit in Q, and C(,y,) is the open B orbit
in O. Applying Corollary 3.3.2 to the right hand side, we get

[stde(¥(Q)), irrg (T (O))] = Zdimﬂiacy(q/(om

for y € U(Q). Since the map ¢ is stratum preserving, continuous, and has dense

image in each stratum S of GG/ P, we have that
dim H'(IC,(C(yy))) = dimH'(IC,(¥(0)))
for each ¢ ( [54], [26, Section 4.8]). H
Therefore, under the assumptions of Theorem if there is an exact functor
F: N(&(N),n) = Hisp such that

tdp (W if ¥
0 otherwise
then we can conclude that
Flirty (0)) = 1rrH(\IJ(O?) ifw(O)#£0
0 otherwise.
The content of the remainder of the paper will be focused on constructing such a

functor for each choice of {(\) and 7.

4.1 Example

Let g = s((3, C), with Cartan subalgebra h consisting of diagonal matrices in g, and
Borel subalgebra b consisting of upper triangular matrices. Let 0 = (1,0, —1) € b,
a = (1,-1,0)and g = (0,1,—1) € h*. We have that g; = go. D gs, | = b, L =
{diagonal matrices in SL(3,C)}, P = B,and F(V) = G/B.

v:91 — G/B
0 = O 1 00
0 0 x| = [« 1 0|B
0 0 O 0 * 1

The Bruhat order on G/ B is given by the following diagram
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123/ \132
(1‘2) >< (jg)
\(l)/

where B orbits on G/ B are labelled by elements of W = S;. Here (1) € S5 corre-
sponds to the closed B-orbit on G/ B. Similarly, we can consider the closure order

on L orbits on g;

{-1,0,1}

|~

{{_170}70} {{Oa1}7_1}

N S

{=13{0}, {1}}

where L orbits on g; are indexed by multisegments as in Section 3.2.3. Since W), =
(1), in order to relate the multiplicity formulas for N (£(0),n) and H,, we must
choose 7 = 0. Suppose F is an exact functor from N (£(0),n = 0) to H, such that

F(stdy(On))) = stdu(Q-1340.011})
F(stdy(Ouz)) = stdu(Qq-101.01)
F(stdy(Os)) = stdu(Qo,13,-13)
F(stdy(Ona3)) = stdu(Q-101})
F(stdp(Oasz))) = 0

F(stdyx(Oug)) = 0
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Then we can conclude that

irre(Q{-1},101.01}})
irrg (Qgr-1,050})
irru(Qyg0,13,-13)
irre(Q-1,01})

0

0
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Chapter 5

Arakawa-Suzuki functors for Whittaker
modules

In order to proceed in constructing exact functors from the category of Whittaker
modules to the category of graded affine Hecke algebra modules, we will need to

review some of the results of Arakawa-Suzuki.

5.1 Highest weight modules

Following [1]], we can define a functor from O’ = N ( = 0) to the category of vector

spaces as follows:

Fip(X) = (X @ Vel

where V' is the canonical representation of g = sl(1'). Since the action of H, on
X @V® commutes with the action of g (Proposition|3.4.2), F;, ,(X) has the structure
of an Hy,-module. In this section we will show that the above functor maps standard

modules in @' to standard modules in H.

Proposition 5.1.1. [1, Proposition 1.4.2, Remark 1.4.3] For A dominant, we have the

following bijections

Homy ) (M(A), M(p) @ V&) 22 H(n, M(u) @ V&),
Ho(n, M(p) @ V&),
> (M) @ VY.

I

Proposition 5.1.2. [1}, Proposition 2.1.1] For A dominant, the functor £} ) is exact.

45
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5.1.1 Images of Verma modules

We will now review the main results of [1]. For a U(g)-module X where b acts
semisimply, let P(X) := {\ € h* : X, # 0} be the set of all non trivial weights of X.

Theorem 5.1.3. [1] For X, u integral weights with X\ dominant, there is an isomorphism
of Hy-modules

stdg(\, ) if A —p € P(V®)

M ® V®Z Ry o
(M) 2 0 otherwise.

Sketch of Proof. In [1], Arakawa and Suzuki prove Theorem[5.1.3|with two lemmata.
First they show that for integral weight ;1 and integral dominant weight ), the nat-
ural inclusion (V®),_, — (M (p) @ V®%), given by u + v, ®u (where v,, is a highest
weight vector of M (u)) induces the following isomorphism of W,(= S;) represen-

tations

(V) — HO(n, M (1) @ V),

Next they construct a projection (M (u) @ V&), — H%(n, M (u) @ V), by identify-
ing HO(n, M(p) @ VE)y = ((M(p) @ V) /a(M (1) ® V). Let uy , be the image
of iy, = v, @uP" @ --- @ulr € (M(u) ® V), under this projection, where the ¢;
are chosen in Equation 3.1. The second lemma is a calculation of the action of H,

on uy ,. They show that

Oer)ury = Cupul€)uru,

where () , is a character of t depending on A and p (defined in [1]). We can then

observe that we have a surjective H,-module morphism from std (A, 1) to
HY (n7 M(:u) ® V®£>)\

which maps 1 to uy,. Injectivity follows from Lemma and the theorem is
proved by observing that Hy(n, M (u)@V®)y = (M (1)@V®* )[AA] when )\ is dominant.
O

We can restate this theorem using the geometric parametrizations of standard

and irreducible objects in the respective categories as follows.
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Corollary 5.1.4. Suppose A is regular, integral, and dominant, and n = 0. The ge-
ometric parameters for N'({()\),n) are B orbits on the flag variety G/B. Let C(w)
denote the B orbit corresponding to w € W.

stdy (¥ (C'(w))) if ¥(C(w)) # 0

H M), M(we)) ®@ V") =
omy gy (M(A), M(w e A) © ) {0 otherwise

Notice that ¥(C'(w)) # 0 precisely when A — w e A € P(V®").

5.2 Whittaker modules

For A € bh*, we define the following functor from N (n) to the category of finite-

dimensional vector spaces:
Fona(X) 1= Hj (n, (X @ VE9T)

Since the action of H, on X ® V® commutes with the action of g (Proposition[3.4.2),
Fy,A(X) has the structure of an H;-module. This allows us to view Fy,, 5 as a functor

from N (n) to the category of finite-dimensional H,-modules.

Proposition 5.2.1. For A dominant, Iy, , is an exact functor from N () to H.

Proof. Following Proposition Lemma and Proposition we can see
that £}, , is exact when viewed as a functor from N () to the category of vector

spaces. In order to see that F}, , takes exact sequences of U(g)-modules to ex-
act sequences of H,-modules (not just vector spaces), we will show that given a
morphism of U(g)-modules ¢, the linear map Fy, (¢) is actually a morphism of
H,-modules. Suppose ¢ : A — B is a morphism of U(g)-modules. Recall the oper-
ators ;; € U(g)®™ from Section 3.4. Let ¢ : A ® V¥ — B ® V® be defined by
Y@ - @u) =¢(a) @ - -Que. lfa e A thenQ,; ;(¢(a@ ®@---@vy)) =
Qo) @ ® - @) = ¢ (Q(a®@v; ® - @vy)) then Fy, 1(¢). Since the action
of H, is defined in terms of the operators (2; ;, we have that h¢'(a @ v; ® - - - ® vy) =
¢ (hla®@v ® --- @) for h € Hy. It follows that Fy,, \(¢) is a morphism of H-

modules. Hence £}, , is an exact functor from N () to H. O

5.2.1 Images of standard Whittaker modules

In this section, we will calculate the image of standard Whittaker modules.
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Theorem 5.2.2. The functor T, induces a morphism of H,-modules
=H A
T (A, )« Homy gy (M(N), M(p) @ V') — HY (nn, (stdp () @ v®f)g3) .
Moreouver, f?()\, ) is an isomorphism if X is dominant and W, = W,.

Proof. We will begin by constructing a natural isomorphism

Homys(g) (stdar (A, n), stdu(p, n) @ V&) = H,) (nn, (stdar(p, ) @ V®Z)E\Aj> .

From Corollary we see that (stdy(u, 7) ® V) has a filtration with subquo-
tients isomorphic to stdy (A + v, n), where v is a weight of V¥ and A +v € W e A.
Recall that P(V®") denotes the set of non zero h-weights of V*". By Theorem
we have that the non zero 3;-weight spaces of stdy (A + v,7) have weights
w e X+ fory € P(U(n")). Notice that ¢ € h* and w e i are equal as 3-weights
if w € W,. Since X is dominant, we have that stdy(w e A\,7) has a non zero ;-
weight space of weight A if and only if w € W,. Moreover, since the action of n”
takes a 3-weight vector of weight A to a vector of weight A\ + +/ for v € P(n"),
and (w e A + P(U(1"))) N (A + P(n")) = ), we can conclude that n"v = 0 for all
3-weight vectors v of weight ) in std(w e A, 7). In conclusion, v € stdp(u,n) ® V&
is contained in HY <nn, (stda(pt,m) @ V®Z)E\/\b]> if and only if v is a 3-weight vector
with weight A, and has zv = n(z)v for all x € n. Since stdr(), n) is isomorphic
to U(g)v for each v € H) (nn, (stda(pe,m) @ V&) E\t]>, we can define a morphism

¢y : stdy(A,m) — stda(p,n) ® V¥ for each v € H) <n7,, (stdp (i, m) ® V®K)[;j>.
Alternatively, for each ¢ € Homy g (std (A, n), stda (i, 7) ® V), we can define a
vector vs == ¢(1®@1®1) € stdpy (i, n) @ V¥ by considering the image of the canoni-
cal generator 1®1®1 of stdy (X, n) = U(g) ®u(,) (U(1,) /&MU (1) ®uw,) Cy). Since
¢ is morphism of U(g)-modules, it follows that v, is a 3-weight vector of weight A
and zvys = n(x)v, for all z € n. Moreover, the maps v — ¢, and ¢ — v, are inverses
of each other, which proves the natural identification described above.

Consider the map induced on morphisms by the functor T',,. Let
xS HomU(g) (A, B)
for A, B in BGG category O. Then T, (¢) € Homy ) (T',(A4),T,(B)) is given by

Fn(¢) Z Ty | = Z ¢($u)7

vEP(A) vEP(A)
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where we view elements of T, (A) (elements of ', ( B)) as formal infinite linear sums
of weight vectors of A (weight vectors of B, respectively). Now, the action of H, on
Homy ) (M(X\), M(n) @ V&) (which we will denote here by h.¢) is given by the
action of H, on M () ® V®. By Proposition2.4.4] we have that

Homy(g) (T(M(A)), Ty(M (1) ® V) = Homy(g) (T (M (X)), Ty (M () @ V) .
Since T',(M () is a U(g)-module, we see that H, acts on
Homy ) (T (M (), Ty(M (1)) @ V) ,

which we will denote again by h.¢. For h € H, we have

hfn(@( > azy) = h o(z.)
(M(X))
= > o)

veP(M(N)

= Tyho)| D o]
veP(M(N))
Therefore, T, induces a morphism of Hy,-modules. We will now turn our focus
to showing that the induced morphism of H,-modules is an isomorphism when
W, = W, and p is n,, antidominant. The generating vector 1 ® 1 ® 1 of stdr(A, n)

has 3-weight A. Therefore, if we write the generating vector as a linear combination

> vep(u(y) Lv, We have

z Z T, = Z 2x, = Z v(z)x, = A(2) Z Ty,

veP(M(X)) veP(M(N)) veP(M(X)) veP(M(X))

for all z € 3. Therefore, the v € P(M())) for which z, is non zero must have the
property that v(z) = A(z) forall z € 3. In other words, the v € P(M(\)) for which z,
is non zero must be contained in the set P(U(l,)vy), where v, is a A-highest weight
vector in M (\). Since W, = W,, we have that U ([,)v, is anirreducible U (1, )-module.
Therefore, if ¢ € Homyg)(M(A), M (1) ® V) and ¢(vy) # 0, then ¢(w) # 0 for all
(non zero) w € U([,)vy. Since ¢ is determined completely by its value on vy, we have
that ¢ # 0 implies that ¢(vy) # 0. This implies that ¢(x,) # 0 for each z, which

appears in the sum decomposition of the generating vector of std (), 7). Observe
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that since ¢ is a morphism of U(g)-modules, it preserves weight spaces. Therefore,
if 11 # v, € b*, we have ¢(z,,) + ¢(z,,) = 0 if and only if ¢(z,,), ¢(x,,) = 0. So if
¢ # 0, then

veP(M (X)) veP(M(X))

We have therefore shown that the map fﬂj()\, 1) is injective. To conclude the proof,

we will show that
dimHomy g, (M (), M () @ V®*) = dimHomy ) (stdar(X, ), stda (i, ) ® VE) .

Since A is dominant, M () is a projective object in O, and the left hand side is equal
to [M () ® V®: L(N)], cf. [22]. Again, since ) is dominant, [M(w e \) : L(\)] is zero
unless w A = ), in which case the multiplicity is 1. Therefore, the left hand side is
equal to dim(V®),_,, . On the right hand side, we have that std(u,n) @ V® has a
filtration with quotients isomorphic to stdy (u + 7,7) for T € P(V®"). So

dimHomys(g) (stdar (A, ), stdp (i, n) @ VE) < Z dimV®*.

TEW, 0 A—p

Since W, @ A = A\, we have that
dimHomy g (std (A, ), stdar (i, ) ® R dim(V®),_ .

Since ff()\, ) is injective, the inequality must be an equality, and the map must be

an isomorphism. O
Theorem 5.2.3. Let \ be dominant, integral, and suppose W, = W. Then

stdg(\,ye \) if X\ —ye\e P(V®)

Fraa(stax(y e A m) = {0 otherwise

Alternatively, under the geometric parametrization of standard modules (with the notation

of Section 4), we have

stdu(V(0)) i V(O) #0

0 otherwise

Fgm’)\(std’/\[((/))) = {

where O is a P orbit on G/P.
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Proof. By Theorem

T, (A 1) : Homy(g) (M(N), M) ® V') — HY (“m (st (e, m) ® V®£)[§]>

is an isomorphism of H;-modules. By Theorem[5.1.3}

stdg(\, 1) if A — p € PV

NN~
(M) & V* ))‘ B {O otherwise

as Hy,-modules. There is a canonical bijection [1, Remark 1.4.3]
A
Homy ) (M(A), M(p) @ V) = (M () @ V).
Therefore

Hy (ﬂn, (stda(,m) ®V®Z)i]> = Homy(g) (M(A), M(n) @ V)

~ [A]
- (M(M) ® V®€))\
{sth()\, @) ifA—p e P(VE)

0 otherwise

as H,-modules.

5.2.2 Images of irreducible modules

Fix a character 1 of n, and let / = n. The following theorem is the main result of the
paper, and gives an algebraic relationship between simple Whittaker modules and
simple modules for the graded affine Hecke algebra. Moreover, this algebraic rela-
tionship agrees with the geometric relationship between the corresponding multi-

plicity formulas and intersection homologies observed by Zelevinsky [54].
Theorem 5.2.4. Let \ be integral and dominant. Assume Wy = W,,. Let .y, denote the
longest element in the double coset W,yWy. If X — ,y» A € P(V®"), then

Foox (irrar(y @ A, m)) = drrm(X, ,y, @ A).

IFX—,yre X & P(VO™), then F,, , \(irrn(yo X, n)) = 0. Again, we will restate the theorem
in the more natural setting of geometric parameters:

irrg(V(0))  if ¥(0) #0

g (i (0)) = {O otherwise
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Proof. This follows directly from the statements following Theorem O

Corollary 5.2.5. Every simple H,,-module (with central character given by A + p)
appears as the image of the irreducible Whittaker module irr,(O) for some choice
of n € chnand O a P, orbit on G/ P;.

Proof. For any give parameter O € Py (A + p), choose 7 such that W, = ,. Recall

the map ® from Section 4
®O)=P-(1+N")-p

for some N € O. We have that (0O) is a single P (hence P,) orbit on G/ P. Therefore
U(®(0)) =0, and
Fop\(irrar(2(0))) = irru(O).



Chapter 6

Contravariant Forms

In this chapter we will classify contravariant forms on Whittaker modules. The

content of this chapter is part of an ongoing collaboration with Anna Romanov.

Definition. Let 7 be the antiautomorphism of U(g) induced by the transpose map
given by z, — x_, for a Chevalley basis {z, : z, € g} of n®nand h — hforh € b.
A contravariant form on a U(g)-module X is a C-bilinear symmetric form (,) on X
such that

{uv, w) = (v, 7(u)w)
forallu € U(g) and v,w € X.

Proposition 6.0.6. The set of contravariant forms on a cyclic U(g)-module X = U(g)v
are in bijection with linear functionals v : U(g) — C satisfying the following con-

ditions:

(a) 7 (Anny(gu) = 0, and

(b) v(u) =~(r(u)) for all u € U(g).

Proof. Given a contravariant form (-,-) : X x X — C, definey : U(g) — C by
V(u) = (uv, v).

An easy computation shows that 7 is a linear functional satisfying conditions (a)
and (b). Alternatively, given v : U(g) — C satisfying (a) and (b), define a bilinear
form on X by

(@, y) = (uv,u'v) = y(r(u)u)
for x,y € X. Here x = wv and y = v'v for u,u’ € U(g). Notice that the choices

of u,u’ € U(g) such that x = wv and y = «'v are not necessarily unique. It is
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straightforward to check that this form is symmetric, bilinear, and 7-contravariant.
To see this form is well defined, suppose that = tv and y = t'v, with t # u € U(g)
and ¢’ # « € U(g). Then

(uv, u'v) — (tv, t'v) = {(u — t)v,u'v) + (tv, (' — ' )v)

= () (u—1)) + (7 (@) (' = 1))
=0.

Here the second equality follows from condition (b) and the third equality follows

from (a), since u — ¢t and u’ — t’ are in the annihilator of v. O

Let std (A, n) be a standard Whittaker module with Whittaker vector w = 1 ®
1 ® 1. Using the PBW basis theorem, we have the decomposition

U(g) = U(ly) © (U(g)n" +n"U(g)).

Let 7, denote the corresponding projection map from U(g) to U([,)).

Lemma 6.0.7. If a € Anny 5w, then m,(a) € Anny g w.

Proof. Using the above decomposition, write a = {+m+nforl € U(l,), m € U(g)n”",
and n € n"U(g). Since m annihilates w, we have that « — m = [ + n annihilates w.
Sincen = yufory € 0", u € U(g), [36, Proposition 2.4] implies that nw is either zero
or is not contained in U (I, )w. If nw ¢ U([,,)w, then lw +nw # 0 (since lw € U(L,))w).
This contradicts the fact that [ + n annihilates w. Therefore nw = 0. We conclude
that | € Anng,w. O

Let I denote the space of linear functionals on U(g) satisfying the conditions of
Proposition for the U(g)-module stdx (A, ) with Whittaker vector w. Let I,
denote the space of linear functions on U([,,) satisfying the conditions of Proposi-
tion [6.0.6] for the U([,,)-module stdx (X, ), = U(L;)w = Y(§,()), n) with Whittaker

vector w.

Proposition 6.0.8. The restriction map from U(g) to U(l,) of linear functionals in-

duces an isomorphism

res: I 5T,
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Proof. If v € T, then clearly
7 (Anng g, w) =0

since Anng ;) w C Annggw. Moreover,

Y(u) = y(7(u)) for allu € U(L,)

since U(l,,) C U(g). Therefore, the restriction map res : I — I, is well-defined. We
will construct an inverse of this restriction map by extending a linear functional ,, €
I', to a linear functional v on U(g) by setting v(n) = 0 for all n € (U(g)n” +n"U(g)).
This is clearly an inverse of the restriction map, and all that is left to show is that

v € I'. For a € Anny,w, we can decompose a as
a=my(a)+n
forn € (U(g)n" +n"U(g)). By Lemma m,(a) € Anny,yw. Therefore

(@) = y(my(a) + 1) = 7y(my(a)) = 0.

So v(Anny g w) = 0. We can see that + is 7-invariant by noticing that the decompo-
sition U(g) = U(l,,) ® (U(g)n" +n"U(g)) is 7-invariant (i.e. m,(7(u)) = 7(m,(u))). O

Therefore, we have reduced the problem of computing the dimension of I' to
the case when 7 is a nondegenerate character of n. Suppose 7 is a nondegenerate
character of n. Recall that U,(n) denotes the kernel of n : U(n) — C. Let A =
Annygw, = U(g)U,(n),and T = U(g)&(N).

Proposition 6.0.9. [32, Theorem 3.1]
A=M+7.

Let A7 = A+ 7(A) and " = M + 7(M). Consider the decomposition U(g) =
N” & U(h) and the short exact sequence:

0— N — Ug) 2 U(h) — 0.

Let Q = U(h)/py(7).

Lemma 6.0.10. As vector spaces,
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Proof. First we will note that )* is canonically isomorphic to the space of linear
functionals on U(h) which vanish on p,(J). We will show that the restriction map
from U(g)* to U(h)* defines an isomorphism from I' to Q*:
resyp [ — QF
7 = oe:
First we will show that this map is well defined. Since y(A) = 0, and y(u) = v(7(u)),
we have that 7(A”) = 0. Using the above short exact sequence, each element u € J

can be written as u = n + p,(u), where n € M". Since J and N" are contained in A7,

we have that
0 =7(u) =7(n) +v(py(u)) = v(py(u)).
Therefore v vanishes on p,(J), and the above restriction map is well defined. It is

easy to check that the inverse of the restriction map is given by
Q" = T
¢ = Pop,.

Ifae A thena =n+uwithn € Dtand u € J, and

¢ opy(a) = ¢(py(n) + d(py(u)) =0

since ¢ is assumed to vanish on p,(J) and p,(n) = 0. Moreover, if u € U(g), then
u = m + h, where m € M" and h € U(h) (using the short exact sequence above).

Therefore

popy(u) = popy(m+h) = dopy(h) = gopy(r(h)) = dopy(7(m)+7(h)) = dop,(7(u))

since 7(m) € N (hence p,(7(m)) = 0). Composition with p, and res () are inverses

because p, |y () is the identity map. O

Let S = (S(h)Y) be the ideal in S(h) generated by the W-invariant polynomials

with positive degree. There is a graded, IV -invariant, decomposition
Sh)y=CaS,

where C' is isomorphic to C[W] as a representation of W, see [9, Chapter 5 Section
5 Subsection 2 page 112]. In what follows, we will identify U () with S(h).
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Lemma 6.0.11. If s € S, then there exists an r € p,(J), and an e € U(h) such that
s =r+eand deg(e) < deg(s).
Additionally, if 7" € p,(J), then there exists an s’ € S, and an f € U(h) such that
r'=s + fand deg(f) < deg(r').
Proof. Let t, be the p-twist map from U(h) to U(h), H — H — p(H). If s € S, then
s = h-ty(pol2))

where p, is the Harish-Chandra homomorphism, z € Z(g);, and h € U(h). Writing
z in the PBW basis of U(g), we get

z=po(z) + Zyzhzxz

where y; € U(n)y, hy € U(h), z; € U(n);.

Since the Harish-Chandra isomorphism induces an isomorphism between the
corresponding graded objects [8, Chapter 7 Section 8 Subsection 5, page 145], we
have

deg(h;) < deg(po(2)) for all 7.

Moreover,

po(2) = po(2) + > n(r(ys)w:)hi.
Forall h € U(h),t,(h) = h+ ¢ for some e’ € U(h) with deg(e’) < deg(h). Therefore

s = h-1p(po(2))

= h-t, (pn(Z) - Z n(T(yz')xz-)hi>

= h-(py(2) +€") = hp,(z) + he"

where deg(e”) < deg(po(z)) = deg(p,(z)). The last thing we need is to rewrite
hp,(z) as u + €"” for u € p,(J) and deg(e”) < deg(hp,(z)). For each =z € Z(g),

z — xA(2) € £&(X), where ¥, is the infinitesimal character corresponding to . So

hpy(2) = hpy(2 — xa(2)) + xa(2)h = py(h(z = xa(2))) + xa(2)h.
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Finally,
s = hpy(z) + he” = py(h(z = xa(2))) + xa(2)h + he”.

Therefore, there exists a r € p,(J), and an e € U(h) such that
s =r+eand deg(e) < deg(s).

The second statement of the lemma is proved by a similar argument. If r € p,(J),
then

r=hpy(z —xa(2)) = h (PO(Z) + ZU(T(yz‘)%)hi - XA(Z)> -

Twisting by ¢, gives
r=s+f
where s € S and deg(f) < deg(r). O

Lemma 6.0.12.
Uh)=C @pn(’J).

Proof. We will begin with the graded decomposition
Ubh)=CaS

and proceed by induction on degree. The base case is trivial, as p,(J) contains no
constant polynomials. Let U(h); denote the set of polynomials with degree less
than or equal to i. Assume U(h); = C; @ p,(J);. Let h € U(h);+1. Then

h=c+s
where c € C;4; and s € S;;;. By the previous lemma, we can write s as
s=r+e
with r € p,(J) and deg(e) < deg(s) < i+ 1. Therefore
h=c+r+e.

By induction, e can be written uniquely as e = ¢’ + 1/, with ¢ € C; and ' € p, (7).

So finally, we have a decomposition of / given by

h=(c+d)+ (r+1).



6.1. Future directions 59

Moreover, since deg(c’), deg(r’) < ¢ + 1, we have that (c+ ¢’) € C1 and (r +17) €
Py(J)i+1. To complete the proof, it remains to show that C;;1 Np,(J);+1 = 0. Assume
z € Ciy1 N py(3)it1. By the previous lemma, z = s + f, where f € U(h) has lower
degree than z and s € S. We can decompose f as f = c+ s’ withc € C;and s € S;.
Sox = s+c+5'. Therefore s+s' € SNC, which implies that s+s" = 0. Sox = ¢, but
degc < i. So x € C; N p,(J);, which implies x = 0 by the induction hypothesis. [

Corollary 6.0.13. Assuming still that  is nondegenerate,
dimI" = |[W.

Proof. We have that dimC' = |W| since C' is isomorphic to C[I//], see [9, Chapter 5
Section 5 Subsection 2 page 112]. Both * and C* are isomorphic to the space of
linear functionals on U () which vanish on p,(J). Therefore @* = C*. By Lemma
8, we have that

I'=Cr.

]

Corollary 6.0.14. We can then use the reduction at the beginning of this chapter to
conclude that for general n € chn, if I is the space of linear functionals on U(g)
satisfying the conditions of Proposition for the U(g)-module stdar(), n) and
Whittaker vector w, then

dimI’ = |W,,|.

6.1 Future directions

There are several natural extensions of this thesis which the author will study in

future work.

6.1.1 Jantzen conjecture for Whittaker modules

Jantzen filtrations and the Jantzen conjecture are central to the study of highest
weight modules and give a representation-theoretic interpretation of coefficients
of Kazhdan-Lusztig polynomials. A natural question is how one might develop

an analogous theory of Jantzen filtrations for Whittaker modules. Additionally, a
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Jantzen-type conjecture for Whittaker modules would pave the way for future re-
search on the properties of the Arakawa-Suzuki functors constructed in this thesis
(and in [10]), generalizing results of Suzuki for highest weight modules [45].

In [23]], Jantzen introduced a filtration for a particular class of well behaved U (g)-
modules in category O known as Verma modules. For each Verma module, de-
noted by M ()), Jantzen showed that there is a filtration

MM\’ DM\ DD MNY =0

with the property that the corresponding quotients M ()\)*/M (\)"*! admit a nonde-

generate contravariant form. Using this filtration, Jantzen developed a sum formula

D chM(A) = Y chM(se- )
i SaA<A
which gives a powerful tool for studying the characters of Verma modules. The sum
formula can be used to prove the BGG theorem for category O [22], and helped lead
to the Jantzen conjecture, which describes how the filtration of M () relates to the
filtration of M (1) when M () embeds as a submodule into M (i). The Jantzen con-
jecture (proved in [7]) provides deep insight to the structure of highest weight mod-
ules, and implies the truth of the celebrated Kazhdan-Lusztig conjectures (which
were originally proved with geometric techniques in [6] and [11]). Moreover, the
Jantzen conjecture illustrates a relationship between the coefficients of Kazhdan-

Lusztig polynomials and the filtrations of Verma modules introduced by Jantzen:

D lgr M (w-X) s Liy - N]g "W = By ).

1

As part of ongoing research, we aim to define a Jantzen filtration for Whittaker
modules and prove a corresponding Jantzen conjecture, relating Jantzen filtrations
to the coefficients of parabolic Kazhdan-Lusztig polynomials. For longest coset rep-

resentatives w and y of W, \W/W), we aim to prove the equality

> lgrM(w- A n) s Ly - A, n)lg"@-1=92 = p, (q)

(2

where P, ,(q) is a parabolic Kazhdan-Lusztig polynomial. The successful comple-

tion of this research project would result in an interpretation of the coefficients of



6.1. Future directions 61

parabolic Kazhdan-Lusztig polynomials in terms of filtrations of standard Whit-
taker modules. The Jantzen conjecture for category O was first proved by Beilinson
and Bernstein using weight filtrations of perverse sheaves [7], and later proved by
Williamson using the local Hodge theory of Soergel bimodules [52]. In extend-
ing these results to the category of Whittaker modules, we will explore techniques
involving weight filtrations of twisted D-modules, and methods using the local

Hodge theory of Soergel bimodules.

6.1.2 Duality and tilting modules

Modules in category O admit a natural exact contravariant duality functor, map-
ping modules M to MY := @, . M; [22, Chapter 3.2]. This notion of duality has
many interesting applications. For example, it plays a central role in the study of
tilting modules. A tilting module M in O is a module such that M and M" ad-
mit a filtration with quotients consisting of Verma modules. One of the primary
obstructions to the study of tilting modules in A is the fact that there is not cur-
rently a notion of duality. The duality functor for category O does not extend to
the category of Whittaker modules in a straightforward way because, in general,
Whittaker modules do not decompose into h-weight spaces. It is, therefore, nec-
essary to develop a more general method for defining duality in the category of
Whittaker modules. An additional research direction extending from this thesis
aims to construct an exact contravariant functor (—)¥ : N' — N which preserves
infinitesimal character, and agrees with the classical highest weight duality when
restricted to O.

Duality in the category of Whittaker modules relates to the contravariant forms
appearing in my project on a Jantzen conjecture for Whittaker modules. These con-
travariant forms should induce natural maps from a Whittaker module J to the
dual object JY. The interplay between contravariant forms and duality has been
exploited for proving many results in category O and would advance the theory of
Whittaker modules. Once duality is defined in the category of Whittaker modules,
we will continue by studying the corresponding tilting modules and computing
their characters.

The study of formal characters of indecomposable tilting modules will be a ma-

jor step toward a Whittaker module generalization of results of Soergel in [44],
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which relate characters of tilting modules in category O to Kazhdan-Lusztig poly-

nomials.



References

[1] T. Arakawa and T. Suzuki. Duality between s(,,(C) and the degenerate affine
Hecke algebra. J. Algebra, 209(1):288-304, 1998. ISSN 0021-8693. URL https:
//doi.org/10.1006/jabr.1998.7530. doii10.1006/jabr.1998.7530.

[2] E. Artin. Collected papers. Springer-Verlag, New York-Berlin, 1982, xvi+560 pp.
Edited by Serge Lang and John T. Tate, Reprint of the 1965 original.

[3] E.Backelin. Representation of the category O in Whittaker categories. Internat.
Math. Res. Notices, (4):153-172,1997. ISSN 1073-7928. URL https://doi.org/
10.1155/81073792897000111. doi:10.1155/51073792897000111.

[4] L. N. Bernstein and A. V. Zelevinsky. Induced representations of reductive
p-adic groups. I. Ann. Sci. Ecole Norm. Sup. (4),10(4):441-472, 1977. ISSN 0012-
9593. URL http://www.numdam.org/item?id=ASENS_1977_4_10_4_441_0.

[5] I. N. Bernstein, I. M. Gel’ fand, and S. I. Gel’ fand. Structure of representations

that are generated by vectors of highest weight. Funckcional. Anal. i PriloZen., 5
(1):1-9, 1971. ISSN 0374-1990.

[6] A. Beilinson and J. Bernstein. Localisation de g-modules. C. R. Acad. Sci. Paris
Sér. I Math., 292(1):15-18, 1981. ISSN 0151-0509.

[7] A. Beilinson and J. Bernstein. A proof of Jantzen conjectures. In I. M. Gel'fand
Seminar, volume 16 of Adv. Soviet Math., pages 1-50. Amer. Math. Soc., Provi-
dence, RI, 1993.

[8] N.Bourbaki. Eléments de mathématique. Fasc. XXXVIII: Groupes et algébres de Lie.,
Chapitre VII: Sous-algébres de Cartan, éléments réguliers. Chapitre VIII: Algebres de
Lie semi-simples déployées. Actualités Scientifiques et Industrielles, No. 1364.

Hermann, Paris, 1975, 271 pp.

63


https://doi.org/10.1006/jabr.1998.7530
https://doi.org/10.1006/jabr.1998.7530
10.1006/jabr.1998.7530
https://doi.org/10.1155/S1073792897000111
https://doi.org/10.1155/S1073792897000111
10.1155/S1073792897000111
http://www.numdam.org/item?id=ASENS_1977_4_10_4_441_0

64

References

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

N. Bourbaki. Lie groups and Lie algebras. Chapters 4—6. Elements of Mathematics
(Berlin). Springer-Verlag, Berlin, 2002, xii+300 pp. URL https://doi.org/10.
1007/978-3-540-89394-3. Translated from the 1968 French original by An-
drew Pressley. doii10.1007/978-3-540-89394-3.

A. Brown. Arakawa-Suzuki functors for Whittaker modules. arXiv:1805.04676,
May 2018.

J.-L. Brylinski and M. Kashiwara. Kazhdan-Lusztig conjecture and holonomic
systems. Invent. Math., 64(3):387-410, 1981. ISSN 0020-9910. URL https://
doi.org/10.1007/BF01389272. doi:10.1007/BF01389272.

W. Burnside. On the Representation of a Group of Finite Order as an Irre-
ducible Group of Linear Substitutions and the Direct Establishment of the
Relations Between the Group-Characteristics. Proc. London Math. Soc. (2), 1:
117-123, 1904. ISSN 0024-6115. URL https://doi.org/10.1112/plms/s2-1.
1.117. doi:10.1112/plms/s2-1.1.117.

E. Cartan. Les groupes projectifs qui ne laissent invariante aucune multiplicité
plane. Bull. Soc. Math. France, 41:53-96, 1913. ISSN 0037-9484. URL http:
//www.numdam.org/item?id=BSMF_1913__41__53_1.

N. Chriss and V. Ginzburg. Representation theory and complex geometry. Modern
Birkhduser Classics. Birkhduser Boston, Inc., Boston, MA, 2010, x+495 pp. URL
https://doi.org/10.1007/978-0-8176-4938-8. Reprint of the 1997 edition.
doi:10.1007/978-0-8176-4938-8.

D. Ciubotaru and P. E. Trapa. Functors for unitary representations of classical
real groups and affine Hecke algebras. Adv. Math., 227(4):1585-1611, 2011.
ISSN 0001-8708. URL https://doi.org/10.1016/j.aim.2011.03.018. doi:
10.1016/j.aim.2011.03.018.

D. Ciubotaru and P. E. Trapa. Duality between GL(n,R), GL(n,Q,), and the
degenerate affine Hecke algebra for gl(n). Amer. J. Math., 134(1):141-170, 2012.
ISSN 0002-9327. URL https://doi.org/10.1353/ajm.2012.0001. doii10.
1353/ajm.2012.0001.


https://doi.org/10.1007/978-3-540-89394-3
https://doi.org/10.1007/978-3-540-89394-3
10.1007/978-3-540-89394-3
https://doi.org/10.1007/BF01389272
https://doi.org/10.1007/BF01389272
10.1007/BF01389272
https://doi.org/10.1112/plms/s2-1.1.117
https://doi.org/10.1112/plms/s2-1.1.117
10.1112/plms/s2-1.1.117
http://www.numdam.org/item?id=BSMF_1913__41__53_1
http://www.numdam.org/item?id=BSMF_1913__41__53_1
https://doi.org/10.1007/978-0-8176-4938-8
10.1007/978-0-8176-4938-8
https://doi.org/10.1016/j.aim.2011.03.018
10.1016/j.aim.2011.03.018
https://doi.org/10.1353/ajm.2012.0001
10.1353/ajm.2012.0001
10.1353/ajm.2012.0001

References 65

[17] S. Evens. The Langlands classification for graded Hecke algebras. Proc. Amer.
Math. Soc., 124(4):1285-1290, 1996. ISSN 0002-9939. URL https://doi.org/
10.1090/S0002-9939-96-03295-9. d0i:10.1090/S0002-9939-96-03295-9.

[18] J. B. ]J. Fourier. Théorie analytique de la chaleur. Cambridge Library Collection.
Cambridge University Press, Cambridge, 2009, ii+xxii+643 pp. URLhttps://
doi.org/10.1017/CB09780511693229. Reprint of the 1822 original, Previously
published by Editions Jacques Gabay, Paris, 1988 [MR1414430]. doi:10.1017/
CB09780511693229.

[19] M. Goresky and R. MacPherson. Intersection homology theory. Topol-
ogy, 19(2):135-162, 1980. ISSN 0040-9383. URL https://doi.org/10.1016/
0040-9383(80)90003-8. doii10.1016/0040-9383(80)90003-8.

[20] M. Goresky and R. MacPherson. Intersection homology. II. Invent. Math., 72(1):
77-129, 1983. ISSN 0020-9910. URL https://doi.org/10.1007/BF01389130.
doii10.1007/BF01389130.

[21] Harish-Chandra. On some applications of the universal enveloping algebra of
a semisimple Lie algebra. Trans. Amer. Math. Soc., 70:28-96, 1951. ISSN 0002-
9947. URL https://doi.org/10.2307/1990524. doi:10.2307/1990524.

[22] J. E. Humphreys. Representations of semisimple Lie algebras in the BGG category O,
volume 94 of Graduate Studies in Mathematics. American Mathematical Society,
Providence, RI, 2008, xvi+289 pp. URL https://doi.org/10.1090/gsm/094.
doii10.1090/gsm/094.

[23] J. C. Jantzen. Moduln mit einem héchsten Gewicht, volume 750 of Lecture Notes in

Mathematics. Springer, Berlin, 1979, ii+195 pp.

[24] D. Kazhdan and G. Lusztig. Representations of Coxeter groups and Hecke
algebras. Invent. Math., 53(2):165-184, 1979. ISSN 0020-9910. URL https://
doi.org/10.1007/BF01390031. doii10.1007/BF01390031.

[25] D. Kazhdan and G. Lusztig. Proof of the Deligne-Langlands conjecture for
Hecke algebras. Invent. Math., 87(1):153-215, 1987. ISSN 0020-9910. URL
https://doi.org/10.1007/BF01389157. do0ii10.1007/BF01389157.


https://doi.org/10.1090/S0002-9939-96-03295-9
https://doi.org/10.1090/S0002-9939-96-03295-9
10.1090/S0002-9939-96-03295-9
https://doi.org/10.1017/CBO9780511693229
https://doi.org/10.1017/CBO9780511693229
10.1017/CBO9780511693229
10.1017/CBO9780511693229
https://doi.org/10.1016/0040-9383(80)90003-8
https://doi.org/10.1016/0040-9383(80)90003-8
10.1016/0040-9383(80)90003-8
https://doi.org/10.1007/BF01389130
10.1007/BF01389130
https://doi.org/10.2307/1990524
10.2307/1990524
https://doi.org/10.1090/gsm/094
10.1090/gsm/094
https://doi.org/10.1007/BF01390031
https://doi.org/10.1007/BF01390031
10.1007/BF01390031
https://doi.org/10.1007/BF01389157
10.1007/BF01389157

66 References

[26] F. Kirwan and J. Woolf. An introduction to intersection homology theory. Chap-
man & Hall/CRC, Boca Raton, FL, second edition, 2006, xiv+229 pp. URL
https://doi.org/10.1201/b15885. doi:10.1201/b15885.

[27] S. L. Kleiman. The development of intersection homology theory. Pure Appl.
Math. Q., 3(1, Special Issue: In honor of Robert D. MacPherson. Part 3):225-282,
2007. ISSN 1558-8599. URL https://doi.org/10.4310/PAMQ.2007.v3.nl.a8.
d0i:10.4310/PAMQ.2007.v3.n1.a8.

[28] A. W. Knapp. Group representations and harmonic analysis from Euler to
Langlands. I. Notices Amer. Math. Soc., 43(4):410-415, 1996. ISSN 0002-9920.

[29] A. W. Knapp. Group representations and harmonic analysis. II. Notices Amer.
Math. Soc., 43(5):537-549, 1996. ISSN 0002-9920.

[30] A.W.Knapp. Lie groups beyond an introduction, volume 140 of Progress in Math-

ematics. Birkhduser Boston, Inc., Boston, MA, second edition, 2002, xviii+812

PPp-

[31] A. W. Knapp and D. A. Vogan, Jr. Cohomological induction and unitary rep-
resentations, volume 45 of Princeton Mathematical Series. Princeton Univer-
sity Press, Princeton, NJ, 1995, xx+948 pp. URL https://doi.org/10.1515/
9781400883936. d0i:10.1515/9781400883936.

[32] B. Kostant. = On Whittaker vectors and representation theory.  Invent.
Math., 48(2):101-184, 1978. ISSN 0020-9910. URL https://doi.org/10.1007/
BF01390249. doi:10.1007/BF01390249.

[33] G. Lusztig. Cuspidal local systems and graded Hecke algebras. I. Inst. Hautes
Etudes Sci. Publ. Math., (67):145-202, 1988. ISSN 0073-8301. URL http: //wuw.
numdam.org/item?id=PMIHES_1988__67__145_0.

[34] G.Lusztig. Affine Hecke algebras and their graded version. J. Amer. Math. Soc.,
2(3):599-635, 1989. ISSN 0894-0347. URL https://doi.org/10.2307/1990945.
doi:10.2307/1990945.


https://doi.org/10.1201/b15885
10.1201/b15885
https://doi.org/10.4310/PAMQ.2007.v3.n1.a8
10.4310/PAMQ.2007.v3.n1.a8
https://doi.org/10.1515/9781400883936
https://doi.org/10.1515/9781400883936
10.1515/9781400883936
https://doi.org/10.1007/BF01390249
https://doi.org/10.1007/BF01390249
10.1007/BF01390249
http://www.numdam.org/item?id=PMIHES_1988__67__145_0
http://www.numdam.org/item?id=PMIHES_1988__67__145_0
https://doi.org/10.2307/1990945
10.2307/1990945

References 67

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

G. Lusztig. Cuspidal local systems and graded Hecke algebras. II. In Repre-
sentations of groups (Banff, AB, 1994), volume 16 of CMS Conf. Proc., pages 217-
275. Amer. Math. Soc., Providence, RI, 1995. With errata for Part I [Inst. Hautes
Etudes Sci. Publ. Math. No. 67 (1988), 145-202; MR0972345 (90e:22029)].

E. McDowell. On modules induced from Whittaker modules. ]. Alge-
bra, 96(1):161-177, 1985. ISSN 0021-8693. URL https://doi.org/10.1016/
0021-8693(85)90044-4. doi:10.1016/0021-8693(85)90044-4.

D. Mili¢i¢ and P. PandZi¢. Equivariant derived categories, Zuckerman functors
and localization. In Geometry and representation theory of real and p-adic groups
(Cérdoba, 1995), volume 158 of Progr. Math., pages 209-242. Birkhduser Boston,
Boston, MA, 1998.

D. Mili¢i¢ and W. Soergel. The composition series of modules induced
from Whittaker modules. Comment. Math. Helv., 72(4):503-520, 1997. ISSN
0010-2571. URL https://doi.org/10.1007/s000140050031. doi:10.1007/
5000140050031.

D. Mili¢i¢ and W. Soergel. Twisted Harish-Chandra sheaves and Whittaker
modules: the nondegenerate case. In Developments and retrospectives in Lie the-

ory, volume 37 of Dev. Math., pages 183-196. Springer, Cham, 2014.

F. Peter and H. Weyl. Die Vollstandigkeit der primitiven Darstellungen einer
geschlossenen kontinuierlichen Gruppe. Math. Ann., 97(1):737-755, 1927.
ISSN 0025-5831. URL https://doi.org/10.1007/BF01447892. doi:10.1007/
BF01447892.

A. Romanov. A Kazhdan-Lusztig algorithm for Whittaker modules. PhD thesis,
University of Utah, 2018.

I. Schur. Gesammelte Abhandlungen. Band 1. Springer-Verlag, Berlin-New York,
1973, xv+491 pp. (1 plate) pp. Herausgegeben von Alfred Brauer und Hans
Rohrbach.

M. R. Sepanski. Compact Lie groups, volume 235 of Graduate Texts in Mathemat-
ics. Springer, New York, 2007, xiv+198 pp. URL https://doi.org/10.1007/
978-0-387-49158-5. doi:10.1007/978-0-387-49158-5.


https://doi.org/10.1016/0021-8693(85)90044-4
https://doi.org/10.1016/0021-8693(85)90044-4
10.1016/0021-8693(85)90044-4
https://doi.org/10.1007/s000140050031
10.1007/s000140050031
10.1007/s000140050031
https://doi.org/10.1007/BF01447892
10.1007/BF01447892
10.1007/BF01447892
https://doi.org/10.1007/978-0-387-49158-5
https://doi.org/10.1007/978-0-387-49158-5
10.1007/978-0-387-49158-5

68

References

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

W. Soergel. Andersen filtration and hard Lefschetz. Geom. Funct. Anal.,
17(6):2066-2089, 2008. ISSN 1016-443X. URL https://doi.org/10.1007/
s00039-007-0640-9. doi:10.1007/s00039-007-0640-9.

T. Suzuki. Rogawski’s conjecture on the Jantzen filtration for the degener-
ate affine Hecke algebra of type A. Represent. Theory, 2:393-409, 1998. ISSN
1088-4165. URL https://doi.org/10.1090/S1088-4165-98-00043-0. doi:
10.1090/51088-4165-98-00043-0.

D.-N. Verma. Structure of Certain Induced Representations of Complex
Semisimple Lie Algebras. ProQuest LLC, Ann Arbor, MI, 1966, 107 pp.
URL http://gateway.proquest.com/openurl?url_ver=7239.88-2004&
rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:

pgdiss&rft_dat=xri:pqdiss:6615033. Thesis (Ph.D.)-Yale University.

D. A. Vogan, Jr. The local Langlands conjecture. In Representation theory
of groups and algebras, volume 145 of Contemp. Math., pages 305-379. Amer.
Math. Soc., Providence, RI, 1993. URL https://doi.org/10.1090/conm/145/
1216197. doi:10.1090/conm/145/1216197.

H. Weyl. Theorie der Darstellung kontinuierlicher halb-einfacher Grup-
pen durch lineare Transformationen. I. Math. Z., 23(1):271-309, 1925. ISSN
0025-5874. URL https://doi.org/10.1007/BF01506234. doi:10.1007/
BF01506234.

H. Weyl. Theorie der Darstellung kontinuierlicher halb-einfacher Grup-
pen durch lineare Transformationen. II. Math. Z., 24(1):328-376, 1926. ISSN
0025-5874. URL https://doi.org/10.1007/BF01216788. doi:10.1007/
BF01216788.

H. Weyl. Theorie der Darstellung kontinuierlicher halb-einfacher Gruppen
durch lineare Transformationen. III. Math. Z., 24(1):377-395, 1926. ISSN
0025-5874. URL https://doi.org/10.1007/BF01216789. doi:10.1007/
BF01216789.

H. Weyl. Gesammelte Abhandlungen. Binde I, 11, III, IV. Herausgegeben von
K. Chandrasekharan. Springer-Verlag, Berlin-New York, 1968, Band I: vi+698


https://doi.org/10.1007/s00039-007-0640-9
https://doi.org/10.1007/s00039-007-0640-9
10.1007/s00039-007-0640-9
https://doi.org/10.1090/S1088-4165-98-00043-0
10.1090/S1088-4165-98-00043-0
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:6615033
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:6615033
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:6615033
https://doi.org/10.1090/conm/145/1216197
https://doi.org/10.1090/conm/145/1216197
10.1090/conm/145/1216197
https://doi.org/10.1007/BF01506234
10.1007/BF01506234
10.1007/BF01506234
https://doi.org/10.1007/BF01216788
10.1007/BF01216788
10.1007/BF01216788
https://doi.org/10.1007/BF01216789
10.1007/BF01216789
10.1007/BF01216789

References 69

pp- (1 plate); Band II: iv+647 pp. (loose errata); Band III: iv+791 pp.; Band IV:
ix+694 pp.

[52] G. Williamson. Local Hodge theory of Soergel bimodules. Acta Math.,
217(2):341-404, 2016. ISSN 0001-5962. URL https://doi.org/10.1007/
$11511-017-0146-8. do0i:10.1007/s11511-017-0146-8.

[53] A. V. Zelevinskil. The p-adic analogue of the Kazhdan-Lusztig conjecture.
Funktsional. Anal. i Prilozhen., 15(2):9-21, 96, 1981. ISSN 0374-1990.

[54] A.V.Zelevinskii. Two remarks on graded nilpotent classes. Uspekhi Mat. Nauk,
40(1(241)):199-200, 1985. ISSN 0042-1316.


https://doi.org/10.1007/s11511-017-0146-8
https://doi.org/10.1007/s11511-017-0146-8
10.1007/s11511-017-0146-8

70

References




Topic Index

———— Symbols ———
QM
H3(n. X
Up(n)
Wy [12

Y(I,n)
N(x:n) B
n-finite vectors
irrg(H,, U) 28

A, )

affine Hecke algebra
antiautomorphism
Arakawa-Suzuki functor {45

C
character of n 3} [7]
nondegenerate
completion module
contravariant form 60

D
dot action

71

G

graded affine Hecke algebra
graded nilpotent class

H
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